Chapter 2
Variational Formulae

Abstract We study extrinsic geometry (properties depending on the second
fundamental form) of a codimension-one foliation subject to (Z -truncated)
variations of metrics along the leaves. In Sect.2.3.1 we develop formulae for
the deformation of geometric quantities as the Riemannian metric varies along
the leaves. Then, in Sect.2.3.2, we study variation properties of the functionals
depending on the principal curvatures of the leaves and the .7 -truncated families
of metrics, in particular, for conformal metrics along the leaves. The last section of
Chap. 2 contains applications to umbilical foliations and minimization of the total
bending of the unit normal vector field.

2.1 Introduction

The problem of minimizing geometric quantities has been very popular for many
years: recall, for example, classical isoperimetric inequalities, Fenchel estimates of
total curvature of curves (and some generalizations like these in [29]), and Kuiper’s
work on tight and taut submanifolds (see [15] and the bibliographies therein).

In the context of foliations, one has several results of Langevin (and co-
authors) [26-28] and so on, and the authors’ work [47]. In all cases mentioned
earlier, one considers a fixed Riemannian manifold and looks for geometric objects
(curves, hypersurfaces, foliations) minimizing geometric quantities defined usually
as integrals of curvatures of different types. On the other hand, there is some interest
([33,34,48,50], and so on) in prescribing geometric quantities of given objects (say,
foliations): given a foliated manifold (M,.%) and a geometric quantity Q (function,
vector or tensor field) one may search for a Riemannian metric g on M for which a
given geometric invariant (say, curvature of some sort) coincides with Q.

In Chap. 2, the authors describe a new approach combining the two we just
mentioned: given a foliated manifold (M,.%) and a geometric quantity Q (say,
integral of a curvature-like invariant) we look for Riemannian metrics which
minimize Q in the class of .%-truncated metrics (i.e., the unit vector field N
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orthogonal to .% is the same for all metrics of the variation family). Certainly (as in
some of the cases mentioned before) such Riemannian structures need not exist, but
if they do, they usually have interesting geometric properties.

The key objective of Chap.2 is to study properties of Riemannian structures
minimizing a quantity Q (for .7 -truncated metrics). Here Q is built of the invariants
of extrinsic geometry of .%, that is of the second fundamental forms of the leaves
and their invariants arising from its characteristic polynomial: symmetric functions
of the principal curvatures.

We denote by .# = .# (M,.Z,N) the space of smooth Riemannian structures of
finite volume on M with N being a unit normal to .%. Elements of .# will be called
F -truncated metrics. Let 4, C .# be the subspace of metrics of unit volume.
By ../ (and F.# 1), we denote the foliation on .# (respectively, .#) by leaves
consisting of metrics conformally equivalent along .%.

Given f € C*(R"), we study variational properties of the functional

If:gH/f(?)dVolg, T = (t1,...,1), gc.M @.1)
M

and related functionals (total mean curvatures o;, power sums 7;, etc.). In Sect. 3.7,
the function f is the trace of a (1,1)-tensor.

2.2 Auxiliary Results

2.2.1 Biregular Foliated Coordinates

The coordinate system described in the following lemma, see [15, Sect. 5.1], is here
called a biregular foliated chart.

Lemma 2.1. Let (M,.% ,N) be a differentiable manifold with a codimension-one
foliation F and a vector field N transversal to F. Then for any q € M there exists
a coordinate system (xo,x1,...x,) on a neighborhood U, C M (centered at q) such
that the leaves on U, are given by {xo = c} (hence the coordinate vector fields
dj = dy,, i > 1, are tangent to leaves), and N is directed along dy = Jx, (one may
assume N = oy at q).

If (M,.%,g) is a foliated Riemannian manifold and N is the unit normal then in
biregular foliated coordinates (xg,x,...,%,), g has the form:

g§= gOde(2)+Zi’j>ogij dox;dx;. (2.2)

As usual, let g/ denote the entries of the matrix inverse to (g; ;) and g;; ; be the
derivative of g;; in the direction of d.
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Lemma 2.2. For a metric (2.2) in biregular foliated coordinates (of a codimension-
one foliation .7 ) on (M, g), one has

N = do//800 (the unit normal)

=(1/2)Y gis08”, Toh=—(1/2)Y g00s8", T;)=—gij0/(2800);
1
bjj = 1—55‘)«/800 =— > gij,o/«/goo (the second fundamental form),

Al’ = — I‘lé /\/800 = (the Weingarten operator),

LY giog?
s,

2.\/800 <57

(bm)ij = A5l .. AP 'Al"gis,  (the mth “power” of b;j),

Sm

1 ! S1r Siti
o= (2\/87) Z{ra} {sp) 8r1s2:0 -+~ 8ri15i08 BT
In particular,

—1 1
rs S1F1 ,S0T
T = B E 8rs08 T = 4 §, 8r152,087r251,08 ! lg 2 27 etc.
00 r,s 800 ry,ry,s51,5

Proof. This is standard and left to the reader. For convenience, observe that the
formula for A follows from that for » and A’ >, bisg®/. Notice that (A™)! =

Z{xl}AszAig . Wi 'Aj". Formulae for b, follow from the above and (A™)ig,; =
g(A™ei,ej) = (bm)ij. Formulae for 7’s follow directly from the above and the
equality 7; = Tr(A"). O

For example, we apply Lemma 2.2 to the tensor 4 (b) of (1.13).
Proposition 2.1. The tensor h(b) of (1.13) with generic functions fo, f1 in biregular
foliated coordinates has a form:
fO,Tl (O)
2./800

where Wij = gijo. If f> is also generic and fy(0) = fo1,(0) = f1(0) = 0 then the
second-order approximation of h(D) is

h(b)ac = £o(0) gac — (X0,67vii) gact 1O Wae ollwac)),  23)

2
fO S1i $or fO i
h(b)ac = for,0) Z 8" Wiy i, + T‘” Zg Twij || gac

4g00 i,1,51,52

_f14(0) . f2(0) T 2
2 (0s87V) Vet G B Wit o). 24
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Proof. Take biregular foliated coordinates on M (with the origin at ¢ € M) as in
Lemma 2.1. By definition (1.13), the .%-components of the tensor are

h(B)ac = 30 fun(T) 8(A"earer).

We neglect the third (and more) order terms with W, = g4c0. By Lemma 2.2 we

have (Az)lj = erﬁA{ = 4g00 Zvl 52, rlllrflg 11W”2gT2V and in faCt T = 0([‘[]06] )
for i > 0. From above we obtain expansions for f; (j =0,1,2) as:

fO(?) = fO(TlaTZ’O""70)+0([Wac]2) :fO(O)
fOTl( )2 g lI/lj gl fOTlTl(O)(2i7jgijwij)2

\/_

1 i
+mf0;rz (O)Zl rspsy, st Vis, 88" + 0([‘l/a0]2)a

fl(?) :fl(o) fl Tl( )Zi,jgijlllij+0([11/ac])a

2\/80

F(T) = 12(0) = 5= Fo (0 X, ;87 vt + 0l [Yae])-

\/_

Substituting into the function i(b) with b,, and 7’s from Lemma 2.2,

(D" fn(T)
(2 V/00)"

we obtain the second-order approximation of i(b), see (2.4),

S1ry Sm—1Vm—1
Yari Ysiry -+ Vs, 1c 8 Lo.gmmlm

h(b)ac = Zm,s,-,rj

- _ fo4(0) iy
h(b)ac =~ fo(0) gac 2./200 (Zi,jg II’t,/) 8ac + 11(0) Yac
fOTz() Yll sHr anTITl(O) Uy :
( 4800 2i3r7~Y17Y2 WrYllI/lfz Sg()() (zl‘jg llllj) 8ac

J1.4(0) i fz( ) o 2
_2—\/% (2 JWLJ) Wac goo Zi7ngWath1+0([Wac] )

From above it follows the first-order approximation (2.3) of i(b). a
Example 2.1. (a)If h= f(7T )by and f(0) # 0 then (2.3) has a form:

h(b)ac = f(0) Wac + 0([Wac))-
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(b) The extrinsic Ricci tensor (see (3.87), Sect. 3.9.1) is a second-degree polynomial

Ric™ (g) e = ( i ) .
ic™(g)ac = 4800 zljg VaiWej — 2\/% Z 87 Vij ) Vac
(¢c) The components of the Newton transformation 7,(A) are given by (7;(4))! =

1
(rh)telt j”Al1 ..A'r . Hence T,(b) is the rth degree polynomial

Iy...1p1

it (Y
To(b)ac = (r1) ™' Y &l (2—\/%) g g g je Wiy 1 - - Wiy

(d) For a .Z-conformal metric g;; = e“*) §; (i, j > 0), we approximate A(b) as

nfO,Tl (O)
2./20

If fo, f1, fo,r, are zero at the origin 0, we use the second-order approximation

; z(fz( ) flrl( )
" \dg0 "2 zm

Let ¢ and g* be the components of g along the distributions 7.% and 7.7,
respectively. Because 7.% ' is one-dimensional, g* is determined by the value
gt(N,N) = 1.

