Chapter 2
Multivariate Integral Inequalities Deriving
from Sobolev Representations

Here we present very general multivariate tight integral inequalities of
Chebyshev—Griiss, Ostrowski types and of comparison of integral means. These rely
on the well-known Sobolev integral representation of a function. The inequalities
engage ordinary and weak partial derivatives of the involved functions. We give also
applications. On the way to prove the main results we obtain important estimates
for the averaged Taylor polynomials and remainders of Sobolev integral represen-
tations. The exposed results are thoroughly discussed. This chapter relies on [4].

2.1 Introduction

This chapter is greatly motivated by the following theorems:

Theorem A (Chebychev, 1882, [7]). Let f, g : [a,b] — R absolutely continuous
functions. If ', ¢’ € Lo (a, b)), then

b b b
=t f(X)g(X)dx—(b_—la)z(/ f(x)dx) ([ g(x)dx)

1 / ’
< 0= |7 ¢ -

Theorem B (G. Griiss, 1935, [8]). Let f, g integrable functions from [a,b] — R,
suchthatm < f(x) < M, p < g(x) < o, forall x € |a,b], where m, M, p,
o € R. Then

b b b
| f(x)g(x)dx—(b_—la)z(/ f(x)dx) (/ g(x)dx)

< Mm@ —p).

In 1938, A. Ostrowski [9] proved.
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36 2 Multivariate Inequalities Based on Sobolev Representations

Theorem C. Let [ : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) whose derivative f’ : (a,b) — R is bounded on (a,b), i.e., | f'|loe =

sup |f/(t)| < +oo. Then
t€(a,b)

b
| roa-rw

< l (x_#)2 ’
_[4+ =S| o-als ..

forany x € [a, b]. The constant i is the best possible.

See also [1-3] for related works that inspired as well this chapter.

In this chapter using the Sobolev-type representation formulae, see Theorems
2.6, 2.8, 2.11 and 2.23, also Corollaries 2.12 and 2.13, we estimate first their
remainders and then the involved averaged Taylor polynomials.

Based on these estimates we establish lots of very tight inequalities on R”,
n € N, of Chebyshev—Griiss type, Ostrowski type and of Comparison of integral
means with applications. The results involve ordinary and weak partial derivatives
and they go to all possible directions using various norms. All of our machinery
comes from the excellent monograph by V. Burenkov, [6].

2.2 Background

Here we follow [6].

For a measurable nonempty set 2 C R”, n € N we shall denote by Li‘y’c (£2)
(1 < p < o0) - the set of functions defined on §2 such that for each compact
Kcg, felL,(X).

Definition 2.1. Let 2 C R" be anopenset, ¢ € Z" ,a # 0and f, g € Lll"C (£2).
The function g is a weak derivative of the function f of order o on £2 (briefly
g=DSf)if Ve eCr(R2) (e, p € C®(£2) compactly supported in £2)

/ fD%pdx = (—1)‘“'/ gpdx. (2.1)
2 2

Definition 2.2. Wpl (£2) I € N, 1 < p < o0) — Sobolev space, which is the
Banach space of functions f € L, (£2) such that V « € Z" where |a| < [ the
weak derivatives Dy, f exist on £2 and Dy, f € L, (§2), with the norm

”f”Wé(!?) = Z ”Df:fHLp(Q)' (2.2)

la|<t

Definition 2.3. For/ € N, we define the Sobolev-type local space (Wll)(loc) (£2) :=
{f:2—>R: felLl (£2)andall f-distributional partials of orders < / belong
toLl (2)}={f¢€ LllOC (£2) : for each open set G compactly embedded into 2,

[ ew! (G}
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Definition 2.4. A domain §2 C R” is called star-shaped with respect to the point
y € 2if V x € £2 the closed interval line segment [x, y] C £2. A domain £2 C R”
is called star-shaped with respectto an openball B C 2ifVy e BandV x € 2
we have [x, y] C £2.

We call the set

Vi =Vip =U,ep (x,y) = convex hull of {x} U B,

a conic body with vertex x constructed on the open ball B (if x € B, then V, = B;
if B C £ and x € B, then V, = B).

In fact V, for otherwise is the region consisting of B and the part of the cone
with vertex at x, tangent to the sphere of B, which lies between x and B.

Next comes the multidimensional Taylor’s formula.

Theorem 2.5. Let 2 C R" be a domain star-shaped with respect to the point
xo€ 2,1 eNand f € C'(R). ThenV x € 2

Fw= 3 PO ey

loe| <1 ’ o] =1

_ o 1
=) fm) / (1= (Df) (o + 1 (x = x0))dr  (2.3)
o! 0

(here we mean xo+t (x — xo) = (xo1 +1 (X1 — Xo01) 5 ..., Xou + ¢ (x4 — Xon)), ¢ =
(@1,....0p) €27, |a| = Y7y al =ar! . oa,l (x —x0)* = (x1 —x01)*" ...
(xp — X02)*"). Here |-| stands for the Euclidean norm: |x| = /> /_ x? x =
(-xla"'axl‘l)‘

Next we mention the Sobolev representations.

