Chapter 2
Discontinuous System Theory

As in Luo (2011), the passability of a flow to the separation boundary of two
different dynamical systems is presented. The accessible and inaccessible
subdomains are introduced first for a theory of discontinuous dynamic systems.
On the accessible domains, the corresponding dynamic systems are introduced.
The flow orientation and singular sets of the separation boundary are discussed. The
passability and tangency (grazing) of a flow to the separation boundary between
two adjacent accessible domains are presented, and the necessary and sufficient
conditions for such passability and tangency of the flow to the boundary are
presented. The product of the normal components of vector fields to the boundary
is presented, and the corresponding conditions for the flow passability to the
boundary are discussed.

2.1 Domain Accessibility

For any discontinuous dynamical system, there are many vector fields defined on
different domains in phase space, and such distinct vector fields between two vector
fields in two adjacent domains cause flows at the boundary of the domains to be
nonsmooth or discontinuous. To investigate the dynamics of discontinuous dynamical
systems, consider a discontinuous dynamical system on a universal domain OO C R",
and the passability of a flow from one domain to its adjacent domains is discussed first.
Thus, subdomains Q, (x €1, I ={1,2,---,N}) of the universal domain ¢J are
introduced and the vector fields on the subdomains may be defined differently. If there
is a vector field on a subdomain, then this subdomain is said to be an accessible
domain. Otherwise, such a domain is said to be an inaccessible domain. Thus, the
domain accessibility can provide a design possibility for discontinuous dynamical
systems. The corresponding definitions of the domain accessibility are given as follows.

Definition 2.1. A subdomain in the universal domain @O in a discontinuous
dynamical system is termed an accessible subdomain, if at least a specific, continu-
ous vector field can be defined on such a subdomain.
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Definition 2.2. A subdomain in a universal domain ¢j in discontinuous dynamical
systems is termed an inaccessible subdomain, if no any vector fields can be defined
on such a subdomain.

Since the accessible and inaccessible subdomains exist in discontinuous
dynamical systems, the universal domain ¢ is classified into connectable and
separable domains. The connectable domain is defined as follows.

Definition 2.3. A domain ¢ in phase space is termed a connectable domain if all
the accessible subdomains of the universal domain can be connected without any
inaccessible subdomain.

Similarly, a definition of the separable domain is given as follows.

Definition 2.4. A domain is termed a separable domain, if the accessible
subdomains in the universal domain are separated by inaccessible domains.

Since any discontinuous dynamical system possesses different vector fields defined
on each accessible subdomain, the corresponding dynamical behaviors in those acces-
sible subdomains Q, are distinguishing. The different behaviors in distinct subdomains
cause flow complexity in the domain O of discontinuous dynamical systems. The
boundary between two adjacent, accessible subdomains is a bridge of dynamical
behaviors in two domains for flow continuity. Any connectable domain is bounded
by the universal boundary S C R"~!, and each subdomain is bounded by the
subdomain boundary surface S,3 C R"! (a, f € I) with or without the partial univer-
sal boundary. For instance, consider an n-dimensional connectable domain in phase
space, as shown in Fig. 2.1a through an n;-dimensional, subvector x,, and an n;-
dimensional, subvector X, (n; + ny = n). The shaded area Q, is a specific subdomain,
and the other subdomains are white. The dark, solid curve represents the original
boundary of the domain ¢5 . For the separable domain, there is at least an inaccessible
subdomain to separate the accessible subdomains. The union of inaccessible
subdomains is also called the “inaccessible sea.” The inaccessible sea is the comple-
ment of the accessible subdomains to the universal (original) domain . That is
determined by Qg = U \Uy,e/Q,. The accessible subdomains in the domain ¢J are
also called the “islands.” For illustration of such a definition, a separable domain is
shown in Fig. 2.1b. The thick curve is the boundary of the universal domain, and the
gray area is the inaccessible sea. The white regions are the accessible domains
(or islands). The hatched region represents a specific accessible subdomain (island).

From one accessible island to another, the transport laws are needed for motion
continuity, which is not discussed in this book. For information about this topic, the
reader can refer to Luo (2011).

2.2 Discontinuous Dynamical Systems

Consider a dynamic system consisting of N subdynamic systems in a universal
domain ¢ C R". The universal domain is divided into N accessible subdomains €,
(v € I) and the union of inaccessible domain Q,. The union of all accessible
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Fig. 2.1 Phase space: (a) a (6]
connectable and (b) separable q ScR™
domains (n; + np, = n) .
S, cRr™
q =

Sea: U\u,_,Q,

el

subdomains U,¢;Q, and O = U,/ Q, U Qg is the universal domain, as shown in
Fig. 2.1 by an n;-dimensional, subvector X,, and an n,-dimensional, subvector X,,
(n1 + no = n). For the connectable domain in Fig. 2.1a, Qy = J. In Fig. 2.1b, the
union of the inaccessible subdomains is the sea, and Qp = U \U,/Q, is the
complement of the union of the accessible subdomain. On the o™ open
subdomain €2, there is a C"*-continuous system (r, > 1) in the form of

X =FO 9 1p,)eR, x¥ =1, 7)) eq, @1

The time is denoted by ¢ and x = dx/d¢. In an accessible subdomain Q,, the
vector field F(“)(x, t,p,) with parameter vector p, = (p&l),p((xz) e ,py))T € R is

)

C’»-continuous (r,, > 1) inx € Q, and for all time #; and the continuous flow in (2.1)
x (1) = @@ (x*) (1), 1, p,) withx® (15) = ®* (x*) (1), 10, p,,) is C"'-continuous
for time ¢.

For discontinuous dynamical systems, the following assumptions will be
adopted herein.

H2.1
The flow switching between two adjacent subsystems is time-continuous.

H2.2
For an unbounded, accessible subdomain €, there is a bounded domain D, C Q,
and the corresponding vector field and its flow are bounded, i.e.,

I[F¥|| < K\ (const) and [|®®|| < K,(const) on D, forze[0,00). (2.2)
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H2.3
For a bounded, accessible subdomain Q,, there is a bounded domain D, C Q, and the
corresponding vector field is bounded, but the flow may be unbounded, i.e.,

|IF®|| < K, (const) and ||®*|| < co on D, for 1 € [0, c0). (2.3)

2.3 Flow Passability to Boundary

Since dynamical systems on different accessible subdomains are distinguishing, the
relation between flows in the two subdomains should be developed herein for flow
continuity. For a subdomain Q,, there are k,-adjacent subdomains with k,-pieces of
boundaries (k, < N — 1). Consider a boundary of any two adjacent subdomains,
formed by the intersection of the two closed subdomains (i.e., 0€; = QNQ,
i,j €1,j # i), as shown in Fig. 2.2.

Definition 2.5. The boundary in n-dimensional phase space is defined as

S,‘j = 89,'/‘ = Q,’ n Qj
L e
= {x|<pij(x7 t,2.) = 0,¢p; is C" - continuous (r > l)} CR".

Definition 2.6. The two subdomains ; and Q; are disjoint if the boundary 0Q;; is
an empty set (i.e., 0Q; = &).

From the definition, 0Q;; = 0€Q;;. The flow on the boundary 9€); can be deter-
mined by

X = FOXO 1) with ¢, (x?,1,2) =0, (2.5)
where x(© = (x<10>,xgo),...,x,(,0>)T. With specific initial conditions, one always

obtains different flows on go,-j(xm), tA) = gaij(x(()o), to,4) = 0.

Fig. 2.2 Subdomains Q, and
g, the corresponding
boundary 0Q,z
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Definition 2.7. If the intersection of three or more subdomains,

oy = M3, Q CR™ (r=0,1,...,n—2), (2.6)
where o € I and k£ > 3 is nonempty, the subdomain intersection is termed the
singular set.

For r = 0, the singular sets are singular points, which are also termed the corner
points or vertex. In other words, any corner point is the intersection of n-linearly
independent, (n — 1)-dimensional boundary surfaces in an n-dimensional state
space. For r = 1, the singular sets will be curves, which are termed the one-
dimensional singular edges to the (n — 1)-dimensional boundary. Similarly, any
one-dimensional singular edge is the intersection of (n — 1)-linearly independent,
(n — 1)-dimensional boundary surfaces in an n-dimensional state space. For
r€{2,3,...,n— 2}, the singular sets are the r-dimensional singular surfaces to
the (n — 1)-dimensional discontinuous boundary. In Fig. 2.3, the singular set for
three closed domains {Q;,Q;,Q} (i,j, k € I) is sketched. The circular symbols
represent intersection sets. The largest solid circular symbol stands for the singular
set I';ix. The corresponding discontinuous boundaries relative to the singular set are
labeled by 0€;, 0Qu, and 0Qy. The singular set possesses the hyperbolic or
parabolic behavior depending on the properties of the separation boundary, which
can be referred to Luo (2005, 2006, 2011). The flow on the singular sets can be
similarly defined as in (2.5), by a dynamical system with the corresponding
boundary constraints. The detailed discussion is given later.

Definition 2.8. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0Qy at time 1, between two adjacent domains Q, (¢ = i, /). For an
arbitrarily small ¢ > 0, there are two time intervals [t,,—, ) and (¢, 1] Suppose
X (t,,_) = X = xV)(t,,,), then a resultant flow of two flows x(* () (x = i,)) is
called as a semipassable flow from domain Q; to €; at point (X, t,) to boundary

O
Fig. 2.3 A singular set for
the intersection of three
domains {€;, Q;, Q;} @,
(i,j, k € I. The circular e

symbols represent intersection

sets. The large solid circular

symbol stands for the singular

set Iy The corresponding

discontinuous boundaries are X,
1

marked by 0Q;;, 0Q, and 0Q
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0Q;; if the two flows x(*)(f) (¢ = i,j) in the neighborhood of O possess the
following properties

nlo, - X (tn-) =X (t_)] >0
either . ‘ A for ngo, — €;
Ny, [X(i)(tmﬂ) _ X(’)(ler)] >0 o
ngg/_/ . [X(i)(tm,) _ x<’.)(tm,c)}<0 :
or for nog, — Q,

nggij . [X(j)(tn1+s) - XU)(tn1+)}<O

where the normal vector of the boundary 0€Q;; is

do.. 0. 9o\ T
i 0wy %,) e 2.8)

