Chapter 2

Projection Matrices

2.1 Definition

Definition 2.1 Letx € E" =V & W. Then x can be uniquely decomposed
into

T =x + x (wherexy € V and xy € W).
The transformation that maps x into x1 is called the projection matriz (or
simply projector) onto V' along W and is denoted as ¢. This is a linear
transformation; that is,

Pla1yy + a2ys) = a16(yy) + a20(y») (2.1)

for any y,, yo € E™. This implies that it can be represented by a matriz.
This matriz is called a projection matriz and is denoted by Py .yw. The vec-
tor transformed by Py.yw (that is, 1 = Py.wx) is called the projection (or
the projection vector) of  onto V' along W.

Theorem 2.1 The necessary and sufficient condition for a square matrix
P of order n to be the projection matriz onto V= Sp(P) along W = Ker(P)
18 given by

pP?=P. (2.2)

We need the following lemma to prove the theorem above.

Lemma 2.1 Let P be a square matriz of order n, and assume that (2.2)
holds. Then
E"™ = Sp(P) ® Ker(P) (2.3)

H. Yanai et al., Projection Matrices, Generalized Inverse Matrices, and Singular Value Decomposition, 25
Statistics for Social and Behavioral Sciences, DOI 10.1007/978-1-4419-9887-3 2,
© Springer Science+Business Media, LLC 2011



26 CHAPTER 2. PROJECTION MATRICES

and
Ker(P) = Sp(I,, — P). (2.4)
Proof of Lemma 2.1. (2.3): Let € Sp(P) and y € Ker(P). From
x = Pa, we have Px = P?a = Pa = x and Py = 0. Hence, from
z+y = 0= Px+Py = 0, we obtain Px = = 0 = y = 0. Thus, Sp(P)N
Ker(P) = {0}. On the other hand, from dim(Sp(P)) + dim(Ker(P)) =
rank(P) + (n — rank(P)) = n, we have E" = Sp(P) @ Ker(P).
(2.4): We have Pz =0 = « = (I,, — P)x = Ker(P) C Sp(I,, — P) on
the one hand and P(I,, — P) = Sp(I,, — P) C Ker(P) on the other. Thus,
Ker(P) = Sp(I,—P). Q.E.D.

Note When (2.4) holds, P(I,, — P) = O = P? = P. Thus, (2.2) is the necessary
and sufficient condition for (2.4).

Proof of Theorem 2.1. (Necessity) For Vo € E", y = Px € V. Noting
that y = y + 0, we obtain

P(Px)= Py=y = Px — P’z = Px— P>=P.

(Sufficiency) Let V = {yly = Pz, € E"} and W = {yly = (I, —
P)x,xz € E"}. From Lemma 2.1, V and W are disjoint. Then, an arbitrary
x € E" can be uniquely decomposed into & = Px + (I, — P)x = &1 + @2
(where &1 € V and &2 € W). From Definition 2.1, P is the projection matrix
onto V = Sp(P) along W = Ker(P). Q.E.D.

Let E" =V @ W, and let * = x| + 2, where x1 € V and @2 € W. Let
Py denote the projector that transforms « into @o. Then,
Pywx+ Py.yx = (PV-W + Pw.v)m. (2.5)
Because the equation above has to hold for any & € E™, it must hold that
I, =Pyw+ Py.y.
Let a square matrix P be the projection matrix onto V along W. Then,
Q = I, — P satisfies Q> = (I, - P)? =1,-2P+P?>=1,-P = Q,
indicating that @ is the projection matrix onto W along V. We also have

PQ=P(I,-P)=P-P?=0, (2.6)
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implying that Sp(Q) constitutes the null space of P (i.e., Sp(Q) = Ker(P)).
Similarly, QP = O, implying that Sp(P) constitutes the null space of Q

(i.e., Sp(P) = Ker(Q)).

Theorem 2.2 Let E" =V & W. The necessary and sufficient conditions
for a square matriz P of order n to be the projection matrix onto V along

W are:
(i) Pr =« for Ve €V, (ii) Px=0 for V& € W. (2.7)

Proof. (Sufficiency) Let Py.; and Py denote the projection matrices
onto V along W and onto W along V', respectively. Premultiplying (2.5) by
P, we obtain P(Py.wx) = Py.wx, where PPy .yx = 0 because of (i) and
(ii) above, and Py.wa € V and Py.yx € W. Since Px = Py.yx holds
for any @, it must hold that P = Py ..

(Necessity) For any « € V, we have = +0. Thus, Px = x. Similarly,
for any y € W, we have y = 04y, so that Py = 0. Q.E.D.

Example 2.1 In Figure 2.1, O_A indicates the projection of z onto Sp(x)
along Sp(y) (that is, OA= Pgyx).5py) %), where Pg,z).sp(y) indicates the

projection matrix onto Sp(x) along Sp(y). Clearly, O—é: (I2—=Pgpy).spx))
X Z.

Sp(y) = {y}

Sp(z) = {x}

Figure 2.1: Projection onto Sp(x) = {x} along Sp(y) = {y}.

Example 2.2 In Figure 2.2, OA indicates the projection of z onto V =

{z|z = a1@1+azz2} along Sp(y) (that is, OA= Py g4 2), where Py.gp )
indicates the projection matrix onto V' along Sp(y).
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Sp(y) = {y}

’ H V = {qul + Oégwg}

Figure 2.2: Projection onto a two-dimensional space V along Sp(y) = {y}.

Theorem 2.3 The necessary and sufficient condition for a square matrix
P of order n to be a projector onto V' of dimensionality r (dim(V') = r) is
given by

P=TA,T (2.8)

where T is a square nonsingular matriz of order n and

1T -~ 00 --- 0
0 10 0
Ar= 0 0 0 0
0 - 00 --- 0]

(There are r unities on the leading diagonals, 1 < r <n.)

Proof. (Necessity) Let E" = V @ W, and let A = [a1,a9, -, a,| and
B = [by, by, - - - b,—,| be matrices of linearly independent basis vectors span-
ning V and W, respectively. Let T' = [A, B]. Then T is nonsingular,
since rank(A) + rank(B) = rank(T"). Hence, V& € V and Yy € W can be

expressed as
a a
az-Aa-[A,B]( 0 ) —T< 0 ),

y:Aa:[A,B]<g>:T<Ig>.
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Thus, we obtain

px:x:pT(g):T@):m(g),
py=o—rr(§)=(8)=ra(5)

Adding the two equations above, we obtain

pr(5)-ra(5)

Since is an arbitrary vector in the n-dimensional space E", it follows

(07
B8
that

PT=TA, — P=TA, T "

Furthermore, T' can be an arbitrary nonsingular matrix since V' = Sp(A)
and W = Sp(B) such that £ =V @ W can be chosen arbitrarily.
(Sufficiency) P is a projection matrix, since P? = P, and rank(P) = r
from Theorem 2.1. (Theorem 2.2 can also be used to prove the theorem
above.) Q.E.D.

