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Abstract

Molecular similarity is a pervasive concept in chemistry. It is essential to many aspects of chemical
reasoning and analysis and is perhaps the fundamental assumption underlying medicinal chemistry.
Dissimilarity, the complement of similarity, also plays a major role in a growing number of applications
of molecular diversity in combinatorial chemistry, high-throughput screening, and related fields. How
molecular information is represented, called the representation problem, is important to the type of
molecular similarity analysis (MSA) that can be carried out in any given situation. In this work, four types
of mathematical structure are used to represent molecular information: sets, graphs, vectors, and func-
tions. Molecular similarity is a pairwise relationship that induces structure into sets of molecules, giving
rise to the concept of chemical space. Although all three concepts – molecular similarity, molecular
representation, and chemical space – are treated in this chapter, the emphasis is on molecular similarity
measures. Similarity measures, also called similarity coefficients or indices, are functions that map pairs of
compatible molecular representations that are of the same mathematical form into real numbers usually,
but not always, lying on the unit interval. This chapter presents a somewhat pedagogical discussion of
many types of molecular similarity measures, their strengths and limitations, and their relationship to one
another. An expanded account of the material on chemical spaces presented in the first edition of this book
is also provided. It includes a discussion of the topography of activity landscapes and the role that activity
cliffs in these landscapes play in structure–activity studies.
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1. Introduction

Similarity is a fundamental concept that has been used since before
the time of Aristotle. Even in the sciences, it has been used for
more than two centuries [1]. Similarity is subjective and relies
upon comparative judgments – there is no absolute standard of
similarity, rather “like beauty, it is in the eye of the beholder.”
Because of this subjectivity, it is difficult to develop methods
for unambiguously computing the similarities of large sets of
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molecules [2]. Moreover, there is no absolute standard to compare
to so that assessing the validity of any similarity-based method
remains subjective; basically, one must rely upon the judgment of
experienced scientists. Nevertheless, numerous approaches have
been developed over the years to address this difficult but impor-
tant problem [3–5].

The notion of similarity is fundamental to many aspects of
chemical reasoning and analysis; indeed, it is perhaps the funda-
mental assumption underlying medicinal chemistry, and falls
under the general rubric of molecular similarity analysis (MSA).
Determining the similarity of one “molecular object” to another is
basically an exercise in pattern matching – generally called the
matching problem. The outcome of the exercise is a value, the
similarity measure that characterizes the degree of matching,
association, proximity, resemblance, alignment, or similarity of
pairs of molecules as manifested by their “molecular patterns,”
which are made up of sets of features. The terminology “proxim-
ity” is sometimes used in a more general sense to refer to the
similarity, dissimilarity, or distance between pairs of molecules.
Similarity is generally considered to be a symmetric property,
that is “A” is as similar to “B” as “B” is to “A,” and most studies
are based upon this property. Tversky [6], however, has argued
persuasively that certain similarity comparisons are inherently
asymmetric. Although his work was directed towards psychology
it nonetheless has applicability in studies of molecular similarity.
An example will be presented that illustrates the nature of asym-
metric similarity and how it can be used to augment the usefulness
of the usual symmetric version of similarity (Cf. the discussion of
Chen and Brown [7]). Willett, Barnard, and Downs [8] presented
a comprehensive overview of many of the similarity measures in
use today. Their review included a table that summarized the form
of the various measures with respect to the type of representation
used and should be consulted for further details. Bender and Glen
[9] have provided a more recent review of molecular similarity.

Choosing an appropriate feature set and an associated mathe-
matical structure (e.g. set, vector, function, or graph) for handling
them is called the representation problem and underlies all aspects
of MSA. Because similarity is subjective, choosing a feature set
depends upon the background of the scientist doing the choosing
and to some extent on the problem being addressed. For example,
a synthetic organic chemist may focus on the nature of a molecular
scaffold and its substituent groups while a physical chemist may be
more interested in 3-D shape and electrostatic properties.

Closely allied with the notion of molecular similarity is that
of a chemical space. Chemical spaces provide a means for concep-
tualizing and visualizing the molecular similarities of large sets of
molecules. A chemical space consists of a set of molecules and a set
of associated relations (e.g. similarities, dissimilarities, distances,
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etc.) among the molecules that give the space a “structure” [10].
In most chemical spaces, which are coordinate-based, molecules
are generally depicted as points. This, however, need not always be
the case – sometimes only similarities or “distances” among mole-
cules in the population are known. Nevertheless, this type of
pairwise information can be used to construct appropriate coordi-
nate systems using methods such as multi-dimensional scaling
(MDS) [11], principal-component analysis (PCA) [12], or non-
linear mapping (NLM) [13] that optimally preserve the informa-
tion. Coordinate-based chemical spaces can also be partitioned
into cells and are usually referred to as cell-based chemical spaces
[14]. Each particular type of representation of chemical space
has its strengths and weaknesses so that it may be necessary to
use multiple types of representations to satisfactorily treat specific
problems.

Identifying the appropriate molecular features is crucial in
MSA, since the number of potential features is quite large and
many contain redundant information. Typical types of molecular
features include molecular size, shape, charge distribution, con-
formation states, and conformational flexibility. In general, only
those features deemed relevant or necessary to the matching task
at hand are considered. Features are mimicked by any number of
descriptors that, ideally, capture the essential characteristics of the
features. For example, numerous descriptors of molecular shape
exist such as the Jurs shape indices [15] or the Sterimol parameters
[16] as well as descriptors of charge distributions such as the
venerable Mulliken population analysis [17] or charged partial
surface areas, which conveniently incorporate both charge and
shape information [18] and descriptors of conformational flexibi-
lity such as the Kier molecular flexibility index F [19]. Sometimes
the term “feature” is used interchangeably with “descriptor.” As is
seen in the above discussion, features are more general than
descriptors, but this distinction is generally not strictly adhered
to in most research papers including this one. Other chapters in
this work should be consulted for detailed discussion of the many
types and flavors of descriptors in use in cheminformatics and
chemometrics today.

Similarity measures for assessing the degree of matching
between two molecules given a particular representation consti-
tute the main subject matter of this chapter. These measures are
functions that map pairs of compatible molecular representations
(i.e. representations of the same mathematical form) into real
numbers usually, but not always, lying on the unit interval. Set,
graph, vector, and function-based representations employ a vari-
ety of distance and “overlap” measures. Graph-based representa-
tions use chemical distance or related graph metrics [20, 21],
although numerous graph invariants have been employed as
descriptors in vector-based representations [22–24]. All of the
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similarity and related measures have at least some idiosyncratic
behavior, which can give rise to misleading assessments of similar-
ity or dissimilarity [2]. Similarity measures are sometimes referred
to as similarity coefficients or similarity indices and these terminol-
ogies will be used somewhat interchangeably in this work.

From the above discussion it is clear that similarity measures
provide assessments that are inherently subjective in nature. Thus,
the inconsistencies of various measures are not entirely surprising
and sometimes can be quite daunting. An interesting approach
was developed by Willett’s group using a technique called “data
fusion” [25]. They showed that values obtained from multiple
similarity methods combined using data fusion led to an improve-
ment over similarity-based compound searching using a single
similarity method. Subsequent work by Willett’s group extended
the methodology [26, 27] and provided a detailed account of its
conceptual framework [28]. Alternatively, less sophisticated,
approaches such as taking the mean of multiple similarity values
can also be used.

A brief introduction to the types of molecular representations
typically encountered in MSA is presented at the beginning of
Subsection 2 followed in Subsection 2.1 by a discussion of simi-
larity measures based upon chemical-graph representations. While
graph-based representations are the most familiar to chemists,
their use has been somewhat limited in similarity studies due to
the difficulty of evaluating the appropriate similarity measures.
This section is followed by a discussion of similarity measures
based upon finite vector representations, the most ubiquitous
types of representations. In these cases, the vector components
can be of four types

B Boolean Variables f0; 1g
K Categorical Variables ffinite; ordered setg
No Non - Negative Integer Variables f0;1; 2; 3; :::g
R Real Variables funcountably infinite setg (1)

the first of which called “binary vectors,” “bit vectors,” or “mole-
cular fingerprints” is by far the most prevalent in applications and
is discussed in detail in Subsection 2.2.1. Although the terminol-
ogy “vector” is used, these objects mathematically are classical
sets. Thus, the associated similarity measures are set-based rather
than vector-based measures. In addition to the more traditional
symmetric similarity measures, a discussion of asymmetric simi-
larity measures associated with binary vectors is presented in
Subsection 2.2.2.

Vectors whose components are based upon categorical or
integer variables are described in Subsection 2.2.3. As was the
case for binary vectors, these vectors are also classical sets, and as
was the case in the previous subsection, the associated similarity
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measures are set-based rather than vector-based. Here, it will also
be seen that the form of the set measures are, in some cases,
modified from those associated with traditional classical sets.

Subsection 2.3 describes the last class of finite feature vectors,
namely those with continuous-valued components, where the
components (i.e. features) are usually obtained from computed
or experimentally measured properties. An often-overlooked
aspect of continuous feature vectors is the inherent non-orthogo-
nality of the basis of the “feature space.” The consequences of this
are discussed in Subsection 2.3.2. Similarity measures derived
from continuous vectors are generally related to Euclidean dis-
tances or to cosine or correlation coefficients, all of which are
vector-based measures, and are discussed in Subsection 2.3.3.

Essentially, none of the previously discussed approaches deals
with the three-dimensionality of molecules. This is dealt with in
Subsection 2.4, which describes the application of field-based
functions to 3-D molecular similarity. The fields referred to here
are related to the steric, electrostatic, and lipophilic properties of
molecules and are represented by functions (i.e. “infinite-dimen-
sional vectors”), which are usually taken to be linear combinations
of atomic-centered Gaussians. Similarity measures totally analo-
gous to those defined for finite-dimensional, continuous-valued
feature vectors (see Subsection 2.3.3) also apply here and are
treated in Subsection 2.4.2. An often unappreciated issue in 3-D
molecular similarity studies is that of consistent multi-molecule 3-D
alignments, which are discussed in Subsection 2.4.3. Consider the
alignment of molecules A and B and that of molecules B and C.
Superimposing the aligned pairs using molecule B as a reference
induces an alignment of molecules A and C. Now align molecules
A and C independently. A consistent multi-molecule alignment is
one in which both the induced and independent alignments are
essentially the same. As was discussed by Mestres et al. [29], this
approach is helpful in identifying “experimentally correct” align-
ments for a set of reverse transcriptase inhibitors even though the
proper conformer of one of the molecules was not in its computed
lowest-energy conformation. The role of conformational flexibil-
ity in 3-D MSA is discussed in general terms in Subsection 2.4.4.
Two general approaches to this problem are described here. One
involves the identification of a set of conformational prototypes
and the other involves the simultaneous maximization of the
similarity measure and minimization of the conformational energy
of the molecules being aligned. The former approach is more
computationally demanding because it involves M � N pairwise
comparisons, where M and N are the respective numbers of pro-
totype conformations for each pair of molecules. Given that mul-
tiple conformations may be important in MSA, how does one
determine a similarity value that accounts for multiple conforma-
tional states? The discussion in Subsection 2.4.5 suggests an
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approach that employs a weighting function based on Boltzmann-
like probabilities for each of the conformational states.

Subsection 2.5 provides a brief discussion of molecular dis-
similarity, a subject of importance when considering a variety of
topics from selecting diverse subsets from a compound collection
to the design of diverse combinatorial compound libraries.

The emerging role of chemical space in cheminformatics is
treated in Subsection 3. It includes a discussion of the dimension
of chemical spaces in Subsection 3.1 and a description in Subsec-
tion 3.2 of the methods for constructing coordinate-based and
coordinate-free chemical spaces, how they can be transformed
into one another, and how the usually high-dimension of typical
chemical spaces can be reduced in order to facilitate visualization
and analysis. The closely related subject of activity cliffs and the
topography of activity landscapes are discussed in Subsection 3.3.
How the information contained in activity landscapes, which are
inherently of high-dimension, can be portrayed in lower dimen-
sions is discussed. Emphasis is placed on the use of structure–
activity similarity (SAS) maps, although several other recent
approaches to this problem are described. An information-theoretic
analysis of SAS maps is also presented. Subsection 3 ends with
a somewhat detailed description of a general similarity-based
approach for representing chemical spaces (see Subsection 3.4).
The method explicitly accounts for the inherent non-orthogona-
lity of vector representations of chemical space. Unlike some of
the vector-like methods described earlier, this method employs
“molecular vectors” that actually live in a linear vector space.

The present work is not intended as a comprehensive review of the
similarity literature. Rather, it is intended to provide an integrated
and somewhat pedagogical discussion of many of the simple, complex,
and confounding issues confronting scientists using the concept of
molecular similarity in their work.

2. Molecular
Representations
and Their
Similarity
Measures

How the structural information in molecules is represented is
crucial to the types of “chemical questions” that can be asked
and answered. This is certainly true in MSA where different repre-
sentations and their corresponding similarity measures can lead to
dramatically different results [2]. Four types of mathematical
objects are typically used to represent molecules – sets, graphs,
vectors, and functions. Sets are the most general objects and
basically underlie the other three and are useful in their own
right as will be seen below. Because of their importance a brief
introduction to sets, employing a more powerful but less familiar
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notation than that typically used, is provided in the Appendix (see
Subsection 5).

Typically, chemists represent molecules as “chemical graphs”
[30], which are closely related to the types of graphs dealt with by
mathematicians in the field of graph theory [31]. Most chemical
graphs describe the nature of the atoms and how they are bonded.
Thus, chemical graphs are sometimes said to provide a 2-D repre-
sentation of molecules. They do not typically contain information
on the essential 3-D features of molecules, although chemical
graphs have been defined that do capture some of this information
[32]. Three-dimensional structures are also used extensively, espe-
cially now that numerous computer programs have been deve-
loped for their computation and display.

While chemical graphs provide a powerful and intuitive meta-
phor for understanding many aspects of chemistry, they neverthe-
less have their limitations especially when dealing with questions
of interest in chemometrics and cheminformatics. In these fields,
molecular information is typically represented by feature vectors,
where each component corresponds to a “local” or “global”
feature or property of a molecule usually represented by one of a
number of possible descriptors associated with the chosen feature.
Local features include molecular fragments (“substructures”),
potential pharmacophores [33], various topological indices [34],
and partial atomic charges, to name a few. Global features include
properties such as molecular weight, logP, polar surface area,
various BCUTs [35], and volume. It is well to point out here
that use of the term “vector” is not strictly correct. For example,
in Subsection 2.2 on Discrete-Valued Feature Vectors the “bit
vectors” used to depict molecular fingerprints are actually classical
sets or multisets that do not strictly behave according to the rules
of linear vector spaces [36]. For example, bit vectors vA and vB do
not satisfy the additive (“þ”) and scalar multiplicative (“ · ”)
properties associated with vectors residing in linear vector spaces,
i.e. vC 6¼ a � vA þ b � vB, where a and b are any real scalars. As
discussed in the sequel, some classes of continuous-valued vectors
(see Subsection 2.3) such as BCUTS are also not vectors in the
strict mathematical sense since they do not strictly obey the addi-
tive property of vectors (e.g. the sum of two BCUTS may lie
outside of the BCUT chemical space).