The next lemma is standard. For the convenience of the reader we give its proof.

( )ac—fO( ) acJFuO(fl( ) >5ac+0(u7o). (2.5)

h(b)ge = > Suc +0(u?). (2.6)

Lemma 2.3. Let (M, g = § ® g") be a Riemannian manifold with a codimension-
one foliation .F and a unit normal N. Define a metric § = (e*98) ® g+, where
@ € C'(M). Then the second fundamental forms and the Weingarten operators of
F with respect to g and g are related by

b=e*(b-N(p)g), A=A—N(p)id (2.7)
Proof. By the formula for Levi-Civita connection and g(7.%,N) = 0, we get

2e*%g(VxN,Y) = 22(VxN,Y) = X (3(N,Y)) + N(g(X,Y)) = Y(g(N,X))
+g_([X7N]aY) 7§([N,Y],X)+g([Y,X],N)
=2e*'N(9)g(X,Y)+2e*?g(VxN,Y)

for any vector fields X,Y € T.%. Hence
g(VxN,Y) =N(¢)g(X,Y) +g(VxN.Y).

From this and the definition A(X) = —VxN, it follows (2.7),.
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Using the definition b(X,Y) = g(VxY,N), we compute the tensor b on T.%
b(X,Y) = g(Vx¥,N) =e*g(A(X) = N()X.Y)
= e20b(X,Y) — (X, Y)N(9) = (b(X,¥) — N(9)g(X.Y)).

From this it follows (2.7);. a
Remark 2.1. Tt N(¢) =0 (e.g., @ is constant) then by Lemma 2.3 we have

(i) b=e?b;

(i) A=

(iii) 7; = 7; (the power sums).

2.2.2 Foliations with a Time-Dependent Metric

Consider a foliation (M,.7) with a time-dependent metric g; such that § = d,g is
an . -truncated tensor. We denote the bundle of .7 -truncated (k,[)-tensors on M by
AK(M). The inner product of tensors F,G € A¥(M), denoted by (-,-) on M, is given
by the following sum:

<F, G> _ ga1b1 gazbszld1 ngdkFaCll aCIkG
Recall that the musical isomorphism # : T*M — TM sends a covector ® = @;dx’ to
== i/‘a),al, and b : TM — T*M sends a vector X = X'0; to X” = X;dx' =

g,,X’dx’ In other words, X” = g(X,-). We denote by BF the (1,1)-tensor field on M
which is g-dual to a symmetric (0, 2) tensor B,

B(X,Y)=g(B*(X),Y) forall vectors X.Y.
For symmetric (0,2)-tensors B, S we have

(B,S) = Tr(B*S*) = (B*,S%). (2.8)
Indeed, in a local coordinate basis (e;) of TM we have
ij_pi ke _ ok _ pijq..

ng B 8 S[j—Sj, <B,S>—B Slj'

From the above, in view of identity gz¢"/ = 8/ (Kronecker’s delta), (2.8) follows,

Tr (B'S*) = B| Sk = gy B'g"S;; = BSj;.
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For example, R
(8,8)=Trid=n, (g,5*=(,S),

where S? is the symmetric (0,2)-tensor dual to (S%)2. If § = s¢ for some scalar
function s then S* = sid and has the trace Tr S* = ns.

Lemma 2.4. For a smooth family (B;) of symmetric (0,2)-tensors on (M,g;,F)
and S = 0,g;, where g, € M (M, F ,N), we have

(9B)! = B +S'- B, 0,(Tr B)) =Tr o, (9B) — (B:,S)g,, (2.9)
(B, S)g, = (0B1,S)g —2(B1,S%)g, + (B1,0,S)g,. (2.10)
Proof. Because d,g;; = S;;, we have
98" =—87:= -5,
To establish (2.9);, we write (B*)¥ = g"/B;; for any t and compute
(a,Bﬁ)f‘ = o (gijij) = 8,g"jBl-j +g"-78,Bij = *Sijij + (8,B)tl.k
= ¢S] gyBl + (9,B)"f = —s] B+ (9,B).

Notice that (2.9), is a consequence of (2.9); and the identity Tr(a,Bf) =0, (Tr B).
Then (2.10) directly follows from the calculation

9,(BYS;;) = (9,B)"Si;+B(0,S)i; = 0 (8“8 Bup)Si; + B (0,S)
= (0:8)" ¢ BuySij + 8" (18)" BupSij + 8“7 (9 B)pSij + BV (9,S) i

= — B (S“gP7S;; + g"SPIS;;) + (0,B)S;; + BY(,S);;

— By, (g“lsg'sf? + g”lS{Sf;) + (3,B) S+ B(9,S);;
= —2B,(S*)™ + (9,B)S;; + B (9,S);;. O
Now let V' denote the Levi-Civita connection on (M,g;), where ¢ € [0,€).
Observe that the difference of two connections is always a tensor, hence I, := 9, V'
is a (1,2)-tensor field on (M,g,). Differentiating with respect to 7, the classical
formula for the Levi-Civita connection yields the known formula (see Preface)
where X,Y,Z € TM. If the vector field Y = Y (¢) is time-dependent then
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Notice the symmetry of the tensor: I, (X,Y) = IT,(Y,X). If the tensor S is %-
truncated then by (2.11) we have I';(N,-) L N.

Let E be the pull-back of the tangent bundle 7M under the projection M X
[0,e) — M, i.e., the fiber of E over a point (x,7) is given by Ey, = TyM. There
is a natural connection V on E , which extends the Levi-Civita connection V on M.
In order to define this connection, we need to specify the covariant z-derivative V.
Given any section X of the vector bundle E, we define

~ 1 ~
VaX =0X + Esf(x), in particular, VN =0. (2.13)

The connection V is compatible with the natural bundle metric on E, i.e.,
(V38)(X,Y)=0,  X,Y€TM.
To show this, we calculate
(Va8)(X,Y) =i (g(X,Y)) —8(V3X,Y)—g(X,V5Y) = (drg)(X,Y) = S(X,Y) = 0.
This connection is not symmetric: in general %ar d; # 0, while 63,- d; = 0 always
for i > 0. However, each submanifold M x {t} is totally geodesic, so computing
derivatives of spatial tangent vector fields gives the same result as computing for
sections of T(M x [0,€)). In particular, the corresponding Weingarten operators A
and A satisfy A = A. Clearly, the torsion tensor
Tor(X,Y) := Vx¥ — VyX — [X,Y]

vanishes if both arguments are spatial, so the only nonzero components of Tor are

Tor(3h, ) = V5,0, — V3,0, = %sﬁ(a,»), i>0.

2.2.3 A Differential Operator
To shorten later formulas, we introduce the differential operator
V(F) = TlF — VNF,

where F € Xlk (M) is either a smooth (k,!)-tensor or a function on M.

