Chapter 2
Elementary Facts about Baire and Baire-Type
Spaces

Abstract This chapter contains classical results about Baire-type conditions
(Baire-like, b-Baire-like, CS-barrelled, s-barrelled) on tvs. We include applications
to closed graph theorems and C(X) spaces. We also provide the first proof in book
form of a remarkable result of Saxon (extending earlier results of Arias de Reyna
and Valdivia), that states that, under Martin’s axiom, every Ics containing a dense
hyperplane contains a dense non-Baire hyperplane. This part also contains analytic
characterizations of certain completely regular Hausdorff spaces X. For example,
we show that X is pseudocompact, is Warner bounded, or C.(X) is a (df)-space
if and only if for each sequence (u,), in the dual C.(X)’ there exists a sequence
(th)n C (0, 1] such that (#,4,), is weakly bounded, strongly bounded, or equicon-
tinuous, respectively. These characterizations help us produce a (df)-space C.(X)
that is not a (D F')-space, solving a basic and long-standing open question.

2.1 Baire spaces and Polish spaces

Let A be a subset of a nonvoid Hausdorff topological space X. We shall say that A
is nowhere dense (or rare) if its closure A has a void interior. Clearly, every subset
of a nowhere dense set is nowhere dense.

A is called of first category if it is a countable union of nowhere dense subsets
of X. Clearly, every subset of a first category set is again of first category. A is said
to be of second category in X if it is not of first category. If A is of second category
and A C B, then B is of second category.

The classical Baire category theorem states the following.

Theorem 2.1 If E is either a complete metric or a locally compact Hausdorff
space, then the intersection of countably many dense, open subsets of X is dense
in E.

Proof We show only that the intersection of countably many dense open sets in
every metric complete space (E, d) is nonvoid. If this were false, then we would
have E = J, E,, where each E,, is a closed subset with empty interior. Hence there
exists x; and 0 < &1 < 1 such that B(xy,&1) C E \ E1, where B(xy, 1) is the open
ball at x; with radius £;. Next there exists x, € B(x1, 2_181) and 0 < & < 27 Lg
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such that B(x3, &2) C E '\ E3. Continuing this way, one obtains a shrinking sequence
of open balls B(x,, ¢,) with radius less than 27" disjoint with E,. Clearly, (x,),
is a Cauchy sequence in (E, d), so it converges to x € E \ E,, n € N, and we have
reached a contradiction. Similarly, one gets that each open subset of (E, d) is of
second category. d

This deep theorem is a principal one in analysis and topology, providing many
applications for the closed graph theorems and the uniform boundedness theorem.

A topological space X is called a Baire space if every nonvoid open subset of X
is of second category (equivalently, if the conclusion of the Baire theorem holds).
Clearly, every Baire space is of second category. Although there exist topological
spaces of second category that are not Baire spaces, we note that all tvs’s considered
in the sequel are assumed to be real or complex if not specified otherwise.

Proposition 2.1 [fa tvs E is of second category, E is a Baire space.

Proof Let A be a nonvoid open subset of E. If x € A, then there exists a balanced
neighborhood of zero U in E such that x + U C A. Since E =|J,nU and E is
of second category, there exists m € N such that mU is of second category. Then
U is of second category, too. This implies that x 4+ U is of second category and A,
containing x + U, is also of second category. O

We shall also need the following classical fact; see [328, 10.1.26]. For a com-
pletely regular Hausdorff space X, by C.(X) and C,(X) we denote the space of
real-valued continuous functions on X endowed with the compact-open and point-
wise topologies, respectively.

Proposition 2.2 Ler X be a paracompact and locally compact topological space.
Then C.(X) is a Baire space.

Proof Since X is a paracompact locally compact space, X can be represented as
the topological direct sum of a disjoint family {X, : # € T'} of locally compact o -
compact spaces X;, and we have a topological isomorphism of C.(X) and the prod-
uct ]_[teT C.(X;). It is known that each space C.(X;) is a Fréchet space (i.e., a
metrizable and complete Ics) and since products of Fréchet spaces are Baire spaces
(see Theorem 14.2 below for an alternative proof), we conclude that [, er Ce(Xy)
is a Baire space. 0

The following general fact is a simple consequence of definitions above.

Proposition 2.3 [f E is a tvs and F is a vector subspace of E, then F is either
dense or nowhere dense in E. If F is dense in E and F is Baire, then E is Baire.

Proof Assume that F is not dense in E. Let G be its closure in E, a proper
closed subspace of E. If G is not nowhere dense in E, then there exists a bal-
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anced neighborhood of zero U in E and a point x € G such that x + U C G. Then
E ={J,nU C G, providing a contradiction. The other part is clear. g

Recall that every Cech-complete space E (i.e., E can be represented as a
countable intersection of open subsets of a compact space) is a Baire space.
Arkhangel’skii proved [31] that if E is a topological group and F is a éech-complete
subspace of E, then either F is nowhere dense in E or E is Cech-complete as well.
This, combined with Proposition 2.3, shows that if a tvs E contains a dense Cech-
complete vector subspace, then E is Cech-complete.

A subset A of a topological space X is said to have the Baire property in X if
there exists an open subset U of X such that U \ A and A \ U are of first category.

Let D(A) be the set of all x € X such that each neighborhood U (x) of x inter-
sects A in a set of second category. Set O (A) :=int D(A).

Proposition 2.4 A subset A of a topological space X has the Baire property if and
only if O(A)\ A is of first category.

Proof Assume A has the Baire property, and let U be an open set in X such that
U\ A and A\ U are sets of first category. Note that D(A) C U. Indeed, if x €
D(A) \ U, then (by definition) the set

X\U)NA(=A\U)

is of second category. By the assumption, A \U C A\ U is of first category, a
contradiction. Since U \ U is nowhere dense, one concludes that U \ A is of first
category. Finally, since

O(A)\ACD(A\ACU\A,

then O(A) \ A is of first category as claimed.

Now assume that O(A) \ A is a set of first category. It is enough to prove that
A\ O(A) is of first category. Let C(A) be the union of the family £ :={A; :i € [}
of all the open subsets of X that intersect A in a set of first category. Note that
O(A) =X\ C(A). We show that

ANC(A) (= A\ 0(A))

is of first category. Let {A; : i € J} be a maximal pairwise disjoint subfamily of £.
Then (as is easily seen) AN (|J;c; Ai) is of first category. Then the set A N[ J;; A;
is also of first category. By the maximality condition, we deduce that | J;.; A; C
(Ui e Ai, which completes the proof. g

Since A N C(A) is of the first category, we note the following simple fact; see,
for example, [421, p. 4].
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Proposition 2.5 Ler E be a topological space, and let B be a subset of E that is
the union of a sequence (Uy), of subsets of E. Then D(B) \ |J{O(U,) :n € N} is
nowhere dense. Therefore O(B) \ | J{O(U,) : n € N} is also nowhere dense.

Proof Assume that the interior A of the closed set D(B) \ | J{O(U,) : n € N} is
non-void. Then A N B is of second category. Hence there exists m € N such that
AN U, is of second category. Therefore, as U,, N C(Uy,) is of first category, we
have A ¢ C(U,,), and hence A N O(U,,) is nonvoid, a contradiction. Il

Every Borel set in a topological space E has the Baire property. This easily fol-
lows from the following well-known fact; see [371].

Proposition 2.6 Let E be a topological space. The family of all subsets of E with
the Baire property forms a o -algebra.

Now we are ready to formulate the following useful fact.

Proposition 2.7 Let U be a subset of a topological vector space E. If U is of
second category and has the Baire property, U — U is a neighborhood of zero.

Proof Since U is of second category, we have O (U) # 0. If x ¢ U — U, then clearly
(x + U) NU = 0. The Baire property of U implies that (x + O(U)) N O(U) is a
set of first category. On the other hand, since nonvoid open subsets of O (U) are of
second category, it follows that (x + O(U))N O(U) =@. Thenx ¢ O(U) — O(U).
This proves that U — U contains the neighborhood of zero O (U) — O(U). g

It is clear that the fact above has a corresponding variant for topological groups
(called the Philips lemma); see, for example, [346].

In general, even the self-product X x X of a Baire space X need not be Baire; see
[324], [106], [164]. Nevertheless, the product Hie ; X; of metric complete spaces is
Baire; see [328]. Also, the product [[;.; X; of any family {X; : i € I} of separable
Baire spaces is a Baire space; see [421].

Arias de Reina [16] proved the following remarkable theorem.

Theorem 2.2 (Arias de Reina) The Hilbert space 0%(w1) contains a Sfamily {X; :
t < w1} of different Baire subspaces such that for all t,u < w1, t # u, the product
X: x Xy is not Baire.

Valdivia [424] generalized this result by proving the same conclusion in each
space co(/) and £7 (1), for uncountable set 7, and 0 < p < co. Lemma 1 in [16] has
been improved by Drewnowski [127].

Every Polish space is a Baire space. A topological space E is called a Polish
space if E is separable and if there exists a metric d on E generating the same
topology such that (E, d) is complete.
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Proposition 2.8 (i) The intersection of any countable family of Polish subspaces of
a topological space E is a Polish space.

(ii) Every open (closed) subspace V of a Polish space E is a Polish space. Hence
a subspace of a Polish space that is a Gs-set is a Polish space.

Proof (i) Let (E,), be a sequence of Polish subspaces of E, and let G :=("), E,.
Then the product [], E,, (endowed with the product topology) and the diagonal
A C ], Ex (as a closed subset) are Polish spaces. Since A is homeomorphic to the
intersection G, the conclusion follows.

(ii) Let d be a complete metric on E. Let V be open and V¢ := E \ V. Define
the function d(x, V<) by d(x, V) :=inf{d(x, y) : y € V}. Set £ (x) :==d(x, V) ™!
and

D(x,y):=15(x) — ()| +d(x,y)

forall x, y € V. Itis easy to see that D(x, y) defines a complete metric on V giving
the original topology of E restricted to V. Hence V is a Polish space. g

The following characterizes Polish subspaces of a Polish space; see [371].

Proposition 2.9 A subspace F of a Polish space E is Polish if and only if F is a
Gs-setin E.

Proof If F is a Gs-set in E, then F is a Polish space by the previous proposition.
To prove the converse, let d (resp. d1) be a compatible (resp. complete) metric on
E (resp. F). For each x € F and each n € N, there exists 0 < #,(x) < n~! such
that z € F and d(x,z) < t,(x) imply di(x,2) < n—L. Define U,(x) := {ze E:
d(x,z) <ty (x)}, Uy := Uy cp Un(x) and W :=("), U,. Then W C F.Indeed, if y €
W, then there exists a sequence (x,), in F with d(x,, y) < t,(x,) < n~L. Therefore
xp — y. Fix m € N. Since d (X, ¥) < tm(xn), there exists k,, € N such that k,,,! +
d(xp,y) < ty(xy). Then, if n > k,,, one gets

d(xn, X)) < d(xn, ¥) +d(y, xm) <0+ d(y, xm) < k' +dGoms ) <t (Xm).

By construction, the inequality d(x,,x;) < t,(x,) yields di(x,, x,) < m~L

Clearly, (x,), is Cauchy in (F,d;), and from the completeness it follows that
yeF. U

Corollary 2.1 A topological space E is a Polish space if and only if it is homeo-
morphic to a Gg-set contained in the compact space [0, 1]N .

Proof Since the space [0, 1]V is a metric compact space, it is a Polish space and
Proposition 2.8 applies. To get the converse, assume that E is a Polish space. Hence
it is separable and metrizable, and consequently E is homeomorphic to a subspace
of [0, 1]N. Proposition 2.9 applies to complete the proof. O
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2.2 A characterization of Baire topological vector spaces

The following characterization of a Baire tvs is due to Saxon [353]; see also [328,
Theorem 1.2.2].
Theorem 2.3 (Saxon) The following are equivalent for a tvs E.

(1) E is a Baire space.
(i) Every absorbing balanced and closed subset of E is a neighborhood of some
point.

The scalar field K is either the reals or the complexes. After a little preparation
motivated by annular regions in the complex plane, we present a single proof that
simultaneously solves both the real and complex cases.

Claim 2.1 Let U be a nonempty setin atvs E. If U — U # E, then [),2, n~lu
has an empty interior.

Proof Let x € E\ (U — U). If V is a nonempty open set contained in (), n~lu,
then the open neighborhood of zero V — V contains m~'x for some sufficiently
large m € N and is contained in n~! (U — U) for every n € N. In particular, m ~'x €
m~' (U — U), which implies x € U — U, a contradiction. O

For 0 < r; < rp, we define the annulus A, ,, in K by writing
Arl,rz :{IEK:VI < |t| 572}-

For each ¢ > 0, let B, denote the open ball {t e K: |t| <¢&}. For 0 <& < 1, com-
pactness provides a finite subset Iy of A, 1 such that

Ie+ B2 D Ag .
Claim2.2 Tf0<d<e<landz+ B C Ag1,then Is- (24 Be) D Ase.

Proof

G-+py=Jt-G+Br=J (- z+B) 2> J -2+ Bes)

tely tely tely
= (1“3 + ,835/|z|) -zD (Fa + ,352) 2D A5 -2=Ajz,17) D Ase. U

Claim 2.3 Let (B;), be a sequence of subsets of a tvs E. Fix 0 <r; < rp and
yEE.If Ay -y C[), Bn, then there exists § > 0 such that {ry:0 < [f| <8} C

U,n 'B,.

Proof For each n, we have Ay /n py/n -y C n~1'B,. There is a natural number m
such that r{/n < r2/ (n + 1) for every n > m. The claim follows for § = rom™'. [
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Now we are ready to prove Theorem 2.3.

Proof Only the implication (ii) = (i) needs a proof. Indeed, if there exists an ab-
sorbing, balanced and nowhere dense set B, then E = |, nB is of first category
and not Baire. We assume that E is not Baire and construct such a set B.

Since E is of first category, its topology is nontrivial and it contains a closed
balanced neighborhood U of zero with U — U # E. Since U is also of first category
in E, there exists a sequence (Aj), of closed nowhere dense sets in £ whose union
is U. With the notation of Claim 2.2, we observe that each set

B, = U I'j-Aj
Jj.k<n

is closed and nowhere dense, being a finite union of such sets. Furthermore, each
B, is contained in the balanced set U.

We wish to see that A :={ J, n~!B, is nowhere dense. Suppose some nonempty
open set W is contained in A. Because each finite union | J,_, n~! B, is nowhere
dense, the closure of each ., n~! B, must contain W. But the closure of the kth
union is clearly contained in k—1U for each k € N, so that W C ﬂk k~'U, which
contradicts Claim 2.1.