More recently, with the significant increases in computer
power even on desktop PCs, methods for directly matching 3-D
features of molecules have become more prevalent. Features here
generally refer to various types of molecular fields, some such as
electron density (“steric”) and electrostatic-potential fields are
derived from fundamental physics [37, 38] while others such as
lipophilic potential fields [39] are constructed in an ad hoc man-
ner. Molecular fields are typically represented as continuous func-
tions. As is the case for discrete and continuous vectors noted in
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the previous paragraph, such functions also may not strictly satisfy
the axioms of linear function spaces [40]. However, this does
not preclude their usefulness in determining 3-D molecular simi-
larities. Discrete fields have also been used [41], albeit somewhat
less frequently except in the case of the many CoMFA-based
studies [42].

In cheminformatics, similarities typically are taken to be real
numbers that lie on the unit interval [0,1]. However, since simi-
larity is an inherently “fuzzy” concept, it may be appropriate to
take a fuzzier view. Bandemere and N€ather [43] have written
extensively on an approach that treats similarity as a fuzzy number
[44]. Fuzzy numbers can be conceptualized as Gaussian functions
or, more commonly as “teepee-like” functions, with maximum
value unity, the “width” of the function being associated with the
“degree of fuzziness” of the numbers. While this is a conceptually
powerful approach, it suffers many of the problems associated
with fuzzy numbers. For example, it two fuzzy numbers overlap
significantly determining how much larger one fuzzy number is to
the other can become difficult [44]. Thus, for example, compar-
ing how similar twomolecules are to a given molecule can become
a significant problem. Nevertheless, investigating the realm of
fuzzy similarities may prove to be a suitable approach to similarity,
but further work needs to be done before any reasonable conclu-
sion can be obtained as to its usefulness in cheminformatics.

2.1. Chemical Graphs Chemical graphs are ubiquitous in chemistry. A chemical graph,
Gk, can be defined as an ordered triple of sets

Gk ¼ ðVk; Ek; LkÞ; (2)

where Vk is a set of n vertices (“atoms”) and VkðxiÞ is an indicator
or characteristic function with values VkðxiÞ ¼ 0; 1f g that desig-
nates the respective absence or presence of a given vertex

Vk ¼ fVkðx1Þ;Vkðx2Þ; :::;VkðxnÞg: (3)

Alternatively, Vk can be given, in more familiar notation, by

Vk ¼ fvk;k1 ; vk;k2 ; :::; vk;k‘g (4)

where only the ‘ vertices for which V ðxiÞ ¼ 1 are explicitly desig-
nated (See Appendix Subsection 5 for notational details). The
edge set, Ek, can be written in analogous fashion,

Ek ¼ fek;k1 ; ek;k2 ; :::; ek;kmg; (5)

where the m elements of the set are the edges (“bonds”) between
vertices (“atoms”), and each edge is associated with an unordered
pair of vertices, ek;ki ¼ fvk;kp ; vk;kqg. The label set, Lk, is a set of r
symbols

Lk ¼ f‘k;k1 ; ‘k;k2 ; :::; ‘k;krg (6)
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that label each vertex (“atom”) and/or edge (“bond”). Typical
atom labels include hydrogen (“H”), carbon (“C”), nitrogen
(“N”), and oxygen (“O”); typical bond labels include single
(“s”), double (“d”), triple (“t”), and aromatic (“ar”), but other
possibilities exist. Whatever symbol set is chosen will depend to
some degree on the nature of the problem being addressed. In
most cheminformatics applications, hydrogen suppressed chemical
graphs are used, which are obtained by deleting all of the hydro-
gen atoms. Fig. 1 depicts an example of two hydrogen-suppressed
chemical graphs, G1 and G2, which are clearly related to a che-
mist’s 2-D representation of a molecule. Chemical graphs of 3-D
molecular structures are described by Raymond and Willett [32],
but their use has been much more limited.

The notion of a subgraph is also important. IfG 0
k is a subgraph

of Gk, written G 0
k � Gk, then

G 0
k � Gk ) V 0

k � Vk and E 0
k � Ek; (7)

that is the vertex and edge sets V 0
k and E 0

k associated with the
subgraph, G 0

k, are subsets of the corresponding vertex and edge
sets Vk and Ek of the graph, Gk. Many operations defined on sets

Fig. 1. An example of two hydrogen-suppressed graphs G1, G2 and a common substructure CS(G1,G2) and the maximum
common substructure MCS(G1,G2) are shown above. The Tanimoto similarity index and the distance between the two
chemical graphs are computed below.
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can also be defined on graphs. One such operation is the norm or
cardinality of a graph,

Gkj j ¼ Vkj j þ Ekj j (8)

which is a measure of the “size” of the graph. Another measure is
the edge norm that is given by

Gkj jE ¼ Ekj j; (9)

where the subscript E explicitly denotes that the cardinality refers
only to the edges (“bonds”) of the graph. For the two chemical
graphs depicted in Fig. 1, G1j jE ¼ 22 and G2j jE ¼ 20. Note that
only the number of bonds and not their multiplicities (e.g. single,
double, etc.) are considered here. However, many other possibi-
lities exist, and their use will depend on the problem being
addressed [20].

A key concept in the assessment of molecular similarity based
upon chemical graphs is that of a maximum common substruc-
ture, MCS(Gi;Gj Þ, of two chemical graphs, which derives from
the concept of maximum common subgraph employed in math-
ematical graph theory. There are several possible forms of MCS
[21, 32]. Here, we will focus on what is usually called the
maximum common edge substructure, which is closest to what
chemists perceive as “chemically meaningful” substructures
[45], but we will retain the simpler and more common nomen-
clature MCS. A common (edge) substructure (CS) of two chem-
ical graphs is given by

CS(Gi;Gj Þk;‘¼Ek
i \ E‘

j ¼ Ek
i ¼ E‘

j ; (10)

where Ek
i and E‘

j are subsets of their respective edge sets,

Ek
i � Ei and E‘

j � Ej , and are equivalent. Thus, the intersection

(or union) of these two equivalent subsets is equal to the sets
themselves. As there are numerous such common substructures,
CS(Gi;Gj Þk;‘; k; ‘ ¼ 1; 2; 3; :::::, determining the MCS between

two chemical graphs is equivalent to determining the edge inter-
section-set of maximum cardinality, that is

MCS(Gi;Gj Þ ¼ CS(Gi;Gj Þp;q such that CS(Gi;Gj Þp;q
��� ���

E

¼ max
k;‘

CS(Gi;Gj Þk;‘
��� ���

E
(11)

Thus,

Gi \ Gj � MCS(Gi;Gj Þ; (12)

that is the MCS is equivalent to “graph intersection,” which is
equivalent to the maximum number of edges in common between
the two molecules. Note that multiple solutions may exist and
that some of the solutions could involve disconnected graphs.
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However, to obtain “chemically meaningful” results only con-
nected MCS’s are usually considered.

The edge cardinality of the intersection and union of two
chemical graphs is given, respectively, by

Gi \ Gj

�� ��
E
¼ MCS(Gi;Gj Þ

�� �� (13)

and

Gi [ Gj

�� ��
E
¼ Gij jE þ Gj

�� ��
E
� MCS(Gi;Gj Þ
�� ��: (14)

These two expressions form the basis for several measures
such as Tanimoto similarity (see Subsection 2.2 for an extensive
discussion)

STanðGi;Gj Þ ¼
Gi \Gj

�� ��
E

Gi [Gj

�� ��
E

¼ MCSðGi;Gj Þ
�� ��

E

Gij jE þ Gj

�� ��
E
� MCS(Gi;Gj Þ
�� ��

E

(15)

and the distance between two chemical graphs

dðGi;Gj Þ ¼ Gij jE þ Gj

�� ��
E
� 2 MCS(Gi;Gj Þ

�� ��
E
: (16)

The edge cardinality is explicitly designated in Eqs. (11) and
(13)–(16) in order to emphasize that a particular norm has been
chosen. Equation (15) is the graph-theoretical analog of the well-
known Tanimoto similarity index (see Eq. (21)), which is symmet-
ric and bounded by zero and unity. Equation (16) corresponds to
the distance between two graphs [46], which is the number of
bonds that are not in common in the two molecules depicted by
Gi and Gj. Another distance measure called “chemical distance” is
similar to that given in Eq. (16) except that lone-pair electrons are
explicitly accounted for [21]. The Tanimoto similarity index of the
two chemical graphs in Fig. 1 and the distance between them are
given by STanðGi;Gj Þ ¼ 0:83 and dðGi;Gj Þ ¼ 4, respectively.

A similarity index called “subsimilarity,” which is short for
substructure similarity, has been developed by developed by
Hagadone [47]. In form it is identical to one of the family of
asymmetric similarity indices developed by Tversky [6] that is
discussed in Subsection 2.2.2,

STevðGQ;GTÞ ¼
GQ \ GT

�� ��
E

GQ

�� ��
E

¼ MCSðGQ;GTÞ
�� ��

E

GQ

�� ��
E

; (17)

where GQis the substructure query and GT is a target molecule. In
contrast to STanðGi;Gj Þ, STevðGi;Gj Þ is not symmetric, although
zero and unity also bound it.

While chemical graphs are intuitive to those trained in the
chemical sciences, they have not been widely used in MSA prima-
rily because of the computational demands brought on by the
need to compute MCS(Gi;Gj Þ, which for large complex systems
can be quite daunting. Approximate algorithms do exist, however
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[32, 47] and with the ever-increasing power of computers the
use of graph-based similarity may become more prevalent in the
future. Interestingly, there is a close analogy between determina-
tion of the MCS and alignment of the 3-D molecular fields of
molecules (see Subsection 2.4) except that in the former the
optimization is discrete while in the latter it is continuous.

2.2. Discrete-Valued

Feature Vectors

The components of discrete feature vectors may indicate the
presence or absence of a feature, the number of occurrences of a
feature, or a finite set of binned values such as would be found in
an ordered, categorical variable.

2.2.1. Binary-Valued

Feature Vectors

Each component of an n-component binary feature vector, also
called bit vectors or molecular fingerprints,

vA ¼ vAðx1Þ; vAðx2Þ; :::; vAðxkÞ; :::; vAðxnÞð Þ (18)

indicates the presence or absence of a given feature, xk, that is

vAðxkÞ ¼ 1 Feature present
0 Feature absent

�
: (19)

A wide variety of features have been used in bit vectors. These
include molecular fragments, 3-D “potential pharmacophores,”
atom pairs, 2-D pharmacophores, topological torsions, and vari-
ety of topological indices to name a few.

Binary feature vectors are completely equivalent to sets (see
the Appendix in Subsection 5 for further discussion). Care must
be exercised when using them to ensure that appropriate mathe-
matical operations are carried out. The number of components in
a bit vector is usually quite large, normally n >> 100. In some
cases n can be orders of magnitude larger, sometimes exceeding a
million components [33, 48]. Bit vectors of this size are not
handled directly since many of the components are zero, and
methods such as hashing [49] are used to reduce the size of the
stored information.

Bit vectors live in an n-dimensional, discrete hypercubic
space, where each vertex of the hypercube corresponds to a set.
Figure 2 provides an example of sets with three elements. Dis-
tances between two bit vectors, vA and vB, measured in this space
correspond to Hamming distances, which are based upon the city-
block ‘1 metric

dHamð vA; vB Þ ¼ vA � vBj j ¼
Xn
k¼1

vAðxkÞ � vBðxkÞj j: (20)

Since these vectors live in an n-dimensional hypercubic space,
the use of non-integer distance measures is inappropriate,
although in this special case the square of the Euclidean distance
is equal to the Hamming distance.
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The most widely used similarity measure by far is the Tani-
moto similarity coefficient STan, which is given in set-theoretic
language as (Cf. Eq. (15) for the graph-theoretical case)

STanðA; BÞ ¼ A \ Bj j
A [ Bj j : (21)

Using the explicit expressions for set cardinality, intersection
and union given by Eqs. (116, 111 and 112), respectively, in the
Appendix, Eq. (21) becomes

STanðA;BÞ ¼

P
k

min½AðxkÞ;BðxkÞ�P
k

max½AðxkÞ;BðxkÞ� : (22)

By changing the form of the denominator (see Eqs. (120) and
(121)), STan is also given by

STanðA;BÞ ¼ A \ Bj j
A � Bj j þ B �Aj j þ A \ Bj j ;

¼ a

a þ b þ c

(23)

where

a ¼ A \ Bj j Number of features common to A and B

b ¼ A � Bj j Number of features common to A but not to B:

c ¼ B �Aj j Number of features common to B but not to A

(24)

Fig. 2. Distance between two binary-valued feature vectors vA and vB is not given by the Euclidean distance but the
Hamming distance between the two.
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The Tanimoto similarity coefficient is symmetric,

STanðA; BÞ ¼ STanðB; AÞ; (25)

as are most of the similarity coefficients in use today, and is
bounded by zero and unity,

0bSTanðA; BÞb1: (26)

From the form of these equations it can be seen that the
method is biased when there is a great disparity in the size of the
two molecules being compared. Consider, for example, the case
when Qj j<< Tj j, where Q is a query molecule and T is a target
molecule that could be obtained in a similarity search. IfQ is much
smaller than T, Q [ Tj j � Tj j, and since Qj jb Q \ Tj j, it follows
that STanðQ ;T Þ � Qj j Tj j= . A consequence of this relationship is
that in similarity-based searching Q will tend to recover other
small molecules, T, since as T gets larger STan becomes smaller in
value, which works against the selection of larger molecules in the
search. This is not generally a problem except in cases where a
substructure of a large target molecule is quite similar to the
smaller query molecule. If the query were biologically active,
the larger target molecule containing a similar substructure to
the query, which is bioactive, would be missed. The same holds
true for a large molecule query that is it will tend to recover larger
molecules. Thus, molecules with a strong substructural relation-
ship to the query molecule will likely be missed, but this could be
important in drug design as the substructure may contain the key
atoms of the pharmacophore. As will be seen in the next section,
the use of an asymmetric similarity measure can compensate for
this to some degree. The above argument carries through
completely to the case of chemical-graph-based similarity indices
(see Subsection 2.1).

A number of other similarity indices are in use today. The
recent work by Willett, Barnard, and Downs [8] should be con-
sulted for examples of many of them including a comprehensive
discussion of their properties.

