
Chapter 2
Variational Formulae

Abstract We study extrinsic geometry (properties depending on the second
fundamental form) of a codimension-one foliation subject to (F -truncated)
variations of metrics along the leaves. In Sect. 2.3.1 we develop formulae for
the deformation of geometric quantities as the Riemannian metric varies along
the leaves. Then, in Sect. 2.3.2, we study variation properties of the functionals
depending on the principal curvatures of the leaves and the F -truncated families
of metrics, in particular, for conformal metrics along the leaves. The last section of
Chap. 2 contains applications to umbilical foliations and minimization of the total
bending of the unit normal vector field.

2.1 Introduction

The problem of minimizing geometric quantities has been very popular for many
years: recall, for example, classical isoperimetric inequalities, Fenchel estimates of
total curvature of curves (and some generalizations like these in [29]), and Kuiper’s
work on tight and taut submanifolds (see [15] and the bibliographies therein).

In the context of foliations, one has several results of Langevin (and co-
authors) [26–28] and so on, and the authors’ work [47]. In all cases mentioned
earlier, one considers a fixed Riemannian manifold and looks for geometric objects
(curves, hypersurfaces, foliations) minimizing geometric quantities defined usually
as integrals of curvatures of different types. On the other hand, there is some interest
([33,34,48,50], and so on) in prescribing geometric quantities of given objects (say,
foliations): given a foliated manifold (M,F ) and a geometric quantity Q (function,
vector or tensor field) one may search for a Riemannian metric g on M for which a
given geometric invariant (say, curvature of some sort) coincides with Q.

In Chap. 2, the authors describe a new approach combining the two we just
mentioned: given a foliated manifold (M,F ) and a geometric quantity Q (say,
integral of a curvature-like invariant) we look for Riemannian metrics which
minimize Q in the class of F -truncated metrics (i.e., the unit vector field N
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20 2 Variational Formulae

orthogonal to F is the same for all metrics of the variation family). Certainly (as in
some of the cases mentioned before) such Riemannian structures need not exist, but
if they do, they usually have interesting geometric properties.

The key objective of Chap. 2 is to study properties of Riemannian structures
minimizing a quantity Q (for F -truncated metrics). Here Q is built of the invariants
of extrinsic geometry of F , that is of the second fundamental forms of the leaves
and their invariants arising from its characteristic polynomial: symmetric functions
of the principal curvatures.

We denote by M = M (M,F ,N) the space of smooth Riemannian structures of
finite volume on M with N being a unit normal to F . Elements of M will be called
F -truncated metrics. Let M1 ⊂ M be the subspace of metrics of unit volume.
By FM (and FM 1), we denote the foliation on M (respectively, M1) by leaves
consisting of metrics conformally equivalent along F .

Given f ∈C2(Rn), we study variational properties of the functional

I f : g �→
∫

M
f (−→τ )dvolg,

−→τ = (τ1, . . . ,τn), g ∈ M (2.1)

and related functionals (total mean curvatures σi, power sums τi, etc.). In Sect. 3.7,
the function f is the trace of a (1,1)-tensor.

2.2 Auxiliary Results

2.2.1 Biregular Foliated Coordinates

The coordinate system described in the following lemma, see [15, Sect. 5.1], is here
called a biregular foliated chart.

Lemma 2.1. Let (M,F ,N) be a differentiable manifold with a codimension-one
foliation F and a vector field N transversal to F . Then for any q ∈ M there exists
a coordinate system (x0,x1, . . .xn) on a neighborhood Uq ⊂ M (centered at q) such
that the leaves on Uq are given by {x0 = c} (hence the coordinate vector fields
∂i = ∂xi , i ≥ 1, are tangent to leaves), and N is directed along ∂0 = ∂x0 (one may
assume N = ∂0 at q).

If (M,F ,g) is a foliated Riemannian manifold and N is the unit normal then in
biregular foliated coordinates (x0,x1, . . . ,xn), g has the form:

g = g00 dx2
0 +∑i, j>0 gi j dxidx j. (2.2)

As usual, let gi j denote the entries of the matrix inverse to (gi j) and gi j,k be the
derivative of gi j in the direction of ∂k.
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Lemma 2.2. For a metric (2.2) in biregular foliated coordinates (of a codimension-
one foliation F ) on (M,g), one has

N = ∂0/
√

g00 (the unit normal)

Γ j
i0 = (1/2)∑s gis,0gs j, Γ i

00 = −(1/2)∑s g00,sg
si, Γ 0

i j = −gi j,0/(2g00),

bi j = Γ 0
i j
√

g00 = −1
2

gi j,0/
√

g00 (the second fundamental form),

A j
i = −Γ j

i0/
√

g00 =
−1

2
√

g00
∑s

gis,0 gs j (the Weingarten operator),

(bm)i j = As1
s2

. . .Asm−1
sm Asm

i g js1 (the mth “power” of bi j),

τi =
( −1

2
√

g00

)i

∑{ra},{sb} gr1s2,0 . . .gri−1si,0 gs1r1 . . .gsiri .

In particular,

τ1 =
−1

2
√

g00
∑
r,s

grs,0 grs, τ2 =
1

4g00
∑

r1,r2,s1,s2

gr1s2,0 gr2s1,0 gs1r1 gs2r2 , etc.

Proof. This is standard and left to the reader. For convenience, observe that the
formula for A follows from that for b and A j

i = ∑s bisgs j. Notice that (Am) j
i =

∑{sl} A j
s2As2

s3 . . .Asm−1
sm Asm

i . Formulae for bm follow from the above and (Am)s
i gs j =

g(Amei,e j) = (bm)i j . Formulae for τ’s follow directly from the above and the
equality τi = Tr(Ai). �	

For example, we apply Lemma 2.2 to the tensor h(b) of (1.13).

Proposition 2.1. The tensor h(b) of (1.13) with generic functions f0, f1 in biregular
foliated coordinates has a form:

h(b)ac = f0(0)gac − f0,τ1(0)
2
√

g00

(
∑ i, j

gi jψi j

)
gac + f1(0)ψac + o([ψac]), (2.3)

where ψi j = gi j,0. If f2 is also generic and f0(0) = f0,τ1(0) = f1(0) = 0 then the
second-order approximation of h(b) is

h(b)ac =

⎛
⎝ f0,τ2(0)

4g00
∑

i,r,s1,s2

gs1igs2rψrs1ψis2 +
f0,τ1τ1(0)

8g00

(
∑
i, j

gi jψi j

)2
⎞
⎠gac

− f1,τ1(0)
2
√

g00

(
∑ i, j

gi jψi j

)
ψac +

f2(0)
4g00

∑ i, j
gi j ψaiψc j + o([ψac]2). (2.4)
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Proof. Take biregular foliated coordinates on M (with the origin at q ∈ M) as in
Lemma 2.1. By definition (1.13), the F -components of the tensor are

h(b)ac = ∑n−1
m=0 fm(−→τ )g(Amea,ec).

We neglect the third (and more) order terms with ψac = gac,0. By Lemma 2.2 we
have (A2) j

i = ∑r A j
rAr

i = 1
4g00

∑s1,s2,r ψrs1gs1 jψis2gs2r and, in fact, τi = o([ψac]i−1)
for i > 0. From above we obtain expansions for f j ( j = 0,1,2) as:

f0(
−→τ ) = f0(τ1,τ2,0, . . . ,0)+ o([ψac]2) = f0(0)

− 1
2
√

g00
f0,τ1(0)∑ i, j

gi jψi j +
1

8g00
f0,τ1τ1(0)

(
∑ i, j

gi jψi j

)2

+
1

4g00
f0,τ2(0)∑ i,r,s1,s2

ψrs1ψis2gs1igs2r + o([ψac]2),

f1(
−→τ ) = f1(0)− 1

2
√

g00
f1,τ1(0)∑ i, j

gi jψi j + o([ψac]),

f2(
−→τ ) = f2(0)− 1

2
√

g00
f2,τ1(0)∑ i, j gi jψi j + o([ψac]).

Substituting into the function h(b) with bm and τ’s from Lemma 2.2,

h(b)ac = ∑m,si,r j

(−1)m fm(−→τ )
(2
√

g00)m ψar1ψs1r2 . . .ψsm−1c gs1r1 . . .gsm−1rm−1 ,

we obtain the second-order approximation of h(b), see (2.4),

h(b)ac ≈ f0(0)gac − f0,τ1(0)
2
√

g00

(
∑ i, j gi jψi j

)
gac + f1(0)ψac

+
(

f0,τ2(0)
4g00

∑ i,r,s1,s2
gs1igs2rψrs1ψis2 +

f0,τ1τ1(0)
8g00

(
∑ i, j

gi jψi j

)2
)

gac

− f1,τ1(0)
2
√

g00

(
∑ i, j

gi jψi j

)
ψac +

f2(0)
4g00

∑ i, j
gi j ψaiψc j + o([ψac]2).

From above it follows the first-order approximation (2.3) of h(b). �	
Example 2.1. (a) If h = f (−→τ ) b̂1 and f (0) �= 0 then (2.3) has a form:

h(b)ac = f (0)ψac + o([ψac]).
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(b) The extrinsic Ricci tensor (see (3.87), Sect. 3.9.1) is a second-degree polynomial

Ricex(g)ac = − 1
4g00

∑ i, j gi j ψaiψc j − 1
2
√

g00

(
∑ i, j gi jψi j

)
ψac.

(c) The components of the Newton transformation Tr(A) are given by (Tr(A)) j
i =

(r!)−1ε j1... jr j
i1...ir i Ai1

j1
. . .Air

jr . Hence Tr(b) is the rth degree polynomial

Tr(b)ac = (r!)−1 ∑ε j1... jr j
i1...ira

( −1
2
√

g00

)s

gi1,m1 . . .gir,mr g jc ψm1, j1 . . .ψmr , jr .