Lemma 2.5. For a foliation F on a closed Riemannian manifold (M,g) we have

/V(F)dvolzo forany F € C'(M).
Im
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Proof. Using the equality divN = —1;, we have
div(FN)=FdivN+N(F) = -1 F+N(F) = =7 (F).

By the Divergence Theorem, [,,div(FN)dvol = 0. From the above the required
equality follows. O

The next lemmas (concerning the above operator #') are also global and can
be proved for arbitrary (k,/)-tensor fields. First, we show that the operator Vy is
conjugate to 7. Notice that Vy commutes with traces of .7 -truncated (1, 1)-tensors:

Vn(Tr F) =Tr(VyF) forany (1,1)-tensor field F.

Lemma 2.6. Let S, B be .7 -truncated symmetric (0,2)-tensor fields on a closed M.
Then

/ (B, VyS) dvol — / (¥(B), S)dvol. (2.14)
Jm Jm
In particular, for F € C'(M) and S = s § we have
/ FN(s)dvol = / ¥ (F)dvol. (2.15)
M M

Proof. Notice that the (1, 1)-tensor VyS* is g-dual to VyS. To show (2.14), calculate
with the help of (2.8) and Lemma 2.5,

/ (B,VyS)dvol = / Tr (B VyS*) dvol = / N(Tr ( stﬁ))—Tr((VNBt)sﬁ)) dvol

:/Tr(rleSL(VNBt)Sﬁ)dvolz/ (7(B), S)dvol.
M M

Applying (2.14) to S = s g, we obtain (2.15). g

Example 2.2. Let F and s be smooth functions on a closed M. One may use
Lemma 2.6 to prove the following:

/ FsN(s)dvolzl / ¥ (F)s*dvol, (2.16)

. 2 Jm

/FsN ))dvol = / (1”//(7/(F))s2—FN(s)2) dvol. (2.17)
M\ 2

Indeed, for any .7 -truncated symmetric (0,2)-tensor field S on M, we have

./A;IF<S’VNS>dV01:/

(¥(FS),S)dvol = / (¥ (F)S,S) — F(S,VxS)dvol.
JM

JM
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From the above for § = s g, one obtains (2.16). Using (2.15) with substitution F —
sF and s — N(s), one has (2.17).

Given linear operator @ : AQ(M) — A9(M), define

W(®) = inf [ (®(VnS),VyS)dvol/ / (S, S)dvol.
SeAd (M) /M M

Lemma 2.7. Let a be supremum of the lengths of N-curves.

(i) Ifa = oo and (®(VyS), VnS) > 0 for any S € A(M) then u(®) = 0.
(i) If 0 < (D(VyS), VNS) < b*(S,S) for any S € XS(M) and some b > 0 then

u(@) € [0, #°b*/a*.

Proof. Consider the well-known constrained variation problem
a a
J(s) = / ((x)*dx — min, s(0) = s(a) = 0, / (s(x))2dx = 1,
Jo Jo

where s is smooth on (0,a). We claim that the minimum of J is 72 /a®. Indeed,
the Euler equation for the functional J(s) = [ F dx with F = (s')> + (s> — 1) and
U € Riss” + ps = 0. Using the boundary conditions at x € {0,a}, we find

u=(m/a)? s = Csin(nx/a).

From the constraint we calculate C> = 2/a. The solution (to the constrained
variation problem) is

§=+/2/asin(nx/a), minJ = J(3) = 7% /a*.

Assuming § =0 on {x < 0} U{x > 1}, we build a piece-wise smooth function 5 on
R. Then, there exist functions s, € C' (R) vanishing outside of (—1, a+1) such that
sy — §and [(s'(x))?dx — 7%/a® when n — oo, the claim is proved.

Let the lengths of N-curves be unbounded and (@(VyS), VnS) > 0. Then for
any a > 0 there exist an N-curve v : [0,a] — M of length a and a smooth function
s1 > 0 on y with the properties

(0 =n(r@) =0, [ N5 < 2w

There is a “thin” biregular foliated chart U(g) D vy with g = ¥(0), x = (x0,£) €
[0,1]"!, and fol 800(x0,0) dxo = a. Consider a smooth function s = s (xp)s2 (£) (with
0 < s < 1) supported in this chart. Define a tensor field S = s§ on M with an
arbitrary .7 -truncated symmetric (0,2)-tensor field S satisfying VxS = 0 on 7, and
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let F = sup,, (@(S), S). As the volume form vol satisfies vol < Q(a) dxo A d& along
v for some Q( ) > 0 (depending on ), one may assume that vol < 2 Q(a)dxo A d<
on U(q) =1 xU(q). Applying the above inequality and the Fubini Theorem, we
have

/ (®(VyS),VyS)dvol < F / N(s1)%dvol
JU(q) JU(q)

< ZF/U(q) Q(a)do(s1)?/goo(x) dxo A di

:2FQ(a)/( e (/ao 51) dxo)dx

<40 (Z F/

goo

One may take U (q) such that 47%F Q(a) [, d# < 1 for all x¢. Thus,

(9) goo(x) ()

/ (@®(VyS), VyS)dvol < 1/d>.
JU(q)

As a > 0 is arbitrary, it follows that p (@) = 0, that completes the proof of (i).
Claim (ii) follows directly from the estimates above. O

Remark 2.2. Concerning Lemma 2.7(i), recall [20] that there exist compact mani-
folds (M"*!,g), n > 2, foliated by closed curves whose lengths are unbounded.

Lemma 2.8. Given linear operators @; : K? (M) — K? (M) (i=1,2,3), define
J(S) = /M (B(S), S)+ (D2(VNS), VN S) + (B3(S), VaS)) dvol.

If J > 0 for any symmetric tensor S € AY(M) then (®2(VyS), VyS) >0
Moreover, if

(B (VnS), VaS) >0,  (@y+ ¥ 0®)(S),S) > —u(@)(S,S),  (218)

for any symmetric tensor S € XS (M) then J > 0.
Proof. By (2.14), we have

/ (@s(S), Vi) dvol = / (¥ (@4(5)), ) dvol.
JM JM

Certainly, (2.18) with any symmetric tensor S € XS (M) are suffices for J > 0.
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Fig. 2.1 A saw-shaped
function s; 1
0 .

2 4 6 8 10 12 14

In order to prove that (2.18); is necessary, we shall use S with the support in a
biregular foliated chart U(q) adapted to .# and N with coordinates x = (xp,£) €
[0,1]"*1, % = (x1,...x,), see Sect.2.2.1. Hence, xo = ¢ = const on the leaves x; =
¢; = const (i > 0) along N-curves, the coordinate vector fields d; = dy, (i > 0), are
tangent to leaves and N is directed along dy = dy,. In these coordinates, the metric
g has the form:

g = goo g+ zi’j>ogijdxidxj

with goo = 1 for £ =0, and N = B dy for B = 1/,/g00 (because N is the unit normal
to .%). One may assume that vol, U(g) < 1. Take s = s1(x0)s2 (%), where 0 < s; < 1
and supp(s) C U(q). Notice that N(s) = N(s1)sz.

To prove (2.18); assume the contrary: that J > 0 but F> := (®,(S), §) < 0 for
some symmetric (0,2)-tensor S at a _point g. One may extend S on a neighborhood

U(q) (of g) with the property VxS = 0 at ¢ and assume that Fyy(g) < —6 for
some 6 > 0. Take a saw-shaped function s; = s1(xp) (Fig. 2.1) with a number of
oscillations of slope +1, such that the values of s; belong to [0, €], where € > 0 can
be chosen as small as necessary. Define a symmetric (0,2)-tensor field S = sS on M.

Then N(s1)? = |dos1|*/goo = 1/g00 almost everywhere on [0, 1], and

2 2
/ (@>(VS), VNS>dv01:/ 2 (@,(3), Sydvol < —8 | 2 dvol = — 8,
M M 800 M 800

where 1 = [}, s%/goo dvol > 0. We also have
/](@1(5),S)+<¢3(S),VNS)]dvolgFlsz—i-Fge,
M
where Fy = supyy,) [(@1(5), S)|, F3 = supy,) [(@3(5), S)|. Hence,

J(S) < F1€2+F38*B15.