2.2.2. Asymmetric

Similarity Indices

Most similarity measures for binary-valued feature vectors in use
today are symmetric, Tversky [6], however, has defined an infinite
family of asymmetric measures

STveðA;BÞ ¼ A \ Bj j
a A � Bj j þ b B �Aj j þ A \ Bj j ; (27)

where a; br0. This generalizes the typical symmetric Tanimoto
similarity measure given in Eq. (23), which obtains when a ¼
b ¼ 1. For all other values of a and b, STveðA;BÞis asymmetric,
that is STveðA;BÞ 6¼ STveðB;AÞ. Only the two extreme forms will,
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however, be considered here, namely those when a ¼ 1 and b ¼ 0
and a ¼ 0 and b ¼ 1. Their set-theoretic forms are given by

S	TveðA; BÞ ¼ A \ Bj j
A � Bj j þ A \ Bj j

¼ A \ Bj j
Aj j

Fraction of A similar to B (28)

S	TveðB;AÞ ¼ A \ Bj j
B �Aj j þ A \ Bj j

¼ A \ Bj j
Bj j

Fraction of B similar A (29)

Using Eqs. (111) and (116) both of the above equations can
be written in a form similar to that for S Tan given in Eq. (22). For
example, Eq. (28) becomes

S	TveðA; BÞ ¼

P
k

min½AðxkÞ;BðxkÞ�P
k

AðxkÞ : (30)

In analogy to Eq. (23), the asymmetric similarity indices are
given, respectively, by

S	TveðA; BÞ ¼ a

a þ b
and S	TveðB; AÞ ¼ a

a þ c
: (31)

As was the case for the symmetric similarity coefficient

0bS	TveðA;BÞ; S	TveðB;AÞb1; (32)

although S	TevðA; BÞ 6¼ S	TevðB;AÞ, in general. If Aj j< Bj j )
S	TevðA; BÞ> S	TevðB;AÞ.

Asymmetric similarity can provide some benefits in similarity
searches not afforded by its symmetric competitors. For example,
consider as in Subsection 2.2.1, the query and target molecules,Q
and T, respectively, and the asymmetric similarity coefficients
given in Eqs. (28) and (29). If Q is relatively “small,” (N.B.
“small” and “large” are used here refer to the size of the set and
not to the size of the correspondingmolecule) that is if Qj j<< Tj j,
then target molecules for whichQ is an approximate subset will be
selected using Eq. (28), that is

S	TveðQ ;T Þ ¼ Q \ Tj j
Qj j ) 1 as Q \ T ) Q : (33)

This result is approximately independent of the size of T given
that Q is an approximate subset of T. A comparable selection of
molecules would not be obtained using the symmetric similarity
coefficient in Eq. (21) or the asymmetric similarity coefficient
given by Eq. (29) since as the target molecule increased in
size the denominator would reduce the overall similarity values
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making selection less likely. If, on the other hand, Q is a relatively
“large,” that is if Qj j>> Tj j, then using the lower expression for
asymmetric similarity in Eq. (29) will produce similar results

S	TveðT ;Q Þ ¼ Q \ Tj j
Tj j ) 1 as Q \ T ) T (34)

except that the target molecules retrieved will be smaller than Q
and will also be approximate subsets of Q. An example of this is
shown in Figs. 3 and 4.

The “extreme” forms, but not the intermediate forms, of asym-
metric similarity defined by Tversky [6] given in Eqs. (28) and (29)
can be transformed into two symmetric measures by taking the
maximum andminimumof the set cardinalities in the denominators
of the two equations. The forms of these equations are obtained in
analogy to those developed by Petke [41] for vectors and field-
based functions (see Subsections 2.3 and 2.4 for further details):

SPetmax
ðA; BÞ ¼ A \ Bj j

max Aj j; Bj jð Þ (35)

and

SPetmin
ðA; BÞ ¼ A \ Bj j

min Aj j; Bj jð Þ : (36)

Fig. 3. Asymmetric similarity-based searching might provide some benefits not afforded
by symmetric similarity-based searching. (a) Database searching using ISIS keys and
symmetric (Tanimoto) similarity will not yield enalapril as a “database hit” because the
similarity value (0.58) is too low. (b) In contrast, database searching using ISIS keys and
asymmetric (Tversky) similarity could yield enalapril as a “database hit” because the
asymmetric similarity value (0.78) is considerably larger than the corresponding sym-
metric one (0.58). This illustrates that small query molecules are more likely to retrieve
larger target molecules in similarity searches based upon asymmetric rather than
symmetric similarity indices.
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As is the case for asymmetric similarity indices, both SPetmax

ðA;BÞ and SPetmin
ðA;BÞare bounded by zero and unity, but are

ordered with respect to each other and with respect to Tanimoto
similarity, that is

0bSPetmax
ðA;BÞbSTanðA; BÞbSPetmin

ðA; BÞb1: (37)

2.2.3. Integer- and

Categorical-Valued Feature

Vectors

Feature vectors with integer- or categorical-valued components
are identical in form to binary-valued vectors (see Eq. (18)). In
contrast, however, each component takes on a finite number of
values

vðxkÞ ¼
Finite, Ordered Set of Non - Negative Integers

Finite, Ordered Set of Values

(
(38)

In the integer case, these values usually refer to the frequency
of occurrence of a given feature such as, for example, a molecular
fragment. In the categorical case the values may refer to a binned
variable. In both cases, the vectors live in discrete, lattice-like
“hyper-rectangular” spaces, which are generalizations of the
hypercubic spaces inhabited by bit vectors. Such spaces can also
be described by multisets [50], but this formalism will not be used
in this work.

Ideally, distances in these spaces should be based upon an ‘1or
city-block metric (see Eq. (20)) and not the ‘2 or Euclidean metric
typically used in many applications. The reason for this are the

Fig. 4. (a) The other asymmetric (Tversky) similarity has a value of 0.69. Exchanging the
roles of the query (Q) and target (T) molecules, i.e., Q(captopril) ) T(enalapril) and
T(enalapril) ) Q(captopril), gives (b), which shows that large query molecules are more
likely to retrieve smaller target molecules in similarity searches based upon asymmetric
rather than symmetric similarity since the values of the corresponding indices are 0.69
and 0.58, respectively.
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same as those discussed in Subsection 2.2.1 for binary vectors.
Set-based similarity measures can be adapted from those based
on bit vectors using a formula borrowed from fuzzy set theory
[51, 52]. For example, the Tanimoto similarity coefficient becomes

STanðvA;vBÞ ¼

P
k

min½vAðxkÞ; vBðxkÞ�P
k

max½vAðxkÞ; vBðxkÞ� (39)

As noted in Klir and Yuan [51] there are many possible
denominators that can be used in place of A [ Bj j, each of which
gives rise to a different similarity measure.

The asymmetric similarity coefficients become, in an analo-
gous fashion [see Eqs. (30)]

S	TveðvA; vBÞ ¼

P
k

min½vAðxkÞ; vBðxkÞ�P
k

vAðxkÞ

S	TveðvB; vAÞ ¼

P
k

min½vAðxkÞ; vBðxkÞ�P
k

vBðxkÞ

(40)

As was the case in the previous section for bit vectors, it can be
shown that the similarity coefficients defined here are also bounded,

0bSTanðvA; vBÞbSTveðvA; vBÞ; STveðvB; vAÞb1: (41)

in the case of non-negative integer-valued vector components.
Other modifications are needed to accommodate non-integer
values. Maggiora et al. [53], have discussed this issue, in general,
for the case of field-based continuous functions, but their work
also applies to “vectors” such as those described here.

In amethodology call holographic QSAR [54], integer-valued
vectors are employed to characterize the frequency of occurrence
ofmolecular fragments. The vectors are not, however, used in their
“native” form but rather are folded into a smaller vector by hash-
ing. Schneider et al. [55] have also used integer-valued vectors to
characterize what they call 2-D pharmacophores.

Integer- and categorical-valued vectors can be converted into
equivalent binary vectors by augmenting the components of a
typical bit vector as shown in Fig. 5. The process is straightforward
for integer-valued variables. Bajorath and co-workers [56] have
developed a novel binning approach for variables with continuous
values, basically converting them into categorical variables. Once
the mapping to the augmented bit vector has been completed all
of the usual bit-vector-based similarity measures (see Subsec-
tion 2.2.2 for further discussion) can be applied.

There are many other expressions for similarity that can
be used for integer- and categorical-valued vectors. Again, the
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comprehensive discussion provided by Willett et al should be
consulted for additional details [8]. Many of the features of dis-
crete vector-based representations do not capture all of the rele-
vant 3-D information in any substantive way, although they do
capture some 3-D information indirectly, and this is why some
feature vector procedures are referred to as “2.5-D” methods.

2.3. Continuous-

Valued Feature Vectors

Vectors whose components have continuous values correspond to
the more “traditional” types of vectors found in the physical
sciences. They are of identical form to the discrete-valued vectors
(see Eq. (18)) except that the components, vAðxkÞ, are continuous
valued. In cheminformatics, however, the nature of the com-
ponents is considerably different from those typically found in
physics. For example, physiochemical properties, such as logP,
solubility, melting point, molecular volume, Hammett sr para-
meters, surface charge, etc., as well as other descriptors derived
explicitly for the purpose, such as BCUTs [35], have been rou-
tinely used. The use of continuous-valued vectors is usually con-
fined to relatively low-dimensional chemical spaces, generally of
less than ten dimensions (see Subsection 3 for further discussion).
This is in sharp contrast to those discussed in the previous
sections, where the dimensions are generally considerably larger.

Although it is ubiquitous in cheminformatics applications, the
term vector should be used with caution as vectors are properly
the objects of vector or affine spaces, and hence, must satisfy the
axioms of these spaces. For example, vectors in BCUT chemical
spaces do not form a vector space since the sum of two BCUT
vectors may not lie in the space [35]. However, as long as this
rather fine distinction is borne in mind significant problems
should not arise, and the term vector, taken in its broadest if not
strictest mathematical sense, will be used here. For a more general
but brief discussion of vectors see the presentation of Euclidean
vectors in Wikipedia [57].

2.3.1. Property-Based

Continuous-Valued Feature

Vectors

The components of most continuous-valued feature vectors are
based on a variety of molecular properties such as solubilities,
logPs, melting points, polar surface areas, molecular volumes,

Fig. 5. In the scheme shown above, a 20-bit integer-valued vector (maximum
integer value for each bit is 4) is converted into a 80-bit binary vector by converting
each integer bit into a binary bit of 4-bit length. {0 ¼ 0000; 1 ¼ 1000; 2 ¼ 1100;
3 ¼ 1110; 4 ¼ 1111}.

Molecular Similarity Measures 57



various shape indices, and BCUTs, which are related to the
charge, polarizability, and hydrogen bonding properties of mole-
cules. Since these properties have a wide range of values they are
typically scaled using the usual “z-transform” zi ¼ ðxi � �xÞ sx=
favored by statisticians, where �x is the average property-value
and s2x is its variance (N.B. that this transformation is not
strictly appropriate for multi-modal data). Other transforms
have also been used; one of the most popular is x 0i ¼ ðxi � xminÞ=
ðxmax � xminÞ:, where the values of the property, xi, are mapped
into the unit interval [0,1]. Simple scaling can be used to expand
or contract the unit interval if desired.

An advantage of the z-transform is that it establishes a well-
defined point of reference for the property-based vectors (the
mean) as well as scaling the values of all of the variables to unit
variance. BCUTs have a more complicated scaling, and the paper
by Pearlman and Smith [35] should be consulted for further
details. Since distances between vectors are invariant to the origin
of the coordinate system, mean centering does not affect the
result. However, the transformations used in all of the above
procedures involve some form of scaling, and thus distances are
not preserved between the original and scaled coordinate systems.
Care must be exercised in the case of cosine similarity indices
between vectors since they are both origin and scale dependent.

2.3.2. Inherent Non-

orthogonality of Descriptor

Coordinate Systems

An often-overlooked issue is the inherent non-orthogonality of
coordinate systems used to portray data points. Almost universally
a Euclidean coordinate system is used. This assumes that the
original variables are orthogonal, that is are uncorrelated, when
it is well known that this is generally not the case. Typically, PCA
[12] is performed to generate a putative orthogonal coordinate
system each of whose axes correspond to directions of maximum
variance in the transformed space. This, however, is not quite
correct. Since an orthogonal similarity transformation is used to
carry out the PCA, and since such transformations rigidly rotate
the original coordinate system, the angles among the coordinate
vectors are unchanged. By exactly reversing the rigid rotation of
the orthogonal principle-component coordinate system ones
regenerates the original coordinate system, which is thus seen to
be orthogonal. This clearly contradicts the general observation
that most variables used in practice tend to be statistically corre-
lated, that is are non-orthogonal. Importantly, even when the
variables are properly uncorrelated this does not mean that they
are necessarily statistically independent [58]. To correctly handle
such correlated variables one must first orthogonalize the original
variables, and then perform PCA to orient the orthogonal coor-
dinate system along directions of maximum variance of the data
points. This is rarely done in current practice, but what are the
consequences of not doing this? As is well known from the theory
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of tensors [59] both distances and angles between data vectors
are affected by the angles between the coordinate axes (Cf. the
discussion presented in Subsection 3.1.3 and in the paper by
Raghavendra and Maggiora [95]). Conclusions drawn using,
for example, either cosine similarity indices or distances will be
affected quantitatively but not qualitatively. This is a manifesta-
tion of the fact that the topology (i.e. neighborhood relationships)
of the space is preserved but its geometry (i.e. distances and
angles) is not. The consequences of this are the following. The
order of nearest-neighbors from a given reference molecule in a
chemical space (see Subsection 3 for further details) will remain
unchanged but the magnitude of their distances from the refe-
rence molecule will change. Thus, if one is only interested in, say,
obtaining the 50 most similar molecules to a given reference
molecule nothing will change by modifying the angles of the
coordinate axes. If, one the other hand, one is interested in finding
all molecules with similarities greater than or equal to, say, 0.85
with respect to that reference molecule, the results obtained will
change since they depend on the angles of the coordinate vectors.

In many cases, however, problems brought about by skewed
coordinate axes due to significant correlations among the variables
are somewhat ameliorated by procedures, such as genetic algo-
rithms, used for variable selection. While such procedures tend to
remove highly correlated variables this may not always be the case
so that coordinate system skew can still be a problem. However, if
the variables are not too correlated the skew of a coordinate
system will not significantly influence the overall results. A meth-
odology is described in Subsection 3.3.1 that is based on molecu-
lar similarities and includes coordinate system non-orthogonality
in a natural way.

2.3.3. Proximity Measures

for Continuous-Valued

Vectors

Because of the continuous nature of the vector components
described in this section, other types of distance and similarity
measures have been used. While the Hamming distance (see
Eq. (20)) also applies for continuous vectors, Euclidean distances
are usually used

dEucðvA; vBÞ ¼ vA � vBk k
¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðvA � vBÞ; ðvA � vBÞh ip
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
k¼1

vAðxkÞ � vBðxkÞð Þ2
s (42)

In some instances, however, Minkowski distances are
employed

dMinkowðvA;vBÞ ¼ vA � vBk k‘r ¼
Xn
k¼1

vAðxkÞ � vBðxkÞj jr
" #1

r

; (43)
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where rr0. Minkowski distances include both Hamming ðr ¼ 1Þ
and Euclidean ðr ¼ 2Þ distances as special cases. Continuous
distances can be converted into similarities using an appro-
priate monotonically decreasing function of distance, d, such as
exp ð�� � dÞ or 1 ð1þ � � dÞ= , which both map to the unit interval,
[0,1] for finite, non-negative values of �.