Next, we prove that A absorbs any given point y in E. Since U absorbs y, there
exists 7 > 0 such that the set 8, - y is contained in U and is thus covered by (A,),.
We may harmlessly assume that » < 1. The set 8, - y either has the trivial topology
or is a topological copy of the subset 8, of K. Either way, B, - y is of second category
in itself, and there exist p € N, ¢ > 0 and z € 8, such that

Z+,88Cﬁr and (Z"‘ﬁg))’CAP

In fact, rechoosing z and ¢ if needed, we may additionally insist that z # 0, and then
we may yet again refine the choice of ¢ in the interval (0, 1) so that

24+ B C A1 and (24 Be)-yC A

Let ¢ be a natural number larger than both p and e ~!. For n > ¢, we apply Claim 2.2
to obtain

B, DIy -Ap DTy -(@+Be) - yDAijge-y.
Now Claim 2.3 shows that, for some § > 0,

{ty:0<lt|<8)-yc| Jn'B.CA

nzq

Therefore A absorbs y, given that zero is (obviously) in A. The balanced core of
A (i.e., the largest balanced set Ao contained in A) is absorbing and nowhere dense
because A has these properties. Therefore B := Ay is a closed, balanced, absorbing
nowhere dense set in E, as promised. O
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Theorem 2.3 provides the following corollary.

Corollary 2.2 Every Hausdorf{f quotient of a Baire tvs is a Baire space.
We also have the following useful corollary.

Corollary 2.3 If a Baire tvs E is covered by a sequence (E,), of vector subspaces
of E, then E,, is dense and Baire for some m € N.

Proof By hypothesis there exists m € N such that E,, is of second category in E;
therefore it cannot be nowhere dense in E. By Proposition 2.3, E,, is dense in E,
thus of second category in itself and thus Baire by Proposition 2.1. U

When dim(E) is infinite, E;,, may satisfy dim(E/E,,) = dim(E), an extreme.

Proposition 2.10 Every infinite-dimensional Baire tvs E contains a dense Baire
subspace F whose dimension equals the codimension in E.

Proof By (x;);er denote a Hamel basis of E. Fix a partition (7},), of T such that
card T =card T, foralln € N. Set E,, :=span{x; : t € U;’:l T;}. Then (E,), covers
E and dim E = dim E, = dim(E/E,) for n € N. By Corollary 2.3, there exists a
dense Baire subspace F := E,, of E, as desired. O

At the other algebraic extreme, hyperplanes of E are also Baire when closed, and
those that contain F' are dense and Baire.

2.3 Arias de Reyna—Valdivia—Saxon theorem

For many years, the following question remained: When does an infinite-dimensional
Baire tvs E admit a non-Baire (necessarily dense) hyperplane? In 1966, Wilansky
and Klee conjectured: Never, for E a Banach space. This conjecture was denied in
1980 by Arias de Reyna [328, Theorem 1.2.12], who proved, under Martin’s axiom,
the answer: Always, when E is a separable Banach space. In 1983, Valdivia [427]
proved, under Martin’s axiom, the more general answer: Always, when E is a sep-
arable tvs. In 1987, Pérez Carreras and Bonet [328, Question 13.1.1] repeated the
question for E a (not necessarily separable) Banach space.

Finally, in 1991, Saxon [355] provided a complete answer in the general locally
convex setting. He proved the following theorem.

Theorem 2.4 (Arias de Reyna—Valdivia—Saxon) Assume c¢-A. Every tvs E with an
infinite-dimensional dual contains a non-Baire hyperplane. Consequently, (1) every
infinite-dimensional lcs admits a non-Baire hyperplane and (2) an lcs E admits a
dense non-Baire hyperplane iff E' # E*.
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For a tvs E, by the dual of E we mean its topological dual E’, a linear subspace of
its algebraic dual E*. A subset A of a tvs E is called bornivorous if A absorbs every
bounded set in E. Recall that an Ics E is barrelled (quasibarrelled) if every closed
absolutely convex and absorbing (and bornivorous) subset of E is a neighborhood
of zero of E or, equivalently, if every bounded set in the weak dual (E’, o (E’, E))
(strong dual (E’, B(E’, E))) is equicontinuous.

The axiom ¢-A (c-additivity, where ¢ := 2%0) proclaims: The union of less than ¢
subsets of R, each of measure zero, itself has measure zero.

Note that CH = Martin’s axiom = ¢-A, and the converse implications fail in
general; see [172, Corollary 32(G)(c)].

To prove Theorem 2.4, we will need the following technical fact from [328, The-
orem 1.2.11].

Lemma 2.1 Let ey and e be the canonical unit vectors in the real Euclidean space
R? endowed with its usual inner product (., .) and the corresponding norm |.||. By
m(x) := arccos ((x, e])||x||_1),f0r x # 0, we denote the angle between x and e .
If0 < b < 1, q is a positive integer, |u|, |v] > ¢! and |lu — v| < bg™", then
Im(u) —m(v)| < 2b.

Now we prove Theorem 2.4.

Proof 1t is enough to prove the initial claim. Clearly, (1) then follows and (2) as
well. Indeed, if E is an Ics with E’ # E*, then E contains a non-Baire hyperplane
H by (1). If (a) E is Baire, then all its closed hyperplanes are Baire, and H must be
dense. If (b) E is non-Baire, then so are all its hyperplanes, including dense hyper-
planes, which exist by the hypothesis E’ # E*. Conversely, no dense hyperplanes
existif E' = E*.

We prove the real scalar case only. One may then easily dispatch the complex
case by a standard procedure. We also assume, without loss of generality, that E is
Baire.

The hypothesis implies a biorthogonal sequence (x,, hy,),, C E x E’, so the map
T : E —> RY defined by T (x) := (h, (x)), is continuous and linear. Therefore
E admits a quotient F' := E/Q of dimension at most ¢ isomorphic to a subspace
of RN containing the canonical unit vectors and endowed with a vector topology
finer than the one inherited from the usual product topology. Hence each unit vector
e, and each coordinate functional f, belong to F and F’, respectively. For each
n €N, set M, :=spanfe; : i <n}. If (w, 1)« 1s an enumeration of the countable set
{37 aiej :a; €Q, a, #0}, then (wy ¢ )« is dense in M, for all n € N. Set

U= \lx e F:lfalx)] <27}

n=1

for each i € N. Then

(Ui =10}, U1+ Uiy CU, i €N. 2.0
i
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For each fixed n € N, we choose a sequence (&, x)x of numbers such that
0< 25n,k+] Sénk < 27 A |fn(wn,k)|~

Note that

i
wik ¢ Vig:=[)lx€F: (0| <eix} CUi

n=1
foralli, k e N.
Moreover,
Vider1 + Viier1 C Vi CUy, n,keN (2.2)
and
Ly = Jwax + Vas) CF\ {0}, neN. 2.3)

k

Each L, is dense and open in F (= M, ® (ﬂi<n ff‘)). To complete the proof, we
need only find a non-Baire hyperplane G in F; indeed, the hyperplane H in E
satisfying H D Q and G = H/Q would also be non-Baire by Corollary 2.2. Note
that 8¢ < dim (F) =: @ < ¢. From the previous section, we know that the Baire
space F' contains a dense Baire hyperplane P. Let

B:={yp:Bis an ordinal <a}

be a Hamel basis for P. If A is the absolutely convex envelope of B, then AN P isa
barrel in the dense barrelled subspace P and, consequently, A is a neighborhood of
zero in F. Hence we can find a point z € F \ P such that 2z € A. We observe from
(2.3) that the set F \ L is of first category in F', where L := ("), L,. The proof will
be complete if we find a dense hyperplane G contained in F \ L. The space G will
take the form

G :=span{y, +a,z:y <a}

for scalars a, suitably chosen with each |a, | < 1.
Formula (2.3) ensures that L misses

{0} = span) = span{y, +1-z:y is an ordinal < 0}.
Zorn’s lemma provides a maximal subspace M of F of the form
M :=span{y, +a,z:y < B}

subject to the conditions that L misses M, the ordinal 8 does not exceed « and each
lay| < 1.

Claim 2.4 We have = «.
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Indeed, assume that o % 8. The set {y : ¥ < f} and the family § of all its finite
subsets have less than ¢ elements. Now we will apply Lemma 2.1 to our situation.
Identify yg and z with the unit vectors e; and e, respectively, and RR? with the linear
span X of yg and z.

Let h: M + X — X be the projection onto X along M. Let © be the family of
all subspaces of the form X + span{y, +a,z:y € J} for J € §. Note that D covers
M + X and |®]| < ¢. Next observe that

LomM+X)= |J Lo
neN,De®

where Lp , :=LNDN{x:||h(x)| > n~1}. This follows from the fact that z(x) % 0
if x € LN (M + X), because then x ¢ M (since M misses L).

Fix arbitrary n ¢ N and D € © as well as 0 < ¢ < 1. Since D is finite-
dimensional, we deduce from (2.1) that (D N U;); is a base of neighborhoods of
zero in D. Since the restriction map /| D is continuous, there exists r > 1 such that
|h(x)|| < tn~! for x € DN U,_;. Note that

Lpn CLNDN{x: )] >n""} =

DN ek + Vi) s RG> 7'
k

Assume for the moment that x and y are in the kth set. Then ||h(x)|| > n~! and

lh(y) |l > n~!. Moreover, 2= 1(x — y)eD.Sincex —y € V, i+ V.x, we use (2.2)
and (2.3) and k — 1 more steps to obtain

2 x—y) eV + V1 CU 4+ U, CU~—y.
Hence, by continuity of /| D, we have
lh(x — )| <2 %L
Now we can apply Lemma 2.1 to obtain that
m(h(x)) = m(h(y)| < 2**1.

This proves that the set m(h(Lp ,)) is covered by a sequence of intervals whose
union has measure less than 4t = Zk 22=k¢ Since the scalar ¢ was arbitrary, we
conclude that m(h(Lp ,)) has measure zero. Now axiom ¢-A declares that

C:=mh(LN M+ X))

has measure zero. Therefore we can find an angle 6 such that 0 < 6 < 7/4 and
0¢Candm —0¢C.Now set ag :=tan 6 and v = yg + agz. Hence 0 < ag < 1.
Note that

m(h(x +bv)) = m(bv) =m) =0, m(h(x —bv)) =m(—v) =7 — 0
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if x € M and b > 0. This implies that x & bv ¢ L. We know already that M misses
L. Now M + span{v} also misses L, which contradicts maximality of M, proving
the claim.

Finally, we prove that G := M is dense in F'. Since G is a hyperplane, it is enough
to show that G is not closed. Now 7z ¢ M for each ¢ # 0. Since 2z € A, there exists
a net (zu), = (3_, ¢y, bu,yYy)u in A that converges to 2z, where J, is finite and
Zye],, |bu,y | < 1. The corresponding net (Zyelu bu,yayz), has an adherent point
pz in the compact interval {bz : |b| < 1}. Let U and V be neighborhoods of 2z and
pz, respectively. V contains a cofinal subnet of the second net, and U contains points
of the corresponding cofinal subnet of the first net. Hence U + V contains points
of asubnet of (3, ;. bu,y (yy +ay2))u C M. It follows that 2z + pz € M\M, and
G = M is not closed. The proof is complete. g

Remark 2.1 If E is a tvs with a separable quotient F such that F’' # F*, one
can find points w, x in F and balanced open neighborhoods U; and V; ; of zero
satisfying (2.1) and (2.2) such that each L, defined as in (2.3) is dense (and open)
in F. It then follows from the proof of Theorem 2.4 that, under the assumption of
¢-A, there exists in E a dense non-Baire hyperplane.

2.4 Locally convex spaces with some Baire-type conditions

A new line of research concerning Baire-type conditions started with the Amemiya—
Komura theorem (see [328, Theorem 8.2.12] and [419]), stating that if (A;), is an
increasing sequence of absolutely convex closed subsets covering a metrizable and
barrelled Ics E, then there exists m € N such that A,, is a neighborhood of zero
in E.

Saxon [354], motivated by the Amemiya—Komura result, defined an Ics E to be
Baire-like if for any increasing sequence (A, ), of closed absolutely convex subsets
of E covering E there is an integer n € N such that A, is a neighborhood of zero.
If the sequence (A,,), is required to be bornivorous (i.e., for every bounded set B in
E there exists A,, that absorbs B), then Ruess defines E to be b-Baire-like. Clearly,
for an Ics, Baire implies Baire-like, Baire-like implies b-Baire-like and barrelled,
and (b)-Baire-like implies (quasi)barrelled.

The main purpose of the research started by Saxon was to study stable lcs proper-
ties inherited by products and small-codimensional subspaces of Baire spaces. The
Baire-like property is such an example. Although products [424] and countable-
codimensional subspaces (even hyperplanes) [16] of Baire locally convex spaces
need not be fully Baire, they are always Baire-like since countable-codimensional
subspaces of Baire-like spaces are Baire-like and topological products of Baire-like
spaces are Baire-like; see [354].

These weak Baireness/strong barrelledness properties have well occupied other
authors and books; see [421], [328], [260], [162], [356], [362], [361]. Notwithstand-
ing, our selection and treatment is unique.
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Metrizable barrelled spaces are Baire-like (Amemiya—Komura) and include all
metrizable (L F')-spaces [328, Proposition 4.2.6]. Conversely, as we shall soon see,
Baire-like (L F')-spaces must be metrizable.

(i) Let E be a vector space, and let (E,, 7,), be an increasing sequence of vector
subspaces of E covering E, each E, endowed with a locally convex topology 7,
such that 7,41|E, < 1, for each n € N. Then on E there exists the finest locally
convex topology t such that t|E, < 1, for each n € N. If t is Hausdorff, we say
that (E, t) is the inductive limit space of the sequence (E,, 7,,),, and the latter is a
defining sequence for (E, 7).

(@ii) If each (E,, t,) is metrizable, then (E, t) is an (L M)-space.

(iii) If each (E,, 1) is a Fréchet space (a Banach space), then (E, ) is an (L F)-
space (an (L B)-space).

@iv) If ty41|E, = 1y, for each n € N, then 7|E, = 1, for each n € N, (E, 1)
is the strict inductive limit of (E,, t,), and (E, t) is complete if each (E,, 1) is
complete; see [328, Proposition 8.4.16].

(v) An (LF)-space E is called proper if it has a defining sequence of proper
subspaces of E.

