
Chapter 2

Discontinuous System Theory

As in Luo (2011), the passability of a flow to the separation boundary of two

different dynamical systems is presented. The accessible and inaccessible

subdomains are introduced first for a theory of discontinuous dynamic systems.

On the accessible domains, the corresponding dynamic systems are introduced.

The flow orientation and singular sets of the separation boundary are discussed. The

passability and tangency (grazing) of a flow to the separation boundary between

two adjacent accessible domains are presented, and the necessary and sufficient

conditions for such passability and tangency of the flow to the boundary are

presented. The product of the normal components of vector fields to the boundary

is presented, and the corresponding conditions for the flow passability to the

boundary are discussed.

2.1 Domain Accessibility

For any discontinuous dynamical system, there are many vector fields defined on

different domains in phase space, and such distinct vector fields between two vector

fields in two adjacent domains cause flows at the boundary of the domains to be

nonsmooth or discontinuous. To investigate the dynamics of discontinuous dynamical

systems, consider a discontinuous dynamical system on a universal domain

O� Rn,

and the passability of a flow from one domain to its adjacent domains is discussed first.

Thus, subdomains Oa (a 2 I, I ¼ f1; 2; � � � ;Ng) of the universal domain

O

are

introduced and the vector fields on the subdomains may be defined differently. If there

is a vector field on a subdomain, then this subdomain is said to be an accessible

domain. Otherwise, such a domain is said to be an inaccessible domain. Thus, the

domain accessibility can provide a design possibility for discontinuous dynamical

systems. The corresponding definitions of the domain accessibility are given as follows.

Definition 2.1. A subdomain in the universal domain

O

in a discontinuous

dynamical system is termed an accessible subdomain, if at least a specific, continu-

ous vector field can be defined on such a subdomain.
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Definition 2.2. A subdomain in a universal domain

O

in discontinuous dynamical

systems is termed an inaccessible subdomain, if no any vector fields can be defined

on such a subdomain.

Since the accessible and inaccessible subdomains exist in discontinuous

dynamical systems, the universal domain

O

is classified into connectable and

separable domains. The connectable domain is defined as follows.

Definition 2.3. A domain

O

in phase space is termed a connectable domain if all

the accessible subdomains of the universal domain can be connected without any

inaccessible subdomain.

Similarly, a definition of the separable domain is given as follows.

Definition 2.4. A domain is termed a separable domain, if the accessible

subdomains in the universal domain are separated by inaccessible domains.

Since any discontinuous dynamical systempossesses different vector fields defined

on each accessible subdomain, the corresponding dynamical behaviors in those acces-

sible subdomainsOa are distinguishing.The different behaviors in distinct subdomains

cause flow complexity in the domain

O

of discontinuous dynamical systems. The

boundary between two adjacent, accessible subdomains is a bridge of dynamical

behaviors in two domains for flow continuity. Any connectable domain is bounded

by the universal boundary S � Rn�1, and each subdomain is bounded by the

subdomain boundary surface Sab � Rn�1 (a; b 2 I) with or without the partial univer-
sal boundary. For instance, consider an n-dimensional connectable domain in phase

space, as shown in Fig. 2.1a through an n1-dimensional, subvector xn1 and an n2-
dimensional, subvector xn2 (n1 þ n2 ¼ n). The shaded areaOa is a specific subdomain,

and the other subdomains are white. The dark, solid curve represents the original

boundary of the domain

O

. For the separable domain, there is at least an inaccessible

subdomain to separate the accessible subdomains. The union of inaccessible

subdomains is also called the “inaccessible sea.” The inaccessible sea is the comple-

ment of the accessible subdomains to the universal (original) domain

O

. That is

determined by O0 ¼ On[a2IOa. The accessible subdomains in the domain

O

are

also called the “islands.” For illustration of such a definition, a separable domain is

shown in Fig. 2.1b. The thick curve is the boundary of the universal domain, and the

gray area is the inaccessible sea. The white regions are the accessible domains

(or islands). The hatched region represents a specific accessible subdomain (island).

From one accessible island to another, the transport laws are needed for motion

continuity, which is not discussed in this book. For information about this topic, the

reader can refer to Luo (2011).

2.2 Discontinuous Dynamical Systems

Consider a dynamic system consisting of N subdynamic systems in a universal

domain

O� Rn. The universal domain is divided into N accessible subdomains Oa

(a 2 I) and the union of inaccessible domain O0. The union of all accessible
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subdomains [a2IOa and

O¼ [a2IOa [ O0 is the universal domain, as shown in

Fig. 2.1 by an n1-dimensional, subvector xn1 and an n2-dimensional, subvector xn2
(n1 þ n2 ¼ n). For the connectable domain in Fig. 2.1a, O0 ¼ [. In Fig. 2.1b, the

union of the inaccessible subdomains is the sea, and O0 ¼ On[a2IOa is the

complement of the union of the accessible subdomain. On the ath open

subdomain Oa, there is a C
ra -continuous system (ra � 1) in the form of

_xðaÞ � FðaÞðxðaÞ; t; paÞ 2 Rn; xðaÞ ¼ ðxðaÞ1 ; x
ðaÞ
2 ; . . . ; x

ðaÞ
n Þ

T 2 Oa: (2.1)

The time is denoted by t and _x ¼ dx=dt. In an accessible subdomain Oa, the

vector field FðaÞðx; t; paÞ with parameter vector pa ¼ ðpð1Þa ; p
ð2Þ
a ; . . . ; p

ðlÞ
a ÞT 2 Rl is

Cra-continuous (ra � 1) in x 2 Oa and for all time t; and the continuous flow in (2.1)

xðaÞðtÞ ¼ FðaÞðxðaÞðt0Þ; t; paÞ with xðaÞðt0Þ ¼ FðaÞðxðaÞðt0Þ; t0; paÞ is Crþ1-continuous
for time t.

For discontinuous dynamical systems, the following assumptions will be

adopted herein.

H2.1

The flow switching between two adjacent subsystems is time-continuous.

H2.2

For an unbounded, accessible subdomain Oa, there is a bounded domain Da � Oa

and the corresponding vector field and its flow are bounded, i.e.,

jjFðaÞjj � K1ðconstÞ and jjFðaÞjj � K2 constð Þ on Da for t 2 ½0;1Þ: (2.2)

Fig. 2.1 Phase space: (a)

connectable and (b) separable

domains (n1 þ n2 ¼ n)
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H2.3

For a bounded, accessible subdomainOa, there is a bounded domainDa � Oa and the

corresponding vector field is bounded, but the flow may be unbounded, i.e.,

jjFðaÞjj � K1ðconstÞ and jjFðaÞjj � 1 on Da for t 2 ½0;1Þ: (2.3)

2.3 Flow Passability to Boundary

Since dynamical systems on different accessible subdomains are distinguishing, the

relation between flows in the two subdomains should be developed herein for flow

continuity. For a subdomain Oa, there are ka-adjacent subdomains with ka-pieces of
boundaries (ka � N � 1). Consider a boundary of any two adjacent subdomains,

formed by the intersection of the two closed subdomains (i.e., @Oij ¼ �Oi \ �Oj,

i; j 2 I; j 6¼ i), as shown in Fig. 2.2.

Definition 2.5. The boundary in n-dimensional phase space is defined as

Sij � @Oij ¼ �Oi \ �Oj

¼ xj’ijðx; t; lÞ ¼ 0; ’ij is C
r - continuous (r � 1Þ

n o
� Rn�1:

(2.4)

Definition 2.6. The two subdomains Oi and Oj are disjoint if the boundary @Oij is

an empty set (i.e., @Oij ¼ [).

From the definition, @Oij ¼ @Oji. The flow on the boundary @Oij can be deter-

mined by

_xð0Þ ¼ Fð0Þðxð0Þ; tÞ with ’ijðxð0Þ; t; lÞ ¼ 0; (2.5)

where xð0Þ ¼ ðxð0Þ1 ; x
ð0Þ
2 ; . . . ; x

ð0Þ
n ÞT. With specific initial conditions, one always

obtains different flows on ’ijðxð0Þ; t; lÞ ¼ ’ijðxð0Þ0 ; t0; lÞ ¼ 0:

Fig. 2.2 Subdomains Oa and

Ob, the corresponding

boundary @Oab
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Definition 2.7. If the intersection of three or more subdomains,

Ga1a2...ak � \aka¼a1 �Oa � Rr ðr ¼ 0; 1; . . . ; n� 2Þ; (2.6)

where ak 2 I and k � 3 is nonempty, the subdomain intersection is termed the

singular set.
For r ¼ 0, the singular sets are singular points, which are also termed the corner

points or vertex. In other words, any corner point is the intersection of n-linearly
independent, ðn� 1Þ-dimensional boundary surfaces in an n-dimensional state

space. For r ¼ 1, the singular sets will be curves, which are termed the one-

dimensional singular edges to the ðn� 1Þ-dimensional boundary. Similarly, any

one-dimensional singular edge is the intersection of ðn� 1Þ-linearly independent,

ðn� 1Þ-dimensional boundary surfaces in an n-dimensional state space. For

r 2 f2; 3; . . . ; n� 2g, the singular sets are the r-dimensional singular surfaces to

the ðn� 1Þ-dimensional discontinuous boundary. In Fig. 2.3, the singular set for

three closed domains f�Oi; �Oj; �Okg (i; j; k 2 I) is sketched. The circular symbols

represent intersection sets. The largest solid circular symbol stands for the singular

set Gijk. The corresponding discontinuous boundaries relative to the singular set are

labeled by @Oij, @Ojk, and @Oik: The singular set possesses the hyperbolic or

parabolic behavior depending on the properties of the separation boundary, which

can be referred to Luo (2005, 2006, 2011). The flow on the singular sets can be

similarly defined as in (2.5), by a dynamical system with the corresponding

boundary constraints. The detailed discussion is given later.