The most prevalent among the similarity coefficients is the
so-called cosine similarity index or correlation coefficient. For the
field-functions discussed in Subsection 2.4 it is usually called
the Carbó similarity index

SCarðvA; vBÞ ¼ vA; vBh iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vAk k2 � vBk k2

q
¼ vA; vBh i

vAk k � vBk k

; (44)

where the term in brackets in the numerator is the inner product of
the two vectors

vA; vBh i ¼
Xn
k¼1

vAðxkÞ � vBðxkÞ ¼ vAk k � vBk k cosðvA; vBÞ (45)

and their magnitudes are given by the Euclidean norm

vXk k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vX ; vXh i

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXn
k¼1

vX ðxkÞ2
s

; X¼A; B: (46)

It is important to note that the expressions in the latter two
equations implicitly assume that the basis set used to describe the
vectors is orthonormal.

As the similarity index is origin dependent there typically is a
difference between the values computed for the cosine similarity
index and correlation coefficients, since the latter is always com-
puted at the mean of the of the data. Moreover, if the components
of the vectors are all non-negative then SCarðvA; vBÞ is also non-
negative. When this is not the case, SCarðvA; vBÞ may become
negative, a situation that also obtains for the other similarity indices
discussed in the remainder of this section. Maggiora et al. [53] have
treated this case in great detail for continuous field functions, but
the arguments can be carried through for finite vectors as well.

As has been pointed out numerous times, if vA ¼ k vB, then
SCarðvA; vBÞ ¼ 1 for all k. This prompted Hodgkin and Richards
[60] to define a slightly modified form of molecular similarity,
usually called the Hodgkin similarity index, that does not suffer
from this problem, namely,

SHodðvA; vBÞ ¼ vA; vBh i
1
2 vAk k2 þ vBk k2
� � : (47)
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Petke [41] has developed two additional indices that bound
both the Carbó and Hodgkin similarity indices, namely

SPetmin
ðvA; vBÞ ¼ vA; vBh i

min vAk k2; vBk k2
� � (48)

and

SPetmax
ðvA; vBÞ ¼ vA; vBh i

max vAk k2; vBk k2
� � ; (49)

that are analogous to those given, respectively, in Eqs. (28) and
(29) for the case of sets or binary vectors. Recently, a comprehen-
sive analysis has been given for continuous, field-based functions
of all of the similarity coefficients of this general form, which
characterizes their linear ordering and their upper and lower
bounds [53] (see Eq. (66)). Their approach can be taken over in
its entirety to the case of finite-dimensional vectors covered in this
section. Thus, the bounds of the similarity indices in Eqs. (44),
(47), (48), and (49), are given by

0bSPetmax
ðvA; vBÞbSHodðvA; vBÞbSCarðvA; vBÞbSPetmin

ðvA; vBÞb1:

(50)

All of the indices except SPetmin
ðvA; vBÞ have upper bound of

unity.

2.4. Field-Based

Functions

Many methods exist for assessing 3-D molecular similarity. Good
and Richards [61] and Lemmen and Lengauer [62] provide com-
prehensive reviews of most of the methods in use today, a large
class of which utilizes some form of vector-based representation of
3-Dmolecular features such as 3-D pharmacophores [33, 63] and
various types of 3-D shape descriptors [64]. The components of
these vectors can be binary, integer, categorical, or continuous as
discussed in the previous sections. Most 3-D methods, however,
involve some type of direct alignment of the molecules being
considered. Early on RMS deviations between specific atoms in
the molecules being compared were employed, but this required
identifying the key atoms, a non-trivial computational task. A
variety of other 3-D methods exist [62], but the bulk of the 3-D
methods utilize some form of field-based function to represent the
fields or pseudo-fields surrounding the molecules that can be either
continuous or discrete. Examples include “steric,” electrostatic
potential and “lipophilic” fields [39]. A novel, albeit lower reso-
lution approach, based on ellipsoidal Gaussians has recently been
developed [65] and shows great promise as a means for handling
very large sets of molecules. Several workers have also developed a
field-based methodology for directly aligning molecules based
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upon their electric fields [41, 60] that differs from the usual scalar
potential fields that are typically matched.

Interestingly, there is a close analogy between the alignment
of 3-D molecular fields and the determination of maximum com-
mon substructures of two chemical graphs (see Subsection 2.1).
Both cases involve the search for optimal overlays or alignments.
The former requires continuous optimizations of non-linear simi-
larity indices that give rise to large numbers of solutions and to
great difficulties in clearly identifying the global maximum or
“best” solution (see Subsection 2.4.3). The latter requires discrete
optimizations, but the problem is NP complete and thus does not
scale well computationally.

A major factor differentiating 3-D from 2-D similarity meth-
ods, regardless of the type of 3-Dmethod employed is the need to
account in some manner for conformational flexibility. There are
two ways this is generally accomplished. One method involves
carrying out a conformational analysis and selecting a subset of
“appropriate” conformations for each molecule. All pairwise
alignments of the selected conformations are then computed
[37]. The other method involves some form of conformational
search carried out simultaneously with the alignment process [66,
67]. Because of its importance in similarity-based alignments of
molecules the remainder of the discussion in this section will focus
on field-based methods.

2.4.1. Representation

of Molecular Fields

Field-based methods generally utilize linear combinations of
appropriate functions that are associated in some way with the
atoms of the molecule under study:

F a
AðrÞ ¼

X
i 2 atoms

aa
i fiðrÞ; (51)

where “a” designates the specific type of field or property being
considered. The coefficients aa

i weight the atom-based functions
and in many cases are used to characterize specific properties
attributed to the individual atoms (vide infra). Unnormalized,
spherically symmetric Gaussian functions, “Gaussians” for short,
are by far the most ubiquitous functions used in field-based
applications:

fiðrÞ ¼ exp �ki r�R ij j2
� �

; (52)

where R i is the location of the Gaussian, generally at an atomic
center, and ki is its “width,” which is the reciprocal of the variance,
that is ki ¼ 1 s2i

�
. The variance is sometimes referred the orbital

radius, ri ¼ s2i , of a Gaussian [68]. As ki ! 0; fiðrÞ becomes
more spread out and conversely as ki ! 1; fiðrÞ becomes sharper
until, in the limit, it approaches an infinitely sharp delta function.
In the latter case, atoms are essentially represented as points, while
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in the former case, they are represented as “soft spheres” as
illustrated in Fig. 6. Although applications utilizing ellipsoidal
Gaussians, which represent a generalization of spherically-
symmetric Gaussians, are finding increasing application in chem-
informatics [65], the focus of the current chapter will remain on
the former more ubiquitous and simpler functions.

A useful property of Gaussians is that the integral of the
product of two Gaussians [69] is given by another Gaussian that
is a function of their distance of separationZ

fiðrÞ � fj ðrÞd3r ¼ p
ki þ kj

� 	3 2=

exp � kikj
ki þ kj

R i �R j

�� ��2� 	
:

(53)

Thus, the “overlap” of two molecules, A and B, with respect
to the field of property a, OðF a

A;F
a
BÞ, is given by

OðF a
A;F

a
BÞ¼

Z
F a
AðrÞ �F a

BðrÞd3r

¼
X
i2A

X
j2B

aa
i �baj

Z
fiðrÞ fj ðrÞd3r

¼
X
i2A

X
j2B

aa
i �baj

p
kiþkj

� 	3 2=

exp � kikj
ki þkj

R i�R j

�� ��2� 	 ;

(54)

OðF a
A; F

a
BÞ ¼

X
i2A

X
j2B

~aa
i � ~baj exp � kikj

ki þ kj
R i �R j

�� ��2� 	
; (55)

where the modified coefficients, ~aa
i and

~baj , are obtained by includ-
ing the square root term equally into the two field (i.e., property)
coefficients aa

i and baj given in Eq. (54). In most cases the width
parameters, ki and kj , are chosen to be the same for all atoms.

Equation (55) is a general form that is used in a number of
field-based approaches to 3-D molecular alignment and similarity.

Fig. 6. Gaussian curves as a function of increasing width. As the degree of softness
increases the curves represent “fuzzy” atoms and as the degree of softness deceases
the Gaussian converges to a “point” atom model.

Molecular Similarity Measures 63



For example, in the program Seal [70] the coefficients given either
in Eq. (54) or Eq. (55) are subsumed into a single “property
coefficient,” ~aa

i � ~baj ) wi;j , which may account for the effect of
multiple types of properties,

O0Seal0(A; B) ¼
X
i2A

X
j2B

wi;j exp �k R i �R j

�� ��2� �
: (56)

The exponential coefficient, k, determines the spread of the
Gaussian and is taken be identical for all atom pairs. Some meth-
ods assign property values directly to the coefficients ~aa

i and
~baj

[67, 71].
An alternative approach [37] treats the steric and electrostatic

potential fields directly. The steric field is generally given by an
expression similar to that in Eq. (51),

F st
A ðrÞ ¼

X
i2atoms

ast
i fiðrÞ; (57)

where the coefficients are usually taken to be unity, that is ast
i ¼ 1,

the field functions, fiðrÞ, are usually taken to be Gaussians (see
Eq. (52)), and the width parameters, ki, are either held constant
for all atoms or are adjusted for each specific “atomic environ-
ment” [37]. In the case of the molecular electrostatic potential
(“el”) field

F el
A ðrÞ ¼

X
i2atoms

qi
r�R ij j (58)

the 1/r term, which becomes singular at each atomic nucleus,
presents a computational problem that was solved by Good et al.
[72], who developed a Gaussian expansion of the “1/r” term,

1

r�R ij j �
X
k2Ai

ckfi;kðrÞ; (59)

that significantly expedites computations. In this expression
fi;kðrÞ is the k-th Gaussian in the expansion of 1/r about the
i-th atom, Ai, of molecule A. The expansion usually consists
of two or three terms, and the expansion coefficients, ck, are
obtained by least-squares minimization. Note that the width
parameters, kk, are independent of the atom center and differ
significantly from each other in order to fit the 1/r term with
sufficient accuracy [72]. Substituting Eq. (59) into Eq. (58)
converts it into a sum of Gaussians, and thus most field-
based similarity measures (vide infra) only require calculation
of Gaussian overlap integrals (see e.g., Eqs. (53) and (54)) when
dealing with steric or electrostatic potential fields. Thus, many of
the issues that plague similarity calculations carried out within a
discrete lattice framework are no longer a problem in the case of
continuous field-based functions.
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2.4.2. Field-Based

Similarity Indices

Field-based similarities are usually evaluated by the cosine or
correlation function similarity measure employed initially by
Carbó and Calabuig [73] to compute molecular similarities
based upon quantum mechanical wavefunctions. Such a measure,
which is usually called a Carbó similarity index, is given by

SCar F a
A; F

a
B


 � ¼ F a
A; F

a
B

�

F a
A

�� �� � F a
B

�� ��
¼ F a

A; F
a
B

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F a
A

�� ��2 � F a
B

�� ��2q ; (60)

where the inner product in the numerator is now given by an
integral rather than a summation since the objects considered
here are field functions, F a

A and F a
B, not vectors, although strictly

speaking functions are equivalent to infinite dimensional vectors,

F a
A; F

a
B


 � ¼ Z
F a
AðrÞ � F a

BðrÞd3r; (61)

and the Euclidean norm of the functions is given by

F a
X

�� �� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

F a
X ðrÞ2d3r

s
; X¼A;B: (62)

Note the similarity of Eqs. (45) and (46) to Eqs. (61) and
(62). The main difference between them arises in the way in which
the inner products are evaluated. Also, as was the case for vectors if
the field functions are non-negative functions SCarðF a

A; F
a
BÞ will be

non-negative. When this is not the case, however, SCarðF a
A; F

a
BÞ

may become negative, a situation that also obtains for the other
similarity indices discussed in the remainder of this section. Mag-
giora et al. [53], have treated this case in great detail for conti-
nuous field functions, but the arguments can be carried through
for finite vectors as well (vide supra).

As discussed in the previous section for vectors, if F a
A and

F a
B differ only by a constant, that is if F a

A ¼ K � F a
B, then

SCarðF a
A; F

a
BÞ ¼ 1 regardless of the specific form of the functions.

While this is not a likely occurrence in practical applications,
Hodgkin and Richards [60] nonetheless defined a slightly altered
similarity measure, usually referred to as the Hodgkin similarity
index, which is not affected by this problem and is given by

SHod F a
A; F

a
B


 � ¼ F a
A; F

a
B

�

1
2 F a

A

�� ��2 þ F a
B

�� ��2� � ; (63)

where the terms in the denominator of Eqs. (60) and (63) are,
respectively, the geometric and arithmetic means of the squared
norms of F a

A and F a
B. As has been shown by Maggiora et al. [53],
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a family of similarity indices can be defined in terms of the means
of the squared norms in their denominators.

The Petke indices, defined earlier for vectors (see Eqs. (48)
and (49)), are given by

SPetmin
F a
A; F

a
B


 � ¼ F a
A; F

a
B

�

min F a

A

�� ��2; F a
B

�� ��2� � (64)

and

SPetmax
F a
A; F

a
B


 � ¼ F a
A; F

a
B

�

max F a

A

�� ��2; F a
B

�� ��2� � : (65)

All of the same bounding properties described in the previous
section for vectors (see Eq. (50)) obtain here as well, including the
fact that all of the indices except SPetmin

F a
A; F

a
B


 �
are bounded from

above by unity [53]:

0bSPetmax
F a
A;F

a
B


 �
bSHod F a

A;F
a
B


 �
bSCar F a

A;F
a
B


 �
bSPetmin

F a
A;F

a
B


 �
b1:

(66)

None of the cosine/correlation-like similarity indices or their
complements (see Subsection 2.5 on Dissimilarity Measures) are
true metrics; that is, they do not obey the distance axioms. Petit-
jean [74, 75], however, has developed a distance-based method-
ology, but it has not been applied in many cases.

Similarity indices corresponding to different fields can be
combined into an overall similarity index, for example

SðFA;FBÞ ¼ l � SðF st
A ; F

st
B Þ þ ð1� lÞ � SðF el

A ;F
el
B Þ; (67)

where S is the Carbó, Hodgkin, Petke, or other appropriate index
[53] and l is the weighting coefficient. Mestres et al. [37], have
used a value (l � 0:66), arrived at pragmatically, that weights
steric to electrostatic-potential similarity in a 2:1 ratio.