The Bairelikeness of some concrete normed vector-valued function spaces was
studied by several specialists; see [129], [130] for details. We note only that the
normed spaces of Pettis or Bochner integrable functions are not Baire spaces but
Baire-like; see also [420] for more examples of normed Baire-like spaces that are
not Baire. We also have the following simple proposition.

Proposition 2.11 Every metrizable Ics E is b-Baire-like.

Proof Let (U,), be a decreasing base of absolutely convex neigborhoods of zero
in E. Assume that E is not b-Baire-like. Then there exists a bornivorous sequence
(Ay), of absolutely convex closed sets such that U,, ¢ n A, for each n € N. Choose

x, €Uy \ nA,.

Since the null sequence (x,), is bounded, it is contained in m Ay for some k, m € N.
Hence, for all n > max{m, k}, we have

{xy,:ne N} CmAy CnA,,

a contradiction. g
Proposition 2.12 Every barrelled b-Baire-like space E is Baire-like.

Proof Let (A;), be an increasing sequence of absolutely convex closed subsets of
E covering E. The proof will be finished if we show that (A,), is bornivorous.
Indeed, then we apply that E is b-Baire-like, and some A,, will be a neighborhood
of zero.

Assume, by way of contradiction, that there exists a bounded set B C E such that
B ¢ nA, for each n € N. For each n € N, select

Xn en_lB\A,,.
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Since each set A, is closed, for each n € N there exists a closed and absolutely
convex neighborhood of zero U,, such that

Upt1 +Upy1 CUy, x5 ¢ Ap+ Uy,

Set
U= ﬂAn +U,.
n

Then U is a barrel in E and is a neighborhood of zero to which almost all elements
of the null sequence (x,), must belong, a contradiction. g

Proposition 2.12 shows that every metrizable barrelled space is Baire-like, the
Amemiya—Komura result. A more general fact, due to Saxon, is known [354, The-
orem 2.1]: A barrelled Ics that does not contain a (isomorphic) copy of ¢ (i.e., an
Ro-dimensional vector space with the finest locally convex topology) is Baire-like.
Saxon actually proved the following [354, Corollary 2.2], which is even a bit more
general; see also [222].

Theorem 2.5 Let E be £°-barrelled (i.e., every o (E', E)-bounded sequence in E’
is equicontinuous). Assume that E is covered by an increasing sequence (Ap), of
absolutely convex closed subsets of E such that no set A, is absorbing in E. Then
E contains a copy of ¢.

Proof By considering subsequences, we may assume that the span of each A, is a
proper subspace of the span of A,4. Arbitrarily select (x,), in E such that x, €
Apy1 \ span(A;). We show that the span S of the necessarily linearly independent
sequence (x,), is a copy of ¢. It suffices to show that if p is an arbitrary seminorm
on S, there exists a continuous seminorm ¢ on E such that p < ¢|S. Without loss of
generality, we may assume that

n n

p Zajx/' = Zlajlp(xj), p(xp) =1, nelN.
j=I j=I

We proceed inductively to find a sequence (f,,), in E’ such that

fn €Ay, (2.4)

andif n e Nand ay, ay, ..., a, are scalars, then

Jr (Zajxj> > (1 +2”)p(Zanj>. (2.5)
j=1

j=1
The Hahn—Banach separation theorem provides f; € A} such that

max
1<r<n

LA =1 +27 Y p(x).
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Let k € N, and assume there exist fi, f2, ..., fx in E’ such that the conditions above
are satisfied for n < k. Define

k

— _ JOV —k—1
D:={x= Zla,x, L max [f; (x| < (1427 Dpox )
j:

If D is empty, we complete the induction step by letting f;+1 = 0. Assume that D
is nonempty. For x € D, we have

(1427 p(x) — max | fr (1) < max | fr(x + xiq1)]
1<r<k 1<r<k

< (1 +27HIpe) + plasD].

This yields
277 p) = max |fr (o0l + (427D plaes).
<r<
Hence y :=sup,.p p(x) < oo.For A := Ay + span{xy, ..., x¢}, we have

Ak+1 CA, Xp+1 €span A =span Agy1.

Moreover, A is absolutely convex and closed. The Hahn—Banach theorem provides
Jk+1 € A° C Ay such that

fir1 ) = (127D + plas)).

Thus x € D implies that

St +xep) = A +275 N + peag) = 4+ 275D px + xep0).

To prove (2.5) for n = k + 1, consider an arbitrary element z =y + axx4+1 € S
with y = Z’;Zl ajx; and

1)) < +27%Yp(z)

for 1 <r < k. By the induction assumption, @ # 0 and a~'y € D. Therefore, by the
above, we have

|fiar(@™ ') = A+ 27 YHp@'2).

Thus (2.4) and (2.5) hold for n < k + 1; the induction is complete. Now fix x € E.
Since f, € A, the fact that x € A, for almost all » € N means that | f,,(x)| <
1 for almost all n € N. Thus (fi)x is o (E’, E)-bounded, and equicontinuous by
hypothesis on E. The formula

Xt qx):= sgp [ fe (X)]
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defines a continuous seminorm on E. By (2.5) we have p < ¢|S. This shows that p
is continuous on S. We proved that each seminorm on S is continuous, which shows
that S is as desired. O

This yields the following corollary.

Corollary 2.4 (Saxon) Every barrelled Ics that does not contain a copy of ¢ is a
Baire-like space.

Hence, if a barrelled Ics E admits a finer metrizable locally convex topology, then
E is Baire-like. The converse implication fails. Indeed, let £ = (E, ¥}) be an un-
countable product of a metrizable and complete Ics. Clearly E is a nonmetrizable
Baire lcs for which every finer locally convex topology & is nonmetrizable, for if we
assume that £ has a countable base (U, ), of absolutely convex neighborhoods of
zero, then, because ¢ is barrelled, (U_nﬁ)n is a countable base of neighborhoods of
zero for ¥, an impossibility.

Corollary 2.5 Let E be an Ics such that each o (E', E)-bounded sequence in E’
is equicontinuous and E is covered by a strictly increasing sequence of closed sub-
spaces. Then E contains a copy of ¢.

In fact, an £°°-barrelled space E contains a complemented copy of ¢ if and only
if E is covered by a strictly increasing sequence of closed subspaces (see [356,
Theorem 1]).

Corollary 2.6 Every proper (L B)-space E contains a copy of ¢.

Proof We may assume that the unit ball U, in the nth defining Banach space
(Ep, T,) is contained in U, for each n € N. No U, is absorbing in the barrelled
space E. Otherwise, E, would be a dense barrelled subspace of E, consequently
complete by the open mapping theorem, so that E, = E, a contradiction. The theo-
rem applies with A, = U,. g

Hence no proper (L B)-space is metrizable. Nevertheless, metrizable and even
normable proper (L F)-spaces do exist; see [328] for details and references.

Corollary 2.7 For an (LF)-space E, the following conditions are equivalent:

(1) E is Baire-like.
(i1) E is metrizable.
(iii) E does not contain ¢.

Proof (i) = (ii): Let (E,), be a defining sequence of Fréchet spaces for E, and
for each n € N let .%,, be a countable base of neighborhoods of zero in the Fréchet
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space E,. The set % of all unions of finite subsets of | J,, %, is countable. Let .#
be the set of all absolutely convex closed neighborhoods of zero in E. Given any
A C E, let acA denote the absolutely convex closed envelope of A in E. The set

N =MN{acA: Ae F}

is countable. Given an arbitrary U in .#, for each n € N there exists U, € .%,, with
U, C U, and we set

n
A, = U UjeZ.
j=1

Clearly, the increasing sequence (n - acA,), covers E, and each acA, CU.If E
is Baire-like, some acA,, is in .# and hence in 4", which proves that the countable
A is a base of neighborhoods of zero in E (i.e., E is metrizable).

(i1) = (iii) is clear since ¢ is nonmetrizable.

(>iii) = (i) follows from Corollary 2.4. U

We provide later a general result that in particular shows also that nonmetrizable
(L F)-spaces are not Baire-like.

We shall need also in the sequel the following result due to Valdivia [419]; see
also [328, Proposition 8.2.27].

Proposition 2.13 (Valdivia) Let F be a dense barrelled (quasibarrelled) subspace
of an lcs E, and assume that (B,,), is an increasing sequence of absolutely convex
sets such that each point (each bounded set) of F is absorbed by some B,. Then
MNe-o U, (1 +¢)B, =, Bn, where the closure is in E. In particular, E = J,, n By,
and if (By)n is a covering of F, then E = Un B,.

Proof We prove only the barrelled case. It is enough to show that
Us.cJa+eB,
n n
for each ¢ > 0. If there exists ¢ > 0 and x ¢ | J,,(1 + &) B, we may choose for each
n an absolutely convex neighborhood of zero U, in E such that
x ¢ (1+¢e)By+2U,.
Set

U :=ﬂan + U,
n

and observe that U N F is a barrel in the barrelled space F. Thus U N F is a neigh-
borhood of zero in F, and U is a neighborhood of zero in E by density of F. But,
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for each n, we have
x¢(l+e)B,+2U, DB, +¢B,+U, DB, +¢B,+U,D>B,+U,

so that x ¢ |, B, + U. Hence x ¢ | J,, B. O
We note the following corollary.

Corollary 2.8 For any completely regular Hausdorff space X, the space C,(X) is
b-Baire-like.

Proof Let (A,), be a bornivorous increasing sequence of absolutely convex closed
subsets of C,(X) covering C,(X). For each n € N, let B, be the closure of A, in
the space R¥. Since the space C »(X) is dense in RX and C p(X) is quasibarrelled
by [213, Theorem 2], we apply Proposition 2.13 to get RX = C,(X)=U, B
Since R¥ is a Baire space, and the sets B, are closed and absolutely convex, there
exists m € N such that B,, is a neighborhood of zero in R¥X. Consequently, A, is a
neighborhood of zero in C,(X). O

Corollary 2.9 If E is a barrelled space covered by an increasing sequence of
absolutely convex complete subsets, then E is complete.

Anlcs E is called locally complete if every bounded closed absolutely convex set B
is a Banach disc (i.e., the linear span of B endowed with the Minkowski functional
norm ||x| g :=inf{e > 0: &~ 'x € B} is a Banach space). An Ics E is docile if every
infinite-dimensional subspace of E contains an infinite-dimensional bounded set;
see [229].

It is known by the Saxon—Levin—Valdivia theorem that every countable-codimen-
sional subspace of a barrelled space is barrelled; see [328, Theorem 4.3.6]. Theo-
rem 2.6 is due to Saxon; see [352]. In fact, Saxon [358] proved that even F is totally
barrelled. An extension of this result to a barrelled Ics E such that (E’, u(E’, E)) is
complete was obtained by Valdivia; see [328, Proposition 4.3.11].

Theorem 2.6 (Saxon) If F is a subspace of an (LF)-space E such that
dim(E/F) < 2% then F is barrelled.

For the proof, we need the following lemma.
Lemma 2.2 (Sierpiniski) Every denumerable set S admits 2™ denumerable subsets
S, (t € I and|I| =2%0) that are almost disjoint (i.e., if L and T are distinct members

of the indexing set 1, then S, N'S; is finite).

Proof Take S to be all rational numbers, let I be the irrationals, and for each ¢ € 1
choose S, to be a sequence of rationals that converges to t. O
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Lemma 2.3 Let A be a closed absolutely convex set having span F in a docile
locally complete space E. Then dim (E/F) is either finite or at least 2%0.

Proof Assume dim (E/F) is infinite. Then there is an infinite-dimensional subspace
G of E thatis transverse to F. By docility there is an infinite-dimensional bounded
absolutely convex set B in G, and, trivially, its span is transverse to F. Let x; be an
arbitrary nonzero member of B. The bipolar theorem provides f| € E’ such that

fie A® and fi (x;)=1-2%

Now the span of B := fﬁ- N B is infinite-dimensional and transverse to the span of
A1 := A+ span{x1}, and A is absolutely convex and closed. Let x> be an arbitrary
nonzero member of By, and use the bipolar theorem as before to obtain f> € E’ such
that

freAS and fr(xp) =222

By setting B, = fZJ- N By and Ay = A1 + sp {x2} and continuing inductively, we
obtain (x,), C B and (f;), C E’ such that

(f)n CA®; fi(xj)=0fori# j; and f, (x,)=n-2"forallneN.

Since (x,), is bounded and E is locally convex, the series ), 27"x, is abso-
lutely, and hence subseries, convergent. Let {N,},.; be a collection of ¢ denumerable
subsets of N that are almost disjoint (Lemma 2.2), and for every ¢ € I set

v, = Z 27" x,.

neN,

We claim that the set {y,},c; is linearly independent and has span transverse to F.
Indeed, if y is any (finite) linear combination in which the coefficient of some y, is
a nonzero scalar a, then we have

fu (y) =n - a for all but finitely many n € N,.

Therefore (f,), is unbounded at y, whereas (f;), C A° implies that (f), is
bounded at all points of F since they are absorbed by A. We have thus shown
that {y,},c; consists of ¢ linearly independent vectors whose span is transverse to
F, as desired. This implies that every infinite-dimensional locally complete docile
space E has dimension at least 2%0. Indeed, take A = F = {0}. In particular, every
infinite-dimensional Fréchet space has dimension at least 280 see also [277]. O

We are ready to prove Theorem 2.6.

Proof Let B be abarrel in F, let (E,), be a defining sequence of Fréchet spaces for
E, let A be the closure of B in E and let G be the span of A. In each Fréchet space
E,, the intersection A N E,, is closed and has a span of codimension less than 2%0
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in E,; by Lemma 2.3, the codimension is finite. Since the countable union of finite
sets is countable, the codimension of G is countable in E. Therefore G is barrelled
by the Saxon—Levin—Valdivia theorem, and A is a neighborhood of zero in G. It
follows that B = A N F is a neighborhood of zero in F. U

The following observation will be used below; see [328, Proposition 4.1.6].

Proposition 2.14 [f E is a barrelled Ics covered by an increasing sequence (E,)y
of vector subspaces, then a linear map f : E — F from E into an lcs F is contin-
uous if and only if there exists m € N such that the restrictions f|E, : E, — F are
continuous for all n > m, where the topology of each E, is that induced by E.

There is an interesting application of Baire-like spaces for closed graph theorems;
see [354]. It is known that the class of barrelled spaces is the largest class of lcs
for which the closed graph (open mapping) theorem holds vis-4a-vis Fréchet spaces.
Bourbaki [66, Theorem II1.2.1] observed that the class of barrelled spaces is also
the largest one for which the uniform boundedness theorem holds.

