Chapter 2

Function Spaces and Operators

Sobolev spaces W*P proved to be very convenient in the study of elliptic prob-
lems in bounded domains. For unbounded domains, it is also useful to introduce
some generalizations of these spaces in such a way that they coincide with W*%?
in bounded domains and have a prescribed behavior at infinity in unbounded do-
mains. In this chapter we introduce spaces of functions in unbounded domains and
study their properties.

It turns out that such spaces can be constructed for arbitrary Banach spaces
of distributions, not only Sobolev spaces, as follows. Consider first functions de-
fined on R™. As usual we denote by D the space of infinitely differentiable func-
tions with compact support and by D’ its dual. Let £ C D’ be a Banach space,
the inclusion is understood both in an algebraic and a topological sense. De-
note by Eloc the collection of all w € D’ such that fu € F for all f € D. Let
w(x)e D, 0<w(z) <1, w()=1for|z|]<1/2, w(x)=0 for |z| > 1.

Definition. £, (1 < ¢ < o0) is the space of all u € Ej,. such that

1/q
lull, = (/R |u<.>w<.—y>‘gdy) coo, 1<q<oc,

lull g == sup [lu()w(. —y)lle < oo
yER™

In what follows we will also use an equivalent definition based on a partition
of unity. It will be proved that F; is a Banach space. If ) is a domain in R”, then
by definition E,(2) is the space of restrictions of E, to 2 with the usual norm of
restrictions. It is easy to see that if 2 is a bounded domain, then

E,(Q) = B(Q), 1<q< .

In particular, if £ = WP, then we set WP = E, (1 < g < 00). We will show
that
WyP =W=P (s>0,1<p<o0).
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48 Chapter 2. Function Spaces and Operators

Hence the spaces WP generalize Sobolev spaces (¢ < o0) and Stepanov spaces
(g = 00) (see [309], [310]).

1 The space FE

Everywhere below we denote by D(R™) the space of infinitely differentiable func-
tions with finite supports, and by D’(R™) the space of generalized functions, i.e.,
linear continuous functionals on D(R™). In this section we consider only the whole
R™, and we will use the notations D and D’.

Consider a Banach space E with the elements from D’. The inclusion £ C D’
is understood both in the algebraic and topological sense.

Definition 1.1. The space of multipliers M (E) on E is a set of infinitely differen-
tiable functions f(x), x € R™ such that the operator of multiplication by f is a
bounded operator in E. All functions defined in R™, which are infinitely differen-
tiable and have all bounded derivatives, are multipliers in F.

We denote by || - ||g the norm in E and by || - ||as the norm in M(E). By
definition
[fulle < I fllmllulle, Ve M(E), Vuc E.

Proposition 1.2. Let E be invariant with respect to translation in R™ and
Imnulle = lullz, VueE,

where 13, is an operator of translation. Let further f € M(E), m,f(x) = f(z + h),
h € R". Then

l7nfllae = N1 £1ar-

Proof. We first prove that
Th(fu) = 7 f(Thu). (1.1)
Indeed, by definition for any ¢ € D we have

<Th(fu)a ¢> - <fu7 Tfh¢>a
(Thf(Thu), @) = (Thu, (Taf) - @) = (u, 7= ((Ta f) - @) = (u, [ - T @) = (fu,T—r o),
and (1.1) is proved. Further,

[fulle = T (fu)lle = I f(u)lle < T fllmllmhulle = lmnfll ] e

Hence
A llar < [l fll - (1.2)

Therefore
Imnfllne < Nlm—n (e f)lle = || fllar-

Together with (1.2) this estimate proves the proposition. O
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In what follows we suppose that for any f € D,

SUp |7 llar < oo (1.3)

Example 1.3. If £ = H*? or E = W*%P, where —oco < s < 00, 1 < p < 00, then
any infinitely differentiable function f from ClsII*1(R™) belongs to M (E) and

11l < K| fllctienss,
where K is a positive constant.

Definition 1.4. E). is a space of all u € D’ such that fu € E for all f € D.

2 Systems of functions

Definition 2.1. Partition of unity is a sequence {¢;}, i = 1,2,... of functions
¢i € D, ¢;(x) > 0 such that

> ¢i(z) =1, zeR"
1=1

Condition 2.2. Let {¢;}, i = 1,2,... be a sequence of functions ¢; € D. For
some given N and any 4 there exists no more than N functions ¢; such that

supp ¢; M supp ¢; # .

Everywhere below we consider partitions of unity for which Condition 2.2 is sat-
isfied.

Definition 2.3. Two systems of functions {¢;}, {¢;}, ¢ = 1,2,..., j = 1,2,...,
¢ € D, 1p; € D are called equivalent if there exists a number N such that:

— for any 4 there exists no more than N functions 1); such that supp; N
supp ¢; # @,

— for any j there exists no more than N functions ¢; such that supp@; N
supp ¢; # ©.

Proposition 2.4. The equivalence relation introduced by Definition 2.3 is reflexive,
symmetric, and transitive.

We will also use systems of functions satisfying the following condition.

Condition 2.5. System of functions ¢; satisfies the following conditions:

L. ¢i(x) >0, ¢ € D,
2. Condition 2.2 is satisfied,
3. sup; [|iflar < oo,
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4. ¢(x) = 32, ¢i(x) > m > 0 for some constant m,
5. the following estimate holds:

sup [D%¢(z)| < Ma,
x

where D® denotes the operator of differentiation, and M, are positive con-
stants.

3 The space E,

Definition 3.1. Let {¢;}, i = 1,2,... be a partition of unity. E, is the space of all
u € Fioe such that

o0
> il < oo,
i=1

where 1 < p < oo, with the norm

oo 1/p
ulle, = <Z|¢MI%> :

i=1
Proposition 3.2. Let {¢!} and {¢?} be two partitions of unity such that

sup [[¢; [|ar < o0, sup |67 < oo.
7 K2

Suppose that E} and E2 are the spaces E, corresponding to {¢;} and {¢7}, re-
spectively. If the partitions of unity are equivalent, then E; = Eg, and their norms
are equivalent.

Proof. Let u € EIZ,. We have

dlu=0{ Y dju=7) oldju,
=1 7’

where j’ are all the numbers j such that supp ¢} Nsupp d)? # ©. By Definition 2.3
the number of such j’ is no more than N. We have the estimate

p

Igtully < | D loidhule
j/

Let a; >0, j =1,...,m. Then from convexity of the function s we obtain

the estimate
P m

P
m m 1

E aj | =m? E —a; | <mP! E al.
; — m —
J=1 J=1 J=1
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Therefore »
doleidiulle | <mPt Y lloi¢hullf,
3’ 3’

where m is the number of j’. Since m < N, then
o0
[otullly < N771 Y N0l dhulll, = NP Y ol dFull
J’ Jj=1

Let k£ be a positive integer. We have

k

koo oo k
Do lletully = NPT N gl drully = NPT Y O it ddul,  (3.1)

i=1 i=1 j=1 j=1i=1
k
S leredully = llohdullly <> llob 1k, l¢3ul%,
=1 4 7’

where i’ are those of i for which supp ¢} N supp ¢§ # @. The number of such i’ is
less than or equal to N. Let

K; =sup||¢]|[a, j=1,2.
1

Then .
3" et eully < NKy|62ull.
i=1
It follows from (3.1) that
k 00
2_lidtully < NP0 ¢5ully = N7 K ul.
i=1 j=1

From this we obtain

oo
S bl < NPK: [l

i=1
Hence u € E; and

1/p 2 1

lullgy < NKYPlullgs, E2 € B

Similarly we get
1
lull g2 < NEP||ull g2, E} B2

The proposition is proved. O

Proposition 3.3. The space E, is complete.
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Proof. Consider a fundamental sequence u,, in the space F,. Then for any € > 0
there exists N (e) such that

>k — um)illly < e (3.2)

i=1

for any k,m > N(e). Denote ®,, = " | ¢;. Let ¥,, be an infinitely differentiable
function with a finite support such that ¥,, = 1 in the support of ®,,. Since F is
a Banach space and the sequence ¥, u,, is fundamental with respect to m for any
n fixed, then V,u,, — v, in E as m — oo. Obviously, ®,u,, — ®,v, in E as
m — 00.

Consider a sequence nj, n; — oo as j — oo. We construct the sequence of
limiting functions vy,; such that

|®n; (Um —vn;)||E — 0 as m — oo,
and for any jo > j1,
Py, Unjy = Py, Vny, -
Therefore we have constructed the limiting function v defined in R™. It coincides
with v; in the support of ®;. We have
|®n; (Um — V)| — 0, as m — oo. (3.3)

We note that for any ¢ > 0 there exists N(d) and io(J) such that

o

> lludilly <6 (3-4)

i=io(5)

for any k > N(§). Indeed, we choose N(0) such that
> e = )il < Gy (35)

for any k,m > N(6). Here C, = 277. On the other hand, for a fixed m we can
choose iy (d) such that

o0

> Numdilly < Cpd (3.6)

i=1i0(9)
since the corresponding series converges. From (3.5) it follows that for m fixed and
any k > N(9),
Dk = um)eillly < Cyd. (3.7)
i=1i0(J)
From (3.6) and (3.7) we obtain (3.4).
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We prove next that

o

> el <6, (3.8)
i—i0(5)
where io(d) is the same as in (3.4). Suppose that this estimate is not true. Then
there exists i1(d) such that

i1(9)

7 el > 6. (3.9)

i=1i0(J)
On the other hand from (3.3) we have

i1(9)

Z | (wm — v)@ill'y — 0 as m — oc.
i=ig (J)

This convergence and (3.9) contradict (3.4).
From (3.3), (3.4), and (3.8) we conclude that u,, converges to v in E,. The
proposition is proved. (Il

Proposition 3.4. Let uy = Zle ug;. Then up — u in Ey for 1 < g < oo.
Proof. We have

o0 oo oo oo (o)
lu — e, =Y lgilu—u)lG =D lli D udilp = llé D udslly =S5,
i=1 i=1  j=k+1 i=k'  j=k+1

where the external sum is taken over all 4 such that supp ¢; Nsupp ¢; # © for all
j > k+ 1. The value k¥’ depends on k, and k' — oo as k — oo,

S= oy udyl,

i=k 3’

where j’ denotes all j such that supp ¢; Nsupp@; # @ for a given i. Since the
number of such j is uniformly bounded, we have the estimate

oo oo

S<OY gyl < Ca > flugy b

=k’ i=k'
The last sum converges to zero as k — oo. The proposition is proved. O

Corollary 3.5. Infinitely differentiable functions with bounded supports are dense
m By, 1 < q<oo.

Proof. Tt is sufficient to note that D is dense in F, and uy € E. O
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Definition 3.6. Let {¢;}, i = 1,2,... be a system of functions satisfying Condition
2.5. E, is the space of all u € Fj, such that

o0
> il < oo,
i=1

where 1 < p < oo, with the norm

oo 1/p
ull, = (ZWWII%) ~

i=1

Proposition 3.7. The spaces in Definitions 3.1 and 3.6 coincide and their norms
are equivalent.

The proof is similar to the proof of Proposition 4.4 below.

We introduce now one more definition of the norm in the space E;. Let the
norm be given by the equality

s, = ([ Itrot i) (3.10)

We show that this norm is equivalent to the norm defined through a partition of
unity. We note first of all that the function

s(y) = [u()e(- = y)llE

is continuous. Indeed,

[s9(y) — 5 9(yo)| < [[u()(d(- = y) = S(- = yo))llz — 0 as y — yo

by the properties of multipliers.

‘We have -
fully, = [ sy =3 [ st
R™ i=1 i

where @); are unit cubes of the square lattice in R"™,
/ s(y)dy = s(yi)
for some y; € Q; since s(y) is continuous. Hence

o

lull, =D s(yi)- (3.11)

i=1
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This equality is obtained without specific assumptions on the function ¢(zx). Sup-
pose now that it equals 1 in the ball of the radius 7 = y/n, and 0 outside of the
ball with the radius 2r. Then for any y; € Q;,

Therefore the system of functions ¢;(z) = ¢(x — y;) satisfies the following condi-
tions:

(1) m <372, ¢i(z) < M for all z € R"™ and some positive constants m and M,
(2) for each x € R™ there exists a finite number of functions ¢; different from
zero at this point. The estimate of this number is independent of x.

Hence the norm (3.11) is equivalent to the norm defined with any other
system of functions equivalent to ¢; We have proved the following proposition.

Proposition 3.8. The norm (3.10) is equivalent to the norm in Definition 3.1.

