
Chapter 9

LINEAR INTEGRAL EQUATIONS

IN ONE VARIABLE

The general form of an integral equation for the unknown function of one variable

c(x) is

AðxÞcðxÞ ¼ c0ðxÞ þ l
ðbðxÞ
aðxÞ

J x; y;cðyÞ½ �dy (9.1a)

When J[x, y, c(y)] is of the form K(x, y)c(y), eq. 9.1a is the linear integral equation

AðxÞcðxÞ ¼ c0ðxÞ þ l
ðbðxÞ
aðxÞ

Kðx; yÞcðyÞdy (9.1b)

where A(x), c0(x), a(x), b(x), and K(x, y) are known functions and l is a specified

constant. c0(x) is referred to as the inhomogeneous function and K(x,y) is the kernel
of the equation.

If both limits a and b are constants, the integral equation is called a Fredholm
integral equation. If a is constant and b(x) ¼ x, the integral equation is the Volterra
equation.

Except when K(x, y) is one of a few special cases, there are no techniques for

solving eqs. 9.1 in a closed form. As such, for many integral equations, numerical

and other approximation methods are essential for estimating c(x).

9.1 Fredholm Equations of the First Kind

with Non-singular Kernel

If A(x) ¼ 0 for all x ∈ [a, b], the Fredholm equation of the first kind is of the form

c0ðxÞ ¼ l
ðb
a

Kðx; yÞcðyÞdy (9.2)

where K(x, y) is analytic at all x and y in [a, b].
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Solution by Quadrature Sum

One commonly used approach for solving Fredholm equations is to approximate the

integral by a quadrature sum

ðb
a

Kðx; yÞcðyÞdy ’
XN
m¼1

wmKðx; ymÞcðymÞ (9.3)

With this, eq. 9.2 becomes

c0ðxÞ ¼ l
XN
m¼1

wmKðx; ymÞcðymÞ (9.4)

Setting x to each abscissa point in the set {yk}, and using the notation

Kðyk; ymÞ � Kkm (9.5)

we obtain a set of coupled equations, the matrix form of which is

c0ðy1Þ
�
�

c0ðyNÞ

0
BB@

1
CCA ¼ l

w1K11 � � wNK1N

� �
� �

w1KN1 � � wNKNN

0
BB@

1
CCA

cðy1Þ
�
�

cðyNÞ

0
BB@

1
CCA (9.6a)

It is straightforward to obtain the solution as

cðy1Þ
�
�

cðyNÞ

0
BB@

1
CCA ¼ 1

l

w1K11 � � wNK1N

� �
� �

w1KN1 � � wNKNN

0
BB@

1
CCA

�1 c0ðy1Þ
�
�

c0ðyNÞ

0
BB@

1
CCA (9.6b)

If one of the abscissa points (e.g., yn) is such that Knm ¼ 0, then all the elements

in the nth row of the coefficient matrix are zero. Thus, the determinant of the matrix

of eq. 9.6a is

w1K11 � � wNK1N

� �
� �

w1Kðn�1Þ1 � � wNKðn�1ÞN
0 0 0 � � 0 0 0

w1Kðnþ1Þ1 � � wNKðnþ1ÞN
� �
� �

w1KN1 � � wNKNN

������������������

������������������

¼ 0 (9.7)
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Therefore, the kernel matrix is singular. Thus, one must choose a quadrature rule

such that Knm is non-zero for all abscissae of the quadrature rule.

Example 9.1: Solution to a Fredholm equation of the first kind by

quadratures

Since the solution to the Fredholm equation of the first kind

ð1
�1

xeyð1�xÞcðyÞdy ¼ ex � e�x (9.8a)

is

cðxÞ ¼ e�x (9.8b)

Using a quadrature rule to approximate the integral

ð1
0

xeyð1�xÞcðyÞdy ’
XN
k¼1

wkxe
xkð1�xÞcðxkÞ (9.9)

we see that for x ¼ 0, the kernel xey(1–x) is zero. Thus, if we use a Gauss–Legendre
quadrature rule (the most appropriate for an integral from –1 to 1), we must choose

an even order rule, so that x ¼ 0 is not one of the abscissa.

To obtain a sense of the accuracy obtained using an even order Gauss–Legendre

rule, we approximate the integral as in eq. 9.9 by a six-point quadrature. We obtain

cð0:93247Þ
cð0:66121Þ
cð0:23862Þ
cð�0:23862Þ
cð�0:66121Þ
cð�0:93247Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

¼

�4:00895

2:49535

�7:24554

�11:67704

9:36377

�25:87992

0
BBBBBBBBB@

1
CCCCCCCCCA

(9.10a)

The exact values at these points are given by

cexactð0:93247Þ
cexactð0:66121Þ
cexactð0:23862Þ
cexactð�0:23862Þ
cexactð�0:66121Þ
cexactð�0:93247Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

¼

0:39358

0:51623

0:78771

1:26950

1:93713

2:54078

0
BBBBBBBBB@

1
CCCCCCCCCA

(9.10b)
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Clearly, the results presented in eq. 9.10a do not represent e–x. They are highly

inaccurate and oscillate wildly from point to point. In addition, the results are not

improved by using a larger quadrature set to approximate to the integral. ✓

This example illustrates the well known fact that the Fredholm integral of the

first kind is an ill-conditioned problem (see, for example, Baker, C., et. al., 1964).

There are several methods presented in the literature for smoothing these results.

For example, the Galerkin approach involves choosing the value of x at which the

solution is to be obtained and approximating c(y) by a sum over known basis
functions fk(y), which are chosen by the user. Then, with

cðyÞ ’
XN
k¼1

akfkðyÞ (9.11a)

the error parameter

e a
!� �

� c0ðxÞ �
XN
k¼1

ak

ðb
a

Kðx; yÞfkðyÞdy
�����

�����
2

(9.11b)

is minimized (for example, by the method of least squares, minimizing with respect

to the coefficients ak). Excellent treatments of such approaches are given by

Twomey, S., 1963, Baker, C., et. al., 1964, Hanson, R., 1971, and Hansen, P., 1992.

Series approximation

If K(x, y) and c0(x) are analytic at all points in [a, b], then c(x) is also analytic

everywhere in [a, b]. If x0 e [a, b], we can c(x) as

cðxÞ ¼
X1
k¼0

ckðx� x0Þk (9.12a)

that is valid at all x in [a, b]. A truncated series

cðxÞ ¼
XN
k¼0

ckðx� x0Þk (9.12b)

yields an approximate solution to eq. 9.2.

Substituting eq. 9.12b into eq. 9.2, we obtain

c0ðxÞ ’ l
XN
k¼0

ck

ðb
a

Kðx; yÞðy� x0Þkdy � l
XN
k¼0

ckIkðxÞ (9.13)
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Because the integrand is a known function, the integral Ik(x) can be evaluated

in a closed form or can be accurately approximated by some quadrature rule.

Therefore, Ik(x) is known at every x.
To determine the coefficients ck,. c0(x) and each Ik(x) are expanded in their

Taylor series and we equate the coefficients of corresponding powers of (x–x0)
up to (x–x0)

N.

Using an approach that is suggested by the Galerkin method, a more convenient

way to develop the series method is to write K(x, y), c0(x), and c(x) as sums over

orthogonal polynomials, where the polynomials used depend on the limits of the

integral.

Referring to ch. 4, if x and y vary over [0, 1] and if c0(x) and K(x, y) can be

written as

Kðx; yÞ � e�yLðx; yÞ (9.14a)

and

c0ðxÞ ¼ e�xO0ðxÞ (9.14b)

such that

lim
y!1 e�yLðx; yÞ ¼ 0 (9.15a)

and

lim
x!1 e�xO0ðxÞ ¼ 0 (9.15b)

then one might expand these functions as a series involving Laguerre polynomials.

Likewise, if –1 � x and y � 1, and if K(x,y) and c0(x) can be written as

Kðx; yÞ � e�y2Lðx; yÞ (9.16a)

and

c0ðxÞ ¼ e�x2O0ðxÞ (9.16b)

with

lim
y!1 e�y2Lðx; yÞ ¼ 0 (9.17a)

and

lim
x!1 e�x2OðxÞ ¼ 0 (9.17b)
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one might write the series for these functions in terms of the Hermite polynomials.

If x and y vary over finite limits a and b, one can transform this interval to [–1, 1]

and write the series for c0(x) and K(x, y) in terms of Legendre polynomials.

It was shown in ch. 4, eqs. 4.9 through 4.16, which for any limits of integration

(finite or infinite) any integral can be converted to one integrated over [–1, 1].

It was also shown that if the exponential factors for x e [0, 1] or x e [–1,1]

are not explicitly part of the integrand, one usually achieves accurate results

by transforming integrals over an infinite domain to [–1, 1] and using a

Gauss–Legendre quadrature. Thus, for a kernel and/or inhomogeneous term that

does not contain the exponential explicitly, one should consider transforming the

integral to [–1, 1] and expanding the functions over Legendre polynomials. This

is an example of what Baker calls expansion methods (Baker, C. T. H., 1977,

pp. 205–214).

Legendre polynomials form an infinite set of mutually orthogonal polynomial

functions over the interval [–1, 1] such thatð1
�1

PnðxÞPmðxÞdx ¼ 2

ð2nþ 1Þ dnm (4:100b)

As such, we transform the domains of c, c0, and K to x, y e [–1, 1] then expand the
unknown function, the inhomogeneous function and the kernel as

cðxÞ ¼
X1
k¼0

ckPkðxÞ (9.18a)

c0ðxÞ ¼
X1
k¼0

fkPkðxÞ (9.18b)

and

Kðx; yÞ ¼
X1
k¼0
m¼0

mkmPkðxÞPmðyÞ (9.18c)

from which we determine the coefficients

fk ¼
ð2k þ 1Þ

2

ð1
�1

c0ðxÞPkðxÞdx (9.19a)

and

mkm ¼ ð2k þ 1Þð2mþ 1Þ
4

ð1
�1

ð1
�1

Kðx; yÞPkðxÞPmðyÞdxdy (9.19b)
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Then, the Fredholm equation of the first kind becomes

X1
k¼0

fkPkðxÞ ¼
X1
k¼0
m¼0
n¼0

mkmcnPkðxÞ
ð1
�1

PmðyÞPnðyÞdy ¼
X1
k¼0
m¼0
n¼0

mkmcnPkðxÞ 2

ð2mþ 1Þ dmn

¼
X1
k¼0
m¼0

mkmcmPkðxÞ 2

ð2mþ 1Þ ð9:20Þ

Equating the coefficients of the various Legendre polynomials, we obtain

fk ¼
X1
m¼0

2

ð2mþ 1Þ mkmcm (9.21a)

Approximating the infinite series by a finite sum, we obtain a finite set of linear

equations

fk ¼
XN
m¼0

2

ð2mþ 1Þ mkmcm (9.21b)

In this way, the only integrals we may have to approximate by quadratures are those

of eqs. 9.19, which are integrals of known functions. It has been shown in ch. 4 that

when the integrand is analytic over the range of integration, quadrature rules

usually yield accurate results for such integrals. And approximating an infinite

series by a finite sum is equivalent to approximating a function by a truncated

Taylor sum. Such an approximation of an analytic function has been shown to be

quite accurate. Thus, as will be seen, this method yields stable and accurate results.

We define the N � N matrix A with elements

akm ¼ 2

ð2mþ 1Þ mkm (9.22)

and the column vectors

F �
f1

�
�
fN

0
BB@

1
CCA (9.23a)

and

9.1 Fredholm Equations of the First Kind with Non-singular Kernel 389



C �
c1
�
�
cN

0
BB@

1
CCA (9.23b)

to write eq. 9.21b as a matrix equation which is solved straightforwardly by matrix

inversion.

Once one has obtained values of the coefficients ck, one can determine the

approximation to c(x) at any x in the domain of c.

Example 9.2: Solution to a Fredholm equation of the first kind by series

expansion

We again consider

ð1
�1

xeyð1�xÞcðyÞdy ¼ ex � e�x (9:8a)

the solution to which is

cðxÞ ¼ e�x (9:8b)

from which

cexactð1:0Þ
cexactð0:5Þ
cexactð0:0Þ
cexactð�0:5Þ
cexactð�1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36788

0:60653

1:00000

1:64872

2:71828

0
BBBBBB@

1
CCCCCCA (9.24)

Taking five terms in the sums of eqs. 9.18, the approximations to c(x), c0(x), and
K(x, y) are

cðxÞ ’
X4
k¼0

ckPkðxÞ (9.25a)

c0ðxÞ ’
X4
k¼0

fkPkðxÞ (9.25b)

and

Kðx; yÞ ¼
X4
k¼0

m¼0

mkmPkðxÞPmðyÞ (9.25c)
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We note that c0(x) given in eq. 9.8a is an odd function. Referring to eq. 9.19a,

since the integral is evaluated over symmetric limits, f0, f2, and f4 are zero since

their integrands are odd functions. The non-zero coefficients are

f1 ¼
1

2

ð1
�1

ex � e�xð ÞP1ðxÞdx ¼ 1

2

ð1
�1

x ex � e�xð Þdx ¼ 6e�1 (9.26a)

and

f3 ¼
7

2

ð1
�1

ex � e�xð ÞP3ðxÞdx ¼ 7

4

ð1
�1

ex � e�xð Þ 5x3 � 3x
� �

dx

¼ 7 37e�1 � 5e1
� � ð9:26bÞ

Rather than write down all 25 coefficients mmk, we present two as examples:

m21 ¼
15

4

ð1
�1

xP2ðxÞ
ð1
�1

eyð1�xÞP1ðyÞdydx 15
8

ð1
�1

x 3x2 � 1
� � ð1

�1

eyð1�xÞydydx

¼ 15

4

ð1
�1

xð3x2 � 1Þ ð2� xÞe�ð1�xÞ � xeð1�xÞ� �
ð1� xÞ2 dx ð9:27aÞ

and

m43 ¼
63

4

ð1
�1

xP4ðxÞ
ð1
�1

eyð1�xÞP3ðyÞdydx¼ 63

64

ð1
�1

xð35x4� 30x2þ 3Þ�

eð1�xÞ 1

ð1� xÞ�
6

ð1� xÞ2þ
15

ð1� xÞ3�
15

ð1� xÞ4
 !