Saxon [354] showed that the Grothendieck factorization theorem for linear maps
from a Baire Ics into an (L F)-space with closed graph remains true for linear maps
from a Baire-like space into an (L B)-space. We have the following theorem.

Theorem 2.7 (Saxon) Let F be a Baire-like space. Let E be an (L B)-space with a
defining sequence (E,), of Banach spaces. Then every linear map f : F — E with
a closed graph is continuous.

Proof Via equivalent norms, we may assume that the unit ball B, for E, is con-
tained in B,y and that (B,), covers E. Thus (f~!(B,)), covers F, and there is
some m € N such that f~1(B,) is a neighborhood of zero in F for each n > m.
Hence the closure of f -1 V) in f -1 (Ey) is a neighborhood of zero whenever V,,
is a neighborhood of zero in the Banach space E,, and n > m (i.e., the restriction of
f to f~1(E,) is almost continuous as a mapping into the Banach space E,). Since
the Banach topology is finer than that induced by E, the graph of this restriction
is also closed. By Ptak’s closed graph theorem [328], this mapping is continuous,
and all the more so when the range space E,, is given the coarser topology induced
by E. Since F is barrelled, Proposition 2.14 ensures that the unrestricted f is also
continuous. g

We complete this section with a characterization of the Bairelikeness of spaces
C.(X) for some concrete spaces X.

In what follows, X is a completely regular Hausdorff topological space. If % :=
{feCX): f(X)C[O,1]}, the subspace

{(fx): feF):xeX}

is homeomorphic to X; we identify X with this subspace, and the closure of X
in [0, 117 is the Stone-Cech compactification of X, denoted by gX. Taking into
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account the restrictions to S X of the coordinate projections of [0, 1]9 , we have
f € %, and therefore each uniformly bounded f € C(X) has a unique continuous
extension to 8 X.

By the realcompactification vX of X, we mean the subset of 8X such that x €
vX ifand only if each f € C(X) admits a continuous extension to X U {x}. From the
regularity of X, it follows that each f € C(X) admits a continuous extension to vX.
Therefore the closure in R€X) of {(f(x): f € C(X)) : x € X} is homeomorphic
tovX.

By definition, X is called realcompact if X = vX. From the continuity of the
coordinate projections, it follows that X is realcompact if and only if X is homeo-
morphic to a closed subspace of a product of the real lines. Clearly, closed subspaces
of a realcompact space are realcompact, and any product of realcompact spaces is
realcompact. The intersection of a family of realcompact subspaces of a space is
realcompact because this intersection is homeomorphic to the diagonal of a prod-
uct.

Recall that a subset A C X of a topological space X is topologically bounded if
the restricted map f|A is bounded for each f € C(X); otherwise we will say that A
is topologically unbounded.

If X is completely regular and Hausdorff, then A C X is topologically bounded
if and only if for each locally finite family .% the family {F € % : F N A # (}} is
finite. If X is a topologically bounded set of itself, then X is called pseudocompact.

Recall here that an Ics E is said to be bornological if every bornivorous abso-
lutely convex subset of E is a neighborhood of zero.

The link between properties of C.(X) and C,(X) and topological properties of
X is illustrated by Nachbin [307], Shirota [377], De Wilde and Schmets [113] and
Buchwalter and Schmets [69].

Proposition 2.15 (Nachbin—Shirota) C.(X) is barrelled if and only if X is a pu-
space (i.e., every topologically bounded subset of X has compact closure).

Proposition 2.16 (Nachbin—Shirota, De Wilde—Schmets) The space C.(X) is
bornological if and only if C.(X) is the inductive limit of Banach spaces if and
only if X is realcompact.

Proposition 2.17 (Buchwalter—Schmets) C,(X) is barrelled if and only if every
topologically bounded subset of X is finite.

A good sufficient condition for C.(X) to be a Baire space is hard to locate. Let
us mention the following one: If X is a locally compact and paracompact space,
C.(X) is Baire. The argument uses the well-known fact that X can be written as the
topological direct sum of locally compact, o -compact (hence hemicompact) disjoint
subspaces {X; : 1 € T'} of X. Since C.(X) is isomorphic to the product [ [, Cc(X;)
of Fréchet spaces, the space C.(X) is a Baire space; see, for example, [328]. Gru-
enhage and Ma [194] defined and studied the moving off property and proved that
if X is locally compact or first-countable, C.(X) is Baire if and only if X has the
moving off property.
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Combining results of Lehner [266, Theorem I11.2.2, Theorem I11.3.1] and Propo-
sition 2.15, we note the following proposition.

Proposition 2.18 (Lehner) C.(X) is Baire-like if and only if for each decreasing
sequence (Ap), of closed noncompact subsets of X there exists a continuous func-
tion f € C(X) that is unbounded on each A,,.

This yields the useful Proposition 2.19; see [266] and also [225]. Recall that a topo-
logical space X is of pointwise countable type if each x € X is contained in a com-
pact set K C X of countable character in X (i.e., having a countable basis of open
neighborhoods). All first-countable spaces, as well as éech-complete spaces (hence
locally compact spaces), are of pointwise countable type; see [146], [27].

Proposition 2.19 (Lehner) (i) If X is a locally compact space and C.(X) is bar-
relled, then C.(X) is a Baire-like space.

(ii) If X is a space of pointwise countable type and C.(X) is Baire-like, X is a
locally compact space.

Proof (i) Assume C.(X) is a barrelled space. Then, by Proposition 2.15, the space
X is a pu-space. Having in mind Proposition 2.18, we need only to find for a de-
creasing sequence (A,), of closed, not topologically bounded sets in X a continu-
ous function f € C(X) that is unbounded on each A,. By the assumption, on each
A, there exists f,, € C(X) unbounded on A,,. Note that the proof will be completed
if we find a number m € N such that f;, is unbounded on each A,. Assume that
for each n € N there exists k, € N such that f;, is bounded on Ay, . Since (A,), is
decreasing, we may assume that f;, is bounded on A, 4 for each n € N.

Two cases are possible:

(a) A:=[), An is noncompact. Since X is a p-space, there exists a continuous
function f € C(X) that is unbounded on A, and the proof is finished.

(b) A is compact. Since X is locally compact, there exists an open set Vj such
that A C Vp whose closure Wy is compact. But f; is bounded on Ay U Wy and
unbounded on Ay, so A1 ¢ Az U Wy. Select

x1 € A1\ (A2 U Wp).

Then there exists an open neighborhood V1, x; € Vi, whose closure W is compact,
and
Vic X\ (A2 U Wp).

By a simple induction, we select a sequence (x,), in X and a pairwise disjoint
sequence (Vj,), of open neighborhoods of x,, whose closure W, is compact for each
n € N. Since (V,,), is an open cover of

{xp,:neN}UA,

we deduce that this cover does not admit a finite subcover. We conclude that {x;, :
n € N} U A is not compact. Set L := {x, : n € N}.
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Claim 2.5 LU A is closed in X. Indeed, if x € L \ A, then x € {x; : k > n} for all
n € N. Since {x; : k > n} C A, for each n € N, x € A. This yields that L U A is
closed. As every topologically bounded set in X is relatively compact, there exists a
continuous function f € C(X) unbounded on L U A. Therefore f is unbounded on
each A,,.

(ii) Fix x € X. By the assumption, there exists a compact set K, x € K, and a
decreasing basis (U,), of open neighborhoods of K. Set

Hy, = |f e C(X): sup | f(h)] < n}
heU,

Then, as is easily seen, the family {H), : n € N} covers C(X). Since C.(X) is Baire-
like, there exist a compact set D C X, ¢ > 0, and n € N such that

{f e C(X): sup | f(d)] < s} C H,.
deD

Observe that U, C D. Indeed, if z € U, \ D, we can find a continuous function
feC(X)suchthat f(z)=n+1and f(d) =0 for all d € D. Hence f € H,, so
f(z) <n, which provides a contradiction. O

We already mentioned that the product of two normed Baire spaces need not be
a Baire space. Nevertheless, particular products of Baire spaces are Baire (see the
proof of Proposition 2.2 and text below Proposition 2.7). On the other hand, any
product of metrizable and separable Baire spaces is a Baire space; see [324]. This
fact can be applied to get the following interesting result concerning the products of
Baire spaces Cp(X); see [398, Theorem 4.8], [278].

Theorem 2.8 (Tkachuk) Let {C,(X;) :t € A} be a family of Baire spaces. Then
the product [ |,c 4 Cp(X;) is a Baire space.

Proof Note that [, 4 Cp(X;) is isomorphic to Cp,(X), where X = P, 4 X;. We
will need here the following useful fact stating that C,(X) is a Baire space if and
only if Tp(Cp(X)) is a Baire space for each countable set D C X, where as usual
Tp(f):= f|D for f € C(X) means the restriction map; see [278, Theorem 3.6].
Let D C X be a countable set, and set D; := D N X, for each t € A. Clearly, Wp :=
{t € A: D, # (0} is countable. Since by the assumption each Cj, (X;) is a Baire space,
Tp,(Cp(X,)) is a Baire space. On the other hand, as is easily seen,

Tp(Cp(X) = [] Tn,(Cp(X0).

teWp

As each space Tp, (Cp(X,)) is a metrizable and separable Baire space, the product
Tp(Cp(X)) is a Baire space. Hence C,(X) is Baire. Il
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2.5 Strongly realcompact spaces X and spaces C.(X)

This section deals with the class of strongly realcompact spaces, introduced and
studied in [228]; see also [404]. The following well-known characterization of real-
compact spaces will be used in the sequel; see [181] or [146].

Proposition 2.20 A completely regular Hausdorff space X is realcompact if and
only if for every element x € X* := BX \ X there exists h, € C(8X), h,(X) C]0, 1],
which is positive on X, and hy (x) =0.

Proof Assume the condition holds. Then X = ﬂ{h;l]O, 1]:y € BX\X}. As each
hy_l]O, 1] is a realcompact subspace of BX (since hy_l]O, 1] is homeomorphic to
(BXx]0,1]) N G(hy), where G(hy) means the graph of k), then X is also real-
compact. Conversely, if X is realcompact and xg € BX\X = BX\v X, there exists a
continuous function f : X — R that cannot be extended continuously to X U {xo}.
From

J(x) = max(f(x),0) + min(f(x),0) =

14+ max(f(x),0) — (I —min(f(x),0))

we know that one of the functions g;(x) = 1 + max(f(x),0), or g2(x) =1 —
min(f(x),0) cannot be extended continuously to X U {xp}. Hence there exists
a continuous function g : X — [1, oo that cannot be extended continuously to
X U {xq}. Let 7 be a continuous extension of the bounded function / := 1 /g to
BX.If h(xp) # 0, we reach a contradiction. Hence ﬁ(xo) =0. O

We shall say that X is strongly realcompact [228] if for every sequence (x,), of
elements in X* there exists f € C(B8X) that is positive on X and vanishes on some
subsequence of (x,),. Clearly, every strongly realcompact space is realcompact. It
is known [411, Exercise 1B. 4] that if X is locally compact and o -compact, then X*
is a zero set in B X, so X is strongly realcompact.

A subset A C X is said to be C-embedded (C*-embedded) if every real-valued
continuous (bounded and continuous) function on A can be extended to a continuous
function on the whole space X.

For strongly realcompact spaces, we note the following property. The proof pre-
sented below (see [228]) uses some arguments (due to Negrepontis [311]) from
[180, Theorem 2.7].

Proposition 2.21 [f X is strongly realcompact, every infinite subset D of X* con-
tains an infinite subset S that is relatively compact in X* and C*-embedded in BX.

Proof Let (x,), be an injective sequence in D (i.e., x, # x,, if n # m), and let
f:BX — [0, 1] be a continuous function that is positive on X and vanishes on a
subsequence of (x,),. Set

S={x,:neNnfF N0}, Y,={xepX:|fx)|=n""}neN,
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X1 =SulJ %
n

Note that the space X; is regular and o-compact; hence it is normal (see
Lemma 6.1). Since S is closed in X1, it is C*-embedded in X;. Therefore S is
C*-embedded in 8X . As X C X1 C X, we conclude that 8X| = 8X. O

This implies that, if X is a strongly realcompact space, every infinite closed sub-
set of X* contains a copy of the space SN. On the other hand, Baumgartner and
van Douwen [48, Example 1.11] provided a separable first-countable locally com-
pact realcompact space X (hence strongly realcompact by Theorem 2.9 below) for
which X* contains a discrete countable subset that is not C*-embedded in 8 X. This
result with [48, Theorem 1.2] can be used to distinguish an example of a locally
compact realcompact space X such that X* contains a sequence (x,), for which
there does not exist f € C(8X) that is positive on X and vanishes on (x,),.

The space QQ of the rational numbers is not strongly realcompact, but by [139]
one gets that Q* is a Bw-space (i.e., if D is a countable discrete subset of Q*, and
D (the closure in Q*) is compact, then D = D). Hence D is C*-embedded in SQ.
It is known (see [181]) that Q* contains a countable subset that is not C*-embedded
in SQ.

A filter (filterbasis) .# on a topological space X is said to be unbounded if there
exists a continuous real-valued function f on X that is unbounded on each element
of % . We call f unbounded on .%.

In order to prove Theorem 2.9, we need the following two lemmas.

Lemma 2.4 A filter F on a topological space X is unbounded if and only if there
exists x € (\pegz F \ vX, where the closure is taken in fX.

Proof Set K := (\pc F, and assume by contradiction that K C vX. Then, for
each continuous real-valued function f on X there exists an open set Uy C BX
such that K C Uy and the restriction f|Uy N X is bounded. Note that there exists
F € .7 contained in Uy. Indeed, otherwise the family of sets {(F\U riFeZF}
satisfies the finite intersection property, which leads to a pointin K \ Uy. This is a
contradiction. We proved that there exists F' € .% contained in U . This shows that
Z is not unbounded.

To prove the converse, assume that there exists x € K \ vX. It is known (see
[181]) that vX = ﬂfec(x) vr(X), where

vr(X) = {x € BX : fP(x) # oo}.

Then there exists f € C(X) for which the extension f# : X — Ry, has property
f®Mx) = 00, where Roo := R U {00} (the Alexandrov one-point compactification).
Since x € F for each F € .%, the map f is unbounded on .%. O

Lemma 2.5 Each unbounded filterbasis .7 on a topological space X is contained
in an unbounded ultrafilter % on X.
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Proof If # :={M C X :3F € %; F C M}, then ./ is an unbounded filter on X.
By Lemma 2.4, there exists x € (g 4 F \ vX. Let & be the family of all filters
% on X containing .# and such that x € (pcy F. Order &/ by inclusion. Since
there exists a maximal chain in .7, its union %/ is an ultrafilter on X containing .%
such that x € ()peq, F, and we use Lemma 2.4 to conclude that % is unbounded
on X. 0

We are ready to prove the following characterization of strongly realcompact
spaces. Parts (i) and (ii) were proved in [228]; part (iii) is from [404].