l’laQ’.:V ilx=x  —
g (pl']|x X Ooxy ’ Oxy ’ ’ ox,,

The notations t,,4, = t,, = ¢ and t,,4+ = t,, = 0 are used. nyo,; — Q; represents
that the normal vector of boundary at (X, #,) points to domain Q;. In addition, a
boundary 9€);; to semipassable flows x®(f) (o = i, ) from domain €; to domain £
is called the semipassable boundary (expressed by 0Q ;). For a geometrical expla-
nation of the semipassable flow to the boundary, consider a flow x() () of discon-
tinuous dynamical system in (2.1) passing through boundary 9€; from domain €;
to domain ;. At time ¢, the flow x(0) (¢) arrives to the boundary 0Q;;, and there is a
small neighborhood (#,—¢, tm+:) Of time #,, which is arbitrarily selected. Before
the flow x()(¢) reaches to the boundary 9y, a point x)(t,_,) lies in domain Q.
As ¢ — 0, the time increments At = ¢ — 0. A point x,, on the boundary is the limit
of x)(t,_,) as ¢ — 0, and the point x,, must satisfy the boundary constraint
of ;(x,) = 0. After the flow x() () passes through the boundary at point X,,, the
flow x()(¢) will switch to the flow x¥)(¢) on the side of domain Q;. xV)(t,,.,) is a
point in the neighborhood of boundary, and a point x,, on the boundary is also the
limit of xU)(z,.,) as ¢ — 0. The coming and leaving flow vectors are x\)(z,,) —
X (t,,_,) and XY (t,,,,) — x¥)(z,,), respectively. Whether the flow passes through
the boundary or not is dependent on the properties of both coming and leaving
flows in the neighborhood of boundary. The processes of a flow passing through
the boundary of 9€); from domain €; to €; are shown in Fig. 2.4 for nsq, — €;
and nyo, — Q;, respectively. Two vectors nyg, and toq, are the normal and
tangential vectors of the boundary 0€;, determined by ¢;(x,f) = 0. When a
coming flow x)(¢) in domain Q; arrives to the semipassable boundary 9Q ij» the
flow of x()(£) can also be tangential to or bouncing on (or switching back from) the
semipassable boundary 9Q;. However, once a leaving flow xV)(r) in domain Q;
leaves the semipassable boundary 0Q;;, the leaving flow cannot pass through the
boundary 0Q;, but the leaving flow xV) (¢) can tangentially leave the semipassable
boundary. Thus, tangential (or grazing) flows to the boundary are very important,
which is discussed later in this chapter. In the following discussion, no any control
and transport laws will be inserted on the boundary. The direction of tao,; X ngg; is
the positive direction by the right-hand rule. ‘
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Fig. 2.4 A flow passing
through the semipassable
boundary 0Q;; from domain
Q; to Q;: (a) ngg, — €; and
(b) n(?Q,/ - Qi- x(i) (’mﬂ;)s

x) (tm+c), and Xx,, are three
points in Q; and €; and on the
boundary 0Q;;, respectively.
Two vectors nyg, and tog, are
the normal and tangential
vectors of 0Q;;

Theorem 2.1. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = Xy € 0Qyj at time t,, between two adjacent domains Qy (o =1i,j). For
an arbitrarily small ¢> 0, there are two time intervals [ty—g,tm) and (ty, tmie)-
Suppose XD (1) = X = X (t,,1), then two flows x)(£) and xV) (1) are Cr’ )

and C([M -continuous (ry > 2, oc = i,]) for time t, respectively. ||d"x /dt’ ! “ c
(o =1i,j). The resultant flow of X (t) and xU)(t) at point (X,,, ) to the boundary
0Q;; is semipassable from domain €; to Q; if and only if

x t,m—) >0 and

for Il[)Ql.j — Qj

(2.9)
<0 and

or for l’laQ’.]. — Qi~

)
(tms) >
)
)

(

(
ngQi/’ ’ X(i) (tm

(

Iy )< 0

Proof. For a point X, € 0Q; with ngo, — €;, suppose x(t,_) =x,, and
X = X (t,,1), then the two flows x)(r) and xV)(r) are ¢, - and CO -
continuous (r >2) for time 1, respectively. ||X®(7)||<cc (x € {i,j}) for

0<e<<1. Consider a € [ty_¢, ty—) and b € (fy—, t,y4]. Application of the Taylor
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series expansion of X (t,,+,) With t,+, = t,, £ & (« € {i,j}) to x*)(a) and x*) ()
gives

XD (ty_y) = xD (1, — &) = xD(a) + XV (a) (ty— — & — a) + 0(t- — & — a),
XD (i) = XDty + €) = XD (D) + XV (1 + & — b) + 0(tmy + & — b).

Leta — t,_ and b — t,,, the limits of the foregoing equations lead to

XD (tp_y) = xD (- — &) = xD (1) — XD (1, )e + 0(e),
XD (tyrs) = XD (1 4 €) = XD (tpy) + XV (14 ) + 0(€).

Because of 0<e<<1, the ¢ and higher-order terms of the foregoing equations
can be ignored. Therefore, with the first equation of (2.9), the following relations
exist,

ngﬂl,- : [X<l>(tm ) - X( )<tm L)] = n;’gQ. . 5‘<l)(l‘m7)8 >O,

ngg,/- () = X (1)) = m3g, - X (11 )6 > 0.

From Definition 2.8, the flow at point (X, #,) to boundary 0Q;; with ngg, — €; is
semipassable from domain Q; to €; under the condition in the first inequality
equations of (2.9). In a similar manner, the flow at point (X, %,) to boundary
0Ly with myo, — €; is semipassable under conditions in the second inequality
equation in (2.9), and vice versa. [ |

Theorem 2.2. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X,y € 0Qy at time t,, between two adjacent domains Q, (0. = i,j). For an
arbitrarily small ¢ > 0, there are two time intervals [t,—, ty,) and (ty, ty.]. Suppose

XD (1) = Xy = XD (t,4), then two vector fields of F¥(x,1,p,) and FV(x, 1, ;)
are C|/ ) and C( ot -continuous (ry, > 1, oo =1i,j) for time t, respectively.
||d’“+lx(“ /dt’7“||<oo (« = i,j). The resultant flow of two flows x)(¢) and xY) ()
at point (Xp, t,,) to boundary 09 is semipassable from domain Q; to Q; if and
only if

T

5o, - F(tn-) >0 and
either 4 for npg, — Q;
ngQ,»/ ’ FO)([m-‘r) 210
g, - F(t,,-)<0and 210
or ) for ngo, — €,
ngQ,, ’ FO)(tm+)< 0

where F (t,,_) = FU (X, tuu—, p;) and FY (1) = FO (X0, tny, ;).
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Proof. For a point x,, € 9Q; with ngg, — Q;, X (t,,-) = x, = xV(t,,;). With
(2.1), the first inequality equation of (2.10) gives

nggl_j X (1,_) = nggl_j -F(z,,)>0and
nl, -xY(t,) =nl, -FV(z,.)>0.

ij ij

From Theorem 2.1 and Definition 2.8, the resultant flow at point (X,,, #,,) to boundary
0Q;; with nyg, — € is semipassable. In a similar fashion, the resultant flow of two
flows x(¢) and xV)(f) at point (X,,,) to boundary dQ; with nyg, — Q; is
semipassable under conditions in the second inequality equations of (2.10). ]

Definition 2.9. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0Qy; at time 1, between two adjacent domains Q, (¢ = i, /). For an
arbitrarily small ¢ >0, there is a time interval [t,,_.,#,). Suppose x(“)(tm,) = X,
then two flows x)(r) and xU)(¢) are called nonpassable flows of the first kind at
point (X, t,) to boundary 0Q;; (or termed sink flows at point (X,,, #,,) to boundary
0Q;) if flows x1(¢) and xV)(¢) in vicinity of JQ;; possess the following properties

nlo, - X (tn=) = x(t,—)] > 0 and
either for ngq, — Q;
ngﬂ, [ (tm ) (tm e)]
T / (2.11)
ngo, - [x Dty ) —x(2,_,)]< 0 and
or T for ngo, — ;.
nan/ [ (I) (tm ) (Zm L)]

Definition 2.10. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = X,y € 09y at time 7, between two adjacent domains Q, (¢ = i,). For an
arbitrarily small &> 0, there is a time interval (t,,, 2,]. Suppose X* (£,1) = X,
then two flows x\)(¢) and x')(¢) are called nonpassable flows of the second kind at
point (X,,, t,,) to boundary 9Q;; (or termed source flows at point (X,,, f,,) to boundary
0Qy;) if the flows x)(¢) and xV)(¢) in neighborhood of 9Q; possess the following
properties

nggi/ ' [X(I) (tm-‘rf‘) - X(l) (lm+)]< 0 and
either ' ‘ for nog, — Q
0% [X(’)(tm+e) - X(/)(tn1+)] >0
(i) ) (2.12)
Njo, X' (tmys) — Xty )] >0 and
or T ; A for npo, — .
nBQ,-/- : [X(/)([n1+c) - X(1>([m+)]< 0

The boundary 9Q;; for two sink flows x')(¢) and x)(¢) at point (x,,, #,) is called
a nonpassable boundary of the first kind, donated by 0Q; (or termed a sink
boundary between ; and €;). The boundary 9€; for two source flows x(i)(t) and
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Fig. 2.5 Nonpassable flow to
the boundary 0Q;; with

nyg, — : (a) sink flow to
0Q;; (or the nonpassable flow
of the first kind), (b) source
flow to 0Q;; (or the
nonpassable flow of the
second kind).

— T
Xm = (Xm ([m)7 an (tm)) ’
X (ts) = (X;(f,c) (tmee)s
xggzc) (tmie))T’ and o = {i,j}
where t,,+. = t,, = ¢ for
an arbitrary small ¢>0

xU)(¢) at point (X,,, t,,) is called a nonpassable boundary of the second kind, denoted

by 55\2,7 (or termed a source boundary between €; and Q;). The sink and source
flows to the boundary 0€; between Q; and €); are illustrated in Fig. 2.5a, b. The
flows in the neighborhood of boundary 0Q; are depicted. When a flow x(i)/(t)
(o =1, /) in domain Q, arrives to the nonpassable boundary of the first kind 0Q;;,
the flow can be either tangential to or sliding on the nonpassable boundary 9€;;.
For the nonpassable boundary of the second kind 0Q;, a flow x<°‘)(t) (o =1,))
in the domain Q, can be either tangential to or bouncing on the nonpassable
boundary 0€;. In this chapter, only the flows tangential to the nonpassable bound-
ary are discussed.

Theorem 2.3. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X,y € 0Qy at time t,, between two adjacent domains Q, (0. = i,j). For an
arbitrarily small ¢ >0, there is a time interval [ty_, ty). Suppose x(“)(tm,) = Xy,
then the flow x¥(t) is C'[; |y -continuous for time t and ||d"*x(®) /df"||<oo
(ras > 2). Two flows xO(1) and x) (1) at point (Xp,tn) to boundary 0Qy; are
nonpassable flows of the first kind (or sink flows) if and only if
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for HOQ’.], — Qj

. (2.13)
nggl,j X (t,,_)<0

or

)
n(gQ;,» ’ X(j)(tm—)<0
)
for Ilggij — Q,'.
)

T o0
ngo, XD (1

Proof. Following the proof procedure of Theorem 2.1, Theorem 2.3 can be proved. B

Theorem 2.4. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0Qyj at t,, between two adjacent domains Q, (o =1,j). For an
arbitrarily small & > 0, there is a time interval [t,, s, ty,). X*) (t,,_) = X,,. The vector
field F® (x,t,p,) is C[r; y-continuous and || %@ /d¢a+ | <00 (1, > 1). Two
flows x (1) and X9 (1) at point (X, 1)) to boundary 0Q;; are nonpassable flows of
the first kind (or sink flows) if and only if

njo - F(t,-) >0 and
either ' ' for np, — Q;
nl, -FY (1, )<0
o (2.14)
oo, - F(z,_)<0 and
or ' ) for ngo, — €,

o, - FY (6,-) >0

where F(“>(tm,)é F® (X, tm—, py) (o € {i,j}).

