Chapter 2
Continuity

2.1 Compactness

An open interval is a set of reals of the form (a,b) = {z:a < x < b}. As in
§1.4, we are allowing a = —oo or b = 0o or both. A compact interval is a set
of reals of the form [a,b] = {z : @ < z < b}, where a, b are real. The length
of [a,b] is b — a. Recall (§1.5) that a sequence subconverges to L if it has a
subsequence converging to L.

Theorem 2.1.1. Let [a,b] be a compact interval and let (x,,) be any sequence
in [a,b]. Then (z,) subconverges to some x in [a,b].

To derive this result, assume, first, that @ = 0 and b = 1. Divide the
interval I = [a,b] = [0,1] into 10 subintervals (of the same length), and call
them Iy, --- , Iy, ordering them from left to right (Figure 2.1). Pick one of
them, say Iy, , containing infinitely many terms of (z,,) (that is, {n : z, € I4,}
is infinite) and pick one of the terms of the sequence in I;, and call it 2.
Then the length of I, is 1/10. Now divide I, into 10 subintervals again
ordered left to right and called Ig4,0,--- ,l4,9. Pick one of them, say 14, q,,
containing infinitely many terms of the sequence, and pick one of the terms
(beyond ) in the sequence in Ij 4, and call it 2. The length of I4,4, is
1/100. Continuing in this manner yields I D Iy, D Ig dy D ldydeds O -+ and
a subsequence () where the length of Iy, 4,...q, is 107" and =/, € Iy, dy...d,,
for all n > 1. But, by construction, the real

n

xr = .d1d2d3 e

lies in all the intervals Iy, g,...q, , » > 1. Hence |2}, — 2| < 107" — 0. Because
(x],) is a subsequence of (x,,), this derives the result if [a, b] = [0, 1]. If this
is not so the same argument works. The only difference is that the limiting
point now obtained is a + (b — a). O

Thus this theorem is equivalent to, more or less, the existence of decimal

expansions. If [a, b] is replaced by an open interval (a, b), the theorem is false
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la,a, 1g,

Fig. 2.1 The intervals Igq,4,...q

i

as it stands, hence the theorem needs to be modified. A useful modification
is the following.

Theorem 2.1.2. If (z,,) is a sequence of reals in (a,b), then (x,) subcon-
verges to some a < x < b or to a or to b.

To see this, because a = inf(a,b), there is (Theorem 1.5.4) a sequence
(¢n) in (a,b) satisfying ¢, — a. Similarly, because b = sup(a,b), there is a
sequence (d,,) in (a,b) satisfying d,, — b. Now either there is an m > 1 with
(zn) in [¢m, dm] or not. If so, the result follows from Theorem 2.1.1. If not,
for every m > 1, there is an x,,,, not in [¢;,, dp]. Let (ym,) be the subsequence
of (x,,, ) obtained by restricting attention to terms satisfying x,, . > d,,, and
let (z,,) be the subsequence of (z,,, ) obtained by restricting attention to
terms satisfying z,,, < ¢n. Then at least one of the sequences (Yr,) or (2m)
is infinite, so either y,, — b or z, — a (or both) as m — oo. Thus (z,,)
subconverges to a or to b. O

Note this result holds even when a = —o0 or b = oo.

FExercises

2.1.1. Let (ay) and (by,) be sequences. We say (ay, b,) subconverges to (a,b)
if there is a sequence of naturals (ny) such that (a,,) converges to a and
(bn,,) converges to b. Show that if (a,) and (b,) are bounded, then (a, by,)
subconverges to some (a, b).

2.1.2. In the derivation of the first theorem, suppose that the intervals are
chosen, at each stage, to be the leftmost interval containing infinitely many
terms. In other words, suppose that I4, is the leftmost of the intervals I;
containing infinitely many terms, I4,q4, is the leftmost of the intervals I, ;
containing infinitely many terms, and so on. In this case, show that the
limiting point obtained is x..

2.2 Continuous Limits

Let (a,b) be an open interval, and let @ < ¢ < b. The interval (a, b), punctured
at ¢, is the set (a,b) \ {c} ={z:a <z <b,x #c}.
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Let f be a function defined on an interval (a, ) punctured at ¢, a < ¢ < b.
We say L is the limit of f(x) as x approaches ¢, and we write
lim f(z) =1L
Tr—cC
or f(z) — L as x — ¢, if, for every sequence (z,,) C (a,b) satisfying x,, # ¢
for all n > 1 and converging to ¢, f(x,) — L.
For example, let f(z) = 22, and let (a,b) = R. If ,, — ¢, then (§1.5),

22 — ¢%. This holds true no matter what sequence (z,,) is chosen, as long as

x, — c. Hence in this case, lim, .. f(x) = c%.

Going back to the general definition, suppose that f is also defined at c.
Then the value f(c) has no bearing on lim,_.. f(x) (Figure 2.2). For example,
if f(z) =0 for x # 0 and f(0) is defined arbitrarily, then lim,_.o f(x) = 0.

For a more dramatic example of this phenomenon, see Exercise 2.2.1.

fe)

~_  __—

Fig. 2.2 The value f(c) has no bearing on the limit at c.

Of course, not every function has limits. For example, set f(z) = 1 if
x € Qand f(z) =0if z € R\ Q. Choose any ¢ in (a,b) = R. Because (§1.4)
there is a rational and an irrational between any two reals, for each n > 1 we
can find r, € Q and i,, e R\ Q withec<r, <c+1/nand ¢ <i, <c+1/n.
Thus r,, — ¢ and i, — ¢, but f(r,) =1 and f(iy,) = 0 for all n > 1. Hence
f has no limit anywhere on R.

Let (x,) be a sequence approaching b. If z;, < b for all n > 1, we write
Zn, — b—. Let f be defined on (a,b). We say L is the limit of f(z) as x
approaches b from the left, and we write

lim f(z) =L,

r—b—
if , — b— implies f(z,) — L. In this case, we also write f(b—) = L. If
b = oo, we drop the minus and write lim, . f(z) = L, f(o0) = L.