Theorem 2.9 (i) A topological space X is strongly realcompact if and only if X is
realcompact and X* is countably compact. Hence every locally compact realcom-
pact space is strongly realcompact.

(ii) Every strongly realcompact space of pointwise countable type is locally com-
pact.

(iii) A realcompact space X is strongly realcompact if and only if for each se-
quence (F,), of unbounded filters (filterbases) on X there exists a continuous
real-valued function on X and a subsequence (Fy, )y such that f is unbounded
on each Fp, .

Proof (i) Suppose X is strongly realcompact. Let P C X* be an infinite set, and let
(xn)n be an injective sequence in P. There exists a continuous function f : X —
[0, 1] that is positive on X and zero on some subsequence (xi, ), of (x,),. Then

{xx, :neN}yc £71(0) c X*.

Hence
{(xx, :neN}¥ c £710).

Note that {x, : n € N} is nonempty, where A? is the set of all accumulation points
of a set A. This proves that P has an accumulation point in X*.

To prove the converse, assume that X is realcompact and every infinite subset of
X* has an accumulation point in X*.

Let (x,), be a sequence in X*. If P = {x, : n € N} is finite, then (since X is
realcompact) there exists a continuous function f : X — [0, 1] that is positive on
X and zero on a subsequence of (x,),. If P = {x, : n € N} is infinite, take p €
P4\ X. Then there exists a continuous function f : BX — [0, 1] that is positive on
X and vanishes on p. Note that for every r > 0 the set P N f ~1([0, 7)) is infinite
since £~1([0, r)) is a neighborhood of the point p € Pe.

We consider two possible cases:

Case 1. The set P N £~1(0) is infinite. Then f is positive on X and zero on some
subsequence of the sequence (x;);.

Case 2. The set P N £~1(0) is finite. As for every r > 0 the set PN N0, r)) is
infinite, there exists an injective sequence (t,), in P such that the sequence (f(¢,))n
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is strictly decreasing and converges to zero. Set Py = {f, :n € N}, so =1 and s; €
(f (tx+1), f () for all k € N. Then (sg)x is decreasing and converges to zero. Set

Fie= (e, s—11)

for k € N. Then F}, are compact and #; € F), if and only if kX = n. Moreover,

xc o m=J~r
k

and
PoNF,={t}, keN.

If f(x)=c>0,thenx e f~1((27 ¢, 1]). Since f(#%) — 0, we have that x ¢ P¢.
Hence, if x € Pé’, then x € f_1 (0). Hence x ¢ Uk Fj.. We showed that

Pén (U Fk> =0.
k

Since X is realcompact, for every k € N there exists a continuous function fj :
BX — [0, 1] that is positive on X and zero on 7. Next set

¥ = (n7 ' 1), nokeN.
Then

xc ol =7y
n

and 1 ¢ Tnk for all k, n € N. Moreover,

xclJrnxc|JUFRNTE PN (BT C PN Fe={u}.
k k n

Asty ¢ Fx N TF,
PyN(FkNTH =p
forall n, k € N. Hence PN W =, and

PinwcPin| R =0.
k

where W = |, U, Fx N TX. Therefore Py N W = ). We showed that there exist an
infinite subset Py of P and an infinite sequence of compact sets (K} ), such that

x c| Kk cBX. (UKn)m?():@.

n
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For every n € N, let g, : X — [0, 1] be a continuous function such that
anlK, =1, gn|F0:0-

Put g =), 27"g,. The function g : BX — [0, 1] is continuous, positive on X,
and zero on some subsequence of the sequence (x,),. This shows that for every
sequence (x,), in X* there exists a continuous function on 8X that is positive on X
and vanishes on some subsequence of (x;);.

(ii) Assume X is a strongly realcompact space of pointwise countable type and
is not locally compact. Then there exist xo € X for which there does not exist a rela-
tively compact open neighborhood, and a compact set K with xp € K that admits a
countable (decreasing) basis (U,), of neighborhoods of K. For every n € N, choose
xn € (U, \ X), where the closure is taken in S X. Note that

BX\K)N{x,} =0.

Indeed, let x € (BX \ K). Let V C BX be an open neighborhood of K such that
x € (BX \ V). Then there exists ng € N such that U,, C V N X, so U,, C V. Since

() U, CV,

x € BX \ {x,}¢. Hence {x,}? C K. This shows that X is not strongly realcompact,
a contradiction.

(iii) Assume X is strongly realcompact and each .%#, is an unbounded filterbasis
on X. For each n € N, there exists an accumulation point of .%,,, say x, € 8X \ vX.
Since X is a realcompact space, vX = X. As X is strongly realcompact, there exists
a subsequence (x,, )x of (x,),, and a positive continuous function g € C(X) such
that g(x) < 1 and g#(x,,) =0 for all k € N. Then f := g~ € C(X). Hence f is
unbounded on each .%,, since

xee [ F\upX).

Fe&’nk

This proves one direction of the claim (iii).
To prove the converse, assume that (x,), is a sequence in 8X \ X. Then, for each
n € N there exists a filter .%, on X that converges to x, in the space SX. But

X, € ﬂ F, xp ¢ X =vX.
FeZ,

This shows that each .%,, is unbounded on X. By the assumption, there exists a
subsequence (%, )k of (#), and f € C(X) that is unbounded on each .%,, . Set

gx) =1+ [f)D~!

for each x € X. Clearly, the function g is positive on X and is continuous and
bounded. Therefore there exists a continuous extension g# of g to 8X, and clearly
g? (xp,) = 0. This proves that X is strongly realcompact. g
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Example 2.1 There is a strongly realcompact space that is not locally compact. The
space RN is realcompact and not strongly realcompact.

Proof Let P be a countable and nonempty subset of N*. Note that the subspace
X :=NU P of SN is a Lindelof space. Hence it is a realcompact space. On the other
hand, since every countable and closed subset of SN is finite (see [411, p. 71]) one
gets that the space X* = N*\ P is countably compact. Now Theorem 2.9 is applied
to deduce that X is strongly realcompact. Note that X is not locally compact. The
second statement follows directly from Theorem 2.9. g

If D is an absolutely convex subset of C.(X), a hold K of D is a compact subset
of B X such that f € C(X) belongs to D if its continuous extension f#: X — SR
is identically zero on a neighborhood of K. The intersection k(D) of all holds of an
absolutely convex set D in C.(X) is again a hold. k(D) is called a support of D. If,
moreover, D is bornivorous, k(D) is contained in v X; see [328, Lemma 10.1.9].

We also need the following fact due to Valdivia [419]; see also [328].

Lemma 2.6 (Valdivia) Let E be a barrelled space. Let (A,), be an increasing
sequence of absolutely convex closed subsets of E covering E. Then, for every
bounded set B C E there exists m € N such that B CmA,,.

Proof Assume that for each n € N there exists x, € B \ nA,. Then the sequence
n)dns Yni= n~lx, converges to zero in E, and y, ¢ A, for all n € N. Let (U, ), be
a decreasing sequence of absolutely convex neighborhoods of zero in E such that
Upt1+Uyr1 C Uy and y, ¢ A, + U, for all n € N. Then

Yn & Ay +Untr
for all n € N. Set

Ui=()(A, +Up.

The set U is closed, absolutely convex and absorbing in E and y, ¢ U for all n €
N. Hence U is a barrel in E. Since E is barrelled, U is a neighborhood of zero
in E. This proves that U contains almost all elements of the sequence (y;,),, a
contradiction. O

We are prepared to prove the following result from [228].

Theorem 2.10 (Kakol-Sliwa) (i) If X is a strongly realcompact space, Co(X) is
Baire-like and bornological.

(i) If X is locally compact, C.(X) is Baire-like and bornological if and only if
X is realcompact.

(iii) If X is a space of pointwise countable type, C.(X) is bornological and Baire-
like if and only if X is strongly realcompact.
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Proof (i) Let (D), be a bornivorous sequence in C.(X) (i.e., every bounded set in
C.(X) is absorbed by some D,,). We may assume that every bounded set in C.(X) is
contained in some D,. Note that k(D,,,) C X for some mg € N. Indeed, otherwise
for every n € N there exists x, € k(D,) \ X. Since X is strongly realcompact, there
exists a continuous function f : 8X — [0, 1] that is positive on X and zero on some
subsequence of (xy),. Since (D), is increasing, we may assume that f(x,) =0,
n € N. The sets

An={yeBX: f(»)>m")

are open in B X and compose an increasing sequence covering X. Since x, ¢ A, for
neN, Where_the closure is taken in 8 X, we have k(D,,) ¢ A, for every n € N. This
implies that A, is not a hold of D, for any n € N. Hence there exists a sequence

Jn € Ce(X)\ Dy

such that the extension f,,’3 = 0 on some neighborhood of A,. As the sequence (f,)n
converges to zero in C.(X), there exists p € N such that f, € D), foralln €N, a
contradiction.

We proved that there exists mo € N such that k(D,,,) C X. Next we show that
there exist m > mq and r > 0 such that

{feC(X): sup |f(x)|<r]CDm, (2.6)
x€k(Dy,)

which will show that C.(X) is b-Baire-like.
To show (2.6), it is enough to prove that there exist » > 0 and n > mq such that

{recoo:swirmi<r|cps

xeX

see [370, Theorem II.1.4]. Assume this fails. Then there exists a sequence
Jn € C(X)\ Dy

such that | f,, (x)| < n~! for every x € X and n € N. Since (f,), converges to zero
in C.(X) and (D,,), is bornivorous, we reach a contradiction.

On the other hand, since X is realcompact, by Proposition 2.16 the space C.(X)
is the inductive limit of Banach spaces and therefore C.(X) is both barrelled
and bornological. By Proposition 2.12, any barrelled b-Baire-like space is Baire-
like. Hence C.(X) is Baire-like. An alternative (shorter) proof of (i) uses Theo-
rem 2.9(iii). Indeed, since a sequence (A;), of unbounded subsets of X provides a
sequence ((Ap)), of unbounded filterbases, we apply (iii) of Theorem 2.9.

(i1) Assume X is locally compact and C,.(X) is Baire-like and bornological. Then
X is realcompact. The rest follows from Theorem 2.9.

(iii) Assume X is of pointwise countable type and the space C.(X) is bornolog-
ical and Baire-like. Then X is realcompact by Proposition 2.16. We prove that X is
locally compact. Let x € X. Since X is of pointwise countable type, there exist a
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compact set K in X containing x and a decreasing basis (Uy), of open neighbor-
hoods of the set K. Then the absolutely convex and closed sets

Wo={rece: sup £l <n}

xeU,

cover C.(X). By assumption, there exist n € N, ¢ > 0, and a compact subset S of X
such that

{receo:swirmi<e}cw.
yeS
Hence U, C S. We proved that X is locally compact. Theorem 2.9 is applied to de-
duce that X is strongly realcompact. For the converse, we again apply Theorem 2.9
and the previous case. O

From Theorem 2.9, we know that a realcompact space X for which X \ X
is countably compact is strongly realcompact. As concerns the converse to Theo-
rem 2.10, we note only the following fact.

Proposition 2.22 If C.(X) is a Baire space and X is realcompact, then BX \
X is pseudocompact (i.e., its image under any real-valued continuous function is

bounded).

Proof Assume that X* := X \ X is not pseudocompact. Then there exists a locally
finite sequence (Uy), of open disjoint subsets in X*. Then, by regularity, we obtain
a sequence (V,), of open nonempty sets in §X such that

P£V,NX*CV,NX*CU,,

where the closure is taken in 8X. Since X is realcompact, A, =V,, where A, :=
Vi, \ X* =V, N X. As every topologically bounded set in X is relatively compact by
Proposition 2.15 (since C.(X) is barrelled), A, is not topologically bounded in X
for n € N. Since Cp(X) is a Baire space, by [266] there exists a continuous function
f € C(X) and a subsequence (A, )x such that f|A,, is unbounded for each k € N.

Let Ry be the Alexandrov one-point compactification of R, and let f*°: X —
R be the continuous extension of f. As each f|A,, is unbounded, there exists a
sequence (xx)x such that f°°(x;) = oo for each k € N and

Xk € Ay \ X C Uy, .

Since the sequence (Uy, )i is locally finite in X*, we deduce that the sequence (xy )k
has an adherent point x € X. But f*°(x;) = ocoforeachk € N,so f(x) = f®(x) =
oo. This provides a contradiction since f(X) C R. We proved that X \ X is pseu-
docompact. g

We need the following fact following from [285, Theorem 5.3.5].
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Lemma 2.7 [f there exists an infinite family J# of nonempty compact subsets of X
such that (i) for every compact set L of X there exists K € ¢ with KN L = and
(i) any infinite subfamily of J¢ is not discrete, then C.(X) is not a Baire space.

There are several examples of barrelled spaces C.(X) that are not Baire; see, for
example, [266], [398], [278]. The next example, from [228], is motivated by [48,
Example 1.11].

Example 2.2 (Kqgkol-Sliwa) There exists a locally compact and strongly realcom-
pact space X such that the bornological Baire-like space C.(X) is not Baire.

Proof Let X be the set R of reals endowed with a topology defined as follows:

(a) For every t € Q, the set {t} is open in X.

(b) For every r € R \ Q, there exists a sequence (t,), C Q that converges to ¢
such that the sets

Va (@) ={t} U {tn : m > n},

n,m € N, form a base of neighborhoods of # in X.

(c) For all dense sets A, B C Q in the natural topology of R, the set A N B is
non-empty, where the closure is taken in X.

As the space X is a locally compact and realcompact space, it is strongly real-
compact by Theorem 2.9.

We prove that X satisfies conditions (i) and (ii) from Lemma 2.7. Let (P,), be a
sequence of pairwise disjoint finite subsets of R \ Q such that for any subsequence
(Pn)k the set |, Py, is dense in R. Set

Pn:{t]’::lgkgmn}
for all n € N. For all n, m € N, the set

Kn,m = U Vm(t]’z)

1<k<m,,

is nonempty and compact in X.