Proof. Following the proof procedure of Theorem 2.2, Theorem 2.4 can be easily
proved. [ ]

Theorem 2.5. For a discontinuous dynamical system in (2.1), there is a point
X(tn) =X € 0y at t, between two adjacent domains Q, (o.=1i,j). For an
arbitrarily small &> 0, there is a time interval (ty,ty.]. Suppose X (tys) = X,
then X (1) is CEj . _y-continuous for time t with ||d"x*) /df"||<co (r, > 2). Two
flows x) () and )2’(1'5’(% at point (Xp, ty) to boundary 0Q;; are nonpassable flows of
the second kind (or source flows) if and only if

ngQ,,- ’ X(i) (tm+) <0
either ) for ngo, — €;
“gQ[,- XU (1) >0
T - (i) (2.15)
Ny, - X (tms) >0
or ) for ngo, — ;.
N, - X (tny) <0

ij

Proof. Following the procedure of the proof of Theorem 2.1, Theorem 2.5 can be
proved. [ |
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Theorem 2.6. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X € 0Qy at time t,, between two adjacent domains Q, (0. = i,j). For an
arbitrarily small ¢ > 0, there is a time interval (ty, tyi:]. Suppose x( )(t,,H_) = X,
then the vector field F®) (x, t,p,) is C* ) -Continuous and ||dx®) /de=+1]| < oo
(ry > 1). Two flows x(¢) and X(IE( 1) at point (X, t,) to boundary 0Qy; are
nonpassable flows of the second kind (or source flows) if and only if

. ngﬂ,v,- ’ F(i)([er) <0
either ) for ngg, — €}
Moq, - F(‘])(tmﬁL) >0 (2.16)
n};Qij ’ F(i)(tm*) >0 ‘
or . ' for nypg, — Q;,
Noq, FU(1,,1) <0

where F (1,,)* F9 (X, 1,1, p,) (& = i,)).

Proof. Following the proof procedure of Theorem 2.2, Theorem 2.6 can be easily
proved. [ ]

2.4 Tangential Flows to Boundary

In this section, the flow local singularity and tangential flow are discussed. The
corresponding necessary and sufficient conditions are presented.

Definition 2.11. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0Qy; at time 1, between two adjacent domains Q, (¢ = i, /). For an
arbitrarily small ¢ > 0, there are two time intervals (i.e., [fy—e, ) and (fy, tpre])
Suppose X (t,,1) = X, (« € {i,j}), then a flow x¥)(¢) is C’[“ - and/or ce )
continuous (7, > 2). A point (X,,,?,,) on boundary 0Q;; is critical to flow x(‘(’j(t)+1f
njo, - X" (ty) = 0 and for njg - X (t,;) = 0. (2.17)

Theorem 2.7. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = X € 0Qy at t,, between two adjacent domains Q, (0. = i,j). For an arbi-
trarily small &¢>0, there are two time intervals (i.e., [ty—g,tm) and (tm,tmﬁ] ).
Suppose X (t1) = X,,, (o € {i,j}), then a flow x*)(t) zs Ccy and/or C*

s [tmeotm)” (tmstmse)
continuous (ry > 2). The vector ﬁeld F®(x,1,p,) is C'[;‘ y-and Cp; -continu-

([m [m+z]

ous for time t, respectively. ||d"H1x(*) /d¢"=*+1[| < 0o. A point 8x,,,, tm) on the boundary
0% is critical to flow x*)(¢) if and only if

njo, - F¥(1,-) = 0 and/or n, - F*(1,,1) =0, (2.18)

where F® (1,,.) = FO (X, 4, p,,).
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Proof. Using (2.1) and Definition 2.11, Theorem 2.7 can be proved. [ |

The tangential vector of the coming and leaving flows x(*)(¢,,1.) to the boundary
0Q;j in domain Q, (o € {i,j}) is normal to the normal vector of the boundary, so the
coming flow is tangential to the boundary.

Definition 2.12. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0Qy; at time 1, between two adjacent domains Q, (¢ = i, /). For an
arbitrarily small & > 0, there are two time intervals (i.e., [fy—c, ) and (fy, tnre))-
Suppose X (t,1.) = X, (¢ € {i,j}), then a flow x* () is C’[fm .- and Cf;fmv’m\"]-
continuous (r, > 1) for time 7. The flow x(*) (r) in Q, is tangential to boundary 0Q;;
at point (X, #,,) if the following conditions hold.

njo, - X" (tns) = 0. 2.19)

: [Xm(tmf) - X<a)(tmﬂ:)] >0

0;

either @ @
Ny, * (X (tnse) — X7 (tns)] <O

} for npo, — Qj, (2.20)

T (=) (2)
Ny - XY (tn-) — X' (tn—e)] <O
or iQ” i i ‘ for nyo, — Q., (2.21)
Nyo, X (tnie) — X (tmy)] >0

where o, € {i,j} but § # a.
The normal vector nyo, is normal to the tangential plane. Without any switching
laws, equation (2.19) gives

X (1) =X (1) but xP(1,1) # %O (8,,). (2.22)

The above equation implies that the flow x(*) on the boundary 0Q;; is at least
C'-continuous. To demonstrate the above definition, consider a flow in domain Q;
tangential to the boundary 0Q; with nf)s),j — €, as shown in Fig. 2.6. The gray-
filled symbols represent two points (X, ,, = x'")(t, % ¢)) on the flow before and
after the tangency. The tangential point X,, on the boundary 0€;; is depicted by a
large circular symbol. This tangential flow is also termed a grazing flow.

Theorem 2.8. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X, € 0y at time t,, between two adjacent domains Q, (o = i,j). For an
arbitrarily small ¢ > 0, there are two time intervals (i.e., [ty—s,tm) and (ty, tmre])-
Suppose X (t,1) = X, (o € {i,j}), then a flow x (1) is C’[r, - and C'('jm,tw]—
continuous (r, > 2) for time t. ||d*x*) /df'|| < oo. The flow x*)(t) in Q, is tangen-
tial to boundary 0Qy;; at point (X, t,,) if and only if

o, - @ (1,,2) = 0, (2.23)
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Fig. 2.6 A flow in domain Q;
tangential to boundary 0€;
with ngo, — Q. The gray-
filled symbols represent two
points (X, and Xf,',)+£) on the
flow before and after the
tangency. The tangential
point x,, on the boundary 0Q;;
is depicted by a large circular
symbol

:’l;Q,/- x*) (lm,,;) >0
either for npg, — Qp
g, - K (ty4,) <0
T . (2.24)
Ny, " X (tm—e) <0
or . for ngo, — Q,
Nyq, X (tm+e) >0

where o, € {i,j} but  # o.
Proof. Equation (2.23) is identical to the first condition in (2.18). Consider

x(“>(tmi) = x(“)(tmi teFe) = x(“)(tmi te)F g)k(“)(tmi +e)+o(e),
= X (i) F X (tpss) + 0(2).

For 0 <& < <1, the higher-order terms in the above equation can be ignored.
Therefore,

ngﬁ,y . [X(“)(tmf) - X(@(tmfs)] = gn;gglj : X(a)(tmfs%

ngnij ’ [X<“> (l‘mﬂ;) - X(“>(fm+)] = gngﬂ/y ’ X(x) (tm+z;)'
From (2.24), the first case is
njo, - X" (tn—c) >0 and 0, - X7 (1,1,) <0

from which (2.20) holds for 9Q; with ngo, — Qs (f # o). However, the second
case is

NG, - X" (tn—s) <0 and njg - X (t4,) >0,
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from which (2.21) holds for 9€;; with nao, — €. Therefore, from Definition 2.12,
the flow x(*) (¢) for time ¢ € [t,y_, £+ in Q, is tangential to the boundary 9Q;. ™

Notice that the aforementioned theorem can be used for surface boundary.

Theorem 2.9. For a discontinuous dynamical system in (2.1), there is a point
X(tn) =X € 0y at t, between two adjacent domains Q, (o =1i,j). For an
arbitrarily small ¢ >0, there are two time intervals (i.e., [tm—z, tm) and (tm, tmis))-
Suppose X (t,,1) = X (o € {i,j}), then a vector field F¥ (x,t,p,) is C’[":NH:JWQ- and
CE;HH[M}-continuous (ry > 1) for time t. [|d”'x® /d¢"*1|| < co. The flow x) (1) in
Q, is tangential to boundary 0S; at point (X, t,,) if and only if

njo, - F® (tns) = 0, (2.25)
o,  F (tne) >0
either for npg, — Qg
091/ F(o’) (tm+8) < O
T . (2.26)
nja, - F* (tn-s) <0
or for g, — €2,
N5, - F® (1) >0
where o, € {i,j} but  # o.
Proof. Using (2.1) and Theorem 2.8, Theorem 2.9 can be proved. [ |

For simplicity, consider (n — 1)-dimensional planes in state space as the separa-
tion boundary in discontinuous dynamical systems, and the corresponding tangency
to the (n — 1)-dimensional boundary planes is discussed as follows. Because the
normal vector nyq, for the (n — 1)-dimensional plane boundaries does not change
with location, the corresponding conditions for a flow to tangential to such plane
boundaries can help one understand the concept of a flow tangential to the general
separation boundary in discontinuous dynamical systems. The (n — 1)-dimensional
surfaces as general separation boundaries are discussed in the next chapter.

Theorem 2.10. For a discontinuous dynamical system in (2.1), there is a point
X(tyn) = X € 0y at t,, on the (n — 1)-dimensional plane boundary 0€;; between
two adjacent domains Q, (a = 1i,j). For an arbitrarily small ¢ >0, there are two
time intervals (i.e., [ty_s,tm) and (tm,tmis)). Suppose X (t,2) = X,y (o € {i,j}),
then a flow x% (1) is Cﬁkr’tn’)- and C'('jm,tmﬂi]-continuous (ry > 3) for time t and
||d"x(®) /d¢"|| < 0. The flow X (¢) in Q, is tangential to the (n — 1)-dimensional
plane boundary 0Q;; at point (Xu, t,,) if and only if

ngg,, ' X(a) (tm:i:) =0, 2.27)

either ngg_v . i(%)(fmi) <0 for nyg, —
(2.28)
or  mjg - X" (1) >0 for mgg, — Qs

where o, € {i,j} but p # o.
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Proof. Equation (2.27) is identical to (2.19), thus the first condition in (2.19) is
satisfied. From Definition 2.12, consider the boundary 9€; with ngo, — Qg
(B # «) first. Suppose X (f,,1) =X, (2 € {i,j}) and a flow x® (1) is C

. . [tm—xytm)_
and Cf;‘ ., CONtINUOUS (ry, >3) for time ¢, then for a € [ty t,) and

@ € (ty,tmye), the Taylor series expansion of x*(z,,) to x*)(a) up to the third-
order term is given as follows

X (tye) = X (s — &) = xP (@) + xP (@) (tye £ & — a)
+ X9(a) (e £ & — a)* + 0((tys £ & — a)?).

As a — t,y, the limit of the foregoing equation leads to
X (tyes) = XD (b £ ) = XD (1) £ XD (1) + K@ (104)8% + 0(e2).