(d) For a F -conformal metric gi j = eu(x) δi j (i, j > 0), we approximate h(b) as

h(b)ac = f0(0)δac + u,0

(
f1(0)−n

f0,τ1(0)
2
√

g00

)
δac + o(u,0). (2.5)

If f0, f1, f0,τ1 are zero at the origin 0, we use the second-order approximation

h(b)ac = u,0
2
(

f2(0)
4g00

−n
f1,τ1(0)
2
√

g00

)
δac + o(u,0

2). (2.6)

Let ĝ and g⊥ be the components of g along the distributions TF and TF⊥,
respectively. Because TF⊥ is one-dimensional, g⊥ is determined by the value
g⊥(N,N) = 1.

The next lemma is standard. For the convenience of the reader we give its proof.

Lemma 2.3. Let (M, g = ĝ⊕ g⊥) be a Riemannian manifold with a codimension-
one foliation F and a unit normal N. Define a metric ḡ = (e2ϕ ĝ)⊕ g⊥, where
ϕ ∈ C1(M). Then the second fundamental forms and the Weingarten operators of
F with respect to ḡ and g are related by

b̄ = e2φ (b−N(ϕ) ĝ), Ā = A−N(ϕ) îd. (2.7)

Proof. By the formula for Levi-Civita connection and g(TF ,N) = 0, we get

2e2φ g(∇̄X N,Y ) = 2 ḡ(∇̄X N,Y ) = X(ḡ(N,Y ))+ N(ḡ(X ,Y ))−Y(ḡ(N,X))

+ḡ([X ,N],Y )− ḡ([N,Y ],X)+ ḡ([Y,X ],N)

= 2e2φ N(φ)g(X ,Y )+ 2e2φg(∇X N,Y )

for any vector fields X ,Y ∈ TF . Hence

g(∇̄X N,Y ) = N(φ)g(X ,Y )+ g(∇XN,Y ).

From this and the definition Ā(X) = −∇̄X N, it follows (2.7)2.



24 2 Variational Formulae

Using the definition b̄(X ,Y ) = ḡ(∇̄XY,N), we compute the tensor b̄ on TF

b̄(X ,Y ) = ḡ(∇̄XY,N) = e2φ g(A(X)−N(φ)X ,Y)

= e2φ b(X ,Y )− e2φg(X ,Y )N(φ) = e2φ (b(X ,Y )−N(φ)g(X ,Y )) .

From this it follows (2.7)1. �	
Remark 2.1. If N(ϕ) = 0 (e.g., ϕ is constant) then by Lemma 2.3 we have

(i) b̄ = e2ϕ b;
(ii) Ā = A;

(iii) τ̄ j = τ j (the power sums).

2.2.2 Foliations with a Time-Dependent Metric

Consider a foliation (M,F ) with a time-dependent metric gt such that S = ∂t g is
an F -truncated tensor. We denote the bundle of F -truncated (k, l)-tensors on M by
Λ̂ k

l (M). The inner product of tensors F,G ∈ Λ̂ k
l (M), denoted by 〈·, ·〉 on M, is given

by the following sum:

〈F,G〉 = ga1b1 . . .galbl gc1d1 . . .gckdk Fc1...ck
a1...al

Gd1...dk
b1...bl

.

Recall that the musical isomorphism � : T ∗M → T M sends a covector ω = ωidxi to
ω� = ω i∂i = gi jω j∂i, and � : TM → T ∗M sends a vector X = Xi∂i to X � = Xidxi =
gi jX jdxi. In other words, X � = g(X , ·). We denote by B� the (1,1)-tensor field on M
which is g-dual to a symmetric (0,2)-tensor B,

B(X ,Y ) = g(B�(X),Y ) for all vectors X ,Y.

For symmetric (0,2)-tensors B,S we have

〈B,S〉 = Tr(B�S�) = 〈B�,S�〉. (2.8)

Indeed, in a local coordinate basis (ei) of TM we have

gikBi j = B j
k, gklSl j = Sk

j, 〈B,S〉= Bi jSi j.

From the above, in view of identity gikgk j = δ j
i (Kronecker’s delta), (2.8) follows,

Tr(B�S�) = B j
k Sk

j = gikBi jgklSl j = Bi jSi j.
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For example,
〈ĝ, ĝ〉 = Tr îd = n, 〈ĝ,S2〉 = 〈S,S〉,

where S2 is the symmetric (0,2)-tensor dual to (S�)2. If S = s ĝ for some scalar
function s then S� = s îd and has the trace Tr S� = ns.

Lemma 2.4. For a smooth family (Bt) of symmetric (0,2)-tensors on (M,gt ,F )
and S = ∂t gt , where gt ∈ M (M,F ,N), we have

(∂t Bt)� = ∂tB
�
t + S� ·B�

t , ∂t(Tr gt Bt) = Tr gt (∂tBt)−〈Bt ,S〉gt , (2.9)

∂t〈Bt ,S〉gt = 〈∂tBt ,S〉gt −2〈Bt,S
2〉gt + 〈Bt ,∂t S〉gt . (2.10)

Proof. Because ∂tgi j = Si j, we have

∂t g
i j = −Si j := −Skl gikg jl.

To establish (2.9)1, we write (B�)k
i = gk jBi j for any t and compute

(∂t B
�)k

i = ∂t(gk jBi j) = ∂tg
k jBi j + gk j∂tBi j = −Sk jBi j +(∂tB)�k

i

= −gikS j
i gilB

l
j +(∂tB)�k

i = −S j
i Bk

j +(∂tB)�k
i .

Notice that (2.9)2 is a consequence of (2.9)1 and the identity Tr(∂tB
�
t ) = ∂t(Tr B�

t ).
Then (2.10) directly follows from the calculation

∂t(Bi jSi j) = (∂tB)i jSi j + Bi j(∂t S)i j = ∂t(gaigb jBab)Si j + Bi j(∂t S)i j

= (∂t g)aigb jBabSi j + gai(∂t g)b jBabSi j + gaigb j(∂tB)abSi j + Bi j(∂t S)i j

= −Bab(Saigb jSi j + gaiSb jSi j)+ (∂tB)i jSi j + Bi j(∂t S)i j

= −Bab

(
galSi

lS
b
i + gblS j

l Sa
j

)
+(∂tB)i jSi j + Bi j(∂t S)i j

= −2Bab(S2)ab +(∂tB)i jSi j + Bi j(∂t S)i j. �	

Now let ∇t denote the Levi-Civita connection on (M,gt), where t ∈ [0,ε).
Observe that the difference of two connections is always a tensor, hence Πt := ∂t∇t

is a (1,2)-tensor field on (M,gt ). Differentiating with respect to t, the classical
formula for the Levi-Civita connection yields the known formula (see Preface)

2gt(Πt(X ,Y ),Z) = (∇t
X S)(Y,Z)+ (∇t

Y S)(X ,Z)− (∇t
ZS)(X ,Y ), (2.11)

where X ,Y,Z ∈ TM. If the vector field Y = Y (t) is time-dependent then

∂t∇t
XY = Πt(X ,Y )+ ∇X(∂tY ). (2.12)
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Notice the symmetry of the tensor: Πt(X ,Y ) = Πt(Y,X). If the tensor S is F -
truncated then by (2.11) we have Πt(N, ·) ⊥ N.

Let E be the pull-back of the tangent bundle T M under the projection M ×
[0,ε) → M, i.e., the fiber of E over a point (x,t) is given by Ex,t = TxM. There
is a natural connection ∇̃ on E , which extends the Levi-Civita connection ∇ on M.
In order to define this connection, we need to specify the covariant t-derivative ∇̃∂t .
Given any section X of the vector bundle E , we define

∇̃∂t X = ∂tX +
1
2

S�(X), in particular, ∇̃∂t N = 0. (2.13)

The connection ∇̃ is compatible with the natural bundle metric on E , i.e.,

(∇̃∂t g)(X ,Y ) = 0, X ,Y ∈ TM.

To show this, we calculate

(∇̃∂t g)(X ,Y ) = ∂t(g(X ,Y ))−g(∇̃∂t X ,Y )−g(X , ∇̃∂tY ) = (∂t g)(X ,Y )−S(X ,Y ) = 0.

This connection is not symmetric: in general ∇̃∂t ∂i �= 0, while ∇̃∂i
∂t = 0 always

for i > 0. However, each submanifold M ×{t} is totally geodesic, so computing
derivatives of spatial tangent vector fields gives the same result as computing for
sections of T (M × [0,ε)). In particular, the corresponding Weingarten operators Ã
and A satisfy Ã = A. Clearly, the torsion tensor

Tor(X ,Y ) := ∇̃XY − ∇̃Y X − [X ,Y ]

vanishes if both arguments are spatial, so the only nonzero components of Tor are

Tor(∂t ,∂i) = ∇̃∂t ∂i − ∇̃∂i
∂t =

1
2

S�(∂i), i > 0.

2.2.3 A Differential Operator

To shorten later formulas, we introduce the differential operator

V (F) := τ1F −∇NF,

where F ∈ Λ̂ k
l (M) is either a smooth (k, l)-tensor or a function on M.

Lemma 2.5. For a foliation F on a closed Riemannian manifold (M,g) we have

∫
M

V (F)dvol = 0 for any F ∈C1(M).
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Proof. Using the equality divN = −τ1, we have

div(FN) = F divN + N(F) = −τ1F + N(F) = −V (F).

By the Divergence Theorem,
∫

M div(FN)dvol = 0. From the above the required
equality follows. �	

The next lemmas (concerning the above operator V ) are also global and can
be proved for arbitrary (k, l)-tensor fields. First, we show that the operator ∇N is
conjugate to V . Notice that ∇N commutes with traces of F -truncated (1,1)-tensors:

∇N(Tr F) = Tr(∇NF) for any (1,1)-tensor field F.

Lemma 2.6. Let S,B be F -truncated symmetric (0,2)-tensor fields on a closed M.
Then

∫
M
〈B, ∇NS〉dvol =

∫
M
〈V (B), S〉dvol . (2.14)

In particular, for F ∈C1(M) and S = s ĝ we have

∫
M

F N(s)dvol =
∫

M
sV (F)dvol . (2.15)

Proof. Notice that the (1,1)-tensor ∇NS� is g-dual to ∇NS. To show (2.14), calculate
with the help of (2.8) and Lemma 2.5,

∫
M
〈B,∇NS〉dvol =

∫
M

Tr(B� ∇NS�)dvol=
∫

M

(
N(Tr (B�S�))−Tr((∇NB�)S�)

)
dvol

=
∫

M
Tr(τ1B�S�− (∇NB�)S�)dvol =

∫
M
〈V (B), S〉dvol .