Lemma 2.2 Let P be a projection matrix. Then,
rank(P) = tr(P). (2.9)

Proof. rank(P) = rank(TA,T~!) = rank(A,) = tr(TAT 1) = tr(P).
Q.ED.

The following theorem holds.

Theorem 2.4 Let P be a square matriz of order n. Then the following
three statements are equivalent.

pP2=p, (2.10)
rank(P) 4 rank(I, — P) =n, (2.11)
E™ =Sp(P)® Sp(I, — P). (2.12)

Proof. (2.10) — (2.11): It is clear from rank(P) = tr(P).
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(2.11) — (2.12): Let V = Sp(P) and W = Sp(I,, — P). Then, dim(V +
W) = dim(V) + dim(W) — dim(V N W). Since x = Px + (I,, — P)x
for an arbitrary n-component vector x, we have E" = V 4+ W. Hence,
dim(VNW)=0= VNW = {0}, establishing (2.12).

(2.12) — (2.10): Postmultiplying I, = P + (I,, — P) by P, we obtain
P = P%4 (I, — P)P, which implies P(I,, — P) = (I,,— P)P. On the other
hand, we have P(I,,—P) = O and (I,,—P)P = O because Sp(P(I,,—P)) C
Sp(P) and Sp((I,, — P)P) C Sp(I, — P). Q.E.D.

Corollary
P? = P < Ker(P) = Sp(I, — P). (2.13)

Proof. (=): It is clear from Lemma 2.1.
(«<): Ker(P) = Sp(I,—P) < P(I,-P)=0= P?>=P. Q.E.D.

2.2 Orthogonal Projection Matrices

Suppose we specify a subspace V' in E”. There are in general infinitely many
ways to choose its complement subspace V¢ = W. We will discuss some of
them in Chapter 4. In this section, we consider the case in which V" and W
are orthogonal, that is, W = V.

Let ¢,y € E™, and let  and y be decomposed as * = x; + 2 and
Y =Y, +Y,, where x1,y; € V and x2,y, € W. Let P denote the projection
matrix onto V' along V+. Then, ; = Px and y; = Py. Since (z2, Py) =
(yq, Px) = 0, it must hold that

(z,Py) = (Px+ zy, Py)= (Px, Py)
= (Pw7Py+y2) = (Pil),y) = (ag)P/y)

for any x and y, implying
P =P. (2.14)

Theorem 2.5 The necessary and sufficient condition for a square matrix
P of order n to be an orthogonal projection matriz (an orthogonal projector)
18 given by

(i) P> =P and (ii) P' = P.

Proof. (Necessity) That P? = P is clear from the definition of a projection
matrix. That P’ = P is as shown above.

(Sufficiency) Let = Pa € Sp(P). Then, Px = P’a = Pa = x. Let
y € Sp(P)t. Then, Py = 0 since (Px,y) = «'P'y = ' Py = 0 must
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hold for an arbitrary . From Theorem 2.2, P is the projection matrix
onto Sp(P) along Sp(P)*; that is, the orthogonal projection matrix onto
Sp(P). Q.ED.

Definition 2.2 A projection matriz P such that P?> = P and P' = P is
called an orthogonal projection matriz (projector). Furthermore, the vector
Px is called the orthogonal projection of x. The orthogonal projector P
is in fact the projection matriz onto Sp(P) along Sp(P)*, but it is usually
referred to as the orthogonal projector onto Sp(P). See Figure 2.3.

Qy (where Q@ =1 — P)
Y

Py

Figure 2.3: Orthogonal projection.

Note A projection matrix that does not satisfy P’ = P is called an oblique pro-
jector as opposed to an orthogonal projector.

Theorem 2.6 Let A = [a1,as, -, ay]|, where a1,as, -+, a,, are linearly
independent. Then the orthogonal projector onto V- = Sp(A) spanned by
ai,as, -, Q. is given by

P=A(A'A)A (2.15)

Proof. Let #; € Sp(A). From z; = Aa, we obtain Px; = x; = Aa =
A(A’A)"'A’'z;. On the other hand, let x5 € Sp(A)+. Then, A'xy = 0 =
A(A’A)"'A'zy = 0. Let © = x; + x3. From Pxy = 0, we obtain Pz =
A(A’A)7tA'z, and (2.15) follows because x is arbitrary.
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Let Q = I,, — P. Then Q is the orthogonal projector onto Sp(A)=*, the
ortho-complement subspace of Sp(A).

Example 2.3 Let 1, = (1,1,---,1)" (the vector with n ones). Let P,
denote the orthogonal projector onto V3 = Sp(1,). Then,

3=
3=

Py=1,1,1,)"", = | : .. | (2.16)
1
n

Sl

The orthogonal projector onto Vi; = Sp(1,,)+, the ortho-complement sub-
space of Sp(1,), is given by

1 1 1
=5 - n
-1 q4_1 _1
I, — Py = o " " (2.17)
11 11
n n n
Let
Qv =1,—Py. (2.18)
Clearly, Pys and Q,; are both symmetric, and the following relation holds:
P%, =Py, Q3 =Q,, and PyQ, = QP = O. (2.19)
Note The matrix Q,, in (2.18) is sometimes written as P7;.
Example 2.4 Let
T xr1 — T
1) To— T _ 1 &
xrR = .= : , where x—Eij.
7=1
Tn Tn — T
Then,
T =Qyzrg, (2.20)
and so

n

> (2 —2)* = |lz|]* = 2’z = 2R Q k.
j=1

The proof is omitted.
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2.3 Subspaces and Projection Matrices

In this section, we consider the relationships between subspaces and projec-
tors when the n-dimensional space E" is decomposed into the sum of several
subspaces.

2.3.1 Decomposition into a direct-sum of disjoint subspaces

Lemma 2.3 When there exist two distinct ways of decomposing E™,
E"=VieW, =V, ® Wy, (2.21)
and if Vi C Wa or Vo C Wy, the following relation holds:
E" = (Vi & Vo) & (Wi N Wa,). (2.22)
Proof. When Vi C W5, Theorem 1.5 leads to the following relation:
Vi+(WinWy)=WVi+W)NWy=E"NWy =W,

Also from Vi N (W N W) = (Vi n W) N Wy = {0}, we have Wy = V| @
(W1 N Ws). Hence the following relation holds:

E'=VaaWo=VaaVi® (WiNWs) = (Vi Va)® (W NW,).

When Vo C Wa, the same result follows by using W; = Vo @ (W1 N
Wo). Q.E.D.

Corollary When Vi C Vo or Wy C W1,
E" = (Vi @ Wa) @ (VaN W), (2.23)

Proof. In the proof of Lemma 2.3, exchange the roles of Wy and V5.  Q.E.D.

Theorem 2.7 Let P; and Py denote the projection matrices onto Vy along
W1 and onto Vy along Wy, respectively. Then the following three statements
are equivalent:

(i) Py + P32 is the projector onto Vi @ Va along Wi N Wa.