4 The space E

Definition 4.1. Let {¢;} be a system of functions from D, ¢;(x) > 0. E is the
space of all functions u € Ej,. such that

sup || ¢sul| g < oo,
K3

with the norm
[ull .. = sup [|giul| g
K3

Proposition 4.2. Let {¢!} and {¢?} be two partitions of unity satisfying Condition
2.2,
sup [|¢; |ar < oo, sup |67 < oo.
7 K3

Suppose that E', and E2, are the spaces Eo corresponding to {¢} and {¢?},
respectively. If {¢}} and {¢?} are equivalent, then EX = EZ2 , and their norms
are equivalent.

Proof. We have
dlu=¢! > ¢ru=>_ ¢ldu,
Jj=1 J!

where j’ are all the numbers j such that supp ¢} Nsupp d)? # ©. By Definition 2.3
the number of ;' is less than or equal to N. Hence

loiule <D loid5ule <ol Y 65 ulle < Nléjlallull 2,
J’ J’

sup [|¢ullz < N sup [|¢; || arlull 2.
3 3
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Therefore u € EL and

lull 2, < N sup |6 [|asllull &2,
K3

Similarly it can be proved that El C EZ2 with the corresponding inequality
between their norms. The proposition is proved. O

Example 4.3. If £ = H*? or W*P —00 < s < 00, 1 < p < 00, then instead of 3 in
Condition 2.5 we can require

sup [|@s || crsner < 00,
7

Proposition 4.4. Let {¢!} and {¢?} be two systems of functions satisfying Con-
dition 2.5, EL, and E2 be two spaces Eo, corresponding to {¢t} and {¢3}, re-
spectively. If {¢p}} and {$?} are equivalent, then EL = EZ2 , and their norms are
equivalent.

Proof. We introduce the system of functions 0} (z) = ¢ (z)/¢' (), where

Obviously 6} is a partition of unity. Denote by E2 the space which is constructed
with the functions 6} according to Definition 4.1. We will prove that E, = E3,
and that their norms are equivalent. Indeed, let u € E3 . Then

sup [0 ull s < 0o, |lullgs. = sup [|6;ullp.
K3 1
We have
l¢iulle = ll¢*0;ulle < lo all0;ulle < 16" larllull ps. -
Hence u € E! and
lullgy, < 6 arllulles.
We have proved that E2, C EL . Conversely, let u € EL . We have
) !
165ulle =1 Srule < 5% ||MH¢ ulls < ||—||MHUHE1 :
Hence u € E3, and

[ullzs, < H 7 llarllull sz, -

Therefore EL C E3..
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We can repeat the same construction for the second system of functions. Let

02(2) = 63(2)/6? (@), where
@) =3 d2()

Denote by E2 the space constructed with 7. Then we obtain EL = E2 and
the corresponding equivalence of the norms. It remains to apply the previous
proposition to the spaces E2, and EZ% . The proposition is proved. ([l

5 Completeness of the space F,

Theorem 5.1. The space E. is complete.

Proof. Let ug € Eso, k =1,2,... be a fundamental sequence. This means that for
any € > 0 there exists N = N(¢) such that

H’U,]g*ulHEOC < €, k,l>N. (51)

Let {¢;}, i = 1,2,... be a partition of unity in R™ such that supports of ¢; belong
to the cubes of a lattice in R"™ and sup; ||¢i]|ar < oo. By Definition 4.1 and (5.1)
we have

sup || Giux — G| <€ k1> N. (5.2)

It follows that for all 4,
[piur — ¢pwillp.. <€ k1> N. (5.3)
This implies that for any ¢ the sequence ¢;ug, k = 1,2,... is fundamental in the

space F. Since E is a complete space, we conclude that there exists u* € E such
that _
Piug, — u', k— 00 (5.4)

in E. Passing to the limit in (5.3) we get
|u* — ||l g, <€, Vi, 1> N. (5.5)

For any ¢ we can construct a function ¢; € D such that ¢;(z) =1, = € supp ¢;.
Then ¢;(x);(x) = ¢i(x) for z € R™.
Consider the formal sum v = ), ;ut. We introduce the following functional:
for any ¢ € D,
<’LL, ¢> = Z(%"UZ a¢>

7

Here 4’ are those of i for which supp v; N supp ¢ # @. We note that

(u, ) = (i, ¢)

7
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for any finite set of i which contains i’ since (y;u’, ¢) = (u’, ;) = 0 if supp ¥; N
supp ¢ = @. Obviously u is a linear functional on D since for any ¢1,¢s € D we
can take those i which contain ¢’ for ¢1, ¢o, and ¢1 + ¢o.

We now prove that v € D', i.e., that the functional is continuous. Indeed, let
¢r — 0 in D. This means that supp ¢ C B for all £ and for some ball B C R",
and ¢5, — 0 uniformly with all their derivatives. We take u =73, Yyu®, where i/
are those of i for which supp; N B # @. Since ¥;u’ € D', then u € D’.

Moreover, u € Ejoc. Indeed, let f € D. We have for any ¢ € D:

(fu, 8) = (. f6) = D (i, o) = (£ 3 twru”, 0).

il

Hence fu = f>, z/wui/. Here ¢/ are those of 7 for which supp; Nsupp f = @.
Since u; € F and f and v; are multipliers, we get fu € E. Therefore, u € Ejoc.
It remains to prove that u € Eo and limg_, o up = v in Fs. We have

biu = ¢; Z Piu, (5.6)
J
where j are all of the subscripts for which
supp ¢; N supp ¢; # . (5.7)
Further, from (5.4)
b ijuj = ¢ Z Yj klgglo Gju. (5.8)
J J

Since 1; and ¢; are multipliers in E, we obtain
Z ¢ivhj lim djup = Z Jm ihjdjup = lim Z Pidjuk. (5.9)
J J J

The subscripts j are defined by (5.7). For all other j we have supp ¢;\supp ¢; = @
Hence supp ¢; N supp ¢; = ©. Therefore

Z¢z’¢j = ¢; Z¢j = ¢;.
j =1

From (5.8), (5.9)
Pi Z%‘U] = Im ggup = u'.
j
From (5.6), ¢;u = u’. We get now from (5.5)

llpsu — diwg|| p = ||u’ — diws|| g < €, Vi, I > N. (5.10)
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It follows that
[¢iulle < e+ l¢iwlle < e+ |lule..
Hence v € E.
We obtain from (5.10)

sup [|¢i(u —wr)||z <€, 1> N.

Therefore
||U*Ul||Eoo S €, [ > N.

Hence lim; . u; = v in E. The theorem is proved. (Il

6 Other definitions of the space E,

Definition 6.1. Let n(z) € D satisfy the following conditions:

1. 0<n(x) <1, ze€R",

2. n(x) =1 in the cube |z;| < a1,i=1,2,...,n,

3. n(x) = 0 outside the cube |z;| < a2,i=1,2,...,n, where a1 and as are given
numbers, a1 < as.

Denote ny(x) = n(z —y), y € R". The space E is the set of all u € Ej, such
that

sup [[nyuls < oo.
yER™

The norm in this space is given by the relation |ul| ., = sup,cgn [|nyullE-

Proposition 6.2. Let {¢;} be a partition of unity in R™ with supports in lattice
cubes, sup, ||¢i||ar < co. Then the spaces in Definitions 4.1 and 6.1 coincide.

Proof. Denote by EL and EZ2 the spaces in Definitions 6.1 and 4.1, respectively.
We will use the function n(z) constructed in the following way. Let Q, be the cube
|zi| <a, i=1,...,n, x(x) be the characteristic function of the cube Q2,. Set

) = [ oo - x(€)de = [ wlrnta + riar,
where w(z) is a symmetric averaging kernel,
we(x) =0 for |z| > ¢, /we(x)da: =1.

For € > 0 sufficiently small we obtain

77($) = 1, T € Qaa U(x) = O, x € Q3a~
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Set ny(x) =n(x —y), xy(xr) = x(x —y). Obviously,

Ny () = /we(m —Exy(§)dE = /ws(r)xy(:c + 7)dr.

We cover R™ with the cubes obtained by translation of the cube @2, such that they
intersect each other only by their sides. Let x;(z) be the characteristic functions
of these cubes. Then

Z xi(z) =1 almost everywhere in R". (6.1)
i

We have x;(z) = x(z — h;) for some h;. Hence

() = / e (F)xi (& + 7).

From (6.1) it follows that . ms, (x) = 1. Therefore n, (x) is a partition of unity,
supp 7, belong to some cubes. Moreover, ny, () = n(x — h;), sup; ||nn,||m < co.
Let u € EL,. We have

sup |7, ullar < sup [|nyullz < |ullg: -
[ Yy

Hence u € EZ, and [Jul| g2 < ||ul| g1 . We have proved that
Bl c E% for this choice of n(z). (6.2)

Now let u € E2, and {¢;} be the partition of unity in the formulation of the
proposition. We have

(oo}
Myt =Y mydiu =Y _ny¢iu, (6.3)
=1 i’

where i’ are all the numbers ¢ for which supp ¢; has a nonempty intersection with
supp7y,. The number of such i’ is less than or equal to N, where N does not
depend on y. It follows from (6.3) that

Inyulle <Y lInyduulle < lnyllallgiulle < Nlinylallul s,

K2

Hence
sup [[nyulle < Nsup [[nyllarllull gz, < Klul| gz, .
y y

From this estimate it follows that u € E., and
lullgy, < Kllullgz,, E3 € EL. (6.4)

The proposition is proved for the special choice of n,. Below we will prove that
EZ does not depend on the choice of 7,. ]
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In what follows we use the space E(G), where G is a domain in R™. The
space E(G) is defined as the set of all generalized functions from Df, which are
restrictions to G of generalized functions from E. The norm in this space is

lull @) = nf o]z,

where the infimum is taken over all those generalized functions v € E whose
restriction to G coincides with w.

Definition 6.3. The space F, is the set of all u € Ejo. such that

sup ||uyHE(Gy) < 00, (6.5)
yERM

where u, is a restriction of u to G, G C R" is a bounded domain containing the
origin, Gy, is a shifted domain: the characteristic function of G, is x(z —y), where
x(z) is the characteristic function of G. The norm in F., is given by

lull o = suD [luylma,)-
yeER™

Proposition 6.4. The spaces in Definitions 6.1 and 6.3 coincide.

Proof. Denote by EL and E3 the spaces given by Definitions 6.1 and 6.3, respec-
tively. Let u € EL . We take a; sufficiently large such that G C Q,,, where Q,, is
the cube |z;| < a1,i=1,...,n. Let u, be the restriction of u to Gy. Then n,u is
an extension of u, to E. Hence

luyllee,) < lnyulle < llulles, -
Therefore, u € E2, and
lullgs, < llullgy, E C E. (6.6)

This inequality is proved only for such a; that G C @Q,,. From (6.4) we have
E2, C EL for any a;. Hence E2 C E2, for any choice of G.

Now let u € E3. By Definition 6.3 this means that u € Ej,. and (6.5) holds.
By the definition of the norm |luy||g(q,), there exists a function v € E such that
v is an extension of u, and

lolle < 2[luyl e, < oo (6.7)
We take a function n(z) in Definition 6.1 such that Q,, C G. We have
Inyvlle <llnyllalvle < Kljvlle (6.8)

since sup,, [|ny|m < 0.
Since @4, C G, then
Nyv = Ny, in D' (6.9)
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Indeed, for any ¢ € D we have

<77yvv¢> = <Uv77y¢>7 <77yuy’¢> = <uy777y¢>

From the inclusion suppn,¢ C G, follows the equality (v,n,¢) = (u,,n,¢) since
v is an extension of u,.
It follows from (6.9) that

Inyuylle = llnyolle < Klvlle < 2K|uy|pe,) < 2Kl s,

Therefore
Inyulle < 2K ||ul| g3, (6.10)

since 7,u = nyu, in D’. From (6.10) we conclude that v € E. and
lull gy, < 2K|ullgs,, EL C Ex. (6.11)

This result is obtained under the assumption that Q,, C G. We can take n(x)
as in the proof of (6.2). Since this result is true for any a, we obtain from (6.11)
that E3, C E2 for any choice of G. Therefore E3, = E2, for any choice of G. We
conclude that E3, does not depend on the choice of G.

Let us return to (6.6). We recall that it is obtained under the assumption
that G C Q,,. But since E2, does not depend on the choice of G, a; can be taken
arbitrary. Similarly, as can be taken arbitrary in the assumption @,, C G. Hence
(6.11) is true for any as. From (6.6) and (6.11) we obtain EL, = E3_ for any choice
of a; and as. The proposition is proved. O

Remark 6.5. It follows from the proposition that E., in Definition 6.1 does not
depend on the choice of n(x). The same result is true if instead of cubes in Defi-
nition 6.1 we take balls. Indeed, since we have proved that E3. does not depend
on the choice of G, we can repeat the same proof.

7 Bounded sequences in F

Definition 7.1. A sequence ug € Ejo. is called locally weakly convergent to u € o
if for any ¢ € D,
oup, — ¢u weakly in E.