Applying (2.14) to S = s ĝ, we obtain (2.15). �	
Example 2.2. Let F and s be smooth functions on a closed M. One may use
Lemma 2.6 to prove the following:

∫
M

F sN(s)dvol =
1
2

∫
M

V (F)s2 dvol, (2.16)

∫
M

F sN(N(s))dvol =
∫

M

(
1
2

V (V (F))s2 −F N(s)2
)

dvol . (2.17)

Indeed, for any F -truncated symmetric (0,2)-tensor field S on M, we have

∫
M

F〈S,∇NS〉dvol =
∫

M
〈V (FS),S〉dvol =

∫
M
〈V (F)S,S〉−F〈S,∇NS〉dvol .
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From the above for S = s ĝ, one obtains (2.16). Using (2.15) with substitution F →
sF and s → N(s), one has (2.17).

Given linear operator Φ : Λ̂ 0
2 (M) → Λ̂ 0

2 (M), define

μ(Φ) := inf
S∈Λ̂0

2 (M)

∫
M
〈Φ(∇NS),∇NS〉dvol/

∫
M
〈S, S〉dvol.

Lemma 2.7. Let a be supremum of the lengths of N-curves.

(i) If a = ∞ and 〈Φ(∇NS), ∇NS〉 ≥ 0 for any S ∈ Λ̂ 0
2 (M) then μ(Φ) = 0.

(ii) If 0 ≤ 〈Φ(∇NS), ∇NS〉 ≤ b2〈S,S〉 for any S ∈ Λ̂ 0
2 (M) and some b ≥ 0 then

μ(Φ) ∈ [0, π2b2/a2].

Proof. Consider the well-known constrained variation problem

J(s) =
∫ a

0
(s′(x))2 dx → min, s(0) = s(a) = 0,

∫ a

0
(s(x))2 dx = 1,

where s is smooth on (0,a). We claim that the minimum of J is π2/a2. Indeed,
the Euler equation for the functional J̃(s) =

∫ a
0 F̃ dx with F̃ = (s′)2 + μ(s2 −1) and

μ ∈ R is s′′ + μ s = 0. Using the boundary conditions at x ∈ {0,a}, we find

μ = (π/a)2, s = C sin(πx/a).

From the constraint we calculate C2 = 2/a. The solution (to the constrained
variation problem) is

s̄ =
√

2/a sin(πx/a), minJ = J(s̄) = π2/a2.

Assuming s̄ = 0 on {x < 0}∪{x > 1}, we build a piece-wise smooth function s̄ on
R. Then, there exist functions sn ∈C1(R) vanishing outside of (− 1

n , a+ 1
n) such that

sn → s̄ and
∫
R
(s′(x))2 dx → π2/a2 when n → ∞, the claim is proved.

Let the lengths of N-curves be unbounded and 〈Φ(∇NS), ∇NS〉 ≥ 0. Then for
any a > 0 there exist an N-curve γ : [0,a] → M of length a and a smooth function
s1 ≥ 0 on γ with the properties

s1(γ(0)) = s1(γ(a)) = 0,
∫

γ
N(s1)2 < 2π2/a2.

There is a “thin” biregular foliated chart U(q) ⊃ γ with q = γ(0), x = (x0, x̂) ∈
[0,1]n+1, and

∫ 1
0 g00(x0,0)dx0 = a. Consider a smooth function s = s1(x0)s2(x̂) (with

0 ≤ s2 ≤ 1) supported in this chart. Define a tensor field S = sS̃ on M with an
arbitrary F -truncated symmetric (0,2)-tensor field S̃ satisfying ∇NS̃ = 0 on γ , and
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let F = supM 〈Φ(S̃), S̃〉. As the volume form vol satisfies vol < Q(a)dx0 ∧dx̂ along
γ for some Q(a) > 0 (depending on γ), one may assume that vol < 2Q(a)dx0 ∧dx̂
on U(q) = I × Û(q). Applying the above inequality and the Fubini Theorem, we
have

∫
U(q)

〈Φ(∇NS),∇NS〉dvol < F
∫

U(q)
N(s1)2dvol

< 2F
∫

U(q)
Q(a)∂0(s1)2/g00(x)dx0 ∧dx̂

= 2F Q(a)
∫

Û(q)

1
g00(x)

(∫
I
∂0(s1)2 dx0

)
dx̂

< 4Q(a)
(π

a

)2
F
∫

Û(q)

1
g00(x)

dx̂.

One may take Û(q) such that 4π2F Q(a)
∫

Û(q)
1

g00(x) dx̂ < 1 for all x0. Thus,

∫
U(q)

〈Φ(∇NS), ∇NS〉dvol < 1/a2.

As a > 0 is arbitrary, it follows that μ(Φ) = 0, that completes the proof of (i).
Claim (ii) follows directly from the estimates above. �	

Remark 2.2. Concerning Lemma 2.7(i), recall [20] that there exist compact mani-
folds (Mn+1,g), n > 2, foliated by closed curves whose lengths are unbounded.

Lemma 2.8. Given linear operators Φi : Λ̂ 0
2 (M) → Λ̂ 0

2 (M) (i = 1,2,3), define

J(S) :=
∫

M
(〈Φ1(S), S〉+ 〈Φ2(∇NS), ∇NS〉+ 〈Φ3(S), ∇NS〉) dvol .

If J ≥ 0 for any symmetric tensor S ∈ Λ 0
2 (M) then 〈Φ2(∇NS), ∇NS〉 ≥ 0.

Moreover, if

〈Φ2(∇NS), ∇NS〉 ≥ 0, 〈(Φ1 +V ◦Φ3)(S), S〉 ≥ −μ(Φ2)〈S, S〉, (2.18)

for any symmetric tensor S ∈ Λ̂ 0
2 (M) then J ≥ 0.

Proof. By (2.14), we have

∫
M
〈Φ3(S),∇NS〉dvol =

∫
M
〈V (Φ3(S)),S〉dvol .

Certainly, (2.18) with any symmetric tensor S ∈ Λ̂ 0
2 (M) are suffices for J ≥ 0.
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Fig. 2.1 A saw-shaped
function s1

In order to prove that (2.18)1 is necessary, we shall use S with the support in a
biregular foliated chart U(q) adapted to F and N with coordinates x = (x0, x̂) ∈
[0,1]n+1, x̂ = (x1, . . .xn), see Sect. 2.2.1. Hence, x0 = c = const on the leaves xi =
ci = const (i > 0) along N-curves, the coordinate vector fields ∂i = ∂xi (i > 0), are
tangent to leaves and N is directed along ∂0 = ∂x0 . In these coordinates, the metric
g has the form:

g = g00 dx2
0 +∑i, j>0 gi j dxidx j

with g00 = 1 for x̂ = 0, and N = β ∂0 for β = 1/
√

g00 (because N is the unit normal
to F ). One may assume that volg U(q) < 1. Take s = s1(x0)s2(x̂), where 0 ≤ si ≤ 1
and supp(s) ⊂U(q). Notice that N(s) = N(s1)s2.

To prove (2.18)1 assume the contrary: that J ≥ 0 but F2 := 〈Φ2(S̃), S̃〉 < 0 for
some symmetric (0,2)-tensor S̃ at a point q. One may extend S̃ on a neighborhood
U(q) (of q) with the property ∇NS̃ = 0 at q and assume that F2|U(q) < −δ for
some δ > 0. Take a saw-shaped function s1 = s1(x0) (Fig. 2.1) with a number of
oscillations of slope ±1, such that the values of s1 belong to [0,ε], where ε > 0 can
be chosen as small as necessary. Define a symmetric (0,2)-tensor field S = sS̃ on M.

Then N(s1)2 = |∂0s1|2/g00 = 1/g00 almost everywhere on [0,1], and

∫
M
〈Φ2(∇NS), ∇NS〉dvol =

∫
M

s2
2

g00
〈Φ2(S̃), S̃〉dvol < −δ

∫
M

s2
2

g00
dvol = −δβ1,

where β1 =
∫

M s2
2/g00 dvol > 0. We also have

∫
M

∣∣〈Φ1(S), S〉+ 〈Φ3(S), ∇NS〉∣∣dvol ≤ F1ε2 + F3ε,

where F1 = supU(q) |〈Φ1(S̃), S̃〉|, F3 = supU(q) |〈Φ3(S̃), S̃〉|. Hence,

J(S) < F1ε2 + F3 ε −β1δ .

For ε > 0 small enough we obtain J(S) < 0, a contradiction. �	
Given the function F on M, define

μ(F) := inf
s∈C1(M)

∫
M

FN(s)2 dvol

/∫
M

s2 dvol .
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Remark that (by Lemma 2.7) we have the following:

(a) If a = ∞ and F ≥ 0, then μ(F) = 0.

(b) If 0 ≤ F ≤ b2 for some b ≥ 0, then μ(F) ∈ [0, π2b2

a2 ];

Here a is supremum of the lengths of N-curves.
From Lemma 2.8 we obtain the following

Corollary 2.1. Let Fi (i = 1,2) be continuous functions on M and

J(s) :=
∫

M
(F1s2 + F2N(s)2)dvol .

If J(s) ≥ 0 for any s ∈C1(M) then F2 ≥ 0.
Moreover, if F2 ≥ 0 and F1 ≥−μ(F2) then J ≥ 0.

2.3 Variational Formulae for Codimension-One Foliations

2.3.1 Variations of Extrinsic Geometric Quantities

In order to calculate variations of the functional I f with respect to metrics gt ∈ M ,
we find the variational formula for A, and apply it to the Newton transformations
Ti(A) and to symmetric functions τ j, σ j of A. For short, we shall omit the index t
for the time-dependent tensors S, A, b̂ j and functions τi,σi.