(ii) PPy = PyP1 = O.

(iii) Vi € Wy and Vo C Wy. (In this case, Vi and Vo are disjoint spaces.)
Proof. (i) — (ii): From (P1+P3)? = P1+ Py, P? = Py, and P3 = Py, we
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have P1 Py, = —P5P;. Pre- and postmutiplying both sides by P, we obtain
PPy, = —P,P,P; and P,P,P, = —P,P;, respectively, which imply
P1P2 = P2P1. This and P1P2 = —P2P1 lead to P1P2 = P2P1 = 0.

(ii) — (iii): For an arbitrary vector & € Vi, P& = x because Pix € ;.
Hence, PoPix = Pyx = 0, which implies € W5, and so V; € Ws. On
the other hand, when x € V5, it follows that Pex € V5, and so P1Pox =
Pix =0, implying & € Ws. We thus have Vo C Wh.

(iii) — (ii): For x € E™, Pyx € Vi, which implies (I,, — P3) P1x = Pz,
which holds for any x. Thus, (I,, — P2)P; = Py, implying P1 Py = O.
We also have x € E" = Pox € Vo = (I,, — P1)Pox = Psx, which again
holds for any @, which implies (I,, — P1)Ps = Py = PPy = O. Similarly,
PP, = 0.

(ii) — (i): An arbitrary vector € (Vi @ V) can be decomposed into
x = x1 + 3, where 1 € V] and x2 € V5. From Pixy = P1Pox = 0
and Poxy = PoPix = 0, we have (Pl + Pg)x = (Pl + Pg)(wl + 032) =
Pix| + Pyxo = 1 + 2 = . On the other hand, by noting that P, =
P(I, — P3) and Py = Py(I,, — Py) for any € (W; N W;), we have
(P1+ Py)x = Py(I, — Py)x + Py(I,, — Py)x = 0. Since Vi C Wy and
Vo € Wh, the decomposition on the right-hand side of (2.22) holds. Hence,
we know P + P> is the projector onto Vi @ V5 along W1 N Wy by Theorem
2.2. Q.E.D.

Note In the theorem above, PPy = O in (ii) does not imply PoP; = O.
PPy = O corresponds with V5 C Wy, and PoPy = O with Vi C W in (iii). Tt
should be clear that V; C Wy <= V5 C W; does not hold.

Theorem 2.8 Given the decompositions of E™ in (2.21), the following three
statements are equivalent:

(i) Py — Pj is the projector onto Vo N W1 along Vi & Wa.

(ii) PPy = PyPy = P;.

(iii) V1 C Vo and Wy C Wh.

Proof. (i) — (ii): (Py — P1)? = Py — P implies 2P, = P1P5 + Py P;.
Pre- and postmultiplying both sides by Ps, we obtain PoP; = PoP 1Py
and PPy = P9 P, P, respectively, which imply PPy = P2 P, = P;.

(ii) — (iii): For V& € E™, P1x € Vi, which implies P1x = Py Px € V5,
which in turn implies Vi C Va. Let Q; = I, — P; (j = 1,2). Then,
P,P; = P; implies Q,Q, = Q,, and so Q,x € Wy, which implies Qo2 =
Q,Q,x € Wy, which in turn implies Wy C W7.
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(iii) — (ii): From Vj C V3, for Vo € E™, Pix € V] C Vo = Py(Pix) =
Pix = P3P = P;. On the other hand, from Wy C Wy, Qyx € Wo C Wy

for Ve € E" = Q1Qyx = Qyx = Q1Q:Q, = (In — P1)(I, — P2) =
(In—PQ) = PPy = P;.

(ii) — (i): For « € (Vo N W), it holds that (Py — P1)x = Q,Px =
Q,x = x. On the other hand, let * = y + z, where y € V] and z € Wj.
Then, (Py — P1)x = (Py — P1)y+ (P2 — P1)z = P2Q,y + Q, P2z = 0.
Hence, Po— P is the projector onto VoNW; along V1 &Was. Q.E.D.

Note As in Theorem 2.7, P1 Py = P, does not necessarily imply P, P, = P;.
Note that PPy, =P, <:>W2CW1,andP2P1:P1<:>V1 C Vs

Theorem 2.9 When the decompositions in (2.21) and (2.22) hold, and if
P,Py; = PyP1, (2.24)

then P1 Py (or PyP1) is the projector onto Vi N Va along W1 + Wha.

Proof. P;Py = P3P implies (P1P3)?> = P, PyP1 Py = P?P3 = PP,
indicating that P1Ps is a projection matrix. On the other hand, let €
Vi N Va. Then, Pi(Psx) = Pix = x. Furthermore, let & € Wy + Wy
and * = x; + ®o, where ®; € Wi and s € W5, Then, P Pyx =
P{Pyxi+P{Pyxy = PyPix1+0 = 0. Since E" = (VlﬁVQ)@(Wl@WQ) by
the corollary to Lemma 2.3, we know that P P> is the projector onto V3 NVs
along W1 ®W,. Q.E.D.

Note Using the theorem above, (ii) — (i) in Theorem 2.7 can also be proved as
follows: From PPy = O

QQ; =T, —P1)(I, — P2) =1, - P1— P> =Q,Q,.
Hence, Q,Q, is the projector onto W1NWy along V1@ Va, and P1+Py = 1,—Q,Q,

is the projector onto Vi @ V5 along Wi N Ws.

If we take Wi = Vi~ and Wy = V5" in the theorem above, P; and Ps
become orthogonal projectors.
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Theorem 2.10 Let Py and Ps be the orthogonal projectors onto Vi and
Vo, respectively. Then the following three statements are equivalent:

(i) Py + Py is the orthogonal projector onto Vi ® Va.
(i) P1 Py = PoPy = O.

(iii) V4 and Vs are orthogonal.

Theorem 2.11 The following three statements are equivalent:
(i) Py — Py is the orthogonal projector onto Vo N Vi-.

(ii) PPy = PyPy = P;.

(iii) V1 C Va.

The two theorems above can be proved by setting Wi = Vi and Wy =
V3~ in Theorems 2.7 and 2.8.

Theorem 2.12 The necessary and sufficient condition for P1Ps to be the
orthogonal projector onto Vi N Vy is (2.24).

Proof. Sufficiency is clear from Theorem 2.9. Necessity follows from P P5
= (P1P3)’, which implies P; Py = P3P since P1P5 is an orthogonal pro-
jector. Q.E.D.