The ignorance of the &> and higher-order terms, deformation of the above equation,
and left multiplication of ngq, gives

ngQ,»j : [X(a)(tm—) - X(a)(lm—s)] = ngQ;,» ' X(%)(tm—)s - nﬂfl;Q-' :

ij X<1) (tm_)gz’

ngﬂyy ' [X(a)(tm+e) - X(x)(thr)} = nr(gQ,j : X(“)([”7+)g + ngg,, : i(a)(trr&)gz'

With (2.27), one can obtain

nggﬁ X () = xP (1)) = —nj, - K (1,_)2,

H£QU ’ [X(1>(lm+£) - X(l)(tm+)] = HE;QU ’ X(a) (tm+)82'

For the plane boundary 9Q;; with ngo, — €4, using the first inequality equation of
(2.28), the foregoing two equations lead to

H(T)QU ’ [X(“) (tmf) - X(“)(tmfs)] = Nyg, i(“)o‘mf)gz >0,
T L x® _ x@ —nl. . x® 2.0
Ny, X (tmse) — X (s )] = Ny, = X (tmy-)e= <0.

From Definition 2.12, the first inequality equation of (2.28) is obtained. Similarly,
using the second inequality of (2.28), one can obtain

ngﬁ,y X (1) = X (1)) = —njg, - K9 (1,_)e2 <0,

ngg, - (X (tnre) = X% (t4)] = mjg - X (t4)e> >0,
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for the boundary 9Q;; with ngo, — €,. Therefore, under (2.28), the flow x(“)(t) in
domain Q, is tangential to the plane boundary 0€;, vice versa. ]

Theorem 2.11. For a discontinuous dynamical system in (2.1), there is a point
X(tw) = X € 0Qyj at time t, on the (n — 1)-dimensional plane boundary 0Q;
between two adjacent domains Q, (o = i,j). For an arbitrarily small ¢ > 0, there
are two time intervals (i.e., [ty_s,tn) and (tm,tmie)). Suppose X (t,s) = X,
(o € {i,j}), then the vector field F™(x, 1, p,) is C’[';Hjm)- and Czjm_[w]
(ry > 2) for time t and ||d”"'x®) /d¢'++!|| < 0. The flow x*)(¢) in Q, is tangential
to the plane boundary 0SQj; at point (X, t,) if and only if

-continuous

njo, - F@ (tns) =0, (2.29)

either nj, - DF™(1,,.) <0 for npo, — Q
o 5 (2.30)

or ngQ” .DF(a)(tmi) >0 for ngo, — O,

where o, € {i,j} but o # 3, and the total differentiation (p,q € {1,2,...,n})

OFY (x, 1, OF (x, 1,
DF(O()(tm:t) = { l% F(a)(tmi) "‘V‘% ‘(Xm,tmi). (231)
q nxn

Proof. Using (2.1) and (2.29), the first condition in (2.19) is satisfied. The deriva-
tive of (2.1) with respect to time ¢ gives

oFPxnp)| . 0
Zp \Mole) ZFYx. t.p.).
o, X+ (x,t,p,)

X = DF (x,1,p,) = e

nxn

For ¢ = t;,+ and x = Xx,,, the left multiplication of nyq, to the above equation
gives

. OFY (x,1,p,) ’ OF(x,1,p,)
nggﬁ < X(tyy) = ngg” . { [PT F (1,1) + — 8 [F—
q nxn

where F(®) (X bt Py) 2 F(“)(tmi). Using (2.30), the above equation leads to
(2.28). From Theorem 2.10, the flow x(*(r) in Q, is tangential to the plane
boundary 0Q; at point (X, ), vice versa. [ ]

Definition 2.13. For a discontinuous dynamical system in (2.1), there is a point
X(tn) =X, € 0Q;; at time #,, on the (n — 1)-dimensional plane boundary 0Q;
between two adjacent domains €, (o = i, /). For an arbitrarily small & >0, there
are two time intervals (i.e., [fm—,tn) and (fy, tmie]). Suppose x(“)(tmi) =X,
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(« € {i,j}), then a flow x*)(¢) is C’[I 4y and C’<'; i, CONtINUOUS (r, > 21;) for
time ¢. The flow x(*)(f) in Q, is tangential to the plane boundary dQ;; at point

(X, ty) With the (21, — 1)th-order if

T dk“X<a) (f)

Mo, ey, = 0 for by = 1,2,...20 — 1, (2.32)
d?x ™) (1)
N0, Tah li=i,. # 0, (2.33)

ngﬂ,j X () =X (1)) >0

either
n;l;Qi,- : [X(@(thrS) - X(“)(thr)] <0

} for l'lag’.j — Qﬂ (234)

nl. . [X(“)(lm—) — x<°‘)(tm_g)] <0
or " @ ) } for nyo, — Qu, (2.35)
nagij . [X : (tmﬂ:) —X (tm+)] >0

where o, f € {i,j} but f # o.

Theorem 2.12. For a discontinuous dynamical system in (2.1), there is a point
X(tw) = X € 0Qyj at time t, on the (n — 1)-dimensional plane boundary 0Q;
between two adjacent domains Q, (o = i,j). For an arbitrarily small ¢ > 0, there
are two time intervals (i.e., [ty_s,tm) and (tm,tmie]). Suppose X (tus) = X,
(o € {i,j}), then a flow x*) (1) is C'[t“ ) and CE; . ‘]—continuous (ry >20,+1)
for time t. ||d"x®) /di'*|| < 0o. The flow x) (1) in G, is tangential to the plane
boundary 0Qy; at point (Xp, t,) with the (21, — 1)th-order if and only if

dbx) (1)

N, 'T":’m =0 for (k,=1,2,...2l,— 1), (2.36)

0

Moo, " qph li=,,. 70, (2.37)
d?x () (¢t
either nggii ’ d);lm( ) li=,. <O for ngo, — O 238)
L ) '

or Mg, —ai— liy,, >0 formog; — Q,

where € {i,j} but p # o.

Proof. For (2.36) and (2.37), the first two conditions in Definition 2.13 are
satisfied. Consider the boundary 0 with ngo, — Qg (B # o) first. Choose
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a € [ty—gytm) OF @ € (ty, ty—], and application of the Taylor series expansion of
X (t,y1,) to ¥ (a) and up to the (21, )th-order term gives

21,1 dhox(*) (1)

ky
k=1 dfks li—o(tmt £ &—a)

X (1) = X (s %) =X (@) + 3

x? (1)

dg?ls |r:a(tmi te— Cl)ZI" + 0((tmi +e— 0)2[1).

As a — t,, the foregoing equation becomes

21,-1 dx ) (1) L

x(a)(tmﬂ) = x(“>(zmi te) = x(“)(tmi) + Zh:l 4k =, (£&)™
dZIqX(az)(t)

W |I:tmi£211 =+ O(j:SZI").

With (2.36) and (2.37), the deformation of the above equation and left multiplica-
tion of nyg, produces

‘ @ex@) )
Il;gQI_j . [X(“) (tm—) — X<°‘) (tm—s)] = _n};Qﬁ . W |t:tm, 8211’
T d211x(oc) (t) L,

50, - X (tnee) =X (11)] = 0, CTaEh =it

Under (2.38), the condition in (2.34) is satisfied, and vice versa. Therefore, the flow
x(*)(¢) in domain Q, is tangential to 0Q; with the (21, — 1)th-order for nyg, — Qg.
Similarly, under the condition in (2.38), the flow x(®) (¢) in domain Q, is tangential
to boundary 9Q;; at point (X,,, ,,) with the (21, — 1)th-order for nao, — €,. Hence,
the theorem is proved. u

Theorem 2.13. For a discontinuous dynamical system in (2.1), there is a point
X(tw) = X € 0Qyj at time t, on the (n — 1)-dimensional plane boundary 0Q;
between two adjacent domains Q, (oo = i,j). For an arbitrarily small ¢ > 0, there
are two time intervals (i.e., [ty o tn) and (tm,tmie)). Suppose X (tus) = Xy,
(o € {i,j}), then the vector field F¥ (x,1,p,) is C'[; - and Co -continuous
(ra > 21,) for time t. ||d"+'x®) /di*|| < co. The flow x®)(t) in Qs tangential
to the plane boundary 0Qj; at point (Xpm,t,) with the (21, — 1)th-order if and
only if

nl, -DSTIF® (1) =0 fork,=1,2,...,2l,— 1, (2.39)

¢

njg, - D 'F (tys) # 0, (2.40)
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either njg - D** 'F®)(1,4) <0 for 0Q;; — Qp

(2.41)
or ngQ’/_ D IEO (1,,) >0 for 9Q; — Q,,
where the total differentiation
v OF (x,1,p,) OF™)(x,1,p,)
ky— 1 (o) k=2 p s by Mo . s by Py
D*"'F%(t,) =D { 78)651 X + B van 4 (CWSE (2.42)
nxn

withp,q € {1,2,...,n}, k, € {2,3,...21,}, and p € {i,j} but o # p.

Proof. The k,-order derivative of (2.1) with respect to time gives

dbx @) (1) de 1) _d“ 'R (x,1,p,) _ ph 1R
g ) T TG ) T T gt ) = ()
_ Dk—2 aFlE’a> (X7 L pa{) X+ aF(“> (Xa f py) (o)
8xq y at mtm

Using the foregoing equation to the conditions in (2.39)—(2.42), the flow x*) () in
Q, is tangential to the plane boundary 0Q; at point (X, #,) with the (2/, — 1)th
order from Theorem 2.12. Therefore, this theorem is proved. [ |

2.5 Switching Bifurcations of Passable Flows

In this section, the switching bifurcation between the passable and nonpassable
flows to the boundary is discussed. In addition, the switching bifurcation between
the sink and source flows on the boundary is also discussed. The switching
bifurcations are defined first, and then the sufficient and necessary conditions for
such switching bifurcations are developed. The L-functions of flows are introduced
to develop criteria for the switching bifurcations from sufficient and necessary
conditions.

Definition 2.14. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xm € [Xmy, Xm,] C a_si,-, for time 7, between two adjacent domains Q,
(¢ =1i,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
(s tm) and (t, tis)), and xO(2,_) = x,, = x)(t,2). The flows x)(r) and
xU(t) are Cj. .- and C’[Arj,,,ﬂ-@rmﬂ]
tively. The tangential bifurcation of the flow x\)(#) at point (X, 1,) on the bound-
ary 0Q;; is termed the switching bifurcation of a flow from the semipassable flow to

-continuous (7, > 1, o = i,j) for time ¢, respec-
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the nonpassable flow of the first kind (or called the sliding bifurcation from ﬁ,j to
oQ;) if

njo, X (tns) =0 and  njo - X7 (5,) #0, (2.43)

ngQi, ’ X(i)(tm*) - X(i)(tm%)] >0
either  mjq - [x(t,,-) =x (1, )] <0 3 for ng, — (2.44)

ngﬂ,-j X (tnse) = xD (1)) >0

njo, - X (tn-) —x (1)) <0

or o, - X (tn) =XV ()] >0 & for ng, — Q. (2.45)

n};Q,»,- : [X(j)([m—o—s) - XU)(tm-&-)}

Definition 2.15. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = X € Xy s Ximy] C 8_Q>,-j for time #, between two adjacent domains €,
(¢ =1i,j). For an arbitrarily small &¢>0, there are two time intervals (i.e.,
[tw—etm) and (ty, tmis)), and X9 (t,2) = x,, = xU) (2, ). The flows x)(r) and
xU)(1) are C’[t’ oimial” and C][t’ " )-continuous (ry 2 1, o = i,j) for time ¢, respec-
tively. The tangential bifurcation of the flow x')(¢) at point (X,,, #,,) on the boundary
8—Q)U is termed the switching bifurcation of a flow from the passable flow to the
nonpassable flow of the second kind (or called the source bifurcation from 0Q; to

o) if

o, X (tne) =0 and  njy XU (t,1) #0, (2.46)
ngQi,' ’ [X(i)(tm—) - X(i)(tm—S)] >0
T

either  njo, - (X (1) =XV (1,1)] <0 ¢ for ng, — O (2.47)

ngQ,,- [X('i)(tmﬂ) - X(j)(tn1+)] >0
ngQi/ ' [X(i)(tm—) - X(i)(tm—S)] <0
or o, - X0 (i) =X (60)] >0 5 for ng, — Q. (2.48)

ngQ,, ’ [X<j>(tm+é:) - XU)(thr” <0

From the two definitions, the switching bifurcations of a flow from the semi-
passable boundary to the nonpassable boundaries of the first and second kinds are



36 2 Discontinuous System Theory

Fig. 2.7 (a) The sliding
bifurcation and (b) the source
bifurcation on the

N
semipassable boundary 0Q;;.
Four points X (,,+,)
(o € {i,j}) and x,, lie in the
corresponding domains €,
and on the boundary 0Q;;,
respectively

- i

presented in Fig. 2.7. The source (or sink) bifurcation of a flow to the boundary
requires the tangential bifurcation of the coming (or leaving) flow to the boundary.
Similarly, the switching bifurcation of a passable flow from 0Q; to 0Q; is defined as
follows.