Let b̂ be the extension of b to the F -truncated symmetric (0,2)-tensor field on M.
Notice that b̂(N, ·) = 0 and

b̂(X ,Y ) = g(A(X),Y ).

In other words, b̂(N, ·) = 0 and b̂ is dual to the extended Weingarten operator A.
Denote by b̂ j the symmetric (0,2)-tensor fields on M dual to powers A j of extended
Weingarten operator,

b̂0(X ,Y ) = ĝ(X ,Y ), b̂ j(X ,Y ) = ĝ(A j(X),Y ) ( j > 0, X ,Y ∈ T M).

Lemma 2.9. Let gt ∈M be a family of F -truncated metrics and S = ∂t gt . Then the
Weingarten operator A of F and the symmetric functions τi and σi of A evolve by

∂tA =
1
2

(
[A, S�]−∇t

NS�
)

, (2.19)

∂tτi = − i
2

Tr(Ai−1∇t
NS�), ∂tσi = −1

2
Tr(Ti−1(A)∇t

NS�), i > 0. (2.20)
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For S = s ĝ (s ∈C1(M)) we get

∂tA = −1
2

N(s) îd,

∂tτi = − i
2

τi−1N(s), ∂tσi = −1
2
(n− i+ 1)σi−1N(s), i > 0.

Proof. Using (2.11) and S(·,N) = 0 for F -truncated tensors, we obtain

∂t b(X ,Y ) = ∂tgt(∇t
XY,N) = (∂t gt)(∇t

XY,N)+ gt(∂t∇t
XY,N)

= S(∇t
XY,N)+ (1/2)

(
(∇t

X S)(Y,N)+ (∇t
Y S)(X ,N)− (∇t

NS)(X ,Y )
)

= (1/2)
(
S(AX ,Y)+ S(AY,X)− (∇t

NS)(X ,Y )
)

for all X ,Y ∈ TF .
Because S(AX ,Y) = gt(S�AX ,Y ) and (∇t

NS)(X ,Y ) = gt((∇t
NS�)X ,Y ), we have

gt((∂tA)X ,Y ) = gt(∂t (AX),Y ) = ∂t b(X ,Y )−S(AX ,Y)

=
1
2
[gt(S�AY,X)−gt(S�AX ,Y )− (∇t

NS)(X ,Y )]

=
1
2
[gt([A,S�]X ,Y )−gt((∇t

NS�)X ,Y )].

Formula (2.19) follows from the above and the freedom of choice of X ,Y ∈ TF .
Multiplying (2.19) from the left by Ai−1, we get

2Ai−1∂tA = Ai−1[A,S�]−Ai−1∇t
NS�, i > 0.

Notice that Tr(Ai−1·[A,S�]) = 0, see Remark 2.3. Then, using the identity

iTr(Ai−1∂tA) = Tr(∂tA
i) = ∂tτi,

see (1.11) of the following Remark 1.2, we deduce (2.20)1.
Substituting ∂tA from (2.19) into the formula (1.12) of Remark 1.2, we obtain

∂tσi =
1
2

Tr
(

Ti−1(A)([A, S�]−∇t
NS�)

)
= −1

2
Tr(Ti−1(A)∇t

NS�),

that proves (2.20)2. For S = s ĝ, we have, respectively, ∇t
NS� = N(s) îd, and

Tr(Ai−1∇t
NS�) = τi−1N(s), Tr(Ti−1(A)∇t

NS�) = (n− i+ 1)σi−1N(s).

From the above, the case S = s ĝ of lemma follows. �	
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Remark 2.3. For any n-by-n matrices A,B, and C such that AB = BA one has

Tr(A·[B,C]) = Tr(ABC)−Tr((AC)B) = Tr(BAC)−Tr(B(AC)) = 0.

Example 2.3. (a) We shall find the evolution of tensors Ai and ∇t
NAi and their dual.

Using (2.19) and the definition S = ∂t gt , we generalize (2.19) and find for i > 0

2∂tA
i = ∑i−1

j=0 A j([A,S�]−∇t
NS�)Ai−1− j = [Ai,S�]−∑i−1

j=0 A j(∇t
NS�)Ai−1− j.

As Ai = (b̂i)�, from the above and (2.9) we obtain the evolution of b̂i (i > 0),

(∂t b̂i)� = ∂tA
i + S�Ai =

1
2

(
S�Ai + AiS�−∑i−1

j=0 A j(∇t
NS�)Ai−1− j

)
.

Observe that tracing ∂tAi we get (2.20)1.
From (2.19), using (2.11), (2.12), and the following calculations:

2gt(∂t(∇t
NAi)X ,Y ) = 2gt(∂t(∇t

N(AiX)−Ai∇t
NX), Y )

= 2gt(∂t∇t
N(AiX)− (∂tA

i)∇t
NX −Ai∂t(∇t

NX), Y )

= 2gt(∇t
N((∂t A

i)X)− (∂tA
i)∇t

NX ,Y )+ (∇t
NS)(AiX ,Y )

+(∇t
AiX S)(N,Y )− (∇t

Y S)(N,AiX)− (∇t
NS)(X ,AiY )

−(∇t
X S)(N,AiY )+ (∇t

AiY S)(N,X)

= 2gt((∇t
N(∂tA

i))X ,Y )−gt([ [Ai,S�],A]X ,Y )

+gt([(∇t
NS�),Ai]X ,Y ),

we obtain

2∂t(∇t
NAi) = 2∇t

N(∂tA
i)− [ [Ai,S�],A]+ [∇t

NS�, Ai].

From the above and the formula for ∂tAi we find the evolution of ∇t
NAi (i > 0):

∂t(∇t
NAi) =

1
2

(
[∇t

NAi, S�]− [ [Ai,S�], A]−∇t
N ∑i−1

j=0 A j(∇t
NS�)Ai−1− j

)
.

Notice that

∂t(∇t
N b̂i)(X ,Y ) = ∂t(gt(∇t

NAi)X ,Y ) = S((∇t
NAi)X ,Y )+ gt(∂t(∇t

NAi)X ,Y ).

Putting these facts together yield the evolution equation for ∇t
N b̂i (i > 0):

(∂t∇t
N b̂i)� =

1
2

(
S�∇t

NAi +(∇t
NAi)S�− [ [Ai,S�],A]−∇t

N ∑i−1
j=0 A j(∇t

NS�)Ai−1− j
)

.
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(b) Next, we shall find the evolution of tensors Ti(A) and ∇t
NTi(A) and their duals.

By Lemma 2.9 and the method of Example 2.3(a) we find the evolution of Ti(A),

2∂tTi(A) = [Ti(A), S�]−∑i
j=1(−1) jσi− j ∑ j−1

p=0 Ap(∇t
NS�)A j−1−p

−∑i−1
j=0(−1) j Tr(Ti− j−1(A)∇t

NS�)A j.

For S = s ĝ (s ∈C1(M)) and i > 0 we certainly have

∂tA
i = − i

2
Ai−1N(s), ∂tTi(A) =

1
2

N(s)(n− i)∑i
j=1(−1) jσi− jA

j−1.

Notice that detA �= 0 provides

∑i
j=1(−1) jσi− jA

j−1 = (Ti(A)−σi îd)A−1.

Similar to the result for ∇t
NAi in (a), we find the evolution of ∇t

NTi(A),

∂t(∇t
NTi(A)) = ∇t

N(∂tTi(A))+ (1/2)
(
[∇t

NS�, Ti(A)]− [ [Ti(A),S�],A]
)

= −1
2

∇t
N

(
∑i

j=1(−1) jσi− j ∑ j−1
p=0 Ap(∇t

NS�)A j−1−p

+∑i−1
j=0(−1) j Tr(Ti− j−1(A)∇t

NS�)A j
)

+
1
2

(
[∇t

NTi(A), S�]− [ [Ti(A),S�],A]
)

.

As Ti(A) = (Ti(b))�, ∇t
NTi(A) = (∇t

NTi(b))�, from the above and (2.9) we find the
evolution of Ti(b) and ∇t

NTi(b) for i > 0,

(∂tTi(b))� = ∂tTi(A)+ S�Ti(A) =
1
2

(
S�Ti(A)+ Ti(A)S�

−∑i
j=1(−1) jσi− j ∑ j−1

p=0 Ap(∇t
NS�)A j−1−p

−∑i−1
j=0(−1) j Tr(Ti− j−1(A)∇t

NS�)A j
)

,

(∂t∇t
NTi(b))� = ∂t∇t

NTi(A)+ S�∇t
NTi(A)

=
1
2

(
S�∇t

NTi(A)+ (∇t
NTi(A))S�− [ [Ti(A), S�], A]

−∇t
N

(
∑i−1

j=0(−1) j Tr(Ti− j−1(A)∇t
NS�)A j

+∑i
j=1(−1) jσi− j ∑ j−1

p=0 Ap(∇t
NS�)A j−1−p

))
.
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Notice that using the connection (2.13), we also have

(∇̃∂t b)(X ,Y ) = ∂t b(X ,Y )−b(∇̃∂t X ,Y )−b(X , ∇̃∂tY ) = −1
2
(∇t

NS)(X ,Y ).

Proposition 2.2. Let gt ∈ M be a family of F -truncated metrics and S = ∂tgt .
Then

∇̃∂t b̂i = −1
2 ∑i−1

j=0

(
A j(∇t

NS�)Ai−1− j
)�

,

∇̃∂t (∇
t
N b̂i) = −1

2

(
[ [Ai,S�],A]+ ∇t

N ∑i−1
j=0 A j(∇t

NS�)Ai−1− j
)�

,

∇̃∂t Ti(b) = −1
2

(
∑i

j=1(−1) jσi− j ∑ j−1
p=0 Ap(∇t

NS�)A j−1−p

+∑i−1
j=0 (−1) j Tr(Ti− j−1(A)∇t

NS�)A j
)�

,

∇̃∂t (∇
t
NTi(b)) = −1

2

(
[ [Ti(A), S�],A]+ ∇t

N

(
∑i−1

j=0(−1) j Tr
(

Ti− j−1(A)∇t
NS�

)
A j

+∑i
j=1(−1) jσi− j ∑ j−1

p=0 Ap(∇t
NS�)A j−1−p

))�
.