For & > 0 small enough we obtain J(S) < 0, a contradiction. O

Given the function F on M, define

W(F):= inf FN(s)*dvol //s dvol .
secl (M) Im
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Remark that (by Lemma 2.7) we have the following:

(a) fa=ocand F > 0, then u(F)=0.
(b) If0 < F < b? for some b > 0, then p(F) € [0, Z22];
a

Here a is supremum of the lengths of N-curves.
From Lemma 2.8 we obtain the following

Corollary 2.1. Let F; (i = 1,2) be continuous functions on M and
J(s):= / (F15* 4+ F,N(s)?)dvol.
Jm

IfJ(s) > 0 for any s € C' (M) then F, > 0.
Moreover, if F, > 0 and Fy > —(F,) then J > 0.

2.3 Variational Formulae for Codimension-One Foliations

2.3.1 Variations of Extrinsic Geometric Quantities

In order to calculate variations of the functional /; with respect to metrics g; € .#,
we find the variational formula for A, and apply it to the Newton transformations
T;(A) and to symmetric functions 7;, ; of A. For short, we shall omit the index ¢
for the time-dependent tensors S, A, Z)j and functions 7;, 0;.

Let b be the extension of b to the .% -truncated symmetric (0,2)-tensor field on M.
Notice that b(N,-) =0 and

b(X,Y) =g(A(X),Y).
In other words, B(N ,-) =0 and b is dual to the extended Weingarten operator A.
Denote by b; the symmetric (0,2)-tensor fields on M dual to powers A of extended
Weingarten operator,

bo(X,Y)=8(X,Y), bj(X,Y)=8(A/(X),Y) (j>0, X,YcTM).

Lemma 2.9. Let g, € # be afamily of 7 -truncated metrics and S = 0, g;. Then the
Weingarten operator A of % and the symmetric functions T; and ©; of A evolve by

1

' : 1
a,ri:—%Tr(Al*‘Vstﬁ), 0h0i = =3 Tr (T (4) bSH, i>0. (220
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ForS=s8 (s € C'(M)) we get

1 N
a4 = —3N(s)id,

i 1
T = —%Tl;lN(S), 8,6,-:—§(n—i+1)0i,1N(s), i>0.
Proof. Using (2.11) and S(-,N) = 0 for .%-truncated tensors, we obtain

ob(X,Y) = dig(VxY,N) = (d,g)(VyY,N) + g/(VxY,N)
= S(VYY,N)+ (1/2) (V¥S)(Y,N) + (Vi S)(X,N) — (VyS)(X,Y))
= (1/2) (S(AX,Y) 4+ S(AY,X) — (Vi) (X,Y))

forall X,Y e T.%.
Because S(AX,Y) = g (S'AX,Y) and (V},S)(X,Y) = g((V\,S)X,Y), we have

gt((atA)X7Y> = g,(a,(AX),Y) = atb(va) 7S(AX7Y)
= Sl (SAY.X) — g (S'AX,¥) — (V) (X 7))
= Sl (A SIY) — g (TSX V),

Formula (2.19) follows from the above and the freedom of choice of X, Y € T.%.
Multiplying (2.19) from the left by A'~!, we get

2AT10,A = ATVA, S —ATIVSE P> 0.
Notice that Tr (A"~!-[A, S¥]) = 0, see Remark 2.3. Then, using the identity
iTr(A19,A) = Tr(9,A)) = 9,1,

see (1.11) of the following Remark 1.2, we deduce (2.20);.
Substituting d,A from (2.19) into the formula (1.12) of Remark 1.2, we obtain

1 1
90=5Tr (TH (A) (A, §%] — V;vsﬁ)) = S Te(T1 (A)VyS?),
that proves (2.20),. For S = s ¢, we have, respectively, V4,S* = N(s) id, and
Tr(AT'VASH = 1, |N(s),  Tr(T_1(A)VyS*) = (n—i+1)0;i_IN(s).

From the above, the case S = s ¢ of lemma follows. O
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Remark 2.3. For any n-by-n matrices A, B, and C such that AB = BA one has
Tr(A-[B,C]) = Tr(ABC) — Tr ((AC)B) = Tr (BAC) — Tr(B(AC)) = 0.

Example 2.3. (a) We shall find the evolution of tensors A’ and VﬁvAi and their dual.
Using (2.19) and the definition S = d,g;, we generalize (2.19) and find for i > 0

; i1 Pl 1
28tAlZE;ZOAJ([Avsu]*stSt)Al 1—-j _ A’ Sﬁ 2! AJ Sﬁ Ai-1-J
As Al = (Iai)ﬁ, from the above and (2.9) we obtain the evolution of b; (i>0),
l . l ‘71 . 17 _
(Abi)f = dA'+ 54" = 3 (sﬁA’ +AISE— 3 AT(ViysH)AT 1) .

Observe that tracing d,A’ we get (2.20);.
From (2.19), using (2.11), (2.12), and the following calculations:
281(0(VVA)X,Y) = 2g,(0 (Viy(A'X) — ATV X), Y)
= 2g,(8,V§\,(AiX) — (8,Ai)V§\,X—Ai8t( vX),Y)
=28(Vy((2A)X) — (GA)VyX,Y) + (ViS)(A'X,Y)
H(ViigS)(N,Y) = (Vi) (N,AX) — (ViyS)(X,AY)
—(V&S)(N,A'Y) + (Viyiy S
=2g((Viy(3A)X,Y) — g ([[A", S, A]X,Y)

+gl([(V§VSt)7Ai]X7Y)7

)(N,X)

we obtain
20,(VhAT) =2V (9,AT) — [[A],S7],A] + [V, S?, AT).
From the above and the formula for d,A’ we find the evolution of V{,A" (i > 0):
Vi) = 5 ((VhAl, 1 - (W5, 4] - Vi A/ (a1 ).
Notice that
A (Vivbi) (X, Y) = 9, (:(VyA)X,Y) = S((VyA')X,Y) + /(0 (VA )X, Y).

Putting these facts together yield the evolution equation for V}, b; (i>0):

L . . . L o
(AN = 5 (SﬁvgvAl +(V,AD)SE AL, SF],4] — VI, z;zloA/(VﬁvSt)A"l’f) .
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(b) Next, we shall find the evolution of tensors 7;(A) and V4, T;(A) and their duals.
By Lemma 2.9 and the method of Example 2.3(a) we find the evolution of 7;(A),

. . . o
20,Ti(A) = [T:(A), §*] - 2}:1(—1)foif,~2;:0A”<V‘NS‘>AJ e
=Y (1 T (T 1 (A) Vi SH)A7
For S =sg (s € C'(M)) and i > 0 we certainly have
dA' = —EA IN(s), o Ti(A) = EN(s)(nf z)zjzl(—l)/oy-,jA-’ L
Notice that detA # 0 provides

Y (=1)op Al = (TA) - oiid)a™!
Similar to the result for Vﬁ\,Ai in (a), we find the evolution of V{ T;(A),
A(VNTHA)) = Vi (O TA) +(1/2) (V3% THA)) ~ [[T:(4).57).4])
= 3V (zj:1<—1>-foi7,f 2;;;;A"<vsvst>Af+"
+30 T j1(A)ViySF)A )

% ([VNT( ), 8] — [[Ti(A),St],A]) ,

As Ti(A) = (Ti(b))?, VA T:(A) = (Vi Ti(b))*, from the above and (2.9) we find the
evolution of 7;(b) and V4 T;(b) for i > 0,

(ATH(B)) = ATH(A) + STi(A) = 5 (STi(A) + Ti(A)S"
Y (1o Y (st
72};1&*1) Tr(Tij1(4)VisHA7)
(A VNTi(b))! = Vi Ti(A) + S*V Ti(A)
= 1 (SVATA) + (VyTA)S: - [[Ti4), 59,4
~Vi (Zl (=D T (T 1 (A) Vi S9)A7

+ 3 (1o T AT (Visha 1) ).
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Notice that using the connection (2.13), we also have
~ ~ ~ 1
(Vab)(X,1) = ab(X,¥) = b(VaX,Y) = b(X, Va¥) = —3 (V(X.).