2.4.3. Deriving Consistent

Multi-molecule Alignments

As has been shown by Mestres et al. [29], the optimal solution,
SX ðFA; FBÞ1, may not correspond to the correct “experimentally-
derived” molecular alignment. To address this problem, these
authors developed the concept of pairwise consistency, which is
depicted in Fig. 7. Consider the similarities of three molecules A,
B, and C. Suppose molecule A is the reference molecule, which is
held fixed, and molecules B and C are the adapting molecules.
Now determine the optimal similarity solutions for SðFA;FBÞ1
and SðFA; FCÞ1 using an appropriate similarity index. Both mole-
cules B and C are now aligned to molecule A. Keeping their
positions relative to molecule A fixed, compute SðFB; FCÞ	,
which is not necessarily equal to the optimized solution, that is
SðFB; FCÞ	 6¼ SðFB; FCÞ1. Pairwise consistency holds only in the
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case when equality obtains, otherwise the solutions are said to be
pairwise inconsistent. Sometimes pairwise consistency is obtained
when one of the lower similarity solutions is considered, say
for example SðFA;FCÞ2. In such cases, the alignments given by
SðFA;FBÞ1,SðFA; FBÞ2, and SðFB; FCÞ	 ¼ SðFB;FCÞ1 are assumed
to be the correct alignments. In many cases, it is not possible to
identify pairwise consistent set of solutions. In such cases, the
fields of three molecules are simultaneously aligned using the
average of the pairwise similarities

SðFA;FB; FCÞ ¼ 1
3 SðFA;FBÞ þ SðFA; FCÞ þ SðFB; FCÞ½ �: (68)

This procedure automatically generates pairwise consistent
solutions, and it can be continued to higher orders until con-
sistent solutions are obtained to all orders, a computationally
very demanding task that has not been pursued in most cases
since the ternary similarities are generally sufficient for molecular
design purposes.

Note that any 3-D similarity method that involves molecular
superpositioning can be used to assess the consistency of multi-
molecule alignments. However, 3-D methods that do not involve
superpositions (e.g., see the interesting recent work by Ballester
and Richards [76]) are not suitable for this type of analysis.

2.4.4. Addressing

Conformational Flexibility

As noted in the introduction of this section, computing 3-D
molecular similarities of a set of molecules requires physically
aligning the appropriate fields of the molecules, while accounting
for their conformational flexibility, which can be accomplished in
two ways either by rigid body superpositions of selected confor-
mations of each of the molecules being aligned or by simultaneous
conformational sampling during the alignment process. In the
rigid-body case, one molecule is generally chosen as the Reference
Molecule, which remains fixed, while the other Adapting Molecule
is translated and rotated until a maximum of the similarity index is
obtained. Since the similarity index is a non-linear function it
generally has multiple solutions,

Fig. 7. Depiction of pairwise consistency among three molecules, A, B and C.
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SðFA; FBÞ1rSðFA; FBÞ2r � � �rSðFA; FBÞkr � � � (69)

although it is difficult to know if the global maximum has been
attained. To increase the chances that all of the best solutions are
obtained, multiple starting geometries are usually sampled.

An added difficulty in rigid-body alignment is that all “rele-
vant” conformations, N, of the reference molecule must be
aligned with all “relevant” conformations, M, of the adapting
molecule – N �M alignments must be carried out where, as dis-
cussed above, each alignment involves multiple starting geome-
tries. This is a significant computational burden for the alignment
of a single pair of molecules, and thus carrying out alignments for
a large set of molecules is not computationally feasible at this time.

There are some approaches that hold promise for speeding up
the computations. A novel procedure based upon Fourier trans-
forms was developed by Nissink et al. [77], and used by Lemmen
et al. [71] The method separates the translational and rotational
motions needed to align pairs of molecules and thus allows
the separate optimization of each, thereby facilitating the overall
alignment process. While this certainly speeds up the computa-
tions, it does not significantly alter the significant time require-
ments of rigid body alignments.

An alternative approach that combines conformational search-
ing with similarity-based structure alignment perhaps holds more
promise in terms of speeding up the process of aligning conforma-
tionally flexible molecules. In contrast to the rigid-body alignment
process described above, in this case both molecules are treated on
an equal footing and are allowed to move and conformationally
flex. In the approach of Blinn et al. [66], which is similar to that
developed by Labute [67], the energy of the combined system of
the two molecules being aligned, Etotal

A;B , is given by

Etotal
A;B ¼ Econf

A þ Econf
B þ Esim

A;B; (70)

where Econf
A is the conformational energy of molecule A, Econf

B is
the conformational energy of molecule B, and Esim

A;B is a pseudo-
energy penalty term, which is given by

Esim
A;B ¼ Ksim � 1� SðFA; FBÞ½ �

¼ Ksim �DðFA; FBÞ ; (71)

where Ksim is an adjustable proportionality constant, which lies
in the range of 5–20 kcal/mol. The dissimilarity DðFA; FBÞ (see
Subsection 2.5) is used rather than similarity since the penalty
term should vanish when the fields of the two molecules are in
perfect alignment that is when SðFA; FBÞ ¼ 1 ! DðFA;FBÞ ¼
0 ! Esim

A;B ¼ 0. Alternatively, the maximum penalty should be

assessed when

SðFA;FBÞ ¼ 0 ! DðFA; FBÞ ¼ 1 ! Esim
A;B ¼ Ksim: (72)
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Other forms for the pseudo-energy penalty term have also
been investigated [66, 67]. In any case, the pseudo-energy penalty
term acts as a constraint on the overall energy of the system,
which is a balance between favorable conformational energies
and overall molecular alignment as measured by field-based simi-
larity (dissimilarity).

While the approaches noted above use some type of stochastic
procedure to explore the similarity-constrained conformational
space [66, 67], they are not in principle restricted to such search
methods. Molecular dynamics-based procedures are also possible,
although to our knowledge none have as yet been developed to
address this problem.

2.4.5. Multi-conformer-

Dependent Similarities

It may be argued that 3-D similarities most closely represent the
concept of molecular similarity. Since many molecules can attain
multiple conformational states, it is not unreasonable to assume
that these low-lying conformational states should play a role in
molecular similarity. To date, 3-D similarity methods typically
choose a single conformer, usually the one with the lowest confor-
mational energy. This section describes a possible approach to the
question “Given that a set of conformer-dependent similarities can
be determined, how does one assign an aggregate similarity to the
set of values”? It is not meant to be a finished work, but rather is
meant to encourage further work and discussion on what undoubt-
edly will become a more important issue as computational methods
improve and become faster (see e.g. the work described in [76]).

One, but certainly not the only, approach is to weigh the
similarities by the joint probability of the two conformers,

SðFA;FBÞh i ¼
XnA

i¼1

XnB

j¼1

Prob Ai;Bj


 � � SðFAi
; FBj

Þ; (73)

where Ai is the i-th conformational state of molecule A and Bj the
j-th conformational state of molecule B. In the case where the
conformations of each of the two molecules are determined inde-
pendently, as described in Subsection 2.4.4,

Prob Ai ;Bj


 � ¼ Prob Aið Þ � Prob Bj


 �
: (74)

The two conformational-state probabilities can be estimated
using a Boltzmann or other suitable type of probability function;
the former is given by [78]

Prob M‘ð Þ ¼ exp �k � DEM‘
ð Þ

ZM
; M ¼ A; B; C; :::;

‘ ¼ 1; 2; :::;nM (75)

where k is Boltzmann’s constant, DEM‘
is the energy (in kcal/mol)

of the i-th conformation of M relative to its lowest energy
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conformation, and ZM is the conformational partition function for
molecule M, i.e.

ZM ¼
XnM

‘¼1

exp �k � DEM‘
ð Þ; M ¼ A; B; C; ::: (76)

where nM is the number of conformational states considered for
molecule M. Since nM is usually less than the actual number of
conformational states, ZM is only an estimate of the true confor-
mational partition function. However, this may not be the most
serious limitation of the proposed approach as conformational
energies may also be poorly estimated and solvent effects, when
they are explicitly considered, also can represent a serious source
of error (vide infra).

For entirely practical reasons of computational efficiency, con-
formational energies are usually computed in the gas phase using
molecular mechanics potential-energy functions [79]. However,
recent advances in computational methods have made solvent-
based conformational energetics computationally feasible [80].
Methods have also been developed for computing Gibbs free
energies [81], which are physically more realistic. However, even
in cases where conformational energetics are computed with rea-
sonable accuracy, the number of conformers considered is usually
only a subset of the possible conformers such as those, for exam-
ple, based on clustering (see discussion in Subsection 2.2.4). Thus,
the calculated probabilities are highly approximate. Nevertheless,
this approach accounts in some, albeit very approximate, fashion
for the role that multiple conformations can play in MSA.
Whether this more elaborate approach produces better results
than those obtained using single low-energy conformations has
yet to be investigated.

Considering the combinatoric explosion that can arise in the
“independent conformer” approach, it may be more effective to
compute conformationally-weighted similarities in a more direct
manner. Such an approach may be developed from that described
in Subsection 2.2.4 (see Eqs. (70)–(72)) [66] or some other
variant [67] that combines conformational searching simulta-
neously with similarity-based alignment. Although, conforma-
tional independence (vide supra) is lost in this approach, it may
not be an impediment to obtaining computationally-feasible, con-
formationally-weighted similarities.

A related but “softer” approach (see e.g., Petit et al. submitted
[82], for a discussion of soft approaches to the Rule of Five that is
relevant here) is to consider the conformationally-dependent dis-
tribution of similarity values between each pair of molecules under
consideration in a given study, and then to compare the resulting
similarity or cumulative similarity distributions [83] directly or
with respect to several relevant distributional parameters such
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as the mean, median, standard deviation, or other statistical
moments [84].

2.5. Dissimilarity

Measures

Dissimilarity is generally taken to be the complement of similarity,
that is

DðA;BÞ ¼ 1� SðA;BÞ: (77)

While this is mathematically reasonable, and is thus used
extensively, psychologically the two concepts are not so simply
related. This stems from the fact that assessing the similarity of
two objects is easier than assessing their dissimilarity. As two
objects become less and less similar a point is reached, say for a
similarity value of 0.35, below which it is very difficult to assign a
value to their similarity. Since dissimilarity is just the complement
of similarity it follows that humans can only properly assess the
dissimilarity of two objects if they are not too dissimilar. Thus,
even though we can assign dissimilarities ~1.0 using Eq. (77) its
“meaning” is not easily grasped. This is why we have focused our
discussion on similarity rather than dissimilarity, even though the
concept of dissimilarity has important practical applications in
studies of molecular diversity. Martin [85] has edited an interest-
ing account of the development and implementation of the con-
cepts of molecular dissimilarity and diversity in cheminformatics
and combinatorial chemistry. Seilo [86] has also investigated some
of the issues associated with comparing dissimilar molecules.

3. Chemical
Spaces

This section on chemical spaces, while important, is not presented
with the same level of mathematical detail as given in earlier
sections. The object here is to provide a general discussion of
some of the important characteristics of these spaces. A recent
review by Medina-Franco et al. [87] presents an excellent over-
view of many aspects of chemical spaces relevant to drug design
research; Oprea and Gottfries [88] published the first paper on
navigating chemical spaces.

The concept of a chemical space derives from the notion of a
space used in mathematics and is taken here to be a set of mole-
cules along with one or more relationships defined on the ele-
ments (i.e. molecules) of the set. The nature of a given chemical
space depends, directly or indirectly, on how the molecular infor-
mation is represented (Subsection 2); the representation used
strongly influences what can be known about the set of mole-
cules under study. Figure 8 illustrates the dramatic effect that
different molecular representations can have on the distribution
of compounds in chemical space (See figure legend for details and
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Subsections 3.1 and 3.1.1 for a discussion of how chemical spaces
are depicted and how reduced-dimensional chemical spaces are
constructed.). Panel (a) of the figure shows that the set of 125 new
molecules (red triangles) is structurally different from the 1,490
approved drugs (blue cubes) [89] and the representative set of
2,000 compounds from the MLSMR [90]. Panel (b) indicates
that the new library is located within a region of the physicochem-
ical property-based chemical space that is associated with bioactive
molecules. Both of these pieces of information are useful. Never-
theless, the significant differences in the distribution of com-
pounds in these two spaces clearly show the crucial role that
representation plays in defining chemical spaces.

Importantly, unlike the case in physics, the underlying rela-
tionships in chemical spaces are not invariant to representation.
For example, neighborhood relationships that obtain in one
chemical space may not also obtain in another chemical space
[2] (Cf. Patterson et al. [91]). This is shown in Fig. 9, which
schematically depicts the chemical spaces generated for the same
set of molecules using two different representations (♣ and ♠). As
is seen in the figure, molecules that are nearest-neighbors with
respect to one representation may not even be close neighbors in
the other (See, for example, mappings � and � and mappings
� and � of Fig. 9). Thus, there is loss of topological invariance,
which is a much more serious condition than the loss of purely
geometric features such as the distances between molecules or the
angles between vectors representing the locations of molecules in

Fig. 8. Comparison of the 125 new molecules (red triangles), 1,490 approved drugs (blue squares) and a representative
set of 2,000 diverse compounds (yellow spheres) from Molecular Libraries Small Molecules Repository (MLSMR) (Original
figure provided courtesy of Dr. José Medina-Franco). (a) Depiction of a visual representation of the chemical space
obtained by PCA of the similarity matrix computed using MACCS keys and Tanimoto similarity. The first three PCs
account for 62.1% of the variance. (b) Depiction of a visual representation of the property space obtained by PCA of six
scaled physicochemical properties (MW, RB, HBA, HBD, TPSA, and SlogP). The first three PCs account for 84.3% of the
variance.
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chemical spaces. Loss of topological invariance can have dire con-
sequences in subset selection procedures since it can change the
rank ordering of neighboring compounds with respect to chemi-
cal spaces constructed using different similarity measures [2].

3.1. Dimensionality of

Chemical Spaces

Chemical spaces can be grouped into two broad classes,
namely, coordinate-based and coordinate-free. In coordinate-
based chemical spaces molecules are represented as points dis-
tributed throughout the space as illustrated in Fig. 10. Points in
close proximity are considered to represent similar molecules,

Fig. 9. An example illustrating that chemical spaces are representation dependent. Five
point-to-point mappings are indicated on the figure. Mappings� and� show that two
molecules that are well separated in ♣-Space may be nearest-neighbors in ♠-Space,
while mappings � and � show that two molecules that are nearest-neighbors in
♣-Space are well separated in ♠-Space. Mappings � and � show that neighborhood
relationships may also be maintained by mappings between the two spaces.

Fig. 10. In coordinate-based chemistry space, points in close proximity are considered
to be similar. For instance, the compounds within the sphere shown here are quite
similar to each other compared to compounds in the extremities of this 3-dimensional
chemistry space.
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while distant points represent dissimilar molecules. An important
feature of coordinate-based chemical spaces is that the absolute
position of a molecule within the space is known, not just its
position relative to the other molecules in the space. This is not
the case with coordinate-free chemical spaces. In such spaces the
relationship of a given molecule to its near and far neighbors is
known but not its location within the space. Thus, finding “com-
pound voids” in a coordinate-free chemical space is a much more
difficult task than it is in a coordinate-based chemical space. An
additional useful feature of coordinate-based chemical spaces is
their ability to portray the distribution of compounds in ways that,
in many cases, can enhance our understanding of the space. How-
ever, as is discussed in the following paragraph, the high-
dimensionality of these spaces can frustrate attempts to visualize
them.