Definition 2.8. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. Suppose
xðiÞðtm�Þ ¼ xm ¼ xðjÞðtmþÞ, then a resultant flow of two flows xðaÞðtÞ (a ¼ i; j) is
called as a semipassable flow from domain Oi to Oj at point ðxm; tmÞ to boundary

Ωi

Ωk

Ωj∂Ωij

∂Ωjk

∂Ωik

Γijk

xn2

xn1

Fig. 2.3 A singular set for

the intersection of three

domains f�Oi; �Oj; �Okg
(i; j; k 2 I). The circular
symbols represent intersection
sets. The large solid circular
symbol stands for the singular
set Gijk . The corresponding

discontinuous boundaries are

marked by @Oij, @Ojk, and @Oik
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@Oij if the two flows xðaÞðtÞ (a ¼ i; j) in the neighborhood of @Oij possess the

following properties

either
nT@Oij

� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0

nT@Oij
� ½xðjÞðtmþeÞ � xðjÞðtmþÞ	> 0

9=; for n@Oij
! Oj

or
nT@Oij

� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	<0

nT@Oij
� ½xðjÞðtmþeÞ � xðjÞðtmþÞ	<0

9=; for n@Oij
! Oi;

(2.7)

where the normal vector of the boundary @Oij is

n@Oij
¼ r’ijjx¼xm ¼

@’ij

@x1
;
@’ij

@x2
; . . . ;

@’ij

@xn

� �T

jx¼xm : (2.8)

The notations tm
e ¼ tm 
 e and tm
 ¼ tm 
 0 are used. n@Oij
! Oj represents

that the normal vector of boundary at ðxm; tmÞ points to domain Oj. In addition, a

boundary @Oij to semipassable flows xðaÞðtÞ (a ¼ i; j) from domain Oi to domain Oj

is called the semipassable boundary (expressed by @O
�!

ij). For a geometrical expla-

nation of the semipassable flow to the boundary, consider a flow xðiÞðtÞ of discon-
tinuous dynamical system in (2.1) passing through boundary @Oij from domain Oi

to domain Oj. At time tm, the flow xðiÞðtÞ arrives to the boundary @Oij, and there is a

small neighborhood ðtm�e; tmþeÞ of time tm, which is arbitrarily selected. Before

the flow xðiÞðtÞ reaches to the boundary @Oij, a point xðiÞðtm�eÞ lies in domain Oi.

As e! 0, the time increments Dt � e! 0. A point xm on the boundary is the limit

of xðiÞðtm�eÞ as e! 0, and the point xm must satisfy the boundary constraint

of ’ijðx; tÞ ¼ 0. After the flow xðiÞðtÞ passes through the boundary at point xm, the

flow xðiÞðtÞ will switch to the flow xðjÞðtÞ on the side of domain Oj. x
ðjÞðtmþeÞ is a

point in the neighborhood of boundary, and a point xm on the boundary is also the

limit of xðjÞðtmþeÞ as e! 0. The coming and leaving flow vectors are xðiÞðtmÞ �
xðiÞðtm�eÞ and xðjÞðtmþeÞ � xðjÞðtmÞ, respectively. Whether the flow passes through

the boundary or not is dependent on the properties of both coming and leaving

flows in the neighborhood of boundary. The processes of a flow passing through

the boundary of @Oij from domain Oi to Oj are shown in Fig. 2.4 for n@Oij
! Oj

and n@Oij
! Oi, respectively. Two vectors n@Oij

and t@Oij
are the normal and

tangential vectors of the boundary @Oij, determined by ’ijðx; tÞ ¼ 0. When a

coming flow xðiÞðtÞ in domain Oi arrives to the semipassable boundary @O
�!

ij, the

flow of xðiÞðtÞ can also be tangential to or bouncing on (or switching back from) the

semipassable boundary @Oij. However, once a leaving flow xðjÞðtÞ in domain Oj

leaves the semipassable boundary @O
�!

ij, the leaving flow cannot pass through the

boundary @O
�!

ij, but the leaving flow xðjÞðtÞ can tangentially leave the semipassable

boundary. Thus, tangential (or grazing) flows to the boundary are very important,

which is discussed later in this chapter. In the following discussion, no any control

and transport laws will be inserted on the boundary. The direction of t@Oij
� n@Oij

is

the positive direction by the right-hand rule.
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Theorem 2.1. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For
an arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	.
Suppose xðiÞðtm�Þ ¼ xm ¼ xðjÞðtmþÞ, then two flows xðiÞðtÞ and xðjÞðtÞ are Cri

½tm�e;tmÞ-
and C

rj
ðtm;tmþe	-continuous (ra � 2, a ¼ i; j) for time t, respectively. jjdraxðaÞ=dtra jj<1

(a ¼ i; j). The resultant flow of xðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ to the boundary
@Oij is semipassable from domain Oi to Oj if and only if

either
nT@Oij

� _xðiÞðtm�Þ> 0 and

nT@Oij
� _xðjÞðtmþÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� _xðiÞðtm�Þ< 0 and

nT@Oij
� _xðjÞðtmþÞ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.9)

Proof. For a point xm 2 @Oij with n@Oij
! Oj, suppose xðiÞðtm�Þ ¼ xm and

xm ¼ xðjÞðtmþÞ, then the two flows xðiÞðtÞ and xðjÞðtÞ are Cr
½tm�e;tmÞ- and Cr

ðtm;tmþe	-
continuous (r � 2) for time t, respectively. jj ::xðaÞðtÞjj<1 (a 2 fi; jg) for

0<e<<1. Consider a 2 ½tm�e; tm�Þ and b 2 ðtm�; tmþe	. Application of the Taylor

Fig. 2.4 A flow passing

through the semipassable

boundary @O
�!

ij from domain

Oi to Oj: (a) n@Oij
! Oj and

(b) n@Oij
! Oi. x

ðiÞðtm�eÞ,
xðjÞðtmþeÞ, and xm are three

points in Oi and Oj and on the

boundary @Oij, respectively.

Two vectors n@Oij
and t@Oij

are

the normal and tangential

vectors of @Oij
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series expansion of xðaÞðtm
eÞ with tm
e ¼ tm 
 e (a 2 fi; jg) to xðaÞðaÞ and xðaÞðbÞ
gives

xðiÞðtm�eÞ � xðiÞðtm� � eÞ ¼ xðiÞðaÞ þ _xðiÞðaÞðtm� � e� aÞ þ oðtm� � e� aÞ;
xðjÞðtmþeÞ � xðjÞðtmþ þ eÞ ¼ xðjÞðbÞ þ _xðjÞðtmþ þ e� bÞ þ oðtmþ þ e� bÞ:

Let a! tm� and b! tmþ, the limits of the foregoing equations lead to

xðiÞðtm�eÞ � xðiÞðtm� � eÞ ¼ xðiÞðtm�Þ � _xðiÞðtm�Þeþ oðeÞ;
xðjÞðtmþeÞ � xðjÞðtmþ þ eÞ ¼ xðjÞðtmþÞ þ _xðjÞðtmþÞeþ oðeÞ:

)

Because of 0<e<<1, the e2 and higher-order terms of the foregoing equations

can be ignored. Therefore, with the first equation of (2.9), the following relations

exist,

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	 ¼ nT@Oij

� _xðiÞðtm�Þe> 0;

nT@Oij
� ½xðjÞðtmþeÞ � xðjÞðtmþÞ	 ¼ nT@Oij

� _xðjÞðtmþÞe> 0:

9=;
From Definition 2.8, the flow at point ðxm; tmÞ to boundary @Oij with n@Oij

! Oj is

semipassable from domain Oi to Oj under the condition in the first inequality

equations of (2.9). In a similar manner, the flow at point ðxm; tmÞ to boundary

@Oij with n@Oij
! Oi is semipassable under conditions in the second inequality

equation in (2.9), and vice versa. ■

Theorem 2.2. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals ½tm�e; tmÞ and ðtm; tmþe	. Suppose
xðiÞðtm�Þ ¼ xm ¼ xðjÞðtmþÞ, then two vector fields of FðiÞðx; t; piÞ and FðjÞðx; t;pjÞ
are Cri

½tm�e;tmÞ- and C
rj
ðtm;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respectively.

jjdraþ1xðaÞ=dtraþ1jj<1 (a ¼ i; j). The resultant flow of two flows xðiÞðtÞ and xðjÞðtÞ
at point ðxm; tmÞ to boundary @Oij is semipassable from domain Oi to Oj if and
only if

either
nT@Oij

� FðiÞðtm�Þ> 0 and

nT@Oij
� FðjÞðtmþÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�Þ< 0 and

nT@Oij
� FðjÞðtmþÞ< 0

9=; for n@Oij
! Oi;

(2.10)

where FðiÞðtm�Þ � FðiÞðxm; tm�; piÞ and FðjÞðtmþÞ � FðjÞðxm; tmþ; pjÞ.
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Proof. For a point xm 2 @Oij with n@Oij
! Oj, x

ðiÞðtm�Þ ¼ xm ¼ xðjÞðtmþÞ: With

(2.1), the first inequality equation of (2.10) gives

nT@Oij
� _xðiÞðtm�Þ ¼ nT@Oij

� FðiÞðtm�Þ> 0 and

nT@Oij
� _xðjÞðtmþÞ ¼ nT@Oij

� FðjÞðtmþÞ> 0:

9=;
FromTheorem 2.1 andDefinition 2.8, the resultant flow at point ðxm; tmÞ to boundary
@Oij with n@Oij

! Oj is semipassable. In a similar fashion, the resultant flow of two

flows xðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ to boundary @Oij with n@Oij
! Oi is

semipassable under conditions in the second inequality equations of (2.10). ■

Definition 2.9. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. Suppose xðaÞðtm�Þ ¼ xm,

then two flows xðiÞðtÞ and xðjÞðtÞ are called nonpassable flows of the first kind at

point ðxm; tmÞ to boundary @Oij (or termed sink flows at point ðxm; tmÞ to boundary

@Oij) if flows x
ðiÞðtÞ and xðjÞðtÞ in vicinity of @Oij possess the following properties

either
nT@Oij

� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0 and

nT@Oij
� ½xðjÞðtm�Þ � xðjÞðtm�eÞ	< 0

9=; for n@Oij
! Oj

or
nT@Oij

� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0 and

nT@Oij
� ½xðjÞðtm�Þ � xðjÞðtm�eÞ	> 0

9=; for n@Oij
! Oi:

(2.11)

Definition 2.10. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ðtm; tmþe	. Suppose xðaÞðtmþÞ ¼ xm,

then two flows xðiÞðtÞ and xðjÞðtÞ are called nonpassable flows of the second kind at

point ðxm; tmÞ to boundary @Oij (or termed source flows at point ðxm; tmÞ to boundary
@Oij) if the flows xðiÞðtÞ and xðjÞðtÞ in neighborhood of @Oij possess the following

properties

either
nT@Oij

� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	< 0 and

nT@Oij
� ½xðjÞðtmþeÞ � xðjÞðtmþÞ	> 0

9=; for n@Oij
! Oj

or
nT@Oij

� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	> 0 and

nT@Oij
� ½xðjÞðtmþeÞ � xðjÞðtmþÞ	< 0

9=; for n@Oij
! Oi:

(2.12)

The boundary @Oij for two sink flows x
ðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ is called

a nonpassable boundary of the first kind, donated by f@Oij (or termed a sink
boundary between Oi and Oj). The boundary @Oij for two source flows xðiÞðtÞ and
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xðjÞðtÞ at point ðxm; tmÞ is called a nonpassable boundary of the second kind, denoted
by c@Oij (or termed a source boundary between Oi and Oj). The sink and source

flows to the boundary @Oij between Oi and Oj are illustrated in Fig. 2.5a, b. The

flows in the neighborhood of boundary @Oij are depicted. When a flow xðaÞðtÞ
(a ¼ i; j) in domain Oa arrives to the nonpassable boundary of the first kind f@Oij,

the flow can be either tangential to or sliding on the nonpassable boundary f@Oij.