We next present a theorem concerning projection matrices when E™ is
expressed as a direct-sum of m subspaces, namely
E'=ViaoVe® -V, (2.25)
Theorem 2.13 Let P; (i =1,---,m) be square matrices that satisfy
Pi+Py+- - +P,=1,. (2.26)
Then the following three statements are equivalent:
P;P; =0 (i#}). (2.27)

P?=P; (i=1,---m). (2.28)

(2

rank(P1) + rank(P3) + - - - + rank(P,,) = n. (2.29)
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Proof. (i) — (ii): Multiply (2.26) by P;.
(ii) — (iii): Use rank(P;) = tr(P;) when P? = P;. Then,

irank(Pi) = i =tr (Z P; ) =tr(I,) =n.
i=1 i=1

(iii) — (i), (ii): Let V; = Sp(P;). From rank(P;) = dim(V;), we obtain
dim(V1) + dim(V2) + - - - dim(V;,,) = n; that is, E™ is decomposed into the
sum of m disjoint subspaces as in (2.26). By postmultiplying (2.26) by P;,
we obtain

PP, + PyP;+ -+ Py(P;—I,)+--+ P,P;=0.
Since Sp(P1),Sp(P2),---,Sp(P) are disjoint, (2.27) and (2.28) hold from
Theorem 1.4. Q.E.D.

Note P; in Theorem 2.13 is a projection matrix. Let E" =V, & --- @ V,., and let
Viy=Vi&--aViaoViad - aV. (2.30)

Then, E™ = V;®V(;). Let P;.(;) denote the projector onto V; along V(;). This matrix
coincides with the P; that satisfies the four equations given in (2.26) through (2.29).

The following relations hold.
Corollary 1

Pyay+ Pa)+ -+ Py = In, (2.31)
Pi@Pj G =0 (i 7)) (2.33)

Corollary 2 Let P;.; denote the projector onto Vi;) along V;. Then the
following relation holds:

Pi.i=Pray+ -+ P11+ P11+ + P (2.34)

Proof. The proof is straightforward by noting P;.;;+P;).; = In.  Q.E.D.
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Note The projection matrix P;.;y onto V; along V{;) is uniquely determined. As-
sume that there are two possible representations, P;.(;y and P?_(i). Then,

Py + Po@)y+ -+ Py = Pl + Paoy+ -+ P
from which
(P1.y = Pi.y) + (P22 = Pag) + -+ (Puim) = Prymy) = O.

Each term in the equation above belongs to one of the respective subspaces Vi, Va,
-+, Vin, which are mutually disjoint. Hence, from Theorem 1.4, we obtain P;.;) =
P; ;). This indicates that when a direct-sum of E™ is given, an identity matrix I,,
of order n is decomposed accordingly, and the projection matrices that constitute
the decomposition are uniquely determined.

The following theorem due to Khatri (1968) generalizes Theorem 2.13.

Theorem 2.14 Let P; denote a square matriz of order n such that
P=P+Py+---+ P, (2.35)

Consider the following four propositions:

) PP=P; (i=1,---m),

(ii) P;P; =0 (i#j), and rank(P?) = rank(P;),

(iii) P? = P,

(iv) rank(P) = rank(Py) + - - - + rank(P,,).

All other propositions can be derived from any two of (i), (ii), and (iii), and
(i) and (ii) can be derived from (iii) and (iv).

Proof. That (i) and (ii) imply (iii) is obvious. To show that (ii) and (iii)
imply (iv), we may use

P?=P} 4+ P3+ -+ P2 and P?=P,

which follow from (2.35).

(i), (iii) — (i): Postmultiplying (2.35) by P;, we obtain PP; = PZ, from
which it follows that P? = P?. On the other hand, rank(P?) = rank(P;)
implies that there exists W such that P?W,; = P;. Hence, P} = P? =
P}W, = P?W, = P,(PW,;) = PW = P?=P,.
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(i), (iv) — (i), (ii): We have Sp(P) @ Sp(I,, — P) = E" from P? = P.
Hence, by postmultiplying the identity

P +Py+---+P,+(I,—P)=1,

by P, we obtain P? = P;, and P;P; = O (i # j). Q.E.D.

Next we consider the case in which subspaces have inclusion relationships
like the following.

Theorem 2.15 Let
EnZVkDVk_lD"-DVQDVl:{O},

and let W; denote a complement subspace of V;. Let P; be the orthogonal
projector onto V; along W;, and let P; = P; — P;_y, where Py = O and
Py =1,. Then the following relations hold:

(i) In=Pi+P3+---+ Pj.

(ii) (P})? = P;.

(iii) Py P; = P;P; = O (i # j).

(iv) P; is the projector onto V; N W;_1 along V;—1 & W;.

Proof. (i): Obvious. (ii): Use P;P;—y = P;_1P; = P;_;. (iii): It
follows from (P})? = P§ that rank(P}) = tr(P}) = tr(P; — P;_1) =
tr(P;) — tr(P;_1). Hence, S-F  rank(P}) = tr(P}) — tr(Pgy) = n, from
which PP = O follows by Theorem 2.13. (iv): Clear from Theorem
2.8(i). Q.E.D.

Note The theorem above does not presuppose that P; is an orthogonal projec-
tor. However, if W; = V-, P; and P} are orthogonal projectors. The latter, in
particular, is the orthogonal projector onto V; N V.

2.3.2 Decomposition into nondisjoint subspaces

In this section, we present several theorems indicating how projectors are
decomposed when the corresponding subspaces are not necessarily disjoint.
We elucidate their meaning in connection with the commutativity of pro-
jectors.
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We first consider the case in which there are two direct-sum decomposi-
tions of K™, namely
E"=Vio W, =V, @ W,

as given in (2.21). Let V32 = V3 N V4 denote the product space between V;
and V5, and let V3 denote a complement subspace to Vi + V5 in E™. Fur-
thermore, let P19 denote the projection matrix onto V1o = Vi + V5 along
V3, and let P; (j = 1,2) represent the projection matrix onto V; (j = 1,2)
along W; (j = 1,2). Then the following theorem holds.

Theorem 2.16 (i) The necessary and sufficient condition for P19 = P1+
Py, — PP is
(V1+2 N Wg) C (V1 D ‘/3) (2.36)

(ii) The necessary and sufficient condition for Pi19 = Py + Py — P9 P is
(Vigo NWY) C (Vo @ V3). (2.37)

Proof. (i): Since Vi4o D Vi and Vi4o D Vi, Piy9 — Py is the projector
onto Vi1o N Wj along Vi & V3 by Theorem 2.8. Hence, P1,2P; = P; and
Py, 9Py = Psy. Similarly, P19 — P5 is the projector onto Vi49 N W5 along
Vo @ V3. Hence, by Theorem 2.8,

P1+2—P1—P2+P1P2:0<:>(P1+2—P1)(P1+2—P2):0.
Furthermore,
(P1+2 — Pl)(P1+2 — PQ) =0 <— (V1+2 N Wg) C (Vl &b ‘/3)

(11) Similarly, Pi,o—Py—Py+ PP, = 0O — (P1+2 — P2)(P1+2 —
P1) =0 <— (VH_zﬂWl) C (VQEBV:?,). Q.E.D.

Corollary Assume that the decomposition (2.21) holds. The necessary and
sufficient condition for P1 Py = PoP1 is that both (2.36) and (2.37) hold.