Lemma 7.2. If a sequence uy, € Eo is bounded in Eo, and locally weakly convergent
to u, then u € F.

Proof. We use Definition 4.1 of the space Fo. Let {¢;} be a partition of unity.
Then u € Ew if sup; ||¢;ul|g < oo. Suppose that u ¢ E. Then there is a subse-
quence 7y, of ¢ such that

|piu]|g — oo as i — oo. (7.1)
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A set in a Banach space is bounded if and only if any functional from the dual space
is bounded on it. Hence there exists a functional F' € E* such that F(¢;, u) —
oo as i — oo. Since w; is locally weakly convergent to w, then F(¢; u;) —
F(¢i, u) as | — oo for any ix. Therefore we can choose lj, such that |F(¢;, uy, ) —
F(¢i,u)| < 1. It follows from (7.1) that

\]
~—

F (i u,) — 00 as i — 00. (7.

On the other hand, by assumption uj is bounded in E.. Hence [|ux| g, <
M, ||, uk||z < M. This contradicts (7.2). The lemma is proved.

Theorem 7.3. Let E be a reflexive Banach space. If {ug}, k =1,2,... is a bounded
sequence in Eo, then there exists a subsequence uy, of ur and u € Esy such that

ug, — u locally weakly and in D’.

Proof. Denote by B, a ball |z| < r in R™ and consider the sequence Bj, j =
1,2,.... Suppose that f;, j =1,2,... is a sequence of functions such that f; € D,

fj(x) :1, S Bja fj(x) :O, $€Bj+1, 3:132a

Let {¢;},i=1,2,..., ¢; € D be a partition of unity for which E, is defined. We
suppose that supp ¢; belong to unit cubes and sup; ||¢;||; = K < oo. Since

|piuklle < Kllurlg, < M,

we get
I fjurlle < M; (7.3)

with a constant M; independent of k. Indeed,
| frunlle = 1> fiduune-
Z‘/

Here i’ are those of ¢ for which supp ¢; Nsupp f; # @. The number of i’ is less or
equal to IVj, where IV; is a constant. Therefore

I f5urlle <D N fillallgiurlle < NMI| £ ar,

and (7.3) is proved. Since E is a reflexive space, we conclude that there exists a

subsequence u, i = 1,2, ... of uy such that fjul — v; weakly in E, v; € E. This
means that there exists a sequence 4; such that
F(f;a") — F(vj) as i — 00 (7.4)

for any F' € E*. Indeed, we choose u] such that u? is a subsequence of ul, u? is

a subsequence of u? and so on. Denote by #; the diagonal subsequence. Then we
obtain from (7.4)
F(fju;) — F(vj) as i — o0 (7.5)

for any j and any F' € E*.
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It follows from (7.5) that if & > j, then
fj’l}k = ’Uj. (76>

Indeed, F(f;-) € E*. Hence F(f;frt;) — F(fjvg) as i — oo. But f;(z)fx(z) =
fj(z). Therefore F(f;u;) — F(fjvx) as ¢ — oo. From this and (7.5) we obtain
(7.6).

From (7.6) it follows that

(v, @) = (vg, 6) (7.7)

if £ > j and supp ¢ C B;. Indeed,
(v, @) = (fivk, @) = (U, f39) = vk, ®)
since f;¢ = ¢.

We introduce a generalized function v € D’ such that for any ¢ € D,

<u, ¢> = <vja ¢> (78)

if supp ¢ C Bj. The proof that u is a continuous linear functional on D is standard.
Obviously, u € Ejoc. Indeed, for any ¢ € D and f € D we have

(fu,0) = (u, fo) = (vj, fo) = (fvj, D),

where j is taken such that supp f C B;. Hence fu = fv; in D’. Since v; € E, we
get fu € E, and therefore u € Fjq.
We prove now that

u; — u locally weakly as i — oo.
‘We have to prove that
F(fu;) — F(fu) as i — o0 (7.9)

forany f€e Dand F € E*.If F € E*, f € D, then fF € E*. It follows from (7.5)
that
fF(fju;) — fF(v;) as i — 00

or
F(ffi) — Ffo;) as i — ox.

Since f € D, we can take j so large that supp f C B;. Then f(z)f;(x) = f(x) for
all x € R™. Therefore f f;u; = fu; and

F(fu;) — F(fv;) as i — oc. (7.10)
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Further, for any ¢ € D we have (fv;, ) = (v;, f¢). Since supp f¢ C B;, from
(7.8) we obtain

<fu,¢> = <U,f¢> = <vjaf¢>'
Hence
(fu,9) = (fvj,¢), Vo€ D.
Therefore fu = fv; in D’. From (7.10) we obtain (7.9).
Since {u;} is a subsequence of {u} and this latter is bounded in E, we can
conclude that {@;} is bounded in Es . From Lemma 7.2 it follows that u € En.

It remains to prove that 4; — w in D’. Since E C D’ (inclusion with the
topology), it follows that for any ¢ € D, ¢(u) = (u,¢) € E*. Let f € D, f(z) =1
in supp ¢. Then

as ¢ — oo because of the local weak convergence. The theorem is proved. O

8 The space E,(T")

Let T' be an m-dimensional manifold, I' C R", (m < n). We first consider the
case where it is C'°° manifold. We recall the definition of D'(I") (see [243]). We are
given a family J of homeomorphisms 1, called coordinate systems, of open sets
Iy C T on open sets T'y, C R™ such that:

(i) If ¥ and 9’ belong to J, then the mapping
YYDy NTyr) = /(D NTy) (8.1)

is infinitely differentiable,
(ii) UweJFw =TI.
We define the space D(I"). If to every coordinate system 1 in I we are given
a function 6y, € D(I'y) such that

Oy =0y 0 (P(W)7") in YTy NTy),

we say that 6 € D(I') and set 0y, = oL,

If to every coordinate system 1 in I" corresponds a distribution u,, € D’ (fl/,)
such that

uyr = uy o (YY) ) in ¢ (TyNTy), (82)

we call the system u, a distribution u in I'. The set of all distributions in I is
denoted by D’(T"). We write also uy = uo ™!, u = uy o).

As in Section 1, we consider the space E = E(R™), E C D'(R™). We denote
by M(F) the space of multipliers of F, and we suppose that D(R™) C M(E).
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Moreover we suppose that there exist numbers x > 0 and v > 0 such that for any
¢ E D(R77l>7
1ellarmy < wlldllew (8.3)
Definition 8.1. A function u belongs to the space Eioc(I') if and only if u € D'(T")
and for any 0 € D(T),
(Bu) oy~ € E. (8.4)
It is supposed that (Au), is extended by zero from f‘¢ to R™. By definition
(Ou)y = Oyuy. We give the definition of the space E,(T"). Let U;, i = 1,2,... be
a covering of I' for which a coordinate system ; is introduced. We suppose that
there exists a number IV such that for any ¢ there is no more than N of j such that
UiNU; # ©. Let 6; € D(T') be a partition of unity, supp; C U;, >, 0;(x) =1 for
any x € I'.

Definition 8.2. A function u belongs to the space E,(T'), 1 < p < oo if and only if
u € Eloe(T") and

- 1/p
lull g,y = | Y 105u) 095 1%, < 00
j=1

A function u belongs to the space Eo (') if and only if u € Ejo.(T") and

lull ey = sup [[(85u) 0 5 | < o0

Definition 8.3. Two coverings U} and U ]2 are called equivalent if there exists a
number N such that for any i there is no more than N of j such that Ul NU JQ #
for any j there is no more than N of i such that U}! N Uj2 % Q.

In the following theorem we prove the independence of the space EP(T') of
the choice of equivalent coverings of I' and of the choice of partition of unity.

Theorem 8.4. Let U} and Uj2 be two equivalent coverings of T, 0} and 0]2- be two

corresponding partitions of unity. Suppose that the following conditions are satis-

fied:

(o) For any i,j such that Ul N Uj2 # @ the norms of the operators of change of
variables

Vi (W) i (U NU3) — 93 (U N U7,
2y—1 . 2 2 2
%’1(%‘) ¥ '(/}j(Uil nU;) — ¥ (U N U;)
are uniformly bounded in F,
(8) The estimates

Ky =sup 6] o () Hev < 00, Kz =supl67o (¥3)"|ov < oo,
T J

hold with the same v as in (8.3).
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Let E}(I) and E2(T) (1 < p < o) be the spaces E,(T') that correspond to
the coverings U} and Uj2 and the partitions of unity 6} (md 92, respectively. Then
El(T) = E(T), and their norms are equivalent.

Proof. Consider first the case 1 < p < co. Let u € Ejoc(I') and [Ju|[pz < co. We

have
Oju=0; 65u=">0!65u, (8.5)
=1 7’

where j” are all the numbers j for which U} NU ]2 # ©. By assumption, the number
of 7/ is less than or equal to N. It follows from (8.5) that

P

1003 w) o (v7) I < Z 10;651) o () |l

From convexity of the function s we obtain

107) 0 () I < NP~ IZH (0307u) o (i)~ |5
= NP~ 1Z\| (6165 u) o (v]) %

Let k£ be a positive integer. We have
k
Z ) < NP ZZ 10;65u) 0 () - (8:6)
i=1 Jj=11i=1

Further
k
Z [(0762,u) o (v}) M5 < ZH (05:62u) o (1)t |I, (8.7)

where i’ are those i for which U} N U? # @. The number of such i is less than or
equal to N.

For any ¢ and j such that U} N sz # @ we have, according to (8.2),

(0;05u) o (i) ™" = ((0;67u) o (¥5)7") o (5 (i) ™). (8.8)

By the condition of the theorem, the norms of the operators 1/1]24(%1)*1 are uni-

formly bounded. Therefore we get from (8.8)

16;65u) o (i)~ Hle < M| (6:67u) o (43) | -
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Denote by 0} (z) the restriction of 6} (z) to UNU?2. We have obviously 8162 = 6}62.
Hence

(0;63u) o (¥3) ™" = (0}03u) o (¥3) ' =0 o (¥F) " - OFuo (7))

It follows that

10565) o (W) "Ml < 1107 o (1) laaem 165u 0 () Hlm
< 107 o (i) Hlevll6Fuo W) Hln

by virtue of (8.3). Obviously
167 o (i)~ liew < 1167 0 (1) Hlew < Ka
according to condition (/). Thus we have obtained
1(0365w) o ()~ | < kKM [(0Fu) 0 (4F) | - (8.9)

Let us return to (8.7). From (8.9) we get

> N(6367u) o (i)t < N(REMP[[(6Fu) © ()~ |- (8.10)

il

Therefore (8.6), (8.7), and (8.10) imply

ZII( u) o (¥; 1\|p<0’fZH )l

where
Cc1 = KZNKlMl. (811)

Passing to the limit as k — oo, we obtain
lullzyry < eallullzzery-

Hence u € E}(T).
Similarly we get for u € E(T) that

[ull z2r) < eallull By

and therefore u € E2(T').

We have proved that E, (') = E2(I') and that the norms in these spaces are
equivalent. Thus the theorem is proved for 1 < p < co.

Consider the case p = oo. Let u € Eioc(I') and [[ul|gz_ )y < oo. From (8.5)

we obtain
1(6;w) o ()~ He < ZII 0;607u) o (V)" e
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From (8.9) it follows that
10365 1) o (43) "l < K1 M| () © (¥5) ™ e < sEL M |lul| g2, (r)-

Hence
16iu) o (i)~ He < ellull g2 ),

where ¢; is given by (8.11). Therefore

ull g1y < erllull g2 ()

Similarly
lull g2 0y < e2llull g1, r)-

The theorem is proved. O

Remark 8.5. In what follows I' = 02, where (2 is a domain satisfying Condition
D (Section 2, Chapter 3), E = W9, (—00 < s < 00,1 < ¢ < 00). In this case
condition («) of the theorem is satisfied if |s| + 1 < I, where [ is the number in
Condition D. Indeed, from Condition D it follows that the functions 9% (¢ )~! and
w}(z/}?)fl belong to C*. It can be verified that the following proposition is true for
E=W?%>%and |s| +1 <.

Proposition 8.6. Let g : R™ — R™ be a homeomorphism, g € C'(R™), g~ €
CYR™). Ifu € E, thenuog € E, and |[uo g|lpg < M| u| g, where M does not
depend on u, and it depends continuously on ||g||cirm) and ||g=||crgm)-

Hence condition («) of the theorem is satisfied. Moreover under the same
assumptions on E and [, for any f € C'(R™) and v € FE we have fu € E and

[fulle < Mil[fllci@m llulle,

where M; does not depend on f and u. Therefore (8.3) is satisfied with v = [.