For the nonpassable boundary of the second kind c@Oij, a flow xðaÞðtÞ (a ¼ i; j)
in the domain Oa can be either tangential to or bouncing on the nonpassable

boundary c@Oij. In this chapter, only the flows tangential to the nonpassable bound-

ary are discussed.

Theorem 2.3. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. Suppose xðaÞðtm�Þ ¼ xm,
then the flow xðaÞðtÞ is Cra

½tm�e;tmÞ-continuous for time t and jjdraxðaÞ=dtra jj<1
(ra � 2). Two flows xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ to boundary @Oij are
nonpassable flows of the first kind (or sink flows) if and only if

Fig. 2.5 Nonpassable flow to

the boundary @Oij with

n@Oij
! Oj: (a) sink flow tof@Oij (or the nonpassable flow

of the first kind), (b) source

flow to c@Oij (or the

nonpassable flow of the

second kind).

xm � ðxn1 ðtmÞ; xn2 ðtmÞÞT,
xðaÞðtm
eÞ � ðxðaÞn1

ðtm
eÞ;
xðaÞn2
ðtm
eÞÞT, and a ¼ fi; jg

where tm
e ¼ tm 
 e for
an arbitrary small e>0
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either
nT@Oij

� _xðiÞðtm�Þ> 0

nT@Oij
� _xð jÞðtm�Þ<0

9=; for n@Oij
! Oj

or
nT@Oij

� _xðiÞðtm�Þ<0

nT@Oij
� _xð jÞðtm�Þ> 0

9=; for n@Oij
! Oi:

(2.13)

Proof. Following the proof procedure of Theorem 2.1, Theorem 2.3 can be proved.■

Theorem 2.4. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ½tm�e; tmÞ. xðaÞðtm�Þ ¼ xm. The vector
field FðaÞðx; t; paÞ is Cra

½tm�e;tmÞ-continuous and jjdraþ1xðaÞ=dtraþ1jj<1 (ra � 1). Two
flows xðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ to boundary @Oij are nonpassable flows of
the first kind (or sink flows) if and only if

either
nT@Oij

� FðiÞðtm�Þ> 0 and

nT@Oij
� Fð jÞðtm�Þ<0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�Þ<0 and

nT@Oij
� Fð jÞðtm�Þ> 0

9=; for n@Oij
! Oi;

(2.14)

where F að Þðtm�Þ4¼ F að Þðx; tm�; paÞ (a 2 fi; jg).
Proof. Following the proof procedure of Theorem 2.2, Theorem 2.4 can be easily

proved. ■

Theorem 2.5. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ðtm; tmþe	. Suppose xðaÞðtmþÞ ¼ xm,
then xðaÞðtÞ is Cra

tm;tmþeð 	-continuous for time t with jjdraxðaÞ=dtra jj<1 (ra � 2). Two
flows xðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ to boundary @Oij are nonpassable flows of
the second kind (or source flows) if and only if

either
nT@Oij

� _xðiÞðtmþÞ< 0

nT@Oij
� _xð jÞðtmþÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� _xðiÞðtmþÞ> 0

nT@Oij
� _xð jÞðtmþÞ< 0

9=; for n@Oij
! Oi:

(2.15)

Proof. Following the procedure of the proof of Theorem 2.1, Theorem 2.5 can be

proved. ■
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Theorem 2.6. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there is a time interval ðtm; tmþe	. Suppose xðaÞðtmþÞ ¼ xm,
then the vector field FðaÞðx; t; paÞ is Cra

tm�e;tm½ Þ-continuous and jjdraþ1xðaÞ=dtraþ1jj<1
(ra � 1). Two flows xðiÞðtÞ and xðjÞðtÞ at point ðxm; tmÞ to boundary @Oij are
nonpassable flows of the second kind (or source flows) if and only if

either
nT@Oij

� FðiÞðtmþÞ< 0

nT@Oij
� Fð jÞðtmþÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�Þ> 0

nT@Oij
� Fð jÞðtmþÞ< 0

9=; for n@Oij
! Oi;

(2.16)

where FðaÞðtmþÞ4¼ F að Þðx; tmþ; paÞ (a ¼ i; j).

Proof. Following the proof procedure of Theorem 2.2, Theorem 2.6 can be easily

proved. ■

2.4 Tangential Flows to Boundary

In this section, the flow local singularity and tangential flow are discussed. The

corresponding necessary and sufficient conditions are presented.

Definition 2.11. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg), then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and/or C
ra
ðtm;tmþe	-

continuous (ra � 2). A point ðxm; tmÞ on boundary @Oij is critical to flow xðaÞðtÞ if

nT@Oij
� _xðaÞðtm�Þ ¼ 0 and /or nT@Oij

� _xðaÞðtmþÞ ¼ 0: (2.17)

Theorem 2.7. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at tm between two adjacent domains Oa (a ¼ i; j). For an arbi-
trarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg), then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and/or C
ra
ðtm;tmþe	-

continuous (ra � 2). The vector field FðaÞðx; t; paÞ is Cra�1
½tm�e;tmÞ- and Cra�1

tm;tmþeð 	-continu-
ous for time t, respectively. jjdraþ1xðaÞ dtraþ1

� jj<1. A point ðxm; tmÞ on the boundary
@Oij is critical to flow xðaÞðtÞ if and only if

nT@Oij
� FðaÞðtm�Þ ¼ 0 and/or nT@Oij

� FðaÞðtmþÞ ¼ 0; (2.18)

where FðaÞðtm
Þ ¼ FðaÞðx; tm
; paÞ.
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Proof. Using (2.1) and Definition 2.11, Theorem 2.7 can be proved. ■

The tangential vector of the coming and leaving flows xðaÞðtm
Þ to the boundary
@Oij in domainOa (a 2 fi; jg) is normal to the normal vector of the boundary, so the

coming flow is tangential to the boundary.

Definition 2.12. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg), then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and Cra
ðtm;tmþe	-

continuous (ra � 1) for time t. The flow xðaÞðtÞ in Oa is tangential to boundary @Oij

at point ðxm; tmÞ if the following conditions hold.

nT@Oij
� _xðaÞðtm
Þ ¼ 0: (2.19)

either
nT@Oij

� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	> 0

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	< 0

)
for n@Oij

! Ob; (2.20)

or
nT@Oij

� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	< 0

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	> 0

)
for n@Oij

! Oa; (2.21)

where a; b 2 fi; jg but b 6¼ a.
The normal vector n@Oij

is normal to the tangential plane. Without any switching

laws, equation (2.19) gives

_xðaÞðtm�Þ ¼ _xðaÞðtmþÞ but _xðaÞðtm
Þ 6¼ _xð0ÞðtmÞ: (2.22)

The above equation implies that the flow xðaÞ on the boundary @Oij is at least

C1-continuous. To demonstrate the above definition, consider a flow in domain Oi

tangential to the boundary @Oij with n@Oij
! Oj, as shown in Fig. 2.6. The gray-

filled symbols represent two points (x
ðiÞ
m
e ¼ xðiÞðtm 
 eÞ) on the flow before and

after the tangency. The tangential point xm on the boundary @Oij is depicted by a

large circular symbol. This tangential flow is also termed a grazing flow.

Theorem 2.8. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg), then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and Cra
ðtm;tmþe	-

continuous (ra � 2) for time t. jjdraxðaÞ=dtra jj<1. The flow xðaÞðtÞ in Oa is tangen-
tial to boundary @Oij at point ðxm; tmÞ if and only if

nT@Oij
� _xðaÞðtm
Þ ¼ 0; (2.23)
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either
nT@Oij

� _xðaÞðtm�eÞ> 0

nT@Oij
� _xðaÞðtmþeÞ< 0

9=; for n@Oij
! Ob

or
nT@Oij

� _xðaÞðtm�eÞ< 0

nT@Oij
� _xðaÞðtmþeÞ> 0

9=; for n@Oij
! Oa;

(2.24)

where a; b 2 fi; jg but b 6¼ a.

Proof. Equation (2.23) is identical to the first condition in (2.18). Consider

xðaÞðtm
Þ � xðaÞðtm
 
 e� eÞ ¼ xðaÞðtm
 
 eÞ � e _xðaÞðtm
 
 eÞ þ oðeÞ;
¼ xðaÞðtm
eÞ � e _xðaÞðtm
eÞ þ oðeÞ:

For 0< e<<1, the higher-order terms in the above equation can be ignored.

Therefore,

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ enT@Oij

� _xðaÞðtm�eÞ;
nT@Oij

� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ enT@Oij
� _xðaÞðtmþeÞ:

9=;
From (2.24), the first case is

nT@Oij
� _xðaÞðtm�eÞ> 0 and nT@Oij

� _xðaÞðtmþeÞ< 0

from which (2.20) holds for @Oij with n@Oij
! Ob (b 6¼ a). However, the second

case is

nT@Oij
� _xðaÞðtm�eÞ< 0 and nT@Oij

� _xðaÞðtmþeÞ> 0;

Fig. 2.6 A flow in domain Oi

tangential to boundary @Oij

with n@Oij
! Oj. The gray-

filled symbols represent two
points (x

ðiÞ
m�e and x

ðiÞ
mþe) on the

flow before and after the

tangency. The tangential

point xm on the boundary @Oij

is depicted by a large circular
symbol
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from which (2.21) holds for @Oij with n@Oij
! Oa. Therefore, from Definition 2.12,

the flow xðaÞðtÞ for time t 2 ½tm�e; tmþe	 in Oa is tangential to the boundary @Oij. ■

Notice that the aforementioned theorem can be used for surface boundary.

Theorem 2.9. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at tm between two adjacent domains Oa (a ¼ i; j). For an
arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	).
Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg), then a vector field FðaÞðx; t; paÞ is Cra

½tm�e;tmÞ- and
Cra
ðtm;tmþe	-continuous (ra � 1) for time t. jjdraþ1xðaÞ dtraþ1

� jj<1. The flow xðaÞðtÞ in
Oa is tangential to boundary @Oij at point ðxm; tmÞ if and only if

nT@Oij
� FðaÞðtm
Þ ¼ 0; (2.25)

either
nT@Oij

� FðaÞðtm�eÞ> 0

nT@Oij
� FðaÞðtmþeÞ< 0

9=; for n@Oij
! Ob

or
nT@Oij

� FðaÞðtm�eÞ< 0

nT@Oij
� FðaÞðtmþeÞ> 0

9=; for n@Oij
! Oa;

(2.26)

where a; b 2 fi; jg but b 6¼ a.