Claim 2.6 & ={K, n :n,m e N} satisfies (i).
Indeed, any compact subset L of X is contained in a set of the form

Vighu---Uvi™ U{pi, ..., pils

where m,k e Nand ¢!, 12, ... " eR\Q, pi,..., pr € Q.In fact, the set LN (R\
Q) is finite since the open cover

Vi@):1e LON@®\Q}U{{g}:q € LNQ}

of L has a finite subcover. On the other hand,

(U reLne\ )
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is finite since X¢ (R \ Q). Hence .#  indeed satisfies ().
Claim 2.7 ¢ satisfies (ii).

Indeed, otherwise some infinite subfamily {K” : n € N} of JZ is discrete. But
then sets A = | J, K*" and B = J,, K*"*! are disjoint and closed in X. Applying
the property of (P,),, one gets that A N Q and B N Q are dense in R. Hence, by (c),
the set (AN Q) N (BNQ) is nonempty, a contradiction. We proved that C.(X) is
not Baire. O

Tkachuk [398] provided an example of a countable space X that has exactly
one nonisolated point, has no infinite topologically bounded sets (hence C,(X) is
barrelled by Proposition 2.17) and C,(X) is not Baire. We show another example
of this type.

Set X :=N?U {x} for x ¢ N2, where all points of N2 are isolated in X, and set
X, :={(m,n) :m € N} for each n € N. The basis #Z(x) at x is formed by the sets

({UcX:xeU, |[{n:|(X\U)NX,| = oo}| < ool.

The space X (originally defined by Arens) is completely regular and Hausdorff.
Since X is countable, it is Lindelof.

Example 2.3 The space Cp,(X) for the Arens space X is barrelled and not Baire.

Proof If K C X is compact, K is finite (so X is hemicompact). Indeed, note that
|K N X, | < oo foreach n € N and

{neN: KNX,#0} < oo.

Clearly, C,(X) is metrizable since X is countable. By Proposition 2.17 and Propo-
sition 2.135, the space C¢(X) = C),(X) is barrelled.

We show that C),(X) is not Baire. First observe that for each f € C(X) there
exists n € N such that the restriction f|X, is bounded. Indeed, otherwise, if there
exists f € C(X) that is unbounded on each X,,, then f is unbounded on each open
neighborhood of the point x. This implies that f is discontinuous at x, a contradic-
tion. Now set

Buni={f€CX): sup [f ()] =n}
YEXm
for each n, m € N. The sets B, , are absolutely convex and closed. Clearly, C(X) =
Un By, . Assume that Cp,(X) is a Baire space. Then there exist m, n € N such that
By, is a neighborhood of zero in Cj, (X). Hence there exists a compact set K C X
and & > 0 such that

{recco:swirmi<e}c B @7
yek
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We claim that X, C K (which will provide a contradiction). If there exists y € X, \
K, then there exists f € C(X) suchthat f(z) =0 foreach z € K and f(y) > n. This
yields a contradiction with (2.7). O

The following problem is motivated by the previous results.

Problem 2.1 Characterize a strongly realcompact space X in terms of topological
properties of Co.(X) (or Cp(X)).

2.6 Pseudocompact spaces, Warner boundedness
and spaces C.(X)

In this section, we characterize pseudocompact spaces. For example, we show that
X is pseudocompact, a Warner-bounded set or C,(X) is a (df)-space if and only if
for each sequence (u,), in the dual C.(X)’ of C.(X) there exists a sequence (¢,), C
(0, 1] such that (#,,), is weakly bounded, strongly bounded, or equicontinuous,
respectively.

This result will be used to provide an example of a (df)-space C.(X) that is not
a (D F)-space. This solves an open question; see [231]. Parts of this section will be
used to present concrete examples of quasi-Suslin spaces that are not K-analytic.

Buchwalter [68] called a topological space X Warner bounded if for every se-
quence (U,), of nonempty open subsets of X there exists a compact set K C X
such that U, N K # @ for infinitely many n € N. In fact, Buchwalter required that
(Un)n be disjoint, but due to regularity of X this condition could be omitted. Warner
has already observed [413] that any Warner-bounded space is pseudocompact.

First we provide the following useful analytic characterization of Warner bound-
edness; see [232]. In this section, X always means a completely regular Hausdorff
topological space.

Theorem 2.11 (Kakol-Saxon-Todd) C.(X) does not contain a dense subspace
RN if and only if X is Warner bounded.

For the proof, we need the following lemma.

Lemma 2.8 (a) An Ics E contains a dense subspace G of RN if and only if there
exists a sequence (wy), of nonzero elements in E such that every continuous semi-
norm in E vanishes at wy, for almost all n € N.

(b) If an lcs E contains a dense subspace G of RY, then the strong dual
(E', B(E', E)) contains the space ¢.

Proof (a) Assume that E contains a sequence as mentioned. For (wy), there ex-
ists a biorthogonal sequence (vy, i), in F x F', where (v,,), is a subsequence of
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(wn)n, F is a linear span of v,, n € N, and F’ is spanned by u,, n € N. Note that
F is isomorphic to the linear span G of the unit vectors of RN, Now assume that
RN contains a dense subspace G. Let (p,), be a fundamental sequence of contin-
uous seminorms on G. Then each G, :=(/_, p; 1(0) is an infinite-dimensional
subspace of G. Therefore we can find w, € G, \ {0} for each n € N, as required.
(b) It is well known that the strong dual of RY is the space ¢; see, for example,
[328]. On the other hand, it is also well known that every bounded set in the com-
pletion of G =R is contained in the é—completion of a bounded set in G; see also
[328, Observation 8.3.23]. This completes the proof of (b). 0

Now we are ready to prove Theorem 2.11.

Proof Assume that C.(X) contains a dense subspace of RN, Then there exists a
sequence ( f,,), of nonzero elements of C(X) that vanishes for almost all » € N on
any compact subset of X. Then, for each n € N there exists an open nonzero set U,
in X such that f,,(y) # 0 for all y € U,,. Therefore every compact set K in X misses
U, for almost all n € N. This shows that X is not a Warner-bounded set.

To prove the converse, assume that (U,), is a sequence of nonempty open sets
in X such that almost all of them miss each compact set in X. Then we can select a
sequence (f;), of nonzero continuous functions on X such that each f,,(X \ U,) =
{0}. Hence each continuous seminorm on C.(X) vanishes on almost all elements of
the sequence ( f,;),. Now we apply Lemma 2.8. 0

Theorem 2.12 (see [231]) looks much more interesting if we have already in
mind Theorem 2.11.

Theorem 2.12 (Kakol-Saxon-Todd) The following assertions are equivalent
for X:

(i) X is pseudocompact.

(ii) For each sequence (uy), in the weak™ dual F of C.(X), there exists a se-
quence (ty), C (0, 1] such that (t, )y is bounded in F.

(iii) The weak™ dual F of C.(X) is docile (i.e., every infinite-dimensional sub-
space of F contains an infinite-dimensional bounded set).

(iv) C+(X) does not contain a copy ofRN.

Proof (i) = (ii): Take a sequence (i), in F. Set

tw = (lpall + D!

for each n € N. Since X is pseudocompact, (t,u,(f)), is bounded for each f €
C(X).

(i1) = (iii) holds for any Ics.

(>iii) = (i) is clear.

(iii) = (iv): Assume G is a subspace of C.(X) isomorphic to RN It is clear that
the weak* dual of RY, and hence (G’, 0 (G’, G)), is not docile. Using the Hahn—
Banach theorem, we extend elements of G’ to the whole space C(X) that generate
a nondocile subspace of the weak™ dual of C.(X). This contradicts (iii).
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(iv) = (i): Suppose that X is not pseudocompact. Then there exists a sequence
(Uy)y, of disjoint open nonempty sets in X that is locally finite. Choose x, € U, and
fn € C(X) such that f,(x,) =1 and f,(X \ U,) = {0} for each n € N. Note that,
because the sequence (Up,), is locally finite, the series ) a, f, converges in C.(X)
for any scalar sequence (a;), in RN. Define a map T : RN - C.(X) by

T((an)n) =Y an fo-

n

The map T is injective. Indeed, since for each evaluation map §,, we have
Sxm € (Cé(X)’ G(CC(X)/9 CC(X)))7

and

Sxm (Zanfn) =dam,

then indeed T is an injective open map. We show that 7 is continuous. Each partial
sum map T defined by

N
Ty ((an)n) == Zanfn

n=1

is continuous, and T is the pointwise limit of the sequence (7). Since the space
RN is Baire, the sequence (Ty) y is equicontinuous, and 7 is continuous by the clas-
sical Banach—Steinhaus theorem. Consequently, the space C.(X) contains a copy
of RN, O

Many barrelled spaces C.(X) are not Baire-like; for example, C.(Q) is not Baire-
like (although barrelled by Proposition 2.15) since Q is not locally compact, and we
apply Proposition 2.19. By Theorem 2.5, the space C.(Q) contains ¢. It is interest-
ing that owing to Theorem 2.12 each space C.(X) that contains the nondocile space
¢ contains also the docile space RY. So we deduce that every barrelled non-Baire-
like space C.(X) contains both spaces ¢ and RN, Note that C.(R) contains RY but
not ¢.

Theorem 2.11 and Lemma 2.8 apply to simplify essentially Warner’s fundamen-
tal theorem [413, Theorem 11].

Theorem 2.13 The following assertions are equivalent:

(i) X is Warner bounded.

@) [X,1]:={f € C(X) :sup,cx | f(x)| <1} absorbs bounded sets in Cc(X).

(iii) Co(X) has a fundamental sequence of bounded sets.

(iv) Every Cauchy sequence in C.(X) is a Cauchy sequence in the space Cp(X)
of the continuous bounded functions on X with the uniform Banach topology.

(v) X is pseudocompact, and C.(X) is sequentially complete.

(vi) X is pseudocompact, and C.(X) is locally complete.
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Proof (i) = (ii): Let B C C.(X) be a bounded set. Hence B is uniformly bounded
on each compact set in X. Assume B is not absorbed by [X, 1]. Then for each
n € N there exist f, € B, and x,, € X such that | f;,(x;,)| > n. Consequently, for
each n € N there exists an open neighborhood U, of x,, such that | f,,(x)| > n for
all x € U,,. Since X is Warner bounded, there exists a compact set K C X such that
K NU, # @ for almost all n € N, a contradiction since {f, : n € N} C B must be
uniformly bounded on K.

(ii) = (iii): The sets n[X, 1] for n € N form a fundamental sequence of bounded
sets.

(iii)) = (i): By the assumption, the strong dual of C.(X) is metrizable. Now we
apply Lemma 2.8 (b) and Theorem 2.11 to complete the proof.

(1) = (@v): By (i) = (ii), the space X is pseudocompact. To prove the second
part, let ( f,), be a null sequence in C.(X).

We show that ( f;,), is a null sequence in the uniform Banach topology of Cp(X).
Assume this fails. Then there exist a subsequence (4,), of (f;)n, € > 0, and a
sequence (U,), of nonzero open sets in X such that |k, (x)| > ¢ for all x € U,.
Since (h,), converges to zero uniformly on compact sets of X, they miss U, for
almost all n € N. This contradicts (i).

(iv) = (v): By (iv), X is pseudocompact and Cj(X) is complete.

(v) = (vi): Any sequentially complete Ics is locally complete.

(vi) = (ii): In a locally complete Ics, barrels absorb bounded sets; this fact is el-
ementary; see, for example, [328, Corollary 5.1.10]. Therefore the set [ X, 1] (which
is clearly closed, absolutely convex and absorbing) absorbs bounded sets. 0

It is worth noticing here another interesting characterization of a completely reg-
ular Hausdorff space X to be pseudocompact (see [416]): X is pseudocompact if
and only if every uniformly bounded pointwise compact set H in the space Cp(X)
is weakly compact.

In order to prove the main result of this section, we shall need two additional
lemmas.

Lemma 2.9 If every countable subset of X is relatively compact, [ X, 1] is borniv-
orous in C.(X).

Proof 1If a bounded set A C C.(X) is not absorbed by [X, 1], there exist two se-
quences, (x,), in X and (f;), in A, such that (f;,(x,)), is not bounded. Since the
closure of the set {x, : n € N} is compact in X, [K, 1] is a neighborhood of zero in
C.(X) that does not absorb A, a contradiction. Il

We also need the following useful fact; see [328] and [360].
Proposition 2.23 An lcs E is locally complete if and only if it is £'-complete (i.e.,

for each (ty);, € ¢! and each bounded sequence (x,), in E, the series ), tyXy
converges in E).
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Proof Let & be the original topology of E. Assume that E is locally complete,
and fix arbitrary (#,), in ¢! and a bounded sequence (x,), in E. Then the closed,
absolutely convex hull B of (x,), is a Banach disc. Since for r > s we have

Ztnxn _Ztnxn € (ts|+---+ B,

n<r n<s

the series Zn t,x, converges in the Banach space (Ep, |.||g). Therefore Zn th Xy
converges in E since £|Ep < &p, where £p is a locally convex topology generated
by the norm ||.|| 5.

To prove the converse, assume that E is Zl—complete, and let B be a closed,
bounded, absolutely convex subset of E.

Let (y,), be a Cauchy sequence in E p. There exists an increasing sequence (1 )x
in N such that ||y, — ys|| < 27%ifr,s,keNandr,s > ng. Set

ty = 2_k, Xp o= 21‘()),,,(+I — Ynp)-

Then (x,),, C B is bounded and the series Zn t,x, converges in E to some x € E.
For r > k, we have

Ztnxn - Ztnxn S (2_k + 4 2_”) C 2_k+lB.

n=r n<k

Then x — ) _; t,x, is the limit of the sequence

(Z InXp — Z tnxn)
n<r

n<k r

n<k

whose members belong to the set 2%+ B. As the last set is closed,
X — Ztnxn c27k+1p
n<k
for each k € N. This implies that

Yng = Yn; + Ztnxn — Yn, +X

n<k

in the space E g. Hence (y,), converges in the space Ep. We proved that E is locally
complete. U

An lcs E is called dual locally complete [424] if (E', o (E’, E)) is locally com-
plete. The space E is called dual £'-complete if (E', o (E’, E)) is £!-complete. Note
also a dual version of Proposition 2.23; see [360].

Proposition 2.24 For an Ics E, the following assertions are equivalent:
(i) E is dual locally complete.
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(i) E is dual El-complete.
(i) If A is an absorbing and absolutely convex subset of E, f is a linear func-
tional over E and f|A is continuous on A, then f is continuous on E.

Proof Because of Proposition 2.23, it is enough to prove (ii) = (iii) and (iii) = (ii).