Theorem 2.6. Let §2 C R" be a domain star-shaped with respect to the open
ball B = B (xg,r) such that B C 2, o € L; (R"), the support supp v C B,
Jgnw (x)dx = 1,1 € Nand f € C' (82). Then for every x € 2

) = Zai,/B(D“f)(y)(x—y)“w(y)dyH 3 ai,/B(x—y)“w(y)

lal<l la|=I
1
x (/0 A=) D* )y +1(x—y)) dt) dy. (2.4)

Proof. We write (2.3) for x, xo = y, multiply it both sides by @ (y) and integrate
on B with respectto y. W

Call |D* f5a) 5 = |m‘ax {I1D® f|loo.}» Where ||-||o  is the supremum norm
1 nax , ,

on B, d := diameter of B.
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Proposition 2.7. Same assumption as in Theorem 2.6, x € B. Then

(nd) wll,, g 1D FI15 5
! ’

R, := |Remainder (4)| < 2.5)

Proof. We have that

l ! o 11 tl_l DY p dr ) d
Za/B(x—Y) w(Y)(/O (1= (D*f)(y+1(x—y) t) y

la|=I

</ ! o : 1 -1 DY dr)d
<t Y o o o ([ a1 ) o eyl ar)ay

ME

1
<101 | 0 5 [ I =Tl )1y

la|=I

IA

max 1
101 | X o [ ol

loe|=1

D flssis - d -l s Z o
- [ o!
loe|=1
i
1D flisors - (d-n) ol s
Al ’

From [6], p. 104, we mention

Theorem 2.8. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (x¢,r) suchthat B C £2,

welL (R"), suppw C B, / o (x)dx =1, (2.6)

n

l € Nand f € C! (). Then for every x € 2

F0 =Y o [ @ NeE-yremey

lal<I

wwa (x,y)dy, 2.7

+ n—I
Ve |x =yl

la|=I
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where for x,y € R", x # y,

we ey = LD, 2.8)
ot x|

and

w(x,y):= / w (x +p ) 0" ldp, (2.9)
Jv—y] ly — x|

(for x = y € 2 we define wy (x,x) = w(x,x) =0).
Remark 2.9. By (2.4) and (2.7) we derive

1
ZZ %/B(x—y)“w(y) (/0 (11—t (D”‘f)(y+t(x—y))dz)dy

lor|=1

_ w% (x.y)dy. (2.10)

G =

By Proposition 2.7 we obtain

(Df) )

I’ld[ w n D¢ max
e oy dy| < ¢ ) ol @n 10 fllssi

I

@2.11)

=t e X =Y

Remark 2.10. Let D = diameter of §2 be finite, i.e., £2 is bounded. By [6] we have

Iw (. M le@ixgny < el @n D"~'d, (2.12)

and V « € 7", satisfying |a| =1
Iwe (. M le@ixrry < ol @nnD""d. (2.13)

Notice [[w (x, V) llcwixry = Nollio@mnd" and |we (X, V) c@ixrry =
ol ®nnd", if 2 = B. Hence, if @ is bounded, then for bounded £2 the
functions w and w, are bounded on R” x R". Also by [6], if §2 is unbounded, then
w, w, are bounded on K x R” for each compact K.

If o € C*®(R"), then w(x,y), wy (x,y) have continuous derivatives of all
orders V x,y € R" : x # y and at the points (x, x), where x ¢ B they are
discontinuous, see [6].
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Finally, we give the very general Sobolev representation, see [6].

Theorem 2.11. Let $2 C R" be a domain star-shaped with respect to the open ball
B = B (x¢,r) suchthat B C £2,

w € Lo (R"), suppw C B, / o((x)dx =1, (2.14)
leNand f € (Wll)10C (82). Then for almost every x € 2

fw=Y /B (D% ) () (x = ) () dy

la|<l
/ Mwa (x,y)dy. (2.15)

—I
loe|=1 Vy |X _y|n

Corollary 2.12 ([6]). Let 2 C R_” be a domain star-shaped with respect to the
open ball B = B (x¢,r) such that B C 2,

w e C&P(2), suppw C B, / o(x)dx = 1. (2.16)

Then N f € C'(R2) for every x € Q and N f € (Wll)loc (82) for almost every
x e

_ 1)\l
rw=[ [ Z 5o -preml]rma

lal<l

(D f) (y)

+ |I’L—I

loe|=1

we (x,y)dy (2.17)

v |[x—y

with D% f replacing D f in the case of f € (Wll)loc (£2).
Nexto > fmeanso; > fB;,i =1,...,nanda — B € Z.

Corollary 2.13 ([6]). Under the assumptions of Corollary 2.12, let B € Z', and

0 < |B] <l.ThenV f € C'(R2) foreveryx € Q andV [ € (Wll)10C (£2) for
almost every x € §2

(_1)\a|+\f5\
P e =[ | ¥ S prt -t e o) £ 0y
B \jal<i-18] '
Da
+ /‘/%wa_ﬁ(x,y)dy (2.18)

la|=la=p " "> lx — y|

with D{Zf replacing DP f and D f replacing D* f if f € (Wll)loc (£2).
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Remark 2.14. Again d = diamB, D = diam§2. We suppose |o||,_ gr < o0
Here D” f could mean either D f or D¢ f. Then

5 / (D7) )

R, = e Wa (x,y)dy
| =1 |x—y|
= [ ot |87 ) 0] b ol
la=1 7V
<\ X[ =t | () 0|0y | Nl nan . 219)
lal=1" "%
if D < o0.