Proof. Using Example 2.3(a), (2.13), and equalities

∇̃∂t b̂i(X ,Y ) = ∂t b̂i(X ,Y )− b̂i(∇̃∂t X ,Y )− b̂i(X , ∇̃∂tY ),

∇̃∂t (∇
t
N b̂i)(X ,Y ) = ∂t((∇t

N b̂i)(X ,Y ))− (∇t
Nb̂i)(∇̃∂t X ,Y )− (∇t

Nb̂i)(X , ∇̃∂tY ),

we find ∇̃∂t b̂i and ∇̃∂t (∇
t
N b̂i). Similarly, from Example 2.3(b) and the definition

(2.13), the formulae for ∇̃∂t Ti(b) and ∇̃∂t (∇
t
NTi(b)) follow. �	

2.3.2 Variations of General Functionals

Here we develop variational formulae for the functional I f (g) of (2.1), restricted to
metrics in M and M1, respectively. Let

π : M → M1, π(g) = ḡ =
(

vol(M,g)−2/n ĝ
)
⊕g⊥

be the F -conformal projection. Metrics ḡt = (φt ĝt)⊕g⊥t with dilating factors φt =
vol(M,gt )−2/n, belong to M1, i.e.,

∫
M dvolt = 1.
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For a family of metrics gt ∈ M , we denote g = g0, S = ∂tgt , and Ṡ = ∂t S. Recall
[53] that the volume form of gt evolves as:

∂t(volt) =
1
2
(Tr S�)volt . (2.21)

We certainly have Tr S� = Tr gt S = 〈ĝt , S〉. For conformal metrics gt = eϕt g, where
(ϕt) is a smooth family of continuous (smooth whenever needed) functions on M,
we obtain a conformal tensor St = st ĝt , where st = ∂tϕt .

Remark 2.4. (a) Let S and Ṡ be F -truncated symmetric (0,2)-tensor fields. If

gt = g + tS +
1
2

t2Ṡ

is a “quadratic in t” variation of the metric g = ĝ⊕g⊥ ∈ M then the metrics

ḡt = π(gt) =
(

φt

(
ĝ+ tS +

1
2

t2Ṡ

))
⊕g⊥

belong to M1. For a conformal tensor S = s ĝ (s : M →R), the above metrics are

gt = g +
(

ts+
1
2

t2ṡ

)
ĝ, ḡt = π(gt) =

(
φt

(
1 + ts+

1
2

t2ṡ

)
ĝ

)
⊕g⊥.

One may use the above approximations for finding the 1st and second variations
of our functionals at t = 0 with respect to general families gt and ḡt , respectively.

(b) Let f̃ : M → (0,∞) be a smooth function constant on the leaves of F , and

g̃(X ,Y ) = f̃ 2g(X ,Y ), X ,Y ∈ TF .

If at least one of vectors X ,Y is perpendicular to F , we set g̃(X ,Y ) = g(X ,Y ).
A foliated Riemannian manifold (M,F , g̃) is called a warped foliation (with a
warping function f̃ ), see [59]. They were studied from the point of view of the
Gromov–Hausdorff convergence. The warped foliation generalizes the Bergers
modification of a metric of S3 along the fibers of the Hopf fibration (called
Berger spheres). For warped foliations gt = ((1 + ct)ĝ)⊕g⊥ (c ∈ R), A and τ j

do not depend on t, and we have

volt = (1 + ct)n/2 vol, φ = (1 + tc)−1, ḡt = g.

Hence, see (2.1),

I f (gt) = (1 + ct)
n
2 I f (g), I′f (g) =

n
2

I f (g).
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We conclude that if g is a critical metric for I f with respect to F -conformal
variations gt then If (g) = 0.

In Theorem 2.1 and its corollaries below, we shall find the variations of
functionals I f with respect to metrics ḡt ∈ M1 and gt ∈ M . In the gt-case,
the variations/gradients are given by the same formulae as in the first one but
with underlined terms deleted. This can be explained as follows: under the π∗-
projection (from TM onto TM1), the gradient of the functional contains additional
(underlined) component. So,

∇I f (g) =
1
2

f ĝ−V (B f ) (in TM ),

while its projection onto TM1, see (2.22), is

∇̄I f (g) = ∇I f (g)− 1
2

I f (g) ĝ =
1
2
( f − I f (g)) ĝ−V (B f ).

The scalar product in TM is given by 〈〈ġ1, ġ2〉〉 =
∫

M〈 ġ1, ġ2〉dvol. By Lemma 2.5,∫
M Tr V (B�

f )dvol = 0, hence 〈〈∇̄I f (g), ĝ〉〉 = 0.

Theorem 2.1. The gradient of the functional I f : M → R, see (2.1), and its
projection via π∗ : TM → TM1 are given by:

∇I f (g) =
1
2
( f − I f (g)) ĝ−V (B f ), (2.22)

where B f = ∑n
i=1

i
2 f,τi b̂i−1. The FM 1- and FM - components of the gradients are

∇F I f (g) =
(

1
2

( f − I f (g))− 1
n

V (Tr B�
f )
)

ĝ, (2.23)

where Tr B�
f = ∑n

i=1
i
2 f,τiτi−1.

The second variation of I f (ḡt) (when S = ∂t gt ) at a critical metric g = ḡ0 and its
restriction to the F -conformal variations (i.e., S = s ĝ, s : M → R) are given by:

I′′f (ḡt) |t=0 =
∫

M
(〈Φ1(S), S〉+ 〈Φ2(∇NS), ∇NS〉+ 〈Φ3(S), ∇NS〉) dvol,

I′′f (ḡt)|t=0 =
∫

M
Φ f N(s)2dvol, (2.24)

respectively, where

Φ f =
1
4 ∑n

i=2 i(i−1)τi−2 f,τi +
1
4 ∑n

i, j=1 i j τi−1τ j−1 f,τiτ j ,
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and the linear operators Φi : Λ̂ 0
2 (M) → Λ̂ 0

2 (M) (i = 1,2,3) are defined by:

Φ1(S�) =
1
4
( f − I f (g))(Tr S�) îd−B�

f [S
�, A], Φ3(S�) = −(Tr S�)B�

f ,

Φ2(S�) = ∑n
i, j=1

i j
4

f,τiτ j Tr(Ai−1S�)A j−1 +∑n
i=2

i
4

f,τi ∑i−2
j=0 A jS�Ai−2− j.

Proof. As the metrics ḡt and gt are F -conformal with constant scale φt , by

Lemma 2.3 we have τ j(ḡt) = τ j(gt) and volt = φn/2
t volt . Differentiating the last

equality and using (2.21), we obtain

∂t volt = (φ
n
2 )′ volt +φ

n
2 ∂t volt =

1
2

(
Tr S�−

∫
M

(Tr S�)dvolt

)
volt .

Here, we used the fact that φ0 = 1 and

φ ′ = −2
n

vol−
2
n−1

∫
M

∂t(dvolt) = −1
n

φ
n
2 +1

∫
M

(Tr S�)dvolt = −φ
n

∫
M

(Tr S�)dvolt .

Differentiating the functional I f (ḡt), we obtain

I′f (ḡt) =
∫

M

(
∂t f +

1
2

f

(
Tr S�−

∫
M

(Tr S�)dvolt

))
dvolt

=
∫

M

(
∂t f +

1
2
( f − I f (ḡt))Tr S�

)
dvolt . (2.25)

Now, we simplify (2.25): for f = f (−→τ ), by Lemma 2.9, we have

∂t f = ∑n
i=1 f,τi ∂tτi = −Tr

(
∇t

NS�∑n
i=1

i
2

f,τiA
i−1
)

= −Tr
(

B�
f ∇t

NS�
)

, (2.26)

where B�
f = ∑n

i=1
i
2 f,τi Ai−1 is dual to B f . From (2.26), by Lemma 2.6, we have

∫
M

(∂t f )dvolt =
∫

M
[Tr((∇t

NB�
f )S

�)−N(Tr(B�
f S�))]dvolt =

∫
M
〈−V (B f ),S〉tdvolt .

Thus, (2.25) yields (2.22):

I′f (ḡt) =
∫

M

〈
1
2
( f − I f (ḡt)) ĝt −V (B f ), S

〉
t

dvolt . (2.27)

For a (0,2)-tensor B̃t := 1
2 ( f− I f (ḡt)) ĝt −V (B f ) in (2.27), by Lemma 2.4 we have

∂t〈B̃t ,S〉gt = 〈∂t B̃t ,S〉gt −2〈B̃t ,S
2〉gt + 〈B̃t ,∂t S〉gt ,

∂t B̃t =
1
2

(∂t f ) ĝt − 1
2

I′f (ḡt) ĝt +
1
2
( f− I f (ḡt))S− ∂tV (B f ).
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Differentiating (2.27) at a critical metric ḡ0 and using B̃0 = 0, we get

I′′f (ḡt) |t=0 =
∫

M

〈1
2

(∂t f ) ĝ +
1
2
( f− I f (g))S− ∂tV (B f ), S

〉
dvol . (2.28)

One may compute I′′f (ḡt) |t=0 explicitly using Lemma 2.9 and (2.26). We have

∂tV (B f ) = (∂tτ1)B f + τ1∂tB f − ∂t∇t
NB f , where for t = 0

(∂tB f )� = ∑i

i
2

(
f,τi ∂t b̂i−1 +(∂t f,τi)b̂i−1

)�
=

1
2
(S�B�

f + B�
f S

�)

−∑i

i
2

(
1
2

f,τi ∑i−2
j=0 A j(∇NS�)Ai−2− j

+∑n
j=1

j
2

f,τiτ j Tr
(

A j−1(∇NS�)
)

Ai−1
)

,

(∂t(∇NB f ))� = ∑i

i
2

(
N( f,τi)∂t b̂i−1 + f,τi∂t∇Nb̂i−1 + ∇N((∂t f,τi)b̂i−1)

)�

=
1
2

(
S�∇NB�

f +(∇NB�
f )S

�
)

−∑i

i
2

(
1
2

∇N

(
f,τi ∑i−2

j=0 A j(∇NS�)Ai−2− j
)

+∇N

(
Ai−1 ∑ j

j
2

f,τiτ j Tr(A j−1∇NS�)
))

− (1/2)[ [B�
f , S�], A].