Definition 2.16. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xpm € Xy s Xomy| C 8_Q>,'j for time #, between two adjacent domains Q,
(e« =1i,j). For an arbitrarily small &¢>0, there are two time intervals (i.e.,
[twertm) and (ty,tmie]) and x9(t,2) = x,, = xU)(1,,4+). The flows x*(r)
(= i,j) are C* . -contmuous (r, > 1) for time ¢. The tangentlal bifurcation
of the flow x( >& 1) and x ()(¢) at point _(Xpn, a) on the boundary OQ,J is termed the
switching bifurcation of a flow from 0Q;; to 29, i if

n(fT)Qi/-)k(“)(tmi) =0 for a=i,j (2.49)
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and
“gg,-j Xt ) = xD(t,)] > 0 and
20, [X i)(tm ) - X(i)(fm )] <0
cither 7 . - . ' for ng, — Q; (2.50)
ngg,-, X (£, ) — x9(2,_,)] <0 and :
EQU : [X(j) (tm+z:) — X(j)(fer)] >0
ngg,»,- Xt ) = xD(8,_,)] <0 and
T
n ’ [X (tm ¢) — (lm )] >
or % i ’ for ng, — Q;. (2.51)
ngﬂ,/ XD (1) = x99 (t,—,)] > 0 and
ngg, - [x ’)(tm+s) Dt )] <

The above definitions give the three possible switching bifurcations of the
semipassable flow to the boundary 0Q ;. The corresponding theorems can be stated
for necessary and sufficient conditions. The proofs can be completed as in
Theorems 2.8-2.10.

Theorem 2.14. For a discontinuous dynamical system in (2.1), there is a
point X(ty) = Xy € Xy Xm,] C 0Q;; for time t, between two adjacent domains
Q, («=1,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e.,
[to—ertm) and (tm,tmse)), and x(ty ) = X = xU(t,2). The flows x\)(t) and
X(j)(l‘) are C’[‘t’mi:;-fm)- and C’['t’m%[m ] -continuous (r, > 1, a = i,j) for time t, zespec-

tively. The sliding bifurcation of the flow x' (f) UxY)(t) at point (X, tw) from 8Q,j
to 0Qj; occurs if and only if

o, - F (1) =0 and g - FO(t,-) #0, (2.52)
either ngg_j FOt,.) >0 for ngo, — Q
- (2.53)
or n(Tmﬁ . F(l)(tm_) <0 for nyo, — Q;,
ngQ,v,- (tm L) <0
either T for npg, — €
Ny, b)) (tmse) >0 s
ngQ,j ' F<j)(tm s) >0 ’
or for npo, — Q.
n:l’;Q,»/ ' F( (tm+s) <0

Proof. Following the proof procedures in Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ ]

Theorem 2.15. For a discontinuous dynamical system in (2.1), there is a point

—
X(tm) = Xm € X, Xm,] C OQj; at time t,, on the (n— 1)-dimensional plane
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boundary 0Q;; between two adjacent domains Q, (o = i,j). For an arbitrarily small
£>0, there are two time intervalv (i.e., [tmeestm) and (ty, tmye]), and x( >(t,,, )=
Xm = X (t,1). The flows x(t) and x9)(£) are C[r i) '[1’7[ j-continuous
(ry > 2,00 =1,j) for time t, iespecnvely The sliding bifurcation of the flow x\) () U
xU (1) at point (X, t) from BQij to 891;,' occurs if and only if

njo,  FU(ty2) =0 and njy -FO(1, ) #0, (2.55)

o, - FO(1,-)>0
either A for ngo, — €;
ngg[j -DFY(1,.)>0

ngg[j FO(1,_)<0
or ) for oo, — Q;.
ngQ’_j . DF(j)(lmi) <0

(2.56)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above
theorem can be easily proved. ]

Theorem 2.16. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = Xim € Xy s Ximy| C 8_Q>,;,- for time t, between two adjacent domains Q,
(v =1,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[toertm) and (tm,tmse)), and X (tys) = X = xU(t,.). The flows x\(t) and
xW) () are C’['t’m%tmﬂ]- and C'[jm o )-contmuous (ry > 1, 0. = i,j) for time t, respec-

tively. The source bifurcation of the flow x(t) U x\)(t) at point (X, ty) from 29, i
to 0Qy; occurs if and only if

o, FO(1,2) =0 and  njy - FV(t,0) #0, (2.57)
either ngQ/_ FY(t,,)>0 for nyo, — €
' , (2.58)
or ngQU . F(")(I,H) <0 for ngo, — Q;,
nl, -FO(, )>0
either ‘ for ngo, — €;
naQt/ F ) (tm+5) <0 (2 59)
“aQi,- F(I) (tmfé) <0 .
or T A for ngo, — Q;.
Dyo, F(I)(tnlﬂ) >0

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ |

Theorem 2.17. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xim € X, s Ximy] C 8—9),-1- at time t, on the (n— 1)-dimensional plane
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boundary 0Q;; between two adjacent domains Q, (o = i,j). For an arbitrarily small
¢>0, there are two time intervals (i.e., [tmg,tm) and (tm,tmie)),
and XD (tps) = X = XD (t,1). The flows x(t) and x)(t) are C’[‘;MJW]— and

C'[; " >-continu0us (ro, > 2,00 =i,j)for time t, respectively. The source bifurcation
m+testm i . — —
of the flow x) () UxU)(¢) at point (X, 1) from OQ ij to 0Q;j occurs if and only if

o, FO(t2) =0 and njo - FU () #0, (2.60)

njo, - FU(t,1) >0
either A for ngo, — €
ngQU_ -DF9(1,.) <0

ngQU FU(1,4) <0
or ) for Ny, — Q;.
nfo, - DF (1) >0

(2.61)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above
theorem can be easily proved. ]

Theorem 2.18. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = Xpm € Xy s Xm,| C %}ij for time t, between two adjacent domains €,
(o =1,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[tmortm) and (tw,tmee]), and X9 (tyz) =X = x9(t,1). The flows x*(t)
(0 =1,j) are C’[;’ . g-continuous (ry > 1) for time t. The switching bifurcation
of the flow x{) (t)mL] ;U%(t) at point (Xp, tn) from 0Q; to 0Q; occurs if and only if

n;.ggl_j . F(i)([m:F) =0 and ngQ”. . F(/) (tmi) =0, (2.62)
gQ,, ' F(“) (tme) > 0

either for npg, — Qg
B, F (t45) <0 .
bo,  F@(1,-5) <0 '

or ' for ngo, — Q,
gQ,, F (tmre) >0

with o, = i,j but f # a.

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ ]

Theorem 2.19. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xm € X, s Ximy| C 8—(2),-] at time t,, on the (n — 1)-dimensional plane bound-
ary 0Q;; between two adjacent domains Q, (« = 1,j). For an arbitrarily small
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>0, there are two time intervals (ie., [tm—e tm) and (ty,tmie]), and
XD (tyz) = X = XU (t,,2). The flows x9(t) (o =1i,j) are C* |-continuous

[tm—:: stmte

(ry > 1) for time t. The switching bifurcation of the flow x® () Ux\)(r) at point

(X, t) from 8—Q>,-j to <8—Qij occurs if and only if

o, FO(tys) =0 and iy - FY(1,2) =0, (2.64)
either for ngo, — €
(2.65)

or for ngo, — Q;.

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above
theorem can be easily proved. [ ]

Definition 2.17. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = Xm € [Xim, , Xm,] C O; for time 7, and X(“)(tmi) =X, (o € {i,j}). The Ly-
functions of flows to the boundary 0Q;; is defined as

Lal?(xmafmvap/}) = [ngﬂ,ﬁ 'F(a)(tm?)] x ["gnx,, 'Fw)(tmi)L (2.66)

where f§ € {i,j} but § # a.

From the foregoing definition, the passable flows and nonpassable flows (includ-
ing sink and source flows) at the boundary 0,4, respectively, require the L-function
satisfies

o n s tn ) po:? p > )
/j ' ' ﬂ %ﬁ — — (2'67)
La/)’(xma b, P> P[;) <0 on 695{/)’ - 6roﬁ U 69%/5-

The switching bifurcation of a flow at point (X, #,,) on the boundary 0Q, 5 requires
Lo’ﬁ (XWH Iins Py p[)’) =0. (268)

If the L,g-function of a flow is defined on one side of the neighborhood of the
boundary 09,4, one can obtain

Laac(xm:ts’tm:tsapa) = [nggiﬁ 'F(Ot)(tmfs)] X [nggaﬁ 'F(“)(thrs)]- (2.69)
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Fig. 2.8 (a) The L,g- a
functions of flows and Pos
(b) the vector fields between L
two points X,,, and X,,, on the
boundary 9Q,s. The point X,
for p<” is the critical point for

P, p
the switching bifurcation.
Two points x;, and x,
are the onset and vanishing
of the nonpassable flow for
parameter on the boundary

6—Q)a s. The dashed and solid
curves represent L,3<0 and b
L,p > 0, respectively

F(/?)(l )

m—

O]

F(, ) Pos

m—-
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()
paﬁ

If Loy (Xptes tntes Py) <0 and nc‘T?Q,ﬁ F(z,,_) =0, the flow x*) (1) at (x,,,1,) is
tangential to the boundary 0Q,.
Consider the L,p-function varying with the parameter vector p;; € {#, },¢y; j, for

the switching flow from %}mﬁ to 5?204;. The L,g-functions of flows at different
locations of the boundary are distinct. The L,g-functions of flows between two
points X, and X,,, on the boundary 9Q,s are sketched in Fig. 2.8 for a parameter
vector b ) and p. F ific val ) ) and p?)

p.p between p,; and p,;. For a specific value p,;° between p,; and p,,

there is a point x,, on the boundary for the bifurcation of a flow switching from

8—Q>,-j to é?lij. Two points X4, and X;, are the onset and vanishing points of the sink
flow for system parameter vector p,; on the boundary 9€,s. The dashed and solid
curves represent L, <0 and L, > 0, respectively. For parameter vector p,z varying
£ (1 (cr) . .

rom p,; — P,,°, the Lyg-function for a flow x € (Xm,,Xm,) on the boundary is
positive (i.e., Ly > 0). Thus, the boundary 0€, is semipassable. For p,; varying
from pi}r) — pi%), there are two ranges of L, >0 for X € X, , Xy, ) U (Xk, , X, and

a range of L,p <0 for x € (X¢,,Xy,). From (2.67), the flow at the portion of x €
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(Xk, s Xx,) on the boundary 0, is nonpassable. The ﬂow at the portion of boundary
with L,p > 0 is semipassable. For p,; varying from paﬂ — pm/j , the point (x,,, pxﬂ )
on the boundar PI 8(2“/; 1s the onset point of the nonpassable flow. However, for p,
varying from p,; — py ﬁ , such a point is the vanishing point of the nonpassable flow.
For three critical points (X,,, X, , X, ), the L,g-function of flows is zero (i.e., L,g = 0).
For L,s in Fig. 2.8a, the corresponding vector fields varying w1th the system
parameter on the boundary 0Q,; are illustrated in Fig. 2.8b. F( )( tm—) and
FP(t,.) are the limits of the vector fields in domains €, and Q; to the boundary
0Q,p, respectively. This nonpassable flow on the boundary 9Q,g with L,z <0 is a
sink flow. The critical points (xy,, X,) have the same properties as point x,, for p< up
Namely’ La/)’(xm) =0, Ly, (Xmis) <0, or L/f/f (Xmis) >0.