Next we assume x € B, [ > n, then we retake 2 = B, i.e.,d = D, etc., and
thus

Ry

IA

2 (/B (D7) )] dy) ol oo ey l”

loe|=1

—
D H 1) mnd'.
> H f B L P

la|=I

That is, we proved for [ > n, x € B, that

5 /B (D" 1) )

. ,
=R CICSOL S DON g O | ZRENEER
la|=1

(2.20)

loe|=1

Again we assume x € B,/ > n and HE“]’HL » < oo forall & : || = [ (which

is true for D® f always by f € C! (£2)). Then

Re= [ 30|07,y | VLB Nl nd” =: (5.

lor|=1

We know that

Vol (B) = —

where I is the gamma function.
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Therefore

n
ni?2

(%) = ; e N g

So we have proved if / > n, x € B, and HﬁafH @ < ooforall @ : o] = that
Loo(B

Df ()

Z/B R EACTL

loc|=1

(S

ZHD fH )||w||Lw<Rn)#%+l)d’+". 2.21)

lor|=

We use Lemma (4.3.1), p. 100 of [5].
It follows

Lemma 2.15. If f € L,(2%), 1 < p < oo, 2% is a region of diameter d+ > 0,
and m > %, then

[9 = 2" f @l dz < epds Il e (2.22)

V x € 2%, where c, is a constant depending only on p.
We make

Remark 2.16 (continuing from Remark 2.14). We assume now thatﬁaf e L, (B),
el =1,1<p<oo,l > %. Then by (2.22),

/ =yl
B

Consequently, we derive

xeB.  (223)

(D" f) 0] dy = a5 | D"

Ly(B)’

2

loe|=1

Df )
/ | = ——————wo (x,y)dy

x_

Z H—afHL »(B) le ”Loo(R")”cpd T xeB. (224

loe|=1
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Also we make

Remark 2.17. Again here d = diamB, assume w € C§° (£2), supp @ C B, ie.,
@]l < 00, [ga @ (x)dx = 1. Here 5af is either D* f or D f. Then for [ >
n 4+ |B|, x € B, we obtain

/ (D*F) )

|x . y|n_l+|ﬂlwa—ﬂ ('xs y) dy

lo|=l.a>p

< D'/| d'1# 2.25

| X [P, |1elena. (2.25)
le|=l,a>p

Also for !l > n + |, HEO[fHL » < oo, || =1,a>B,x € B, we get

(ﬁaf) )
loe|=1 5/3 mwa—ﬂ (x,y)dy

IA

. -
> |pv| oo 5rmr—d' P 2.26)
o=l Loo(B) 2T (5 +1)

Next, supposeﬁaf eL,(B)alla:|a=la>p,1<p<ool> %—i— 1B,
x € B. Then

D f) ()
/jgé_ﬂ%wa—ﬂ (x.y)dy

le|=l,a>p

||| ncpd ~Im5Hn, (2.27)

IA

> Py

ol =Tz Lr(®)

We make

Remark 2.18. Here D f denotes either D*f or D®f, d = diamB. Suppose
ol ®n < oo.Denote by

0= Y o [ (D) ma-nremay. vreo @)

1=|o|</—1

the quasi-averaged Taylor polynomial. When / = 1, then Q° f (x) := 0.
In this chapter sums of the form Z .=0.

1<]e|=<0
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Then for x € B we obtain

o= 2 (i'/ \(ﬁf)@)\"(x—”“'dY) 6011 o
I<|a|<i—1 *JB
< (1925:1_1 (%/B‘(E“f) ()’)‘-Ix_y“ady) ol @
= (2.29)

We notice that

!
(+%) < (MM 1( (/ (P°7) <y>\dy)) 0l o)

|y (d'“'

1<la|=<li—1

_a
w ny .
fHL ( )) || ”LOO(R)

So we have proved for x € B that

0 rwl<] Y (d ol H_afHum) loll, @ - (2.30)

1=|a|=<i—1
Also, when HﬁafHL @ <oo,foralla: 1 <|a| <I—1,we get
4l .
> ( ([l ) (y)\dy)) ool oo
o B
1=|o|</—1
dlel
< Z o HD fHLOO(B) Vol (B) ol oo wrr)
I<la|<l—1
3 (d“' —afH ) ol s d"
= Loo(R™) n’
1<la|<i—1 oo(B) F(% )2
So we proved, when HﬁafH ) <oo,foralloe: 1 < || <I—1,x € B, that

dtleh ol o T2

-1 Loo(R™)

x)| < HD H — (231
071 ) |Z( P ) | TEE Ty @
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We need

Lemma 2.19. Let 2% be a region of R" of finite diameter d« > 0 and f €
L,(2%,1<p.q <oo:%+5: 1 andm € N, then

m+2 x
/Q* [x —z|"|f (2)|dz < C%m,nd),g q) ”f”L,,(.Q*) , VxeRF. (2.32)

Proof. We see that

q
[ =i @ioes ([ x-aas) 1l

(using polar coordinates)

. :
<C, /0 = |

)
= Cq,m,nd* ! ”f”Lp(.Q*) = Cq,m,nd*

1Az, @) -

|
Remark 2.20 (continuing from Remark 2.18). Let p,qg > 1 : i + é = 1. Assume
(Eaf) € L,(B),foralll <|a| <I—1,x € B, then by Lemma 2.19 we obtain

A

I U S o N S TR | [

1=|o|</—1

1 loe|4+2) |55
< Z (vaJaLnd( q) HD f L,(B) ”w”Loo(R”) :
1<|al<l—1
That is
57|  qle+5)
~ L,(B)
107 0] < cpnllolien | D o :
I<|a|<l—1 '
X € B. (2.33)