Here we used the t-derivatives of b̂i−1 and ∇t
N b̂i−1 of Example 2.3 and the equality

∂t( f,τi) = −∑n
j=1

j
2

f,τiτ j Tr(A j−1∇t
NS�).

Substituting the above into (2.28), and using the equalities

Tr([ [B�
f ,S

�],A]S�) = 2Tr(B�
f [S

�,A]S�) for commuting B�
f and A,

V (B�
f ) =

1
2
( f − I f (g)) îd at a critical metric,

∫
M

Tr(∇NS�)Tr (B�
f S�)dvol =

∫
M
〈V (Tr(B�

f S�)) ĝ, S〉dvol

=
∫

M
V (Tr(B�

f S�))Tr S� dvol

=
∫

M

(
Tr(V (B�

f )S
�)Tr S�−Tr(B�

f ∇NS�)Tr S�
)

dvol,
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(the last one is based on Lemma 2.6) we obtain

I′′f (ḡt) |t=0 =
∫

M

{
1
4
( f − I f (g))(Tr S�)2 −Tr(B�

f [S
�,A]S�)−Tr(B�

f ∇NS�)Tr S�

+τ1 ∑
i

i
2

(
1
2

f,τi ∑
j≤i−2

Tr(A j(∇NS�)Ai−2− jS�)+Tr(Ai−1S�)

∑
j

j
2

f,τiτ j Tr(A j−1∇NS�)

)

−∑i

i
2

(
1
2

Tr
(

S� ∇N

(
f,τi ∑i−2

j=0 A j(∇NS�)Ai−2− j
))

+Tr

(
S�∇t

N

(
Ai−1 ∑ j

j
2

f,τiτ j Tr(A j−1∇NS�)
)))}

dvol .

Simplifying terms with f,τiτ j and sums “ ∑i−2
j=0 ” (by Lemma 2.5), we finally obtain

I′′f (ḡt) | t = 0 =
∫

M

{
1
4
( f − I f (g))(Tr S�)2 −Tr(B�

f [S
�,A]S�)−Tr(B�

f ∇NS�)Tr S�

+∑n
i=2 ∑i−2

j=0

i
4

f,τi Tr(A j(∇NS�)Ai−2− j∇NS�)

+∑n
i, j=1

i j
4

f,τiτ j Tr(Ai−1∇NS�)Tr(A j−1∇NS�)
}

dvol . (2.29)

By (2.29), the integrand of I′′f (ḡt) |t=0 has the form (2.24)1.
Let S = s ĝ. Although the result follows from the above (the RHS of the formula

for Φ2 reads as Φ f N(s)2 and
∫

M〈(Φ1 +V ◦Φ3)(S),S〉dvol = 0), we shall prove it

independently. In this case, Tr B�
f = ∑n

i=1
i
2 f,τi τi−1, and (2.27) reads:

I′f (ḡt) =
∫

M
s
( n

2
( f − I f (ḡt))−V (Tr B�

f )
)

dvolt

=
∫

M

〈(
1
2

( f − I f (ḡt))− 1
n

V (Tr B�
f )
)

ĝ, s ĝ

〉
dvolt . (2.30)

From (2.30) with t = 0 (or, from (2.22)), (2.23) follows. Differentiating (2.30) at a
critical metric g = ḡ0, or applying S = s ĝ to (2.28), we find

I′′f (ḡt)|t=0 =
∫

M

(
s

n
2

∂t f + s2 n
2
( f − I f (g))− sTr g(∂tV (B f ))

)
dvol .
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From the above formula and (2.23) at a critical metric, we have
∫

M

(
s

n
2

∂t f + s2 n
2
( f − I f (ḡt))

)
dvol =

∫
M

(
V (Tr B�

f )s2 − n
2

(Tr B�
f )sN(s)

)
dvol

=
(

1− n
4

)∫
M

V (Tr B�
f )s2 dvol .

By Lemma 2.9, we have

∂t(Tr B�
f )|t=0 = ∑i

i
2

((∂t f,τi)τi−1 + f,τi∂tτi−1) = −Φ f N(s).

Using this, (2.9)2 and the identity

∂tV (φt ) = (∂tτ1)φt +V (∂tφt ), ∀φt ∈C1(M),

we calculate
∫

M
sTr g(∂tV (B f ))dvol =

∫
M

s
(
∂t(Tr gt V (B f ))|t=0 + sTr gV (B f )

)
dvol

=
∫

M

(
V (Tr B�

f )s2 + s∂t(V (Tr B�
f ))|t=0

)
dvol

=
∫

M

(
V (Tr B�

f )s2 + s
(
V (−Φ f N(s))

+(∂tτ1)Tr B�
f

))
dvol

=
∫

M

(
V (Tr B�

f )s2 −V (Φ f )sN(s)+ Φ f sN(N(s))

−n
2
(Tr B�

f )sN(s)
)

dvol

=
∫

M

((
1− n

4

)
V (Tr B�

f )s
2 −Φ f N(s)2

)
dvol .

The formula (2.24)2 follows from the above. �	
Example 2.4 (Totally geodesic foliations). Let F be a totally geodesic foliation
on (M,g) of unit volume. Then

A = 0, −→τ = 0, B f =
1
2

f ,τ1(0)ĝ, V (B f ) = 0, I f (g) = f (0).

By (2.22) of Theorem 2.1, g is a critical metric for the functional I f with respect to

variations ḡt ∈ M1. We also have Φ f = n
2 f,τ2(0)+ n2

4 f,τ1τ1(0) and

Φ1(S�) = 0, Φ3(S�) = −1
2

f,τ1(0)(Tr S�) îd,

Φ2(S�) =
1
4

f,τ1τ1(0)(Tr S�) îd +
1
2

f,τ2(0)S�.
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Using Lemmas 2.5 and 2.6, we calculate

I′′f (ḡt)|t=0 =
∫

M

(
1
4

f,τ1τ1(0)(N(Tr S�))2 +
1
2

f,τ2(0)Tr((∇NS�)2)
)

dvol .

We conclude that I′′f ≥ 0, when f,τ1τ1(0) ≥ 0 and f,τ2(0) ≥ 0.

Question. Under what conditions on a smooth function f (τ1, . . . ,τn) is the form

〈Φ2(S), S〉=
n

∑
i, j=1

i j
4

f,τiτ j Tr(Ai−1S�)Tr(A j−1S�)+
n

∑
i=2

i
4

f,τi

i−2

∑
j=0

Tr(A jS�Ai−2− jS�)

positive definite for all F -truncated symmetric (0,2)-tensors S?

Example. For f = τ2, we have 〈Φ2(S), S〉 = 1
2 〈S, S〉. Notice that for S = s îd the

condition reads:

∑n
i, j=1 i j f,τiτ j τi−1τ j−1 +∑n

i=2 i(i−2) f,τiτi−2 > 0.

Remark 2.5. Consider the function

F = ∑n−1
i, j=1 H̃i jτiτ j + 2∑n−1

i=1 biτi + c, where c = n2 f,τ1τ1+2n f,τ2 ,

while the (n−1)×(n−1) matrix H̃ and (n−1)-vector b are given by:

H̃i j = (i+ 1)( j + 1) f,τi+1τ j+1 (1 ≤ i, j < n),

bi = n(i+ 1) f,τ1τi+1 −n2 f,τ1τnδi,n−1 +
1
2
(i+ 2)(i+ 1) f,τi+2 (1 ≤ i < n).

Critical points of F are solutions τ̃ = (τ1, . . . ,τn−1) to the system H̃ τ̃ = −b. If H̃
is positive definite and bT (H̃−1)T (H̃ − 2id)b > −c for all τ̃ , then F > 0. Indeed,
under above conditions, Φ f of Theorem 2.1 is strictly positive and for any g ∈ M1

the functional I f , when restricted on F -conformal metrics of unit volume, has at
most one critical point.

Proposition 2.3. Let a metric g on a closed foliated manifold (M,F ) be a stable
local maximum on the space M1 for the functional I f (with a fixed f ∈C2(Rn)). If∫

M〈Φ2(∇NS), ∇NS〉dvol ≥ 0 for any F -truncated symmetric (0,2)-tensor S, and

∑n
m=1 m f,τm(km−1

i − km−1
j )(ki − k j) ≥ 0 (2.31)

for any principal curvatures ki �= k j, then F is umbilical.

Proof. One may take S� with the property Tr S� = 0. Then, by Theorem 2.1,

I′′f (g) =
∫

M

(
−Tr(B�

f [S�, A]S�)+ 〈Φ2(∇NS), ∇NS〉
)

dvol .
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Let S� = (si j) in the frame of principal directions (for A). One may show that

−Tr(Am [S�, A]S�) = ∑i< j
s2

i j(k
m−1
i − km−1

j )(ki − k j)

for all m > 0. Hence, by the condition (2.31), for B�
f = ∑n

m=1 f ,τm Am−1 we have

−Tr(B�
f [S�, A]S�) ≥ 0.

and the equality holds only when ki = k j for all i �= j. As the second variation
I′′f (g) ≤ 0, from the above we conclude that F is umbilical. �	

Notice that the condition f ,τm

{≥ 0, for m even
= 0, for m odd

yields the inequality (2.31).

2.3.3 Variations of Particular Functionals

The following functionals on M for particular cases of f were introduced in (1.1):

Iτ,k(g) =
∫

M
τk dvolg, Iσ ,k(g) =

∫
M

σk dvolg, k = 1,2, . . . .