þ
"

e�ð1�zÞ 1

ð1� xÞ�
6

ð1� xÞ2þ
15

ð1� xÞ3�
15

ð1� xÞ4
 !#

dydx ð9:27bÞ

Such integrals cannot be evaluated in closed form.

It is straightforward to show that these integrands are not singular at x ¼ 1.

Therefore, they are well approximated by quadrature sums. In this example, we

approximate them using a 20-point Gauss–Legendre quadrature rule.

For this five polynomial series approximation, we obtain

C ¼

cð1:0Þ
cð0:5Þ
cð0:0Þ
cð�0:5Þ
cð�1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36251

0:60773

0:99665

1:65340

2:70208

0
BBBBBB@

1
CCCCCCA (9.28)
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The accuracy of these results is indicated by their percent differences from the exact

values given in eq. 9.24. These differences are

Dð1:0Þ
Dð0:5Þ
Dð0:0Þ
Dð�0:5Þ
Dð�1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

1:5%

0:2%

0:3%

0:3%

0:6%

0
BBBBBB@

1
CCCCCCA (9.29)

which indicates that this five term series approximation yields a fairly accurate

approximation to the solution to a Fredholm equation of the first kind. ✓

9.2 Fredholm Equations of the Second Kind

with Non-singular Kernel

Referring to eq. 9.1, when A(x) is non-zero for all x e [a, b], we can divide the

Fredholm equation by A(x), rename the inhomogeneous function and kernel as

c0ðxÞ
AðxÞ ! c0ðxÞ (9.30)

and

Kðx; yÞ
AðxÞ ! Kðx; yÞ (9.31)

to obtain the Fredholm equation of the second kind

cðxÞ ¼ c0ðxÞ þ l
ðb
a

Kðx; yÞcðyÞdy (9.32)

Solution by quadrature sum

We approximate the integral of eq. 9.32 by a quadrature sum to obtain

cðxÞ ’ c0ðxÞ þ l
XN
m¼1

wmKðx; ymÞcðymÞ (9.33)
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With at least one value of c0(yk) non-zero, we set x to each of the quadrature points
in the set {ym}, to obtain

cðy1Þ
�
�

cðyNÞ

0
BB@

1
CCA ¼

c0ðy1Þ
�
�

c0ðyNÞ

0
BB@

1
CCAþ l

w1K11 � � wNK1N

� �
� �

w1KN1 � � wNKNN

0
BB@

1
CCA

cðy1Þ
�
�

cðyNÞ

0
BB@

1
CCA (9.34)

which is solved straightforwardly by matrix inversion.

An approximation to c(x) at any x can then be obtained by substituting these

values of c(yk) into the sum in eq. 9.33.

Example 9.3: Solution to a Fredholm equation of the second kind by

quadratures

The solution to

cðxÞ ¼ ex �
ð1
�1

xeyð1�xÞcðyÞdy (9.35)

is

cðxÞ ¼ e�x (9:8b)

Using a four-point Gauss–Legendre quadrature rule, the integral equation is

approximated by

cðxÞ ’ ex �
X4
m¼1

wmxe
ymð1�xÞcðymÞ (9.36a)

Setting x to each ym, this becomes

cðykÞ ’ eyk �
X4
m¼1

wmyke
ymð1�ykÞcðymÞ (9.36b)

We define the 4 � 4 kernel matrix with elements

akm ¼ wmyke
ymð1�ykÞ (9.37)

Then, eq. 9.36b can be expressed as

cðy1Þ
�
�

cðy4Þ

0
BB@

1
CCA¼

ey1

�
�
ey4

0
BB@

1
CCA�

w1y1e
y1ð1�y1Þ � � w4y1e

y4ð1�y1Þ

� �
� �

w1y4e
y1ð1�y4Þ � � w4y4e

y4ð1�y4Þ

0
BB@

1
CCA

cðy1Þ
�
�

cðy4Þ

0
BB@

1
CCA (9.38)
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the solution to which is given by

cðy1Þ
�
�

cðy4Þ

0
BB@

1
CCA ¼ 1þ

w1y1e
y1ð1�y1Þ � � w4y1e

y4ð1�y1Þ

� �
� �

w1y4e
y1ð1�y4Þ � � w4y4e

y4ð1�y4Þ

0
BB@

1
CCA

2
664

3
775
�1

ey1

�
�
ey4

0
BB@

1
CCA (9.39)

From this, we obtain

C ¼

cð0:86114Þ
cð0:33998Þ
cð�0:33998Þ
cð�0:86114Þ

0
BBB@

1
CCCA ¼

0:42268

0:71178

1:40492

2:36585

0
BBB@

1
CCCA (9.40a)

Comparing this to

Cexact ¼

cexactð0:86114Þ
cexactð0:33998Þ
cexactð�0:33998Þ
cexactð�0:86114Þ

0
BBB@

1
CCCA ¼

0:42268

0:71178

1:40492

2:36586

0
BBB@

1
CCCA (9.40b)

we see that the method of quadratures yields an extremely accurate result. The

largest of the 4% differences from the exact values is 1.3 � 10–5.

To obtain values of c(x) at any value of x, we substitute the values given in

eq. 9.40a into the sum of eq. 9.36a. From this we find

cð1:0Þ
cð0:5Þ
cð0:0Þ
cð�0:5Þ
cð�1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36788

0:60653

0:00000

1:64872

2:71828

0
BBBBBB@

1
CCCCCCA (9.41)

which is identical to the exact values of c(x) at x ¼ {1.0, 0.5, 0.0, –0.5, –1.0} to five

decimals. The largest percent difference from the exact values is 7.4 � 10–5. ✓

Approximating c(y) by spline interpolation

Another approach is to approximate c(y) by a constant in the Fredholm integral.

To do so, we divide [a, b] into small segments, writing the integral as
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ðb
a

Kðx; yÞcðyÞdy ¼
XN�1

m¼0

ðxmþ1

xm

Kðx; yÞcðyÞdy (9.42)

where

x0 ¼ a (9.43a)

and

xN ¼ b (9.43b)

We note that the points xm are chosen by the user and are not necessarily abscissae

of a quadrature rule.

Although it is not necessary to do so, for the sake of simplicity, we take these

small intervals to be evenly spaced by defining

xmþ1 � xm � Dx (9.44)

with Dx independent of m. By taking Dx to be small enough, we can approximate

c(y) over each segment xm � y � xm+1 by the constant

cðyÞ ’ ac xmð Þ þ bc xmþ1ð Þ (9.45)

where a and b are chosen by the user. This is a cardinal spline interpolation over

[xm, xm+1]. Unless there is some reason to choose otherwise, a reasonable choice

would be to take

a ¼ b ¼ 1

2
(9.46)

With these values for a and b, the Fredholm equation of the second kind

becomes

cðxÞ ’ c0ðxÞ þ
l
2

XN�1

m¼0

cðxmÞ þ cðxmþ1Þ½ �
ðxmþ1

xm

Kðx; yÞdy

� c0ðxÞ þ
l
2

XN�1

m¼0

cðxmÞ þ cðxmþ1Þ½ �ImðxÞ ð9:47Þ

where

ImðxÞ �
ðxmþ1

xm

Kðx; yÞdy (9.48)
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Then, with 0 � k � N–1, we set x ¼ {x0, . . ., xN–1} to obtain

cðxkÞ ’ c0ðxkÞ þ
l
2

XN�1

m¼0

cðxmÞ þ cðxmþ1Þ½ �ImðxkÞ

¼ c0ðxkÞ þ
l
2

I0ðxkÞcðx0Þ þ I0ðxkÞ þ I1ðxkÞ½ �cðx1Þþf
� � � þ IN�2ðxkÞ þ IN�1ðxkÞ½ �cðxN�1Þ þ IN�1ðxkÞcðxNÞg ð9:49Þ

which yields a set of simultaneous linear equations for the set {c(xk)}.

Example 9.4: Solution to a Fredholm equation of the second kind by a cardinal

spline interpolation

The integral equation

cðxÞ ¼ 1þ
ð1
0

xe�yð1�xÞcðyÞdy (9.50a)

has solution

cðxÞ ¼ ex (9.50b)

For simplicity of illustration, we obtain the solution at x ¼ {0, 1/3, 2/3, 1} taking

Dx ¼ 1/3. Then, with l ¼ c0 ¼ 1 and with x0 ¼ 0, xN ¼ x3 ¼ 1, and

I0ðxÞ ¼
ð1=3
0

xe�yð1�xÞdy ¼
x 1� e�ð1�xÞ=3� �

ð1� xÞ x 6¼ 1

x

3
x ¼ 1

8>><
>>: (9.51a)

I1ðxÞ ¼
ð2=3
1=3

xe�yð1�xÞdy ¼
x e�ð1�xÞ=3 � e�2ð1�xÞ=3� �

ð1� xÞ x 6¼ 1

x

3
x ¼ 1

8>><
>>: (9.51b)

and

I2ðxÞ ¼
ð1
2=3

xe�yð1�xÞdy ¼
x e�2ð1�xÞ=3 � e�ð1�xÞ� �

ð1� xÞ x 6¼ 1

x

3
x ¼ 1

8>><
>>: (9.51c)
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eq. 9.49, for this example, is

1�1

2
I0ð0Þ

	 

cð0Þ�1

2
I0ð0Þþ I1ð0Þ½ �cð1

3
Þ�1

2
I1ð0Þþ I2ð0Þ½ �cð2

3
Þ�1

2
I2ð0Þcð1Þ¼ 1

(9.52a)

�1

2
I0ð1

3
Þcð0Þþ 1�1

2
I0ð1

3
Þ�1

2
I1ð1

3
Þ

	 

cð1

3
Þ�1

2
I1ð1

3
ÞþI2ð1

3
Þ

	 

cð2

3
Þ�1

2
I2ð1

3
Þcð1Þ¼1

(9.52b)

�1

2
I0ð2

3
Þcð0Þþ1

2
I0ð2

3
ÞþI1ð2

3
Þ

	 

cð1

3
Þþ 1�1

2
I1ð2

3
Þ�1

2
I2ð2

3
Þ

	 

cð2

3
Þ�1

2
I2ð2

3
Þcð1Þ¼1

(9.52c)

�1

2
I0ð1Þcð0Þ�1

2
I0ð1Þþ I1ð1Þ½ �cð1

3
Þ�1

2
I1ð1Þþ I2ð1Þ½ �cð2

3
Þþ 1�1

2
I2ð1Þ

	 

cð1Þ¼1

(9.52d)

We obtain

cð0Þ
cð1

3
Þ

cð2
3
Þ

cð1Þ

0
BBB@

1
CCCA ¼

1:00000

1:40497

1:96740

2:74895

0
BBB@

1
CCCA (9.53a)

Comparing these results to

cexactð0Þ
cexactð13Þ
cexactð23Þ
cexactð1Þ

0
BBB@

1
CCCA ¼

1:00000

1:39561

1:94773

2:71828

0
BBB@

1
CCCA (9.53b)

we see that the method yields reasonably accurate results. ✓

We note that this approach is not applicable to Fredholm equations of the first

kind. Writing the Fredholm integral as

ðb
a

Kðx; yÞcðyÞdy ¼
XN�1

k¼0

ðxkþ1

xk

Kðx; yÞcðyÞdy (9:42)

and approximating c(y) as

cðyÞ ’ 1

2
c xkð Þ þ c xkþ1ð Þ½ � xk � y � xkþ1 (9.54)

9.2 Fredholm Equations of the Second Kind with Non-singular Kernel 397



the Fredholm integral of the first kind becomes

c0ðxÞ ’
l
2

XN�1

m¼0

cðxkÞ þ cðxkþ1Þ½ �IkðxÞ (9.55a)

Setting x to each of the xk, we obtain the set of equations

c0ðxmÞ ’
l
2

XN�1

m¼0

cðxkÞ þ cðxkþ1Þ½ �IkðxmÞ (9.55b)

Expressing these equations in matrix form, we obtain the solution

C ¼ M�1C0 (9.56)

where the matrix M is given by

M¼

l
2

I0ðx1Þ I0ðx1Þþ I1ðx1Þ½ � �� IN�2ðx1Þþ IN�1ðx1Þ½ � IN�1ðx1Þ
�
�

I0ðxkÞ I0ðxkÞþ I1ðxkÞ½ � �� IN�2ðxkÞþ IN�1ðxkÞ½ � IN�1ðxkÞ
�
�

I0ðxNÞ I0ðxNÞþ I1ðxNÞ½ � �� IN�2ðxNÞþ IN�1ðxNÞ½ � IN�1ðxNÞ

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

(9.57)

Using the Gauss–Jordan elimination method for finding M–1 (see ch. 5), we can

cast M into a form such that two columns are identical. Thus, M is singular.

We demonstrate this by example.