Remark 2.21. For x € B, we consider here @ € C§°(£2), supp o C B,

fR,, wox)dx=1; f e C'(R)or f € (Wll)10C (£2). Here D denotes any of
D%, DY. We also consider
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_ 1)\l
0 'fw= [ ( > S [(x—y)“w(y)])f(y)dy

1=|o|</—1

_pylel
= 2 ( (B ‘/BDﬁ [(x =) 0] f (dy. (234

I<la|<l—1

Hence

_ 1
FENISEESY E/B

1<la|<l—1

Dyl =y 0| If 0y, (235)

We derive V x € B,

1
> @
1<la|=<li—1

1 o
2. a|bs [(x‘”“‘“(y”HLl(m) 1/ et
I<le|=<i—1

|Ql_lf(x)‘ = if /€ Loo(B), (2.36)
whenp,q>1:%+

(25

1<la|=<li—1

Dy [(x = y)* o (y)] Hoo) (FAIRTIX

é = 1, we have

DY [(x = y)* @ (y)]

Ly(B)

) 10,0

if feL,(B).

Letf € Z" and 0 < |B| <.
We consider here

0y f = [

B

(—1)lel+18l
> D = ) 0 (] | f () dy

ol
I<la|<I—|B|-1

_ 1)lel+8l
D I A CERTt)

1=<|e|<I—|B|-1

X f(y)dy. (2.37)

When ! = [B]| + 1, then Q' f (x) := 0. Hence

ot sl Y 5/3

1<|a|<i—|B]-1

DI [(x =) o M| -1f (»ldy. (2.38)
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We obtainV x € B,

( PR Il CEE Y e) Hoo) 1 o) -

1<lal</—|p|-1

2w

D I = ) o 0], )nfnw),
I—1 1<|a|</—|B|-1
‘Qﬂ f(x)‘f e B,

when p,q > 1: = 1, we have

(25

1=<|a|<l—|B|-1

1
ta

==

Dy -t 0|, )ufnL,,(B),

if feL,(B).

(2.39)
The final remark follows.

Remark 2.22. Here D" denotes D% or Dy, and 5’3 means D? or D(Z. We rewrite
(2.4), (2.7), (2.15), and (2.17). For x € £2 we get

£ = /}; Fomdy+ 0 ) F RS (). (240
where
R f (x):= Z/ f(y) Sy (v y)dy (2.41)
la|=1

is equal to the remainders of ((2.4)and (2.44), respectively).
Also for x € £2 we write (2.18) as follows:

(D7) ) = =) /B (DPw) () £ () dy + Q57 F (0 + Ry £ (x), (2.42)

where

D f (»)
Ryf (x):= > / = g Wa—p (%, ) . (2.43)

la|=l.0>p
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Additionally we give

Theorem 2.23. Let §2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) suchthat B C £, w € Loo (R"), supp  C B, [p, o (x)dx =1,

leNand f € (Wll)loC (£2). Then for almost every x € §2

Fo=Y L / D% £) () (x — ) () dy

|a\<l

+1y — /(x—y) o (y)

jal=t &
X (/0 (1—0)"! (Dif,f) +t(x—y) dt) dy. (2.44)

Proof. From the assumptions of the theorem, we get for almost every x € §2 that

ro=Y o [ 0enme-nemey

|a\<1

D¢
= Z/V L)(f)wa (x.y)dy.

[
loe|=1 |x _y|n

implying that f vl D f‘z(_y,) wg (x, y) dy is finite for almost every x € 2.

From [6], p. 105, (3.41) there, we know that V x € R”

sup pywa (x,y) = sup pyw (x,y) C K,

where K is the cone in R” related to V., see again [6], pp. 93-100.
So acting similarly to [6], p. 107 and working backwards we derive

Z/V( f)l,fyl) W e dy =13 o

gt Ve X = o= &

where

o= [ oo = ([ o (i) oae)

Replacing p by %l, we obtain

o o ! Z—tx dr
Ja:/Rn(Dwf)(Z)(x_Z) (/0 w(l—t)(l—t)"“)dz
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Next, setting z = y + ¢ (x — y) and noticing (x —2)® = (1—1)" (x — y)® and
dz = (1 —¢)" dy we find that

1
S = / (1—p)! ( / (D2F) (6 +1 (x =) (x = ) @ () dy) i
0 R”
1
_ / (=) () (/ (L= 1)~ (DEf) (v +1 (x = »)) dz) dy
R” 0

1
=/(x—y)“w(y)(/ (1—0)" (Diif)(y+t(x—y))dt)dy
B 0

We have proved that

Z/V( f)l,fy,) o (x,y)dy

jal=t 7 1%

=1y — /(x—y) w(y)(/ (1=0""( D“f)(y+t(x—y))dz)dy,

la|= l

establishing the claim. H

Proposition 2.24. Same assumptions as in Theorem 2.23. Then for almost every
X € B we get

. 1
|Remainder (2.44)] < 1d" |||, _@n = (D) 0+ 1 =) 1, o)
la|=I ’
(2.45)
In (2.45) we assume for all « : |o| = [ that

[(D3F) &+ 1 = 9D 1oy <
Proof. We have that

Iy L /(x—y>w<y>([ (=07 (DE1) & 1 = ) ) dy

I\l

<1y L /|(x—y)| 0 ()

loe|= ¢

x (/0 A=) (DES) v+ 1 (x — )| dt) dy
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<1d" ol qn Y /(/ 1=/ |(DEF) 0t =) ar