Proof. Using (2.1) and Theorem 2.8, Theorem 2.9 can be proved. ■

For simplicity, consider ðn� 1Þ-dimensional planes in state space as the separa-
tion boundary in discontinuous dynamical systems, and the corresponding tangency

to the ðn� 1Þ-dimensional boundary planes is discussed as follows. Because the

normal vector n@Oij
for the ðn� 1Þ-dimensional plane boundaries does not change

with location, the corresponding conditions for a flow to tangential to such plane

boundaries can help one understand the concept of a flow tangential to the general

separation boundary in discontinuous dynamical systems. The ðn� 1Þ-dimensional

surfaces as general separation boundaries are discussed in the next chapter.

Theorem 2.10. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at tm on the ðn� 1Þ-dimensional plane boundary @Oij between
two adjacent domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two
time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg),
then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and Cra
ðtm;tmþe	-continuous (ra � 3) for time t and

jjdraxðaÞ dtra= jj<1. The flow xðaÞðtÞ in Oa is tangential to the ðn� 1Þ-dimensional
plane boundary @Oij at point ðxm; tmÞ if and only if

nT@Oij
� _xðaÞðtm
Þ ¼ 0; (2.27)

either nT@Oij
� ::xðaÞðtm
Þ< 0 for n@Oij

! Ob

or nT@Oij
� ::xðaÞðtm
Þ> 0 for n@Oij

! Oa;

9=; (2.28)

where a; b 2 fi; jg but b 6¼ a.
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Proof. Equation (2.27) is identical to (2.19), thus the first condition in (2.19) is

satisfied. From Definition 2.12, consider the boundary @Oij with n@Oij
! Ob

(b 6¼ a) first. Suppose xðaÞðtm
Þ ¼ xm (a 2 fi; jg) and a flow xðaÞðtÞ is Cra
½tm�e;tmÞ-

and Cra
ðtm;tmþe	-continuous (ra � 3) for time t, then for a 2 ½tm�e; tmÞ and

a 2 ðtm; tmþe	, the Taylor series expansion of xðaÞðtm
eÞ to xðaÞðaÞ up to the third-

order term is given as follows

xðaÞðtm
eÞ � xðaÞðtm
 � eÞ ¼ xðaÞðaÞ þ _xðaÞðaÞðtm
 
 e� aÞ
þ ::

xðaÞðaÞðtm
 
 e� aÞ2 þ oððtm
 
 e� aÞ2Þ:

As a! tm
, the limit of the foregoing equation leads to

xðaÞðtm
eÞ � xðaÞðtm 
 eÞ ¼ xðaÞðtm
Þ 
 _xðaÞðtm
Þeþ ::
xðaÞðtm
Þe2 þ oðe2Þ:

The ignorance of the e3 and higher-order terms, deformation of the above equation,

and left multiplication of n@Oij
gives

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ nT@Oij

� _xðaÞðtm�Þe� nT@Oij
� ::xðaÞðtm�Þe2;

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ nT@Oij

� _xðaÞðtmþÞeþ nT@Oij
� ::xðaÞðtmþÞe2:

With (2.27), one can obtain

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ �nT@Oij

� ::xðaÞðtm�Þe2;

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ nT@Oij

� ::xðaÞðtmþÞe2:

For the plane boundary @Oij with n@Oij
! Ob, using the first inequality equation of

(2.28), the foregoing two equations lead to

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ �nT@Oij

� ::xðaÞðtm�Þe2 > 0;

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ nT@Oij

� ::xðaÞðtmþÞe2 < 0:

From Definition 2.12, the first inequality equation of (2.28) is obtained. Similarly,

using the second inequality of (2.28), one can obtain

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ �nT@Oij

� ::xðaÞðtm�Þe2 < 0;

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ nT@Oij

� ::xðaÞðtmþÞe2 > 0:
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for the boundary @Oij with n@Oij
! Oa. Therefore, under (2.28), the flow xðaÞðtÞ in

domain Oa is tangential to the plane boundary @Oij, vice versa. ■

Theorem 2.11. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm on the ðn� 1Þ-dimensional plane boundary @Oij

between two adjacent domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there
are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). Suppose xðaÞðtm
Þ ¼ xm

(a 2 fi; jg), then the vector field FðaÞðx; t; maÞ is Cra
½tm�e;tmÞ- and Cra

ðtm;tmþe	-continuous
(ra � 2) for time t and jjdraþ1xðaÞ=dtraþ1jj<1. The flow xðaÞðtÞ in Oa is tangential
to the plane boundary @Oij at point ðxm; tmÞ if and only if

nT@Oij
� FðaÞðtm
Þ ¼ 0; (2.29)

either nT@Oij
� DFðaÞðtm
Þ< 0 for n@Oij

! Ob

or nT@Oij
� DFðaÞðtm
Þ> 0 for n@Oij

! Oa;

)
(2.30)

where a; b 2 fi; jg but a 6¼ b, and the total differentiation (p; q 2 f1; 2; . . . ; ng)

DFðaÞðtm
Þ ¼ @F
ðaÞ
p ðx; t; paÞ
@xq

" #
n�n

FðaÞðtm
Þ þ @FðaÞðx; t; paÞ
@t

( )
jðxm;tm
Þ: (2.31)

Proof. Using (2.1) and (2.29), the first condition in (2.19) is satisfied. The deriva-

tive of (2.1) with respect to time t gives

::
x � DFðaÞðx; t; paÞ ¼

@F
ðaÞ
p ðx; t; paÞ
@xq

" #
n�n

_xþ @

@t
FðaÞðx; t; paÞ:

For t ¼ tm
 and x ¼ xm, the left multiplication of n@Oij
to the above equation

gives

nT@Oij
� ::xðtm
Þ ¼ nT@Oij

� @F
ðaÞ
p ðx; t; paÞ
@xq

" #
n�n

FðaÞðtm
Þ þ @FðaÞðx; t; paÞ
@t

( )
jðxm;tm
Þ;

where FðaÞðxm; tm
; paÞ 4¼ FðaÞðtm
Þ. Using (2.30), the above equation leads to

(2.28). From Theorem 2.10, the flow xðaÞðtÞ in Oa is tangential to the plane

boundary @Oij at point ðxm; tmÞ, vice versa. ■

Definition 2.13. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ � xm 2 @Oij at time tm on the ðn� 1Þ-dimensional plane boundary @Oij

between two adjacent domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there

are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). Suppose xðaÞðtm
Þ ¼ xm
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(a 2 fi; jg), then a flow xðaÞðtÞ is Cra
½tm�e;tmÞ- and Cra

ðtm;tmþe	-continuous (ra � 2la) for
time t. The flow xðaÞðtÞ in Oa is tangential to the plane boundary @Oij at point

ðxm; tmÞ with the ð2la � 1Þth-order if

nT@Oij
� d

kaxðaÞðtÞ
dtka

jt¼tm
 ¼ 0 for ka ¼ 1; 2; . . . ; 2la � 1; (2.32)

nT@Oij
� d

2laxðaÞðtÞ
dt2la

jt¼tm
 6¼ 0; (2.33)

either
nT@Oij

� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	> 0

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	< 0

)
for n@Oij

! Ob (2.34)

or
nT@Oij

� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	< 0

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	> 0

)
for n@Oij

! Oa; (2.35)

where a; b 2 fi; jg but b 6¼ a:

Theorem 2.12. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm on the ðn� 1Þ-dimensional plane boundary @Oij

between two adjacent domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there
are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). Suppose xðaÞðtm
Þ ¼ xm
(a 2 fi; jg), then a flow xðaÞðtÞ is Cra

½tm�e;tmÞ- and Cra
ðtm;tmþe	-continuous (ra � 2la þ 1)

for time t. jjdraxðaÞ=dtra jj<1. The flow xðaÞðtÞ in Oa is tangential to the plane
boundary @Oij at point ðxm; tmÞ with the ð2la � 1Þth-order if and only if

nT@Oij
� d

kaxðaÞðtÞ
dtka

jt¼tm
 ¼ 0 for ðka ¼ 1; 2; . . . 2la � 1Þ; (2.36)

nT@Oij
� d

2laxðaÞðtÞ
dt2la

jt¼tm
 6¼ 0; (2.37)

either nT@Oij
� d

2laxðaÞðtÞ
dt2la

jt¼tm
 < 0 for n@Oij
! Ob

or nT@Oij
� d

2laxðaÞðtÞ
dt2la

jt¼tm
 > 0 for n@Oij
! Oa;

9>>=>>; (2.38)

where b 2 fi; jg but b 6¼ a.

Proof. For (2.36) and (2.37), the first two conditions in Definition 2.13 are

satisfied. Consider the boundary @Oij with n@Oij
! Ob (b 6¼ a) first. Choose
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a 2 ½tm�e; tmÞ or a 2 ðtm; tm�e	, and application of the Taylor series expansion of

xðaÞðtm
eÞ to xðaÞðaÞ and up to the ð2laÞth-order term gives

xðaÞðtm
eÞ � xðaÞðtm
 
 eÞ ¼ xðaÞðaÞ þ
X2la�1

ka¼1
dkaxðaÞðtÞ

dtka
jt¼aðtm
 
 e� aÞka

þ d2laxðaÞðtÞ
dt2la

jt¼aðtm
 
 e� aÞ2la þ oððtm
 
 e� aÞ2laÞ:

As a! tm
, the foregoing equation becomes

xðaÞðtm
eÞ � xðaÞðtm
 
 eÞ ¼ xðaÞðtm
Þ þ
X2la�1

ka¼1
dkaxðaÞðtÞ

dtka
jt¼tm
ð
eÞka

þ d2laxðaÞðtÞ
dt2la

jt¼tm
e2la þ oð
e2laÞ:

With (2.36) and (2.37), the deformation of the above equation and left multiplica-

tion of n@Oij
produces

nT@Oij
� ½xðaÞðtm�Þ � xðaÞðtm�eÞ	 ¼ �nT@Oij

� d
2laxðaÞðtÞ
dt2la

jt¼tm�e2la ;

nT@Oij
� ½xðaÞðtmþeÞ � xðaÞðtmþÞ	 ¼ nT@Oij

� d
2laxðaÞðtÞ
dt2la

jt¼tmþe2la :

Under (2.38), the condition in (2.34) is satisfied, and vice versa. Therefore, the flow

xðaÞðtÞ in domain Oa is tangential to @Oij with the ð2la � 1Þth-order for n@Oij
! Ob.