Example 9.5: Matrix for a Fredholm equation of the first kind is singular

The 4 � 4 matrix M is given by

M ¼ l
2

I0ðx1Þ I0ðx1Þ þ I1ðx1Þ½ � I1ðx1Þ þ I2ðx1Þ½ � I2ðx1Þ
I0ðx2Þ I0ðx2Þ þ I1ðx2Þ½ � I1ðx2Þ þ I2ðx2Þ½ � I2ðx2Þ
I0ðx3Þ I0ðx3Þ þ I1ðx3Þ½ � I1ðx3Þ þ I2ðx3Þ½ � I2ðx3Þ
I0ðx4Þ I0ðx4Þ þ I1ðx4Þ½ � I1ðx4Þ þ I2ðx4Þ½ � I2ðx4Þ

0
BB@

1
CCA (9.58)

Performing the Gauss–Jordan operations on the columns of M,

col2 ! col2 � col1 (9.59a)

and

col3 ! col3 � col4 (9.59b)
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we obtain

M ! l
2

I0ðx1Þ I1ðx1Þ I1ðx1Þ I2ðx1Þ
I0ðx2Þ I1ðx2Þ I1ðx2Þ I2ðx2Þ
I0ðx3Þ I1ðx3Þ I1ðx3Þ I2ðx3Þ
I0ðx4Þ I1ðx4Þ I1ðx4Þ I2ðx4Þ

0
BB@

1
CCA (9.60)

Since the second and third columns of this matrix are identical, M is singular. ✓

Interpolation of the kernel

Another approach to solving the Fredholm equation of the second kind is to

interpolate the kernel over the interval of integration.

We approximate

Kðx; yÞ ’
XN
m¼1

Kðx; ymÞnmðyÞ (9.61)

with

nkðxÞ¼ qðxÞ�qðx1Þ½ �::: qðxÞ�qðxk�1Þ½ � qðxÞ�qðxkþ1Þ½ �::: qðxÞ�qðxNÞ½ �
qðxkÞ�qðx1Þ½ �::: qðxkÞ�qðxk�1Þ½ � qðxkÞ�qðxkþ1Þ½ �::: qðxkÞ�qðxNÞ½ � (1:18)

where q(x) is some function appropriate to the kernel being represented. Then, the

Fredholm equation of the second kind becomes

cðxÞ ’ c0ðxÞ þ l
XN
m¼1

Kðx; ymÞ
ðb
a

nmðyÞcðyÞdy (9.62)

We define

bm �
ðb
a

nmðyÞcðyÞdy (9.63)

so that eq. 9.62 is written as

cðxÞ ¼ c0ðxÞ þ l
XN
m¼1

Kðx; ymÞbm (9.64)
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Substituting this into eq. 9.63, we have

bk ¼
ðb
a

nkðyÞ c0ðyÞ þ l
XN
m¼1

Kðy; ymÞbm
" #

dy (9.65)

With

ak �
ðb
a

nkðyÞc0ðyÞdy (9.66a)

and

Gkm �
ðb
a

nkðyÞKðy; ymÞdy (9.66b)

eq. 9.65 can be written as the set of linear equations

bk ¼ ak þ l
XN
m¼1

Gkmbm (9.67)

The solution for the set {bk} is found by standard methods. Then, c(x) at any x is
given by eq. 9.64.

Example 9.6: Solution to a Fredholm equation of the second kind by interpo-

lation of the kernel

We again consider

cðxÞ ¼ ex �
ð1
�1

xeyð1�xÞcðyÞdy (9:35)

which has solution

cðxÞ ¼ e�x (9:8)

Since the kernel is an exponential function with a non-negative exponent for x e
[–1, 1], we choose

qðyÞ ¼ ey (9.68)

in the interpolating function nk(y) in eq. 1.18. We then interpolate the kernel over

the nine points {–1, –0.75, . . ., 0.75, 1} to obtain

ak ¼
ð1
�1

eynkðyÞdy ¼
ð1
�1

ey
::: ey � exk�1½ � ey � exkþ1½ �:::
::: exk � exk�1½ � exk � exkþ1½ �::: dy (9.69a)
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and

Gkm ¼
ð1
�1

yexmð1�yÞnkðyÞdy¼
ð1
�1

yexmð1�yÞ ::: ey� exk�1½ � ey� exkþ1½ �:::
::: exk � exk�1½ � exk � exkþ1½ �:::dy (9.69b)

Although these integrals for ak and Gkm can be evaluated in closed form, to save

ourselves effort, we evaluate them numerically using a 20-point Gauss–Legendre

rule.

Solving for the set {bk} and substituting these values into eq. 9.64, we obtain

cð�1:00Þ
cð�0:75Þ
cð�0:25Þ
cð0:25Þ
cð0:75Þ
cð1:00Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

¼

2:71800

2:11678

1:28396

0:77881

0:47217

0:36809

0
BBBBBBBBB@

1
CCCCCCCCCA

(9.70a)

which is an accurate approximation to

cexactð�1:00Þ
cexactð�0:75Þ
cexactð�0:25Þ
cexactð0:25Þ
cexactð0:75Þ
cexactð1:00Þ

0
BBBBBBBBB@

1
CCCCCCCCCA

¼

2:71828

2:11700

1:28402

0:77880

0:47237

0:36788

0
BBBBBBBBB@

1
CCCCCCCCCA

(9.70b)✓

Expansion in orthogonal polynomials

As discussed for Fredholm equations of the first kind, we can solve equations

of the second kind by expanding c(x), c0(x), and K(x,y) in series involving

orthogonal polynomials. If, for example, we transform the domain of these

functions to [–1, 1], then expand these functions in terms of Legendre polynomials,

we have

cðxÞ ¼
X1
k¼0

ckPkðxÞ (9:18a)
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c0ðxÞ ¼
X1
k¼0

fkPkðxÞ (9:18b)

and

Kðx; yÞ ¼
X1
k¼0
m¼0

mkmPkðxÞPmðyÞ (9:18c)

Using the orthogonality condition for Legendre polynomials eq. 4.100b, the

Fredholm equation of the second kind can be expressed as

X1
k¼0

ckPkðxÞ ¼
X1
k¼0

fkPkðxÞ þ
X1
k¼0
m¼0

mkmcmPkðxÞ 2

ð2mþ 1Þ (9.71)

Thus, the set of linear equations for the coefficients set {ck} are

ck ¼ fk þ
X1
m¼0

2

ð2mþ 1Þ mkmcm (9.72a)

which we approximate by the finite sum

ck ¼ fk þ
XN
m¼0

2

ð2mþ 1Þ mkmcm (9.72b)

Solving for the set {ck}, we obtain the approximate solution

cðxÞ ’
XN
k¼0

ckPkðxÞ (9.73)

Example 9.7: Solution to a Fredholm equation of the second kind by series

expansion

We again consider

cðxÞ ¼ ex �
ð1
�1

xeyð1�xÞcðyÞdy (9:35)
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which has solution

cðxÞ ¼ e�x (9:8b)

With

cðxÞ ’
X4
k¼0

ckPkðxÞ (9.74a)

ex ’
X4
k¼0

fkPkðxÞ (9.74b)

and

xeyð1�xÞ ’
X4
k¼0
m¼0

mkmPkðxÞPmðyÞ (9.74c)

we solve the matrix equation

c0
�
�
c4

0
BB@

1
CCA ¼

ex0

�
�
ex4

0
BB@

1
CCA�

2m00 � � 2
9
m04

� �
� �

2m40 � � 2
9
m44

0
BB@

1
CCA

c0
�
�
c4

0
BB@

1
CCA (9.75)

for the coefficients ck. Substituting these into eq. 9.74a, we can approximate c(x) at
any x e [–1,1]. We find

cð1:00Þ
cð0:50Þ
cð0:00Þ
cð�0:50Þ
cð�1:00Þ

0
BBBBBB@

1
CCCCCCA ¼

0:34486

0:61254

0:99804

1:64621

2:70190

0
BBBBBB@

1
CCCCCCA (9.76a)

which compares reasonably well with

cexactð1:00Þ
cexactð0:50Þ
cexactð0:00Þ
cexactð�0:50Þ
cexactð�1:00Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36788

0:60653

1:00000

1:64872

2:71828

0
BBBBBB@

1
CCCCCCA (9.76b)

except at x ¼ 1.00, where the largest error is 6.3%. ✓
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Neumann series

The Neumann series in l for the inhomogeneous Fredholm equation is obtained by

replacing c(y) in the integral of eq. 9.32 by

c0ðyÞ þ l
ðb
a

Kðy; zÞcðzÞdz

to obtain

cðxÞ ¼ c0ðxÞ þ l
ðb
a

Kðx; yÞ c0ðyÞ þ l
ðb
a

Kðy; zÞcðzÞdz
	 


dy ¼

c0ðxÞ þ l
ðb
a

Kðx; yÞc0ðyÞdyþ l2
ðb
a

ðb
a

Kðx; yÞKðy; zÞcðzÞdydz ð9:77Þ

Repeating this process ad infinitum, we obtain the Neumann series in l,

cðxÞ ¼

c0ðxÞ þ l
ðb
a

Kðx; yÞc0ðyÞdyþ l2
ðb
a

ðb
a

Kðx; yÞKðy; zÞc0ðzÞdydz

þ l3
ðb
a

ðb
a

ðb
a

Kðx; yÞKðy; zÞKðz;wÞc0ðwÞdydzdwþ :::

� c0ðxÞ þ
X1
m¼1

lmImðxÞ ð9:78Þ

where

ImðxÞ �
ðb
a

ðb
a

� �
ðb
a

Kðx; yÞKðy; zÞ � � Kðt; uÞc0ðuÞdydz � � dtdu|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
m integrals

(9.79)

If the value of l is such that the infinite series of eq. 9.78 converges (see, for

example, the Cauchy ratio test for convergence, Cohen, H., 1992, pp. 128–129),
we can approximate the Neumann series by truncating it to obtain

cðxÞ ’ c0ðxÞ þ
XN
m¼1

lmImðxÞ (9.80)

As discussed in Appendix 1, such a series in l also allows us to create a Pade

Approximant, a diagonal form of which, should be more accurate than the truncated

Neumann series.
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Example 9.8: Neumann series for an inhomogeneous Fredholm equation of the

second kind

It is straightforward to show that the solution to

cðxÞ ¼ ex=5 � 1

5

ð1
�1

xeyð1�xÞ=5cðyÞdy (9.81)

is

cðxÞ ¼ e�x=5 (9.82)

Writing eq. 9.81 as

cðxÞ ¼ ex=5 � l
ð1
�1

xeyð1�xÞ=5cðyÞdy (9.83)

the three term Neumann sum is

cðxÞ ’ ex=5 � l
ð1
�1

xeyð1�xÞ=5ey=5dyþ l2
ð1
�1

ð1
�1

xeyð1�xÞ=5yezð1�yÞ=5ez=5dydz

(9.84)

With

I1ðxÞ �
ð1
�1

xeyð1�xÞ=5eydy ¼ 5x

ð2� xÞ eð2�xÞ=5 � e�ð2�xÞ=5
h i

(9.85a)

and

I2ðxÞ �
ð1
�1

ð1
�1

xeyð1�xÞ=5yezð1�yÞ=5ez=5dzdy

¼
ð1
�1

xy

ð2� yÞ e
yð1�xÞ=5 eð2�yÞ=5 � e�ð2�yÞ=5

h i
dy ð9:85bÞ

(which, at a given x, we approximate by a quadrature sum), we obtain an approxi-

mation to c(x) at any x ∈ [–1, 1]. With l ¼ 1/5, we obtain

cðxÞ ’ ex=5 � x

ð2� xÞ eð2�xÞ=5 � e�ð2�xÞ=5
h i

þ 1

25

ð1
�1

xy

ð2� yÞ e
yð1�xÞ=5 eð2�yÞ=5 � e�ð2�yÞ=5

h i
dy ð9:86Þ
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To approximate the integrals Im(x) of eq. 9.79, we use a 20-point

Gauss–Legendre quadrature rule. Setting x ¼ {–0.75, –0.25, 0.25, 0.75}, we find

cð�0:75Þ
cð�0:25Þ
cð0:25Þ
cð0:75Þ

0
BBB@

1
CCCA ¼

1:13651

1:04559

0:95420

0:86155

0
BBB@

1
CCCA (9.87a)

which is a reasonable approximation to

cexactð�0:75Þ
cexactð�0:25Þ
cexactð0:25Þ
cexactð0:75Þ

0
BBB@

1
CCCA ¼

1:16183

1:05127

0:95123

0:86071

0
BBB@

1
CCCA (9.87b)

The [2, 2] Pade Approximant is found by requiring that

c 2;2½ �ðxÞ ¼ p0ðxÞ þ lp1ðxÞ
1þ lq1ðxÞ (9.88)

be identical to

c2ðxÞ ¼ c0ðxÞ þ lI1ðxÞ þ l2I2ðxÞ (9.89)

This results in

c 2;2½ �ðxÞ ¼
c0ðxÞ þ l I1ðxÞ � c0ðxÞ I2ðxÞI1ðxÞ

h i
1� l I2ðxÞ

I1ðxÞ
(9.90)

From this, we obtain

cð�0:75Þ
cð�0:25Þ
cð0:25Þ
cð0:75Þ

0
BBB@

1
CCCA ¼

1:14092

1:04632

0:95397

0:86152

0
BBB@

1
CCCA (9.91)

which, as expected, is slightly more accurate than the Neumann series. ✓
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9.3 Eigensolutions of Fredholm Equations of the Second Kind

with Non-singular Kernel

When c0(x) ¼ 0 for all x e [a, b], the Fredholm equation of the second kind

becomes the homogeneous Fredholm equation

cðxÞ ¼ l
ðb
a

Kðx; yÞcðyÞdy (9.92)

which only has solutions for specific values of l. The eigenvalue of the kernel is 1/l
and cl(x), the solution to eq. 9.92 for that specific value of l, is the corresponding
eigenfunction of the kernel.