Let (x,,) be a sequence approaching a. If x,, > a for all n > 1, we write
Zn — a+. Let f be defined on (a,b). We say L is the limit of f(z) as x
approaches a from the right, and we write

xligl—i- f(.l?) - L,

if ,, — a+ implies f(x,) — L. In this case, we also write f(a+) = L. If
a = —oo, we drop the plus and write lim, o f(z) = L, f(—o0) = L.
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Suppose f(b—) = L and (z,,) is a sequence approaching b such that x,, < b
for all but finitely many n > 1. Then we may modify finitely many terms in
(2,) so that x,, < b for all n > 1; because modifying a finite number of terms
does not affect convergence, we have f(x,,) — L. Similarly, if f(b+) = L and
(zn) is a sequence approaching b such that xz,, > b for all but finitely many
n > 1, we have f(z,) — L.

Of course, L above is either a real or doo.

Theorem 2.2.1. Let f be defined on an interval (a,b) punctured at ¢, a <
¢ < b. Then lim,_,. f(x) exists and equals L iff f(c+) and f(c—) both exist
and equal L.

If lim, . f(z) = L, then f(x,) — L for any sequence x,, — ¢, whether the
sequence is to the right, the left, or neither. Hence f(c—) = L and f(c+) = L.

Conversely, suppose that f(c—) = f(c+) = L and let z,, — ¢ with z,, # ¢
for all n > 1. We have to show that f(z,) — L.

Let (y,) denote the terms in (x,) that are greater than ¢, and let (z,)
denote the terms in () that are less than ¢, arranged in their given order.
If (yy) is finite, then all but finitely many terms of (z,,) are less than ¢, thus
f(xn) — L. If (2,) is finite, then all but finitely many terms of (z,) are
greater than ¢, thus f(x,) — L. Hence we may assume both (y,) and (z,)
are infinite sequences with y,, — ¢+ and z, — c¢—. Because f(c+) = L, it
follows that f(y,) — L; because f(c—) = L, it follows that f(z,) — L.

Let f* and f. denote the upper and lower limits of the sequence (f(x,)),
and set f = sup{f(zx): k > n}. Then f} \, f*. Hence for any subsequence
(f7 ), we have fr N\, f*. The goal is to show that f* = L = f..

Because f(y.) — L, its upper sequence converges to L, sup;s,, f(yi) \, L;
because f(z,) — L, its upper sequence converges to L, sup;s.,, f(z:) \, L.

For each m > 1, let zj, denote the term in (z,,) corresponding to v, if
the term y,,, appears after the term z,, in (z,,). Otherwise, if z,, appears after
Ym, let xy, denote the term in (z,,) corresponding to z,,. In other words, if
Yn = i, and 2, = Tj,, Tk, = Tmax(i,,j,)- Lhus for each n > 1,if k > ky,, we
must have zj equal y; or z; with ¢ > n, so

{zp  k>ky} C{yi:i>n}U{z i>n}.

Hence

fr. = sup f(xx) < max [sup f(y;),sup f(z)]|, n>1
k>ky, i>n i>n

Now both sequences on the right are decreasing in n > 1 to L, and the

sequence on the left decreases to f* asn " co. Thus f* < L. Now let g = —f.

Because g(c+) = g(c—) = —L, by what we have just learned, we conclude

that the upper limit of (g(x,,)) is < —L. But the upper limit of (g(x,)) equals

minus the lower limit f, of (f(x,)). Hence f. > L, so f*=f.=L. O
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Because continuous limits are defined in terms of limits of sequences, they
enjoy the same arithmetic and ordering properties. For example,

lim [f(2) + g(a)] = lim f(z) + lim ().
lim [£(2) - g(a)] = lim f(z) - lim ().

These properties are used without comment.

A function f is increasing (decreasing) if x < 2’ implies f(z) < f(a')
(f(x) > f(z'), respectively), for all ,2’ in the domain of f. The function
f is strictly increasing (strictly decreasing) if @ < a’ implies f(x) < f(a')
(f(x) > f(a), respectively), for all z, 2’ in the domain of f. If f is increasing
or decreasing, we say f is monotone. If f is strictly increasing or strictly
decreasing, we say f is strictly monotone.

In the exercises, the concept of a partition (Figure 2.3) is needed. If (a,b)
is an open interval, a partition of (a,b) is a choice of points (x1,xa, -, zp)
in (a,b), arranged in increasing order. When choosing a partition, we write
a=20<x < <xp_1 <xp < Tyt = b, denoting the endpoints a and b
by xg and x,1 respectively (even when they are infinite). We use the same
notation for compact intervals; that is, a partition of [a,b], by definition, is a
partition of (a,b).

a = xg x1 x9 T3 T4 x5 =0

Fig. 2.3 A partition of (a,b).

FExercises

2.2.1. Define f : R — R by setting f(m/n) = 1/n, for m/n € Q with
no common factor in m and n > 0, and f(z) = 0, z ¢ Q. Show that
limy . f(z) =0 for all c € R.

2.2.2. Let f be increasing on (a, b). Then f(a+) (exists and) equals inf{ f(x) :
a <z < b}, and f(b—) equals sup{f(x) : a < z < b}.

2.2.3. If f is monotone on (a,b), then f(c+) and f(c—) exist, and f(c) is
between f(c—) and f(c+), for all ¢ € (a,b). Show also that, for each 6 > 0,
there are, at most, countably many points ¢ € (a,b) where |f(c+) — f(c—)| >
d. Conclude that there are, at most, countably many points ¢ in (a,b) at

which f(c+) # f(c—).
2.2.4.If f: (a,b) — R let I,, be the sup of the sums
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[f(z2) = flz) + [f(23) = flxa)| + -+ [f(@n) = flen1)]  (221)

over all partitions ¢ < 1 < 22 < --+ < x, < b of (a,b) consisting of n
points, and let I = sup{[l,, : n > 2}. We say that f is of bounded variation on
(a,b) if T is finite. Show that bounded variation on (a,b) implies bounded on
(a,b). The sum in (2.2.1) is the variation of f corresponding to the partition
a <z <o < -+- < xp < b, whereas I, the sup of all such sums over all
partitions consisting of arbitrarily many points, is the total variation of f
over (a, b).

2.2.5. If f is bounded increasing on an interval (a,b), then f is of bounded
variation on (a,b). If f = g — h with g, h bounded increasing on (a,b), then
f is of bounded variation on (a,b).

2.2.6. Let f be of bounded variation on (a,b), and, for ¢ < z < b, let v(z)
denote the sup of the sums (2.2.1) over all partitions a =< x; < x3 <
coo < my = x < b with x, = x fixed. Show that a < z < y < b implies
v(x) 4+ |f(y) — f(x)] < v(y), hence. v : (a,b) - R and v — f : (a,b) - R
are bounded increasing. Conclude that f is of bounded variation iff f is the
difference of two bounded increasing functions.