Proposition 2.2. Let g, € .# be a family of .F-truncated metrics and S = 9, g;.

Then
Vo bi = —%2 o (47(Viysya1)
\V/ t 1 i ﬁ i—1 t Qi pi—1— ’
V,, (Vi) = *5( (A $,4] + Vi X1 A (Vi $h)A /) ,
V3 Ti(b) = _% (zl/ (=)o 12] oA? (VysH)al ™17

+ 30 (I Tr (T (A)VyS)AT)
V. (VNTi(b)) = —% ([[T(A) ST A+ Vi (3 (1) Tr (T o1 (A) Vi S7) A7
o N+t - ) i ) 9 N j=0 i—j—1 N
i j =1 Ap(yt ghyAd—1-p ’
+2j:1(71)' Oi—j zp:()A ( NS )A )) .
Proof. Using Example 2.3(a), (2.13), and equalities
Vo bi(X,Y) = dibi(X,Y) = bi(Vy,X,Y) — bi(X,V,Y),
Vo (Vibi)(X.Y) = 3,(Vishi) (X, ¥)) = (Vishi) (V4 X, Y) = (Vb)) (X, VY ),

we find 6,%1% and 6@ (Vib;). Similarly, from Example 2.3(b) and the definition
(2.13), the formulae for V5, T;(b) and V5, (Vi T;(b)) follow. O

2.3.2 Variations of General Functionals

Here we develop variational formulae for the functional I5(g) of (2.1), restricted to
metrics in ./ and ./, respectively. Let

n M — M, n(g)=8= (Vol(M,g)’z/"ﬁ) ogt

be the .7 -conformal projection. Metrics & = (¢ &) @ g with dilating factors ¢, =
vol(M, g,)~%/", belong to .41, i.e., [,,dvol, = 1.
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For a family of metrics g; € .#, we denote g = go, S = d;g;, and S = 9. Recall
[53] that the volume form of g; evolves as:

; (vol,) = = (Tr §%) vol, . (2.21)

NS

We certainly have Tr S* = Tr ¢, S = (g;, S). For conformal metrics g, = e? g, where
(¢y) is a smooth family of continuous (smooth whenever needed) functions on M,
we obtain a conformal tensor S; = s; §;, where s; = 0; .

Remark 2.4. (a) Let S and S be .% -truncated symmetric (0,2)-tensor fields. If
1,
g =g+ tS+ E S
is a “quadratic in ¢ variation of the metric g = § ® g* € .# then the metrics
) Py
G =m(g)= (‘Pz <g+tS+§t2S>) Bg*
belong to .# . For a conformal tensor S = s ¢ (s : M — R), the above metrics are
1 1
& =8+ (ts—|— Etzs) 8, & =r(g)= (¢t (1 +IS+§IZS) §) @gL-

One may use the above approximations for finding the 1st and second variations
of our functionals at r = 0 with respect to general families g, and g;, respectively.
(b) Let f : M — (0,c0) be a smooth function constant on the leaves of .%, and

g(X,Y)=fg(X,Y), X,YeTZ.

If at least one of vectors X,Y is perpendicular to .7, we set §(X,Y) = g(X,Y).
A foliated Riemannian manifold (M,.%,g) is called a warped foliation (with a
warping function f), see [59]. They were studied from the point of view of the
Gromov—Hausdorff convergence. The warped foliation generalizes the Bergers
modification of a metric of S* along the fibers of the Hopf fibration (called
Berger spheres). For warped foliations g = ((1+ct)g) ® g+ (c € R), A and 7;
do not depend on ¢, and we have

vol, = (1 +Ct)”/2V01a ¢ = (1 +tc)7la 8 =g

Hence, see (2.1),

I1(e) = (1+a)ils(e),  11(s) = 51(s).
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We conclude that if g is a critical metric for I; with respect to % -conformal
variations g; then I¢(g) = 0.

In Theorem 2.1 and its corollaries below, we shall find the variations of
functionals Iy with respect to metrics g € .#, and g € .#. In the g;-case,
the variations/gradients are given by the same formulae as in the first one but
with underlined terms deleted. This can be explained as follows: under the .-
projection (from 7.# onto T.#)), the gradient of the functional contains additional
(underlined) component. So,

1 .
Vif(g) =5/~ 7 (By) (in T.A),
while its projection onto 7.7, see (2.22), is
- 1 o1 .
Vir(g) =Viy(8) = 1r(8) & = 5(f ~1r(8) & = V/(By)-

The scalar product in 7.7 is given by ((¢1,£2)) = [,;(&1,£2)dvol. By Lemma 2.5,
Sy Tr V(B&) dvol =0, hence ((VI(g),8)) = 0.

Theorem 2.1. The gradient of the functional Iy : # — R, see (2.1), and its
projectionvia ity : T.# — T # are given by:

Vir(g) = %(f —1Ir(g))&— 7V (By), (2.22)

where By =YL | %f,r,j?ifb The & M \- and F M - components of the gradients are
“ 1 ! £y 5
Vol(g) =\ 5 (f=1r(8) =~ V(Tr By) | &, (2.23)
where Tr Bgf =3, %f,‘r,-Tifl-
The second variation of I1(g;) (when S = dg;) at a critical metric g = go and its
restriction to the F -conformal variations (i.e., S = sg, s : M — R) are given by:
17(81) |10 = /M (@1(S), S) + (D2(VNS), VNS) + (@5(S), VaS)) dvol,
13m0 = /M ®; N(s)*dvol, (2.24)

respectively, where

.. 1 ..
= S ii— ) Tafg+ I 2;:,-11 ijTi-1Ti-1f 5
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and the linear operators @; : //\\? (M) — //\\? (M) (i =1,2,3) are defined by:
1 I
O\($) = L (/L) )R- BIS, Al () =~ (Tr S5,

ij i . i i .
(DZ(St):ZZj:lZJf’TiTJTr(A lsu)A] 1*2?:2 vafizj‘:oAjSuAl t

Proof. As the metrics g and g, are .%-conformal with constant scale ¢, by

Lemma 2.3 we have 7;(g;) = 7;(g/) and vol, = ,n/ 2vol,. Differentiating the last

equality and using (2.21), we obtain

e n n 1 : —_— —
d,vol, = (¢2)'vol, +¢ 29, vol, = 3 <Tr St 7/ (Tr Su)dv01,> vol,.
M
Here, we used the fact that ¢p = 1 and
2 1 ' S
o' =—= vor%*l/ d(dvol,) = —— qﬂ“/ (Tr S*)dvol, = 79/ (Tr $*)dvol,.
n M n M nJm

Differentiating the functional /(g;), we obtain

1 " — —
Ix(g) = / af+=f TrSt—/ (Tr $*)dvol, ) | dvol,
M 2 M
1 _
- /M <a,f+ SU =1 @) Tr Sf> dvol,. (2.25)
Now, we simplify (2.25): for f = f(7'), by Lemma 2.9, we have
i
If =3 fudhti=—Tr ( AR YT YAV 1) - Tt (Bﬁfvgvsﬁ) . (2.26)
where Bgc =" 4 fzA"""is dual to B;. From (2.26), by Lemma 2.6, we have
[ @uavol, = [ [Tr((ViyB5)s%) — N(Te(BES9) IVl = [ (~7(8,).S),dvol,.
M M : M
Thus, (2.25) yields (2.22):

ne) = [ (3U-utene-r@).s) da. e

t

Fora (0,2)-tensor B; := (f—17(&)) & — ¥ (By) in (2.27), by Lemma 2.4 we have

0/ (B1,S)g, = (0B, S)g, — 2(B1,S?) g, + (B1, 1S,

Lo ]
(3tf)§t—Elf(gt)gt"'E(f_lf(gt))S—atA//(Bf)-

(9,3, =
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Differentiating (2.27) at a critical metric gy and using By = 0, we get
1 1 1
@) imo= [ (5(00)8+5(=1e)S—ar By, S)dvol.  @.28)
One may compute /' }( (&) |i=o explicitly using Lemma 2.9 and (2.26). We have
oV (By) = (011)By +110;Bf — 9, ViyBy, where for 7 = 0

i . R 1

(azBf)t = Zi E (f,‘riazbi—l + (atf,‘l:,-)bifl) = E(Sthc'i‘Bi»St)
Zé< f‘r,z A’ A\ StA’ 2—j

o L ).