\Il

<tdfolim ¥ o [ [ SN 0= y)ar)dy

\Il

=1d" o] @ 5 [(D8f) &+ 1= aion -
lal=1 ~°

proving the claim. W

2.3 Main Results

On the way to prove the general Chebyshev—Griiss-type inequalities, we establish
the general

Theorem 2.25. For f, g under the assumptions of any of Theorems 2.6, 2.8, 2.11,
2.23 and Corollary 2.12 we obtain that

A(fg) :=‘/Bw(x)f(X)g(x)dx—(/Bw(X)f(x)dx) (/Bw(x)g(x)dx)

1 -
<3 ([ ooz mile s wlo
+ [ |w(x)||f(x)||Q’—1g(x)!dx)
B
+(/ o ()] [g (][R f ()] dx
B
+ /B |w(x)||f(x)||R1g(x)!dx)] (2.46)
Proof. For x € B we have
f(X)=/Bf(y)w(y)dy+Q"‘f(X)+R’f(x),

and

() = /Bg(y)w(y)dy 40 g (x) + Rlg (x).
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Hence
o (x) f(x) g (x)
=w(x)gx) /Bf Mo () dy+ox)gx) 0™ f(x)+w(x) g (x) R f (x).

and
o (x) f(x) g (x)
=w(x) f(x) /Bg Mo dy+o ) f(x) 0 g +o () f(x)R'g(x).

Therefore

[0 rwemar= (Lw(x)g(x)dx) (/Bf(y)w(y)dy)

4 / (1) g (¥) 07 f (x) dx
B

+/ o (1) g (¥) R f (x) dx.
B

and

[ow e = (/w(x)f(x)dx) (/g(y)w(y)dy)
B B B

+/Bw(x)f(x)Ql—1g(x)dx
+/Ba)(x)f(x)R’g(x)dx.

Consequently, there hold

/w(x)f(x)g(x)dx—(/w(x)g(x)dx) (/ f(x)w(x)dx)
B B B
=/w(x>g(x>Qf—1f(x>dx+/w(x)g(x)R’ﬂx)dx,
B B

and

/Bw(X)f(x)g(X)dx—(/Bw(x)f(X)dX) (/Bg(xmocmx)

=/w(X)f(X)Q"‘g(X)der/w(X)f(X) R'g (x) dx.
B B
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Adding the last two equalities we obtain

[Bw<x)f<x)g(x>dx—(/Bw(x>f<x>dx) (Lw(x)g(x)dx)

N % |:(/B ()¢ () 0 f () dx + /Bw (x) f(x) 0" g (x) dX)

T (Aw(x)g(x)le(xm+[Bw(x>f(x>R’g(x>dx)]

hence proving the claim. MW
We give

Theorem 2.26. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B(xo,r) such that B C 2, w € L (R"), supp  C B, [g, o (x)dx = 1,
leNand f.g € C' (2). Then

/Bw(X)f(X)g(X)dx—(/Bw(x)f(X)dx) (Lw(x)g(x)dx)

lwlZ, & A1 | D% £l oo 5
s— || Iglen| X —
I<la|<i—1 )
d | Dg| w05
+||f||oo,3( X
1<|al<i—1

(nd)l o max o jmax
+[ I (Iglloo.s 1D flIce.5 + 1. f llow.s 1D glloer5) | |-

(2.47)

where d is the diameter of B.
When [ = 1 the sums in (2.47) collapse.

Proof. One also in general obtains (x € B)

10" f ()

IA

> %/B)Eaf(J’))'Kx—y)“llw(y)ldy

1<|al<i—1

> ai!(ﬁlw(y)|dy)d'“

1=|o|</—1

1
> lelymd”

1<la|<l—1

IA

] B

—
D H .
f Loo(B)
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So for HTJ’H ) < oo, foralla : 1 < || <1 —1, we proved

Loo(B

4l

o'/

- Loo(®) | (2.48)

107 f W] = lollm| Y.

I<lel<i—1

forx € B.
By (2.46), Proposition 2.7 and (2.48) we obtain

)3 d" | D f llso.5

1 2
A(£.9) = 5 | 1013, | I8lo.s -

I<la|<l—1

)3 d" | D*glloo. 5

+ 11£ oo o

1<la|<l—1

(nd) ol g 1D f 115 5
!

+ ol s [Ilglloo,s

(nd) o], @) 1DgI% 5
+ 11 loos : =

/!

loll7, @ d | D% f || oo
=— 1 llglos| Y, ———=

2 ol
1=|a|=<i—1
d" | D¢l oo,
oo | Y
al
1=|o|</—1

(nd)l a max « |jmax
+[ T (I8lloo.s 1D* f I35 + 11/ oo 1D N15505) | |+

proving the claim. W
We present

Theorem 2.27. Let §2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) suchthat B C £, ® € Loo (R"), supp @ C B, [g, o (x)dx =1,

leNand f,g € (Wll)loC (£2) . Suppose further that | > n. Then
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Vw(x)f(x)g(x)dx—(/w(x)f(x)dx) (/w(x)g(x)dx)‘
B B B

lol? . & d'!
<=2 leluw | 22 |5 1267 1

1=|a|=<li—1

dlel o
1w | 2o (a—! ||Dwg||Ll<B>)

1=|a|=<i—1

+d) | gl s Z HDﬁf”LI(B)

loe|=1

1M [ D2 1P8e] s . (2.49)

loe|=1

Proof. Here we get by (2.43), (2.30), and (2.20) that

lol? . & e,
A(fg) = LT(R) gl s Z (? HDWf”L](B))