Similarly, under the condition in (2.38), the flow xðaÞðtÞ in domain Oa is tangential

to boundary @Oij at point ðxm; tmÞ with the ð2la � 1Þth-order for n@Oij
! Oa. Hence,

the theorem is proved. ■

Theorem 2.13. For a discontinuous dynamical system in (2.1), there is a point
xðtmÞ � xm 2 @Oij at time tm on the ðn� 1Þ-dimensional plane boundary @Oij

between two adjacent domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there
are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	). Suppose xðaÞðtm
Þ ¼ xm
(a 2 fi; jg), then the vector field FðaÞðx; t; paÞ is Cra

½tm�e;tmÞ- and Cra
ðtm;tmþe	-continuous

(ra � 2la) for time t. jjdraþ1xðaÞ=dtraþ1jj<1. The flow xðaÞðtÞ in Oa is tangential
to the plane boundary @Oij at point ðxm; tmÞ with the ð2la � 1Þth-order if and
only if

nT@Oij
� Dka�1FðaÞðtm
Þ ¼ 0 for ka ¼ 1; 2; . . . ; 2la � 1; (2.39)

nT@Oij
� D2la�1FðaÞðtm
Þ 6¼ 0; (2.40)
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either nT@Oij
� D2la�1FðaÞðtm
Þ< 0 for @Oij ! Ob

or nT@Oij
� D2la�1FðaÞðtm
Þ> 0 for @Oij ! Oa;

(2.41)

where the total differentiation

Dka�1FðaÞðtmÞ ¼ Dk�2 @F
ðaÞ
p ðx; t; paÞ
@xq

" #
n�n

_xþ @FðaÞðx; t; paÞ
@t

( )
jðxm;tmÞ; (2.42)

with p; q 2 f1; 2; . . . ; ng, ka 2 f2; 3; . . . 2lag, and b 2 fi; jg but a 6¼ b.

Proof. The ka-order derivative of (2.1) with respect to time gives

dkaxðaÞðtÞ
dtka

jðxm;tmÞ ¼
dka�1 _xðaÞðtÞ

dtka�1
jðxm;tmÞ ¼

dka�1FðaÞðx; t; paÞ
dtka�1

jðxm;tmÞ � Dka�1FðaÞðtmÞ

¼ Dk�2 @F
ðaÞ
p ðx; t; paÞ
@xq

" #
n�n

_xþ @FðaÞðx; t; paÞ
@t

( )
jðxm;tmÞ:

Using the foregoing equation to the conditions in (2.39)–(2.42), the flow xðaÞðtÞ in
Oa is tangential to the plane boundary @Oij at point ðxm; tmÞ with the ð2la � 1Þth
order from Theorem 2.12. Therefore, this theorem is proved. ■

2.5 Switching Bifurcations of Passable Flows

In this section, the switching bifurcation between the passable and nonpassable

flows to the boundary is discussed. In addition, the switching bifurcation between

the sink and source flows on the boundary is also discussed. The switching

bifurcations are defined first, and then the sufficient and necessary conditions for

such switching bifurcations are developed. The L-functions of flows are introduced
to develop criteria for the switching bifurcations from sufficient and necessary

conditions.

Definition 2.14. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The tangential bifurcation of the flow xð jÞðtÞ at point ðxm; tmÞ on the bound-

ary @O
�!

ij is termed the switching bifurcation of a flow from the semipassable flow to

34 2 Discontinuous System Theory



the nonpassable flow of the first kind (or called the sliding bifurcation from @O
�!

ij tof@Oij) if

nT@Oij
� _xð jÞðtm
Þ ¼ 0 and nT@Oij

� _xðiÞðtm�Þ 6¼ 0; (2.43)

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	< 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>=>>; for nOij
! Oj (2.44)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	> 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	

9>>=>>; for nOij
! Oi: (2.45)

Definition 2.15. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmþe	- and C

rj
½tmþe;tmÞ-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The tangential bifurcation of the flow xðiÞðtÞ at point ðxm; tmÞ on the boundary
@O
�!

ij is termed the switching bifurcation of a flow from the passable flow to the
nonpassable flow of the second kind (or called the source bifurcation from @O

�!
ij toc@Oij) if

nT@Oij
� _xðiÞðtm
Þ ¼ 0 and nT@Oij

� _xð jÞðtm
Þ 6¼ 0; (2.46)

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	< 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>=>>; for nOij
! Oj (2.47)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	> 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	< 0

9>>=>>; for nOij
! Oi: (2.48)

From the two definitions, the switching bifurcations of a flow from the semi-

passable boundary to the nonpassable boundaries of the first and second kinds are
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presented in Fig. 2.7. The source (or sink) bifurcation of a flow to the boundary

requires the tangential bifurcation of the coming (or leaving) flow to the boundary.

Similarly, the switching bifurcation of a passable flow from @O
�!

ij to @O
 �

ij is defined as

follows.

Definition 2.16. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	) and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 1) for time t. The tangential bifurcation

of the flow xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary @O
�!

ij is termed the
switching bifurcation of a flow from @O

�!
ij to @O
 �

ij if

nT@Oij
� _xðaÞðtm
Þ ¼ 0 for a ¼ i; j (2.49)

Fig. 2.7 (a) The sliding

bifurcation and (b) the source

bifurcation on the

semipassable boundary @O
�!

ij.

Four points xðaÞðtm
eÞ
(a 2 fi; jg) and xm lie in the

corresponding domains Oa

and on the boundary @Oij,

respectively
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and

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0 and

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	< 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	< 0 and

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>>>>=>>>>>;
for nOij

! Oj (2.50)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0 and

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	> 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	> 0 and

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	< 0

9>>>>>=>>>>>;
for nOij

! Oi: (2.51)

The above definitions give the three possible switching bifurcations of the

semipassable flow to the boundary @O
�!

ij. The corresponding theorems can be stated

for necessary and sufficient conditions. The proofs can be completed as in

Theorems 2.8–2.10.

Theorem 2.14. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � @O

�!
ij for time tm between two adjacent domains

Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The sliding bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij

to f@Oij occurs if and only if

nT@Oij
� Fð jÞðtm
Þ ¼ 0 and nT@Oij

� FðiÞðtm�Þ 6¼ 0; (2.52)

either nT@Oij
� FðiÞðtm�Þ> 0 for n@Oij

! Oj

or nT@Oij
� FðiÞðtm�Þ< 0 for n@Oij

! Oi;

)
(2.53)

either
nT@Oij

� Fð jÞðtm�eÞ< 0

nT@Oij
� Fð jÞðtmþeÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� Fð jÞðtm�eÞ> 0

nT@Oij
� Fð jÞðtmþeÞ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.54)

Proof. Following the proof procedures in Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.15. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm on the ðn� 1Þ-dimensional plane

2.5 Switching Bifurcations of Passable Flows 37



boundary @Oij between two adjacent domainsOa (a ¼ i; j). For an arbitrarily small

e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼
xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmÞ- and C
rj
½tm�e;tmþe	-continuous

(ra � 2, a ¼ i; j) for time t, respectively. The sliding bifurcation of the flow xðiÞðtÞ [
xð jÞðtÞ at point ðxm; tmÞ from @O

�!
ij to f@Oij occurs if and only if

nT@Oij
� Fð jÞðtm
Þ ¼ 0 and nT@Oij

� FðiÞðtm�Þ 6¼ 0; (2.55)

either
nT@Oij

� FðiÞðtm�Þ> 0

nT@Oij
� DFð jÞðtm
Þ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�Þ< 0

nT@Oij
� DFð jÞðtm
Þ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.56)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■

Theorem 2.16. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmþe	- and C

rj
½tmþe;tmÞ-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The source bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij

to c@Oij occurs if and only if

nT@Oij
� FðiÞðtm
Þ ¼ 0 and nT@Oij

� Fð jÞðtmþÞ 6¼ 0; (2.57)

either nT@Oij
� Fð jÞðtmþÞ> 0 for n@Oij

! Oj

or nT@Oij
� Fð jÞðtmþÞ< 0 for n@Oij

! Oi;

)
(2.58)

either
nT@Oij

� FðiÞðtm�eÞ> 0

nT@Oij
� FðiÞðtmþeÞ< 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�eÞ< 0

nT@Oij
� FðiÞðtmþeÞ> 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.59)

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.17. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm on the ðn� 1Þ-dimensional plane
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boundary @Oij between two adjacent domainsOa (a ¼ i; j). For an arbitrarily small
e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	),
and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmþe	- and

C
rj
½tmþe;tmÞ-continuous (ra � 2, a ¼ i; j) for time t, respectively. The source bifurcation

of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij to c@Oij occurs if and only if

nT@Oij
� FðiÞðtm
Þ ¼ 0 and nT@Oij

� Fð jÞðtmþÞ 6¼ 0; (2.60)

either
nT@Oij

� Fð jÞðtmþÞ> 0

nT@Oij
� DFðiÞðtm
Þ< 0

9=; for n@Oij
! Oj

or
nT@Oij

� Fð jÞðtmþÞ< 0

nT@Oij
� DFðiÞðtm
Þ> 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.61)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■

Theorem 2.18. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 1) for time t. The switching bifurcation
of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O

�!
ij to @O
 �

ij occurs if and only if

nT@Oij
� FðiÞðtm�Þ ¼ 0 and nT@Oij

� Fð jÞðtm
Þ ¼ 0; (2.62)

either
nT@Oij

� FðaÞðtm�eÞ> 0

nT@Oij
� FðaÞðtmþeÞ< 0

9=; for n@Oij
! Ob

or
nT@Oij

� FðaÞðtm�eÞ< 0

nT@Oij
� FðaÞðtmþeÞ> 0

9=; for n@Oij
! Oa;

9>>>>>>>=>>>>>>>;
(2.63)

with a; b ¼ i; j but b 6¼ a.

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.19. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm on the ðn� 1Þ-dimensional plane bound-

ary @Oij between two adjacent domains Oa (a ¼ i; j). For an arbitrarily small
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e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	), and

xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ (a ¼ i; j) are Cra
½tm�e;tmþe	-continuous

(ra � 1) for time t. The switching bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point
ðxm; tmÞ from @O

�!
ij to @O
 �

ij occurs if and only if

nT@Oij
� FðiÞðtm�Þ ¼ 0 and nT@Oij

� Fð jÞðtm
Þ ¼ 0; (2.64)

either
nT@Oij

� DFðiÞðtm�Þ< 0

nT@Oij
� DFð jÞðtm
Þ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� DFðiÞðtm�Þ> 0

nT@Oij
� DFð jÞðtm
Þ< 0

9=; for n@Oij
! Oi:

9>>>>>>>=>>>>>>>;
(2.65)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■

Definition 2.17. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @Oij for time tm and xðaÞðtm
Þ ¼ xm (a 2 fi; jg). The Lab-

functions of flows to the boundary @Oij is defined as

Labðxm; tm; pa; pbÞ ¼ ½nT@Oab
� FðaÞðtm�Þ	 � ½nT@Oab

� FðbÞðtm
Þ	; (2.66)

where b 2 fi; jg but b 6¼ a.