2.2.7. Show that the f in Exercise 2.2.1 is not of bounded variation on (0, 2)
(remember that > 1/n = c0).

2.3 Continuous Functions

Let f be defined on (a,b), and choose a < ¢ < b. We say that f is continuous
at ¢ if

lim f(z) = f(c).

T—cC

If f is continuous at every real ¢ in (a,b), then we say that f is continuous
on (a,b) or, if (a,b) is understood from the context, f is continuous.

Recalling the definition of lim,_.., we see that f is continuous at c iff, for
all sequences (z,,) satisfying x,, — cand z,, # ¢,n > 1, f(z,) — f(c). In fact,
f is continuous at ¢ iff x,, — ¢ implies f(z,) — f(c); that is, the condition
T, # ¢, n > 1, is superfluous. To see this, suppose that f is continuous
at ¢, and suppose that x,, — ¢, but f(z,,) 4 f(c). Because f(x,) /~ f(c),
by Exercise 1.5.8, there is an ¢ > 0 and a subsequence (7)), such that
|f(z),) — f(e)] > € and ), — ¢, for n > 1. But, then f(z],) # f(c) for all
n > 1, hence 2/, # ¢ for all n > 1. Because a], — ¢, by the continuity at ¢, we
obtain f(x]) — f(c), contradicting |f(z],) — f(c)| > €. Thus f is continuous
at ¢ iff xn, — c implies f(x,) — f(c).

In the previous section we saw that f(z) = 2= is continuous at c¢. Because
this works for any ¢, f is continuous. Repeating this argument, one can show
that f(x) = a* is continuous, because z* 2

2

= 2222, A simpler example is
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to choose a real k and to set f(x) = k for all x. Here f(z,) = k, and
f(e) = k for all sequences (z,,) and all ¢, so f is continuous. Another example
is f: (0,00) — R given by f(z) = 1/z. By the division property of sequences,
Zy — c implies 1/x,, — 1/c for ¢ > 0, so f is continuous.

Functions can be continuous at various points and not continuous at other
points. For example, the function f in Exercise 2.2.1 is continuous at every
irrational ¢ and not continuous at every rational ¢. On the other hand, the
function f: R — R, given by (§2.2)

f) = {; e

is continuous at no point.

Continuous functions have very simple arithmetic and ordering properties.
If f and g are defined on (a, b) and k is real, we have functions f+g, kf, fg,
max(f,g), min(f, g) defined on (a,b) by setting, for a < z < b,

If g is nonzero on (a,b) (i.e. g(x) # 0 for alla < x < b) , define f/g by setting

_f@
(f/g)(x)—g(w), <z <b

Theorem 2.3.1. If f and g are continuous, then so are f + g, kf, fg,
max(f,g), and min(f, g). Moreover, if g is nonzero, then f/g is continuous.

This is an immediate consequence of the arithmetic and ordering properties
of sequences. If @ < ¢ < b and =, — ¢, then f(x,) — f(c), and g(z,) — g(c).
Hence f(zn) + g@n) — £(0) + 9(c), kf(wn) — KF(c), f(@a)g(en) —
f(e)g(c), max(f(zn),g(xn)] — max[f(c),g(c)], and min[f(zn),g(zn)] —
min(f(c), g()]. IF g(c) £ 0, then f(wa)/g(wa) — f(c)/g(c). O

For example, we see immediately that f(z) = |z| is continuous on R
because |z| = max(z, —x).

Let us prove by induction that, for all k& > 1, the monomials fi(x) =
x* are continuous (on R). For k = 1, this is so because x,, — c implies
fi(xn) =z, — ¢ = fi(c). Assuming that this is true for k, fri1 = frfr
because z*t! = 2*z. Hence the result follows from the arithmetic properties
of continuous functions.

A polynomial f : R — R is a linear combination of monomials; that is, a
polynomial has the form
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f(z) = apz? + arx®™ ! + a2 + -+ ag_12z + aq.

If ag # 0, we call d the degree of f. The reals ag, a1, - - - , aq, are the coefficients
of the polynomial.

Let f be a polynomial of degree d > 0, and let a € R. Then there is a
polynomial g of degree d — 1 satisfying?

f(@) = f(a)

= g(x), x#a. (2.3.1)

To see this, because every polynomial is a linear combination of monomials,
it is enough to check (2.3.1) on monomials. But, for f(z) = 2™,

" —a”
=" " a4 daa”?+a" Y, oz #a, (2.3.2)
x—a
which can be checked? by cross-multiplying. This establishes (2.3.1).

Because a monomial is continuous and a polynomial is a linear combination
of monomials, by induction on the degree, we obtain the following.

Theorem 2.3.2. Every polynomial f is continuous on R. Moreover, if d is
its degree, there are, at most, d real numbers x satisfying f(xz) = 0.

A real x satisfying f(x) = 0 is called a zero or a root of f. Thus every
polynomial f has, at most, d roots. To see this, proceed by induction on the
degree of f. If d =1, f(x) = apz + a1, so f has one root © = —aj/ag. Now
suppose that every dth degree polynomial has, at most, d roots, and let f
be a polynomial of degree d + 1. We have to show that the number of roots
of f is at most d + 1. If f has no roots, we are done. Otherwise, let a be a
root: f(a) = 0. Then by (2.3.1) there is a polynomial g of degree d such that
f(z) = (x — a)g(x). Thus any root b # a of f must satisty g(b) = 0. By the
inductive hypothesis, g has, at most, d roots; hence f has, at most, d + 1
roots. 0O

A polynomial may have no roots (e.g., f(z) = 22 + 1). However, every
polynomial of odd degree has at least one root (Exercise 2.3.1).

A rational function is a quotient f = p/q of two polynomials. The natural
domain of f is R\ Z(q), where Z(gq) denotes the set of roots of ¢q. Because
Z(q) is a finite set, the natural domain of f is a finite union of open intervals.
We conclude that every rational function is continuous where it is defined.