The following theorem can readily be derived from the theorem above.

Theorem 2.17 Let E" = (Vi+V2)@® V3, Vi = Vi1® Vi, and Va = Vas @ V1o,
where Vig = Vi NVa. Let P75 denote the projection matriz onto Vi + Va
along Vs, and let P} and P35 denote the projectors onto Vi along Vi & Vag
and onto Vo along Vs @ Vi1, respectively. Then,

PP, = P,P" (2.38)
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and
142 =P+ P;— PP (2.39)

Proof. Since V11 C Vi and Voy C Vs, we obtain
VH_QQWQ =Vi1 C (Vl@v?,> andV1+2ﬂW1 = Voo C (VQ@Vg)

by setting W1 = Voo @ V3 and Wy = Vi1 @ V3 in Theorem 2.16.

Another proof. Let y = y; +ys + y5 +y3 € E", where y; € Vi,
Yo € Vg, Y19 € Vig, and y3 € V3. Then it suffices to show that (P1P3)y =
(P3PY)y. Q.E.D.

Let P; (j = 1,2) denote the projection matrix onto V; along W;. As-
sume that E" =VieW1 Vs =Vo@Wod Vi and V1 + Vo = V11 & Var @& Vio
hold. However, W1 = Vb may not hold, even if Vi = Vi1 & Vio. That is,
(2.38) and (2.39) hold only when we set W1 = V55 and Wy = V4.

Theorem 2.18 Let Py and P2 be the orthogonal projectors onto Vi and
Va, respectively, and let P19 denote the orthogonal projector onto Viio.
Let Vio = Vi N V. Then the following three statements are equivalent:

(i) P1Py = Py P;.
(ii) P1yo = P1 + Py — P, Ps.
(iii) Vi1 = Vi N V5 and Vag = Vo N Vi5 are orthogonal.
Proof. (i) — (ii): Obvious from Theorem 2.16.
(ii) — (iii): P9 =P +P,— PPy = (P1+2 — P1)(P1+2 — PQ) =
(P1y2 — P3)(P142 — P1) = O = Vi1 and Vay are orthogonal.

(iii) — (i): Set V3 = (V1 +V4)* in Theorem 2.17. Since V7 and Vag, and
V1 and Vas, are orthogonal, the result follows. Q.E.D.

When P, Ps, and P19 are orthogonal projectors, the following corol-
lary holds.

Corollary P1+2 =P, +Py— PPy <— PPy, = P->P,;.

2.3.3 Commutative projectors

In this section, we focus on orthogonal projectors and discuss the meaning
of Theorem 2.18 and its corollary. We also generalize the results to the case
in which there are three or more subspaces.
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Theorem 2.19 Let P; denote the orthogonal projector onto V;. If P1Py =
PsP,, PP3s = P3P, and PyP3 = P3P>, the following relations hold:

Vi+(VanVs) = (Vi+Ve)N(Vi+Vs), (2.40)
Vot (VinV3) = (Vi +V2) N (Vo + V3), (2.41)
Vs+(VinVa) = (Vi +Va) N (Va+ V3). (2.42)

Proof. Let P (yn3) denote the orthogonal projector onto Vi + (Vo N V3).
Then the orthogonal projector onto Vo N V3 is given by P9 P3 (or by P3Ps).
Since PPy = P,P1 = P1Py,P3 = PyP3Pq, we obtain

Py (3n3) = P1+ P2P3 — P PyP3

by Theorem 2.18. On the other hand, from P;Py = PoP; and P{P3 =
P3P, the orthogonal projectors onto Vi + V5 and Vi + V3 are given by

P9 =P+ Py— PPyand P13 =P, + P3 — P, Ps,

respectively, and so P112P14+3 = P143P1492 holds. Hence, the orthogonal
projector onto (V5 + Vo) N (V5 + V3) is given by

(Py+ Py — PP5)(P,+ P3s— PP3) = P, + P,P3 — P, P,Ps,

which implies Py (9n3) = P1+2P143. Since there is a one-to-one correspon-
dence between projectors and subspaces, (2.40) holds.
Relations (2.41) and (2.42) can be similarly proven by noting that (P +
Py, — PP,)(Py+ P3— PyP3) = Py+ P, P3 — P, PyP3 and (P + P3 —
P1P3)(P2 + P3 — P2P3) = P3 + PPy — PP, P3, respectively.
Q.E.D.

The three identities from (2.40) to (2.42) indicate the distributive law of
subspaces, which holds only if the commutativity of orthogonal projectors
holds.

We now present a theorem on the decomposition of the orthogonal pro-
jectors defined on the sum space Vi + Vo + V3 of Vi, Vo, and V.

Theorem 2.20 Let Pyio4y3 denote the orthogonal projector onto Vi + Vo +
Vs, and let Py, Ps, and Ps denote the orthogonal projectors onto Vi, Va,
and Vs, respectively. Then a sufficient condition for the decomposition

P1+2+3 =P+ Py+ P3s— PPy — PyP3— P3P, + P{Py;P3 (2.43)
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to hold is
PPy, = P,P,, PyP3= P3Ps, and P,P3 = P3P;. (2.44)

Proof. P1P2 == PQPl = P1+2 = Pl +P2 —P1P2 and P2P3 == P3P2 =
Ps.3 = Py + P3— PyP5. We therefore have P 9Poy3 = Py, 3P1,5. We
also have P11243 = P(149)4(143), from which it follows that

Piiors = Payoyiats) = Piye+ Pigs — PiyaPigs
(P1+ Py — P Py) + (P + P3s — P, P3)
—(PyP3+ Py — P, P,Ps3)
= P, +Py+ P3— PPy, — PyP3— PP3+ PPyP3.

An alternative proof. From P, Py,3 = Py,3P;, we have P11213 = P1+
Ps 35— P1Pyy3. If we substitute Po3 = Po+ Ps— Py P35 into this equation,
we obtain (2.43). Q.E.D.

Assume that (2.44) holds, and let
P; =P, - P,Py,— PP3;+ P, P;,Ps,

P; = Py — P,P3 — PPy + P P,Ps3,
P;=P3 — P,P3 — P,P3+ P,P,yPs3,
P53 = P1 Py — PPy P3,
P30y = P1P3 — P1PyPs3,
Py31y = P2P3 — PPy P3,

and
P33 = P P> Ps3.

Then,
P1+2+3 = Pi + PQ + Pg + P12(3) + P13(2) + P23(1) + P123' (245)

Additionally, all matrices on the right-hand side of (2.45) are orthogonal
projectors, which are also all mutually orthogonal.