Consider now the case where I' is a C' manifold, where [ > 1 is an integer.
In this case the space D’ cannot be used since the multiplication of elements from
D’ by functions from C! is not defined. We can consider instead the spaces D,
and Dj. Here Dy is the space of all functions ¢ € C' with compact supports. The
convergence in D; is defined as follows: ¢; — 0 in D; if D%¢p; — 0 uniformly,
la| < I, and there is a fixed compact set containing the supports of all ¢;. The
space D; is defined as the space of all continuous functionals on D;.

It is clear that the multiplication of elements of D; by functions ¢ € Clis
defined. We can define the space Dj(I") similar to the definition of D’(I") above.
Using the space Dj(I") instead of D'(I") we can give Definitions 8.1 and 8.2 and
prove Theorem 8.3 for C* manifolds exactly as it was done above. We consider the
space E = E(R™) such that E C Dj(R™), and we suppose that D;(R™) C M(E).
In (8.3) we put v = [. In the definition of the space E,(I") we suppose that the
partition of unity 6; € D;(T").
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The space Ex(I') was defined in Definition 8.2. In what follows we need
also other equivalent definitions. Suppose that I' = 92, where 2 C R" is a domain
satisfying Condition D (Section 2, Chapter 3). We assume that the space E satisfies
the condition of the Proposition 8.6 in the Remark 8.5, and the number v in (8.3)
is equal to [.

Let 6 be the number in Condition D and 0 < p < §. Consider a function
n(x) > 0 such that n € C*(R™), n(x) =1 for |z| < p/2, n(z) =0 for |z| > p.
Let n.(x) =n(z — 2), 2 € R™.

Definition 8.7. E(T') is the space of functions u € Ejoc(T") such that
el r) = sup | (m) © ¥ e < oo,
z€E

where 1, is the function in Condition D which corresponds to the point z € T'.

In Theorem 8.4 we have proved that the space E,(I") (1 < p < co) does not
depend on the choice of equivalent coverings of I'. We now specify the equivalence
class of coverings, which we shall use, by pointing out its representative: covering
of T by cubes with the sides equal 2 and the centers at lattice points with the
increment equal to 1.

Proposition 8.8. Suppose that in Definition 8.2,

sup |6 0 ¥ et rn-1) < 00. (8.12)

Then the spaces Eo(T') in Definitions 8.2 and 8.7 coincide.

Proof. Denote by E2 (T') and EZ (T') the spaces E(I') in Definitions 8.2 and 8.7,
respectively. Let u € E2 (T'). Let us construct a covering of I' and a partition of
unity as follows. We cover I' by balls B; of the radii p/2 and the centers at the
points z; € I' (i =1,2,...). Denote by Bj the balls of the radii p and the centers
at ;. We suppose that the points z; are chosen such that the covering by the
balls Bj belongs to the equivalence class under consideration. Denote by N such
number that for any 4 there is no more than N of j such that the intersection
B; (N By is not empty. Let

w(z) = anj (x). (8.13)

Obviously, suppn.; C Bj. Hence for any = € I' we have no more than N nonzero
terms in sum (8.13). Moreover, w(x) > 1, z € I.

Set

0,(z) = —2—=. (8.14)
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Clearly, this is a partition of unity which corresponds to the covering by Bj. We

have | . |
[(05u) o |le = [[((1/w) 0 by ) (Nz;u) 0 95 )|l
< [(1/w) 0 95l ae (e | (2;w) 0 95 | 2,

where M (E) is the space of multipliers. By Condition D and (8.3) we have ||(1/w)o
z/Jj_lHM(E) < K, where the constant K does not depend on j. Hence

1(6:w) 0 5 |2 < K| (1s,u) 0 07 | E < Klull g )

It follows that |[ullg2 ) < Kllul|gs (ry and u € EZ (). We have proved that
EX () c E2 (D).

Now, let u € E2 (') and 6; be the partition of unity in Definition 8.2. For
any z € I' we have

(nu) oyt =D (n=byu) o, (8.15)

where ¢/ are all of 7 for which supp; has nonempty intersection with supp..
By the assumption above on the choice of the equivalent class of coverings, it is
obvious that there exists a number N independent of z such that the number of
i’ is less than N. It follows from (8.15) that

(=) o M e < Y I (n:0iw) 047 |- (8.16)

As in the proof of Theorem 8.4, we get
1(n:05u) 0w | E < M| () 0 05 | 4

where the constant M does not depend on z and i’. Since ||(6yu) o ¥, '||p <
lul| £2 (), we obtain from (8.16) that

1) 092 e < NM|Jul g2 )

Hence |Ju||gs ) < NM|ul| g2, (ry. Therefore u € E (T). It follows that EZ (') C
E2 (T). The proposition is proved. |

It follows from the proof that this result remains true if instead of the parti-
tion of unity in Definition 8.2 we take an arbitrary system of functions 6; € D;(T"),
suppd; C U; and such that (8.12) is satisfied. We now give another definition of
the space Es (") (Definition 8.9) and prove its equivalence to the previous ones.
Let G C R™ be a bounded domain, and the intersection I'[ |G be not empty.
Denote by Dj(I'( G) the restriction of Dj(T") to I'( G.

Definition 8.9. The function v € E(I'(G) if and only if u € D)(T'(G) and
there exists v € Eoo(I') such that the restriction of v to Dj(I'() G) coincides with
u. The norm in E (I'( G) is given by

[ull oo @y = nf vl ),
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where the infimum is taken over all v, for which u is the restriction of v to

D/(I'NG).
Definition 8.10. The space E(T') is the set of all u € Ejoe(T) such that

lull gy = sup lluyllporn a,) < o0 (8.17)
yel

where wu, is the restriction of u to I'( G, G, is the shifted domain: the char-
acteristic function of Gy, is x(z — y), where x(x) is the characteristic function
of G.

In what follows it is supposed that G contains the origin.

Proposition 8.11.
Eo(T) = Ex (D).

Proof. Let u € Eo(I"), uy be the restriction of u to I' (| G, and 8; be the partition
of unity (8.14). Further, let j’ be all of j for which supp 6, has a nonempty inter-
section with I'(G,,. According to the choice of z; in (8.14) it is clear that the
number of 7’ is less than a number N which does not depend on y. The function
>_j 0jru is an extension of uy. Hence

luyllrne,) < 1D 05ullpary < Kl pam,
j/

where K does not depend on y. Therefore [|ul|z_ ) < K||ul 5. (r)- We have proved
that Eoo(I') C Ex().
Now let u € Eq(T). This means that

u € Eoe(T')  and sug Huy||Eoo(pﬂ a,) < oo.
ye

By Definition 8.9, there exists an extension v € Eo(I') of u, such that
[vllEcm) < 2lluyllErnay)- (8.18)

Since the space Eo (') does not depend on the choice of p, we can suppose that
p is taken so small that suppn, € G,. We have

Inyvll ey < Killvll B (), (8.19)

where K; does not depend on y.
Since suppn, € Gy, we have

NyU = Ty Uy, (8.20)
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where 7, u, is extended by zero outside I'( G,. From (8.18), (8.19) and (8.20),

Inyuylleemy = lInyoll ) < Killvlleom
< 2K1||uy\|Em(m Gy < 2Kalull g ry-

But nyuy, = nyu. Therefore

Inyull ey < 2K llull g ry- (8.21)
By Definition 8.7, we have
sup [y . (r) = sup sup || (=) © ()3 (8.22)
yel’ yel' ze

On the other hand, since the space Fo (I") in Definition 8.7 does not depend
on the choice of 1, we can take n?(x) instead of n(x). Hence for some constant
k> 0 we have

kllullpom < Sup 2w oy g < supsup [[(nynzu) 0 7| = sup [lnyull . )
yel' zell yel

by (8.22). It follows from (8.21) that
fllull gy < 2K1llull gy

Therefore u € Eq(I'). We have proved that Es (I') C Eoo(T). The proposition is
proved. (Il

Remark 8.12. The formulation of Proposition 8.11 and its proof remain the same
if instead of (8.17) we suppose that

lull gy = sup lluyllporn a,) < 00

where the supremum is taken over all y € Q such that the I'(| G, is not empty.

9 Spaces in unbounded domains

Let © be a domain in R™, E be a space in Definition 1.1. Instead of the estimate
Ifulle < 1 Fllallullz
for f € D, u € E, we have a similar estimate for the space E(Q):
Ifulle) < Iflamllulle@), (9-1)

where f € D, u € E(Q). Indeed, let u® be an extension of u to E. Then fu®is an
extension of fu to E. Hence

[fulle@) < 1fulle < [ fllmllule-

If we take the infimum over all extensions u¢, we obtain (9.1).
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Definition 9.1. The space E(f) is defined as the space of the generalized functions
from Dy, that are restrictions to € of generalized functions from E. The norm in
E(Q) is defined as

[ull () = inf [[u]|£,
where the infimum is taken over all u® € E whose restriction to ) coincide with .

Definition 9.2. The space EL (Q) is defined as the set of the generalized functions
from Dg, that are restrictions to Q of generalized functions from E.. The norm
in EL () is defined as

[ull 24,0 = inf u]| b,

where the infimum is taken over all u¢ € E., whose restriction to € coincide
with u.

We will also give another definition of the space E(€2). Let n,(z) be the
same as in Definition 6.1.

Definition 9.3. The space E2 (f2) is defined as the set of such generalized functions
from Dy, that nyu € E(Q) for all y € R” and

sup [|Inyullpe) < oo
yeRn

If suppn, N = @, then n,u = 0. The norm in EZ () is given by the equality
[ull z2.0) = sup [Inyull -
yeR‘n
Definition 9.4. Let {¢;} be a system of functions satisfying Condition 2.2. The
space E3 () is defined as the set of generalized functions u € Dy, such that

piu € E(Q) for all i and
sup | piu|| pa)y < oo.

The norm in E3_(Q) is given by the equality
[ull g2, (@) = sup |¢sull ()
7
Definition 9.5. Denote by By, , the ball {z : |[x—y| < r}. The space E4 (2) is defined

as the set of generalized functions u € Dy, such that for any y € Q,QN By, # ©
the restriction of u to 0 N B, satisfies the condition

lull ns,.,) <M
with M independent of u. The norm in EZ (Q) is defined by the equality
lullgs_(2) = sup [ullp@ns,..),

where the supremum is taken over all y € © such that QN B, , # ©.
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Proposition 9.6. Let EX () and E3_(2) be the space defined above. Then E3 (Q) C
EL (Q) and for any u € E3 (Q) we have

lull g1 ) < Mlull g3 (@),
where M is a constant independent of u.

Proof. Let u € E2 (Q). Then ¢;u € E(Q) for any i. By the definition of E(Q),
there exists u; € E such that

(ui, @) = (diu, @) for anye : supp ¢ € Q (9.2)

and
luille < 2ldiul£@)- (9.3)
We can suppose that {¢;} is a partition of unity. Let {¢;} be another system

of functions satisfying Condition 2.2 such that ¢;(x) = 1 for « € supp ¢;. Then
¢i(x)1hi(x) = ¢i(x) for any ¢ and x. Set

u’ = i’(/huz (94)
i=1

Obviously, for @ € D the functional u° is defined. Indeed, by definition

o0 o0

(W, 0) = > (i, d) = > (ui, ;).

i=1 i=1
But this sum has only a finite number of nonzero terms. For definiteness we suppose
that the supports of ¢; and v; are cubes of a lattice.

We now prove that u is an extension of u. Indeed, if supp ¢ C 2, we have
(u®, @) =372, (us, i ¢). Since supp ;¢ C €, we have, from (9.2),

Hence
o0

(W', ¢) = (u, ¢i) = (u, )

i=1
since Y.° | ¢i(x) = 1. It follows that u® is an extension of w.
We will prove that u® € E. Indeed, we have

Pru’ = Z PrYiu; = Z Prirug, (9.5)

where i’ denotes all the subscripts for which supp ¢, and supp 1; have a nonempty
intersection. Let the number of such i’ be no more than N, which does not depend
on i and k. From (9.5) follows the estimate

lpeuslle < I grtpiru|e. (9.6)
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By Definition 1.1 of the space E we have ||¢rtiuq || < M||¢rthil|arl|uil| £ By Con-
dition 2.5 ||¢r);||amr < K, where K is independent of k and i. Hence ||¢pt;u;|| g <
MK ||u;|| g. From (9.6) we obtain ||¢pu||p < MK Y, ||ui| . The inequality (9.3)
implies ||pru’l|p < 2MK ), ||¢irul (). From Definition 9.4,

[oruslle < 2M KN [ul| g3, «)-
Since k is arbitrary, by the definition of F, we get u¢ € E, and
[ullpa = sup [orulle < 2MEN ||ull gz (o)-

Since u is a restriction of u¢ to €, we obtain that u € EL (2). Moreover,
ull z1 (@) < |ufllBe < 2M KN ||ul|gs (o) = Mollullgs3 (o)- (9.7)

Thus the proposition is proved for the special choice of ¢;. We can write (9.7) in
the form

ull 21 (0) < Mo Sup prull £(0)- (9.8)

We now prove the proposition for any system of functions {w; } satisfying Definition
2.3 and equivalent to the system of functions {¢;}, which is considered above. We

have w w
¢kuz¢k2 —ZUZE P —u,
w 7 w

%

where 7’ are those subscripts ¢ for which supp w; has a nonempty intersection with
supp ¢x. The number of such ¢’ is no more than N by the definition of equivalence
of systems of functions.