From the foregoing definition, the passable flows and nonpassable flows (includ-

ing sink and source flows) at the boundary @Oab, respectively, require the L-function

satisfies

Labðxm; tm; pa; pbÞ> 0 on @O
�!

ab;

Labðxm; tm; pa; pbÞ< 0 on @Oab ¼ f@Oab [ c@Oab:

9=; (2.67)

The switching bifurcation of a flow at point ðxm; tmÞ on the boundary @Oab requires

Labðxm; tm; pa; pbÞ ¼ 0: (2.68)

If the Lab-function of a flow is defined on one side of the neighborhood of the

boundary @Oab, one can obtain

Laaðxm
e; tm
e; paÞ ¼ ½nT@Oab
� FðaÞðtm�eÞ	 � ½nT@Oab

� FðaÞðtmþeÞ	: (2.69)
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If Laaðxm
e; tm
e; paÞ< 0 and nT@Oab
� FðaÞðtm�Þ ¼ 0, the flow xðaÞðtÞ at ðxm; tmÞ is

tangential to the boundary @Oab.

Consider the Lab-function varying with the parameter vector pij 2 fmaga2fi;jg for
the switching flow from @O

�!
ab to f@Oab. The Lab-functions of flows at different

locations of the boundary are distinct. The Lab-functions of flows between two

points xm1
and xm2

on the boundary @Oab are sketched in Fig. 2.8 for a parameter

vector pab between p
ð1Þ
ab and p

ð2Þ
ab . For a specific value p

ðcrÞ
ab between p

ð1Þ
ab and p

ð2Þ
ab ,

there is a point xm on the boundary for the bifurcation of a flow switching from

@O
�!

ij to f@Oij. Two points xk1 and xk2 are the onset and vanishing points of the sink

flow for system parameter vector pab on the boundary @Oab. The dashed and solid

curves represent Lab < 0 and Lab � 0, respectively. For parameter vector pab varying

from p
ð1Þ
ab ! p

ðcrÞ
ab , the Lab-function for a flow x 2 ðxm1

; xm2
Þ on the boundary is

positive (i.e., Lab > 0). Thus, the boundary @Oab is semipassable. For pab varying

from p
ðcrÞ
ab ! p

ð2Þ
ab , there are two ranges of Lab > 0 for x 2 ½xm1

; xk1Þ [ ðxk2 ; xm2
	 and

a range of Lab < 0 for x 2 ðxk1 ; xk2Þ. From (2.67), the flow at the portion of x 2

a

b

Fig. 2.8 (a) The Lab-
functions of flows and

(b) the vector fields between

two points xm1
and xm2

on the

boundary @Oab. The point xm
for p

ðcrÞ
ab is the critical point for

the switching bifurcation.

Two points xk1 and xk2
are the onset and vanishing

of the nonpassable flow for

parameter on the boundary

@O
�!

ab. The dashed and solid
curves represent Lab<0 and

Lab � 0, respectively
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ðxk1 ; xk2Þ on the boundary @Oab is nonpassable. The flow at the portion of boundary

with Lab > 0 is semipassable. For pab varying from p
ð1Þ
ab ! p

ð2Þ
ab , the point ðxm; pðcrÞab Þ

on the boundary @Oab is the onset point of the nonpassable flow. However, for pab
varying from p

ð2Þ
ab ! p

ð1Þ
ab , such a point is the vanishing point of the nonpassable flow.

For three critical points (xm; xk1 ; xk2 ), the Lab-function of flows is zero (i.e., Lab ¼ 0).

For Lab in Fig. 2.8a, the corresponding vector fields varying with the system

parameter on the boundary @Oab are illustrated in Fig. 2.8b. FðaÞðtm�Þ and

FðbÞðtm
Þ are the limits of the vector fields in domains Oa and Ob to the boundary

@Oab, respectively. This nonpassable flow on the boundary @Oab with Lab < 0 is a

sink flow. The critical points (xk1 ; xk2 ) have the same properties as point xm for p
ðcrÞ
ab .

Namely, LabðxmÞ ¼ 0, Laaðxm
eÞ< 0, or Lbbðxm
eÞ> 0.

If the two critical points have the different properties, the sliding flow between

two different critical points is discussed later. The Lab-functions of flows are

Labðxk1Þ ¼ 0 and Laaðxk1
eÞ< 0 for point xk1 but Labðxk2Þ ¼ 0 and Lbbðxk2
eÞ< 0

for point xk2 . From the Lab-function of flows, Theorems 2.14, 2.16, and 2.18 can be

restated.

Theorem 2.20. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe]), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tmþe;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 2, a ¼ i; j) for time t, respec-

tively. The sliding bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij

to f@Oij occurs if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.70)

nT@Oij
� FðiÞðtm�Þ 6¼ 0 and a ¼ i; j: (2.71)

Proof. Applying the Lij-functions of flows in Definition 2.17 to Theorem 2.14, the

foregoing theorem can be easily proved. ■

Theorem 2.21. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmþe	- and C

rj
½tmþe;tmÞ-continuous (ra � 2, a ¼ i; j) for time t, respec-

tively. The source bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij

to c@Oij occurs if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.72)

nT@Oij
: Fð jÞðtmþÞ 6¼ 0 and Liiðxm
e; tm
e; piÞ< 0: (2.73)
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Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.16, this

theorem can be easily proved. ■

Theorem 2.22. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 2) for time t. The switching bifurcation

of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from @O
�!

ij to @O
 �

ij occurs if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.74)

nT@Oij
� FðaÞðtm
Þ ¼ 0 and Laaðxm
e; tm
e; paÞ< 0 ða ¼ i; jÞ: (2.75)

Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.18, the

theorem can be easily proved. ■

Remark. For the ðn� 1Þ-dimensional plane boundary @Oij, the second conditions

in (2.71), (2.73), and (2.75) in Theorems 2.20–2.22 can be replaced by (2.56),

(2.61), and (2.65) in Theorems 2.15, 2.17, and 2.19, respectively.

For the passable flow at xðtmÞ � xm 2 ½xm1
; xm2
	 � @O

�!
ij, consider the time

interval ½tm1
; tm2
	 for ½xm1

; xm2
	 on the boundary, and the L-functions of flows (i.e., Lij)

for tm 2 ½tm1
; tm2
	 and xm 2 ½xm1

; xm2
	 is also positive, i.e., Lijðxm; tm; pi; pjÞ> 0.

To determine the switching bifurcation, the local minimum of Lijðxm; tm; pi;pjÞ
is introduced. Because xm is a vector function of time tm, the two total derivatives

of Lijðxm; tm; pi; pjÞ are introduced, i.e.,

DLijðxm; tm; pi; pjÞ ¼ rLijðxm; tm; pi; pjÞ:Fð0Þij ðxm; tmÞ

þ @Lijðxm; tm; pi; pjÞ
@tm

;
(2.76)

DkLijðxm; tm; pi; pjÞ ¼ Dk�1ðDLijðxm; tm; pi; pjÞÞ for k ¼ 1; 2; . . . : (2.77)

Thus, the local minimum of Lijðxm; tm; pi; pjÞ is determined by

DkLijðxm; tm; pi; pjÞ ¼ 0 ðk ¼ 1; 2; . . . ; 2l� 1Þ; (2.78)

D2lLijðxm; tm; pi; pjÞ> 0: (2.79)

Definition 2.18. For a discontinuous dynamical system in (2.1), there is a

point xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and
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ðtm; tmþe	). xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ are Cra
½tm�e;tmþe	-continuous

(ra � 2l, a ¼ i; j) for time t. The local minimum set of Lijðxm; tm; pi; pjÞ is defined by

minLijðtmÞ ¼ Lijðxm; tm; pi; pjÞ

8tm 2 ½tm1
; tm2
	; 9xm 2 ½xm1

; xm2
	;

so that DkLijðxm; tm; pi; pjÞ ¼ 0

for k ¼ 1; 2; � � � 2l� 1 and

D2lLijðxm; tm; pi; pjÞ> 0:

����������

8>>>><>>>>:

9>>>>=>>>>; (2.80)

From the local minimum set of Lijðxm; tm; pi; pjÞ, the corresponding global

minimum can be determined as follows.

Definition 2.19. For a discontinuous dynamical system in (2.1), there is a

point xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij at time tm between two adjacent domains

Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 2l, a ¼ i; j) for time t, respectively.

The global minimum set of Lijðxm; tm; mi; mjÞ is defined by

GminLijðtmÞ ¼ min
tm2½tm1 ;tm2 	

minLijðtmÞ; Lijðxm1
; tm1

; pi; pjÞ;
Lijðxm2

; tm2
; pi; pjÞ:

( )
(2.81)

From the foregoing definition, Theorems 2.20–2.22 can be expressed through the

global minimum of Lijðxm; tm; pi; pjÞ. So the following corollaries can be achieved,

which give the conditions for onsets of switching bifurcations.

Corollary 2.1. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � @O

�!
ij for time tm between two adjacent domains

Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cr
½tmþe;tmÞ- and Cr

½tm�e;tmþe	-continuous (ra � 2l, a ¼ i; j) for time t, respec-

tively. The necessary and sufficient conditions for the sliding bifurcation onset of
the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ on the boundary @O

�!
ij are

GminLijðtmÞ ¼ 0; (2.82)

nT@Oij
� FðiÞðtm�Þ 6¼ 0 and Ljjðxm
e; tm
e; pjÞ< 0: (2.83)

Proof. Lijðxm; tm; pi; pjÞ replaced by its global minimum in Theorem 2.20 gives this

corollary. This corollary is proved. ■

Corollary 2.2. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

44 2 Discontinuous System Theory



(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ
and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and xð jÞðtÞ are
Cri
½tm�e;tmþe	- and C

rj
½tmþe;tmÞ-continuous (ra � 2l, a ¼ i; j) for time t, respectively. The

necessary and sufficient conditions for the source bifurcation onset of the flow

xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ on the boundary @O
�!

ij are

GminLijðtmÞ ¼ 0; (2.84)

nT@Oij
� Fð jÞðtmþÞ 6¼ 0 and Liiðxm
e; tm
e; piÞ< 0: (2.85)

Proof. Lijðxm; tm; pi; pjÞ replaced by its global minimum in Theorem 2.21 gives this

corollary. ■

Corollary 2.3. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � @O

�!
ij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ are
Cra
½tm�e;tmþe	-continuous (ra � 2l) for time t. The necessary and sufficient conditions

for the switching bifurcation onset of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ on the
boundary @O

�!
ij are

GminLijðtmÞ ¼ 0; (2.86)

nT@Oij
� FðtÞðtm
Þ ¼ 0 and Laaðxm
e; tm
e; paÞ< 0 for a ¼ i; j: (2.87)