If the two critical points have the different properties, the sliding flow between
two different critical points is discussed later. The L.z-functions of flows are
Lyp(Xk,) = 0 and Ly, (Xp,+,) <O for point X, but Lyg(Xr,) = 0 and Lgg(X,+:) <0
for point xg,. From the L,g-function of flows, Theorems 2.14, 2.16, and 2.18 can be
restated.

Theorem 2.20. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = X € Xy s Xim,] C 8_Q>,'j at time t, between two adjacent domains €,
(v =1,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[tw—ertm) and (ty,tnie]), and XD (1, ) = X = XU (t,,1). The flows x(t) and
x (1) are C7' and C})

[t m+e I/H) [[ﬂl ét
tively. The sliding bifurcation of the flow xO () UxY) (1) at point (X, t) from a0, i
to 0Qy; occurs if and only if

] -continuous (ry, > 2, o = i, ) for time t, iespec—

Lij(Xm tm, P;» P;) = 0, (2.70)
njo, FO(t ) #0 and o =i,j. 2.71)

Proof. Applying the L;-functions of flows in Definition 2.17 to Theorem 2.14, the
foregoing theorem can be easily proved. ]

Theorem 2.21. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xim € Xy s Ximy| C a_si,-,- at time t, between two adjacent domains €,
(o =1i,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[twostm) and (ty,tmis)), and XV (t,+) =X, = X (t,,,). The flows x(¢) and
X(j)(l‘) are C][‘r’mf,»,.,rmﬂ]' and C'[I’ i) -continuous (r, > 2, o = i,j) for time t, zespec-
tively. The source bifurcation ofz‘heﬂow x () UxY (1) at point (X, t) from 90, i
to 0Qj; occurs if and only if

Lij(Xm, tm, P;s ;) = 0, (2.72)

“gQ,»,.- FO(t,1) 20 and  Lii(Xoece e, P;) < 0. (2.73)
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Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.16, this
theorem can be easily proved. [ ]

Theorem 2.22. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xm € [Xmy, Xm,] C 8—52),-1- at time t, between two adjacent domains €,
(v =1i,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[tmortm) and (tw,tmie]), and XD (tyz) =X = xU(t,2). The flows x*(t)

(0 =1,j) are C’['“ iy Continuous (ry > 2) for time 1. The switching bifurcation

A ) e
of the flow x) (1) Ux) (1) at point (X, t,,) from OQ ij to 0Qj; occurs if and only if

Lij(Xm, tm, P;» P;) = 0, (2.74)

o, FO(tne) =0 and Ly (Ko, bz, P,) <O (2= 1,). (2.75)

Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.18, the
theorem can be easily proved. ]

Remark. For the (n — 1)-dimensional plane boundary 0Q;;, the second conditions
in (2.71), (2.73), and (2.75) in Theorems 2.20-2.22 can be replaced by (2.56),
(2.61), and (2.65) in Theorems 2.15, 2.17, and 2.19, respec_ti)vely.

For the passable flow at X(fy) = Xy € [Xp,, Xm,] C OQ ij» consider the time
interval [t,,, , t,y,] for [X,,, , X, ] on the boundary, and the L-functions of flows (i.e., L;;)
for t € [tm,, tm,] and X, € [Xp,, Xm,] 18 also positive, i.e., Lij(Xm; tm, P;; P;) > 0.
To determine the switching bifurcation, the local minimum of L,:f(xm,t,,,,pi,pj)
is introduced. Because x,, is a vector function of time ¢,,, the two total derivatives
of Lij(Xm, tm, P;, pj) are introduced, i.e.,

DLij(va lmv Pi; pj) = vLij(xma tma P, pj)Fl(/O) (Xm, lm)

aLij(me Iy Pis p/) (2.76)
t—
Oty
DkLij(Xnn Im; Py pj) = Dk—l (DLl'j(Xm, Iy Pis pj)) for k= 1,2,.... (2.77)

Thus, the local minimum of L;j(X, t.,, p;, pj) is determined by
D*Lij(Xp; tm P p) =0 (k=1,2,...,21—1), (2.78)

D¥Lij(X, tm, P> ;) > 0. (2.79)

Definition 2.18. For a discontinuous dynamical system in (2.1), there is a
point X(#,,) = Xi € [Xp,, Xm,] C 0Q; at time 7,, between two adjacent domains €,
(o = i, ). For an arbitrarily small ¢ > 0, there are two time intervals (i.e., [t,,—, t,;) and
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(tws tmse])- XD (t2) = X = xU)(2,,2). The flows x*(¢) are C* -continuous

[Un—;:Jmﬂ»:]
(ry > 21,00 = i, j) for time t. The local minimum set of Lij(Xy, t, P;, P;) is defined by
Vtm € [tm1 ) tmz]a X, € [X’"I ’ X’”Z]’
so that DkL[j(Xma Ims Pis Pj) =0
fork=1,2,---2/ — 1 and
DZ[Lij(Xm; Im, Pis pj) >0.

minLij(tm) = Lij (Xm, [mv P;s pj) (280)

From the local minimum set of L,;/(xm,tm,pi,pj), the corresponding global
minimum can be determined as follows.

Definition 2.19. For a discontinuous dynamical system in (2.1), there is a
point X(t,,) = Xy € [Xp,, Xm,] C 0Q;; at time 1,, between two adjacent domains
Q, (x=1,j). For an arbitrarily small &> 0, there are two time intervals (i.e.,
[twortm) and  (tm,tmee)), and XD (t,2) = X, = X (t,,). The flows x*()
(0 =1,j) are C7 -continuous (r, > 2/, o =1i,j) for time f, respectively.

[tm—x: -,tm+z:]

The global minimum set of Ljj(Xy, tm, 1 1;) is defined by

minLi' Im ;Li' Xmy s Imy irPj)s
Gmlej(tm) _ min J( ) ]( 1 1 p p/) (2'81)
t"’e[t'”l "r’"z] L,’j(sz, tmza p;; pj)

From the foregoing definition, Theorems 2.20-2.22 can be expressed through the
global minimum of L;;(Xn, t, P;, P;)- So the following corollaries can be achieved,
which give the conditions for onsets of switching bifurcations.

Corollary 2.1. For a discontinugus dynamical system in (2.1), there is a
point X(twm) = Xm € [Xm,, Xm,| C 0Q;j for time t, between two adjacent domains
Q, (a=1i,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e.,
[tmostm) and (tm,tmis)), and XV (t, ) = X, = XU (t,2). The flows x)(t) and
x(f)(t) are C’[-t,,,ﬁ,tm)' and C’['ZM ]-continuous (ry > 21, 0 = i,j) for time t, respec-
tively. The necessary and sufficient conditions for the slic@g bifurcation onset of
the flow x9 (t) U xU)(¢) at point (X, tm) on the boundary 0Q;; are

e

GminLij(tn1> = 07 (282)
ngQ,/- ' F(l) (tm—) % 0 and Li/(xmim lmim PJ) < 0. (283)

Proof. Lij(Xm, tm, Pis pj) replaced by its global minimum in Theorem 2.20 gives this
corollary. This corollary is proved. [ ]

Corollary 2.2. For a discontinuous dynamical system in (2.1), there is a point

—_—
X(tm) = Xpm € (X, Xm,] C OQ; for time t,, between two adjacent domains €,
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(o0 = i,j). For an arbitrarily small & >0, there are two time intervals (i.e., [ty—g, tm)
and (ty,tmse)), and XV (tps) = X = XU (t,,1). The flows x(t) and xV)(t) are

T _ T
Clonvtme” 4 Clpy )
necessary and sufficient conditions for the source bifurcation onset of the flow

x@ () UxY)(2) at point (X, t,,) on the boundary ﬁu are

-continuous (ry, > 21, oo = i, j) for time t, respectively. The

GminLij(tm) = 0, (2.84)
o,  FO(tne) #0 and - Li(Xpse, ts, P;) <O (2.85)

Proof. Lij(Xm,tm, P;, pj) replaced by its global minimum in Theorem 2.21 gives this
corollary. [ |

Corollary 2.3. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xm € [Xmy, Xm,] C a_si,-, for time t, between two adjacent domains €,
(v =1,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[tmostm) and (tm,tmis)), and XV (t,z) = X = XU (t,4). The flows x*) (1) are

ft:,f.r;,tm] -continuous (r, > 21) for time t. The necessary and sufficient conditions
for the switching bifurcation onset of the flow x () UxY(t) at point (X, t,,) on the
boundary 0Q;; are

GminLij(tm) = 0, (286)
ngﬂ,-j : FU) (tmi) =0 and Lm(xmim tm+e, Pa) <0 for o= l,] (287)

Proof. Lij(Xm, tm, P;, pj) replaced by its global minimum in Theorem 2.22 gives this
corollary. [ ]

2.6 Switching Bifurcations of Nonpassable Flows

The onset and vanishing of the sliding and source flows on the boundary were
discussed. The fragmentations of the sliding and source flows on the boundary are
of great interest in this section. This kind of bifurcation is still a switching bifurca-
tion. The definitions for such fragmentation bifurcations of flows on the
nonpassable boundary are similar to the switching bifurcations of flows from the
semipassable boundary to nonpassable boundary. The necessary and sufficient
conditions for the fragmentation bifurcation from a nonpassable flow to a passable
flow on the boundary are quite similar to the sliding and source bifurcations from a
passable flow to a nonpassable flow.
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Definition 2.20. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = Xm € [Xm,, Xm,] C OQ;; at time 1,, between two adjacent domains €,
(e =1i,j). For an arbitrarily small &¢>0, there are two time intervals (i.e.,
[tmostm) and (t, tmse)), and x9(t,,_) = x,, = X (t,,). The flows x)(z) and
x(r) are C’[;in,+,;,tm)- and C'[.["H’tmﬂ]
tively. The tangential bifurcation of the flow x\)(r) at point (X,,t,) on the
boundary 0Q;; is termed the switching bifurcation of a nonpassable flow of the
first kind from 0Q; to 0Qj (or simply called the sliding fragmentation
bifurcation) if