We now have

P
lérullz@) = 1= wirull sy < K wirt]g@)-
7 i’

Hence
[prullp) < KN|ullgs (), sup prull p) < KN||ullgs, -
Therefore by the results of the first part of the proof we conclude that v € EL (),
and from (9.8) we obtain
lullg1 (@) < MoK N ||ull gz (0)-
The proposition is proved. ]

Proposition 9.7. Let EX () and E2 (Q) be the space in Definitions 9.2 and 9.3,
respectively. Then EL () C E%(Q) and for any u € EL (Q) we have

[ull g2, @) < Mllullgy @),

where M is a constant independent of u.



9. Spaces in unbounded domains 7

Proof. Let u € EL (Q). Then there exists u® € Ey such that

(u, ¢) = (u®, ¢) for any ¢ € D, supp ¢ C Q. (9.9)

By the definition of E., we have n,u® € E for any y € R", and

[ul| o = sup [Inyu®]e < occ. (9.10)
yER™

From (9.9) it follows that (n,u,¢) = (n,u,¢) for any ¢ € D, supp ¢ C €. Hence
nyu® is an extension of 7,u to Eo. By the definition of E(Q) we have n,u € E(£2)
and [|nyull gy < nyucl|e < ||u°|| ... Therefore u € E2, () and

ull B2 (0) = sup [[nyull g < (vl E.-
Sy

The left-hand side here does not depend on the extension u°. Hence
lull 22, @) < inf [luflle. = llulle @)

The proposition is proved. O

Proposition 9.8. Let E2 () and E% (Q) be the space in Definitions 9.3 and 9.5,
respectively. Then E2 (Q) C E4 () and for any u € E2 (Q) we have

lullgs (@) < Mlullpz (o),
where M is a constant independent of u.

Proposition 9.9. If {4} } and {¢2} are two systems of functions equivalent in the
sense of Definition 2.3, then the spaces E3,(Q) corresponding to them coincide,
and their norms are equivalent.

Proposition 9.10. Let E2 (Q) and E3 () be the spaces in Definitions 9.3 and 9.4,
respectively. Then E2 (Q) = E3 () and their norms are equivalent.

Corollary 9.11. The space E> () does not depend on the choice of the numbers
a1 and as in Definition 6.1.

Proposition 9.12. Let E2 (Q) and E2 () be the spaces in Definitions 9.3 and 9.5,
respectively. Then E% () C E%(Q) and for any u € EX (Q) we have

lull g2y < M|ull g1 (0,
where M is a constant independent of u.
Theorem 9.13. All definitions of the space Eo(S)) are equivalent, i.e.,
Eo(Q) = EX(Q) = EL(Q) = E5 ()

and their norms are equivalent.
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10 Dual spaces

Let E(R™) be a Banach space satisfying the conditions of Section 1, and E*(R™)
be its dual. As above, we will denote them by F and E*, respectively. We suppose
that D C E, the inclusion being in the algebraic and topological sense, and that
D is dense in E. Then E* C D’, and this inclusion should be also understood in
the algebraic and topological sense. We can define (E*), as it is done in Sections
3 and 4. For example the norm in the space (E*)o, is given by

[oll(+) = sup |l (10.1)
K3

where ¢; is a partition of unity. The norm in the right-hand side of (10.1) is the
norm of functionals from E*.
Lemma 10.1. (E,)* C E} .

Proof. Let v € (Ep)*, ¢ € D. We should verify that v¢ € E*. For any u € E,
¢pu € E,. Therefore

[(pv,u}| = [(v, pu)| < [|vll(E,)-

The lemma is proved. O

< M|jvll(g,)- vl &

In what follows we say that two normed spaces are equal or coincide if they
are linearly isomorphic and their norms are equivalent.

Theorem 10.2. The spaces (E*)oo and (E1)* coincide.
Proof. Let v € (Ey)*. Then for any u € Fy,

(v, u) < lvll(z,)-
Since v € E . and u € E, then (¢;v,u) is defined and
[(Giv, )| = [(v, psw)| < [[oll ()~ Nl diullz, < Mol (z,)-

Here {¢;} is a partition of unity, sup; ||¢;||x < co.
Therefore

[¢svllee < M|vll(g,)~-
Consequently,
[vll(Eoe < Ml[vll(ey)--

Suppose that v € (E*)s. Then v € Ef . Let u € Eq, uj, = Zle ¢;u. Then
ur € E, and

v, ur)] = | Z@

k

=Y v dhiu)| < Z [pivll e~ [[Yiull e

i=1 =1

NK
i M .
I

=

[

o0

< ol D Isulls < Mlloll ). e,

i=1
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Here v; € D, ¢; = 1 in supp ¢;. We suppose that the system of functions v;
satisfies Condition 2.2. We can pass to the limit in the last estimate as k — oc.
Therefore v can be considered as a functional on F;, and

[vll(E) < Mol ()
The theorem is proved. (]

We note that functionals from both spaces (E*)s and (E})* are considered
in Theorem 10.2 on functions from Ej.

Theorem 10.3. Let 1/p+1/¢=1, 1 < p,q < co. Then (E*), C (Eq)*.
Proof. Let v € (E*),. We show that v € (E,)*. For any v € D we have

(v, )] = (v Z@ < Dol du] = 3 Wi, di)| < D [lwell - [ iule

=1 =1 i=1

oo /IJ o0 1/q
< (ZI%UI”J (ZI%UI%) < Mlvliz), llulls,-

=1 i=1

—

Here ¢; € D, ¢;(z) = 1 in supp ¢;(x). Since D is dense in E, this estimate remains
valid for all u € E,. Therefore

vl < M|z,
The theorem is proved. ]

Lemma 10.4. Let ¢ € (Ex)*, up, = Y ., ub;, where u € E, 0; is a partition of
unity. Then there exists the limit lim,, o ¢(uy).

Proof. We have

unllE = = sup [unb;]l & = sup | (Z ub; > 0ille

J i=1

< sup > [ubib;|lp | < MN sup [[uby]| = MN|ule.
J i:supp 0;Nsupp 0 0 J

Suppose that the limit ¢(u,) does not exist. Then there exist two subsequences
U and Uy, such that

A(ung) = C1, d(ungy,) — C2, Cr # Ca.

We will construct a bounded sequence in F, such that the functional ¢ will be
unbounded on it. This contradiction will prove the existence of the limit.
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Without loss of generality we can assume that C; > C5. For all k and m
sufficiently large,

A(ung) = C1 — €, G(Uny,) < Cy +e.
For e < (Cy — Cy)/4,

(rb(unk - unm) > %(: a> O)

We choose k and m such that this estimate is satisfied and write v1 = Up g, — Uy, -

We note that .
k
Unpy — Upyy, = Z ub;.

1=Nm

Therefore the support of the function v; is inside U?anm supp ;.

Similarly, we choose other values of k and m and define the function wvs,
¢(v2) > a. Moreover, if the new values k and m are sufficiently large, then supp v N
suppvy = ©. In the same way, we construct other functions v; such that their
supports do not intersect and ¢(v;) > a. We finally put w; = > 7_, v;. Similar
to the sequence u,,, the sequence w; is uniformly bounded in F.,. At the same
time ¢(w;) — oo. This contradicts the assumption that ¢ € (Es)*. The lemma is
proved. (Il

Consider a functional ¢ from (E)*. We define a new functional ¢ as follows.
For any function u € E, with a bounded support we put

For any function u € E,, we put
(u) = lim_ (b(; ub)).
i—

Thus ¢ is a weak limit of S 16,0 in (Ex)*. From Lemma 10.4 it follows that
this limit exists. It is easy to verify that ¢ is a bounded linear functional on F.

Let ¢o = ¢ — ¢. Then ¢o(u) = 0 for any function u with a bounded support.
Thus we have the following result.

Lemma 10.5. The space (Ex,)* can be represented as a direct sum of two subspaces,
(Exo)p and (Ex)y,, where (Ex )i consists of functionals equal to 0 on all functions

with bounded supports, and (Ex ) consists of the functionals ¢ constructed above.

Proof. Tt remains to prove that (Ex )’ and (E)§ are closed. Let v, € (Ex)y,
v — v in (Esx)*. We have

(v, w) = lim (vk, up), Yu € Fus, (10.2)

n—0o0
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where u, = Y1, 6;u (see Lemma 10.8 below). We prove that we can pass to the
limit with respect to k in the right-hand side of (10.2). Indeed we have

(o =, un)| < ok = vll(go)- [tnllBc < Mok = 0l[(E)-
since ||un| g, is bounded. Hence

| lim (vg — v, un)| < Mllor —vll(g.)» — 0

n—oo

as k — oo. Passing to the limit with respect to & in (10.2), we obtain

(v, u)y = lim (v, uy,), Yu € Eu.

n—oo

*

Therefore v € (Ex)J,. The completeness of the space (Ex)?, is proved. It can be
easily verified that the second subspace is also closed. The lemma is proved. [

If ¢g € (Fo)fy and 0 € D, then 0¢y = 0 is an element of (E)*. Therefore,
if ¢ = ¢ + @1, then 0 = Oy (see the next lemma).

Lemma 10.6. If ¢ € (E)*, then ¢ € (E*); and
10ll(ze), <M (9]l (£oc)- » (10.3)
where M is a constant independent of ¢.

Proof. We have ;¢ € E* for §; € D and
10:¢llz- = sup  [figp(u)].

weE, |ul|lg=1

Hence there exists u; € E such that ||0;¢]

|oi] = 1. Therefore
=1 =1

g < 2 |0;0(ui)| = 2 0;¢0(0iu;), where

For any 0 we have

m
E Hkﬁioiui
i=1

where i’ are all those numbers ¢ for which supp 6; (| supp 0 # @. It follows that

m
E Or0;0u;
i=1

where N is the number from Condition 2.2 and K = sup, ||0; a(g). Inequality
(10.5) implies || >0, 6;05u;|| p.. < NK?2. From (10.4) we obtain Y /", [|6;¢]| g+ <
2NK?||¢||(p..)+ and (10.3) follows. The lemma is proved. O

m
< 0biuille <> 1068irus | 2,
E =1 i

< NK?, (10.5)
E
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Lemma 10.7. The following inclusions hold:
E1 C E‘7 (E*>1 c E*.

Proof. Suppose that v € Fy. Then

Z diu
i=1

where ¢; is a partition of unity. Therefore u € E. The second inclusion follows
from the first one applied to the space E*. The lemma is proved. O

oo
<> lIgiulle = llullz,

E =1

ulle =

We will prove below that the spaces (Es)¥ and (E*); coincide (Theorem

w

10.10). Let us introduce an operator J : (Fo)* — (E*); as follows. According to
Lemma 10.6, to any v € (Fy)* we can put in correspondence w = Jv € (E*);
such that

(w, u) = (v, u), Yu € E. (10.6)

The right-hand side in (10.6) has sense since £ C Eo,. The left-hand side in (10.6)
is well defined since (E*); C E*. There is only one w satisfying (10.6). Indeed, let
wy be another one and wy = w; — w. Then (wp, u) = 0, Vu € E. This means
that wq is the zero element in £* and

oo

lwoll(g+), = Z [wo il g+ = 0.

i=1
Hence w; = w. It is clear that J is a linear operator.

Lemma 10.8. If v € (Ex)y, then

n—oo

(v, u) = lim <v, Z Qiu>, Vu € Ex. (10.7)
i=1

Proof. By definition of (E)J, there exists y € (Ex)* such that
n
(v, uy = nILH;o <y7 Z; Qiu>, Vu € P
In order to prove (10.7), it is sufficient to verify the equality
(y, Giu) = (v, Gu). (10.8)

‘We have

(v, Qu)y = nILH;O <y, Zf)jf)iu>.

Jj=1
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Since Z;’;l 0;0; has only a finite number of terms, we can pass to the limit and

obtain
(v, O;u) <y, ZG i0; u>

and (10.8) follows from this equality. The lemma is proved. O

Lemma 10.9. The space (Ex)* can be represented as a direct sum of linear sub-
spaces (Foo)f, and Ker J:

(Ex)" = (Fxo)l, ® KerJ. (10.9)

Proof. Let v € (Eo)* and 0 be given by

(0, u) = hm< 29u>, Vu € Fs

Then 0 € (Ex). Set vg = v — 0. For any ¢ € D we have

b, ¢) = <v, Z¢ei> = (v, ¢)

since the sum contains only a finite number of terms. It follows that (v, ¢) =
0, V¢ € D. Since D isdense in E and E C E4 (inclusion with topology), it follows
that (vg, u) =0, Vu € E. From (10.6) it follows that (Jvg, u) = 0, Vu € E.
Therefore Jvy = 0 in E* and, hence, this equality also holds in (E*);. This means
that vo € KerJ. Thus we have proved that v = 0 + vy, where ¥ € (Ex)}, and
v € Ker J.