From [41], see (1.2), it is known that Iτ,1 = Iσ ,1 = 0 for any F and g on a closed M.
From Theorem 2.1 with f = τk it follows

Corollary 2.2. The gradient of the functional Iτ,k : M → R for k > 1 and its
projection via π∗ : TM → TM1 are given by:

∇Iτ,k(g) =
1
2

(τk − Iτ,k(g)) ĝ− k
2

V (b̂k−1).

The FM - and FM 1- components of above gradient are given, respectively, by

∇F Iτ,k(g) =
1
2

(
τk − Iτ,k(g)− k

n
V (τk−1)

)
ĝ.

The second variation of Iτ,k at a critical metric g = ḡ0, and its restriction to the
F -conformal variations S = s ĝ (s : M → R) are given by (2.24), where S = ∂t ḡt ,
f = τk, Φ f = 1

4 k(k−1)τk−2, and

Φ1(S�) =
1
4

(τk − Iτ,k(g))(Tr S�) îd− k
2

Ak−1[S�, A],

Φ2(S�) =
k
4 ∑k−2

j=0 A j S�Ak−2− j, Φ3(S�) = − k
2
(Tr S�)Ak−1.
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Proof. As in the proof of Theorem 2.1 (see (2.25) with f = τk), we obtain

I′τ,k(ḡt) =
∫

M

(
∂tτk +

1
2

(τk − Iτ,k(ḡt))Tr S�

)
dvolt .

By (2.20)1 and Lemma 2.6, we have at t = 0

∫
M

(∂tτk)dvol = − k
2

∫
M

〈
Ak−1, ∇NS�

〉
dvol = − k

2

∫
M

〈
V (Ak−1), S�

〉
dvol.

The above (or Theorem 2.1 with B f = k
2 b̂k−1 and Tr B�

f = k
2 τk−1) yield the formula

for the gradient ∇Iτ,k(g).
We shall comment about I′′τ,k(ḡt) |t=0. By (2.28), we obtain

I′′τ,k(ḡt) |t=0 =
1
2

∫
M

〈
(∂t τk) ĝ +(τk− Iτ,k(g))S− k ∂tV (b̂k−1), S

〉
dvol . (2.32)

Observe that by (2.20)1 the first term in (2.32) yields:

1
2

∫
M
〈(∂tτk) ĝ, S〉dvol = − k

4

∫
M

(Tr S�)Tr(Ak−1∇NS�)dvol .

We have ∂tV (b̂k−1) = (∂tτ1)b̂k−1 +τ1∂t b̂k−1−∂t∇t
N b̂k−1, where by Example 2.3(a),

∫
M
〈∂t b̂k−1,S〉dvol =

∫
M

(
Tr(S�Ak−1S�)

−1
2

Tr
(

S� ∑k−2
j=0 A j(∇NS�)Ak−2− j

))
dvol,

∫
M
〈∂t (∇Nb̂k−1), S〉dvol =

∫
M

(
Tr(S�(∇t

NAk−1)S�)−Tr(Ak−1[S�,A]S�)

−1
2

Tr
(

S�∇t
N ∑k−2

j=0 A j(∇t
NS�)Ak−2− j

))
dvol .

Using the above, and the identities

∫
M

Tr(∇NS�)Tr (S�Ak−1)dvol =
∫

M

(
Tr
(

S� V (Ak−1)−Ak−1∇NS�
)

Tr S�
)

dvol,

kV (Ak−1) = (τk − Iτ,k(g)) îd (at a critical metric)
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(or directly from (2.29) with f = τk) we obtain

I′′f (ḡt) |t=0 =
∫

M

{1
4

(τk − Iτ,k(g))(Tr S�)2 − k
2

Tr(Ak−1[S�, A]S�)

− k
2

Tr(Ak−1∇NS�)Tr S�+
k
4

Tr
(
(∇NS�)∑k−2

j=0 A j(∇NS�)Ak−2− j
)}

dvol .

From the above the required formulae for Φi (i = 1,2,3) follow. �	
Notice that for f = τ2 the form 〈Φ2(∇NS�), ∇NS�〉 is non-negative definite. By

Lemma 2.7(i), if the lengths of N-curves are unbounded then μ(Φ2) = 0.
In the next consequence of Theorem 2.1 (for f = σk) we represent the operators

Φk explicitly using Newtonian transformations.

Corollary 2.3. The gradient of the functional Iσ ,k : M → R for k > 1 and its
projection via π∗ : TM → TM1 are given by:

∇Iσ ,k(g) =
1
2
(σk − Iσ ,k(g)) ĝ− 1

2
V (Tk−1(b)).

The FM - and FM 1- components of above gradients are given, respectively, by:

∇F Iσ ,k(g) =
1
2

(
σk − Iσ ,k(g)− n− k + 1

n
V (σk−1)

)
ĝ.

The second variation of Iσ ,k (k > 1) at a critical metric g = ḡ0, and its restriction to
the F -conformal variations S = s ĝ (s : M →R) are given by (2.24), where S = ∂t ḡt ,
f = σk, Φ f = 1

4 (n− k + 1)(n− k + 2)σk−2, and

Φ1(S�) =
1
4
(σk− Iσ ,k(g))(Tr S�) îd− 1

2
Tk−1(A)[S�, A],

Φ2(S�) =
1
4 ∑k−2

j=0(−1) j
(

Tr(Tk− j−2(A)S�)A j −σk− j−2 ∑ j
p=0 ApS�A j−p

)
,

Φ3(S�) = −1
2
(Tr S�)Tk−1(A).

Proof. Using only Proposition 2.2 and the identity Tr Tk(A) = (n− k)σk we obtain
B f = 1

2 Tk−1(b). As in the proof of Theorem 2.1 (see (2.25) with f = σk), we get

I′σ ,k(ḡt) =
∫

M

(
∂tσk +

1
2

(σk − Iσ ,k(ḡt))Tr S�

)
dvolt .

By (2.20)2 and Lemma 2.6, we have at t = 0

∫
M

(∂t σk)dvol = −1
2

∫
M

〈
Tk−1(A), ∇NS�

〉
dvol = −1

2

∫
M

〈
V (Tk−1(A)), S�

〉
dvol.
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The above (or Theorem 2.1 with B f = 1
2 Tk−1(b) and Tr B�

f = 1
2(n−k+1)σk−1) yield

the formula for the gradient ∇Iσ ,k(g). Concerning the second variation of Iσ ,k, as in
the proof of Theorem 2.1 (with f = σk) or by (2.28), one has

I′′σ ,k(ḡt) |t=0 =
1
2

∫
M

〈
(∂tσk) ĝ +(σk− Iσ ,k(g))S− ∂tV (Tk−1(b)), S

〉
dvol . (2.33)

We have

∂tV (Tk−1(b)) = (∂tτ1)Tk−1(b)+ τ1∂tTk−1(b)− ∂t∇t
NTk−1(b),

where ∂tTk−1(b) and ∂t∇t
NTk−1(b) are given in Example 2.3(b). Using the identities

V (Tk−1(A)) = (σk − Iσ ,k(g))îd (at a critical metric),

1
2

Tr([ [Tk−1(A), S�], A]S�) = Tr(Tk−1(A)[S�, A]S�),

from (2.33), as in the proof of Theorem 2.1, we obtain

I′′σ ,k(ḡt)| t=0 =
1
2

∫
M

(
1
2
(σk − Iσ ,k(g))(Tr S�)2 −Tr (Tk−1(A)[S�, A]S�)

−Tr(Tk−1(A)∇NS�)Tr S� +
1
2 ∑k−2

j=0(−1) j Tr(Tk− j−2(A)∇NS�)Tr(A j∇NS�)

+
1
2 ∑k−1

j=1(−1) jσk− j−1 ∑ j−1
p=0 Tr(Ap(∇t

NS�)A j−p−1(∇NS�))
)

dvol .

The formulae for Φi (i = 1,2,3) follow from the above. �	
Although the Ricci tensor is the notion of intrinsic geometry, the functional

EN(g) =
∫

M
Ric(N,N)dvolg, g ∈ M

(the total normal Ricci curvature ) belongs to extrinsic geometry of a foliation F
on (M,g): by known integral formula (1.3) we have EN = Iσ ,2.

Example 2.5. For the function f = σ2, we have the following particular case of
Corollary 2.3. The gradient of the functional EN : M → R and its projection via
π∗ : TM → TM1 are given by

∇̄EN(g) =
1
2

(σ2 −EN(g)) ĝ− 1
2

V (T1(b)).

Recall that T1(b) = σ1 ĝ− b̂1. The FM 1- and FM - components of the above
gradient are
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∇F EN(g) =
1
2

(
σ2−EN(g)− n−1

n
V (σ1)

)
ĝ.

The second variation of EN at a critical metric g = ḡ0, and its restriction to the
F -conformal variations are given by (2.24), where S = ∂t ḡt , f = σ2, and

Φ1(S�) =
1
4
(σ2−EN(g))(Tr S�) îd− 1

2
T1(A)[S�, A],

Φ2(S�) =
1
4
(Tr S�) îd− 1

4
S�, Φ3(S�) = −1

2
(Tr S�)T1(A).

Notice that the form 〈Φ2(∇NS�),∇NS�〉 is not definite. By Lemmas 2.7 and 2.8, if
the lengths of N-curves are unbounded, there are no stable critical metrics for EN(g).

Example 2.6. The property “being umbilical” (or being close, in some sense, to
such), relates to the measure of “nonumbilicity” for foliations, see [30]. The measure
of “nonumbilicity” for foliations is expressed by the functional (2.1) with

f = ∑i< j
(ki − k j)2 = nτ2 − τ2

1 .

Metrics with minimal total “nonumbilicity” (if they exist) are critical for the
functional UF (g) =

∫
M(nτ2 − τ2

1 )dvol. Using notations of Theorem 2.1, one has
B f = n b̂1 − τ1ĝ. (Notice that Tr B f = 0). In this case,

∇UF =
(

V (τ1)+
1
2
(nτ2 − τ2

1 −UF (g))
)

ĝ−nV (b̂1).