-continuous (r, > 1, o = i,j) for time ¢, respec-

o, X (tnz) =0 and iy X7 (,,) #0, (2.88)

ngﬂ,-j : [X(i)(lmf) —x (tm—s)] >0
either njo - XU (6,-) =X\ (8,-,)] <0 5 for mog, — Q; (2.89)

ngQU ) [X(j>(trr1+s) - X(j)(fm+)] >0

EX

njo, - X (tn) = xD ()] <0

or  njg XV (tn) = xU(t,)] >0 5 for mag, — Q. (2.90)

nggﬁ . [X(j)(th»S) - X(j)(tﬂl+>] < 0

Definition 2.21. For a discontinuous dynamical system in (2.1), there is a
point X(f,,) = Xu € [Xp,, Xp,| C 0Q;; at time 7, between two adjacent domains €,
(o = 1,). For an arbitrarily small ¢ >0, there are two time intervals (i.e., [t,_, tm)
and (t, o)), and X (t,1) = X = XU (,,4). The flows x)(¢) and x\/) () are

’[‘tim—mtnﬁrn]- and C'[‘t"m%tm)—continuous (ry > 1, « = i,j) for time ¢, respectively. The
tangential bifurcation of flows x()(¢) and x/)(¢) at point (X, 1,) on the boundary

5!3,7 iﬂermeﬂ)he switching bifurcation of a nonpassable flow of the second kind
from 0Q;; to 0Q; (or simply called the source fragmentation bifurcation) if

njo, X7(t,e) =0 and nhy % (1,,) #0, (2.91)
n;l;Qi, ' [X(i)(tm—) - X(i)(tm—e)] >0

XD (tpye) = xD(1,1)] <0 for ngg, — Q; (2.92)

: [X(j>(tm+::) - X(j>(tm+)} >0

: T
either nyq

ngQ,;,- : [X(i)(tmf) —x (tm—)] <0

or i - X (i) =X (tni) > 0] 5 for ngg, — Qi (2.93)

n}’;Q,-j ’ [X(j>([m+8) - X(j)(tWH-)] <0
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Fig. 2.9 The sliding
fragmentation bifurcation to
the sink boundary 0Q;; in
domain: (a) ©; and (b) Q;.
Four points X (1),
xB)(t,_;), and x,, lie in the
corresponding domains

and on the boundary 0Q;;,
respectively. o, f € {i,j} but
oFfandn +nm=n

For the fragmentation bifurcation of the nonpassable flow on the boundary, the
vector fields near the sink and source boundaries are sketched in Figs. 2.9 and 2.10,
respectively. The switching from the sink or source flow to the semipassable flow
has two possibilities. Therefore, the conditions in Definitions 2.20 and 2.21 have
been changed accordingly. Before the fragmentation bifurcation of the nonpassable
flow occurs on the boundary, the flow x(*)(¢) (« € {i,j}) exists for t € [t,y_;, ) OF
t € (fmy, ) ON the sink or source boundary. Only the sliding flow exists on such a
boundary. After the fragmentation bifurcation occurs, the sliding flow on the
boundary will split into at least two portions of the sliding and semipassable
motions. This phenomenon is called the fragmentation of the sliding flow on
the boundary, which can help one easily understand the sliding dynamics on the
boundary. In addition, for the nonpassable boundary, if flows on both sides of
the nonpassable boundary possess the local singularity at the boundary, the
nonpassable flow of the first kind switches into the nonpassable flow of the second
kind, and vice versa. The local singularity of such switchability is similar to
the switching between the two semipassable flows on the boundary, and the
corresponding definition of the switching bifurcation is given as follows.

Definition 2.22. For a discontinuous dynamical system in (2.1), there is a point

X(tm) = X € (X, , Xm,| C 0y (or 0Qy)) at time #,, between two adjacent domains
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Fig. 2.10 The source
fragmentation bifurcation to
the source boundary 0Q;; in
domain: (a) ©; and (b) Q;.
Four points X (1),

XB) (ty1:), and x,,, lie in the
corresponding domains and
on the boundary 0Q;,
respectively. o, f € {i,j} but
aFfandn +nm=n

(2 =1,j). For an arbitrarily small ¢>0, there are two time intervals
(.e., [tm_e tm) and (ty,tmie]), and x®(2,1) = X,,. The flows x¥ (1) (a=i,j)
are C’[" - contmuous (ry, > 1) for time ¢. The tangential bifurcation of the
flow x((} and x()(¢) at point (X, 1,) on the boundary 9€; (or 89,,) is termed

the switching bifurcation of a nonpassable flow from 8(2,, to 89,, (or 89,1 to 6(2,,) if

nlo, - X?(1,e) =0 for a=1i}, (2.94)
ngg,-j XD (t-) = xD(8,_,)] >0 and
T D)
ba, XY (tm t
either ig" [ (,)( #) = ( < for ngo, — Q; (2.95)
oo, X9 (1) = xY(t,,_,)] <0 and :
ngQ,, ’ [X(j>(tm+s) (tm+)]
nlo, - X0 (1) = x(1,_,)] <0 and
nj, - x(s t
or 0Q;; [ ( m+s) ( 1+)] for nan/ _ Qi_ (2'96)
n('T)QI-j XD (t) = x9(8,_,)] >0 and
ngﬂ,j : [X( )(tm+s) (lm+)]
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Theorem 2.23. For a discontinuous dynamical system in (2.1), there is a
point X(ty,) = Xp € [Xm,,Xm,| C 0Qy; at time t,, between two adjacent domains €y
(o0 = i,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e., [ty—g, tm)
and (ty,tmse)), and X (t,,_) = X, = X (t,1). The flows x(t) and xY)(t) are

C'[t )" and Cgmﬂ;_lw}-continuous (ry > 1, o =1i,j) for time t, respectively. The

sliding fragmentation bifurcation of the flow x)(t) UxU)(¢) at point (X, t,y) from
5(2,;,' to m}i/‘ occurs if and only if

n;ggl_j ] F(]) (lnlj:) —0 and ngQij . F(l) (l‘mf) 7é O, (297)
either nggu, FO(t,,.) >0 for nyo, — (2.98)
or ngT)QU ’ F<i)(¢m—) <0 for ngo, — €, |

nagu F(j)(l}ﬂ*s) < 0
either . for noo; = %
ndgu F(‘/)([m+£) >0
A (2.99)
00y " FU (1) >0
or ) A for ngo, — Q;.
naQU . F<1) (tm+z;) <0

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ ]

Theorem 2.24. For a discontinuous dynamical system in (2.1), there is a
point X(ty) = Xpm € [Xp,, Xm,] C OQy; at time t,, on the (n — 1)-dimensional plane
boundary 0Qj; between two adjacent domains Qy, (o =1i,j). For an arbitrarily
small €>0, there are two time intervals (i.e., [ty_g tm) and (tm,tmse)),
and XD (t, ) = X = XU (t,,2.). The flows xO(t) and xV)(f) are Cly ooy and

C’[j tee] -continuous (ra > 2, =1,j)for time t, respectively. The slzdmgfragmen—

tation bifurcation of the flow x)(t) UxY)(t) at point (X, tn) from 8911 to 89,1
occurs if and only if

o, F(tne) =0 and  njy -F(z,) #0, (2.100)

nl, -F9(, )>0
_ for ngo, — €
ngQﬁ : DF(J) (tmi) <0

o, - FO () <0
or . for ngo, — ;.
nggu, -DFY(1,.) <0

(2.101)
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Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above
theorem can be easily proved. [ ]

Theorem 2.25. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = Xpm € [Xpm,, Xim,] C Oy for time t, between two adjacent domains €
(o =1i,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
(e tm) and (tm,tmse)), and X (tys) = X, = xU(t,.). The flows x\(t) and
x(f)(t) are C'['I"mwtw]- and CZ;”,J”,H]-continuous (ro > 1, 0 =1i,j) for time t, respec-

tively. The source fragmentation bifurcation of the flow x () Ux\)(t) at point
(X, tm) on the boundary 0Qj; occurs if and only if

o, FO(t,2) =0 and iy - FU(1,0) #0, (2.102)
either njo, F(t,1) >0 for ngo, — Q;
' . ' (2.103)
or ngg’j FU(1,,,) <0 for nyo, — Q;,
Yo FO(1, )>0
either ) for ngo, — €;
njo, - F(tn1s) <0
. (2.104)
o, - FO (t,_,) <0
or T ' for nyo, — Q;.
nagl_j . F(l> (tm-HI) >0

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ ]

Theorem 2.26. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = X € [Xpmy s Ximy] C 8/5\2,]- attime t,, onthe (n — 1)-dimensional plane boundary
0Q;; between two adjacent domains Q, (« = i,j). For an arbitrarily small ¢ > 0, there
are two time intervals (i.e., [ty—z, t) and (ty, tyye)), and XD (tyr) = X = XD (1,4).
The flows x (1) and x9)(t) are C|’ and C'(""m’tw}l continuous (r, > 1, o0 = i,j)

) X [fm—sytmﬂ:} . by . i
for time t, respectively. The source fragmentation bifurcation of the flow x(f) U

xU(t) at point (X, t,,) from 3/52,-/- to %U occurs if and only if
o, FO(1,e) =0 and  njy - FYU(t,0) #0, (2.105)

ngg,, F (1) >0
either , for npg, — €
N5, - DFY (1) <0

“39,»,» FU (11) <0
or . for l’laQ’./. — Q,‘.
o, - DF9(1,.) <0

(2.106)
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Proof. Following the proof procedures in Theorems 2.10 and 2.11, the above
theorem can be easily proved. [ ]

Theorem 2.27. For a discontinuous dynamical system in (2.1), there is a point
X(tnm) = X € [Xpy s X, ] C 05 (0 55\2,;,-) at time t,, between two adjacent domains
Q, (x=1i,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e.,
[twertm) and (tym,tmis)), and XV (t,s) = X = X (t,2). The flows x*(r)
(o =1,j) are Ci* -continuous (r, > 1) for time t. The switching bifurcation

[tm—r, ;tn1+::]

of the flow at point (X, tn,) from 0Q;; to 0Qy; (or 0 to 0Qy;) occurs if and only if

“gfz,;f F(t,1) =0, (2.107)
o, F@ (tny) >0
either ' for npg, — Qg
o, - F® (tnie) <0 108)
o0y F(“>(tm—2) <0 '
or for nag, — Q,,
Ny, F (t,4,) >0

with o, B = i,] but o # .