VN = 3,5 (V)b + FdVnbis + VN fa)bi 1))’

% (SﬁVNB§.+ (VNB&)S?)

—Zé < Vi (£ XA (Vash)a2 )

O (A, L g TV ) ) - (1/2)] 85, 7,
Here we used the ¢-derivatives of IA)i,l and Vﬁle)i, 1 of Example 2.3 and the equality

O (fr)= 2} X zfm] Tr(A/~'V/,S%).
Substituting the above into (2.28), and using the equalities
Tr([[B&,St],A]Su) =2Tr (Bu'[Su,A]Sﬁ) for commuting B& and A,
V(B ) (f —I(g) ))id  at a critical metric,
/M Tr (VyS*) Tr (B}$%)d vol = /M (¥ (Tr (B%,5%)) g, S)dvol
= /M ¥ (T (BS%)) Tr §* dvol

- / (Tr(”f/(B})Sf)TrSt—Tr(Bﬁ.VNSt)TrSﬁ) dvol,
M
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(the last one is based on Lemma 2.6) we obtain
_ )1
1{(&0) =0 = /M {Z (f —I7(g)) (Tr §%)> — Tr (B} (8% A]S*) — Tr (BLVyS*) Tr °

”12%< fr Y, Tr(A(VySH)AT2Is%) 4+ Tr (AT!S7)
i

j<i—2

2% fr)Tr (AfIVNSf)>
J
72 ( Tr (SuVN (fr,zl ZAJ VySHAT2- ’))
Tr (Sﬁvgv (A“ 2}. %ﬁmj Tr (A-“VNSﬁ)») }dvol.

Simplifying terms with f 7,7, and sums le 2 (by Lemma 2.5), we finally obtain
I(g)t=0 / { (f —Ip(8))(Tr §%)% — Tr (B} [$*, A]S*) — Tr (B} VyS*) Tr 5*
+30 22] OileTr (A7 (VySHAT27IVNS?)
+2U 14fm] Tr (A~ 'VyS*) Tr (A~ 1V,vsﬁ)}dvol. (2.29)

By (2.29), the integrand of I} (g) |, has the form (2.24);.
Let § = sg. Although the result follows from the above (the RHS of the formula
for @, reads as @ N(s)? and [;,((®y + ¥ o @3)(S),S)dvol = 0), we shall prove it

independently. In this case, Tr BE« =3 %f 7, Ti—1, and (2.27) reads:
@) = [ 5 (50 =10 - (10 B)) ) avel,

_/<( (f—1/(3 ));”//(TrB;)) g, sg>dﬁ,. (2.30)

From (2.30) with # = 0 (or, from (2.22)), (2.23) follows. Differentiating (2.30) at a
critical metric g = go, or applying S = s 3 to (2.28), we find

B = [ (5505 + 550 = Iig) ~ sTr (a7 (By) ) avol.
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From the above formula and (2.23) at a critical metric, we have
/ (s50.7+25(f ~1(2))) dvol = / (#(10BE) 2 = 2 (Tr B)sN(s)) dvol
M\ 2 2V L2 M / 2 f
= (1 - E) / ”//(TrBsc)szdvol.
4/ Ju ;
By Lemma 2.9, we have
i
K(TrBY)—o =Y, 5 (@ fe)Tio1 + f5,0Tim1) = = Pr N(s).
Using this, (2.9), and the identity

V(d)= ()¢ +V(Ad), Vo €C' (M),

we calculate
/j'wsTrg(a,ﬂf/(Bf))dvol / ((Tr o ¥ (Bf))js—o + sTr ¢ ¥ (By)) dvol

_/ P (TrB) & +50,(# (TrBL)) o ) dvol

— [ (7B s (7 (- 0N )
(1)) Tr Bﬁf)) dvol

- /M (7(Tr B & — 7/ () sN(s) + by sNN ()
fg(Tr Bﬁf)szv(s)) dvol

- /M ((1-2) #(1 B))s* — @y N(s)?) dvol.

The formula (2.24), follows from the above. a

Example 2.4 (Totally geodesic foliations). Let .% be a totally geodesic foliation
on (M, g) of unit volume. Then

_ 1

By (2.22) of Theorem 2.1, g is a critical metric for the functional /; with respect to
variations g; € /1. We also have @y = 5 f.1,(0) + éfm 7,(0) and

() =0, B(SF) =~ (O)(Te )i,

Oo() = 1y (O)(Tr )i+ 1 £ 1, (0)8°



42 2 Variational Formulae

Using Lemmas 2.5 and 2.6, we calculate

@-o= [, (30 OIS 4 O Tr(Va5) ) dvol

We conclude that I{ > 0, when f¢,7, (0) > 0 and £, (0) > 0.

Question. Under what conditions on a smooth function f(7y,...,1,) is the form

(@:(5).5)= 3, ° ffzijf(A’ 'S) Tr (477157 +2 fa ZTr ATSIAI2 T g%
i,j= 1 = 2

positive definite for all .%-truncated symmetric (0,2)-tensors S?

Example. For f = 75, we have (®(S), S) = 1(S, S). Notice that for § = sid the
condition reads:

Zz,le ij fan o1 o1+ D i(i—2) fr, T2 > 0.
Remark 2.5. Consider the function

F= ZU AT 23 bt e, where ¢ =n?f g g +2nf 1,

while the (n— 1)x(n — 1) matrix A and (n — 1)-vector b are given by:

Hj=(+1D)0+Dfrr, (1<ij<n),

bi =n(i+ 1)f,T1Ti+1 - ”zf,ﬁfn&}nfl + %(i"' )i+ D) fr, (1<i< n).
Critical points of F are solutions ¥ = (7i,...,T,_1) to the system H% = —b. If H
is positive definite and b7 (H~")T (A —2id)b > —c for all %, then F > 0. Indeed,
under above conditions, @ of Theorem 2.1 is strictly positive and for any g € .Z)
the functional I, when restricted on F -conformal metrics of unit volume, has at
most one critical point.

Proposition 2.3. Let a metric g on a closed foliated manifold (M,.7) be a stable
local maximum on the space #\ for thefunctional Iy (with a fixed | € C*(RM)). If
Sy (@2(VNS), VaS)dvol > 0 for any .7 -truncated symmetric (0,2)-tensor S, and

Doy (K=K (ki = kej) > 0 (2.31)

m=1
for any principal curvatures k; # kj, then F is umbilical.

Proof. One may take S* with the property Tr S* = 0. Then, by Theorem 2.1,

Ij(g) = /M (—Tr (B} [$*, A]S%) + (@2(VnS), VNS>) dvol.
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Let S* = (s;;) in the frame of principal directions (for A). One may show that

—Tr(A™ (S, AJS) =Y, stk — k) (ki — kj)

i<j i
for all m > 0. Hence, by the condition (2.31), for B = DI meAm’l we have

—Tr (B} [$*, A]S%) > 0.
and the equality holds only when k; = k; for all i # j. As the second variation

I%(g) <0, from the above we conclude that .7 is umbilical. O

>0, for m even

—0. for m odd yields the inequality (2.31).

Notice that the condition f 7, {

2.3.3 Variations of Particular Functionals

The following functionals on .# for particular cases of f were introduced in (1.1):

I‘L’,k(g) Z/MdeVOIg, IG,k(g) Z/MO'deOIg, k= 1,2,....