I<la|<l—1

dlel N
R i S Co L

1=|a|=<i—1

+ 3 gl | 22 1287 11

la|=I

I | 22 1058 | |24 |-
la|=I
proving the claim. W
Based on (2.46), (2.31), and (2.21) we have

Theorem 2.28. Let 2 C R" be a domain star-shaped with respect to the open

ball B = B (xg,r) such that B C £, o € Ly (R"), supp o C B,
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fgprw(x)dx = 1,1 € N and fg € (Wll)loC (£2) . Furthermore assume
1D fll,ey IPvgll, 5 <ooforalla:1<|a| <I,1=n. Then

Vw(x)f(x)g(x)dx—(/w(x)f(x)dx) (/w(x)g(x)dx)‘
B B B

o0
72 |07, ®rn

dn+|oz| "
Somrayn || Elee| 2 |\ 1P e

dn+\a\ o
VA THPN BN el 1 4 PP

1=|a|=i—1

+ [ gl s Z HDféf“Loo(B)

la|=1
+ 1 M, 8 Z I Df;g”LOO(B) nd' ™. (2.50)
la|=I
Based on (2.46), (2.33), and (2.24) we get

Theorem 2.29. Let $2 C R" be a domain star-shaped with respect to the open ball
B = B (xg,r) suchthat B C 2, w € L (R"), supp ® C B, f]Rn w(x)dx =1,
leNandf g e (Wll)loc (§2) . Furthermore suppose p,q > 1 : %—i—é =1,1> %,
foralla :1 <|a| <[, Dy f, Dig e L,(B). Then

’/w(X).f(X)g(X)dx—(/w(X)f(X)dX) (/w(x)g(x)dx)
B B B

lol? @ o
s gl B Z ”Dw-f”Lp(B)
lee|=1

+ 1 ) (Z IIDSégIIL,,w)ﬂ nepd ot

lor|=1

LI
+Cqin |:||g||L1(B)( Z ( - Lpa(vB)
1<lal<i—1 '
[Dggl,, g d"*
+||f||L1<B>( > ( - L';ff) ’
1<lal<i—1 '

2.51)
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Remark 2.30. When f,g € C' (£2) the Theorems 2.27, 2.28, 2.29 are again valid.
In this case we replace D;; by D,, in all inequalities (2.49), (2.50), and (2.51).

We give
Theorem 2.31. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) suchthat B C 2, w € C§° (£2), suppw C B, [g, @ (x)dx = 1. Let

f. g either in C' (22) or in (Wll)loc (£2). Here Eaf denotes either D* f or D¢ f
and A (f, g) is as in (2.46).
We have the following cases:

(i) Herel > n. Then

el
A(fe) === [ 128l 1/ 1@

| X S fese-vwo]

1<la|<l—1

g 71
Hlolloond" | glim | 22 |D°f], 4

la|=I

W | 2 [P, )] @2

loc|=1

(i) Herel > n; f.g € Loo (B) and D" f, D"g € Loo (B) foralla : |a| = 1.
Then

ol
A(f8) < Too {(||f||1,oo(3) gz, s + ILf L) ”g”Loo(B))

<[ Y % sup HDﬁ [((x = »)*w] H

Li(B
1<|a|<i—1 1(B)

nd'" "t ||o| o —
T D/
ST | 1l > o,

la|=I

1 N | Do Hﬁagu : (2.53)

& Loo(B)
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(iii) Let p,q > 1 : =1,l>%,foralloc:|a|=l,5af,5ag,f,ge

L, (B).Then

"el»—
Q=

llol
A9 = =22 (gl 1 iy + 17 s gl m) -

2
E ! “ »)° W(y)]H
y
I<lalmit al cep Lg(B)

Il
+ll@lloo Cq.n ||g||L1(B) Z L(B)dlaH_r/
I=|e|=<i—1
|D%]|
+||f||L1(B)( > (a—f”””d'“'ﬂ . (254
I=|el=<l—1 ’

Proof. By use of (2.36) and Theorems 2.27-2.29. H

We also present
Theorem 2.32. Let 2 C R" be a domain star-shaped with respect to the open ball
B = B (xo,r) such that B C 2, ® € Loo (R"), supp  C B, [p, o (x)dx =1,
| €e Nand f,g € ( )IOC (£2) . Furthermore suppose for all o : || =

n that ”( wf) +t(x y))”Ll(Bx[O 1)) H( vg) v +1(x - y))“Ll(Bx[O,l])
oo. Then

ATV

o)} @ d"!
A(f.g) < %' gL, p) Z (O{‘ |D f”Ll(B)

1=|a|=i—1

4l
1 e | Dl (—II ngHLl(m)

I<la|<l—1

1
+1d! gl s Z ) H (Dféf) y+t(x—y) “LI(BX[O,I])
lal=1 ~°

+ 1 f s Z o H wg) (v +1(x — y))”Ll(Bx[O 1)
la|= l

(2.55)

Proof. By Theorem 2.27 and Proposition 2.24. W
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Next, we give a series of Ostrowski-type inequalities.