Let f : (a,b) — R. If f is not continuous at ¢ € (a,b), we say that f
is discontinuous at c. There are “mild” discontinuities, and there are “wild”
discontinuities. The mildest situation (Figure 2.4) is when the limits f(c+)
and f(c—) exist and are equal, but not equal to f(c). This can be easily
remedied by modifying the value of f(c) to equal f(c+) = f(c—). With this

1 g also depends on a.
2 (2.3.2) with 2 = 1 was used to sum the geometric series in §1.6.
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modification, the resulting function then is continuous at c¢. Because of this,
such a point ¢ is called a removable discontinuity. For example, the function
f in Exercise 2.2.1 has removable discontinuities at every rational.

The next level of complexity is when f(c+) and f(c—) exist but may or may
not be equal. In this case, we say that f has a jump discontinuity (Figure 2.4)
or a mild discontinuity at c. For example, every monotone function has (at
worst) jump discontinuities. In fact, every function of bounded variation has
(at worst) jump discontinuities (Exercise 2.3.18). The (amount of) jump at
¢, a real number, is f(c+) — f(c—). In particular, a jump discontinuity of
jump zero is nothing more than a removable discontinuity.

Fig. 2.4 A jump of 1 at each integer.

Any discontinuity that is not a jump is called a wild discontinuity (Fig-
ure 2.5). If f has a wild discontinuity at ¢, then from above, f cannot be of
bounded variation on any open interval surrounding ¢. The converse of this
statement is false. It is possible for f to have mild discontinuities but not be
of bounded variation (Exercise 2.2.7).

I
[l

Fig. 2.5 A wild discontinuity.

An alternate and useful description of continuity is in terms of a modulus
of continuity. Let f : (a,b) — R, and fix a < ¢ < b. For 6 > 0, let

pe(8) = sup{|f(z) = f(¢)] : | — ¢ <b,a <z <b}.
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Because the sup, here, is possibly that of an unbounded set, we may have
te(0) = oo. The function p. : (0,00) — [0,00) U {oo} is the modulus of
continuity of f at ¢ (Figure 2.6).

For example, let f : (1,10) — R be given by f(z) = 22 and pick ¢ = 9.
Because z? is monotone over any interval not containing zero, the maximum
value of |22 — 81| over any interval not containing zero is obtained by plugging
in the endpoints. Hence i9(9) is obtained by plugging in 2z = 9+, leading to
1o (6) = 8(6 + 18). In fact, this is correct only if 0 < 6 < 1. If 1 < ¢ < 8, the
interval under consideration is (9—4,9+0)N (1, 10) = (9—4, 10). Here plugging
in the endpoints leads to 19(8) = max(19, 185 —462). If § > 8, then (9—4§,9+9)
contains (1,10) and, hence pg(d) = 80. Summarizing, for f(z) = 2%, ¢ = 9,
and (a,b) = (1,10),

0(6 +18), 0<d6<1,

pe(d) = < max (19,185 — 62), 1< <8,
80, 5> 8.
1 9—4§ 9 944 10

Fig. 2.6 Computing the modulus of continuity.

Going back to the general definition, note that p.(J) is an increasing func-
tion of 0, and, hence p.(0+) exists (Exercise 2.2.2).

Theorem 2.3.3. Let [ : (a,b) — R, and choose ¢ € (a,b). The following are
equivalent.

A. f is continuous at c.
B. 1.(04) = 0.
C. For all € > 0, there exists § > 0, such that

|z —c| < 0 implies |f(x) — f(c)] <.

That A implies B is left as Exercise 2.3.2. Now assume B, and suppose
that € > 0 is given. Because p.(0+) = 0, there exists a ¢ > 0 with p.(d) < e.
Then by definition of p., |z — ¢| < ¢ implies | f(z) — f(c)| < pe(d) < €, which
establishes C. Now assume the e-¢ criterion C, and let z,, — ¢. Then for all
but a finite number of terms, |x,, — ¢| < §. Hence for all but a finite number
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of terms, f(c)—e < f(xn) < f(c)+e. Let y,, = f(z5), n > 1. By the ordering
properties of sup and inf, f(¢) — € < yn <y < f(c) + €. By the ordering
properties of sequences, f(c) —e < y, < y* < f(c) + €. Because € > 0 is
arbitrary, y* = y. = f(c). Thus y,, = f(zn) — f(c). Because (z,,) was any
sequence converging to ¢, lim, .. f(z) = f(c) which establishes A. O

Thus in practice, one needs to compute p.(d) only for ¢ small enough,
because it is the behavior of y,. near zero that counts. For example, to check
continuity of f(z) =22 at ¢ =9, it is enough to note that jg(8) = §(5 + 18)
for small enough §, which clearly approaches zero as § — 0+.

To check the continuity of f(z) = 22 at ¢ = 9 using the ¢-d criterion C,
given € > 0, it is enough to exhibit a § > 0 with pg(0) < €. Such a ¢ is the lesser
of €/20 and 1, § = min(e/20, 1). To see this, first, note that 6(d +18) < 19 for
this §. Then e < 19 implies (6 +18) < (¢/20)(1+18) = (19/20)e < €, whereas
€ > 19 implies 6(d + 18) < e. Hence in either case, ug(d) < e, establishing C.

Now we turn to the mapping properties of a continuous function. First,
we define one-sided continuity. Let f be defined on (a,b]. We say that f is
continuous at b from the left if f(b—) = f(b). In addition, if f is continuous
on (a,b), we say that f is continuous on (a,b]. Let f be defined on [a, b). We
say that f is continuous at a from the right if f(a+) = f(a). In addition, if
f is continuous on (a,b), we say that f is continuous on [a,b).

Note by Theorem 2.2.1 that a function f is continuous at a particular
point ¢ iff f is continuous at ¢ from the right and continuous at ¢ from the
left.

Let f be defined on [a,b]. We say that f is continuous on [a,b] if f is
continuous on [a, b) and (a, b]. Checking the definitions, we see f is continuous
on A if, for every ¢ € A and every sequence (z,) C A converging to c,
f(xn) — f(c), whether A is (a,b), (a,b], [a,b), or [a,b].

Theorem 2.3.4. Let [ be continuous on a compact interval [a,b]. Then
f([a,b]) is a compact interval [m, M].

Thus a continuous function maps compact intervals to compact intervals.
Of course, it may not be the case that f([a,b]) equals [f(a), f(b)]. For exam-
ple, if f(z) = 22, f([-2,2]) = [0,4] and [f(—2), f(2)] = {4}. We derive two
consequences of this theorem.