From [41], see (1.2), it is known that I; | = I5,; = 0 for any .% and g on a closed M.
From Theorem 2.1 with f = 7 it follows

Corollary 2.2. The gradient of the functional Iy : # — R for k > 1 and its
projectionvia . : T .# — T 4 are given by:

Viealg) = 5 (5~ Len(@) 8~ 5 ¥ (i)

N =

The F M - and F M |- components of above gradient are given, respectively, by

1 k
V7 I i(g) = 3 <Tk —Iry(g) — . 7/(71(1)) g

The second variation of Iy at a critical metric g = go, and its restriction to the
F -conformal variations S = sg (s : M — R) are given by (2.24), where S = 0,g;,
=10 (Df = A—l‘k(kf 1)Tk72, and

@() = § (5~ Lealg)) (T )T - 54417, 4],

NP

k . . k
@y (S) = ZZI;:(Z)A-’ SA, (s = S (Tr st
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Proof. As in the proof of Theorem 2.1 (see (2.25) with f = 1;), we obtain

1 _
I’/L',k(g_t) = ‘/A/[ (a[Tk+ E (Tk _IT,k(g_[))Tr Su) dVOlt.

By (2.20); and Lemma 2.6, we have atr =0
/(a Tk)dﬁ:—l—c/ (A1 VNSf>dﬁ:J-‘/ (A1), $)dvol
M 2Ju ’ ) ’ '

The above (or Theorem 2.1 with By = %‘l;k,l and Tr Bgf = %“L’k,l) yield the formula
for the gradient VI ;(g).
We shall comment about I/ (&) |;—o- By (2.28), we obtain

1 X .
17480 =0 = §/M<(3,Tk)g+(TkfIT’k(g))S—ka,”//(bk,l), S>dvol. (2.32)
Observe that by (2.20); the first term in (2.32) yields:
1 . k " k=1 of
-/ () 8. S>dv01:——/ (Tr §°) Tr (A%~ 'V St dvol.
2 Jm 4 Jm
We have 8,”//(13;(,1) =(a1 )Iak,l +110by_y — 0, Vf\,l;k,l, where by Example 2.3(a),
/<a,z§k,1,s>dv01:/ <Tr(sz“St)
M M
1 k=2, j k—2—j
5 Tr (Sﬁ > oAl (VySH)A J)) dvol,

/M<a,(VN13k,1), S)dvol = /

(Tr (SH(Vi,AR—1)sH) — Tr(AF1[s%, A]S%)
M

1 k=2 o
3 Tr (sﬁm > oAl (Vi s)ak2 J)> dvol.
Using the above, and the identities

/ Tr (VyS*) Tr (A1) dvol = / (Tr (Sﬁ“//(Ak’l)—Ak’IVNSt) Trsﬁ) dvol,
M M

kv (AN = (5 —IT,k(g))i?l (at a critical metric)
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(or directly from (2.29) with f = 7;) we obtain

@m0 = [ {3 (= Teale)(Tr 52 = S Tr(at 1[5, AlS?)

Koo (A 1y s Tr 5P X ) J(VoshAk-2-)
STr(4 VNS)TrS+4Tr(VNS > oAl (Vs)A )}dvol.

From the above the required formulae for @; (i = 1,2,3) follow. O

Notice that for f = 7, the form (@, (VyS?), VyS?) is non-negative definite. By
Lemma 2.7(i), if the lengths of N-curves are unbounded then p(®,) = 0.

In the next consequence of Theorem 2.1 (for f = o}) we represent the operators
@, explicitly using Newtonian transformations.

Corollary 2.3. The gradient of the functional Iy : M4 — R for k > 1 and its
projectionvia . : T .# — T 4 are given by:

1 .1
Vis () = E(Gk —154(8)) 8 — 3 VY (Ti-1(D)).
The F M - and F M |- components of above gradients are given, respectively, by:

n—k+1

n

VI x(g) = % (Gk—lc,k(g) - V(le)) g

The second variation of I i (k > 1) at a critical metric g = go, and its restriction to
the F -conformal variations S = s § (s : M — R) are given by (2.24), where S = 0, g;,
f=0n @y =1(n—k+1)(n—k+2)0,_ and

(0~ Lo alg)) (Tr )~ 5 Ti 4 (A)[S, A,

I

P (S*) =
Dy(S7) = _Z (Tr Ty j 2(A)SHA =0 22 APSﬁAj’p),
@;(S%) = f%(Tr S Ty (A).

Proof. Using only Proposition 2.2 and the identity Tr 7;(A) = (n — k) o} we obtain
By = %Tk,l (b). As in the proof of Theorem 2.1 (see (2.25) with f = o), we get

II

mk(g,)-/ﬂ{(&,o#%( Gk(g,))TrSﬁ) dvol,.

By (2.20); and Lemma 2.6, we have atr =0

/A;(a,ok)dﬁz —%/A;(Tk,l(A), Vis*)dvol = —%/é(”//(Tk,l(A)),S%dm.
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The above (or Theorem 2.1 with By = %Tk,l (b) and Tr Bgf =3 L(n—k+1)0y_,) yield
the formula for the gradient VI x(g). Concerning the second variation of I 4, as in
the proof of Theorem 2.1 (with f = o}) or by (2.28), one has

14(8) im0 =5 [ {0008+ (0 Lox(@)s — 37 (Ti-1(8)), §)avol. 233)
We have
oY (Ti—1(b)) = (311 Tr—1(b) + 110, Tj—1 (b) — O,V Ti—1 (D),
where d;T;_; () and 0,V Tj_1 (b) are given in Example 2.3(b). Using the identities
Y (Tio1(A)) = (Gkﬂ(g))izl (at a critical metric),
1

5 Te(([Tie1(4), 89, A)8%) = Tr (Ti1(4)[5%, 4] S7),

from (2.33), as in the proof of Theorem 2.1, we obtain

@m0 = 3 [, (00— Tos(e) (T 97 - Te (G (IS AIS)
—Tr (T (A )VNst)Trshr 2] (=1 Tr(Ti ;2 (A)VNSH) Tr (AT V)
Lyt Tr (AP (Vy$H) AP~ (V%)) ) dvol
SEPYICNL S Y ) (VnS%)) ) dvol.
The formulae for @; (i = 1,2,3) follow from the above. O

Although the Ricci tensor is the notion of intrinsic geometry, the functional
En(g) :/ Ric(N,N)dvol,, geM
M

(the total normal Ricci curvature ) belongs to extrinsic geometry of a foliation .7
on (M, g): by known integral formula (1.3) we have Ey = I5 5.

Example 2.5. For the function f = 0, we have the following particular case of
Corollary 2.3. The gradient of the functional Ey : .# — R and its projection via
7wy : T.H — T # are given by

VEN(s) = 5 (02— En(g) 2 — 5 ¥ (Ti (b)),

| =

Recall that 71(b) = 018 — by. The F.# - and F .M - components of the above
gradient are
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V7 En(g) = % (GZM_ %W(Gl)) ¢

The second variation of Ey at a critical metric g = g¢, and its restriction to the
Z -conformal variations are given by (2.24), where S = 0,g;, f = 03, and

—

@1(5%) = 7(02— En(g))(Tr )0~ S Ty A)IS%, 4],

N

@, (S*) = —(Tr §%)id — %Sﬁ, @ (S = —%(Tr SHTI(A).

o=

Notice that the form (@, (VyS*),VyS*) is not definite. By Lemmas 2.7 and 2.8, if
the lengths of N-curves are unbounded, there are no stable critical metrics for Ex(g).

Example 2.6. The property “being umbilical” (or being close, in some sense, to
such), relates to the measure of “nonumbilicity” for foliations, see [30]. The measure
of “nonumbilicity” for foliations is expressed by the functional (2.1) with

f=% ki—kj)? =nt— 1.