Theorem 2.33. Let all as in Theorem 2.6. Call again

0! f (x) = E:Z%AUWﬂ@MWwWw@N%

1=|a|=l—1

Then for every x € B, we obtain
- [ Fmema-0-rm
B

nd l w ., Da max
_0d)'] ||L1<Rl'>ll Moots . (2.56)

Also it holds, by additionally assuming |||, __ gn < 0o, that

Vm—ﬁfwwww‘

dntlel loll, @) 72
< D« — oo
< }j((ﬂn llso 2 (1 1)

1<la|<l—1

nd) |w n | DY f ]|
L0 follun 1D s _ 057
Proof. Use of Theorem 2.6, (2.40), (2.5), and (2.31). H
We continue with

Theorem 2.34. All as in Theorems 2.8 or 2.11. Assume | > n, o] g < 0©.
Then for every x € B (almost every x € B, respectively) we get

EUW%=V@—Afmwmw—Q”ﬂﬂ
< ZHE“fHLI(B) loll,_@nnd = As.  (2.58)
la|=I
Also it holds
Mﬂurzpm—ﬁf@mwmﬂ
dlel
<1 = (Sl

I<la|<l—1

P HﬁafHLl(m nd' | ||l @n = B2 (2:59)

loe|=1
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Proof. Use of Theorems 2.8, 2.11; (2.40), (2.20), (2.28), and (2.30). W

We give
Theorem 2.35. All as in Theorems 2.8, 2.11. Suppose | > n, ||, ®&r < 00,
and Hﬁaf) ) < oo forall a : |a| = I. Then for every x € B (almost every
X € B, respectively), it holds

[N

=~ nim no_.
EN@ =X |D7],_, |1l = A o0

loe|=1

Additionally, assume that HﬁafHL » <ooforalla:1 <|a| <I—1.1Itholds

dn+|oz| —
A(f)(x) < > (=], ”
1<la|<i—1 ’ °°
Y 5
n HD H nd ™ — T ol e
Z_ . T ET) loll oo @)
=1 2
— B, (2.61)

Proof. Use of Theorems 2.8, 2.11; (2.40), (2.21), and (2.31). W
We present

Theorem 2.36. All as in Theorems 2.8, 2.11. Assume |||, gn < 00; p,g > 1:
%+% =117> ﬂ,ﬁaf € L, (B) for || = [. Then for every x € B (almost every
X € B, respectively), it holds

loll,@mne,d ? " = Ay (2.62)

ENw=(Y D

jal=1 b ®

Additionally, assume thatﬁaf €L,(B),forl <|a| <1 —1.Then
>

Ly(B) ,|a|+2
Cq.ln Z —Oé' £ dH q

1=|o|</—1

A(f) (x)

IA

-~ [—L4+
2 D31 2 RN 2 e N P s
Ly(B)

loe|=1

= B, (2.63)
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Proof. By Theorems 2.8, 2.11; (2.40), (2.24), and (2.33). H

Proposition 2.37. All as in Theorem 2.35. It holds (for every x € B and almost
every X € B, respectively)

Jll [
AN ) = Nolnm | D — HLoo(m
I1<|a|<i—1 :
nd'*"7s ||w||Loo(Rn oy
ey |\ 2P
= Bs. (2.64)

Proof. By Theorem 2.35 and (2.48). W
We also have

Theorem 2.38. Here all as in Corollary 2.12. Assume [ > n. Then for every x € B
(almost every x € B, respectively), it holds

A(f) (x) = ‘f(x)—/Bf(y)w(y)dy‘

IA

Z $ HDg [(x =)o (y)]Hoo 1S Ly c3)

1<la|<l—1

| 2|2, |1t na (2.65)
la|=I

Proof. Based on Corollary 2.12, Theorem 2.34 and (2.36). W

Theorem 2.39. Here all as in Corollary 2.12. Suppose |>n and HD f H @ <00
Loo(B

foralla : |o| = 1; f € Loo (B). Then for every x € B (almost every x € B,
respectively), we find

anw=| ¥ pre-vreon], |1l

1=<|a|=<l—1

nd'*"ms ”w”Loo(R” Z H
2”F z

la|=1 H Loo(B) (2.66)

Proof. Based on Corollary 2.12, Theorem 2.35 and (2.36). W
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Theorem 2.40. Here all as in Corollary 2.12. Assume p,q > 1 : % + é =1,

! > %,5“]’ € L, (B)for|a| =1and f € L, (B). Then for every x € B (almost
every X € B, respectively), we derive

anm= X lerte-nreon|, |1 lLe
I<le|<i—1 1
+nepd o)l @ Z o | e

lor|=

Proof. Based on Corollary 2.12, Theorem 2.36 and (2.36). W
We also give

Theorem 2.41. Here all as in Corollary 2.13 with Qllg_lf (x) asin(2.37). Let | >
n + |B|. Then for every x € B (almost every x € B, respectively) it holds

Eg (f)(x) = ‘(ﬁsf) (x) — (—1)\ﬂ|/ (DFw) () f () dy — O f (x)
B
< M;Zﬂ D7),y |1@loo = = 45 .68

Also, we derive

Ap () (x) 1= ‘(5’3 £) @ = /B (DPo) () f () dy‘

1
< 3 o HD;‘J’ﬂ [(x = )"0 ()] HOO 1Az ()
1<|a|<i—|p|—1
B =181
! | —Zl:>ﬂ H fHL(B) lelloo nd . 269

Proof. By Corollary 2.13, (2.25), (2.39), and (2.42). A
We continue with

Theorem 2.42. Here all as in Corollary 2.13. Assume | > n + |B|;
< oo, all  : |a| = l,a > B. Then for every x € B (almost

...
every x € B, respectively) we find

s I-|Bl4+n _.
Ep (/) (x) = |a=21,t;zﬂ H fHLoo(B) @lloo 2T (4 + 1)d = 4s.