The dimension of a coordinate-based chemical space is simply
the number of independent variables used to define the space. As
seen in earlier discussions, the dimension of such spaces can be
quite large, and there are a significant number of examples where
the dimension can exceed one million [33, 48]. Even for spaces of
much lower dimension, say around ten or greater, the effects of
the “Curse of Dimensionality” [92, 93] can be felt. Bishop [94]
provides an excellent example, which shows that the ratio of the
volume of a hypersphere inscribed in a unit hypercube of the same
dimension goes to zero as the dimensionality goes to infinity.
Actually, even for the ten-dimensional case the volume of the
hypersphere is less than ten percent of that of the corresponding
hypercube. Raghavendra and Maggiora [95] provide a more
detailed discussion of some of the idiosyncratic behaviors of high-
dimensional spaces [96]. In addition, most of the spaces of
extremely high dimension are discrete since the number of “points”
(i.e. molecules) in the space is finite, a feature that can present
additional problems.

Although, it is possible in coordinate-free chemical spaces
to rigorously construct coordinates within a Euclidean space for
any set of molecules in the space, faithfully representing the inter-
molecular proximities may require that the space be of quite
high-dimension, in an extreme case possibly equal to one less
than the number of molecules in the set. As will be discussed in
the following section, a number of methods exist for constructing
low-dimensional Euclidean spaces for both high-dimensional coor-
dinate-based and coordinate-free representations of molecules.

3.2. Constructing

Reduced-Dimension

Chemical Spaces [97]

This section provides a brief account on the construction of
reduced-dimension chemical spaces for sets of molecules
described by coordinate-free or by high-dimensional coordinate-
based representations. Inherently low-dimensional chemical
spaces such as those generated, for example, by BCUT descriptors
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are not considered; the paper by Pearlman and Smith [35] should
be consulted for a discussion of these descriptors. It is important to
note that all of the issues surrounding the inherent non-orthogo-
nality of coordinate systems described in Subsection 2.3.2 are
applicable here as well, and that section should be consulted for
further details.

Scheme 1 illustrates the various procedures for the construc-
tion of reduced-dimension coordinate systems – similarity (dis-
similarity), correlation, or distance play a central role in these
coordinate systems. The first step in reducing the dimension of
either coordinate-free or high-dimensional coordinate-based
representations is computation of some proximity measure of
the similarity, correlation, or distance between all the pairs of
molecules in the set of interest. This can be accomplished using
the methods described earlier in this work. For example, in
the coordinate-free case similarity can be computed using the
graph-theoretical procedures described in Subsection 2.1, the
field-based approach described in Subsection 2.4, or other less
well-known approaches such as shape-group [98] and feature-tree
[99] methods. In high-dimensional coordinate-based cases all of
the vector-based approaches described in Subsection 2 are app-
licable (N.B. that field-based approaches can also fit under this
rubric, since field-based functions can be considered to be infinite-
dimensional vectors).

Once a proximity measure has been computed for all of
the molecules, basically two paths exist for determining a
lower-dimensional coordinate-based representation. In the
upper path in Scheme 1 coordinates are determined using either
multi-dimensional scaling (MDS) [11] or non-linear mapping

Scheme 1
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(NLM) [13] procedures, both of which require minimization of
some sort of error function. In the past, both procedures were
somewhat limited and could only deal effectively with datasets of
less than ~2000 molecules. In addition, they encountered diffi-
culty in treating new sets of compounds that were not included in
the original set without redoing the calculations for the entire
augmented set. These limitations have been removed by the work
of Agrafiotis and his colleagues [100, 101] who developed a clever
neural-net approach that learned the non-linear mapping based
upon the use of training sets of relatively small sample size (~1,000
compounds). Once the mapping function is learned new com-
pounds can be mapped with relative ease.

The lower path is somewhat more complicated. The first step
in the path involves either PCA [12] or principal-coordinate
analysis (PCO) [12]. This step can be followed by optimization
of a function that minimizes the error between the proximity
measure computed in the reduced-dimension and full coordinate
systems if desired. Xie et al. [102], recently published an interest-
ing paper along these lines. Kruscal stress [103] is a widely used
function in this regard, namely,

Kstress ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i

P
j>i

ðd_i;j � di;j Þ2

P
i

P
j>i

d
_2

i;j

vuuuuuut ; (78)

where d
_

i;j is the distance computed in the reduced-dimension
space and di;j is the distance computed in the full space.

PCA is designed to deal directly with correlation matrices,
but not directly with similarity or distance matrices. However, as
pointed out by Kruscal [103], the similarity matrix (or other
proximity matrix) can be treated as a normal data matrix upon
which principal component analysis is performed, that is
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mean
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columns

�S ))
form

matrix

product

�S
T�S ))

diagonalize

matrix

VT �S
T�S

� �
V ¼ L; (79)

where the columns of the eigenvector matrix V are the principal
components and the elements of the diagonal matrix L are the
corresponding eigenvalues. The coordinates in the transformed
PC coordinate system, usually called the “scores,” are given by the
matrix T, where

T ¼ �SV: (80)

Principal coordinate analysis [12] works in an analogous fash-
ion except that the similarity matrix is used directly without the
additional multiplications given in Eq. (79). Gower has described
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the relationship between PCA and PCO [104]. Because both
approaches utilize matrix diagonalization procedures, the size
systems that they can practically treat are limited to ~2,000 mole-
cules. This computational obstacle can be overcome for PCA
using one of the neural net methods for determining principal
components [105]. Benigni [106] described an analogous method
based upon a matrix of Euclidean distances computed from high-
dimensional vectors representing a set of molecules. Analogous
dissimilarity-based methods have also been developed.

An important question is whether the proximity measures are
compatible with those of these references addresses the important
issue of whether the proximity measure is compatible with embed-
ding in a Euclidean space. For example, satisfying the distance
axioms do not guarantee that any distance matrix associated with a
given set of molecules will be compatible, as the distance axioms
are still satisfied in non-Euclidean spaces. Gower has written
extensively on this important issue, and his work should be con-
sulted for details [107–109]. Benigni [110] and Carbó [73] have
also contributed interesting approaches in this area.

More recent work by a number of authors has further
addressed the issue of embedding of high-dimensional data into
lower dimensional spaces. These methods include the similarity-
based abstract vector-space approach of Raghavendra and Mag-
giora [95], isometric mapping [111], local linear embedding
[112], exploratory projection-pursuit [113], stochastic proximity
embedding [114, 115], and eigenvalue-based methods [116].

3.3. Activity Cliffs and

the Topography of

Activity Landscapes

Chemical spaces and the activities of molecules in these spaces
induce activity landscapes. In three dimensions, activity landscapes
can be visualized as surfaces with features that are analogous to the
Earth’s topographical features – mountains, canyons, hills, valleys,
cliffs, ridges, spires, plains, etc. Neglecting the Earth’s curvature,
which for small surface regions can be considered essentially flat,
topographies can be represented by two rectilinear position coor-
dinates and one rectilinear altitude coordinate. In activity land-
scapes, the two position coordinates give the location of a
molecule within a two-dimensional chemical space and the alti-
tude coordinate corresponds to the molecule’s activity value with
respect to a given biological or pharmacological assay. Thus, a
number of different activity landscapes exist for a set of molecules
in a given chemical space, one for each assay. Because many assays
are of relatively low resolution, their activity landscapes will typi-
cally be of low resolution. Moreover, since chemical spaces are not
invariant to representation, the nature of their associated activity
landscapes will also be affected by the representation used to
define the chemical space (Cf. Fig. 8). Lastly, chemical spaces are
typically greater than two dimensions so the geographical analogy
associated with the Earth, while familiar, is definitely a significant
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simplification of the situation encountered in chemical spaces.
Nevertheless, the information provided by simple 3-D models of
activity landscapes still provides many useful insights that facilitate
our understanding of the actual multi-dimensional case.

Until recently, it was generally assumed that small changes in
activity are typically associated with small changes in molecular
similarity [4]. In such cases, activity landscapes tend to resemble
the rolling hills of Kansas. However, a growing number of studies
have shown that this is not generally the case. In fact, activity
landscapes appear to contain regions with “cliffs” that resemble
the rugged landscape of Bryce Canyon more than that of Kansas
[117]. Such “activity cliffs” arise when small changes in molecular
similarity result in correspondingly large changes in activity. A
recent editorial by Maggiora [118] suggests that activity cliffs
play a significant role in the determination of quantitative struc-
ture–activity relations (QSAR). This editorial was followed up by
several papers that provided additional discussion of this topic
[119–121]. Importantly, activity cliffs pinpoint regions of activity
landscapes that contain maximum information on SARs. This is so
because small changes in molecular similarity make it easier to
identify what features may be responsible for the dramatic shifts
observed in activity. In contrast, it is difficult to ascertain just
what features may be responsible for large activity shifts observed
between two molecules that are very dissimilar. Figure 11, taken
from the recent review by Bajorath et al. [122], provides a 3-D
example based on data obtained from a set of Cyclooxygenase-
2 inhibitors that illustrates the topography of a typical activity
landscape and indicates the relationship between an activity cliff
and its associated SAR. Note that the coordinates in the two-
dimensional chemical space depicted in the figure are obtained
by projection from a higher-dimensional chemical space.

3.3.1. Development of

Structure–Activity

Similarity Maps

Although the 3-D activity landscape portrayed in Fig. 11 has great
intuitive appeal, it does not present an accurate picture of the true
activity landscape, which is of much higher dimension. What is
needed is a relatively simple representation of the data that can be
visualized and analyzed and that captures a significant portion of
the information contained in the activity landscape. Early work in
this area by Shanmugasundaram and Maggiora [123] introduced
the concept of a structure–activity–similarity map or SAS map.
Figure 12 provides an example of such a map. The ordinate
represents the “activity similarity,” which is defined by

SAct A;Bð Þ ¼ 1� Act Að Þ � Act Bð Þj j
Actmax � Actmin

; (81)

where Act Xð Þ is the activity of compound A or B, typically given in
terms of their pI50 values, and Actmax � Actmin is the difference
between the maximum and minimum activity values of the
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compounds in the dataset. This represents a “normalized” activity
difference, although non-normalized activity differences can also
be used in SAS maps. The abscissa represents the familiar “struc-
ture similarity”; any of the similarity measures discussed in this
chapter can be used here.

Each of the 1,275 datapoints shown in Panel (a) of the figure
represents a pairwise comparison with respect to the activity and
structure similarity of each of the molecules in a small, prototypi-
cal dataset containing 51 molecules (N.B. that the number of
distinct pairs obtained from N molecules is N N � 1ð Þ 2= ). The
data points are color-coded by the activity of the most active
compound of a given pair. Red circles denote pairs where at least
one compound is active; yellow circles indicate pairs where at least
one compound is moderately active; blue circles indicate pairs

Fig. 11. Example of an activity landscape generated using data obtained from a set of
cyclooxygenase-2 inhibitors (Original figure provided courtesy of Prof. Jurgen Bajorath,
see ref. [122]). Note that the reference chemical space depicted here is a projection
onto two dimensions of the actual higher-dimensional chemical space.
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where both compounds are inactive (or have low activity). Note
that the scale for “Structure Similarity” does not run from zero to
unity. This is because of the limited size and diversity of the
dataset, since the minimum similarity between any pair of com-
pounds is 0.58.

The SAS map is divided into four quadrants as shown in Panel
(b) of the figure. Points located in the upper right quadrant (I) of
the diagram correspond to pairs of compounds with both high
activity and high structure similarity. The topography in this
quadrant is relatively smooth, gently rolling hills. Compounds in
this region behave in a “traditional” SAR fashion and reliable
QSARs can generally be obtained from such compounds. Points
in the lower right quadrant (II) correspond to pairs of compounds
with high structure but low activity similarity. This region is rich in
activity cliffs, and hence, provides the maximum amount of SAR
information. However, compounds in this region tend to be
refractory to the determination of reliable QSARs because func-
tions describing QSARs of such compounds must be highly flexi-
ble to account for the high variability of their activity landscapes.
Thus, a considerable amount of SAR data is required to ensure
that the functions, which are highly non-linear, are adequately
approximated. The upper left quadrant (III) corresponds to
pairs of compounds with high activity similarity but low structure
similarity. Compounds in this region exhibit relatively low local
SAR information, although they do provide SAR information on
distributed classes of active compounds (Cf. “scaffold hopping”
[124, 125]). Because of the low similarities of compounds within
this quadrant (N.B. that compounds in this set are typically dis-
persed in chemical space) it is generally not possible to develop
reliable QSARs. However, if enough SAR data is available for
compounds in both “active classes,” it may be possible to develop
QSARs for each class separately. The separate QSARs can then be
merged into a single “distributed” QSAR. Care must be exercised
in interpreting the points in quadrants (II) and (III), since high
activity similarity obtains when pairs compounds have similar
activities that can be high, moderate, low, or inactive. This can
be indicated in SAS maps by distinguishing pairs of compounds
using a color-coding scheme such as that described above for
Fig. 12. Lastly, the lower left quadrant (IV) corresponds to pairs
of compounds with both low activity and low structure similarity.
This region contains very little if any SAR information and, thus,
compounds in this region do not submit to QSAR or provide
useful information on the nature of the activity landscape.

Figure 13 depicts the same SAS map shown in Fig. 12. Two
points, one located in quadrant (II) and one in quadrant (III) are
explicitly indicated by the green arrows that point from pairs of
molecules located in Boxes (A) and (B), respectively. The point in
quadrant (II) corresponds to an activity cliff since the activities of
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the two compounds in Box (A) differ by a factor of nearly 100,
while their structure similarity is greater than 0.9. The two com-
pounds associated with the designated point in quadrant (III)
have moderate and nearly equal activities. However, since the
dataset is of rather limited diversity – the smallest similarity
between any two compounds in the set is 0.58 (vide supra) – it
is not expected that the compounds associated with this datapoint
will exhibit significant scaffold hopping, which is confirmed by the

Fig. 12. Example of a structure–activity similarity (SAS) map (Original figure provided courtesy of Dr. José Medina-
Franco). (a) Depiction of a SAS map for a prototypical dataset. Each data point indicates a pairwise comparison from a
dataset of 51 compounds. Data points are color coded by the activity of the most active compound of a given pair. Red
circles denote pairs where at least one compound is active; yellow circles indicate pairs where at least one compound is
moderately active; blue circles indicates pairs where both compounds are inactive (or have low activity). Note that the
scale for ‘Structure Similarity’ does not run from zero to unity. This is because of the limited size and diversity of the
dataset. (b) Depiction of the four approximate quadrants of the SAS map (see text for further discussion).

Fig. 13. SAS map given in Fig. 12 showing the structures of a pair of compounds involved in an activity cliff and a pair of
compounds involved in scaffold hopping (Original figure provided courtesy of Dr. José Medina-Franco). The pair of
compounds in Box (A) lie in quadrant (II), and the pair of compounds in Box (B) lie in quadrant (III) of the SAS map (see also
Fig. 12b).
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structures in Box (B). It is expected that noteworthy scaffold
hopping will require similarity values most likely of 0.40 or less.
Thus, one might only expect this to occur in campaigns where
relatively diverse sets of compounds are screened.