It remains to prove that (10.9) is a direct sum. Suppose that v € (Fw ) and
v € Ker J. We have to verify that v = 0. We have

(v, u) = lim < ZF) u>, Vu € Ex (10.10)

(see Lemma 10.8) because v € (E)J. Since v € Ker J we conclude that (v, 0;u) =
0, Yu € Fw. Indeed, if u € Eo, then 6;u € E. From (10.10) we obtain (v, u) =
0, Yu € Eo. The lemma is proved. O

Theorem 10.10. (Ew.)}, = (E*)1.

Proof. The inclusion (Ex )’ C (E*); follows from Lemma 10.6. Suppose now that

¢ € (E*)1. Consider the functionals ¢, = Zle 0;¢, where 0; is a partition of
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unity. By the definition of the space (E*)q, the series Y .o |64
show that ¢ converges to ¢ in (E*);. Indeed,

g~ converges. We

k k
e = &xll sy, = ‘ ¢— 0i¢ 0; <¢ - 29i¢>
i=1 (E*);  i=1 i=1 B
e’} k
=> |00 =D _0:0;0)| =5
Jj=1 i=1 E*

All terms of this sum, for which Zle 0; equals 1 in the support of ;, disappear.
The remaining terms begin with some k', where k' depends on k and tends to

infinity together with it.
oo oo oo k

S=> <> N60lle- + D> 110:0;9]
j=Kk' Bx =k j=k' i=1

=S 058ls + > S 11666 -

j=Kk j=k' i’

k
0;6— > 0:(0;0)

i=1

E*

o0 o0
< Z 00l e- + NM Z 10;9||+ — 0 as k — occ.
i=k e

Here i’ denotes all those i for which the support of §; intersects the support of 6;
for each j fixed. As usual, we use the fact that their number is limited by N.

Thus, the functional ¢ can be represented in the form ¢ = > 7~ 6;¢. Then
it is also a continuous functional on E.,. Indeed, for any u € E,

[(d,u) <> [0ig, viu)| <D [10:]| - |vsull
=1 =1

o0
< Cllullz. Y 10l - < Clldlls), Il 2o

i=1
Here ¢; = 1 in the support of ;. Therefore ¢ € (E)*, and
19l () < Cllellze),-
Let u € Es. Put u, = Zle O;u. Then ¢(ur) = ¢r(u). Hence
¢(u) = lim @p(u) = lim d(u).

This means that ¢ € (Eu)*

w*
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*

We prove that the spaces (Ex)) and (E*); are linearly isomorphic. Let

w € (E*);. From the proof above it follows that there exists v € (Foo)¥ such that
(10.6) holds. This means that

Juv =w. (10.11)

Denote by J; the restriction of the operator J to (Foo)f. Then from (10.11) we
get Jiv = w. This means that the range of the operator J; coincides with (E*);.
Since according to Lemma 10.9 the operator J; is invertible, we conclude that the
spaces under consideration are linearly isomorphic.

Since the operator J; !'is bounded, we can use the Banach theorem to con-
clude that J; is also bounded. The theorem is proved. O

Consider now the closure Ep of D in the norm F,. The proof of the following
lemma, is the same as the proof of Lemma 10.6.

Lemma 10.11. (Ep)* C (E*);.
Theorem 10.12. (Ep)* = (E*);.
Proof. Let ¢ € (E*)1, u € D. Then ¢(u) is well defined, and

o

OIS EONED LT

=1
<> (169l

i=1

e+ |[Yiulle < M9l g+, vl E,

where 1; = 1 in the support of 0;.

This estimate remains valid for uw € Ep. Therefore, ¢ € (Ep)*. The opposite
inclusion follows from the previous lemma.

We now prove the isomorphism of the spaces. Let v € (Ep)*, then v € D’. As
in the proof of Lemma 10.6 we obtain that v € (E*);. We introduce the embedding
operator

T: (Ep)* — (E").
This means that to any v € (Ep)* we put in correspondence Tv € (E*); such
that
(Tv, ¢) = (v, ¢), V¢ € D. (10.12)
It is clear that T is a linear operator. It is easy to see that the range of the operator

T coincides with (E*);. Indeed let w € (E*);. Then, as in the proof above, we
obtain

[(w, )] < Ml|wl|(g~), [|0)lp.- (10.13)

Consider v € D’ such that (v, ¢) = (w, ¢), V¢ € D. Then by (10.13) we have
v € (Ep)*. Hence by (10.12) we get

(Tv, ¢) = (w, ¢), Vo€ D.
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Since D is dense in E, we conclude that Tw and w coincide as elements of £* and
therefore as elements of (E*);. We have proved that the equation Tw = w has a
solution v € (Ep)* for any w € (E*);. Hence the range of the operator T coincides
with (E*);.

It remains to prove that the operator T is invertible. By definition of the
operator T', the equality (10.12) holds. Hence if Tv = 0 in (E*)q, then (v, ¢) =
0, V¢ € D and therefore v =0 in (Ep)*.

From (10.13) we have (v, ¢)| < M|w||(g+), |9llE., and [T wl|(g,) <
M |lw|(g+y,. Hence the operator T-' is bounded. By the Banach theorem the
operator 7' is also bounded. Therefore the norms in the spaces (Ep)* and (E*);
are equivalent. The theorem is proved. (Il

The next theorem follows from Theorems 10.10 and 10.12. Nevertheless we
give a direct proof of this theorem in order to obtain an explicit relation between
the elements of these spaces.

Theorem 10.13. (E)’ = (Ep)*.

Proof. We note that E C Ep. Indeed, let u € E, then u € E,. Since D is dense
in E, there exists a sequence {¢,}, ¢n € D such that ||¢, — u||r — 0. Hence

I6n = ullpe < Mll$pn — ullz — 0.

This means that u € Ep.
Let v € (Ep)*. We introduce a functional w as follows:

(w, u) = lim < ZF) u>, Yu € Foo. (10.14)

We prove that the limit in (10.14) exists. Indeed, by the Hahn-Banach theorem
we can extend v to a functional 0 € (Ex)*. We have (0, u) = (v, u), Yu € Ep.
Since Y"1, 0;u € E C Ep, Yu € Eo, we get

<ﬁ, zn:tﬁ)lu> = <v, zn:ﬂiu>, Yu € Foo
i=1 i=1

From Lemma 10.4 it follows that the limit in (10.14) exists and w € (Fuo ).
Let us introduce an operator S : (Ep)* — (Ex)g by the formula w = Swv,
where w is given by (10.14). It is clear that S is a linear operator. We will prove

that S is invertible. Indeed, let Sv = 0. Then from (10.14) we obtain

n
lim <v, Zf)lu> =0, Yu € F

i=1

In particular, if v € D, we get (v, u) = 0, Yu € D. Since D is dense in Ep, it
follows that v = 0.
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To prove that (Ew )Y is linearly isomorphic to (Ep)*, it is sufficient to verify
that the range of S coincides with (Ex)). Let w € (Ex)f. Then w € (Ex)*.
From Lemma 10.8 it follows that

(w, u)y = lim <w, Zﬁiu>, Vu € Fu. (10.15)
i=1

n—oo

Denote by v the restriction of w to Ep: (v, u) = (w, u), Yu € Ep. From this
equality it follows that

<w, i92u> = <v, i@iu>, Vu € Fo
i=1 i=1

since 0;u € Ep. From this and (10.15) we conclude that (10.14) is true. Therefore
w = Sv. We have proved that the range of S coincides with (F« ), and hence
(Ex)l and (Ep)* are linearly isomorphic.

We now prove that the operator S is bounded. From (10.14) we get

(o 3)

(60, Yy <Y 1050l l[aull s < Mol (), ull ...

1 i=1

[(w, u)| = lim

n—oo

, Vu € E.

Further,

= 3)

As in Lemma 10.6, we prove that |[v||(g+), < Mi|[v||(g,)-. Therefore

<

%

n

[(w, w)| < Ma|v]|(zp)-

ull g, -

It follows that [|w||(g_ )« < Ma||v||(g,)«- Hence the operator S is bounded. The
theorem is proved. O

Remark 10.14. The space Ep is a subspace of E.,. Therefore we can expect that
(Ex)® C (Ep)*. Nevertheless we obtain that (Ep)* coincides with a subspace
(Eoo)f of (Fxo)*. To explain this situation we note that Ep is not dense in Eo.
Therefore there exist different from zero functionals in (Foo)*, equal zero at Ep.
We call them “bad” functionals or functional with support at infinity. Each func-
tional from (E)* can be formally considered as a functional from (Ep)*. However,
if we do not take into account zero functionals, then the inclusion (E)* C (Ep)*
does not hold. “Bad” functionals do not belong to D’ and cannot be considered
as generalized functions.

In the definition of the space E, in Section 3 it is supposed that £ C D’.
Hence, in order to use this definition for the space (E*),, we should assume that
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E* C D’. We will define the space (E*), without this assumption. We will give an
intrinsic definition of the spaces Eq and (E*), which coincides with the previous
ones. We do not suppose now that £ C D’ but assume, as before, that all f € D are
multipliers in F according to Definition 1.1. Obviously, it follows that D C M (E*).

Definition 10.15. F is the space of all uw € E such that
> il e < oo, (10.16)
i=1

where {¢;} is a partition of unity.

Proposition 10.16. The spaces Ey in Definition 10.15 and in Definition 3.1 coin-
cide.

Proof. The proof follows from the fact that any u € Ej, satisfying (10.16) belongs
to E. (]

Thus, the space Fj is defined. Hence the space (Fj)* is also defined. We can now
define the space (E*)so

Definition 10.17. u € (E*) if and only if w € (E;)* and

[ull(z+) = sup [|giul| g < occ.
1

Proposition 10.18. The spaces (E*)s and (E1)* coincide and their norms are
equivalent.

The proof of this theorem is the same as in Theorem 10.2. We can now give the
intrinsic definition of the space (E*),, 1 <p < cc.

Definition 10.19. v € (E*), if and only if v € (E1)* and

oo 1/p
ull(ge, = (Z Il %) < 0.

i=1

If the space E is reflexive, we can also give an intrinsic definition of the
spaces E,, 1 <p < oco. Indeed, as before we define (E*);. Then Eo, = (E**)o =
((E*)*)oo = ((E*)1)* according to Proposition 10.18 applied to E*. Therefore
(E*)1 C ((E*)1)*™ = (Foo)* (cf. Theorem 10.10).

Definition 10.20. v € E,, 1 < p < oo if and only if u € F and

1/p
ulle, = (ZII(MII”) < oo0.
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11 Dual spaces in domains

Let E € D' be a reflexive Banach space. First of all, we will explain in what sense
¢ € D are understood as elements of the space E*. We consider ¢(u) (¢ € D, u €
E) as the functional
P(u) = u(yp). (11.1)

The right-hand side in (11.1) is defined since E C D’. The inclusion £ C D’ is
supposed to be with the topology. Hence if u, — 0 in E, then u, — 0 in D’.
Therefore uy,(¢) — 0 for any ¢ € D. From (11.1) it follows that ¢(u,) — 0 and
p e E*

Moreover, the functions ¢ € C§°(€2) can be understood as elements of [E(Q)]*.
We consider ¢(u) (¢ € D, u € E()) as the functional

P(u) = u(yp). (11.2)

We can do this since if the convergence

Uy — 0 (11.3)
holds in E(Q2), then
P(un) = un(p) — 0. (11.4)
Indeed, let uS be an extension of w, such that
Uy, () = un(p) (11.5)

for ¢ € C§°(Q2) and ||ug,||g < 2[|un|| o). Then from (11.3) it follows that u;, — 0
in E. Since E C D', then we get u%(p) — 0 for ¢ € C§°(Q2), and (11.4) follows
from (11.5).

Denote by C5°(Q) the set of all p € C3°(2) considered as functionals on
E(Q) in the sense described by (11.2).