Note Since Pi = Pl(In - P2+3), PQ = PQ(In - P1+3), Pg = Pg(I— P1+2),
Piy3) = P Py(I,,—P3), Pi35) = P1P3(I,— P3), and Py3(1y = PoP3(I,— Py),
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the decomposition of the projector P ou3 corresponds with the decomposition of
the subspace Vi + V5 + V3

Vi+ Vot Va=V; @ V5@ Vs ® Viges) ® Vi) ® Vasa) ® Vizs, (2.46)

where Vi = Vin (Va+ Va)t, V3 = Von (Vi + V3)4, V3 = Van (Vi + Vo),
Visa) = Vi N Va N Vi, Vigey = Vi nVa- N Vs, Vagy = V- N VN Vs, and
Viazs=ViNnVanVs.

Theorem 2.20 can be generalized as follows.

Corollary LetV =Vi+Vo+---+V; (s > 2). Let Py denote the orthogonal
projector onto V', and let P; denote the orthogonal projector onto V;. A
sufficient condition for

S
PV:ZPJ‘*ZPiPJ’+ Z P;P;Py+ -+ (-1)*"'P1PyP;--- P,
i=1 i<j i<j<k
(2.47)

to hold is
PiPj=P;P; (i #j). (2.48)

2.3.4 Noncommutative projectors

We now consider the case in which two subspaces V; and V5 and the cor-
responding projectors P; and Ps are given but PPy = P3P, does not
necessarily hold. Let Q; = I,, — P; (j = 1,2). Then the following lemma
holds.

Lemma 2.4

Vi+Va = Sp(P1)@Sp(Q,P2) (2.49)
= Sp(Q,P1) & Sp(P2). (2.50)

Proof. [P1,Q,P3] and [Q,P1, P3] can be expressed as

[P1,Q, P3| = [P, Po] [ Ion _IP2 ] = [Py, P5)S
and
Qo P1, Po] = [Py, Py [ _I{;l ? 1 = [Py, Po]T
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Since S and T are nonsingular, we have
rank(Py, P9) = rank(P1, Q; P3) = rank(Q,P1, P1),
which implies
Vi + V2 = Sp(P1, @, P3) = Sp(Qy Py, Pa).

Furthermore, let Pix + Q, P2y = 0. Premultiplying both sides by P,
we obtain Pix = 0 (since P1Q, = O), which implies Q, P2y = 0. Hence,
Sp(P1) and Sp(Q,P2) give a direct-sum decomposition of Vj + Vs, and so
do Sp(Q,P1) and Sp(P2). Q.E.D.

The following theorem follows from Lemma 2.4.

Theorem 2.21 Let E™ = (V} + Vo) @ W. Furthermore, let

Vopy = {z|x = Qy,y € Va} (2.51)
and
V1[2] = {QZ’:B = Q2y,’y S Vl} (252)

Let Q; = I, — Pj (j = 1,2), where P; is the orthogonal projector onto
Vi, and let P*, P, P35, Py, and Py denote the projectors onto Vi + Va
along W, onto Vi along Va;;) @ W, onto Va along Vg @ W, onto Vi along
Vo @ W, and onto Voi1) along Vi & W, respectively. Then,

P* = P} + Py, (2.53)

or

holds.

Note When W = (V; + Vo)+, P7 is the orthogonal projector onto Vj, while Pj;
is the orthogonal projector onto V;[i].

Corollary Let P denote the orthogonal projector onto V.= Vi & Vs, and
let P; (j = 1,2) be the orthogonal projectors onto Vj. If Vi and V; are
orthogonal, the following equation holds:
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2.4 Norm of Projection Vectors

We now present theorems concerning the norm of the projection vector Px
(x € E™) obtained by projecting x onto Sp(P) along Ker(P) by P.

Lemma 2.5 P' =P and P> = P < P'P = P.
(The proof is trivial and hence omitted.)

Theorem 2.22 Let P denote a projection matriz (i.e., P> = P). The
necessary and sufficient condition to have

[Pz < ||| (2.56)

for an arbitrary vector x is

P =P. (2.57)

Proof. (Sufficiency) Let  be decomposed as = Px + (I,, — P)x. We
have (Pz)'(I,, — P)x = 2/(P' — P'"P)x = (0 because P' = P = P'P = P’

from Lemma 2.5. Hence,
2| |* = [|Pz|]” + ||(In — P)z|[* > || Pz|

(Necessity) By assumption, we have &/(I,, — P'P)x > 0, which implies
I, — P'P is nnd with all nonnegative eigenvalues. Let Ai, \a, - -+, \,, denote
the eigenvalues of P’P. Then, 1 —X; > 0or 0> X\; >1(j =1,---,n).
Hence, >7% )\32‘ < >°j—1 Aj, which implies tr(P'P)? < tr(P'P).

On the other hand, we have

(tr(P'P))? = (tr(PP'P))? < tr(P'P)tr(P'P)*

from the generalized Schwarz inequality (set A’ = P and B = P'P in
(1.19)) and P? = P. Hence, tr(P'P) < tr(P'P)? = tr(P'P) = tr(P'P)?,
from which it follows that tr{(P — P'P)'(P — P'P)} = tr{P'P — P'P —
P'P + (P'P)?} = tr{P'/P - (P'P)?}) =0. Thus, P = PP = P =
P. Q.E.D.

Corollary Let M be a symmetric pd matriz, and define the (squared) norm
of © by
llz||3; = 2’ Max. (2.58)
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The necessary and sufficient condition for a projection matrixz P (satisfying
P? = P) to satisfy
2 2
1P|y < |||[3 (2.59)

for an arbitrary n-component vector x is given by
(MP) =MP. (2.60)

Proof. Let M = UA?U’ be the spectral decomposition of M, and let
M'? = AU’. Then, M~'/?> = UA~!. Define y = M2z, and let P =
M'Y2PM~'/2. Then, P’ = P, and (2.58) can be rewritten as ||Pyl|?> <
lly||?. By Theorem 2.22, the necessary and sufficient condition for (2.59) to
hold is given by

P’ = P — (M'2PM~?) = M\2PM~/2, (2.61)

leading to (2.60). Q.E.D.

Note The theorem above implies that with an oblique projector P (P2 = P, but
P’ # P) it is possible to have ||Pz|| > ||z||. For example, let

o[y 4] men(1)

Then, ||Px|| = 2 and ||z|| = V2.

Theorem 2.23 Let Py and Ps denote the orthogonal projectors onto Vi
and Vo, respectively. Then, for an arbitrary x € E™, the following relations
hold:

|1PyPrz|| < |[Prz|] < ||| (2.62)

and, if Vo C V7,
||Poz|| < [|P1z]]. (2.63)

Proof. (2.62): Replace by Pix in Theorem 2.22.
(2.63): By Theorem 2.11, we have PPy = Py, from which (2.63) fol-
lows immediately.

Let x1,x2,---,x, represent p n-component vectors in E", and define

X = [x1, 22, -+, xp]. From (1.15) and P = P'P, the following identity
holds:

||[Pxq||* + || Pz2|* + - - - + || Pxy||* = tr( X' PX). (2.64)
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The above identity and Theorem 2.23 lead to the following corollary.

Corollary
() If Vo C V1, tr( X' Py X) < tr(X'P1 X) < tr( X' X).