Solution by quadratures

Using a N-point quadrature rule to approximate the integral, eq. 9.92 becomes

cðxÞ ’ l
XN
m¼1

wmKðx; ymÞcðymÞ (9.93)

Setting x in this expression to each quadrature point in the set {yk}, eq. 9.93 can be

written in matrix form as

1� l

w1K11 � � wNK1N

� �
� �

w1KN1 � � wNKNN

0
BB@

1
CCA

2
664

3
775

cðy1Þ
�
�

cðyNÞ

0
BB@

1
CCA ¼ 0 (9.94)

The eigenvalues of the kernel are obtained from

1� lw1K11ð Þ � � �wNK1N

� �
� �

�w1KN1 � � 1� lwNKNNð Þ

��������

�������� ¼ 0 (9.95)

An approximation to the corresponding eigenfunctions are obtained by solving

(N – 1) of the equations of eq. 9.94 for (N – 1) values c(yk) in terms of one of the

c quantities. For example, we can solve for each c(yk) for k 	 2 in terms of

c(y1). Thus, the value of each ratio c(yk)/c(y1) is known and eq. 9.93 can be

expressed as
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clðxÞ ¼
l w1Kðx; y1Þclðy1Þ þ w2Kðx; y2Þclðy2Þ þ :::þ wNKðx; yNÞclðyNÞ½ �

¼ lclðy1Þ w1Kðx; y1Þ þ clðy2Þ
clðy1Þ

w2Kðx; y2Þ þ :::þ clðyNÞ
clðy1Þ

wNKðx; yNÞ
	 


ð9:96Þ

The undetermined coefficient cl(y1) is obtained from a normalization condition

defined by the user.

Example 9.9: Eigensolution by quadratures

Let us consider

cðxÞ ¼ l
ð1
0

exycðyÞdy (9.97)

We transform the Gauss–Legendre data to points over the interval [0, 1]

(as described in ch. 4). These are

y
0;1½ �
k ¼ 1þ y

�1;1½ �
k

2
(9.98a)

and

w
0;1½ �
k ¼ w

�1;1½ �
k

2
(9.98b)

Approximating the integral in eq. 9.97 by a three-point quadrature rule we obtain

cðxÞ ’ l
X3
m¼1

wke
xykcðykÞ (9.99)

Setting x to each of the points {y1, y2, y3}, we have

1� lw1e
y1y1 �lw2e

y1y2 �lw3e
y1y3

�lw1e
y2y1 1� lw2e

y2y2 �lw3e
y2y3

�lw1e
y3y1 �lw2e

y3y2 1� lw3e
y3y3

0
@

1
A c1

c2

c3

0
@

1
A ¼ 0 (9.100a)

The values of l, found from

1� lw1e
y1y1 �lw2e

y1y2 �lw3e
y1y3

�lw1e
y2y1 1� lw2e

y2y2 �lw3e
y2y3

�lw1e
y3y1 �lw2e

y3y2 1� lw3e
y3y3

������
������ ¼ 0 (9.100b)
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are given by

l1; l2; l3f g ¼ 0:73908; 9:43870; 290:88072f g (9.101)

Referring to eq. 9.96, the corresponding eigenfunctions are

cl1ðxÞ¼ cl1
1 0:20530e0:88730x þ 0:25994e0:50000x þ 0:13009e0:11270x
� �

(9.102a)

cl2ðxÞ ¼ cl2
1 2:62186e0:88730x � 1:05829e0:50000x � 2:81603e0:11270x
� �

(9.102b)

cl3ðxÞ¼ cl3
1 80:80020e0:88730x�199:95011e0:50000xþ122:19328e0:11270x
� �

(9.102c)

As noted in example 3.4 of Baker, C. T. H., 1977, p. 177, it has been shown that

l1, the smallest value of l for this kernel, is bounded by

0:73888< l< 0:73926 (9.103)

Our result is consistent with this. ✓

Eigensolution of a degenerate kernel

A kernel that can be written as

Kðx; yÞ ¼
XN
k¼1

AkðxÞBkðyÞ (9.104)

is called a degenerate kernel. The eigensolutions for such a kernel can be deter-

mined exactly.

With eq. 9.104, the homogeneous Fredholm equation becomes

cðxÞ ¼ l
XN
k¼1

AkðxÞ
ðb
a

BkðyÞcðyÞdy � l
XN
k¼1

AkðxÞbk (9.105)

Substituting this expression for c(y) into

bk �
ðb
a

BkðyÞcðyÞdy (9.106)
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eq. 9.105 becomes

bk ¼ l
XN
m¼1

bm

ðb
a

BkðyÞAmðyÞdy � l
XN
m¼1

mkmbm (9.107)

This set of equations only has solution for specific values l (the inverses of

which are the eigenvalues of the kernel). Referring to eq. 9.105, the elements of the

set {bk
l} yield the corresponding eigenfunction given by

clðxÞ ¼ l
XN
k¼1

blkAkðxÞ (9.108)

Example 9.10: Eigensolution to a Fredholm equation of the second kind with a

degenerate kernel

Writing

cðxÞ ¼ l
ð1
0

ðxþ yÞcðyÞdy ¼ l x

ð1
0

cðyÞdyþ
ð1
0

ycðyÞdy
	 


� l b1xþ b2½ �
(9.109)

we define

b1 �
ð1
0

cðyÞdy (9.110a)

and

b2 �
ð1
0

ycðyÞdy (9.110b)

Substituting c(y) given in eq. 9.109 into eqs. 9.110, we obtain

b1 ¼ l
ð1
0

b1yþ b2½ �dy ¼ l
b1
2
þ b2

	 

(9.111a)

and

b2 ¼ l
ð1
0

y b1yþ b2½ �dy ¼ l
b1
3
þ b2

2

	 

(9.111b)
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from which

l
 ¼ 2 1
 1ffiffiffi
3

p

 �

(9.112)

With

b
2 ¼ 1

l

� 1

2


 �
b
1 (9.113)

the eigenfunctions are given by eq. 9.109 to be

c
 ¼ b
1 l
 xþ 1

l

� 1

2

	 

(9.114)✓

Approximate eigensolutions by interpolating the kernel

When a nondegenerate kernel has an infinite number of eigensolutions to eq. 9.92,

any finite approximation method will yield a finite subset of such solutions.

Referring to the discussion given in example 9.6, we interpolate the kernel over a

set of points {yk} selected by the user. We write

Kðx; yÞ ’
XN
k¼1

Kðx; ykÞnkðyÞ (9:61)

where

nkðyÞ ¼ qðyÞ � qðy1Þ½ �::: qðyÞ � qðyk�1Þ½ � qðyÞ � qðykþ1Þ½ �::: qðyÞ � qðyNÞ½ �
qðykÞ � qðy1Þ½ �::: qðykÞ � qðyk�1Þ½ � qðykÞ � qðykþ1Þ½ �::: qðykÞ � qðyNÞ½ �

(1:18)

In this way, the kernel is approximated by a degenerate kernel, and the homoge-

neous Fredholm equation becomes

cðxÞ ¼ l
XN
m¼1

Kðx; xmÞ
ðb
a

nmðyÞcðyÞdy (9.115)

As before, we define

bk �
ðb
a

nkðyÞcðyÞdy (9:63)

9.3 Eigensolutions of Fredholm Equations of the Second Kind. . . 411



with which eq. 9.115 can be written as

cðxÞ ¼ l
XN
k¼1

Kðx; xkÞbk (9.116)

This is an approximation to the eigenfunction corresponding to l.
Using the expression of eq. 9.116 for c(y), eq. 9.63 becomes

bk ¼ l
XN
m¼1

ðb
a

nkðyÞKðy; xmÞdy
	 


bm (9.117)

With

Gkm �
ðb
a

nkðyÞKðy; xmÞdy (9:66b)

eq. 9.117 is the eigenvalue equation

bk ¼ l
XN
m¼1

Gkmbm (9.118)

The eigenvalues and the values of the bk are determined from eq. 9.118 by

standard methods (see, for example, matrix methods of Jacobi, Givens and House-

holder introduced in ch. 5). The corresponding eigenfunctions are then given by

eq. 9.116.

The accuracy of the interpolation of eq. 9.61, which can be determined indepen-

dently of the method used to find the eigenpairs, will be a measure of the accuracy

of the results.

Example 9.11: Eigensolution by interpolation of the kernel

We again consider

cðxÞ ¼ l
ð1
0

exycðyÞdy (9:97)

Since the kernel is an exponential function of y with a non-negative exponent for
x e [0, 1], we choose

qðyÞ ¼ ey (9:68)

as the interpolation function in nk(y). For the purpose of illustration, we interpolate
the kernel over the three points {y1, y2, y3} ¼ {0, .5, 1}. As such, we will determine

three eigensolutions of the kernel.

The level of accuracy of the interpolation of the kernel is represented in

Table 9.1.
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In generating this table for x ¼ 0.4, the largest percent difference between the

interpolated and exact values of the kernel is 0.34%. Thus, the accuracy of the

eigensolutions is expected to be at this level.

With k, r, and s taking on the values 1, 2, and 3, and with r 6¼ s 6¼ k, we have

Gkm ¼
ð1
0

eyxmnkðyÞdy ¼
ð1
0

eyxm
ey � exr½ � ey � exs½ �
exk � exr½ � exk � exs½ � dy

¼
eð2þxmÞ�1ð Þ
ð2þxmÞ � exr þ exsð Þ eð1þxmÞ�1ð Þ

ð1þxmÞ þ exrþxs exm�1ð Þ
xm

	 

exk � exr½ � exk � exs½ � ð9:119Þ

where
exm � 1ð Þ
xm

¼ 1 (9.120)

for xm ¼ 0.

From

1� lGj j ¼ 1� l
0:15473 0:13579 0:10060
0:68639 0:90912 1:21862
0:15888 0:25253 0:39906

0
@

1
A

������
������ ¼ 0 (9.121)

we obtain

l1; l2; l3ð Þ ¼ 0:73874; 9:46937; 273:84781ð Þ (9.122)

Referring to eq. 9.116, the corresponding eigenfunctions are

c1ðxÞ ¼ b1l1 Kðx; 0Þ þ b2
b1

Kðx; 0:5Þ þ b3
b1

Kðx; 1Þ
	 


¼ b1 0:73874 þ 5:37741e0:5x þ 1:54551ex
� � ð9:123aÞ

y Interpolated Exact

0.1 1.03884 1.04081

0.2 1.08043 1.08329

0.3 1.12479 1.12750

0.4 1.17183 1.17351

0.5 1.22140 1.22140

0.6 1.27324 1.27125

0.7 1.32693 1.32313

0.8 1.38187 1.37713

0.9 1.43722 1.43333

Table 9.1 Interpolated values of exy at x ¼ 0.4
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c2ðxÞ ¼ b1l2 Kðx; 0Þ þ b2
b1

Kðx; 0:5Þ þ b3
b1

Kðx; 1Þ
	 


¼ b1 9:46937þ 1:02738e0:5x � 6:01102ex
� � ð9:123bÞ

and

c3ðxÞ ¼ b1l3 Kðx; 0Þ þ b2
b1

Kðx; 0:5Þ þ b3
b1

Kðx; 1Þ
	 


¼ b1 273:84781� 423:54533e0:5x þ 160:46100ex
� � ð9:123cÞ

where b1 is determined by a user-defined normalization condition.

Again, we see that l1, the smallest value of l, is consistent with

0:73888< l< 0:73926 (9:103)

as noted in example 3.4 of Baker , C. T. H., 1977, p. 177. ✓

9.4 Volterra Equations with Non-singular Kernel

The general form of a linear Volterra integral equation of the first kind is

f0ðxÞ ¼ l
ðx
a

Lðx; yÞcðyÞdy (9.124)

and the Volterra equation of the second kind is

cðxÞ ¼ c0ðxÞ þ l
ðx
a

Kðx; yÞcðyÞdy (9.125)

where K(x, y) is analytic at all x and at all y � x.
Since the integral is zero when x ¼ a, we note from eq. 9.124 that in order for the

equation of the first kind to have a solution, f0(x) must satisfy

f0ðaÞ ¼ 0 (9.126a)

The solution to the Volterra equation of the second kind satisfies

cðaÞ ¼ c0ðaÞ (9.126b)
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Converting the Volterra equation of the first kind

into the Volterra equation of the second kind

Differentiating the Volterra of the first kind, we have

f
0
0ðxÞ ¼ l

ðx
a

@Lðx; yÞ
@x

cðyÞdyþ Lðx; xÞcðxÞ (9.127a)

If L(x,x) ¼ 0 for every x, this becomes a Volterra equation of the first kind.

If L(x, x) 6¼ 0 for all x, this can be written as

cðxÞ ¼ f
0
0ðxÞ

Lðx; xÞ � l
ðx
a

1

Lðx; xÞ
@Lðx; yÞ

@x
cðyÞdy (9.127b)

Defining

f
0
0ðxÞ

Lðx; xÞ � c0ðxÞ (9.128a)

and

� 1

Lðx; xÞ
@Lðx; yÞ

@x
� Kðx; yÞ (9.128b)

eq. 9.127b becomes

cðxÞ ¼ c0ðxÞ þ l
ðx
a

Kðx; yÞcðyÞdy (9:125)

which is a Volterra equation of the second kind.

Thus, we can solve a Volterra equation of the first kind by solving the equivalent

Volterra equation of the second kind.