Let f([a,b]) = [m, M]. Then we have two reals ¢ and d in [a, b], such that
fle) =m and f(d) = M. In other words, the sup is attained in

M =sup{f(z):a <z <b} =max{f(x):a <z <0b}
and the inf is attained in
m=inf{f(z):a <z <b}=min{f(z):a <z <b}

More succintly, M is a max and m is a min for the set f([a,b]). Thus a
continuous function on a compact interval attains its sup and its inf. Of



58 2 Continuity

course, this is not generally true on noncompact intervals because f(z) = 1/x
has no max on (0, 1].

A second consequence is: suppose that L is an intermediate value between
f(a) and f(b). Then there must be a ¢, a < ¢ < b, satisfying f(c) = L.
This follows because f(a) and f(b) are two reals in f([a,b]), and f([a,b]) is
an interval. Thus a continuous function on a compact interval attains every
intermediate value. This is the intermediate value property.

On the other hand, the two consequences, the existence of the max and
the min and the intermediate value property, combine to yield the theorem.
To see this, let m = f(c¢) and M = f(d) denote the max and the min, with
¢, d € la,b). If m = M, f is constant, hence f([a,b]) = [m, M]. If m < M and
m < L < M, apply the intermediate value property to conclude that there
is an « between ¢ and d with f(x) = L. Hence f([a,b]) = [m, M]. Thus to
derive the theorem, it is enough to derive the two consequences.

For the first, let M = sup f([a,b]). By Theorem 1.5.4, there is a sequence
(zp) in [a,b] such that f(x,) — M. But by Theorem 2.1.1, (z,) subcon-
verges to some ¢ € [a,b]. By continuity, (f(z,)) subconverges to f(c). Be-
cause (f(xy,)) also converges to M, M = f(c), so f has a max. Similarly for
the min.

For the second, suppose that f(a) < f(b), and let L be an intermediate
value, f(a) < L < f(b). We proceed as in the construction of v/2 in §1.4.
Let S = {z € [a,b] : f(x) < L}, and let ¢ = sup S. S is nonempty because
a € S, and S is clearly bounded. By Theorem 1.5.4, select a sequence (x,)
in S converging to ¢, x, — c. By continuity, it follows that f(z,) — f(c).
Because f(z,) < L for all n > 1, we obtain f(¢) < L. On the other hand,
¢+ 1/nis not in S, hence f(c+ 1/n) > L. Because ¢ + 1/n — ¢, we obtain
f(e) > L. Thus f(c) = L. The case f(a) > f(b) is similar or is established by
applying the preceding to —f. O

From this theorem, it follows that a continuous function maps open in-
tervals to intervals. However, they need not be open. For example, with
f(z) = 22, £((-2,2)) = [0,4). However, a function that is continuous and
strictly monotone maps open intervals to open intervals (Exercise 2.3.3).

The above theorem is the result of compactness mixed with continuity.
This mixture yields other dividends. Let f : (a,b) — R be given, and fix a
subset A C (a,b). For § > 0, set

pa(d) =sup{u.(0) : c € A}.

This is the uniform modulus of continuity of f on A. Because pu.(d) is an
increasing function of § for each ¢ € A, it follows that p4(9) is an increasing
function of §, and hence 114 (0+) exists. We say f is uniformly continuous on A
if pa(0+) =0. When A = (a,b) equals the whole domain of the function, we
delete the subscript A and write p(d) for the uniform modulus of continuity
of f on its domain.
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Whereas continuity is a property pertaining to the behavior of a function
at (or near) a given point ¢, uniform continuity is a property pertaining to the
behavior of f near a given set A. Moreover, because pi.(d) < pr.a(9), uniform
continuity on A implies continuity at every point ¢ € A.

Inserting the definition of u.(d) in pa(0) yields

pa(6) =sup{|f(z) — f(c)| s |z —c| < d,a <x <b,ce A},

where, now, the sup is over both x and c.

For example, for f(x) = x2, the uniform modulus p4(8) over A = (1,10)
equals the sup of |22 —y?| over all 1 < 2 < y < 10 with y — 2 < §. But this is
largest when y = 2+, hence 114 (8) is the sup of 62 +2x6 over 1 < 2 < 10—4
which yields p4(8) = 200 — 62. In fact, this is correct only if 0 < § < 9.
For 6 =9, the sup is already over all of (1, 10), hence cannot get any bigger.
Hence pa(d) =99 for § > 9. Summarizing, for f(z) = 2% and A = (1, 10),

5) = 200 — 82, 0<§<9,
HAY) =9 g9, 5> 9.

Because f is uniformly continuous on A if p4(0+) = 0, in practice one
needs to compute p4(d) only for ¢ small enough. For example, to check
uniform continuity of f(z) = 22 over A = (1, 10), it is enough to note that
wa(8) = 206—02 for small enough &, which clearly approaches zero as § — 0+.

Now let f : (a,b) — R be continuous, and fix A C (a,b). What additional
conditions on f are needed to guarantee uniform continuity on A? When A
is a finite set {c1,--- ,cn},

IU‘A((s) = max [/~L61 (5)7 Ty Men (5)} )

and, hence f is necessarily uniformly continuous on A.

When A is an infinite set, this need not be so. For example, with f(z) = «
and B = (0,00), pp(d) equals the sup of u.(§) = 2¢§ + §2 over 0 < ¢ < oo,
or up(d) = oo, for each 6 > 0. Hence f is not uniformly continuous on B.

It turns out that continuity on a compact interval is sufficient for uniform
continuity.

2

Theorem 2.3.5. If f : [a,b] — R is continuous, then f is uniformly contin-
uous on (a,b).

To see this, suppose that p(04) = p(4,5)(04) > 0, and set € = pu(0+)/2.
Because p is increasing, p(1/n) > 2e, n > 1. Hence for each n > 1, by
the definition of the sup in the definition of p(1/n), there is a ¢, € (a,b)
with g, (1/n) > €. Now by the definition of the sup in p., (1/n), for each
n > 1, there is an x,, € (a,b) with |z, — ¢,| < 1/n and |f(zn) — f(en)| > €
By compactness, (z,) subconverges to some z € [a,b]. Because |z, — ¢,| <
1/n for all n > 1, (¢,) subconverges to the same x. Hence by continuity,
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(|f(xn) = f(en)|) subconverges to |f(x) — f(x)| = 0, which contradicts the
fact that this last sequence is bounded below by € > 0. O

The conclusion may be false if f is continuous on (a, b) but not on [a, b] (see
Exercise 2.3.23). One way to understand the difference between continuity
and uniform continuity is as follows.