(ii) Let P denote an orthogonal projector onto an arbitrary subspace in E™.
If Vl D) Vv2,

tI‘(Plp) Z tr(PQP).

Proof. (i): Obvious from Theorem 2.23. (ii): We have tr(P;P) = tr(P;P?)
=tr(PP;P) (j =1,2), and (Py — P3)?> = Py — Py, so that

tr(PP,P) — tr(PPyP) = tr(SS’) > 0,

where S = (P — P2)P. It follows that tr(P;P) > tr(PyP).
Q.ED.

We next present a theorem on the trace of two orthogonal projectors.

Theorem 2.24 Let Py and Psy be orthogonal projectors of order n. Then
the following relations hold:

tl“(Plpg) == tI‘(P2P1) § min(tr(Pl), tl”(Pz)). (265)

Proof. We have tI‘(Pl) - tI‘(P1P2) = tI‘(Pl(In — PQ)) = tI‘(PlQZ) =

tr(P1QyP1) = tr(S’S) > 0, where S = Q,P1, establishing tr(Py) >

tr(P1P3). Similarly, (2.65) follows from tr(Ps2) > tr(P1P3) = tr(P2Pq).
Q.E.D.

Note From (1.19), we obtain

tr(Png) S \/tr(Pl)tr(Pg). (266)

However, (2.65) is more general than (2.66) because /tr(P1)tr(P2) > min(tr(Pq),
tr(P2)).
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2.5 Matrix Norm and Projection Matrices

Let A = [a;5] be an n by p matrix. We define its Euclidean norm (also called
the Frobenius norm) by

1] = {tr(A" A} = ZZ% (2.67)
i=17=1

Then the following four relations hold.

Lemma 2.6

||Al| > 0. (2.68)
ICA[[ < |C]] - |A]l, (2.69)

Let both A and B be n by p matrices. Then,
1A+ Bl < [|A]| + || BJ|. (2.70)

Let U and V' be orthogonal matrices of orders n and p, respectively. Then
IUAV|| = [|A]l. (2.71)

Proof. Relations (2.68) and (2.69) are trivial. Relation (2.70) follows im-
mediately from (1.20). Relation (2.71) is obvious from

tr(V'AU'UAV) = tr(A’AVV') = tr(A'A).
Q.E.D.

Note Let M be a symmetric nnd matrix of order n. Then the norm defined in
(2.67) can be generalized as

||A]|ar = {tr(A'M A)}/2, (2.72)
This is called the norm of A with respect to M (sometimes called a metric matrix).
Properties analogous to those given in Lemma 2.6 hold for this generalized norm.

There are other possible definitions of the norm of A. For example,

(1) [[A]lx = max; 372, |aij],
(ii) || A]|2 = u1(A), where pq(A) is the largest singular value of A (see Chapter 5),
and
(i) [[Alls = max; >25_, [ai;]-
All of these norms satisfy (2.68), (2.69), and (2.70). (However, only || A]|2 satisfies
(2.71).)
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Lemma 2.7 Let P and P denote orthogonal projectors of orders n and p,
respectively. Then,
IPA[| < [[A] (2.73)

(the equality holds if and only if PA = A) and
|AP|| < [|A]| (2.74)
(the equality holds if and only if AP = A).

Proof. (2.73): Square both sides and subtract the right-hand side from the
left. Then,

tr(A’A) —tr(A'PA) = tr{A'(I,, — P)A}
=tr(A'QA) = tr(QA)(QA) > 0 (where Q =1I,, — P).

The equality holds when QA = O <— PA = A.

(2.74): This can be proven similarly by noting that |AP||? —tr(PA’AP)
= tr(APA’) |[PA'||?. The equality holds when QA =0 — PA =
A — AP = A, whereQ = I,,—P. Q.E.D.

The two lemmas above lead to the following theorem.

Theorem 2.25 Let A be an n by p matriz, B andY n by r matrices, and
C and X r by p matrices. Then,

1A = BX|| = [[(I, — Pg)Al|, (2.75)

where Pp is the orthogonal projector onto Sp(B). The equality holds if and
only if BX = PgA. We also have

1A =YC|| = ||A(I, - Por)l], (2.76)

where Pcr is the orthogonal projector onto Sp(C'). The equality holds if
and only if YC = AP¢c. We also have

|A—-BX -YC|| = ||(In — Pp)A(I, — Pcr)||. (2.77)
The equality holds if and only if

P3(A-YC)=BX and (I, — P)AP¢ = (I, — Pg)YC  (2.78)
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or
(A— BX)P¢ =YC and PgA(I, — Po/) = BX (I, — Per).  (2.79)

Proof. (2.75): We have (I,, — Pp)(A — BX) = A— BX — PgpA +
BX = (I,, — Pp)A. Since I,, — Pp is an orthogonal projector, we have
|A—BX|| > ||(I,—Pp)(A—BX)|| = ||(I,—Ppg)A|| by (2.73) in Lemma
2.7. The equality holds when (I,, — Pp)(A — BX) = A — BX, namely
PpA=BX.

(2.76): It suffices to use (A—YC)(I,— Pc) = A(I,— P¢r) and (2.74)
in Lemma 2.7. The equality holds when (A —-YC)(I,— Pc/) = A-YC
holds, which implies YC = AP¢.

(2.77): [A= BX Y C|| > ||(I,—Pp)(A—YC)|| > ||(I.— Pp) A(I,~
Pe)| o [[A-BX -YC|| > |[(A= BX)(I,— Por)|| > [[(L,— Py)A(L,
Pci)||. The first equality condition (2.78) follows from the first relation
above, and the second equality condition (2.79) follows from the second rela-
tion above. Q.E.D.

Note Relations (2.75), (2.76), and (2.77) can also be shown by the least squares
method. Here we show this only for (2.77). We have

|IA-BX -YC|*=tr{(A-BX -YC)(A-BX -YC)}
=tr(A-YC)(A-YC) - 2tr(BX)(A-YC) +tr(BX)'(BX)

to be minimized. Differentiating the criterion above by X and setting the re-
sult to zero, we obtain B'(A — YC) = B'BX. Premultiplying this equation by
B(B'B)~!, we obtain Pg(A — YC) = BX. Furthermore, we may expand the
criterion above as

tr(A — BX)' (A — BX) - 2t((YC(A — BX)') + t2(YC)(Y C)'.

Differentiating this criterion with respect to Y and setting the result equal to zero,
we obtain C(A — BX) = CC'Y’ or (A — BX)C' = YCC'. Postmultiplying
the latter by (CC’)~1C’, we obtain (A — BX )P = Y C. Substituting this into
Pp(A-YC) = BX, we obtain PgA(I, — Pc) = BX(I, — P¢) after some
simplification. If, on the other hand, BX = Pp(A — Y C) is substituted into
(A—- BX)Po = YC, we obtain (I,, — Pgp)AP¢c = (I,, — Pp)YC. (In the
derivation above, the regular inverses can be replaced by the respective generalized
inverses. See the next chapter.)
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2.6 General Form of Projection Matrices

The projectors we have been discussing so far are based on Definition 2.1,
namely square matrices that satisfy P? = P (idempotency). In this section,
we introduce a generalized form of projection matrices that do not neces-
sarily satisfy P2 = P, based on Rao (1974) and Rao and Yanai (1979).