Example 9.12: Converting a Volterra equation of the first kind to a Volterra

equation of the second kind

The solution to

xex ¼
ðx
0

eðx�yÞcðyÞdy (9.129)

is

cðxÞ ¼ ex (9:50b)
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With

f
0
0ðxÞ ¼ ð1þ xÞex (9.130)

and

Lðx; xÞ ¼ e0 ¼ 1 (9.131)

eq. 9.129 becomes

cðxÞ ¼ ð1þ xÞex �
ðx
0

eðx�yÞcðyÞdy (9.132)

It is a trivial exercise to show that

cðxÞ ¼ ex (9:50b)

is the solution to eq. 9.132. ✓

Taylor series approximation for the Volterra equation of the second kind

The Taylor series for c(x) expanded around a is

cðxÞ ¼cðaÞþc0ðaÞðx� aÞþ 1

2!
c00ðaÞðx� aÞ2þ 1

3!
c000ðaÞðx� aÞ3þ ::: (9.133)

The first term in the series is

cðaÞ ¼ c0ðaÞ (9:126b)

and from the derivative of c(x) given in eq. 9.125, we have

c0ðxÞ ¼ c0
0ðxÞ þ lz

ðx
a

@Kðx; yÞ
@x

cðyÞdyþ lKðx; xÞcðxÞ (9.134a)

Thus

c0ðaÞ ¼ c0
0ðaÞ þ lKða; aÞcðaÞ ¼ c0

0ðaÞ þ lKða; aÞc0
0ðaÞ (9.134b)
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The derivative of c0(x) given in eq. 9.134a yields

c00ðxÞ ¼ c00
0ðxÞ þ l

ðx
a

@ 2Kðx; yÞ
@x 2

cðyÞdyþ

l
@Kðx; yÞ

@x

����
y¼x

cðxÞ þ l
@Kðx; yÞ

@y

����
y¼x

cðxÞ þ lKðx; xÞc0ðxÞ ð9:135aÞ

from which

c00ðaÞ ¼ c00
0ðaÞ þ l

@Kðx; yÞ
@x

���� y¼a
x¼a

c0ðaÞ þ l
@Kðx; yÞ

@y

���� y¼a
x¼a

c0ðaÞ

þ lKða; aÞc0ðaÞ

where c0(a) is given in eq. 9.134b.

Example 9.13: Solution to a Volterra equation by Taylor series

The solution to

cðxÞ ¼ 1þ xþ
ðx
0

eðx�yÞcðyÞdy (9.136)

is

cðxÞ ¼ 1

4
þ x

2
þ 3

4
e2x (9.137)

With

c0ð0Þ ¼ 1 (9.138a)

and

Kð0; 0Þ ¼ 1 (9.138b)

eq. 9.134b yields

c0ð0Þ ¼ 2 (9.139a)

and from eq. 9.135b

c00ðaÞ ¼ 3 (9.139b)

Therefore,

cðxÞ ’ c0ð0Þ þ c0ð0Þxþ 1

2!
c00ð0Þx2 ¼ 1þ 2xþ 3

2
x2 (9.140)
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We compare this to the MacLaurin expansion of the solution given in eq. 9.137,

cexactðxÞ ¼
1

4
þ 1

2
xþ 3

4
1þ 2xþ 4x2

2!
þ :::


 �
¼ 1þ 2xþ 3

2
x2 þ ::: (9.141)

Thus, the Taylor series approximation is identical to the series representation of the

known solution up to x2. ✓

Approximating c(y) by a spline interpolation

As we did for the Fredholm equation, we develop an approach in which we

approximate c(y) by a constant in the Volterra integral. We begin by denoting

the limits of the integral [a, x] as [x0, xN]. To approximate the solution to the

Volterra equation at xN, we divide [x0, xN] into small segments, writing the integral

in the Volterra equation asðxN
x0

KðxN; yÞcðyÞdy ¼
XN�1

m¼0

ðxmþ1

xm

KðxN; yÞcðyÞdy (9.142)

where, as before, for convenience, we take these intervals to be evenly spaced of

width Dx.
By taking Dx to be small enough, we can approximate c(y) over each segment

xk � y � xk+1 by the constant

cðyÞ ’ ac xmð Þ þ bc xmþ1ð Þ (9:45)

where a and b, chosen by the user, are here taken to be 1/2 as note in eq. 9.46. Then
eq. 9.142 becomes

ðxN
x0

KðxN; yÞcðyÞdy ’ 1

2

XN�1

m¼0

cðxmÞ þ cðxmþ1Þ½ �
ðxmþ1

xm

KðxN; yÞdy (9.143)

Defining

ImðxNÞ �
ðxmþ1

xm

KðxN; yÞdy (9.144)

the Volterra equation of the second kind becomes

cðxNÞ ’ c0ðxNÞ þ
l
2

XN�1

m¼0

cðxmÞ þ cðxmþ1Þ½ �ImðxNÞ (9.145)

418 9 LINEAR INTEGRAL EQUATIONS IN ONE VARIABLE



Referring to eq. 9.126b,

cðx0Þ ¼ cðaÞ ¼ c0ðaÞ (9.146)

Then, eq. 9.145 becomes

1� l
2
IN�1ðxNÞ


 �
cðxNÞ ’ c0ðxNÞ þ

l
2
c0ðaÞI0ðxNÞþ

l
2

cðx1ÞI0ðxNÞ þ cðx1Þ þ cðx2Þ½ �I1ðxNÞ þ :::f
þ cðxN�2Þ þ cðxN�1Þ½ �IN�2ðxNÞ þ cðxN�1ÞIN�1ðxNÞ

To determine the set {c(xk)}, we begin with x ¼ x1 in the Volterra equation to

obtain

cðx1Þ ¼ c0ðx1Þ þ l
ðx1
x0

Kðx1; yÞcðyÞdy ’ c0ðx1Þ þ
l
2
c0ðx0Þ þ cðx1Þ½ �I0ðx1Þ

(9.148)

from which

1� l
2
I0ðx1Þ


 �
cðx1Þ ’ c0ðx1Þ 1þ l

2
I0ðx1Þ


 �
(9.149)

Then, with c(x1) given by eq. 9.149, we set x ¼ x2 in the Volterra equation to

obtain

cðx2Þ ¼ c0ðx2Þ þ l
ðx1
x0

Kðx2; yÞcðyÞdyþ l
ðx2
x1

Kðx2; yÞcðyÞdy

’ c0ðx2Þ þ
l
2
cðx0Þ þ cðx1Þ½ �I0ðx2Þ þ l

2
cðx1Þ þ cðx2Þ½ �I1ðx2Þ ð9:150Þ

Then, c(x2) is found from

1� l
2
I1ðx2Þ


 �
cðx2Þ ’c0ðx2Þþ

l
2
cðx0Þþcðx1Þ½ �I0ðx2Þþ l

2
I1ðx2Þcðx1Þ (9.151)

and so on.

Example 9.14: Solution to a Volterra equation of the second kind

As noted earlier,

cðxÞ ¼ 1þ xþ
ðx
0

eðx�yÞcðyÞdy (9:136)
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has solution

cðxÞ ¼ 1

4
þ x

2
þ 3

4
e2x (9:137)

For simplicity of illustration, we obtain the solution at x ¼ 0.9 taking Dx ¼ 0.3.

Then, with x0 ¼ 0 and xN ¼ x3 ¼ 0.9, and

cðx0Þ ¼ c0ð0Þ ¼ 1 (9.152)

we obtain c(x3) from eq. 9.147 in terms of c(x1) and c(x2). These quantities are

determined from eqs. 9.149 and 9.151.

Approximating c(y) by

cðyÞ ’ 1

2
cðxmÞ þ cðxmþ1Þ½ � xm � y � xmþ1 (9.153)

eq. 9.145 becomes

cðx3Þ ’ c0ðx3Þ þ
1

2
cðx0Þ þ cðx1Þ½ �I0ðx3Þ

þ 1

2
cðx1Þ þ cðx2Þ½ �I1ðx3Þ þ 1

2
cðx2Þ þ cðx3Þ½ �I2ðx3Þ ð9:154aÞ

from which

1� 1

2
I2ðx3Þ

	 

cðx3Þ ¼ c0ðx3Þþ

1

2
c0ðx0ÞI0ðx3Þ þ

1

2
I0ðx3Þ þ I1ðx3Þ½ �cðx1Þ þ 1

2
I1ðx3Þ þ I2ðx3Þ½ �cðx2Þ ð9:154bÞ

From eq. 9.149, c(x1) is given by

1� 1

2
I0ðx1Þ

	 

cðx1Þ ’ c0ðx1Þ þ

1

2
c0ðx0ÞI0ðx1Þ (9.155)

and with this value of c(x1), eq. 9.151 yields

1� 1

2
I1ðx2Þ

	 

cðx2Þ ’ c0ðx2Þ þ

1

2
c0ðx0ÞI0ðx2Þ þ

1

2
I0ðx2Þ þ I1ðx2Þ½ �cðx1Þ

(9.156)
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With

IkðxmÞ ¼
ðxKþ1

xk

Kðxm; yÞdy ¼
ðxkþ1

xk

eðxm�yÞdy ¼ exm e�xk � e�xkþ1ð Þ (9.157)

we obtain

cð0:3Þ
cð0:6Þ
cð0:9Þ

0
B@

1
CA ¼

1:78764

3:11604

5:44382

0
B@

1
CA (9.158a)

Comparing these to

cexactð0:3Þ
cexactð0:6Þ
cexactð0:9Þ

0
B@

1
CA ¼

1:76659

3:04009

5:23724

0
B@

1
CA (9.158b)

we see that this method yields a reasonably accurate approximate solution. ✓

9.5 Fredholm Equations with Weakly Singular Kernel

A weakly singular kernel satisfies

lim
y!x

Kðx; yÞ ¼ 1 (9.159a)

and

lim
y!x

ðx� yÞKðx; yÞ ¼ 0 (9.159b)

Equations of this type, which arises in applied problems, are of the form

cðxÞ ¼ c0ðxÞ þ l
ðb
a

Lðx; yÞ
x� yj jp cðyÞdy 0< p< 1 (9.160a)

and

cðxÞ ¼ c0ðxÞ þ l
ðb
a

Lðx; yÞ‘n x� yj jcðyÞdy (9.160b)

where L(x, y) is analytic at all x and y in [a, b].
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An example of such an equation is the Kirkwood–Riseman formula, from which

one determines the viscosity and the translational diffusion constants of

macromolecules:

cðxÞ ¼ c0ðxÞ � l
ð1
�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy (9.161)

(see Kirkwood, J. G., and Riseman, J., 1948).

Lagrange interpolation methods

To approximate the solution to either of eq. 9.160 by Lagrange-like interpolation,

we write

cðyÞ ’
XM
m¼1

cðymÞnmðyÞ (9.162)

where

nmðyÞ¼ qðyÞ�qðy1Þð Þ::: qðyÞ�qðym�1Þð Þ qðyÞ�qðymþ1Þð Þ::: qðyÞ�qðyMÞð Þ
qðymÞ�qðy1Þð Þ::: qðymÞ�qðym�1Þð Þ qðymÞ�qðymþ1Þð Þ::: qðymÞ�qðyMÞð Þ

(1:18)

With this approximation of c(y), eqs. 9.160 become

cðxÞ ¼ c0ðxÞ þ l
XM
m¼1

cðxmÞ
ðb
a

Lðx; yÞ
x� yj jp nmðyÞdy 0<p<1 (9.163a)

and

cðxÞ ¼ c0ðxÞ þ l
XM
m¼1

cðxmÞ
ðb
a

Lðx; yÞ‘n x� yj jnmðyÞdy (9.163b)

Setting x to each yk, we obtain

cðykÞ ¼ c0ðykÞ þ l
XM
m¼1

cðymÞ
ðb
a

Lðyk; yÞ
yk � yj jp nmðyÞdy (9.163c)

and
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cðykÞ ¼ c0ðykÞ þ l
XM
m¼1

cðymÞ
ðb
a

Lðyk; yÞ‘n yk � yj jnmðyÞdy (9.163d)

Depending on L(x, y), the integrals in eqs. 9.163c and 9.163d are then evaluated in

closed form or are approximated numerically by quadrature sums.

Referring to ch. 4, eqs. 4.152–4.155, when approximating these integrals by

quadrature sums, the singularity structure of the integrand should be “smoothed

out” by writing

ðb
a

Lðyk; yÞnmðyÞ
yk � yj jp dy ¼

ðb
a

Lðyk; yÞnmðyÞ � Lðyk; ykÞnmðykÞ½ �
yk � yj jp dy

þ Lðyk; ykÞnmðykÞ
ðb
a

1

yk � yj jp dy ð9:164aÞ

and

ðb
a

Lðyk; yÞnmðyÞ‘n yk � yj jdy ¼
ðb
a

Lðyk; yÞnmðyÞ � Lðyk; ykÞnmðykÞ½ �‘n yk � yj jdy

þ Lðyk; ykÞnmðykÞ
ðb
a

‘n yk � yj jdy ð9:164bÞ

With

nmðykÞ ¼ dkm (1:19)

eq. 9.164 become

ðb
a

Lðyk; yÞnmðyÞ
yk � yj jp dy ¼

ðb
a

Lðyk; yÞnmðyÞ � Lðyk; ykÞdkm½ �
yk � yj jp dy

þ Lðyk; ykÞdkm
ðb
a

1

yk � yj jp dy ð9:165aÞ

and
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ðb
a

Lðyk; yÞnmðyÞ‘n yk � yj jdy ¼
ðb
a

Lðyk; yÞnmðyÞ � Lðyk; ykÞdkm½ �‘n yk � yj jdy

þ Lðyk; ykÞdkm
ðb
a

‘n yk � yj jdy ð9:165bÞ

The first integrals on the right sides of eqs. 9.165 are approximated by quadrature

sums. If, for a small parameter e, a quadrature point yn satisfies

yn � ykj j < e (9.166)

that term in the quadrature sum is taken to be zero.