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem
can be easily proved. [ |

Theorem 2.28. For a discontinuous dynamical system in (2.1), there is a point
X(tm) = X € (X, Xm,| C OQjj (or 0Qyj) at time t,, on the (n— 1)-dimensional
plane boundary 0Q;; between two adjacent domains Q, (« = i, j). For an arbitrarily
small ¢>0, there are two time intervals (i.e., [ty—¢,tnm) and (ty,tnie)), and
X (tps) = Xpn. The flows X (1) (o = i,j) are C’[;’
time t. The switching bifurcation of the flow at point (X, t,,) from 0Q;; to 0Q; (or
0Q;; to 0Qy;) exists if and only if

-continuous (r, > 2) for

n—estm-e]

nggil_-F(“)(tmi):O for o =1i,j, (2.109)

Il};Q_, . DF(l) (tmi) <0

U

A for ngo, — €,
nly, - DFY) (1) >0 } o

T (i)
ny, -DFY(t,.)>0

or zg,_, , for ngo, — Q;. (2.110)
0, - DFY (1) <0

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above
theorem can be easily proved. |
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Fig. 2.11 (a) The L-function g
of flows (Lyp) and (b) the L
vector fields between two
points X, and X,,, on the
boundary 0Q,p. The point X,
for p([, is the critical point for
the switching bifurcation.
Two points x;, and Xy, are the
starting and vanishing of the
passable flow on the boundary
0Qyp. The dashed and solid
curves represent L,z>0 and
L,p<0, respectively

(my +ny = n) b
aQaﬂ\/\Ql} 7/ 7/—//>’ / N L l Pus

Py

Similarly, the L,s-functions of flows varying with p;; € {u,},c (iy) is used to

discuss the switching of the nonpassable flow from 0Q,; to 6—Q>aﬁ. The L,g-
functions of a nonpassable flow to the boundary is L,3 <0 with varying boundary
location. The L,g-function for flows between two points X,, and X,,, on the sink
boundary BQuﬂ are sketched in Fig. 2.11 for p,; between p< o5 and pl(yﬁ) The L,g-
function is sketched in Fig. 2.11a, and the corresponding vector fields varying with
system parameters on the boundary 0Q,; are illustrated in Fig. 2.11b. F® (tm—) and
F (tm) are limits of the vector fields to the boundary 9Q,; in domains Q, and Qg,
respectively. The boundary relative to the nonpassable flows w1th L,z <0 is a sink
boundary. There is a specific value p ﬁ ) between p ) and p ﬁ For this specific
value, a point x,, on the sink boundary can be found for the sliding fragmentation
bifurcation on the boundary. Two points X, and X, are onset and vanishing points
of the passable flow on the boundary 9Q,y for p,z. The dashed and solid curves
represent L,p>0and L,p < 0, respectively. For p,; varying from p ﬁ) — p( ﬁ>, the

L,p-functions of flows for X € (X, , X,,,) on the boundary is negative (i.e., L,z < 0).

Therefore, the boundary dQ, is nonpassable. For p,; varying from pi‘ﬁ') — pﬁ}),
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L,s <0 are for X € X, X, ) U (X, Xp,], and Lyg >0 are for x € (Xg,,X,).
From (2.67), the flow for the portion of x € (X4,,X,) boundary with L,z>0
is semipassable. For p,; varying from pxk — pi? the point (xm,p%)) on the
boundary 0Q,; is the onset point of the semipassable flow on the boundary.
The sliding flow on the boundary will be fragmentized. However, for p,; varying
from p( ﬁ) — pi/;, the sliding fragmentation disappears at such a point. At three
critical points (X, Xk, , Xk, ), Lyp = 0. The flow at the critical points (x;, , X;,) has the
same properties as at the critical point x,,. If the two critical points have the
different properties, the sliding flow between the two different critical points is
discussed later. From the L,g-function of flows, the criteria for the sliding fragmen-
tation bifurcation can be given as similar to Theorems 2.22, 2.25, and 2.27. Thus,

the corresponding bifurcation conditions are stated herein.

Theorem 2.29. For a discontinuous dynamical system in (2.1), there is a point
X(tw) = Xim € Xy s Ximy| C 5?2,;/ at time t, between two adjacent domains Q,
(v =1i,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[tm_sstm) and (t,,,,t,,,+g]) and X (t,_) = Xy = XY (t,2). The flows x\)(t) and
xW)(¢) are Cy .- and C[ s
tively. The slidmg fragmentation bifurcation of the flow x(t) Ux\)(¢) at point

" -continuous (r, > 2, o = i,j) for time t, respec-

(X, tm) on the boundary 5?2,1 exists if and only if
Lij(Xp, tm, P;, ;) = 0, 2.111)
nag -F0) (tw-) #0 and  Ljj(Xpnte, tmse, Pj) <O. (2.112)

Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.22, the
foregoing theorem can be easily proved. ]
Theorem 2.30. For a discontinuous dynamical system in (2.1), there is a point
X(tn) = X € (X, Xm,| C OQy; at time t, between two adjacent domains
(o =1,j). For an arbitrarily small ¢>0, there are two time intervals (i.e.,
[twertm) and (tm,tmse)), and X (tys) = X, = xU(t,,). The flows x\(t) and
xU (1) are C)[;mfg,tm - and C<t iy CONEIRUOUS (ry 2 2, 00 = i, ]) for time t, respec-

tively. The source fragmentation bifurcation of the flow x) () Ux\)(t) at point
(X, tm) on the boundary 5!\2,] occurs if and only if

Ll](xm7tm7pi7pj) = 07 (2113)
n[)Q F (tﬂl+) 7é 0 and L_)j(xmisa tte, p/) <0. (2.114)

Proof. Applying the L;; and Lj-functions of flows in Definition 2.17 to Theorem
2.25, the foregoing theorem can be easily proved. ]
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Theorem 2.31. For a discontinuous dynamical system in (2.1), there is a
point X(ty) = Xp € [Ximy, Xm,] C 0Qyj (or Q) for time t,, between two adjacent
domains Q, (o = i,j). For an arbitrarily small ¢ >0, there are two time intervals
(i, [tmestm) and (tm,tmie)), and XD (t,s) =X, = XU (t,2). The flows x*)(r)
(v =1,j) are C’[ZH”IW]-continuougv (ro > 2) for time t. The switching bifurcation

of the flow at point (X, t,) from 0Q;; to OQy; (or 0 to 0K;) occurs if and only if

Lij(Xm, tm; P;» P;) = 0, (2.115)

o, F@ (1) =0 and Loy (Xpse, tnte, P,) <O for a=1i,j.  (2.116)

Proof. Applying the L;; and L,,-functions of flows in Definition 2.17 to Theorem
2.27, the foregoing theorem can be easily proved. [ ]

For the nonpassable flow at X(,,) = X, € [Xp,, Xm,] C 0Q;; (or 3/5\2,j), consider a
time interval [t,,,%,,] for [Xm,X,,] on the boundary, for ¢, € [t,,,t,,] and
Xm € [XmysXmy)» Lij(Xm, tmy P;, P;) <0. To determine the switching bifurcation,
the local maximum of L,-j(xm,tm,pl-,pj) can be determined. With (2.78) and
(2.79), the local maximum of L;;(Xy,, tm, P;, pj) is determined by

DkLU(Xmatmapnpj):O (k:071727721_1)7 (2117)

DZILI'j(Xnntnhpnpj) <0. (2118)

Definition 2.23. For a discontinuous dynamical system in (2.1), there is a
point X(ty) = Xp € [Xp,, Xm,] C 0Q;; (or 0Q;) at time 1, between two adjacent
domains Q, (x = i,j). For an arbitrarily small ¢ > 0, there are two time intervals
(.e., [tm_s, tm) and (ty, tie]), and X9 (1,,4) = x,, = XU (55 ). The flows x) (£) and
xU)(1) are C’['[”H‘[W]-continuous (r > 2I) for time . The local maximum set of
Lij(Xm; tm, P;> P;) is defined by

Yim € [tmys tns)y X € Xy s Xomy )5
so that D*Lyj(Xyn, tm, P, p)=0
for k={1,2,...2/ — 1} and
D Lij(Xpmy tm, ;s p;) <0.

maxLij(tm) = § Lij(Xms t, Pi> ;) (2.119)

From the local maximum set of Lj(Xu,n,P;;P;), the corresponding global
maximum can be determined as follows.

Definition 2.24. For a discontinuous dynamical system in (2.1), there is a
point X(t,,) = Xy € [Xp,, Xim,] C 0y (or 09;) at time 1,, between two adjacent
domains Q, (x = i,j). For an arbitrarily small ¢ > 0, there are two time intervals
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(.e., [tm_g, tm) and (tm, tmse])> and X (t,1.) = X,, = XU (£, ). The global maximum
set of Ljj(Xpm, tm, P;; P;) is defined by

GmaxLij(tm) = max (2.120)

(S [

{ maxsz(tm>7Lij(Xn11 ) tml yPis pj)> }

Lij (Xm27 Imys Pis p/)

From the foregoing definition, Theorems 2.22, 2.25, and 2.27 can be expressed
through the global minimum of L;j(X,tn, p;, pj). So the following corollaries
can be achieved, which give the condition of sliding fragmentation bifurcation.

Corollary 2.4. For a discontinuous dynamical system in (2.1), there is a
point X(ty,) = Xy € [Xpm,,Xm,| C 0Qy; at time t,, between two adjacent domains €y,
(o0 = i,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e., [ty—g, tm)
and (ty,tmse)), and X (t,,_) = X, = X (t,,1). The flows x(t) and xY)(t) are
C’[-timf,;,tm)' and C[r[’;HJWJ-continuous (ry, > 21, o0 = i,j) for time t, respectively. The
sliding fragmentation bifurcation of the flow x(t) Ux\)(¢) at point (Xp,tn) on
the boundary 0Qj; occurs if and only if

GmaxLij(tm) = 07 (2121)
ngQ,j'F(i)(tnF) 7é 0 and ij(xmiw Imte, pj) <0. (2122)

Proof. In Theorem 2.29, replacing Lij(X, tm, P;s pj) by its global maximum value
GmaxLij(tm) gives the above corollary. [ ]

Corollary 2.5. For a discontinuous dynamical system in (2.1), there is a
point X(ty,) = Xy € [Xpm,,Xm,| C 0y at time t,, between two adjacent domains €,
(o0 = i,j). For an arbitrarily small ¢ >0, there are two time intervals (i.e., [ty—¢, tm)
and (ty,tmss)), and X9 (t,s) = X, = x(t,,1). The flows xO(t) and xY)(t) are
C’[.timﬂ;,tw]' and C'(A’tmytm}-continuous (ry, > 21, oo = i,j) for time t, respectively. The
source fragmentation bifurcation of the flow x\ (1) Ux(¢) at point (X, t) on the
boundary 0; occurs if and only if

GmaxLij(tm) - 07 (2123)
o, - FO(tny) #0 and  Lij(Xpe, tmse, p;) <O (2.124)
Proof. In Theorem 2.30, replacing L,:,-(x,,,,tm,pi,pj) by the global maximum

GmaxLij(tm) gives the above corollary. [ ]

Corollary 2.6. For a discontinuous dynamical system in (2.1), there is a
point X(ty) = Xy € [Xp,,Xp,| C 0Q;; (or 0yj) at time t, between two adjacent
domains Q, (o = i,j). For an arbitrarily small ¢ >0, there are two time intervals
(i.e., [tmsstm) and (tm,tnie)), and XD (t,s) =X, = XU (t,,2). The flows x*)(r)
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(v =1,j)are C[ ] -continuous (ry > 2l) for time t. The switching bifurcation of
the flow at point (xm, tm) from 8(2,, to 89,, (or 8(2,, to 89,,) occurs if and only if

GmaxLij(tm) = 07 (2.125)
0, F? (tne) =0 and Loy (s, tmse, P,) <O for o =1i,j.  (2.126)

Proof. In Theorem 2.31, replacing L;j(Xy, t, I;, Mj) through its global maximum
cmaxLij(tm) gives the above corollary. [ ]
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