Let f be a continuous function defined on an interval (a,b), and pick
¢ € (a,b). Then by definition of uc, |f(x) — f(¢)| < p.(d) whenever z lies in
the interval (¢ — 6, ¢ + 6). Setting g(x) = f(c) for x € (¢ — d§,c+ ), we see
that, for any error tolerance €, by choosing ¢ satisfying u.(d) < €, we obtain
a constant function g approximating f to within €, at least in the interval
(c—0,c+0). Of course, in general, we do not expect to approximate f closely
by one and the same constant function over the whole interval (a,b). Instead,
we use piecewise constant functions.

We say ¢ : (a,b) — R is piecewise constant if there is a partition a =
o < w1 < o+ < Xy < Tpp1 = b, such that g restricted to (x;—1,;) is
constant for i = 1,--- ,n+ 1 (in this definition, the values of g at the points
x; are not restricted in any way). The mesh § of the partition a = xy <
1 < --- < Tpy1 = b, by definition, is the largest length of the subintervals,
0 = maxi<;<n+1 |¥; —2;—1|. Note that an interval has partitions of arbitrarily
small mesh iff the interval is bounded.

Let f : [a,b] — R be continuous. Then from above, f is uniformly contin-
uous on (a,b). Given a partition a = ¢ < x1 < -+ < Tp+1 = b with mesh
0, choose xfk in (x;-1,;) arbitrarily, ¢ = 1,--- ,n 4+ 1. Then by definition
of p, |f(x) — f(xfé)| < pu(6) for x € (zi—1,x;). If we set g(z) = f(xz%) for
x € (vi—1,2:),i=1,--- ,n+1,and g(z;) = f(a;),2=0,1,--- ;n+ 1, we ob-
tain a piecewise constant function g : [a, b] — R satistying | f(z)—g(z)| < u(9)
for every x € [a, b]. Because f is uniformly continuous, 1(0+) = 0. Hence for
any error tolerance € > 0, we can find a mesh J, such that ©(d) < e. We have
derived the following (Figure 2.7).

Theorem 2.3.6. If f : [a,b] — R is continuous, then for each € > 0, there
is a piecewise constant function f. : [a,b] — R, such that

If(z) = fe(@)] <€, a<x<b DO

If f is continuous on an open interval, this result may be false. For exam-
ple, f(x) = 1/x,0 < x < 1, cannot be approximated as above by a piecewise
constant function (unless infinitely many subintervals are used) precisely be-
cause [ “shoots up to oo” near 0.

Let us turn to the continuity of compositions (§1.1). Suppose that f :
(a,b) — R and ¢ : (¢,d) — R are given with the range of f lying in the
domain of g, f[(a,b)] C (¢,d). Then the composition go f : (a,b) — R is
given by

(g0 f)(x) = glf(@)], a<z<b

Theorem 2.3.7. If f and g are continuous, so is go f.
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a = xo x1 T2 T3 T4 =0b

Fig. 2.7 Piecewise constant approximation.

Because f is continuous, x, — c¢ implies f(x,) — f(c). Because g is

continuous, (g o f)(zn) = g[f(zn)] — glf(c)] = (go f)(c). O
This result can be written

lim g[f(2)] = g [1im f(z)] .
Because g(x) = |z| is continuous, this implies

lim [ f ()] =

xr—cC

lim f (w)‘ .
xr—cC

The final issue is the invertibility of continuous functions. Let f : [a, b] —
[m, M] be a continuous function. When is there an inverse (§1.1) g : [m, M] —
[a, b]? If it exists, is the inverse g necessarily continuous? It turns out that the
answers to these questions are related to the monotonicity properties (§2.2)
of the continuous function. For example, if f is continuous and increasing on
[a,b] and A C [a,b], sup f(A) = f(supA), and inf f(A) = f(inf A) (Exer-
cise 2.3.4). It follows that the upper and lower limits of (f(z,)) are f(z*)
and f(x.), respectively, where x*, . are the upper and lower limits of (x,)
(Exercise 2.3.5).

Theorem 2.3.8 (Inverse Function Theorem). Let f : [a,b)] — R be
continuous. Then [ is injective iff [ is strictly monotone. In this case, let
[m, M] = f([a,b]). Then the inverse g : [m, M] — [a,b] is continuous and
strictly monotone.

If f is strictly monotone and x # 2/, then x < 2’ or x > 2’ which implies
f(z) < f(2) or f(z) > f(2'), hence f is injective.

Conversely, suppose that f is injective and f(a) < f(b). We claim that f is
strictly increasing (Figure 2.8). To see this, suppose not and choose a < x <
' < b with f(z) > f(2'). There are two possibilities: either f(a) < f(z) or
f(a) > f(x). In the first case, we can choose L in (f(a), f(z))N(f(z"), f(x)).
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By the intermediate value property there are ¢,d with a < c <z <d < a2’
with f(c) = L = f(d). Because f is injective, this cannot happen, ruling out
the first case. In the second case we must have f(z’) < f(b), hence 2’ < b,
so we choose L in (f(2'), f(x)) N (f(2'), f(b)). By the intermediate value
property, there are ¢,d with * < ¢ < 2’ < d < b with f(¢) = L = f(d).
Because f is injective, this cannot happen, ruling out the second case. Thus
f is strictly increasing. If f(a) > f(b), applying what we just learned to —f
yields —f strictly increasing or f strictly decreasing. Thus in either case, f
is strictly monotone.

Fig. 2.8 Derivation of the IFT when f(a) < f(b).