Proof. Lijðxm; tm; pi; pjÞ replaced by its global minimum in Theorem 2.22 gives this

corollary. ■

2.6 Switching Bifurcations of Nonpassable Flows

The onset and vanishing of the sliding and source flows on the boundary were

discussed. The fragmentations of the sliding and source flows on the boundary are

of great interest in this section. This kind of bifurcation is still a switching bifurca-

tion. The definitions for such fragmentation bifurcations of flows on the

nonpassable boundary are similar to the switching bifurcations of flows from the

semipassable boundary to nonpassable boundary. The necessary and sufficient

conditions for the fragmentation bifurcation from a nonpassable flow to a passable

flow on the boundary are quite similar to the sliding and source bifurcations from a

passable flow to a nonpassable flow.
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Definition 2.20. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm�Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tmþe;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The tangential bifurcation of the flow xð jÞðtÞ at point ðxm; tmÞ on the

boundary f@Oij is termed the switching bifurcation of a nonpassable flow of the
first kind from f@Oij to @O

�!
ij (or simply called the sliding fragmentation

bifurcation) if

nT@Oij
� _xð jÞðtm�Þ ¼ 0 and nT@Oij

� _xðiÞðtm�Þ 6¼ 0; (2.88)

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	< 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>=>>; for n@Oij
! Oj (2.89)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	> 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	< 0

9>>=>>; for n@Oij
! Oi: (2.90)

Definition 2.21. For a discontinuous dynamical system in (2.1), there is a

point xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � c@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ
and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and xð jÞðtÞ are
Cri
½tm�e;tmþe	- and C

rj
½tmþe;tmÞ-continuous (ra � 1, a ¼ i; j) for time t, respectively. The

tangential bifurcation of flows xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundaryc@Oij is termed the switching bifurcation of a nonpassable flow of the second kind
from c@Oij to @O

�!
ij (or simply called the source fragmentation bifurcation) if

nT@Oij
� _xðiÞðtm
Þ ¼ 0 and nT@Oij

� _xð jÞðtmþÞ 6¼ 0; (2.91)

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	< 0

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>=>>; for n@Oij
! Oj (2.92)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ> 0	

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	< 0

9>>=>>; for n@Oij
! Oi: (2.93)
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For the fragmentation bifurcation of the nonpassable flow on the boundary, the

vector fields near the sink and source boundaries are sketched in Figs. 2.9 and 2.10,

respectively. The switching from the sink or source flow to the semipassable flow

has two possibilities. Therefore, the conditions in Definitions 2.20 and 2.21 have

been changed accordingly. Before the fragmentation bifurcation of the nonpassable

flow occurs on the boundary, the flow xðaÞðtÞ (a 2 fi; jg) exists for t 2 ½tm�e; tm�Þ or
t 2 ðtmþ; tmþe	 on the sink or source boundary. Only the sliding flow exists on such a

boundary. After the fragmentation bifurcation occurs, the sliding flow on the

boundary will split into at least two portions of the sliding and semipassable

motions. This phenomenon is called the fragmentation of the sliding flow on
the boundary, which can help one easily understand the sliding dynamics on the

boundary. In addition, for the nonpassable boundary, if flows on both sides of

the nonpassable boundary possess the local singularity at the boundary, the

nonpassable flow of the first kind switches into the nonpassable flow of the second

kind, and vice versa. The local singularity of such switchability is similar to

the switching between the two semipassable flows on the boundary, and the

corresponding definition of the switching bifurcation is given as follows.

Definition 2.22. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij) at time tm between two adjacent domains

Fig. 2.9 The sliding

fragmentation bifurcation to

the sink boundary f@Oij in

domain: (a) Oj and (b) Oi.

Four points xðaÞðtm
eÞ,
xðbÞðtm�eÞ, and xm lie in the

corresponding domains

and on the boundary @Oij,

respectively. a;b 2 fi; jg but
a 6¼ b and n1 þ n2 ¼ n
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Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals

(i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðaÞðtm
Þ ¼ xm. The flows xðaÞðtÞ (a ¼ i; j)
are Cra

½tm�e;tmþe	-continuous (ra � 1) for time t. The tangential bifurcation of the

flow xðiÞðtÞ and xð jÞðtÞ at point ðxm; tmÞ on the boundary f@Oij (or c@Oij) is termed

the switching bifurcation of a nonpassable flow from f@Oij to c@Oij (or c@Oij to f@Oij) if

nT@Oij
� _xðaÞðtm
Þ ¼ 0 for a ¼ i; j; (2.94)

either

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	> 0 and

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	< 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	< 0 and

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	> 0

9>>>>>=>>>>>;
for n@Oij

! Oj (2.95)

or

nT@Oij
� ½xðiÞðtm�Þ � xðiÞðtm�eÞ	< 0 and

nT@Oij
� ½xðiÞðtmþeÞ � xðiÞðtmþÞ	> 0

nT@Oij
� ½xð jÞðtm�Þ � xð jÞðtm�eÞ	> 0 and

nT@Oij
� ½xð jÞðtmþeÞ � xð jÞðtmþÞ	< 0

9>>>>>=>>>>>;
for n@Oij

! Oi: (2.96)

Fig. 2.10 The source

fragmentation bifurcation to

the source boundary c@Oij in

domain: (a) Oj and (b) Oi.

Four points xðaÞðtm
eÞ,
xðbÞðtmþeÞ, and xm lie in the

corresponding domains and

on the boundary @Oij,

respectively. a;b 2 fi; jg but
a 6¼ b and n1 þ n2 ¼ n
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Theorem 2.23. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � f@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ
and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and xð jÞðtÞ are
Cri
½tm�e;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respectively. The

sliding fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ fromf@Oij to @O
�!

ij occurs if and only if

nT@Oij
� Fð jÞðtm
Þ ¼ 0 and nT@Oij

� FðiÞðtm�Þ 6¼ 0; (2.97)

either nT@Oij
� FðiÞðtm�Þ> 0 for n@Oij

! Oj

or nT@Oij
� FðiÞðtm�Þ< 0 for n@Oij

! Oi;

)
(2.98)

either
nT@Oij

� Fð jÞðtm�eÞ< 0

nT@Oij
� Fð jÞðtmþeÞ> 0

9=; for n@Oij
! Oj

or
nT@Oij

� Fð jÞðtm�eÞ> 0

nT@Oij
� Fð jÞðtmþeÞ< 0

9=; for n@Oij
! Oi:

(2.99)

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.24. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � f@Oij at time tm on the ðn� 1Þ-dimensional plane

boundary @Oij between two adjacent domains Oa (a ¼ i; j). For an arbitrarily
small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	),
and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmÞ- and

C
rj
½tm�e;tmþe	-continuous (ra � 2, a ¼ i; j) for time t, respectively. The sliding fragmen-

tation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ from f@Oij to @O
�!

ij

occurs if and only if

nT@Oij
� Fð jÞðtm
Þ ¼ 0 and nT@Oij

� FðiÞðtm�Þ 6¼ 0; (2.100)

either
nT@Oij

� FðiÞðtm�Þ> 0

nT@Oij
� DFð jÞðtm
Þ< 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�Þ< 0

nT@Oij
� DFð jÞðtm
Þ< 0

9=; for n@Oij
! Oi:

(2.101)
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Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■

Theorem 2.25. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � c@Oij for time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmþe	- and C

rj
ðtm;tmþe	-continuous (ra � 1, a ¼ i; j) for time t, respec-

tively. The source fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point
ðxm; tmÞ on the boundary c@Oij occurs if and only if

nT@Oij
� FðiÞðtm
Þ ¼ 0 and nT@Oij

� Fð jÞðtmþÞ 6¼ 0; (2.102)

either nT@Oij
� Fð jÞðtmþÞ> 0 for n@Oij

! Oj

or nT@Oij
� Fð jÞðtmþÞ< 0 for n@Oij

! Oi;
(2.103)

either
nT@Oij

� FðiÞðtm�eÞ> 0

nT@Oij
� FðiÞðtmþeÞ< 0

9=; for n@Oij
! Oj

or
nT@Oij

� FðiÞðtm�eÞ< 0

nT@Oij
� FðiÞðtmþeÞ> 0

9=; for n@Oij
! Oi:

(2.104)

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.26. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � c@Oij at time tm on the ðn� 1Þ-dimensional plane boundary

@Oij between two adjacent domainsOa (a ¼ i; j). For an arbitrarily small e> 0, there
are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ.
The flows xðiÞðtÞ and xð jÞðtÞ are Cri

½tm�e;tmþe	 and C
rj
ðtm;tmþe	 continuous (ra � 1, a ¼ i; j)

for time t, respectively. The source fragmentation bifurcation of the flow xðiÞðtÞ [
xð jÞðtÞ at point ðxm; tmÞ from c@Oij to @O

�!
ij occurs if and only if

nT@Oij
� FðiÞðtm
Þ ¼ 0 and nT@Oij

� Fð jÞðtmþÞ 6¼ 0; (2.105)

either
nT@Oij

� Fð jÞðtmþÞ> 0

nT@Oij
� DFðiÞðtm
Þ< 0

9=; for n@Oij
! Oj

or
nT@Oij

� Fð jÞðtmþÞ< 0

nT@Oij
� DFðiÞðtm
Þ< 0

9=; for n@Oij
! Oi:

(2.106)
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Proof. Following the proof procedures in Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■

Theorem 2.27. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij) at time tm between two adjacent domains

Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 1) for time t. The switching bifurcation
of the flow at point ðxm; tmÞ from f@Oij to c@Oij (or c@Oij to f@Oij) occurs if and only if

nT@Oij
� FðaÞðtm
Þ ¼ 0; (2.107)

either
nT@Oij

� FðaÞðtm�eÞ> 0

nT@Oij
� FðaÞðtmþeÞ< 0

9=; for n@Oij
! Ob

or
nT@Oij

� FðaÞðtm�eÞ< 0

nT@Oij
� FðaÞðtmþeÞ> 0

9=; for n@Oij
! Oa;

(2.108)

with a; b ¼ i; j but a 6¼ b.