(ii) = (iii): Let A be an absolutely convex and absorbing closed subset of E, and
let f be a linear functional on E that is continuous on A. We may assume that there
exists x € E such that f(x) =1. Foreachn e N, set A, :=nA and

Cp,.=nAN{yeE: f(y) =0}

Then, for each n € N there exists a continuous linear functional f;, with f,(x) =
1 and |f,(y)| < 27" for each y € C,. Clearly, the sequence (2"(fy+1 — fu))n is
o (E’, E)-bounded, so by assumption we deduce that

F=A+D 272" (fasr — fi)]

is continuous.
(iii) = (ii): Choose an arbitrary sequence (t,), in ¢! and a sequence (fy), in E’
that is o (E’, E)-bounded. Set

FO) = tafulx)

for each x € E. We need to show that f is continuous. Because of (iii), it is enough
to show that f|A is continuous at zero, where A := { f,, : n € N}°. Fix ¢ > 0, and
choose k € N with " _, |ta] < 27 1e. Select a neighborhood of zero U in E such

that
‘ (Z tn fn) (x)

n<k

for all x € U. Finally, let x € AN U. Then

(Z rnfn)oc)

n<k

<271

Lf )] <

+Z|t,,| <e.

n>k

The proof is completed. O

A subset K of X is the support of some continuous linear functional A on C.(X)
(denoted by supp A) if it is the intersection of closed sets M C X having the property
that A(f) =01if f € C(X) and f(M) = {0}. We need the following lemma; see
[231].

Lemma 2.10 With E := C.(X), if one of (E',B(E',E)), (E',o(E',E)), or
(E',n(E', E)) is both docile and locally complete, then [ X, 1] is bornivorous, where
(E',n(E', E)) denotes the dual of E' endowed with the topology generated by the
norm ||A| :=sup{[A(f)]: f € [X.1]}.
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Proof Assume [X, 1] is not bornivorous. Then there exist a sequence (x,), in X
and a bounded sequence (f;), in C.(X) such that f;,(x,) > n for each n € N. Since
the sequence (f;,), is bounded, the set {x, : n € N} is infinite. We may assume that
the sequence (x,), is injective (i.e., x,, # x,,, for n # m). Hence the evaluation func-
tionals 8y, form a Hamel basis for their linear span D C E'. Clearly, y = )", b,6x,
for y € D, where all but finite numbers b, are zero. Then supp y := {x, : b, # 0} is
finite, so there exists

min y :=min{|b,| : x, € suppy}.

By the assumption about docility, we deduce that there exists a linearly indepen-
dent sequence (), in D that is bounded in each dual mentioned above. By the
local completeness, the series ) _, a,y,, converges for each absolutely summable se-
quence (a,), (by Proposition 2.23), and ), a,y, converges pointwisely for each
felXx, 11

Choose inductively an absolutely summable sequence (a,,), of nonzero elements
such that a,, — 0 and

> layil < lay| miny,

k>n
for each n e N. Hence y := ), a,y, € E'. This implies that there exists a compact
set K C X such that y is bounded on the neighborhood of zero [K, 1] in C.(X).
On the other hand, linear independence of (y,), yields that | J,, supp y;, is an infinite
subset of (x,),. Then, since ( f;), is uniformly bounded, we deduce that Un Supp ¥n
is not a subset of K. Let p € N such that suppy,, is not a subset of K. Fix y €
supp¥p \ K. The set

A:=KU{x#y:x esuppyp}

is closed and misses y, and there exists g € [X, 1] with g(y) =1 and g(A) = {0}.
Since cg € [K, 1] for each scalar ¢, we deduce that linear functional y vanishes
on g.

On the other hand, we note that

Zanyn(g)‘ =

Zanyn(g)‘

n<p

ly (@)l =

> lapyp(®)l = Y lacye(@)] = laplmin v, — > laxl vkl > 0.
k>p k>p

This provides a contradiction. g
Buchwalter and Schmets [69, Theorem 4.1] proved the following.

Proposition 2.25 C.(X) is £°°-barrelled if and only if the weak dual of C.(X) is
locally complete if and only if a countable union of support sets in X is relatively
compact provided it is topologically bounded.
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An Ics E is called a (DF)-space if E admits a fundamental sequence of bounded
sets and is Rg-quasibarrelled (i.e., any countable union of equicontinuous sets that
is B(E’, E)-bounded is equicontinuous). An Ics E is Rg-barrelled if any countable
union of equicontinuous sets in E’ that is o (E’, E)-bounded is equicontinuous.

By Warner ([413]; see also [328, Theorem 10.1.22]) we have the following
proposition.

Proposition 2.26 C.(X) is a (DF)-space if and only if each countable union of
compact sets in X is relatively compact if and only if C.(X) has a fundamental
sequence of bounded sets and is Ro-barrelled.

Recall that an Ics E is called a (df)-space if it admits a fundamental sequence of
bounded sets and is co-quasibarrelled (i.e., every null sequence in (E’, B(E’, E))
is equicontinuous). The classes of (D F)-spaces and (df)-spaces will be discussed
in the following chapters. Clearly, every (D F)-space is a (df)-space. It was for
a long time unknown whether every (df)-space is (D F). Kakol, Saxon and Todd
[231] provided an example of a (df)-space C.(X) that is not a (D F)-space; see
Example 2.4 below. To present Example 2.4, first we recall some additional concepts
and facts. An Ics E satisfies the countable neighborhood property (cnp) if for every
sequence (Upy), of neighborhoods of zero in E there exists a sequence (a,), of
positive scalars such that (), a,U, is a neighborhood of zero. From Warner [413],
the space C.(X) is a (D F)-space if and only if C.(X) satisfies the cnp. It is known
that all support sets satisfy the cnp; see [213], [286]. We also need a couple of
definitions concerning the Borel measures; see [173]. A Borel measure (@ on a space
X is a o-additive real-valued finite function on all Borel subsets of X. It is called
regular if its negative and positive parts satisfy

Ww(A) =sup{u(K): K C A is compact}.

It is known that for each regular Borel measure there exists a smallest closed set
M in X such that u vanishes on each Borel set that misses M, and M is called the
support of  (again we use the notation supp 1), possibly noncompact. Nevertheless,
one has supp A = supp p if either u, a nonnegative regular Borel measure, or A €
C.(X)' is given and the other is appropriately chosen.

We are prepared to formulate and prove the main result of this section; see [231].
Note that the equivalence (ii) < (xi) has already been proved by Mazon [283]. Also,
(iv) < (viii) was known to McCoy and Todd [286]. By C4(X) we denote the space
C(X) endowed with the topology of the uniform convergence on support sets of X.

Theorem 2.14 (Kakol-Saxon-Todd) The following assertions are equivalent for
E =C.(X):

(i) E is a (df)-space.

(ii) (E', B(E', E)) is a Fréchet space.

(iii) (E', B(E', E)) is a Banach space and equals (E',n(E’, E)).

(iv) (E',n(E’, E)) is a Banach space.

() (E', B(E', E)) is docile and locally complete.
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(vi) (E', o (E’, E)) is docile and locally complete.

(vii) X is pseudocompact, and (E', o (E’, E)) is locally complete.

(viii) Every countable union of support sets in X is relatively compact.

(ix) For each sequence (i), in E', there exists a sequence (t,), C (0, 1] such
that {t, ,)y is equicontinuous.

(x) C4(X) satisfies the cnp.

(xi) Each regular Borel measure on X has compact support.

Proof (i) = (ii): It is clear that (E’, B(E’, E)) is locally complete (since the strong
dual of a cp-quasibarrelled space is locally complete [328, Proposition 8.2.23(b)]).
But then (E’, B(E’, E)) is a Fréchet space since E has a fundamental sequence of
bounded sets.

Conditions from (ii) to (vi) are equivalent since any of them implies that [X, 1]
is bornivorous owing to Lemma 2.10. Then (E’, B(E’, E)) = (E',n(E’, E)), so
applying the Banach—Steinhaus theorem, we deduce that o (E’, E)-bounded sets are
B(E', E)-bounded.

(vi) < (vii): This follows from Theorem 2.12.

(vii) = (viii): Since X is pseudocompact, every subset of X is topologically
bounded. Since by assumption (E’, o (E’, E)) is locally complete, applying Propo-
sition 2.25 we have that (viii) holds.

(viii) = (i): Clearly, every singleton subset of X is a support set, so by
Lemma 2.9 we note that {[X,n] : n € N} is a fundamental sequence of bounded
sets in E. Hence, by Proposition 2.25, the space E is £°°-barrelled and hence cg-
quasibarrelled.

(vii) = (ix): Choose (i,), in E’, and set ,, := (|| un|l + 1)~" for each n € N.
The sequence (t, 4, ), is uniformly bounded on the barrel [X, 1], so itis o (E’, E)-
bounded. Now, again applying Proposition 2.25, we have that (¢, u,), is equicon-
tinuous.

(ix) = (x): Let (U,), be a sequence of neighborhoods of zero in Cy(X). Let
(K,)n be a sequence of support sets in X, and let (a,), be a sequence of positive
scalars such that

{f €C(X): sup [f ()] San} = [Ky,a,] C Uy,

xek,

for each n € N. By u,, we denote a positive continuous linear functional on C.(X)
whose support is the set K,. By the assumption, there exists a sequence (f,), of
positive scalars such that (t,u,), is equicontinuous. This implies that the series
Y n 2 "ty jtn has alimit 4 € E' in the topology o (E’, E) with support K. If f(K) =
{0} for f € C(X), the positive part, f *, of f and the negative one, f —, vanishon K.
Therefore

w(f)=pn(fH=nf7)=0.

Consequently, we have

i (f) =t (f ) = 1ta(f7) =0
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for each n € N, so K,, C K. This means that
[K,11C[K,, 11Cay ' Uy

and hence (), a,, Iy, isa neighborhood of zero in C4(X). We proved (x).
(x) = (viii): Let (K,), be a sequence of support sets in X. By the assumption
from (x), it follows that there exists a sequence (a, ), of positive scalars such that

Uzzman[Kn,l]

is a neighborhood of zero in C4(X). Then there exists a compact set K in X such
that [K, e] C U for some ¢ > 0. Note that K,, C K for each n € N. Indeed, assume
that x € X \ K. Then there exists f € [X, 1] such that f(x) =0 and f(K) = {0}.
Hence

(an+1)felK,e]CUCI[Ky,al

for each n € N. This implies x ¢ K. Since K is compact, the closure of the set
\U,, K is compact in X. This proves (viii).

To complete the proof, we need to show the equivalence (viii) < (xi).

(viii) = (xi): Note that for a regular Borel measure ¢ on X there exist sequences
(K;))n» (K, )n of compact subsets of supp u* and supp i, respectively, such that

wt(X)=suput (KD, u”(X)=suppu (K.

By (viii) we deduce that the closure K of |, K,/ and K~ of |, K,, are compact
sets. This shows that £ and ™ vanish on the Borel sets that miss K+ and K,
respectively. Hence ;t = ™ — u™~ vanishes on the Borel sets that miss K™ U K.
Consequently, the set supp i is a closed set of the compact set K™ U K~. This
proves that supp u is compact.

(xi) = (viii): Assume that (K,), is a sequence of nonempty support sets in X.
For each n € N, choose a nonnegative regular Borel measure 1, on X such that
Un(X) = {1} and supp u, = K,,. Set

w(A) =) 27" (A).

It is easy to see that u is a nonnegative regular Borel measure on X whose support
contains each K,. Applying (xi), we deduce that the closure of | J,, K, is compact. [J

Using Theorem 2.14, we provide a version of Proposition 2.26 about (df)-
spaces C.(X).

Corollary 2.10 The following assertions are equivalent:
() Ce(X) is a (df)-space.
(it) C.(X) has a fundamental sequence of bounded sets and is £°°-barrelled.
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Proof (i) = (ii): By Theorem 2.14, we know that the weak™ dual of C.(X) is locally
complete. Then C.(X) is £°*°-barrelled.
(i1) = (i): In general, £°°-barrelled = cp-barrelled = co-quasibarrelled. Il

Recall that a topological space X satisfies the countable chain condition if every
pairwise disjoint collection of nonempty open subsets of X is countable. We are
ready to show the following interesting example.

Example 2.4 (Kakol-Saxon—Todd) There exists a (df)-space C.(X) that is not a
(D F)-space.

Proof Recall that a point p in a topological space X is a P-point if every Gs-
set containing p is a neighborhood of p; see [181, Problems 4L]. From van Mill
[297], there exists a non—P-point xq in the closed subspace SN \ N such that for
a sequence (K,), of closed subsets in SN \ N not containing xo (and satisfying
the countable chain condition) the closure of | J, K, does not contain xq. Support
sets satisfy the countable chain condition. Then a countable union of support sets
of X := (BN \ N) \ {xo} has the same closure in SN as in X and hence is compact.
Applying (viii) of Theorem 2.14, we note that C.(X) is a (df)-space. We prove
that C.(X) is not a (D F)-space. Indeed, since x¢ is not a P-point of SN \ N, there
exists a sequence (Uy,), of open neighborhoods of xo in AN\ N such that (), U,
is not a neighborhood of x¢. This implies that xo belongs to the closure of the set
X\, Un=,(X \ Uy). Since each set

K, =X\U,=(BN\N)\U,

is compact but the union | J,, K,, has noncompact closure, by Proposition 2.26 the
space C.(X) is not a (D F)-space. Il

This concrete space C.(X) provides an example of an £°°-barrelled space C.(X)
(by Corollary 2.10) that is not Rg-quasibarrelled. This space C.(X) is not a Rg-
barrelled space. This answers an old question posed by Buchwalter and Schmets
[69].

2.7 Sequential conditions for locally convex Baire-type spaces

In this section, we collect a few results (mostly from [120] and [223]) about sequen-
tial conditions for an Ics with some Baire-type assumptions. It is well known from
a classical theorem of Mahowald [280] that an Ics E is barrelled if and only if every
closed linear map from E into a Banach space is continuous.

It turns out that for many concrete spaces E (for example, locally complete
bornological spaces E) every linear map with a sequentially closed graph from E
into a Banach space is continuous. Snipes [383] characterized an Ics E (called C-
sequential; see also [317]) for which every sequentially continuous linear map of E
into a Banach space is continuous. De Wilde [110] showed the following.
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Proposition 2.27 (De Wilde) If E is the inductive limit of a family of metrizable
Baire lcs spaces and F is a webbed space, then every sequentially closed linear map
of E into F is continuous.

In particular, Proposition 2.27 applies if F is an (L F)-space. Recall again for con-
venience that an Ics E is called bornological if every absolutely convex bornivorous
set in E is a neighborhood of zero if and only if every linear map from E into a
Banach space that transforms bounded sets into bounded sets is continuous if and
only if E is the inductive limit of a family of normed spaces.