3.3.2. An Information-

Theoretic Analysis of

SAS Maps

Information theory provides a suitable framework for analyzing
the information content of pairs of compounds located in the
different quadrants of SAS maps, such as that depicted in
Fig. 12b. Information (in “bits”), sometimes called “surprisal,”
is related to Shannon entropy [126] and is given by

I Að Þ ¼ log2
1

P Að Þ ¼ �log2P Að Þ; (82)

where P Að Þis the probability of observing a specific activity (e.g.,
high, moderate, low, etc.) activity for molecule A. The condensed
notation employed here is used for simplicity. Technically, P Að Þ
should conditioned on the activity of molecule B and the similarity,
S(A,B), of the two molecules. For example, what is the probability
that molecule A is active (inactive) given that molecule B is active
(inactive) and the similarity between them is high (low). Equation
(82) makes sense from the following point of view, namely, the
more likely an event is to be observed, the less information will be
obtained in observing it, that is there is less “surprise” in observ-
ing it. For example, if an urn is filled with 90 red balls and 10 green
balls, there is a 90% chance of drawing a red one and a 10% chance
of drawing a green one. Thus, drawing a red ball is less surprising
than drawing a green one and hence carries less information.

Although the number of exceptions to the rule that “similar
compounds tend to possess similar activities” [4] is growing rap-
idly, it is not unreasonable to assume, at least as a working hypoth-
esis, that this rule holds approximately. A compound located in
the neighborhood of, say, an active compound is likely to also be
active. If this is not the case, and the compound is found to
be inactive, the result is surprising. Hence, such an observation
carries higher information than if the compound was active as
expected. Using this logic and the basics of information theory
it is possible to qualitatively assess the degree of information
possessed by pairs of compounds located within the different
quadrants of a SAS map.

For example, consider two highly similar compounds chosen
at random from a given chemical space. If one of the compounds is
known to be active, then it is reasonable to expect that the other
would have a high probability of also being active. This situation is
exemplified by compounds residing in quadrant (I). Thus,
although compounds in this quadrant are appropriate for the
development of reliable QSARs, they provide little information,
in the information-theoretic sense. If, on the other hand, one of
the compounds is active but the other is inactive, a condition
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exemplified by the activity cliffs associated with compounds in
quadrant (II), this corresponds to a high information local case.
However, due to the rapidly fluxuating nature of the activity
landscape for compounds located in quadrant (II) it is difficult
to construct meaningful QSARs (see Subsection 3.3.1 for further
discussion). If two dissimilar compounds are chosen at random,
and one is known to be active, it follows from the above discussion
that the other is likely to be inactive. However, if it is shown to be
active, a situation that obtains for compounds located in quadrant
(III), this corresponds to a high-information case since a new class
of compounds has been identified. Lastly, pairs of compounds that
have low activity and structure similarity and are found in quad-
rant (IV) have little relationship to each other and, hence, have
low information.

The above discussion can also be couched in terms of inactive
compounds. This is obtained by interchanging the words “active”
and “inactive.” In such a case, inactive compounds in quadrants
(I) and (III) have low information and are also not appropriate for
QSAR studies. Table 1 provides a summary of the features of
SAS maps.

3.3.3. Alternative

Representations of Activity

Landscapes

Many variants of SAS maps are possible. One that has received
some attention recently is the multi-fusion similarity (MFS) maps
developed by Medina-Franco et al. [127]. This work is a two-
dimensional extension of the work carried out by Willet’s group
on similarity-based data fusion methods [25–28].

Several other approaches aimed at describing activity land-
scapes have been published [128, 129]. These approaches are

Table 1
Structure–activity similarity (SAS) maps

Quad Similarity Landscape Cpd activitya QSARb Information content
Activity Structure

I High High Gentle hills High/high
Low/low

+
�

Low

II Low High Activity cliffs High/low � High

III High Low Multiple, separated
active regions

High/high
Low/low

�/+
�

High to moderate

IV Low Low Nondescript High/low � Very low

aIf a pair of compounds has high activity similarity, both of the compounds could have high or low
activities. This has been explicitly designated (viz., High/High or Low/Low) for compounds in quad-
rants (I) and (III)
bThe “+” sign indicates that it is possible to construct a reasonable QSAR; the “�” sign indicates that a
QSAR is either not possible or problematic at best; the “�/+” indicates that it is a QSAR is not possible
unless a significant amount of data is available for both of the dissimilar activity classes

Molecular Similarity Measures 83



based on two indices – SALI [128] and SARI [129]. The former,
which is defined as

SALI A;Bð Þ ¼ Act Að Þ � Act Bð Þj j
1� S A;Bð Þ ; (83)

is designed to identify the presence of activity cliffs between pairs
of compounds. Thus, it provides a local characterization of the
neighborhoods surrounding activity cliffs. A more global view is
obtained by stitching together compounds using a directed
graph-theoretical formalism. In this formalism, the nodes repre-
sent compounds. A directed edge is drawn between two com-
pounds and points towards the higher activity one depending
upon whether the SALI index is above a given threshold value.
This representation provides a graphical means for portraying
neighborhood as well as global relationships among compounds
associated with activity cliffs – as the SALI threshold value is
lowered a more complete picture of the inter-relationships
among activity cliff regions emerges.

In contrast, the SARI index takes a more global approach to
activity landscapes. It is based on the average of the “continuity”
score, Scoreconth i, and the “discontinuity” score Scoredisconth i, The
former is computed by taking the potency-weighted sum of all
pairwise dissimilarities and, thus, is a measure of the potency and
diversity of the set of compounds under consideration. In con-
trast, the latter is computed by taking similarity-weighted average
potency among pairs of compounds that exceed a given similarity
threshold value. Large values of the discontinuity score indicate
the presence of activity cliffs. After normalizing both scores to the
unit interval, they are combined as shown in Eq. (84) to yield the
SARI index value,

SARI ¼ 1
2 Scoreconth inorm þ 1� Scoredisconth inorm


 �� �
: (84)

High SARI values correspond to predominantly continuous
activity landscapes, while low values correspond to predominantly
discontinuous landscapes. Intermediate values correspond to
mixed landscapes. Hence, the SARI index provides a more global
measure of the activity landscape than does the SALI index. How-
ever, it provides a much less detailed picture of the local environ-
ments in an activity landscape, although a local discontinuity index
has also been defined for the former [129]. Subsequent work in
Bajorath’s laboratory [130] has extended their SARI-based
approach using network-like similarity graphs (NSG) along with
local information to provide a more detailed picture of activity
landscapes.

Lastly, since similarity values are influenced by the representa-
tion used to encode the molecular information, it is desirable
to develop a method that is less sensitive to representation. To
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address this difficult and persistent problem, Medina-Franco et al.
[131] developed the concept of consensus activity cliffs. Consensus
activity cliffs, which are obtained by analyzing multiple activity
landscapes generated by different similarity methods, are charac-
terized by the Degree of Consensus (DoC) between any pair of
similarity methods. Using this approach, the authors were able to
identify activity cliffs of improved reliability that persisted with
respect to a number of similarity methods.

3.4. A General

Similarity-Based

Approach for

Representing

Chemical Spaces

Vector-based representations of chemical spaces are quite com-
mon in cheminformatics. In the usual molecular fragment-based
approach the coefficients of the vector components are generally
binary- or positive integer-valued (see Subsections 2.2.1 and
2.2.3). In continuous vector representations (see Subsection 2.3),
on the other hand, the vector coefficients are typically associated
with the values of atomic and molecular properties. All of these
representations can be used to describe chemical spaces, either
directly or in terms of their related molecular similarities, proxi-
mities, or distances.

In the following, a general similarity-based approach for con-
structing continuous vector representations of molecules is pre-
sented that is based on what might be called “molecular basis
vectors” instead of molecular fragments or properties (Cf. Sub-
section 2.3). The method is reminiscent of those in molecular
quantum mechanics [132] that employ atomic orbitals or group
functions as a basis for describing whole molecules. A detailed
account with a number of examples can be found in a recent work
by Raghavendra and Maggiora [95]. As will be seen in the sequel,
the key to the method is an ansatz that equates the inner product
between a pair of molecular vectors to their corresponding simila-
rities. The method’s power resides in the fact that any reasonable
similarity can be used and that the detailed nature of the molecular
vector need not be known since it is not required for the compu-
tation of similarity. This situation is reminiscent of that in many
kernel learning methods [133–135] where elements of the Gra-
mian matrix, which are analogous to the similarities used here, can
be determined indirectly without knowledge of the explicit form
of the vectors in the underlying feature space.

Choose a set of pmolecules as a molecular basis for represent-
ing the chemical space of interest

B ¼ fb1; b2; :::; bpg; (85)

which can be written as the “row vector” (i.e. a 1� n-dimensional
matrix)

B ¼ ðb1;b2; :::;bpÞ; (86)

where the bi ; i ¼ 1; 2; :::; p correspond to molecular basis vectors.
Here, the word “vector” refers to an abstract object with direction
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and magnitude located at the origin of an appropriate coordinate
system and satisfying the multiplicative and additive properties of
a linear vector space [36]. Such objects, which are depicted in a
lower-case, bold-face Arial font, e.g. “bi; mk ; :::”, are basis-set
independent. Component vectors, which are basis-set dependent,
are depicted in a lower-case, bold-face Times New Roman font,
e.g. “ vi ; mk; :::”. Their components are depicted in lower-case
italic type and are grouped together in n � 1 column matrices (see
Eq. (91)).

Consider the similarities of all of the elements of the molecu-
lar basis set with respect to each other. This formally generates the
matrix of inner products [136]

S ¼ B ;Bh i

¼

b1;b1h i b1;b2h i � � � b1;bp


 �
b2;b1h i b2;b2h i � � � b2;bp


 �
..
. ..

. . .
. ..

.

bp;b1


 �
bp;b2


 � � � � bp;bp


 �

0
BBBBB@

1
CCCCCA;

(87)

S ¼

S1;1 S1;2 � � � S1;p
S2;1 S2;2 � � � S2;p

..

. ..
. . .

. ..
.

Sp;1 Sp;1 � � � Sp;p

0
BBB@

1
CCCA: (88)

Since the off-diagonal elements are, in general, non-zero and
since the diagonal elements are of unit value the molecular basis
vectors constitute a set of non-orthogonal unit vectors. A crucial
feature of this approach is that the exact nature of the molecular
basis vectors need not be known.Due to the ansatz, only their inner
products are required, and these are taken to be equivalent to
the similarities among pairs of the corresponding molecules (vide
supra). Since 0<Si;j 
 1, the elements of S are analogous to the
basis-set overlaps integrals familiar in quantum chemistry [69].
Moreover, S is positive definite if all of the elements of themolecular
basis are linearly independent; when they are not, S becomes posi-
tive semi-definite. Hence, the definiteness of the Smatrix provides a
measure of the linear independence of the molecular basis set.

Similarities between molecular basis elements can be evalu-
ated in a number of different ways. For example, suppose the
bi , Gi, that is the i-th element of the molecular basis is a labeled
chemical graph of a molecule. Then Si;j ¼ bi;bj


 � � STanðGi;Gj Þ,
where the Tanimoto similarity, STan, is evaluated as in Eq. (15).
The set of labeled graphs G ¼ fG1;G2;:::;Gpg can be referred to
as a “chemical graph basis”. Similarities can also be computed
using a bit-vector representation or from their 3-D structures or
molecular fields as described in the preceding sections. In some
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applications S is equivalent to what is typically called the metric
matrix; in statistics S is equivalent to the correlation matrix [136].

Consider a given molecule mi within a set of n molecules

M ¼ fm1;m2; :::;mng: (89)

A molecule mi 2 M generally does not correspond to any of
the basis molecules in B, although such a correspondence is not
specifically precluded on mathematical grounds because of the
non-orthogonality of the molecular basis. In matrix notation, a
given moleculemi 2 M, can be represented as a abstract vectormi

in the molecular basis,

mi ¼ Bmi; (90)

where the column vector of coefficients is given by

mi ¼

miðb1Þ
miðb2Þ

..

.

miðbpÞ

0
BBB@

1
CCCA: (91)

To compute the various cosine-like similarity indices it is
necessary to evaluate the inner product mi;mj


 �
and vector

norm mik k ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mi;mih ip

(see also Eqs. (45) and (46)):

mi;mj


 � ¼ Bmi;h Bmj

�
¼ mT

i B;h Bimj

: (92)

In expanded form, the inner product is given by

mi;mj


 � ¼ miðb1Þ;miðb2Þ; :::;miðbpÞ

 �

�

S1;1 S1;2 � � � S1;p
S2;1 S2;2 � � � S2;p

..

. ..
. . .

. ..
.

Sp;1 Sp;1 � � � Sp;p

0
BBB@

1
CCCA

miðb1Þ
miðb2Þ

..

.

miðbpÞ

0
BBB@

1
CCCA: (93)

In summation form, Eq. (93) becomes

mi;mj


 � ¼ Xp
k¼1

Xp
‘¼1

miðbkÞ �mj ðb‘Þ � Sk;‘; (94)

where Si;i ¼ 1 for i ¼ 1; 2; :::; p. Comparing Eq. (94) with
Eq. (45) shows that the elements of the S-matrix modulate the
product of the vector components and the cross-terms,
“miðbkÞ �mj ðb‘Þ”, remain. When the basis is orthonormal S ¼ I
and Eq. (94) reduces to Eq. (45). Similarly, the vector norm for
the i-th molecule is given by

mik k ¼
Xp
k¼1

Xp
‘¼1

miðbkÞ �miðb‘Þ � Sk;‘; (95)
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which reduces to Eq. (46) when S ¼ I. These relationships clearly
show the important role played by the metric matrix S. Since the
various cosine-like similarity indices all depend on the quantities
given in Eqs. (94) and (95), it follows that these indices also
depend upon S, but this dependence is routinely neglected in
most calculations. Euclidean (see Eq. (42)) and other distances
are likewise affected by the metric matrix:

dEucðmi;mj Þ¼ mi�mj

�� ��
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmi�mj Þ;ðmi�mj Þ

 �q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXp
k¼1

Xp
‘¼1

miðbkÞ�mj ðb‘Þ

 � � miðbkÞ�mj ðb‘Þ


 � �Sk;‘
vuut

:

(96)

As was true in the two cases above, Eq. (96) reduces to
Eq. (42) in an orthonormal basis.