(2.70)



62 2 Multivariate Inequalities Based on Sobolev Representations

Additionally, assume f € Lo (B). It holds

A= 2 % H DY Ix = )" o ()] HLI(B) 11 o (3
1<lal<l—11—-1
D° Jolloonr? 1 ipis
’ |a§;zﬂ HD fHLoo(B) nr (% + 1)d . 2.71)

Proof. By Corollary 2.13, (2.26), (2.39), and (2.42). H
We finish Ostrowski-type inequalities with

Theorem 2.43. Here all as in Corollary 2.13. Assume p,q > 1 : % + é =1,

5af elL,B)ala:|a|=1,a>p,1> % + |B|. Then for every x € B (almost
every x € B, respectively), we derive

BENws| ¥ [D], , |1elene,d T =4 @)
p

la|=la>p

Additionally assume f € L, (B). It holds

1
@ X Serie-nteon], |1 e
1<lal<i—lpl-1 !
+ Hﬁa 0|l o necpd I, 2.73

Proof. By Corollary 2.13, (2.27), (2.39), and (2.42). H
We make

Remark 2.44. In preparation to present comparison of integral means inequalities
we consider the open ball By = By (yo,r1) € B. We consider also a weight
function ¥ > 0 which is Lebesgue integrable on R” with supp ¥ C B| C £,
and fp, ¥ (x)dx = 1. Clearly here [, ¥ (x)dx = 1. For example for x€ Bj,
¥ (x) = m, 0 elsewhere, etc.

We will apply the following principle.

In general a constraint of the form |F (x) — G| < &, where F is a function and
G, ¢ real numbers that all make sense, implies that | fR,, Fx)y (x)dx — G| <e.

Next we give a series of comparison of integral means inequalities based on
Ostrowski-type inequalities presented in this chapter. We use Remark 2.44.
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Theorem 2.45. All as in Theorem 2.33. Then
M(f) = VBIf(x)w(X)dx—/Bf(x)w(x)dx

—/ 0 £ (1) ¥ (x) dx| < A,
B

and

m(f) = ’/B f(x)w(x)dx—/Bf(X)w(X)dx

Theorem 2.46. All as in Theorem 2.34. Then

M (f) < A,

and

m(f) < Bs.
Theorem 2.47. All as in Theorem 2.35. Then
M (f) < As,

and
m(f) < Bs.

Theorem 2.48. All as in Theorem 2.36. Then
M (f) < As,
m(f) < Ba.

Theorem 2.49. All as in Proposition 2.37. Then
m(f) < Bs.

Theorem 2.50. All as in Theorem 2.41. Then

< Bj.

63

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)
2.81)

(2.82)

P ()= | [ v (B°r) ax = 0 [ (070) 00 £ ()0

< As.

—/B Y () 05 f () d

(2.83)
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Theorem 2.51. All as in Theorem 2.42. Then
MP(f) < Ae. (2.84)

We finish with
Theorem 2.52. All as in Theorem 2.43. Then

MP(f) < A;. (2.85)

2.4 Applications
Example 2.53 (see also [5], p. 93). Let B := {x € R" : |x — x| < p}, and

2 1

_(1_(m) )

p(x):= e ’ . if | — xo| < p, (2.86)
0, if |x —xo| > p.

Call ¢ := [, ¢ (x)dx > 0, then @ (x) := %(p (x) € C£° (R") with supp® = B
and [p, @ (x)dx = 1 and max |®| < constant - p~".

We call @ a cut-off function.

One for this chapter’s results by choosing @ (x) = @ (x) or w (x) =
can give lots of applications.

1
Vol (B)’ ete.,

Here, selectively we give some special cases inequalities. We start with
Chebyshev—Griiss-type inequalities.

Corollary 2.54 (to Theorem 2.26). All assumptions as in Theorem 2.26. Case of
[ = 1. Then

Vw(x)f(x)g(x)dx—(/w(x)f(x)dx) (/w(x)g(x)dx)‘
B B B

2
- nd |o|7,

< 2 [Iglloos 1D fllcet s + 1 f oo 18 lIe 5] - (2:87)

2
i/w(x)fz(x)dx—(/w(x)f(x)dx)
B B

<nd ||o|},@n | flloos 1D F I 5. (2.88)
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Corollary 2.55 (to Theorem 2.27). All assumptions as in Theorem 2.27. Case of
f=gl=nandw(x):= #(B),forallx € B, w(x):=00nR"— B. Then

) B 2'T (5 +1) ( )2
/Bf (x)dx —d”n% /Bf(x)dx

(41 dlel—n
SEENCRR IV DS (7 |D5s HM)

T
1<|a|<n—1

NS

a1 e | 22 128 | )| @89
la|=n
We continue the Ostrowski-type inequality.

Corollary 2.56 (to Theorem 2.33). All as in Theorem 2.33. Case of | = 1. Then
for every x € B it holds

‘f(X)— /B £ 0o () dy| < nd [0l g 1D FI™ 5= 21, (2.90)

We finish chapter with a comparison of means inequality.
Corollary 2.57 (to Corollary 2.56). All as in Corollary 2.56 and Remark 2.44.
Then

V f(x)w(x)dx—/f(y)w(y)dy <7 2.91)
B B
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