Theorem 11.1. Let E € D’ be a reflexive Banach space. Then

EQ)) = B(9), (11.6)
where E5(Q) is the closure of C3°() in [E(Q)]*.
Proof. From the definition of C$°(€2) it follows that

C(Q) C [EQ)]. (11.7)

Denote by Eq the subspace of E consisting of such generalized functions that their
supports are contained in ). Then it is known that

E(Q) = E/Ecq (11.8)

(for the proof see, for example, in [543], p. 22). It follows that E(Q) is a reflexive
Banach space.
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From (11.7) we conclude that E%(Q) C [E(Q)]*. Suppose now that (11.6) is
not true. Then there exists a functional f € [F()]** such that

f#0 (11.9)

and
flw)=0 (11.10)

for all v € EZ(Q). Since E(1) is a reflexive Banach space, then E(Q) coincides
with [E(Q2)]** by the natural embedding. This means that there exists y € E()
such that

F(0) = v(y) (11.11)

for any v € [E(Q)]*. It follows from (11.10) that f(¢) = 0 for all ¢ € C§°().
Equality (11.11) implies ¢(y) = 0 for all p € C§°(92). We conclude from (11.2) that
y(p) = 0 for all p € C5°(2). By definition of E(£2), this means that y = 0 as an
element of F(Q), and from (11.11) f(v) = 0 for all v € [E(Q)]*. This contradicts
(11.9). The theorem is proved. O

It follows from Theorem 11.1 that for any v € [E(Q)]* there exists v €
C§°(£2) such that
0% — vll{m(a)- — 0 (11.12)

as k — oo.
Theorem 11.2. Let E C D' be a reflevive Banach space and v € [E(Q)]*. Then
there exists a unique 0 € E* such that for any u € E(Q) and any extension 4 of

u to B we have
o(a) = v(u). (11.13)

Moreover,
1]

Proof. Let ¢ € C§°(Q2), ¢ and ¢ be as in (11.1) and (11.2), respectively. Then for
any u € E(Q) and any extension @ of u to E we have

P(u) = ulp) = a(p) = (). (11.15)

By definition of the norm in E(£2) we have
lullp@) < llu]le- (11.16)
For any @ € E and its restriction u to E(2), (11.15) and (11.16) hold. Therefore

|p(a)] =

o)l < 2lliz@-llull e < 12llE@)- 1l e

Hence

I@lle- < Il (11.17)
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Now, let v, € C§°,k = 1,2..., be a sequence which satisfies (11.12). Then by
(11.17) we obtain

[0kllex < [[0kllE@)- (11.18)

and

0k — il £+ < ||on — 01l ()]~ (11.19)

It follows from (11.12) and (11.19) that the sequence {0} is convergent in E*.
Denote by © its limit. Then the inequality [|7| g« < [|v]|(g(q)~ follows from (11.18).
From (11.15) we get 05 (@) = 0 (u). Passing here to the limit we obtain (11.13).
We now show that the function ¥ with property (11.13) is unique. If we have
two of them, 07 and 09, then for any @ € E we take its restrictions u to E(Q2) and
obtain 01 () = v(u), U2(@) = v(u). Hence 0 = ¥s.
It remains to prove that

loll iz < 9]l 6~ (11.20)
It follows from (11.13) that |v(u)| = |v(@)| for any u € E(Q2) and any extension @
to E. Hence

o(w)] < [|9]| - |l - (11.21)

Let € > 0 be an arbitrary number. Since ||u||gq) = inf ||@| g, where the infimum
is taken over all extensions @ of u, we can take @ such that |||z < (14 €)||lullg)-
Therefore from (11.21), ||v|l{g()+ < (14 ¢€)[|0]|g~. Since € > 0 is arbitrary, we get

(11.20). The theorem is proved. O

Denote by C5°(Q) the set of functionals (11.1) and by Eg () its closure in E*.

Theorem 11.3. Let E C D’ be a reflexive Banach space. Then [E(Q)]* is isomet-
rically isomorphic to the subspace Ef () of E*. The correspondence is described
by Theorem 11.2. More exactly. Any functional v € [E(Q)]* can be represented in
the form

v(u) =v(a), ue EK), (11.22)

where ¥ is the corresponding functional, which belongs to ES(Y), and @ is an
arbitrary extension of u to E. Moreover,

[vll i@y = 9] 2+

Proof. The representation (11.22) follows from Theorem 11.2. It remains only to
prove that o € Ef(Q). Let vy, € C§°(€2) be a sequence such that (11.12) holds.
Then we have

O (0) = g (u). (11.23)

Moreover, (11.19) holds. Hence {01} is convergent in E*. Denote by v its limit.
Obviously © € E§(€2), and from (11.23) we obtain (11.22). The theorem is proved.
O
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Let ¢; € D be a partition of unity in R™, and €2 € R™ be an unbounded
domain. We consider the space E(f2) and its dual (E(£2))*. For each u € E(Q2) the
product ¢;u is defined, and ¢;u € E(£2). Therefore we can define the product ¢;v
for v € (E(Q))*:

(piv,u) = (v, d;u), u e E(Q). (11.24)

It is a bounded functional on E(f):
(G50, )] = (v, )| < lloll b~ oy lbrull ey < Mlloll-ollull ey (11.25)

Thus qﬁﬂ) S (E(Q))*, and H(bZUHE*(Q) < MHUH(E(Q))*
Let v be a functional on E(Q2). We do not assume a priori that it is bounded.
We say that v € ((E(Q))*)ioc if ¢iv € (E(R2))* for any i.

Definition 11.4. The space ((E(2))*)o is the set of all functionals v € ((E(£2))*)i0c
such that

[vll(E@©))e =sup [@iv]l(p@)- < oo

Theorem 11.5. The spaces ((E(Q2))*)oo and (E(Q))1)* coincide.
The proof is the same as for Theorem 10.2

We have proved in Theorem 11.3 that a functional v € (E(Q))* can be
extended to 0 € E* = (E(R™))*. We will use this result in order to show that a
functional v € ((E(£2))*)s can be extended to (E*)s.

Theorem 11.6. For any v € ((E(2))*)s there exists an extension
0 € (Eoo = ((E(R™))")oo
such that
(v,u) = (v,0), Yue (E(Q))1, (11.26)
where & € F1 = (E(R™)); is an extension of u.

Proof. We can represent the functional v € (E(£2))* in the form v = Y o, ;v
with the equality understood in the sense of equality of generalized functions.
Let v; € D equal 1 in the support of ¢;. Then v = 2;21 ¢;1;v. Denote by v; the
extension of ;v such that (v;, 4) = (¥;v,u), where u € E(Q2) and @ is its extension
to E. We put 0 = Y2, ¢;v;. We show that 0 € (E*)s. Indeed,

[(igjvi, W)| = [(vi, digju)| = [(Yiv, pidpju)| = [(pidhjv, u)]
< |l¢ig;vl By~ lull e < l9idivllE@))-llalle-

Therefore
lpidjvill B+ < || pidjvll (m(0))--
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We have
oo oo
g <Y ldidjuille- <Y Ididsvll s

i=1 i=1

< KM|pjvll(m@)- < KMol (26)*) -

16591

Thus
[9]l(E)0e < EMlv[l(B(0)*)w-

To finish the proof of the theorem we verify equality (11.26). It is sufficient to
check it for functions u with a bounded support since they are dense in (E(2));.
We have

<¢iviaa> = <¢2wlvau> = <¢ivau>a
where an extension @ can also be chosen with a bounded support. Taking a sum

with respect to those ¢ for which the support of ¢; has a nonempty intersection
with the supports of v and @, we obtain (11.26). The theorem is proved. O

12 Spaces W P(R")

In this section we consider the spaces F; in the case where E is a Sobolev-
Slobodetskii space W*P(R™) with a real s > 0 and 1 < p < oco. We denote
them by W7 P(R™). If s = 0 we will use the notation LF(R™) and the conventional
notation LP(R™). In what follows we do not specify the domain if it is the whole
R™. Applying results of Section 10, we obtain the relations

(Wf7p>* =W, (WBP>* = Wl_&p )

(Theorems 10.2 and 10.10). We begin with a result that shows the relation of the
spaces W P(R") and usual Sobolev or Sobolev-Slobodetskii spaces.

Lemma 12.1. L) = LP.
Proof. We have
oo (oo}
July =Y ol =3 [ forapds,
i=1 i=1 7/ R"
where ¢; is a partition of unity. Denote by B; the support of ¢; and recall that

for any x € R™ there exist no more than N + 1 functions ¢; different from zero at
this point. Therefore

(oo}
lullgy <3 [ urde < (4 1) [ Jula.
i=17Bi R
On the other hand,

o0
/ |u\pdx:Z/ |u|Pda,
Rn P S;
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where S; are unit cubes forming a lattice in R",

ulPdr = / dirulPdx
< / 1> goulrde < Gy Z/ | ulPdz
o 7 Rn

where )., ¢y (x) =1 for x € S;, since the number of ¢’ is bounded independently

of 7. Therefore
/ [ulPde < Cy Z/ |psu|Pda.
n z:l R’IL

Thus the norms in L, and L} are equivalent. The lemma is proved. (]
Lemma 12.2. Let s be a positive integer. Then WP = WP,

Proof. By the definition of the norm in WP,

e = S Iowallyen =3 3 [ 10" (@)
i=1

i=1 |a|<s

Taking into account that the derivatives of ¢; are uniformly bounded, we obtain
the estimate

oo

Z/ |D5¢iD7u\pdx < Cl/ |DYu|Pdx

— Jrn n

in the same way as in the previous lemma. The opposite estimate

/ |DYulPdz < CQZ/ |¢; DV u|Pdx:
Z:1 n

RTI,
can be also obtained as above. The lemma is proved. O
Theorem 12.3. Let s be real and positive. Then WP = W*P.

Proof. Consider first the case where 0 < s < 1. Then
o0
ullyer = S sl
i=1

3 S |i()u(x) — di(y)uly)P
— ; piullys + ; /R" / z — y[rtes dxdy.
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Denote by J; the last integral in the right-hand side. Then

u\xr
|J\<01/"/"\¢z If’| ) n(+p1| dxdy

o f [ ol )=,
<Gy sup|¢i(x)\p/n /B ux_im dxdy

y‘n-&-pb

where B; is the support of ¢;. To estimate .-, |.J;| we first use the inequality

|p dady < Cy )|p dxd
Z n |.’L‘— |n+ps xray " " |.’L‘— |n+ps xray

which follows from the fact that at each x € R™ the number of intersecting supports
B; is no more than N + 1. We next estimate the function

¢i(w i
Z [ A e = i)+ 9t

where ®;(y) contains all ¢ such that y € B; or y € B; but the distance from y
to B is less than 1. The function ®2(y) contains the remaining terms. There is a
finite number of terms in ®4(y). For each such i we have

|pi(x) — di(y)P |9i(x) — i(y)[P |pi(x) — ¢i(y)P
/n |z — y[ntps = /K |z — y|tps et /R"/K \T/ —y|ntes o

— ylP p
., Jo — g7 e Tyl

i

where K is the ball with the same center as B; and the radius two times greater.
Both integrals in the right-hand side are bounded. Therefore @4 (y) is also bounded.
Consider next ®a(y):

Z @) <C dx
|l‘ _ |n+ps dx = 4 ‘CL‘ _ ‘n—&—ps ’
B R /S(y) y

where S(y) is the unit ball with the center at y. Hence ®2(y) is bounded. Thus,
®(y) is bounded independently of y, and

P |u(z) —u(y)?
HuHW;,p < Cs| |u|| —I—Cs/ / ‘xfy‘nJrPS dzdy = Cs|jul|fyep-
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We now prove the opposite inequality. The 2n-dimensional space R™ x R™ is
represented as a sum of two sets,

M={zeR"yecR" |z—y| < e},

and
A={z eR"y e R" |z —y| > €}.

Consider a square lattice in R™ with distance d between its points, and the balls
K; with centers at the centers of the lattice and the radii 2d. For € > 0 sufficiently
small, II C U2, K; x K;. Let 0; be a system of functions such that §; = 1 in K;.

Then
)|p dxd
n JRn Il’*yI”*pS Y

fu@) ~ ()" u(z) ~ u(y)l”
<Z// e dety+ [ ST doa,

Z/ / o~ y”“’sp ey = Z/ / \x - yifp) U gy
5 Z/ / |g; y|i+(ps> uw)l dxdy,

|P

|u(z) — u(y)|”

|z —y|"tPs

p
/ M dedy = / lu(z)|P / diy da
A ‘CL‘ - y‘n-‘rpb n ly—z|>€ |"1j - y|n+ps

Since the internal integral in the right-hand side of the last equality can be esti-
mated by a constant independent of z, then

A

ju(z) — u(y)]”
T gt W = Crllulzs < Callullz,

Thus,

[ullwer < Collullwy»-

This estimate is obtained for the system of functions 6;. We recall that the norms
in WP with equivalent systems of functions are equivalent.

We have proved that the norms in W*? and W* are equivalent in the case
of positive s < 1. For an integer s > 1, the assertion of the theorem follows from
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Lemma 12.2. Consider now noninteger s > 1. We have

o0
lullfysr =D Nbitullfy s
i=1

> DD (el

lal<[s] i=1

< [ [ 1)) — Do )ut)
’ ; /" /" |z — y|ntpe dxdy,

where 0 = s — [s]. The estimate of the integral

// |DP¢i(x)DVu(x) — DP i (y) DVu(y)|P

o =y

dxdy
can be done in the same way as above in the case s < 1. This allows us to obtain

the estimate
[ullwsr < Crollullwss.