We also have

Φ1(S�) =
1
4
(Tr S�)

(
nτ2 − τ2

1 −UF (g)
)

îd−nA [S�, A],

Φ2(S�) =
n
2

S�, Φ3(S�) = −(Tr S�)(nA− τ1 îd).

Hence, 〈Φ2(∇NS),∇NS〉 ≥ 0. By Lemma 2.7(i), if the lengths of N-curves on M are
unbounded then μ(Φ2).

2.4 Applications and Examples

2.4.1 Variational Formulae for Umbilical Foliations

Let F be an umbilical foliation on (M,g) with the normal curvature λ : M → R.
One may show that F -conformal variations gt ∈ M preserve this property (i.e.,
λ = H = 1

n τ1).
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Proposition 2.4. Let F be an umbilical foliation on (M,g0). If gt ∈M (0 ≤ t < ε)
is an F -conformal variation of g0 then F is umbilical for any gt .

Proof. The claim follows from Lemma 2.3 (see also Lemma 2.9 for S = s ĝ). �	
Given function ψ ∈ C(R), consider the functional Iψ : M |U → R on the space

U of all Riemannian metrics with respect to which F is umbilical,

Iψ(g) =
∫

M
ψ(λ )dvolg . (2.34)

Corollary 2.4. Let F be an umbilical foliation on (M,g) with the normal curvature
λ , and ψ ∈ C2(R). The FM 1- and FM - components of the gradient of the
functional Iψ are given by:

∇F Iψ(g) =
1
2

(
ψ(λ )− Iψ(g)− 1

n
V (ψ ′(λ ))

)
ĝ. (2.35)

The second variation of Iψ at a critical metric g = ḡ0 ∈ M1, with respect to
F -conformal (i.e., of TFM or TFM 1) variations ḡt ∈ M1 with S = s ĝ (s ∈
C1(M)) is

I′′ψ(ḡt) |t=0 =
1
4

∫
M

ψ ′′(λ )N(s)2 dvol . (2.36)

Proof. Because τi = nλ i, we set f = ψ(τ1/n) and apply Theorem 2.1. In this case,
B f = 1

2n ψ ′ ĝ, and, see (2.35),

I′ψ(ḡt) =
1
2

∫
M

s(ψ − Iψ(g)− 1
n
V (ψ ′))dvol.

We prove (2.36) directly. To find I′′ψ we differentiate the above and get

I′′ψ(ḡt) =
1
2

∫
M

s
(
n∂t(ψ ′)− ∂t(V (ψ ′))

)
dvol. (2.37)

Using ∂tλ = − 1
2 N(s), ∂t(ψ) = − 1

2 ψ ′N(s), and so on, we compute

∂t(V (ψ ′)) =
1
2

(
(−nψ ′ −nλ ψ ′′ + N(ψ ′′))sN(s)+ ψ ′′sN(N(s))

)
.

Hence, the components of the integral (2.37) are

∫
M

s∂t(V (ψ ′))dvol =
∫

M

(
1
2

ψ ′′N(s)2 − n
4

V (ψ ′)s2
)

dvol,

∫
M

sn∂t(ψ ′)dvol = −n
4

∫
M

V (ψ ′)s2 dvol.

This yields the formula for I′′ψ . �	
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Remark 2.6. If ψ ′′ > 0 then the functional Iψ : M1 → R restricted to umbilical
metrics has at most one critical point. See also Remark 2.5.

2.4.2 The Energy and Bending of the Unit Normal Vector Field

The energy of a unit vector field N on (Mn+1,g) can be expressed by the formula

EN(g) =
1
2
(n + 1) vol(M,g)+

∫
M
‖∇N‖2 dvolg,

see, for example, [10]. The last integral,

BN(g) =
∫

M
‖∇N‖2 dvolg,

up to the constant cn+1 = 1
n vol(Sn+1(1)), is called the total bending of N. The

problems of minimizing EN(g) and BN(g) with respect to variations ḡt ∈ M1 are
equivalent.

Let e0 = N and e1, . . . ,en be a local orthonormal basis of (M,F ,g). We calculate

‖∇N‖2 = ∑n
i=1 g(∇eiN,∇ei N)+ g(Z, Z) = τ2 +‖Z‖2,

where Z = ∇NN for short. Thus, we decompose the bending into two parts,

BN = Iτ,2 +B⊥
N , where B⊥

N (g) =
∫

M
‖Z‖2 dvol .

Notice that B⊥
N = 0 for Riemannian foliations, i.e., Z = 0.

Lemma 2.10. The vector field Z = ∇t
NN is evolved by gt ∈ M with S = ∂t gt as

(i) ∂tZ = −S�(Z), (ii) ∂tZ = −sZ for S = s ĝ. (2.38)

In particular, all variations gt ∈ M preserve Riemannian foliations.

Proof. We use (2.11) to compute for any X ∈ TF

gt(∂tZ,X) =
1
2

(
2(∇t

NS)(X ,N)− (∇t
X S)(N,N)

)
= −S(∇t

NN,X) = −gt(S�(Z),X).

From this, all of (2.38) follow. If Z = 0 at t = 0 then by uniqueness of a solution to
the linear ODE (2.38)(i) along N-curves, we have Z = 0 for all t. �	

By Lemma 2.10, we have ∂t(Z�) = 0. Indeed, we calculate (for any vector X)

∂t(Z�)(X) = ∂t(g(Z,X)) = S(Z,X)+ g(∂tZ,X) = 0.

Notice that 〈Z� �Z�,S〉 = S(Z,Z), in particular, 〈Z� �Z�, ĝ〉 = ‖Z‖2.
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As the components of 1-form Z� = g(Z, ·) are (Z�)i = Zagia, by definition of the
tensor product, we have

(Z� �Z�)i j = ZagiaZbg jb.

From this we obtain

〈Z� �Z�,S〉 = ZagiaZbg jbSi j = ZaZbSab = S(Z,Z).

By Lemma 2.10, we have ∂t(Z� �Z�) = 0. Indeed, we find (for any vectors X ,Y )

∂t(Z� �Z�)(X ,Y ) = ∂t(g(Z,X)g(Z,Y ))

= S(Z,X)g(Z,Y )+g(Z,X)S(Z,Y )+g(∂tZ,X)g(Z,Y )

+g(Z,X)g(∂tZ,Y ) = 0.

Theorem 2.2. The gradient of the bending functional BN : M → R (and its
projection via π∗ : TM → TM1) is given by

∇BN(g) =
1
2

(
‖Z‖2

g + τ2−BN(g)
)

ĝ−Z��Z�−V (b̂1),

where Z = ∇t
NN. The FM 1- (and FM -) component of the gradient is

∇F BN(g) =
(

1
2

(
‖Z‖2

g + τ2−BN(g)
)
− 1

n
‖Z‖2

g −
1
n

V (τ1)
)

ĝ.

The second variation of BN at a critical metric g = ḡ0, where S = ∂t ḡt , and its
restriction to the F -conformal variations (i.e., S = s ĝ, s : M →R) are, respectively,

B′′
N(ḡt) |t=0 =

∫
M

(〈Φ1(S), S〉+ 〈Φ2(∇NS), ∇NS〉+ 〈Φ3(S), ∇NS〉)dvol,

B̄′′
N(ḡt)|t=0 =

n
2

∫
M

((n
2
−1

)
‖Z‖2

g s2 + N(s)2
)

dvol,

where

Φ1(S�) = −1
4

(
‖Z‖2

g + τ2−BN(g)
)

(Tr S�) îd−A[S�, A]−S2(Z,Z) îd,

Φ2(S�) =
1
2

S�, Φ3(S�) = Tr(AS�) îd.

Proof. First, using (2.11) and case (i) in Lemma 2.10, we compute

∂t‖Z‖2
gt

= (∂t gt)(Z,Z)+ 2gt(∂tZ,Z) = S(Z,Z)−2S(Z,Z) = −S(Z,Z).
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For f = ‖Z‖2
gt

+ τ2 we have

∂t f = −S(Z,Z)−Tr(A∇t
NS�).

Hence ∫
M

(∂t f )dvol = −
∫

M

(
S(Z,Z)+ 〈V (b̂1), S〉) dvol .

Then, similarly to (2.25) and (2.27), we obtain

B′
N(ḡt) =

∫
M

〈1
2

(
‖Z‖2

gt
+ τ2−BN(ḡt)

)
ĝ−Z��Z�−V (b̂1), S

〉
dvol . (2.39)

In order to find the second variations, using Lemma 2.4, as for (2.28) we compute

B′′
N(ḡt) |t=0 =

∫
M

(
1
2

(‖Z‖2
g + τ2 −BN(g))〈S,S〉+ Tr(A∇t

NS�)
)

(Tr S�)

−1
2

(
S(Z,Z)− 〈∂tV (b̂1), S

〉)
dvol .

We have ∂tV (b̂1) = (∂tτ1)b̂1 + τ1∂t b̂1 − ∂t∇t
N b̂1, where by Example 2.3(a),

∫
M
〈τ1∂t b̂1,S〉dvol =

∫
M

τ1

(
Tr(S�AS�)− 1

4
N
(

Tr(S�2
)
))

dvol,

∫
M
〈∂t(∇Nb̂1), S〉dvol =

∫
M

(
Tr
(

S�(∇t
NA)S�

)
−Tr(A[S�, A]S�)

−1
4

τ1N(Tr(S�2
))+

1
2

Tr((∇t
NS�)2)

)
dvol .

Hence
∫

M
〈∂tV (b̂1),S〉dvol =

∫
M

(
−1

2
N(Tr S�)Tr(AS�)+ Tr(S�V (A)S�)

+Tr(A[S�,A]S�)− 1
2

Tr((∇t
NS�)2)

)
dvol .

Finally, we obtain (see also Corollary 2.2 for k = 2)

B′′
N(ḡt) |t=0 =

∫
M

(
−1

4

(‖Z‖2
g + τ2 −BN(g)

)
(Tr S�)2 −Tr(A[S�,A]S�)

−S2(Z,Z)+ Tr(AS�)N(Tr S�)+
1
2

Tr((∇NS�)2)
)

dvol .

Formulae for F -conformal case follow directly from above. �	
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