The second integrals on the right sides of eqs. 9.165 can be evaluated in closed

form as follows:

ðb
a

1

x� yj jp dy ¼
ðx
a

1

ðx� yÞp dyþ
ðb
x

1

ðy� xÞp dy ¼
ðx� aÞ1�p þ ðb� xÞ1�p

1� p

(9.167a)

and

ðb
a

‘n x� yj jdy ¼
ðx
a

‘nðx� yÞdyþ
ðb
x

‘nðy� xÞdy ¼
ðx� aÞ‘nðx� aÞ þ ðb� xÞ‘nðb� xÞ � ðb� aÞ ð9:167bÞ

Unless one has a sense of the behavior of c(y), and so has a sense of the

interpolating function q(y), it is reasonable to use polynomial interpolation by

taking q(y) ¼ y and interpolating with

nmðyÞ � y� y1ð Þ::: y� ym�1ð Þ y� ymþ1ð Þ::: y� yNð Þ
ym � y1ð Þ::: ym � ym�1ð Þ ym � ymþ1ð Þ::: ym � yNð Þ (1:7)

Example 9.15: Solution to a Fredholm equation with a weakly singular kernel

using Lagrange interpolation

It is straightforward to show that the solution to

cðxÞ ¼ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ 1

2

ð1
�1

ex�yffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy (9.168)

is
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cðxÞ ¼ ex (9:50b)

Approximating c(y) by

cðyÞ ¼
XM
m¼1

cðymÞnmðyÞ (9:162)

eq. 9.168 becomes

cðxÞ ¼ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ 1

2
ex
XM
m¼1

cðymÞ
ð1
�1

e�ynmðyÞffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp dy (9.169a)

To illustrate, we take the somewhat crude interpolation over five points

y ¼ {–1.0, –0.5, 0.0, 0.5, 1.0}. Then, eq. 9.169a becomes

cðxÞ ¼ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ 1

2
ex
X5
m¼1

cðymÞ
ð1
�1

e�ynmðyÞffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp dy (9.169b)

With nm(y) the polynomial given in eq. 1.7, we then set x to each point in the set

{ym} ¼ {–1.0, –0.5, 0.0, 0.5, 1.0} and evaluate

ð1
�1

e�ynmðyÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk� yj jp dy¼

ð1
�1

e�ynmðyÞ� e�xkdkm½ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk� yj jp dyþ e�xkdkm

ð1
�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk� yj jp dy

’
XN
n¼1

wn
e�ynmðynÞ� e�xkdkm½ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

xk� ynj jp þ2e�xkdkm
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ xk

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� xk

ph i
ð9:170Þ

We obtain

cð�1:0Þ
cð�0:5Þ
cð0:0Þ
cð0:5Þ
cð1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36751

0:60603

1:00058

1:65099

2:72063

0
BBBBBB@

1
CCCCCCA (9.171a)

which compares well with the exact result ex given by
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cexactð�1:0Þ
cexactð�0:5Þ
cexactð0:0Þ
cexactð0:5Þ
cexactð1:0Þ

0
BBBBBB@

1
CCCCCCA ¼

0:36788

0:60653

1:00000

1:64872

2:71828

0
BBBBBB@

1
CCCCCCA (9.171b)

The largest error in these results is 0.13%.

The results given in eq. 9.171a can then be substituted into eq. 9.169b to yield

values for c(x) at any x. ✓

As the reader will show in Problem 14, a second approach using Lagrange

(or Lagrange-like) interpolation is to write

ðb
a

Lðx; yÞcðyÞ
x� yj jp dy ’

XM
m¼1

Lðx; ymÞcðymÞ
ðb
a

nmðyÞ
x� yj jp dy (9.172a)

and

ðb
a

Lðx; yÞcðyÞ‘n x� yj jdy ’
XM
m¼1

Lðx; ymÞcðymÞ
ðb
a

nmðyÞ‘n x� yj jdy (9.172b)

If the interpolation functions nm(y) are polynomials of order M, they can be written

as sums of powers of y with aM ¼ 1. That is,

ðb
a

nmðyÞ
xk � yj jp dy ¼

XM
r¼0

ar

ðb
a

yr

xk � yj jp dy (9.173a)

and

ðb
a

nmðyÞ‘n xk � yj jdy ¼
XM
r¼0

ar

ðb
a

yr‘n xk � yj jdy (9.173b)

can be evaluated in closed form.

Writing

ðb
a

yr

x� yj jp dy ¼
ðx
a

yr

ðx� yÞp dyþ
ðb
x

yr

ðy� xÞp dy (9.174)

we make the substitutions

ðx� yÞp ¼ zq y 2 ½a; x� (9.175a)
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and

ðy� xÞp ¼ zq y 2 ½x; b� (9.175b)

to obtain

ðb
a

yr

x� yj jp dy ¼

q

p

ððx�aÞp=q

0

x� z1=p
� �r

zq=p�q�1dzþ
ððb�xÞp=q

0

xþ z1=p
� �r

zq=p�q�1dz

" #
ð9:176Þ

Another approach using polynomial interpolation is to write

ðb
a

Lðx; yÞ
x� yj jp cðyÞdy ¼ðb

a

Lðx; yÞ � Lðx; xÞ½ �
x� yj jp cðyÞdyþ Lðx; xÞ

ðb
a

1

x� yj jp cðyÞdy ð9:177Þ

Since the integrand of the first integral is finite (zero) at y ¼ x, the first integral is
well approximated by the N-point quadrature sum

ðb
a

Lðx; yÞ � Lðx; xÞ½ �
x� yj jp cðyÞdy ’

XN
k¼1

wk
Lðx; ykÞ � Lðx; xÞ½ �

x� ykj jp cðykÞ (9.178)

To evaluate the second integral, we interpolate c(y) over a subset (which can be
the entire set) of the quadrature abscissae {yk}. That is, we interpolate over the

points {Ym} e {yk}. Then, the second integral is approximated by

ðb
a

1

x� yj jp cðyÞdy ’
XM
m¼1

cðYmÞ
ðb
a

nmðyÞ
x� yj jp dy (9.179)

with M � N. Writing

nmðyÞ ¼ yM þ c1y
M�1 þ :::

ðYm � Y1Þ:::ðYm � Ym�1ÞðYm � Ymþ1Þ:::ðYm � YMÞ (9.180)

the integrals in eq. 9.179 can be evaluated in closed form as described above.

The approximation to the integral equation then becomes

cðxÞ ’ c0ðxÞþ

l
XN
k¼1

wk
Lðx; ykÞ � Lðx; xÞ½ �

x� yj jp cðykÞ þ lLðx; xÞ
XM
m¼1

cðYmÞ
ðb
a

nmðyÞ
x� yj jp dy ð9:181Þ

With {c(Ym)} e {c(ym)}, this can be solved by standard methods.
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In practice, we find that it is best to choose a quadrature rule that contains

abscissae {Ym} that are approximately equally spaced over [a, b].

Example 9.16: Solution to a Fredholm equation with a weakly singular kernel

using Lagrange interpolation

We again consider

cðxÞ ¼ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ 1

2

ð1
�1

ex�yffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy (9:168)

which has solution

cðxÞ ¼ ex (9:50b)

The approximation of eq. 9.181 for this equation is

cðxÞ ’ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ

1

2
ex
XN
k¼1

wk
e�yk � e�x½ �ffiffiffiffiffiffiffiffiffiffiffiffiffi

x� yj jp cðykÞ þ 1

2
ex
XM
m¼1

cðYmÞ
ð1
�1

nmðyÞffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp dy ð9:182Þ

The quadrature set used to evaluate the first integral is selected based on the

points over which c(y) is interpolated in the second integral. If the interval [–1,1] is
divided into four segments of approximately equal widths, the five points should be

approximately {–1.0, –0.5, 0.0, 0.5, 1.0}. Since 0.0 is one of these points, we look

for an odd order quadrature rule for which 0.0 is one of the abscissae and that has

abscissae close 
1.0 and 
0.5.

Referring to Stroud, A.H., and Secrest, D., 1966, p. 101, the 17 point

Gauss–Legendre quadrature abscissae and weights are shown in Table 9.2.

N ¼ 17

x w

0.00000 0.17945


0.17848 0.17656


0.35123 0.16800


0.51269 0.15405


0.65767 0.13514


0.78151 0.11188


0.88024 0.06504


0.95068 0.05546


0.99057 0.02415

Table 9.2 Seventeen point Gauss–

Legendre quadrature data
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We use this quadrature rule to evaluate the first integral, and the points

Ymf g17 ¼ �0:99058;�0:51260; 0:00000; 0:51260; 0:99058f g (9.183)

from this quadrature set to interpolate c(y) in the second integral. Then eq. 9.182

becomes

cðxÞ ’ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ

1

2
ex
X17
k¼1

wk
e�yk � e�x½ �ffiffiffiffiffiffiffiffiffiffiffiffiffi

x� yj jp cðykÞ þ 1

2
ex
X5
m¼1

cðYmÞ
ð1
�1

nmðyÞffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp dy ð9:184Þ

where

nmðyÞ ¼ y� Y1ð Þ::: y� Ym�1ð Þ y� Ymþ1ð Þ::: y� YMð Þ
Ym � Y1ð Þ::: Ym � Ym�1ð Þ Ym � Ymþ1ð Þ::: Ym � YMð Þ (9.185)

Results at a sample of the 17 abscissae are

cð0:99058Þ
cð0:78151Þ
cð0:51269Þ
cð0:17848Þ
cð0:00000Þ
cð�0:51269Þ
cð�0:88024Þ
cð�0:99058Þ

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼

2:69145

2:18359

1:66886

1:19523

1:00031

0:59916

0:41431

0:37118

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

(9.186a)

which is a reasonably accurate approximation to

cexactð0:99058Þ
cexactð0:78151Þ
cexactð0:51269Þ
cexactð0:17848Þ
cexactð0:00000Þ
cexactð�0:51269Þ
cexactð�0:88024Þ
cexactð�0:99058Þ

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

¼

2:69278

2:18478

1:66978

1:19540

1:00000

0:59888

0:41468

0:37136

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

(9.186b)

The largest error in these results is 0.09% with an average error of 0.05%. This

indicates that this approach is a bit more accurate than the method described in

example 9.15. ✓
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Spline Interpolation Methods

To apply spline interpolation methods, we subdivide [a, b] into several segments,

writing eqs. 9.160 as

cðxÞ ¼ c0ðxÞ þ l
XM
m¼1

ðzmþ1

zm

Lðx; yÞ
x� yj jp cðyÞdy (9.187a)

and

cðxÞ ¼ c0ðxÞ þ l
XM
m¼1

ðzmþ1

zm

Lðx; yÞ‘n x� yj jcðyÞdy (9.187b)

where

z1 � a (9.188a)

and

zMþ1 � b (9.188b)

As before, the segments can be equally spaced, or defined by some other method

such as taking a subset of the abscissae of a Gaussian quadrature rule. Then, over

each segment, c(y) is approximated by a constant. Unlike the approximation of

eq. 9.45, here we approximate c(y) by

cðyÞ ’ c azm þ bzmþ1ð Þ � cðymÞ zm � ym � zmþ1 (9.189)

where, unless there is a reason to do otherwise, we take ym to be the midpoint of the

mth segment. Then, setting x to each yk, eqs. 9.187 become

cðykÞ ’ c0ðykÞ þ l
XM
m¼1

cðymÞ
ðzmþ1

zm

Lðyk; yÞ
yk � yj jp dy (9.190a)

and

cðykÞ ’ c0ðykÞ þ l
XM
m¼1

cðymÞ
ðzmþ1

zm

Lðyk; yÞ‘n yk � yj jdy (9.190b)

which are solved by standard techniques.
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Example 9.17: Solution of a Fredholm equation with a weakly singular kernel

using spline interpolation

We again consider

cðxÞ ¼ ex 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ xÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� xÞ

ph i
þ 1

2

ð1
�1

ex�yffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy (9:168)

which has solution

cðxÞ ¼ ex (9:50b)

We define N segments by the points {z1, . . ., zN+1} from which we determine the

points at which we will determine c(y) at

yk � 1

2
ðzk þ zkþ1Þ (9.191)

Then eq. 9.168 is approximated by

cðykÞ¼ eyk 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þykÞ

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1�ykÞ

ph i
þ1

2

XN
m¼1

cðymÞ
ðzmþ1

zm

eyk�yffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk�yj jp dy (9.192)

As noted above, we could approximate each of the integrals by “smoothing out”

the singularity at y ¼ yk in the integrands by writingðzmþ1

zm

eyk�yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dy ¼

ðzmþ1

zm

eyk�y � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dyþ

ðzmþ1

zm

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dy ’

XN
n¼1

wn
eyk�yn � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

yk � ynj jp þ
ðzmþ1

zm

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dy ð9:193Þ

and easily evaluating the second integral for each of the cases yk 	 zm+1, zm+1 	
y
k
	 zm+1, and yk � zm.
To illustrate another approach, we have evaluated the integrals for these three

cases by expanding the exponential in a Taylor series to approximate

ðzmþ1

zm

eyk�yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dy ’

X4
n¼0

1

n!

ðzmþ1

zm

ðyk � yÞnffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
yk � yj jp dy (9.194)

A sample of the results we obtain are given below.

For N ¼ 10 segments, we find
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cð�:9Þ
cð�:5Þ
cð:1Þ
cð:9Þ

0
BBB@

1
CCCA ¼

0:51386

0:67232

1:00968

2:08540

0
BBB@

1
CCCA (9.195a)

which is a poor approximation to

cexactð�:9Þ
cexactð�:5Þ
cexactð:1Þ
cexactð:9Þ

0
BBB@

1
CCCA ¼

0:40657

0:60653

1:10517

2:45960

0
BBB@

1
CCCA (9.195b)

These results differ from the exact values by an average of 13.2% with a maximum

error of 26.4%.