Proof. Following the proof procedures of Theorems 2.8 and 2.9, the above theorem

can be easily proved. ■

Theorem 2.28. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij) at time tm on the ðn� 1Þ-dimensional

plane boundary @Oij between two adjacent domainsOa (a ¼ i; j). For an arbitrarily
small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ and ðtm; tmþe	), and

xðaÞðtm
Þ ¼ xm. The flows xðaÞðtÞ (a ¼ i; j) are Cra
½tm�e;tmþe	-continuous (ra � 2) for

time t. The switching bifurcation of the flow at point ðxm; tmÞ from f@Oij to c@Oij (orc@Oij to f@Oij) exists if and only if

nT@Oij
� FðaÞðtm
Þ ¼ 0 for a ¼ i; j; (2.109)

either
nT@Oij

� DFðiÞðtm
Þ< 0

nT@Oij
� DFð jÞðtm
Þ> 0

)
for n@Oij

! Oj;

or
nT@Oij

� DFðiÞðtm
Þ> 0

nT@Oij
� DFð jÞðtm
Þ< 0

)
for n@Oij

! Oi: (2.110)

Proof. Following the proof procedures of Theorems 2.10 and 2.11, the above

theorem can be easily proved. ■
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Similarly, the Lab-functions of flows varying with pij 2 fmaga2fi;jg is used to

discuss the switching of the nonpassable flow from @Oab to @O
�!

ab. The Lab-
functions of a nonpassable flow to the boundary is Lab < 0 with varying boundary

location. The Lab-function for flows between two points xm1
and xm2

on the sink

boundary f@Oab are sketched in Fig. 2.11 for pab between p
ð1Þ
ab and p

ð2Þ
ab . The Lab-

function is sketched in Fig. 2.11a, and the corresponding vector fields varying with

system parameters on the boundary @Oab are illustrated in Fig. 2.11b. F
ðaÞðtm�Þ and

FðbÞðtm
Þ are limits of the vector fields to the boundary @Oab in domains Oa and Ob,

respectively. The boundary relative to the nonpassable flows with Lab < 0 is a sink

boundary. There is a specific value p
ðcrÞ
ab between p

ð1Þ
ab and p

ð2Þ
ab . For this specific

value, a point xm on the sink boundary can be found for the sliding fragmentation

bifurcation on the boundary. Two points xk1 and xk2 are onset and vanishing points

of the passable flow on the boundary @Oab for pab. The dashed and solid curves

represent Lab > 0 and Lab � 0, respectively. For pab varying from p
ð1Þ
ab ! p

ðcrÞ
ab , the

Lab-functions of flows for x 2 ðxm1
; xm2
Þ on the boundary is negative (i.e., Lab < 0).

Therefore, the boundary @Oab is nonpassable. For pab varying from p
ðcrÞ
ab ! p

ð2Þ
ab ,

a

b

Fig. 2.11 (a) The L-function
of flows (Lab) and (b) the

vector fields between two

points xm1
and xm2

on the

boundary f@Oab. The point xm
for p

ðcrÞ
ab is the critical point for

the switching bifurcation.

Two points xk1 and xk2 are the

starting and vanishing of the

passable flow on the boundaryf@Oab. The dashed and solid
curves represent Lab>0 and

Labb0, respectively

(n1 þ n2 ¼ n)
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Lab < 0 are for x 2 ½xm1
; xk1Þ [ ðxk2 ; xm2

	, and Lab > 0 are for x 2 ðxk1 ; xk2Þ.
From (2.67), the flow for the portion of x 2 ðxk1 ; xk2Þ boundary with Lab > 0

is semipassable. For pab varying from p
ð1Þ
ab ! p

ð2Þ
ab , the point ðxm; pðcrÞab Þ on the

boundary @Oab is the onset point of the semipassable flow on the boundary.

The sliding flow on the boundary will be fragmentized. However, for pab varying

from p
ð2Þ
ab ! p

ð1Þ
ab , the sliding fragmentation disappears at such a point. At three

critical points (xm; xk1 ; xk2 ), Lab ¼ 0. The flow at the critical points (xk1 ; xk2 ) has the
same properties as at the critical point xm. If the two critical points have the

different properties, the sliding flow between the two different critical points is

discussed later. From the Lab-function of flows, the criteria for the sliding fragmen-

tation bifurcation can be given as similar to Theorems 2.22, 2.25, and 2.27. Thus,

the corresponding bifurcation conditions are stated herein.

Theorem 2.29. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 2, a ¼ i; j) for time t, respec-

tively. The sliding fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point
ðxm; tmÞ on the boundary f@Oij exists if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.111)

nT@Oij
� FðiÞðtm�Þ 6¼ 0 and Ljjðxm
e; tm
e; pjÞ< 0: (2.112)

Proof. Applying the L-function of flows in Definition 2.17 to Theorem 2.22, the

foregoing theorem can be easily proved. ■

Theorem 2.30. For a discontinuous dynamical system in (2.1), there is a point

xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � c@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e.,

½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and

xð jÞðtÞ are Cri
½tm�e;tmþe	- and C

rj
ðtm;tmþe	-continuous (ra � 2, a ¼ i; j) for time t, respec-

tively. The source fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point
ðxm; tmÞ on the boundary c@Oij occurs if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.113)

nT@Oij
� Fð jÞðtmþÞ 6¼ 0 and Ljjðxm
e; tm
e; pjÞ< 0: (2.114)

Proof. Applying the Lij and Ljj-functions of flows in Definition 2.17 to Theorem

2.25, the foregoing theorem can be easily proved. ■
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Theorem 2.31. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � f@Oij (or c@Oij) for time tm between two adjacent

domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals
(i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
(a ¼ i; j) are Cra

½tm�e;tmþe	-continuous (ra � 2) for time t. The switching bifurcation
of the flow at point ðxm; tmÞ from f@Oij to c@Oij (or c@Oij to f@Oij) occurs if and only if

Lijðxm; tm; pi; pjÞ ¼ 0; (2.115)

nT@Oij
� FðaÞðtm
Þ ¼ 0 and Laaðxm
e; tm
e; paÞ< 0 for a ¼ i; j: (2.116)

Proof. Applying the Lij and Laa-functions of flows in Definition 2.17 to Theorem

2.27, the foregoing theorem can be easily proved. ■

For the nonpassable flow at xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij), consider a

time interval ½tm1
; tm2
	 for ½xm1

; xm2
	 on the boundary, for tm 2 ½tm1

; tm2
	 and

xm 2 ½xm1
; xm2
	, Lijðxm; tm; pi; pjÞ< 0. To determine the switching bifurcation,

the local maximum of Lijðxm; tm; pi; pjÞ can be determined. With (2.78) and

(2.79), the local maximum of Lijðxm; tm; pi; pjÞ is determined by

DkLijðxm; tm; pi; pjÞ ¼ 0 ðk ¼ 0; 1; 2; . . . ; 2l� 1Þ; (2.117)

D2lLijðxm; tm; pi; pjÞ< 0: (2.118)

Definition 2.23. For a discontinuous dynamical system in (2.1), there is a

point xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij) at time tm between two adjacent

domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals

(i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm�Þ. The flows xðiÞðtÞ and
xð jÞðtÞ are Cr

½tm�e;tmþe	-continuous (r � 2l) for time t. The local maximum set of

Lijðxm; tm; pi; pjÞ is defined by

maxLijðtmÞ ¼ Lijðxm; tm; pi; pjÞ

8tm 2 ½tm1
; tm2
	; 9xm 2 ½xm1

; xm2
	;

so that DkLijðxm; tm;pi; pjÞ ¼ 0

for k ¼ 1; 2; . . . 2l� 1f g and
D2lLijðxm; tm; pi; pjÞ< 0:

����������

8>>>><>>>>:

9>>>>=>>>>; (2.119)

From the local maximum set of Lijðxm; tm; pi; pjÞ, the corresponding global

maximum can be determined as follows.

Definition 2.24. For a discontinuous dynamical system in (2.1), there is a

point xðtmÞ ¼ xm 2 ½xm1
; xm2
	 � f@Oij (or c@Oij) at time tm between two adjacent

domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals
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(i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm�Þ. The global maximum

set of Lijðxm; tm; pi; pjÞ is defined by

GmaxLijðtmÞ ¼ max
tm2½tm1 ;tm2 	

maxLijðtmÞ; Lijðxm1
; tm1

; pi; pjÞ;
Lijðxm2

; tm2
; pi; pjÞ:

( )
(2.120)

From the foregoing definition, Theorems 2.22, 2.25, and 2.27 can be expressed

through the global minimum of Lijðxm; tm; pi; pjÞ. So the following corollaries

can be achieved, which give the condition of sliding fragmentation bifurcation.

Corollary 2.4. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � f@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ
and ðtm; tmþe	), and xðiÞðtm�Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðiÞðtÞ and xð jÞðtÞ are
Cri
½tm�e;tmÞ- and C

rj
½tm�e;tmþe	-continuous (ra � 2l, a ¼ i; j) for time t, respectively. The

sliding fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ on
the boundary f@Oij occurs if and only if

GmaxLijðtmÞ ¼ 0; (2.121)

nT@Oij
:FðiÞðtm�Þ 6¼ 0 and Ljjðxm
e; tm
e; pjÞ< 0: (2.122)

Proof. In Theorem 2.29, replacing Lijðxm; tm; pi; pjÞ by its global maximum value

GmaxLijðtmÞ gives the above corollary. ■

Corollary 2.5. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � c@Oij at time tm between two adjacent domains Oa

(a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals (i.e., ½tm�e; tmÞ
and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtmþÞ. The flows xðiÞðtÞ and xð jÞðtÞ are
Cri
½tm�e;tmþe	- and C

rj
ðtm;tmþe	-continuous (ra � 2l, a ¼ i; j) for time t, respectively. The

source fragmentation bifurcation of the flow xðiÞðtÞ [ xð jÞðtÞ at point ðxm; tmÞ on the
boundary c@Oij occurs if and only if

GmaxLijðtmÞ ¼ 0; (2.123)

nT@Oij
� FðiÞðtmþÞ 6¼ 0 and Ljjðxm
e; tm
e; pjÞ< 0: (2.124)

Proof. In Theorem 2.30, replacing Lijðxm; tm; pi; pjÞ by the global maximum

GmaxLijðtmÞ gives the above corollary. ■

Corollary 2.6. For a discontinuous dynamical system in (2.1), there is a
point xðtmÞ ¼ xm 2 ½xm1

; xm2
	 � f@Oij (or c@Oij) at time tm between two adjacent

domains Oa (a ¼ i; j). For an arbitrarily small e> 0, there are two time intervals
(i.e., ½tm�e; tmÞ and ðtm; tmþe	), and xðiÞðtm
Þ ¼ xm ¼ xð jÞðtm
Þ. The flows xðaÞðtÞ
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(a ¼ i; j) are Cra
½tm�e;tmþe	-continuous (ra � 2l) for time t. The switching bifurcation of

the flow at point ðxm; tmÞ from f@Oij to c@Oij (or c@Oij to f@Oij) occurs if and only if

GmaxLijðtmÞ ¼ 0; (2.125)

nT@Oij
:FðaÞðtm
Þ ¼ 0 and Laaðxm
e; tm
e; paÞ< 0 for a ¼ i; j: (2.126)

Proof. In Theorem 2.31, replacing Lijðxm; tm;mi;mjÞ through its global maximum

GmaxLijðtmÞ gives the above corollary. ■
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