Definition 2.3 Let V. C E™ (but V # E") be decomposed as a direct-sum
of m subspaces, namely V.=V ®@ Vo & --- © V. A square matriz Pj of
order n that maps an arbitrary vector y in V into V; is called the projection
matriz onto Vj along Vij)y =Vi @@ V;1 @ Vi1 @ @ Vi if and only if

Pix=x YxeV; (j=1,---,m) (2.80)

and

Pix=0 VeecVy (j=1,--,m). (2.81)

Let ; € V;. Then any x € V' can be expressed as
r=xz1+x2+ -+ xy =(P]+P5+--- P )x.
Premultiplying the equation above by P}, we obtain
PPz =0 (i #j) and (P})’z =Pz (i=1,---,m) (2.82)

since Sp(P1),Sp(P32),---,Sp(Py,) are mutually disjoint. However, V' does
not cover the entire E" (& € V # E™), so (2.82) does not imply (P})* = P}
or PIP; =0 (i # j).

Let V1 and V3 € E? denote the subspaces spanned by e; = (0,0, 1)’ and
ez = (0,1,0)', respectively. Suppose

P =

o o
o O O
= o O

Then, P*e; = e; and P*ey = 0, so that P* is the projector onto V4 along V5
according to Definition 2.3. However, (P*)? # P* except when a = b = 0,
or a =1 and ¢ = 0. That is, when V does not cover the entire space E",
the projector P}'f in the sense of Definition 2.3 is not idempotent. However,
by specifying a complement subspace of V', we can construct an idempotent
matrix from P} as follows.
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Theorem 2.26 Let P; (j=1,---,m) denote the projector in the sense of
Definition 2.3, and let P denote the projector onto V' along V11, where
V=WVe&Ved- - @&V, is a subspace in E™ and where V11 is a complement
subspace to V. Then,

P;=P;P (j=1,---m) and Py =1, P (2.83)

are projectors (in the sense of Definition 2.1) onto V; (j = 1,---,m+1)
along Viy =Vi@ -0V 1 ® Vi1 @ -+ & Vip @ Vingr.

Proof. Let x € V. If x € V; (j = 1,---,m), we have P;Px = Pjx = x.
On the other hand, if x € V; (i # j, i =1,---,m), we have P;Px = Pix =
0. Furthermore, if * € V41, we have P;Pz =0 (j = 1,---,m). On the
other hand, if x € V, we have P, y1x = (I, — P)x = x —x = 0, and if
x € Vg1, Py = (I, — P)x = x — 0 = x. Hence, by Theorem 2.2, P;
(j=1,---,m+1) is the projector onto V; along Vi) Q.E.D.

2.7 Exercises for Chapter 2
A1 (0 Al
o A, A,

2. Let P4 and Pp denote the orthogonal projectors onto Sp(A) and Sp(B), re-
spectively. Show that the necessary and sufficient condition for Sp(A) = {Sp(A) N

Sp(B)} @ {Sp(A) NSp(B)*} is PPy = PP,

1. Let A= [ ] and A = [ ] Show that P ;P4 = P 4.

3. Let P be a square matrix of order n such that P? = P, and suppose
|Px|| = [[x|]

for any n-component vector . Show the following:
(i) When z € (Ker(P))*, Px = x.
(ii) P' = P.

4. Let Sp(A) = Sp(A1) & -+ & Sp(Ay,), and let P; (j = 1,---,m) denote the
projector onto Sp(A;). For V& € E™:
(i) Show that

l2]|* > ||Pr|* + || Pox||* + - + || P, (2.84)

(Also, show that the equality holds if and only if Sp(A) = E™.)

(ii) Show that Sp(A;) and Sp(A;) (i # j) are orthogonal if Sp(A) = Sp(A;) &
Sp(As2) & -+ @ Sp(A,,) and the inequality in (i) above holds.

(iii) Let Pm =P+ Py +"'+Pj. Show that

[Pimiz|| > [|Pp—yl| > - > ||Pz|| > || Pyl
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5 Let E" =V, @ W, = Vo @ Wy = V3 © W3, and let P; denote the projector onto
Vi (j =1,2,3) along W;. Show the following:

(i) Let P;P; = O for i # j. Then, Py + P5+ Pj3 is the projector onto Vi + V2 + V3
along W1 N W2 N W3.

(11) Let P1P2 = .P21317 P1P3 = P3P1, and P2P3 = P3P2. Then P1P2P3 is
the projector onto Vi NV, N V3 along Wy + Wo + Wi,

(iii) Suppose that the three identities in (ii) hold, and let Pq 4243 denote the pro-
jection matrix onto Vi + Vo + V3 along W7 N Wy N W3. Show that

Py y3=P,+Py+P3— PP, — P,P3 - P,P3+ P, P,P3.

6. Show that
Q[A,B] - QAQQABa

where Q4 ), Q4, and Qg , p are the orthogonal projectors onto the null space of
[A, B], onto the null space of A, and onto the null space of Q 4, B, respectively.

7. (a) Show that

Px =Pxa+ Pxxx)-1B;
where Px, Pxa, and Px(x/x)-1p are the orthogonal projectors onto Sp(X),
Sp(X A), and Sp(X (X' X )~ B), respectively, and A and B are such that Ker(A’)
= Sp(B).
(b) Use the decomposition above to show that

Pix, x,) = Px, + Pgy, x,,

where X = [X1, X3], Pqy, x, is the orthogonal projector onto Sp(Q y, X3), and
Qyx, =1- X, (X[ X)X,

8. Let E" =V ® W, = Vo ® Ws, and let Py = PV1-W1 and Py = 13\/2.1/[/2 be two
projectors (not necessarily orthogonal) of the same size. Show the following:

(a) The necessary and sufficient condition for P P2 to be a projector is Vo C
Vo @ (W1 N Wy), where Vis = Sp(P1.P3) (Brown and Page, 1970).

(b) The condition in (a) is equivalent to Vo C Vi & (W1 NVa) @ (W1 NWs) (Werner,
1992).

9. Let A and B be n by a (n > a) and n by b (n > b) matrices, respectively. Let
P, and Pp be the orthogonal projectors defined by A and B, and let Q4 and
Q@ be their orthogonal complements. Show that the following six statements are
equivalent: (1) P4Pg = PpPa, (2) AB = A'PgP 4B, (3) (PAPp)? = P4Pgp,
(4) P[A,B] = Pao+ Pp— PsPpg, (5) A/QBQAB = O, and (6) rank(Q ,B) =
rank(B) — rank(A’'B).
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