For N ¼ 20 segments, we obtain

cð�:95Þ
cð�:55Þ
cð:05Þ
cð:45Þ
cð:85Þ

0
BBBBBB@

1
CCCCCCA ¼

0:49036

0:64835

0:97569

1:33916

2:24827

0
BBBBBB@

1
CCCCCCA (9.196a)

the exact values of which are

cexactð�:95Þ
cexactð�:55Þ
cexactð:05Þ
cexactð:45Þ
cexactð:85Þ

0
BBBBBB@

1
CCCCCCA ¼

0:38674

0:57695

1:05127

1:56831

2:58571

0
BBBBBB@

1
CCCCCCA (9.196b)

The average and maximum errors of these results are 12.6% and 26.8%,

respectively.

These results indicate that this cardinal spline interpolation method converges

very slowly. Thus, the results of the Lagrange interpolation method are much more

accurate for interpolation over a small set of points. ✓

Schlitt’s method

A method, proposed by Schlitt, D.W., (1968), involves “smoothing out” the singu-

larity by subtracting and adding the unknown function c(x) to obtain
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cðxÞ ¼ c0ðxÞ þ l
ðb
a

Lðx; yÞ
x� yj jp cðyÞ � cðxÞ½ �dyþ lcðxÞ

ðb
a

Lðx; yÞ
x� yj jp dy (9.197)

With

JðxÞ �
ðb
a

Lðx; yÞ
x� yj jp dy (9.198)

eq. 9.197 becomes

cðxÞ 1� l JðxÞ½ � ¼ c0ðxÞ þ l
ðb
a

Lðx; yÞ
x� yj jp cðyÞ � cðxÞ½ �dy (9.199)

If c(x) is analytic at all y e [a, b], c(y) – c(x) can be expanded in a Taylor series,
all terms of which contain (x – y)n with n 	 1. Therefore, the integrand of the

integral on the right hand side of eq. 9.199 can be approximated by a quadrature

sum. With x set to each point in the abscissae set, we obtain

cðykÞ 1� lJðykÞ½ � ¼ c0ðykÞ þ l
XN
m¼1

m6¼k

Lðyk; ymÞ
yk � ymj jp cðymÞ � cðykÞ½ � (9.200a)

where, because p < 1, all terms in the series for [c(y) – c(x)]/ x� yj jp have posi-

tive powers of (x – y). Therefore, the m ¼ k term in the sum is zero.

This results in the set of equations

cðykÞ 1� lJðykÞ þ l
XN
m¼1

m 6¼k

Lðyk; ymÞ
yk � ymj jp

2
666664

3
777775� l

XN
m¼1

m 6¼k

Lðyk; ymÞ
yk � ymj jp cðymÞ ¼ c0ðykÞ

(9.200b)

the solution to which is obtained by standard methods. An example of this is left as

an exercise for the reader (see Problem 16).
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9.6 Fredholm Equations with Kernels Containing

a Pole Singularity

Integral equations in which the kernel has a pole (or Cauchy) singularity are of the

form

cðxÞ ¼ c0ðxÞ þ l
ðb
a

Lðx; yÞ
ðy� zÞP

cðyÞdy a � z � b (9.201)

where the subscript P indicates that the integral is a principal value integral. z can
either be a constant or a function of x.

When the singularity is at a constant value of y, it is called a fixed pole.
An example of such an equation is the Lippmann–Schwinger equation for the

scattering wave function of a non-relativistic particle (Lippmann, B., and

Schwinger, J., 1950). With E a constant related to the energy of the incident

particle, the form of this equation is

cðxÞ ¼ c0ðxÞ �
2

p

ð1
0

Lðx; yÞ
ðy� EÞP

cðyÞdy (9.202a)

An integral equation with a Cauchy kernel that is developed from quantum field

theory is the Omnes equation (Omnes, R., 1958)

cðxÞ ¼ c0ðxÞ þ
1

p

ð1
1

LðyÞ
ðy� xÞP

cðyÞdy (9.202b)

With x a variable, a pole singularity at y ¼ x is a variable or movable pole.

Solution to an equation with a fixed pole

Referring to the Lippmann–Schwinger equation, we note that when we approximate

integrals by quadrature sums, a semi-infinite interval [a,1] suggests that we might

use Laguerre quadratures. However, as noted in ch. 4, unless the integrand of an

integral explicitly contains e–y, using a Gauss–Laguerre quadrature is less reliable

than transforming the range of integration to [–1, 1] and using a Gauss–Legendre

quadrature. As such, with z ¼ constant, we consider eq. 9.201 in the form

cðxÞ ¼ c0ðxÞ þ l
ð1
�1

Lðx; yÞ
ðy� zÞP

cðyÞdy� 1 � z � 1 (9.203)
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To accurately approximate the solution to this integral equation, we write

eq. 9.203 as

cðxÞ ¼ c0ðxÞ þ l
ð1
�1

Lðx; yÞ � Lðx; zÞ½ �
ðy� zÞ cðyÞdyþ lLðx; zÞ

ð1
�1

1

ðy� zÞP
cðyÞdy
(9.204)

Since the integrand of the first integral is no longer singular, the integral is well

approximated by a Gauss–Legendre quadrature sum

ð1
�1

Lðx; yÞ � Lðx; zÞ½ �
ðy� zÞ cðyÞdy ’

XN
m¼1

wm
Lðx; ymÞ � Lðx; zÞ½ �

ðym � zÞ cðymÞ (9.205)

To approximate the second integral, we express c(y) by an interpolating

polynomial

cðyÞ ’
XM
m¼1

nmðyÞcðYmÞ (9:162)

where M � N and the set {Ym} over which the interpolation is constructed is a

subset (possibly the entire set) of {ym}, the quadrature abscissae.
We note that {Ym} being a subset of the abscissae of the N-point quadrature rule

are some of the zeros of the Legendre polynomial PN(y). Thus, referring to eq. 1.15,
we can express the interpolating function as

nmðyÞ ¼ PNðyÞ
ðy� YmÞP0

NðYmÞ
(9.206)

and the second integral of eq. 9.204 becomes

ð1
�1

1

ðy� zÞP
cðyÞdy ’

XM
m¼1

cðYmÞ
P

0
NðYmÞ

ð1
�1

PNðyÞ
ðy� zÞPðy� YmÞ dy

¼ �
XM
m¼1

cðYmÞ
P

0
NðYmÞ

1

ðYm � zÞ
ð1
�1

PNðyÞ
ðYm � yÞ �

PNðyÞ
ðz� yÞP

	 

dy ð9:207Þ

The advantage of this form of the second integral is that each term can be

expressed in terms of the Legendre function of the second kind,QN, many properties

of which are well established (see, for example, Cohen, H., 1992, pp. 299–306 and

pp. 370–371). The Neumann representation of QN is given by
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QNðzÞ ¼ 1

2

ð1
�1

PNðyÞ
ðz� yÞ dy (9.208)

Then, eq. 9.207 can be written as

ð1
�1

1

ðy� zÞP
cðyÞdy ’ �2

XM
m¼1

cðYmÞ
P

0
NðYmÞ

QNðYmÞ � QNðzÞ½ �
ðYm � zÞ (9.209)

Combining the results given in eqs. 9.204 and 9.208, the approximated integral

equation is

cðxÞ ¼ c0ðxÞ þ l
XN
m¼1

wm
Lðx; ymÞ � Lðx; zÞ½ �

ðym � zÞ cðymÞ

� 2lLðx; zÞ
XM
m¼1

cðYmÞ
P

0
NðYmÞ

QNðYmÞ � QNðzÞ½ �
ðYm � zÞ ð9:210Þ

which is then solved by standard methods.

If z has a value close to one of the quadrature abscissae ym, such that for some

small e

ym � zj j<e (9.211)

that term in the first sum is replaced by

Lðx; ymÞ � Lðx; zÞ½ �
ðym � zÞ ! @Lðx; yÞ

@y

����
y¼z

(9.212)

If ym, is also one of the interpolation points Ym, that term in the second sum is

replaced by

QNðYmÞ � QNðzÞ½ �
ðYm � zÞ ! Q

0
NðzÞ (9.213)

From the author’s experience, it is found that the most accurate method of

approximating the PN(y), Q(y), P
0
N(y), and Q0

N(y) is from the recurrence relations

satisfied by these functions. The Legendre polynomials satisfy

ð‘þ 2ÞP‘þ2ðyÞ � yð2‘þ 3ÞP‘þ1ðyÞ þ ð‘þ 1ÞP‘ðyÞ ¼ 0 (9.214a)
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for ‘ 	 0. Taking one derivative of this expression, we obtain

ð‘þ 2ÞP0
‘þ2ðyÞ � yð2‘þ 3ÞP0

‘þ1ðyÞ þ ð‘þ 1ÞP0
‘ðyÞ ¼ ð2‘þ 3ÞP‘þ1ðyÞ (9.214b)

By substituting the expression of eq. 9.214a into the Neumann expression for QN(z)
we obtain

ð‘þ 2Þ
ð1
�1

P‘þ2ðyÞ
ðz� yÞP

dy� ð2‘þ 3Þ
ð1
�1

yP‘þ1ðyÞ
ðz� yÞP

dyþ ð‘þ 1Þ
ð1
�1

P‘ðyÞ
ðz� yÞP

dy ¼ 0

(9.215a)

Referring to eq. 9.210, this can be written as

2ð‘þ 2ÞQ‘þ2ðzÞ � ð2‘þ 3Þ
ð1
�1

ðy� zÞP‘þ1ðyÞ
ðz� yÞP

dy

� ð2‘þ 3Þz
ð1
�1

P‘þ1ðyÞdyþ 2ð‘þ 1ÞQ‘ðzÞ ¼ 0 ð9:215bÞ

The Legendre polynomials satisfy the orthonormalization condition

ð1
�1

P‘ðyÞPmðyÞdy ¼ 2

ð2mþ 1Þ d‘m (9.216)

Therefore, with

P0ðzÞ ¼ 1 (9.217)

and ‘ 	 0, we obtain

ð1
�1

ðy� zÞP‘þ1ðyÞ
ðz� yÞP

dy ¼ �
ð1
�1

P0ðyÞP‘þ1ðyÞdy ¼ 0 (9.218)

Thus, from eq. 9.215b, the Legendre function of the second kind satisfies

ð‘þ 2ÞQ‘þ2ðyÞ � yð2‘þ 3ÞQ‘þ1ðyÞ þ ð‘þ 1ÞQ‘ðyÞ ¼ 0 (9.219a)

and from the first derivative of this expression,

ð‘þ 2ÞQ0
‘þ2ðyÞ � yð2‘þ 3ÞQ0

‘þ1ðyÞ þ ð‘þ 1ÞQ0
‘ðyÞ ¼ ð2‘þ 3ÞQ‘þ1ðyÞ (9.219b)
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Example 9.18: Solution to a Fredholm equation with a fixed pole singularity in

the kernel using interpolation

(a) The solution to the Lippmann–Schwinger type of equation

cðxÞ ¼ 2ex þ 1

‘nð3Þ
ð1
�1

eðx�yÞ

ðy� 1

2
Þ
P

cðyÞdy (9.220)

is

cðxÞ ¼ ex (9:50b)

We write eq. 9.220 as

cðxÞ¼2exþ 1

‘nð3Þ
ð1
�1

eðx�yÞ�eðx�
1
2
Þ

h i
ðy�1

2
Þ

cðyÞdyþeðx�
1
2
Þ

‘nð3Þ
ð1
�1

1

ðy�1

2
Þ
P

cðyÞdy (9.221)

Using the 17-point Gauss–Legendre quadrature rule with abscissae {ym} to

approximate the first integral, we obtain

ð1
�1

eðx�yÞ � eðx�
1
2
Þ

h i
ðy� 1

2
Þ

cðyÞdy ’
X17
m¼1

wm

eðx�ymÞ � eðx�
1
2
Þ

h i
ðym � 1

2
Þ

cðymÞ (9.222)

Approximating c(y) in the second integral by a polynomial over{Ym}, an M-

point subset of {ym}, we have

ð1
�1

1

y� 1

2


 �
P

cðyÞdy ’ �2
XM
m¼1

cðYmÞ
P

0
17ðYmÞ

Q17ðYmÞ � Q17

1

2


 �	 

Ym � 1

2


 �

¼ �2
X17
m¼1

Cm
cðYmÞ
P

0
17ðYmÞ

Q17ðYmÞ � Q17

1

2


 �	 

Ym � 1

2


 � ð9:223Þ

where Cm is 0 if ym is not in the subset {Ym} and is 1 if ym is in {Ym}. Setting x to
each quadrature point in the set {yk}, eq. 9.221 is approximated by
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cðykÞ ¼ 2eyk þ 1

‘nð3Þ
X17
m¼1

wm

eðyk�ymÞ � eðyk�
1
2
Þ

	 

ym � 1

2


 �
2
664

�
X17
m¼1

Cm
cðymÞ
P

0
17ðymÞ

Q17ðymÞ � Q
1

2


 �	 

ym � 1

2


 �
#

ð9:224Þ

With {Ym} ¼ {ym}, so that all Cm ¼ 1, we solve eq. 9.224 by matrix inversion.