There are numerous ways in which to orthonormalize a basis
[137]. Here, we choose to employ the symmetric orthonormaliza-
tion procedure described by Löwdin [136]

�B ¼ BS�1
2; (97)

where

�B ¼ ð�b1; �b2; :::; �bpÞ: (98)

This has the benefit over other orthogonality procedures
that the new basis is as close as possible, in a least square sense,
to the original basis [138]. Computing the inner product,
�B; �B


 � ¼ 

BS�1

2;BS�1
2i ¼ S�1

2 B;Bh iS�1
2 ¼ S�1

2 S S�1
2 ¼ I, shows

that the basis is indeed orthonormal.
Right multiplying the terms in Eq. (97) by S

1
2 gives B ¼ BS

1
2,

which upon substitution into Eq. (90) yields

mi ¼ Bmi

¼ ð�BS
1
2Þmi ¼ �B ðS1

2 miÞ
¼ �B �mi ; (99)

where the “expansion coefficients” (i.e. components) in the new,
orthonormal basis are given by

�mi ¼ S
1
2 mi: (100)

As was the case for the basis above, Eq. (100) can be rear-
ranged to give the expansion coefficients in the original, non-
orthogonal basis,

mi ¼ S�1
2 mi: (101)
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Thus, this equation provides the means for determining the
components of mi in the original basis given the components in
the orthonormal basis, which are easily determined. This can be
accomplished by first taking the inner product of the k-th ortho-
normal basis element with mi (see, e.g., Eq. (94))

�bk;mi


 � ¼ �bk; �B �mi


 �
¼

Xp
‘¼1

�bk; �b‘


 �
�mið�b‘Þ:

(102)

Since �bk; �b‘


 � ¼ dk;‘, where the Kronecker delta, dk;k ¼ 1
and dk;‘ ¼ 0 for k 6¼ ‘ the k-th component of mi is given by

�mið�bkÞ ¼ �bk;mi


 �
for k ¼ 1; 2; :::; p: (103)

Because mi is normalized with respect to the Euclidean norm

Xp
k¼1

�mið�bkÞ2 ¼ 1 (104)

the square of each component value, �mið�bkÞ, gives the fraction of
the molecule represented by its corresponding orthonormal basis
element �bk.

To evaluate the inner product �bk;mi


 �
, �bk must be expanded

in terms of the original non-orthogonal basis (see Eq. (97)), that is

�bk ¼
Xp
‘¼1

b‘ S
�1
2

k;‘ : (105)

Substituting Eq. (105) into Eq. (103) yields

�mið�bkÞ ¼
Xf
‘¼1

S
�1
2

k;‘ b‘;mih i: (106)

The inner-product terms b‘;mih i can now be evaluated in
exactly the same manner as was described earlier using the chosen
similarity measure. For example, b‘;mih i ¼ STanðG‘;GmÞ, where
“b‘” is the labeled graph corresponding to ‘-th basis molecule,
“mi” is the labeled graph corresponding to the i-th molecule, and
STanðG‘;GmÞ is the chemical graph-theoretical Tanimoto similarity
coefficient.

This approach can, in many instances, be extended even to cases where the basis
is comprised of physico-chemical, topological, or other such parameters. The
similarity matrix is replaced in these cases by the correlation matrix computed
with respect to the “basis set” of parameters.

Agrafiotis et al. [139], developed a similar approach to gener-
ate vectors for input into neural nets. Although these authors did
not account for the inherent non-orthogonality of the “basis,” in
their work, the issue of the orthogonality of the basis may be less
critical than it is here, and the mappings they generated seem to
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be sufficiently stable. Another related approach comes from Villar
and co-workers [140]. In this case, however, the basis consisted of
a set of proteins. The interaction of each molecule in the training
set to each of the proteins in the “basis proteins” was measured
experimentally, and the expansion coefficients were determined
using a least squares procedure. Again, non-orthogonality of the
basis was not explicitly addressed, although the choice of the basis
proteins did involve an assessment of correlations among them.

Randic [141–143] has investigated the role of orthogonalized
descriptors in multivariate regressions. In his work he points out
that although the predictions obtained with orthogonal or non-
orthogonal descriptors are the same, the stability of the regression
coefficients is much greater in the former case. Also, adding a new,
orthogonal descriptor to set of orthogonal descriptors does not
affect the values of the previously determined regression coeffi-
cients. This is definitely not the case for non-orthogonal descrip-
tors where addition of a new descriptor can cause all of the
coefficients to fluctuate significantly depending on the degree of
collinearity of the new descriptor with those in the original set.

4. Summary and
Conclusions

This chapter provides an overview of the mathematics that under-
lies many of the similarity measures used in cheminformatics. Each
similarity measure is made up of two key elements: (1) A mathe-
matical representation of the relevant molecular information
and (2) some form of similarity measure, index or coefficient
that is compatible with the representation. The mathematical
forms typically used are sets, graphs, vectors, and functions, and
each is discussed at length in this chapter.

As was described in Subsection 2.1, chemical graphs are a
subclass of mathematical graphs, and thus many of the features
of the latter can be taken over to the former. A number of graph
metrics, such as the size of a graph and the distance between two
graphs, have been applied to chemical graphs. In addition, simi-
larity measures, such as the Tanimoto similarity index, also have
their corresponding graph-theoretical analogs and have been used
in a number of cases, albeit on relatively small sets of molecules.
Although chemical graphs are the most familiar and intuitive
representation of molecular information to chemists, they have
been used relatively rarely inMSA. This is due primarily to compu-
tational difficulties brought on by the need to evaluate the MCS,
an NP-complete computational problem that is required by most
graph-based distance and similarity measures.

Subsection 2.2 describes the properties of discrete-valued
feature vectors, with components given by finite, ordered sets of
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values. The most prevalent class is that of vectors with binary-
valued components, which are mathematically equivalent to clas-
sical sets. Here features are either in the set (component value of
“1”) or not in the set (component value of “0”). Because we are
essentially dealing with sets, the distance and similarity measures
used are typically related to set measures (i.e. cardinalities) and not
to the types of inner (scalar) products defined on linear vector
spaces. A hypercubic mathematical space associated can be asso-
ciated with classical sets, where the dimension of the space is equal
to the number of elements in the universal set and each vertex of
the hypercube corresponds to a subset, including the null and
universal sets. Distances in these spaces are appropriately Ham-
ming distances that satisfy an ‘1 metric. Although Euclidean dis-
tances are sometimes used, they are inappropriate in such
hypercubic spaces. Most similarity indices are taken to be symmet-
ric (“A is as similar to B as B is similar to A”), but Tversky defined
an infinite family of asymmetric indices related to the Tanimoto
similarity index, some of which may be useful for similarity-related
tasks such as similarity searching.

Another class of discrete-valued feature vectors useful in MSA
is integer- and categorical-valued feature vectors. Here, the vec-
tors are mathematically equivalent to multisets and not directly to
classical sets, although multisets can be reformulated as classical
sets. The components of the vectors now indicate the number of
times a given feature occurs or the ordered set of categorical
values corresponding to the given feature or property. Although
care must be taken, distance and similarity measures analogous to
those used for binary-valued vector components can be used here
as well.

In Subsection 2.3, the important class of vectors with contin-
uous-valued components is described. A number of issues arise in
this case. Importantly, since the objects of concern here are vec-
tors, the mathematical operations employed are those applied to
vectors such as addition, multiplication by a scalar, and formation
of inner products. Care, however, must be exercised because in
some cases the “vector objects” may not reside in linear vector
spaces. While distances between vectors are used in similarity
studies, inner products are the most prevalent type of terms
found in MSA. Such similarities, usually associated with the
names Carbó and Hodgkin, are computed as ratios, where the
inner product term in the numerator is normalized by a term in
the denominator that is some form of mean (e.g. geometric or
arithmetic) of the norms of the two vectors.

The notion of an orthogonal set of “basis vectors” is also of
significance here and is particularly important since as discussed in
Subsection 2.3.2 it is in many instances ignored. In a non-orthog-
onal basis the associated similarity matrix defines the metric of the
space in which the vectors “live.” Thus, “measurements” such as
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the distance or the angle between two vectors in the space are
dependent on the metric of that space. Further discussion on this
point is presented in Subsection 3.1.3 that describes a general
approach for dealing with non-orthogonal bases and explores
some of the consequences of ignoring non-orthogonality in the
description of chemical spaces. While most of the discussion deals
with what are called “molecular basis sets”, the method can also
deal with physico-chemical, topological, or other such descriptors.
However, in these cases the correlation matrix replaces the simi-
larity matrix.

Subsection 2.4 addresses the use of field-based functions in
MSA. Field-based functions, which can be thought of as infinite-
dimensional vectors, are used primarily in 3-DMSA. Here, molec-
ular fields (e.g. steric or electrostatic) or pseudo-fields (e.g.
lipophilic) of the molecules being compared are matched, using
various similarity measures, the most popular being those of
Carbó or Hodgkin. Because 3-D field-based similarities are non-
linear functions, multiple solutions corresponding to different
alignments are possible. This has raised the issue of how one
obtains consistent multi-molecule consistent alignments, a subject
that is treated in Subsection 2.4.3. Conformational flexibility adds
a new degree of difficulty to studies of 3-DMSA, and this has been
dealt with in a number of ways. The most widespread approach is
by standard conformational analysis. Since such an analysis leads
to many conformations clustering is usually used to group the
conformations as a basis for identifying a smaller set of prototypi-
cal conformations. Molecular similarity is then carried out by
pairwise matching the fields generated by each conformational
prototype in one molecule with each conformational prototype
in the other molecule being compared. This represents a rather
substantial computational problem that has been ameliorated
somewhat using Fourier transforms to separate translational
from rotational motions in the optimization process. Alterna-
tively, several procedures have been developed that combine con-
formational analysis with 3-D similarity matching simultaneously
in the optimization process. Both approaches are, however, com-
putationally demanding, although the latter is somewhat better in
this regard. Since multiple conformers for each molecule may
contribute to the overall similarity, Subsection 2.4.5 deals with a
possible way of combining this information into a single multi-
conformer dependent similarity.

Subsection 2.5 provides a very brief discussion of molecular
dissimilarity measures that are basically the complement of their
corresponding molecular similarity measures. This section also pre-
sents reasons as to why similarity is preferred over dissimilarity,
except in studies of diversity, as ameasure ofmolecular resemblance.

The concept of chemical space pervades, either explicitly
or implicitly, much of the literature in cheminformatics. As is
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discussed in Subsection 3, chemical spaces are induced by various
similarity measures. The different similarity measures do not nec-
essarily give rise to topologically equivalent chemical spaces –
nearest-neighbor relations are generally not preserved among
chemical spaces induced by different similarity measures. The
consequences of this are manifold. An especially egregious conse-
quence is that the results of similarity searches based upon differ-
ent similarity measures tend can differ substantially. And there is
no easy solution to this problem.

Chemical spaces fall into two broad categories, coordinate-
based and coordinate-free. Coordinate-based chemical spaces,
even those of relatively low dimensionality, tend to be of difficult
to visualize directly. Coordinate-free chemical spaces cannot be
visualized directly since coordinates do not exist. In both cases it is
possible to develop reduced-dimension representations that are
easier to work with theoretically and also afford possibilities for
visualization. Constructing reduced dimension spaces, which is
discussed in Subsection 3.2 for the case of chemical spaces, is a
difficult problem that pervades many fields, and methods deve-
loped in these fields have proved useful in cheminformatics, albeit
to varying degrees.

The growing importance of activity landscapes, and more
specifically activity cliffs, are the subject of Subsection 3.3. A
growing body of data shows quite clearly that the old aphorism
“similar molecules have similar activities” is no longer entirely
valid due to the presence of activity cliffs. This has important
implications for QSAR studies. However, considerable SAR infor-
mation is contained in activity cliffs that arise when small changes
in similarity lead to large changes in activity. Recently, their grow-
ing importance is being recognized, and a number of studies
addressing many issues associated with them have been published.

MSA has developed substantially over the years, especially as
digital computers became faster, more compact, and widely avail-
able to scientists. Handling large sets of molecules is generally not
a problem. The main problem confronting MSA is the problem of
the lack of topological invariance of the chemical spaces induced
by the various similarity measures. Unfortunately, this problem
may be fundamentally related to the inherent subjectivity of simi-
larity and thus cannot be addressed in any simple manner.

5. Appendix: A New
Notation for
Classical Sets

Sets are very general mathematical objects that are used in many
branches of mathematics. Here the focus is on finite sets, that
is sets with a finite set of elements. A key concept in set theory is
that of the universal set, U, sometimes called the universe of
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discourse, which is an unordered collection of n elements
x1; x2; :::; xk; :::; xn and is given by

U = fx1; x2; :::; xk; :::; xng: (107)

All sets in this “universe,” including U and the null or empty
set Ø, are subsets of U. A subset A is typically written as, for
example,

A = fx1; x3; x9; x12; x17; x18; :::g; (108)

but his notation can become awkward and cumbersome for large,
complex sets. A more general and powerful notation, which uti-
lizes the concept of an indicator or characteristic function, AðxkÞ,
is illustrated in Eq. (109),

A = fAðx1Þ;Aðx2Þ;:::;AðxkÞ;:::;Aðxn)g, (109)

where AðxkÞ characterizes the membership of each element in the
set is given by

AðxkÞ ¼ 1 if xk 2 A
0 if xk =2A

�
: (110)

Thus, in the universal set AðxkÞ ¼ 1 for k ¼ 1;2; :::;n, that
is all elements of the universal set have a membership-function
value of unity.

Note that this representation differs from that usually used
(see Eq. (108)) where only those elements actually in the set, that
is those elements for which AðxkÞ¼ 1, are included explicitly. All
possible sets A, including the empty and universal sets Ø and U,
are subsets of U, i.e. A � U . While this notation may be unfamil-
iar, it is completely equivalent to that used for binary vectors or
“bit vectors.” Fuzzy sets, although not treated in this chapter, can
also be represented in this notation with the modification that
elements of the set are no longer confined to the binary values
{0,1}; fuzzy sets can take on all values between and including zero
and unity [51]. A number of useful operations between two sets,
A and B, are given in the notation introduced above:

A \ B ¼ min
k

½AðxkÞ;BðxkÞ� Set Intersection (111)

A [ B ¼ max
k

½AðxkÞ;BðxkÞ� Set Union (112)

Ac ¼ f1�Aðx1Þ;1�Aðx2Þ; :::;1�AðxnÞg
¼ fAcðx1Þ;Acðx2Þ; :::;AcðxnÞg

Set Complementation

(113)

A�B ¼A \Bc ¼min
k

½AðxkÞ;1�BðxkÞ�
¼min

k
½AðxkÞ;BcðxkÞ�

Set Difference (114)

A � B ¼ AðxkÞbBðxkÞ for all k Subsethood (115)
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Aj j ¼
X
k

AðxkÞ Cardinality � Set (116)

A \ Bj j ¼
X
k

min½AðxkÞ;BðxkÞ� Cardinality � Set Intersection

(117)

A[Bj j ¼
X
k

max½AðxkÞ;BðxkÞ� Cardinality�SetUnion (118)

Aj j ¼ A � Bj j þ A \ Bj j Cardinality � Set (119)

A [ Bj j ¼ Aj j þ Bj j � A \ Bj j Cardinality � Set Union (120)

A [ Bj j ¼ A � Bj j þ B �Aj j þ A \ Bj j Cardinality � Set Union

(121)

Relations, which are also sets, play an important role in set
theory and in the similarity theory, but due to space limitations are
not formally considered in this work.
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