Clearly strict monotonicity of f implies that of g. Now assume that f is
strictly increasing, the case with f strictly decreasing being entirely similar.
We have to show that ¢ is continuous. Suppose that (y,) C [m, M] with
yn — y. Let © = g(y), let 2, = g(yn), n > 1, and let z* and z, denote the
upper and lower limits of (x,). We have to show g(y,) = zn, — = = g(y).
Because f is continuous and increasing, f(z*) and f(z.) are the upper and
lower limits of y, = f(x,) (Exercise 2.3.5). Hence f(z*) =y = f(x.). Hence
by injectivity, 2* = x =x,. O

As an application, note that f(z) = 22 is strictly increasing on [0, n], hence
has an inverse g, (z) = /x on [0, n?], for each n > 1. By uniqueness of inverses
(Exercise 1.1.4), the functions g,, n > 1, agree wherever their domains
overlap, hence yield a single, continuous, strictly monotone g : [0,00) —
[0, 00) satisfying g(x) = /&, > 0. Similarly, for each n > 1, f(z) = 2™ is
strictly increasing on [0, 00). Thus every positive real  has a unique positive
nth root z'/", and, moreover, the function g(x) = /™ is continuous on
[0, 00). By composition, it follows that f(x) = ™/™ = (z™)'/™ is continuous
and strictly monotone on [0, 00) for all naturals m, n. Because =% = 1/2%
for a € Q, we see that the power functions f(x) = «" are defined, strictly
increasing, and continuous on (0,00) for all rationals r. Moreover, 2"t =
x"z®, (2")® = & for r, s rational, and, for » > 0 rational, 2" — 0 as x — 0
and " — 0o as © — o00. The following limit is important: for = > 0,

li/m 2/ =1, (2.3.3)
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To derive this, assume x > 1. Then z < zz'/" = g(n+D/n g0 g1/ (01 < gl/n
so the sequence (z'/") is decreasing and bounded below by 1, hence its limit
L > 1 exists. Because L < xl/zn, L2 < g2/?n = xl/”, hence L2 < Lor L < 1.
We conclude that L = 1. If 0 < = < 1, then 1/ > 1, s0 /" = 1/(1/2)"/" —
lasn ~ o.

Any function that can be obtained from polynomials or rational functions
by arithmetic operations and/or the taking of roots is called a (constructible)
algebraic function. For example,

1

0=

O<a <,

is an algebraic function.
We now know what a® means for any a > 0 and b € Q. But what if b ¢ Q?
What does 2V2 mean? To answer this, fix a > 1 and b > 0, and let

c=sup{a": 0 <r <breQ}

Let us check that when b is rational, ¢ = a’. Because r < s implies a” < a®,
a” < a® when r < b. Hence ¢ < ab. Similarly, ¢ > a*~%/" = a’/a'/" for all
n > 1. Let n / oo and use (2.3.3) to get ¢ > a®. Hence ¢ = a® when b is
rational. Thus it is consistent to define, for any a > 1 and real b > 0,

a’® =sup{a”: 0 <r <brecQ},

a’ = 1,and a=® = 1/a’. For all breal, we define 1° = 1, whereas for 0 < a < 1,
we define a® = 1/(1/a)®. This defines a® > 0 for all positive real a and all
real b. Moreover (Exercise 2.3.7),

a® =inf{a®:s > b,s € Q}.

Theorem 2.3.9. The power function a® satisfies

A.Fora>1and0<b<crel 1<a’<aC.
B.For0<a<1and0<b<c real, a® > a°.

C. For0<a<bandc>0 real, a°b® = (ab)®, (b/a)® = b°/a’, and a® < b°.
D. Fora >0 and b, ¢ real, a®*¢ = aba®.

E. Fora >0, b, c real, a*® = (ab)c.

Because A C B implies supA < sup B, a® < a® when a > 1 and b < c.
Because, for any b < ¢, there is an 7 € QN (b,¢c), a® < a°, thus the first
assertion. Because, for 0 < a < 1, a® = 1/(1/a)®, applying the first assertion
to 1/a yields (1/a)’ < (1/a)¢ or a® > a®, yielding the second assertion. For
the third, assume a > 1. If 0 < r < ¢ is in Q, then a” < a¢ and b" < b°
yields (ab)” = a"b" < ab¢. Taking the sup over r < ¢ yields (ab)® < a®b°.
If » < ¢ and s < ¢ are positive rationals, let ¢ denote their max. Then
a"b® < a'b' = (ab)t < (ab). Taking the sup of this last inequality over all
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0 <r < ¢, first, then over all 0 < s < cyields a®b¢ < (ab)°. Hence (ab)® = a°b®
for b > a > 1. Using this, we obtain (b/a)a® = b° or (b/a)® = b°/a°. Because
b/a > 1 implies (b/a)¢ > 1, we also obtain a® < b°. The cases a < b < 1 and
a <1 < b follow from the case b > a > 1. This establishes the third. For the
fourth, the case 0 < a < 1 follows from the case a > 1, so assume a > 1,b > 0,
and ¢ > 0. If r < b and s < ¢ are positive rationals, then a®*t¢ > a"t% = a"a®.
Taking the sups over r and s yields a®*¢ > a’a®. If r < b+ ¢ is rational, let
d= (b+c—r)/3 > 0. Pick rationals t and s withb >t >b—d, ¢ > s> c—d.
Thent+s>b+c—2d > r,s0a” < a't® = a’a® < ala®. Taking the sup over
all such r, we obtain abte < abac. This establishes the fourth when b and ¢
are positive. The cases b < 0 or ¢ < 0 follow from the positive case. The fifth
involves approximating b and ¢ by rationals, and we leave it to the reader.
O

As an application, we define the power function with an irrational expo-
nent. This is a nonalgebraic or transcendental function. Some of the transcen-
dental functions in this book are the power function % (when « is irrational),
the exponential function a”, the logarithm log, x, the trigonometric functions
and their inverses, and the gamma function. The trigonometric functions are
discussed in §3.5, the gamma function in §5.1, whereas the power, exponen-
tial, and logarithm functions are discussed below.

Theorem 2.3.10. Let a be real, and let f(x) = 2 on (0,00). Fora >0, f is
strictly increasing and continuous with f(0+) = 0 and f(o0) = co. Fora <0,
f s strictly decreasing and continuous with f(0+) = oo and f(o0) = 0.

Because 7% = 1/2%, the second part follows from the first, so assume

a > 0. Let r, s be positive rationals with » < a < s, and let x,, — ¢. We have
to show that x% — c¢®. But the sequence (z2) lies between (z]) and ().
Because we already know that the rational power function is continuous, we
conclude that the upper and lower limits L*, L., of (z%) satisfy ¢" < L, <
L* < ¢°. Taking the sup over all r rational and the inf over all s rational,
with 7 < a < s, gives L* = L, = ¢® Thus f is continuous. Also because
2" — 0o as & — oo and " < 2 for r < a, f(oc0) = oo. Because x* < z° for
s>aand 2°* - 0asx — 0+, f(0+)=0. O

Now we vary b and fix a in a®.

Theorem 2.3.11. Fiz a > 1. Then the function f(x) = a*, x € R, is strictly
increasing and continuous. Moreover,

fla+a’) = f2)f(@), (2.3.4)
f(=00) =0, f(0) =1, and f(oc) = oo.