In this section, we study an Ics E having the following property (s): Every se-
quentially closed linear map of E into an arbitrary Fréchet space F is continuous.

We shall say that an Ics E is s-barrelled [120] if it satisfies the property (s)
above. Clearly, for a metrizable Ics the barrelledness and s-barrelledness conditions
coincide. Inductive limits and Hausdorff quotients of s-barrelled spaces and are s-
barrelled; in particular inductive limits of metrizable barrelled spaces and hence
ultrabornological (or locally complete bornological) spaces are s-barrelled.

In [223], we introduced and characterized a class of lIcs called CS-barrelled, for
which the condition (s) holds with Fréchet space F replaced by Banach space F .
We shall say that an Ics E is CS-barrelled if every sequentially closed linear map
of E into a Banach space is continuous. Clearly, the class of s-barrelled spaces is
included in the class of CS-barrelled spaces. It seems to be unknown whether both
classes coincide.

A sequence (U,), of absolutely convex subsets of an Ics E such that

Un+1 + Un+1 - Un,

n € N, is said to be CS-closed if whenever n € N, x,,, € U,,, m > n and x =
anozn 41 %m exists in E, then x € U,,. The sequence (Uy), will be called absorbing
if every U, is absorbing in E. Set

0={un=0Y n=1].

By a convex series of elements of a subset A C E we mean a series of the form
> tnxn, where x, € A and (t,) € Q,n € N.

Following Jameson [211], [212], a subset A C E is called CS-closed if it con-
tains the sum of every convergent convex series of its elements. Clearly, CS-closed
sets are convex. Every open (or sequentially closed) convex set is CS-closed. Every
convex Gjs-subset of a Fréchet space is CS-closed; see [174]. Moreover, if U C E
is CS-closed, the sets 27" U for n € N form a CS-closed sequence.

Let = (Uy), be an absorbing CS-closed sequence in an Ics E. Set N(%) =
(), Un, and let

Oy E— E/N)

be the quotient map. Set Eqy = E/N(%). Then the sets Q4 (U,) form a basis of
neighborhoods of zero of a metrizable locally convex topology on E/N(%). Let
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E% be the congpletion of Eg, . Clearly, Q9 : E — Eg, is continuous if and only
if Qg : E — Eg, is continuous. We start with the following characterization of an
Ics as s-barrelled that is due to S. Dierolf and Kakol; see [120].

Proposition 2.28 (i) For every absorbing CS-closed sequence % = (Uy), in
E, the map Q9 as a map from E into Eq is sequentially closed and U,y1 C
Q%}(Qq/ (Un+1)) C Uy, n € N. Hence each U, absorbs Banach discs of E.

(ii) For every Fréchet space F and every basis (V,)),, of absolutely convex closed
neighborhoods of zero in F such that V,41 + V41 C V,, and every sequentially
closed linear map T : E — F, the sequence (T ~'(V,))), is a CS-closed sequence
inE.

(iii) E is s-barrelled if and only if every absorbing CS-closed sequence (U,), of
E is topological (i.e., each U, is a neighborhood of zero).

Proof (i) Let (x,), be a nullsequence in E such that Q4 (x,) — y in E@/. Then
there exists a sequence (n(k)), in N such that Qg (X, k+1) — Xnk+2)) € Qar (Uk+1)
for k € N. For any k € N, set

Yk = Xn(k+1) — Xn(k+2)-

Then y; € Ugy1 + N(%) C Uy, for each k € N. Since (Uy,), is CS-closed and

00 00
Xn(k+1) = Z Ym = Z Ym+k—1,
m=k m=1

Xn(k+1) € Ux—1 for each k € N. This implies that Q9 (x,k)) — 0,50 y =0.
If B is a Banach disc in E, the map

Qw oJg:[Bl— Ey

is closed, where [B] denotes the Banach space Ep. Then Q¢ o Jp is continuous
by Proposition 2.27. Hence Q4 (B) is bounded in E4, . This shows that B is ab-
sorbed by

05} (0 (Uni1)) C Uy

(ii) Fix m € N, and for all n > m + 1 choose y, € T-Y(V,) such that y =
Z,‘jo:mﬂ vy exists in E. Then (Zﬁszrl T (yn))ken is a Cauchy sequence in F and
hence converges to some z € V,,,. Since T is sequentially closed, z = T'(y). Conse-
quently, y € T~1(V;).

(iii) This is a direct consequence of the previous cases (i) and (ii). O
By Proposition 2.28, we have the following corollary.

Corollary 2.11 An lcs E is CS-barrelled if and only if every absorbing CS-closed
set in E is a neighborhood of zero.
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It turns out that the class of s-barrelled spaces is quite far from the class of bar-
relled spaces. We show that the space RR contains a dense Baire and bornological
subspace that is not s-barrelled (see Example 2.5 below).

We will need the following technical facts. Let G = (G, t) be an Ics, let L be
a sequentially closed linear subspace, and let B be a Banach disc in G. Let E =
L +[B], and fix a linear subspace M C [B] suchthat LN M ={0}and L+ M =E.
Let g : E — E/L be the quotient map, and set » = (¢|M)~'. By j : M — [B] and

p:[Bl— [B]/(IBINL),

we denote the inclusion map and the quotient map, respectively. Then [B] N L is
closed in the Banach space [B], so [B]/([B] N L) is a Banach space.
We need the following lemma.

Lemma 2.11 The linear map
fi=pojoroqg:(E,T|E)— [B]/([B]NL)
is sequentially closed. If L is not closed in (E, T|E), then f is not closed.

Proof First we show that the map f is sequentially closed. Indeed, let (x,), be a
null sequence in (E, t|E), and let y € [B]/([B] N L) be such that f(x,) — y in
[B]/([B] N L). Then there exist a sequence (z,), in [B] and an element z € [B]
such that p(z,) = f(x,), p(z) =y and z, — z in the space [B]. This implies that
Zn — z in the space (E, T|E).

Moreover, for each n € N, one has

zn —r(q(xy)) € [BINL.
On the other hand, r(¢(x,)) — x, € L for each n € N. Consequently,

Zn = Xn = (2n —7(q(xn))) + (r(g(xn)) — Xxn) € L.

Since z,, — x, — z in (E, t|E), and L is sequentially closed, z € L. Also z € [B],
soy=p(z)=0.

Note also that the map f is not closed. It is enough to show that the kernel ker f
of f is not closed in E; this is a simple consequence of the fact that L =ker f. [

Now we are ready to present the promised example. Recall that a subspace F of
an lcs E is locally dense if for every x € E there exists a Banach disc B in E such
that Ep admits a sequence in F that converges to x in Ep (or, equivalently, if for
every x € E there exists a sequence (x,), in F and an increasing scalar sequence
(an), with a,, — oo such that a, (x, — x) — 0). Note that every Ics that contains a
locally dense bornological subspace is bornological; see [328, Proposition 6.2.7].

For the following example, we refer to [120].

Example 2.5 The space RX is s-barrelled and contains a dense subspace that is
Baire bornological but is not CS-barrelled.
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Proof Set G := RR and let
L:={(x)rer € R®: |[{r € R:x, # 0}] < No}

be endowed with the product topology. Then L is a sequentially closed dense Baire
subspace of G. Let C be the absolutely convex hull of the set {¢q,5): a,b€Q, a <
b}, where [a, b) is the half-closed interval and @[, p) is the characteristic function.
Then the closure A of C is a Banach disc in G. Next, by B we denote the closure
of C in the Banach space [A]. Then B is a Banach disc in [A] and hence in G. Let
E = L 4+ [B] with the topology of G. Now Lemma 2.11 is applied to deduce that
there exists a sequentially closed discontinuous linear map of E into a Banach space
[B]/([B]N L). This shows that E is not CS-barrelled. The space E contains L as a
dense subspace. Hence E is a Baire space. We prove that E is a bornological space.
Indeed, by [118] the space L + [C] is a bornological subspace of G. Since [C] is
locally dense in [B] with respect to the norm topology of [A], [C] is locally dense
in [B]. Therefore L + [C] is locally dense in L 4 [B]. As every Ics that contains
a locally dense bornological subspace is bornological, E is bornological. Finally,
since G is the inductive limit of Banach spaces (that means G is ultrabornological),
G is s-barrelled by Proposition 2.27. O

Note that the space E from Example 2.5 is bornological and Baire, which is not
the inductive limit of metrizable barrelled spaces. In fact, otherwise E would be
CS-barrelled, which is impossible.

It is well known that an Ics E is barrelled if and only if every pointwise bounded
family of continuous linear maps of E into a Fréchet space is equicontinuous; see
[328, Proposition 4.1.3]. One can ask if a similar result for the s-barrelledness holds
if the assumption continuous linear maps is replaced by sequentially continuous
linear maps. The answer is negative. In fact, if E is a bornological and barrelled
space, then every pointwise bounded family of sequentially continuous linear maps
of E into a Fréchet space is equicontinuous. On the other hand, the space E from
Example 2.5 is bornological and barrelled and is not s-barrelled.

The next example uses the following simple fact for which the proof is obvious.

Proposition 2.29 If F is an s-barrelled locally dense subspace of an lcs E, then E
is s-barrelled.

Example 2.6 (Dierolf-Kakol) There exists an bornological s-barrelled Ics that is
not the inductive limit of metrizable barrelled spaces.

Proof Let F be an (L B)-space of Banach spaces (F},), that admits a bounded set
not bounded in any step F), (i.e., the space F' is not regular); for such examples, we
refer the reader for example to [328, Example 6.4.5]). Let E be the completion of
F, and choose x € E \ F for which there exists a sequence (x,), in F that locally
converges to x. Since F is s-barrelled, F is locally dense in G := F + [x] and
Proposition 2.29 applies to deduce that G is s-barrelled. As F is bornological and
F is locally dense in G, then G is bornological. Hence the quotient space G/[x]
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is s-barrelled and bornological. Let ¢ : G — G/[x] be the quotient map. Then the
restriction map

q|F: F— G/[x]

is continuous and bijective. We prove that G /[x] is not the inductive limit of metriz-
able barrelled spaces. Indeed, assume that H is a metrizable and barrrelled space,
and let j : H < G/[x] be a continuous inclusion. The map

(qIF) 'oj:H—>F

has the closed graph from a metrizable Baire-like space into an (L B)-space, so we
apply Theorem 2.7 to deduce that this map is continuous. Since g|F is not open,
G /[x] is not the inductive limit of metrizable and barrelled spaces. Il

We also refer the reader to [120, Example 2.7] to find the proof of the following
interesting fact.

Example 2.7 There exists an s-barrelled space that is not bornological.

Note that s-barrelled spaces enjoy some properties typical for bornological
spaces. For example, we prove a Mackey—Ulam theorem for s-barrelled spaces.
Let {E; :t € T} be a family of Ics. Let E be the product [[, E;. For x € E, set
Ey =]1,[x]. If x; # 0 for every t € T, then E, is called a simple subspace of E;
see [114]. Clearly, E, is isomorphic to R7. De Wilde [114, Theorem 1] observed
that a linear map of E into an Ics F is continuous if and only if its restrictions to all
factor subspaces and to simple subspaces of E are continuous.

Recall (see [328, Definition 6.2.21]) that a set T satisfies the Mackey—Ulam con-
dition if no Ulam measure can be defined on it (i.e., no (0, 1)-valued measure m on
the set 27 of all the subsets of 7 with m(7) = 1 and m({r}) = 0 for all € T can be
defined). It is known (see [328, Theorem 6.2.23]) that T satisfies the Mackey—Ulam
condition if and only if R” is bornological.

We shall need the following fact due to Lopez-Pellicer [275]; see also [276],
[328].

Lemma 2.12 For a completely regular Hausdorff space X, the space Cq(X) is
bornological if and only if every weakly sequentially continuous functional on
C.(X) is continuous.

Proof Assume that every linear weakly sequentially continuous functional on
C.(X) is continuous. We prove that C.(X) is bornological. It is enough to show
that X is realcompact and apply Proposition 2.16.

Fix x e uX. Define &£ : C.(X) - Rby &(f) := fV(x) foreach f € C.(X). Note
that £ transforms bounded sets into bounded sets. Indeed, let ( f,), be a bounded
sequence in C.(X) such that |£(f,)| > n for each n € N. Since there exists y € X
such that f,’(x) = f,(y) foreachn € N, we have f,,(y) > n foreachn € N, yielding
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a contradiction. By the assumption, the map & is continuous. Hence there exists
& > 0 and a compact set K C X such that

1ECHI = esup|f(2)]

zek

for each f € C(X). Then x € K; otherwise there exists g € C(X) such that g|K
vanishes, and g¥(x) = £(g) = 1, a contradiction. Hence vX = X, so X is realcom-
pact. g

Now we prove the following theorem from [120].

Theorem 2.15 Let {E; : t € T} be a family of s-barrelled spaces.
(i) The product E =[], E; is s-barrelled if and only if RT is s-barrelled.
(i) RT is s-barrelled iff T satisfies the Mackey—Ulam condition.

Proof (i) Since R is a minimal space (i.e., R” does not admit a weaker Hausdorff
vector topology), R is complemented in the product space E; see [328, Corol-
lary 2.6.4]. Hence, since E is s-barrelled, the space RT is s-barrelled. The converse
follows from De Wilde’s theorem [114, Theorem 1] mentioned above.

(ii) Assume T satisfies the Mackey—Ulam condition. Then R is bornological by
[328, Theorem 6.2.23]. The space R” is complete. Hence R is the inductive limit
of Banach spaces. The space R” is s-barrelled by Proposition 2.27. If T does not
satisfy the Mackey—Ulam condition, R” is not bornological. Endow the set T with
the discrete topology. Then R” = C p(T)=C.(T). By Lemma 2.12, there exists on
RT a discontinuous sequentially continuous linear functional &. Hence R” is not
s-barrelled. O

Lemma 2.12 also provides the following corollary.
Corollary 2.12 C.(X) is s-barrelled if and only if X is realcompact.

It is known that the completion of a bornological space need not be bornological;
see [328, Notes and Remarks, p. 196]. If Z is a realcompact space whose associated
kr-space Z, is not realcompact (in [58] Blasco provided such examples), then the
completion of C.(Z) is C.(Zy,). By Corollary 2.12, the space C.(Z) is s-barrelled
but its completion is not. Since C.(X) is barrelled if and only if X is a u-space
(Proposition 2.15), and there exist p-spaces that are not realcompact, Corollary 2.12
also provides barrelled spaces C.(X) that are not s-barrelled.
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