We obtain results that are essentially the exact values of c(x). Each of the

computed values of c(x) differ from that value of ex by a difference of

1.3 � 10–13%.We do find that the accuracy of the results are sensitive to the

points over which c(y) is interpolated. For example, if {Ym} ¼ {y1, y3, . . ., y15,
y17} (the odd index points of {ym}), a sample of typical results are

cðykÞ ’ 2eyk þ 1

‘nð3Þ
X17
m¼1

wm

eðyk�ymÞ � eðyk�
1
2
Þ

	 

ðym � 1

2
Þ

cðymÞ

2
664

�2eðyk�
1
2
ÞX5
m¼1

1

P
0
17ðYmÞ

Q17ðYmÞ � Q17ð1
2
Þ

	 

ðYm � 1

2
Þ

cðYmÞ�

¼ 2eyk þ 1

‘nð3Þ
X17
m¼1

wm

eðyk�ymÞ � eðyk�
1
2
Þ

	 

ðym � 1

2
Þ

cðymÞ

2
664

� 2e
ðyk�

1

2
Þ
Cm

1

P
0
17ðymÞ

Q17ðymÞ � Q17ð1
2
Þ

	 

ðym � 1

2
Þ

cðymÞ

3
775 (9.225)

Solving this by standard methods, we obtain
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cð0:99058Þ
cð0:51269Þ
cð0:00000Þ
cð�0:65767Þ
cð�0:95068Þ

0
BBBBBB@

1
CCCCCCA ¼

2:08635

1:29373

0:77479

0:40139

0:29944

0
BBBBBB@

1
CCCCCCA (9.226a)

which differs from

cexactð0:99058Þ
cexactð0:51269Þ
cexactð0:00000Þ
cexactð�0:65767Þ
cexactð�0:95068Þ

0
BBBBBB@

1
CCCCCCA ¼

2:69278

1:66978

1:00000

0:51806

0:38648

0
BBBBBB@

1
CCCCCCA (9.226b)

by approximately 22.5%.This example suggests that accurate results are only

obtained by interpolating over the entire quadrature set. ✓

Solution to an equation with a variable pole

We consider an integral equation with a kernel that has a variable pole by setting

z ¼ x in eq. 9.201 to obtain

cðxÞ ¼ c0ðxÞ þ l
ð1
�1

Lðx; yÞ
ðy� xÞP

cðyÞdy� 1 � x � 1 (9.227a)

As we did with the integral equation with a kernel with a fixed pole, we write

eq. 9.227a as

cðxÞ ¼ c0ðxÞ þ l
ð1
�1

Lðx; yÞ � Lðx; xÞ½ �
ðy� xÞ cðyÞdyþ lLðx; xÞ

ð1
�1

1

ðy� xÞP
cðyÞdy
(9.227b)

then approximate the first integral by the quadrature sum

ð1
�1

Lðx; yÞ � Lðx; xÞ½ �
ðy� xÞ cðyÞdy ’

XN
m¼1

wm
Lðx; ymÞ � Lðx; xÞ½ �

ðym � xÞ cðymÞ (9.228)

For the second integral, we refer to the results of example 9.18 and interpolate c(y)
over the entire set of quadrature abscissae {ym} as
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cðyÞ ’
XN
m¼1

nmðyÞcðymÞ (9:162)

We again construct the interpolating functions in terms of Legendre polynomials as

nmðyÞ ¼ PNðyÞ
ðy� ymÞP0

NðymÞ
(9:206)

Then,

ð1
�1

1

ðy� xÞP
cðyÞdy ’

XN
m¼1

cðymÞ
P

0
NðymÞ

ð1
�1

PNðyÞ
ðy� xÞPðy� ymÞ dy

¼ �
XN
m¼1

cðymÞ
P

0
NðymÞ

1

ðym � xÞ
ð1
�1

PNðyÞ
ðym � yÞ �

PNðyÞ
ðx� yÞP

	 

dy

¼ �2
XM
m¼1

cðymÞ
P

0
NðymÞ

QNðymÞ � QNðxÞ½ �
ðym � xÞ ð9:229Þ

Combining the results given in eqs. 9.228 and 9.229, the approximated integral

equation is

cðxÞ ’ c0ðxÞ þ l
XN
m¼1

wm
Lðx; ymÞ � Lðx; xÞ½ �

ðym � xÞ cðymÞ

� 2lLðx; xÞ
XN
m¼1

cðymÞ
P

0
NðymÞ

QNðymÞ � QNðxÞ½ �
ðym � xÞ ð9:230Þ

By setting x to each yk of the quadrature abscissae, we obtain a set of N linear

equations for c(yk) which is solved by standard methods. Again, the values of the

Legendre functions are found from the recurrence relations of eqs. 9.214 and 9.219.

The m ¼ k terms in the two sums must be replaced by

Lðyk; ymÞ � Lðyk; ykÞ½ �
ðym � ykÞ ! @Lðyk; yÞ

@y

����
y¼yk

(9.231a)

and

QNðymÞ � QNðykÞ½ �
ðym � ykÞ ! Q

0
NðykÞ (9.231b)
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Example 9.19: Solution to a Fredholm equation with a variable pole singularity

in the kernel using interpolation

The solution to the Omnes type of equation

cðxÞ ¼ ex 1þ ‘n
1þ x

1� x


 �	 

þ
ð1
�1

eðx�yÞ

ðy� xÞP
cðyÞdy (9.232)

is

cðxÞ ¼ ex (9:50b)

We write eq. 9.232 as

cðxÞ ¼ ex 1þ ‘n
1þ x

1� x


 �	 

þ
ð1
�1

eðx�yÞ � 1
� �
ðy� xÞ cðyÞdyþ

ð1
�1

1

ðy� xÞP
cðyÞdy
(9.233a)

Using the 17-point Gauss–Legendre quadrature rule again, this integral equation

is approximated by

cðykÞ ’ eyk 1þ ‘n
1þ yk
1� yk


 �	 


þ
X17
m¼1

wm

eðyk�ymÞ � 1
� �
ðym � ykÞ � 2

1

P
0
17ðymÞ

Q17ðymÞ � Q17ðykÞ½ �
ðym � ykÞ

" #
cðymÞ

(9.233b)

We again obtain highly accurate results. The average difference of the 17 values

from the corresponding exact values is 5.5 � 10–13% and the individual difference

of each value of c(yk) is of this order of magnitude. ✓

Problems

1. The homogeneous Fredholm integral equation of the first kind
1� eð1þxÞ

ð1þ xÞ ¼ð1
0

e�xycðyÞdy has solution cðxÞ ¼ e�x

Transform the range of integration to [–1, 1] and expand c0(x), c(x), and K(x,y)
in series over Legendre polynomials. From this, find the approximate solution

to the above equation by approximating cðxÞ ’ P2
m¼0

bmPmðxÞ at x ¼ {0.20,

0.60, 1.00}. Compare this approximate solution to the exact values at these

points
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2. The Fredholm integral equation of the first kind

ffiffiffiffiffiffiffiffiffiffiffiffiffi
p

1þ x2

r
¼
ð1
�1

e�x2y2cðyÞdy
has solution cðxÞ ¼ e�x2

(a) Expand each of c0(x), c(x), and K(x,y) in three term series over

approximations Hermite polynomials. From this, find the approximate

solution for c(x) at x ¼ {2, 10, 50}.

(b) Transform the range of integration to [–1, 1] and expand c0(x), c(x), and K
(x,y) in series over Legendre polynomials. From this, find the approximate

solution to the above equation for a three term series approximation to c(x)

at x ¼ {2, 10, 50}. At these points, determine the values of 1� x2 þ x4

2!
the

first three terms in the MacLaurin series for the solution. Compare these

values to the results of parts (a) and (b).

3. The solution to the integral equation cðxÞ ¼ 1� sinðpxÞ
p

þ
ð1
0

xcosðpxyÞcðyÞdy
is cðxÞ ¼ 1

Find an approximate solution to this equation using

(a) a 3-point Gauss–Legendre quadrature rule

(b) a three term Neumann series in l, then setting l ¼ 1

(c) a 3-point interpolation of xcos(pxy) of the form xcosðpxyÞ ’P3
k¼1

xcosðpxykÞnkðyÞ over the points y ¼ {0.0, 0.5, 1.0}. With qðyÞ ¼

cosðpyÞ interpolate using nkðyÞ ¼ qðyÞ � qðyrÞð Þ qðyÞ � qðysÞð Þ
qðykÞ � qðyrÞð Þ qðykÞ � qðysÞð Þ with k,

r, and s taking the values 1, 2, and 3, and with k 6¼ r 6¼ s.

4. The solution to the integral equationcðxÞ ¼ 1� 2sinðpxÞ
p

þ
ð1
�1

xcosðpxyÞcðyÞdy
is cðxÞ ¼ 1

Find an approximate solution to this equation by expanding the functions c and

c0 and the kernel K(x, y) in series over the three lowest order Legendre

polynomials as in example 9.5.

5. Find the exact solution to cðxÞ ¼ xþ Ð 1
0
ð3xþ yÞcðyÞdy using the fact that the

kernel is degenerate.

6. Find the two exact eigensolutions to cðxÞ ¼ l
Ð 1
0
sin pðxþ yÞ½ �cðyÞdy

7. Find approximations to the eigensolutions of the homogeneous Fredholm

equation of the second kind given in Problem 6 by

(a) approximating the integral by a 3-point Gauss–Legendre quadrature rule.

(b) Interpolating the kernel over the points y ¼ {0.0, 0.5, 1.0} as described in

example 9.9, using qðyÞ ¼ sinðpyÞ
8. Find the Volterra integral equation of the second kind cðxÞ ¼

c0ðxÞ þ
ðx
0

eðx�yÞcðyÞdy that has the same solution as the Volterra equation of

the first kind

ðx
0

eðx�yÞcðyÞdy ¼ ex ex � 1ð Þ
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9. Find the first three non-zero terms in the Taylor series for c(x) which satisfies

cðxÞ ¼ x2 þ
ðx
0

x2y2cðyÞdy which has solution cexactðxÞ ¼ xe
1
5
x5

10. Use the method of approximating c(y) by the constant ac(xk) + bc(xk+1) for

the Volterra integral equation cðxÞ ¼ 1þ xþ
ðx
0

eðx�yÞcðyÞdy the solution to

which is cðxÞ ¼ 1

4
þ x

2
þ 3

4
e2x

Find the approximate solution to this equation at x ¼ 0.15 for

(a) a ¼ 0, b ¼ 1

(b) a ¼ b ¼ 1/2

(c) a ¼ 1/3, b ¼ 2/3

(d) a ¼ 2/3, b ¼ 1/3

11. (a) Show that the solution to the Volterra equation cðxÞ ¼ x2 �
ðx
1

x

y
cðyÞdy is

cðxÞ ¼ x
(b) By approximating c(y) by the constant [c(xk) + c(xk+1)]/2, estimate this

solution at x ¼ 1.15 with Dx ¼ 0.05.

12. Approximate the solution to cðxÞ ¼ x� ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p
8x2 � 4xþ 3ð Þ � ffiffiffiffiffiffiffiffiffiffiffi

1� x
p�

8x2 þ 4xþ 3ð Þ� þ 15

2

ð1
�1

xyffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy by approximating c(x) by a poly-

nomial Lagrange interpolation. Compare your result to the analytic solution

c(x) ¼ x.
13. One can show that the solution to cðxÞ ¼ ex 3� ð1þ xÞ‘nð1þ xÞ � ð1þ xÞ½

‘nð1þ xÞ�þ
ð1
�1

ex�y‘n x� yj jcðyÞdy is cðxÞ ¼ ex

Using the Lagrange polynomial interpolation of c(y) over the three points {–1,
0, 1}, obtain an approximate solution to the above equation. Use these approxi-

mate values to estimate c(–0.5) and c(0.5).
14. By approximating e–yc(y) by a Lagrange polynomial interpolation over the

three points {–1, 0, 1}, obtain an approximate solution to cðxÞ ¼
ex 3� ð1þ xÞ‘nð1þ xÞ � ð1þ xÞ‘nð1þ xÞ½ � þ

ð1
�1

ex�y‘n x� yj jcðyÞdy
Compare your results to the exact values c(x) ¼ ex at these three points.

15. Approximate the solution to cðxÞ ¼ x� ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p
8x2 � 4xþ 3
� �� ffiffiffiffiffiffiffiffiffiffiffi

1� x
ph

8x2 þ 4xþ 3
� �� þ 15

2

ð1
�1

xyffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy by writing this equation as cðxÞ ¼

x� ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p
8x2 � 4xþ 3ð Þ � ffiffiffiffiffiffiffiffiffiffiffi

1� x
p

8x2 þ 4xþ 3ð Þ� �þ 15
2

Ð 1
�1

xy�x2ð Þffiffiffiffiffiffiffiffi
x�yj j

p cðyÞdyþ
15

2
x2
ð1
�1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� yj jp cðyÞdy then estimating the value of the first integral by a

Gauss–Legendre quadrature rule, and interpolating c(y) in the second integral

by a polynomial Lagrange interpolation over four points that are a subset of
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the quadrature abscissae and are close to {–1, –1/3, 1/3, 1}. Compare your

approximate results to the analytic solution c(x) ¼ x.
16. Use the Schlitt method described above to approximate the solution to cðxÞ ¼

ex 1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ xÞp � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� xÞp� �þ 1
2

Ð 1
�1

ex�yffiffiffiffiffiffiffiffi
x�yj j

p cðyÞdy
Compare your results to the analytic solution c(x) ¼ ex.

17. The integral equation cðxÞ ¼ ‘nð3Þ
4

xþ
ð1
�1

xy

ðy� 1
2
Þ
P

cðyÞdy has solution

cðxÞ ¼ x

Approximate the solution to this integral equation by interpolating c(y) as

cðyÞ ¼ PN
m¼1

cðymÞnmðyÞ with nmðyÞ ¼ PNðyÞ
P
0
N
ðymÞðy�ymÞ where PN(y) is the Legendre

polynomial of order N. Take N ¼ 5.

18. The integral equation cðxÞ ¼ x 1� 2xþ x2‘n
1þ x

1� x


 �	 

þ
ð1
�1

xy

ðy� xÞP
cðyÞdy

has solution cðxÞ ¼ x
Approximate the solution to this integral equation by interpolating c(y) as

cðyÞ ¼ P5
m¼1

cðymÞnmðyÞ with nmðyÞ ¼ P5ðyÞ
P

0
5ðymÞðy� ymÞ

where PN(y) is the

Legendre polynomial of order N.
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