From Theorem 2.3.9, we know that f is strictly increasing. Because a™
oo asn /0o, f(oo) = 0o. Because f(—x) =1/f(x), f(—o0) = 0. Continuity
remains to be shown. If z;,, \ ¢, then (a*") is decreasing and a® > a€, so its
limit L is > a®. On the other hand, for d > 0, the sequence is eventually below
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at® = aca?, hence L < aa®. Choosing d = 1/n, we obtain a® < L < aa®/™.
Let n / oo to get L = a®. Thus a*" \, a®. If z,, — c+ is not necessarily
decreasing, then x; \, ¢, hence a®n — a°. But xy > xp for all n > 1, hence
a®n > a® > af, so a® — af; similarly, from the left. O

The function f(x) = a® is the exponential function with base a > 1. In
fact, the exponential is the unique continuous function f on R satisfying the
functional equation (2.3.4) and f(1) = a.

By the inverse function theorem, f has an inverse g on any compact in-
terval, hence on R. We call g the logarithm with base a > 1, and write
g(z) = log,r. By definition of inverse, a'°%«® = gz, for x > 0, and
log,(a®) =z, for x € R.

Theorem 2.3.12. The inverse of the exponential f(x) = a® with base a > 1
is the logarithm with base a > 1, g(x) = log, . The logarithm is continuous
and strictly increasing on (0,00). The domain of log, is (0,00), the range is
R, log,(0+) = —o0, log, 1 =0, log, o0 = oo, and

log,, (be) = log, b+ log, ¢,
log, (b°) = clog, b,

forb>0,¢c>0.

This follows immediately from the properties of the exponential function
with base ¢ > 1. O

FExercises

2.3.1. If f is a polynomial of odd degree, then f(+oo) = o0 or f(£oo) =
Foo, and there is at least one real ¢ with f(c) = 0.

2.3.2. If f is continuous at ¢, then pu.(0+) = 0.

2.3.3.If f : (a,b) — R is continuous, then f((a, b)) is an interval. In addition,
if f is strictly monotone, f((a,b)) is an open interval.

2.3.4.If f is continuous and increasing on [a,b] and A C [a,b], then

sup f(A) = f(sup 4), and inf f(A) = f(inf A).

2.3.5. With f as in Exercise 2.3.4, let z* and x, be the upper and lower
limits of a sequence (z,). Then f(z*) and f(z.) are the upper and lower
limits of (f(z,)).

2.3.6. With r, s € Q and z > 0, show that (2")% = 2™ and 2"+ = 2"z,

2.3.7. Show that a® = inf{a®: s > b,s € Q}.
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2.3.8. With b and c real and a > 0, show that (a®)¢ = ac.

2.3.9.Fix a > 0. If f : R — R is continuous, f(1) = a, and f(z + 2') =
f(x)f(z') for z,2" € R, then f(z) = a”.

2.3.10. Use the -6 criterion to show that f(z) = 1/x is continuous at = 1.

2.3.11. A real x is algebraic if x is a root of a polynomial of degree d > 1,
aoxd + alxdfl 4+ +ag_1x+aq =0,

with rational coefficients ag,ay, - ,aq. A real is transcendental if it is not
algebraic. For example, every rational is algebraic. Show that the set of al-
gebraic numbers is countable (§1.7). Conclude that the set of transcendental
numbers is uncountable.

2.3.12. Let a be an algebraic number. If f(a) = 0 for some polynomial f
with rational coefficients, but g(a) # 0 for any polynomial g with rational
coefficients of lesser degree, then f is a minimal polynomial for a, and the
degree of f is the algebraic order of a. Now suppose that a is algebraic of
order d > 2. Show that all the roots of a minimal polynomial f are irrational.

2.3.13. Suppose that the algebraic order of a is d > 2. Then there is a ¢ > 0,
such that
m c
‘a — ‘ > 5 nm2 1.
n n

(See Exercise 1.4.9. Here you'll need the modulus of continuity p, at a of
g(z) = f(z)/(x — a), where f is a minimal polynomial of a.)

2.3.14. Use the previous exercise to show that

1100010 ---010 —1+1+1+ —i !
‘ 10 102 0 108 a !

is transcendental.
2.3.15. For s > 1 real, > °°, n™* converges.

2.3.16.If a > 1,b > 0, and ¢ > 0, then %8« ¢ = ¢!°8.® and

o0

1
Z 5log3 n

n=1

converges.

2.3.17. Give an example of an f : [0,1] — [0,1] that is invertible but not
monotone.
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2.3.18. Let f be of bounded variation (Exercise 2.2.4) on (a,b). Then the
set of points at which f is not continuous is at most countable. Moreover,
every discontinuity, at worst, is a jump.

2.3.19. Let f : (a,b) — R be continuous and let M = sup{f(z) : a < x < b}.
Assume f(a+) exists with f(a+) < M and f(b—) exists with f(b—) < M.
Then the sup is attained,

sup{f(z):a <z <b} =max{f(z):a <z <b}.
Use Theorem 2.1.2.

2.3.20. If f : R — R satisfies

1@
r—Fo0 |x|

we say that f is superlinear. If f is superlinear and continuous, then the sup
is attained in

gly)= sup [ry— f(z)]= max [vy— f(x)],

—o0<x <00 —oo<z <0
and ¢ is superlinear. Use Exercise 2.3.19.

2.3.21. If f : R — R is superlinear and continuous and ¢ is as above, then
g is also continuous. (Modify the logic of the previous solution.)

2.3.22. Let f(z) = 14 |z| —x, z € R, where |2 denotes the greatest integer
< x (Figure 2.4). Compute

lim ( lim | f(n!x)]m)

n,//'co \m, oo
for z € Q and for z ¢ Q.

2.3.23. Let f(x) = 1/x, 0 < 2 < 1. Compute p.(d) explicitly for 0 < ¢ < 1
and 0 > 0. With I = (0, 1), show that p;(d) = oo for all 6 > 0. Conclude
that f is not uniformly continuous on (0, 1). (There are two cases, ¢ < ¢ and

c>4.)

2.3.24. Let f : R — R be continuous, and suppose that f(co) and f(—o0)
exist and are finite. Show that f is uniformly continuous on R.

2
2.3.25. Use \/2\/ to show that there are irrationals a,b, such that a’ is
rational.
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