Metrics with minimal total “nonumbilicity” (if they exist) are critical for the
functional Uz (g) = [,;(nT — 77)dvol. Using notations of Theorem 2.1, one has
By =nby —118. (Notice that Tr By = 0). In this case,

VUz = (7/(T1) + %(l’sz - ‘L'12 —Uy(g))) g—ny(i?l)

We also have
y(8°) = ;(Tr$°) (nt — 1}~ Uz () ) id — nd [$%, A],

Dy (SH) = =8, @3(SH) = —(Tr $Y)(nA — 1;id).

IS =

Hence, (@, (VyS),VnS) > 0. By Lemma 2.7(i), if the lengths of N-curves on M are
unbounded then p(®;).

2.4 Applications and Examples

2.4.1 Variational Formulae for Umbilical Foliations

Let .% be an umbilical foliation on (M, g) with the normal curvature A : M — R.
One may show that .#-conformal variations g; € .# preserve this property (i.e.,
A=H=11).

n
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Proposition 2.4. Let % be an umbilical foliation on (M, go). If g € # (0 <t < ¢)
is an % -conformal variation of g then % is umbilical for any g;.

Proof. The claim follows from Lemma 2.3 (see also Lemma 2.9 for § = s ¢). a

Given function y € C(R), consider the functional 1y, : .#|4 — R on the space
% of all Riemannian metrics with respect to which .% is umbilical,

:/ w(A)dvol,. (2.34)
M

Corollary 2.4. Let .7 be anumbilical foliation on (M, g) with the normal curvature
A, and y € C*(R). The F .M - and F M - components of the gradient of the
functional I, are given by:

V7 Iy(e) = 3 (W) —tyle) - (W () ) 39

The second variation of Iy at a critical metric g = gy € .\, with respect to
F -conformal (i.e., of TF M or T.F M) variations g € M with S =s§ (s €
C'(M)) is

Iy @) =0 = 5 / W' (M)N(s)>dvol. (2.36)

Proof. Because T; = nA’, we set f = y(7;/n) and apply Theorem 2.1. In this case,
By = 5. y'§, and, see (2.35),

(@) =3 [ sty =Ly(e)— ¥ (w)aval

We prove (2.36) directly. To find 1{4’, we differentiate the above and get

~
<3
—
[l
S~—
|
N =

| s(naw)—a0r(v)) avel (2.37)

Using A = —%N(s), () = —3¥'N(s), and so on, we compute

V(W) = 5 ((~ny —ndy +N(y")) sN(s) + ¥/'sN(N(S)))

Hence, the components of the integral (2.37) are
[ sacr e = [ (Sune? =57 ) avl
M M\ 2 4
/ sna,(y')dvol = —E/ ¥ (y') s> dvol.
M 4/m

This yields the formula for Iy,. O
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Remark 2.6. If y” > 0 then the functional Iy, : .#; — R restricted to umbilical
metrics has at most one critical point. See also Remark 2.5.

2.4.2 The Energy and Bending of the Unit Normal Vector Field

The energy of a unit vector field N on (M"*!, g) can be expressed by the formula
Enlg) = %(n—i— 1) vol(M, g) + /M |[VN|*dvol,,
see, for example, [10]. The last integral,
Zn(e)= [ IVNPavol,,

up to the constant ¢, = %VOI(S”“(l)), is called the total bending of N. The
problems of minimizing &y(g) and ZBy(g) with respect to variations g, € .#, are
equivalent.

Leteg =N and ey, ..., e, be a local orthonormal basis of (M,.%, g). We calculate

IVNI? =31 8(VeN,VeN) +5(2,2) = m +|Z|%,

where Z = VyN for short. Thus, we decompose the bending into two parts,
By =I2+ By, where By(g) = / 1Z||>dvol.

M

Notice that %ﬁ = 0 for Riemannian foliations, i.e., Z = 0.

Lemma 2.10. The vector field Z = V\N is evolved by g, € .4 with S = dg; as
(i) Z = —S(2), (i) 4Z = —sZ for S=s§. (2.38)

In particular, all variations g; € .# preserve Riemannian foliations.

Proof. We use (2.11) to compute for any X € T.F

§(AZ.X) = 5 (2AVyS)(X.N) — (VyS)(N.N)) = ~S(ViN,X) = —g,(SH(2).X).

0| =

From this, all of (2.38) follow. If Z = 0 at r = 0 then by uniqueness of a solution to
the linear ODE (2.38)(i) along N-curves, we have Z = 0 for all 7. a

By Lemma 2.10, we have o (Zb) = 0. Indeed, we calculate (for any vector X)
A(2Z)(X) = 0(g(2,X)) = S(Z,X) + (A Z.X) = 0.

Notice that (2> ®Z°,S) = S(Z,Z), in particular, (2> © 2, 8) = || Z||>.
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As the components of 1-form Z’ = g(Z, -) are (Z°); = Z%g,4, by definition of the
tensor product, we have

VACYAE Z°81a7b g .
From this we obtain
(202 ,S)=2,7bg SV = 2°7°S 1, = S(Z,Z).
By Lemma 2.10, we have o (Zb ® Zb) = 0. Indeed, we find (for any vectors X,Y)

al(Zb GZb)(XaY) =0 (g(Z,X)g(Z,Y))
= S(Z,X)g(Z,Y)-i—g(Z,X)S(Z,Y)-f—g(a;Z,X)g(Z,Y)
+¢(ZX)g(d,Z2,Y)=0.

Theorem 2.2. The gradient of the bending functional By : M — R (and its
projectionvia n, : T.# — T .#1) is given by

1 R .
V() =5 (1212 + %= 2v(s)) §— 2 02~ ¥ (b),
where Z = V\N. The F M |- (and F A -) component of the gradient is
V2 (o) = (5 (1ZI2+ - Bu(@) - S 1212 27 (n) ) &
2 § —=/ n" "% n

The second variation of %y at a critical metric g = go, where S = 0,g;, and its
restriction to the .% -conformal variations (i.e., S = s g, s : M — R) are, respectively,

B8 o = [ (@1(5). )+ (@(VnS), VnS) + (3(5), VixS)) dvol,
P31 = g/M ((5-1)1Z135 +N(s)?) dvol,

where

@y (5%) = f% (IIZ §+rz—<%v(g)) (Tr §%)id — A[S*, A] - $%(Z,2)id,
@, (S%) = %St, @;(S*) = Tr(ASY)id.

Proof. First, using (2.11) and case (i) in Lemma 2.10, we compute

HZI3, = (98)(2,2) +281(8,2,2) = S(2,Z) - 28(Z,Z) = =S(Z,2).
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For f = ||Z||é2,r + 7, we have
o f =—S(Z,Z) —Tr(AV4ySh.

Hence

/ (9,f)dvol = 7/ (S(2,2)+ (¥ (by), S)) dvol.
M M
Then, similarly to (2.25) and (2.27), we obtain

A= [ (5 (17

In order to find the second variations, using Lemma 2.4, as for (2.28) we compute

2y rz—%v(g,)) 202 —¥(b), S>dv01. (2.39)

Ao = [, (302E+0 - 20(6)(6.5)+TrA4sH ) (v
f% (S(z,z)— (a7 (by), S)) dvol.

We have o, % (by) = (9,11 )by + 1,0,b; — 8,V§VZA71, where by Example 2.3(a),

/ (719b1,S) dvol :/ 7 (Tr(SﬁASt) 1y (Tr(sﬁz))) dvol,
M M 4

’ (Tr (St(vgvA)St) ~Tr(A[S%, AlS%)

/1‘;1<(9[(VN];1), S)dVOl :/
1 uz 1 t ot 2
— AN (TE(57) 4 5 Tr((Vis?) )) dvol.
Hence

[ @b, s)avor = |

M (%N(Tr S%)Tr (AS*) + Tr (S*7 (A)S%)

+Tr(A[S*,A]S%) — %Tr((vgvsﬁ)z)> dvol.
Finally, we obtain (see also Corollary 2.2 for k = 2)
A@io = (-3 1213+ - 2u0) (10~ Tr(alsh 4l
—S%(Z,Z) + Tr (AS*)N(Tr $%) + %Tr((VNSt)2)> dvol.

Formulae for .% -conformal case follow directly from above. O
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