To prove the opposite inequality we use the estimate

/ / |Du( Du ()‘pdxdy
n n ‘x_y‘n-&-po
103 (2) D*u(x) — 8i (y) D*uly)[”
SZ;/H/" |z — y|ntpe drdy + [[ully.

similar to the estimate obtained for s < 1. Since

(12.1)

[ullwiors < C’11||u||ngsm7

it remains to estimate the integral in the right-hand side of (12.1):

S 0;(z) D*u(z) — 0;(y) Du(y)|P
Z//| = ;(g)ynJr(z:lja) W)l dzdy
Da 0 U P
<Z / ) / " x)ﬂng O,

e [ [ DDt - DDTY

o=y
= 1Bl+IvI= \al [vI<lel

< Mullfyzr + Casllulliye—.- (12.2)
The second term in (12.2) is estimated similar to the estimate of J; above. Thus
[ullwer < Cralllullwyr + llullws-12) < Crs([ullwgr + [[ullwiar) < Crollullwgr-

The theorem is proved. O
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To study further properties of the spaces WP we use the integral definition
of the norm in W

fullwir = [ Tt - y)‘évs,pdyy/q

(see Section 3). If s = 0 it becomes

Jullzg = ( [ ([ weo—ppa)” dy>

We can replace ¢(x) by the characteristic function of the unit ball. Then

q/p
lullzs = / (/ u(x)ﬁdx> dy
e \Ja—yl<1

We will determine conditions on u(x) to belong to the space Lb. We have

q/p
HUHng = /R </| - |u(9€)|pdx> dy =1 + I,
" r—y|<1

1/q

1/q

where

q/p q/p
I :/ (/ u(x)pdx> dy, I :/ (/ u(x)pdx> dy.
lyl<2 \/|z—y|<1 ly[>2 \/|z—y|<1

Let u(z) = |z|~%, a > 0. Then

q/p q/p
I :/ / dr_ dy S/ / dz_ dy.
<2 \Jjz—yi<1 |2[°P <2 \Jjel<s [2]P

If ap < n, then

Il < o (3n—apﬁn)‘1/l7

where w,, and k,, are the volume and the surface of the unit sphere, respectively.
Consider I. Since |y| > 2, then |z| > |y| — 1 > L|y|. If n < ag, then

/
I </ / 2%P dx; ! pd 2™ W K,
y < — y=—".
yi>2 \Jje—yi<1 [4]°P ag—n
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We have proved the following lemma.
Lemma 12.4. If ap < n < aq, then u(x) = 1/|z|* € L}.
From this lemma we easily obtain the following proposition.

Proposition 12.5. If for some R > 0,

/ lu(z)Pdr < oo
|z|<R

and |u(z)| < Klx|~® for |x| > R, where K is a positive constant and cg > n, then
ue LP.
q

In the remaining part of this section we construct an example of “bad” func-
tionals (Remark 10.12) in the space L% (R). Consider the subspace Ej;y, of this
space that consists of functions u(x) for which there exists the limit

¢(u) = lim u(s)ds.

xTr—
x—&-oox

We verify that Ej;,, is closed in the norm

r+1
”u”Lic = sup (/ u2(s)ds)

Let uy, € Epim, Uy — ug in Lgo. Put

1/2

z+1
zn(z) = / Un(8)ds, an = ¢(uy).

Then
1/2

x+1
zn<x>s</ ui<s>ds) < llunllzz, < M

for some positive constant M. The last inequality follows from the assumption
that the sequence is convergent. The sequence ¢(u,,) is fundamental. Denote by
ag its limit. We will show that zo(z) — ao. Indeed,

[20(2) = ao| < |2n(2) = an| + |an — ao + [20(2) — zn(2)].

For any € > 0 we can choose N such that for any n > N, |a, — ao| < €/3, and
|z0(z) — zn(z)| < €/3 for all x € RL. For a fixed n > N, we can choose zq such that
|zn(z) — an| < €/3 for & > xo. Therefore |zo(x) — a| < € for > . This proves
the convergence. Thus, ug € Ejip,-

By the Hahn-Banach theorem we can extend the functional ¢(u) to the whole
space L% . For any u € D, ¢(u) = 0.
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13 Local operators

1. Operators in R". Let E and F be local spaces, that is the spaces of distributions
introduced in Section 1. We suppose that D C E, D C F, and D is dense in F.

Definition 13.1. An operator A : E — F' is called local if for any v € E with a
compact support the inclusion supp Au C supp v holds.

Theorem 13.2. If A : E — F is a bounded local operator, then A* : E* — F* is
also a bounded local operator.

Proof. Let v € F* be a function with compact support. We have to prove that
supp A*v C suppw. Suppose that it is not the case. Then there exists a point
xo € R™ such that z¢ € supp A*v, xg & suppwv. Let B be a closed ball with the
center at xp such that B Nsuppv = @ and f € D be such that supp f C D,

(A%, f) # 0. (13.1)
On the other hand,
(A%, f) = (v, Af) (13.2)

and (v, Af) = 0 since the support of Af belongs to B and it does not intersect the
support of v. Here we use the density of D in F' in order to approximate Af by
functions from D with supports in B. This contradiction proves the theorem. [

Theorem 13.3. Let A: E — F be a local operator. Then

At =Y 0;A(0;u), Vu € Bige (13.3)

ij=1

is a linear operator acting from Eioc to Floc. Convergence of the series in (13.3)
is understood in the sense of distributions, and it does not depend on the choice
of the partition of unity 0;.

Proof. Let

m n

A=Y > 0;A(0;u).

i=1 j=1

Since u € Ejoc, then 6;u € E and A(0;u) € F. Moreover supp A(6;u) C supp 0;u C
0;. Let ¢ € D. We have

Ao, @) = z;z; (O;u),0;0). (13.4)
i=1j

Denote by N the number of functions 6; for which supp 6; Nsupp ¢ # @. Then the
right-hand side of (13.4) contains no more than N? terms. Therefore we can pass
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to the limit in (13.4) as m,n — oo, and
(Ao, 9) = > > (A(6iu), 0;) (13.5)
i=1 j=1

for m and n sufficiently large (depending on supp ¢).
We show next that Ajocu € Floe, that is Y Ajpcu € F for any ¢ € D. We have

3

n

(P Aeu, ¢) = > (A(biu), 0;19),

i=1 j=1

where m and n depend on supp® but do not depend on supp¢. Hence for n
sufficiently large,

m

Vhiocu =1 Y 0;Abm) = (¥ Z 0; | Albiu) =0y A(biu),
i=1

i=1 j=1 i=1

where m depends on supp 1. Since A(6;u) € F, then Ajocu € Floc.
The fact that Ay, is a linear operator follows directly from (13.5). It remains
to show that (13.3) does not depend on the partition of unity. From (13.5)

m

<Alocua (b) = Z<A(91u)’ ¢> (136)

i=1

for all m sufficiently large. Let 6; be another partition of unity. Then from (13.6)
we obtain

(Aloett, ) = Z< Zeeu ,¢> Z<A Zéje,»u ,¢>, (13.7)

i=1 i=1

where n depends on supp ¢ and does not depend on ¢ since supp A(éﬂiu) -
supp 6,0, and (A(0;0,u), ) = 0 if supp0; Nsupp ¢ = @. From (13.7)

(Aloctt, d) j21< (;Zeu>,¢>> Z< <J29u),¢> Z<< w),é)

Jj=1 Jj=1

for n sufficiently large. This equality together with (13.6) show that Aj.. is inde-
pendent of the partition of unity. The theorem is proved. O

Definition 13.4. Operator Ao : Eloc — Floc is called the extension of A : E — F
to Eloe. Operator A4(1 < g < 00) is a restriction of Ajoc to Ey.

Theorem 13.5. Let A : E — F be a bounded local operator. Then Aq is a bounded
operator from E4 to Fy.
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Proof. We begin with the case ¢ = co. Let 6; be a partition of unity, u € F.,. We
have

m
0iAroct = 0; Y A(0;u)
j=1
for all m sufficiently large. Since supp A(f;u) C supp 6;u C supp 6;, then
0; Asots = 0; Aocu = 0; > A(60u),
j/
where j" are all those j for which supp 8; Nsupp 6, # @. Therefore
16: Ascull 2 < Y 116:AO;w) [ < Y 10ill ey | ALl 165-ull 2
4 j/

J
< N A[ 16l ae oy l[ull £ -

Let x = sup, [|0i[|ar(r). Then
[Ascul| e < KN[A]l [Jul| .. -
Consider next 1 < ¢ < co. We have

0;Aqu = 0; Aiocu = 6; ZA(QJ"“>7
j/

and for any integer m,

m m m

D N0 AulE =D 116> Al )|l <N (16:A0 )|
i=1 3’ i=1 57

=1
= NI TS 0AG ) [§ = NSO (100 A )

j=1i=1 J=1 4
< NS 0 lareye A [F < NS (L A@Gw)]%
=1 J=1
< N A7 (105ullh = NTx Al ull,
7=1

Here ¢ are all those i for which supp6; Nsupp; # @. The number of such i is
not greater than N. Passing to the limit as m — oo, we get

[Aqull, < N[ A]||ull,-

Therefore
[Aqullr, < Ne[A] [[ullg, -

The theorem is proved. O
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2. Operators in (2. Let €2 be a domain in R™, E be the space in Definition 13.1.
The space E() is defined in Definition 9.1.

Definition 13.6. The space E4(2) is defined as the set of those generalized functions
from Dy, that are restrictions to € of generalized functions from E, (1 < ¢ < 00).
The norm in E,(Q) is given by the equality

[ullg,(2) = inf [|u]z,,

where the infimum is taken over all those u® € E,, whose restriction to {2 coincide
with u (cf. Definition 9.2).

Definition 13.7. Let A : E — F be a local bounded operator. Operator 4,(£), (1 <
g < 00) is the restriction of A, to E, ().

We discuss the last definition in more detail. Let v € E,(€2). Then there
exists u¢ € F, such that

<uc’¢> = <U,¢>, V(b S DQ

Then A,()u is the restriction of Au® to .
We show that A, (Q)u does not depend on the extension u°. Indeed, let ug
and us be two extensions of u. Then

<U1,¢> - <u2a¢> - <u7¢>7 Vo € Dq.

Let z = u3 — u2. Then (z,¢) = 0, V¢ € Dg. This means that the support supp z
of z belongs to the complement C2 of the domain 2. By the definition of local
operators, supp Az C C). Therefore (Az, ¢) =0, V¢ € Dq, that is

(Auy, ¢) = (Aug, ¢) =0, V¢ € Dq.

Hence Au; and Aus coincide as elements of F(Q2). Thus A4(Q) acts from E4(£2)
to F(Q).

Theorem 13.8. Operator A,(Y) is bounded as acting from E4() to F,(Q).
Proof. Let u € E4(€2). By Definition 13.6 there exists u® € E, such that
[ulle, < 2ull g, -
Let v¢ = Aju®. Then v¢ € F,. We have
[0l 7, = [1Aqullle, < [[Aqll w5, < 20 Aqll llull £y()-
By definition, A,(2)u is the restriction of v¢ to Q. Hence
[Aq(Q)ullp, ) < [0°llF, < 20| Agll [[ull£,(0)-

Therefore A4(Q) : Eq(Q) — F,(€) is a bounded operator and ||A4(Q)|| < 2|44
The theorem is proved. O
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3. Boundary operators. Let 92 be a C! manifold, where [ > 1 is an integer. As
in Section 8 we denote by D; the space of all functions ¢ € C!'(R™) with compact
support. Let E be a local space and D; be dense in E. We denote by D;(Q2) the
restriction of C! to Q. Since Dy is dense in E, then D;(f2) is dense in E(Q).

For any u € E(£2) we can define its trace ¢ on 0f2. We first define the norm
of traces of functions from D;(£2). Let ¢ € D;(£2). Then ¢ is defined on 992. We
put

9l Eay = inf [|¢°|| £, (13.8)
where the infimum is taken over all ¢¢ € E(£2) such that ¢°(x) = ¢(z) for x € 0.

Definition 13.9. The space E(9Q) is the closure of D;(0f2) in the norm (13.8),
where D;(02) is the space of traces of D;(€2) on 0f.

Let u € E(Q). Then there exists a sequence ¢, — u in E(Q), ¢, € D(Q).
Then 4 = lim, ¢, in the norm (13.8), where ¢,, is the trace of ¢,. Obviously, @
does not depend on the choice of ¢,,.

Example 13.10. Let E(Q2) = W5P(Q). If s > 1/p, then E(9Q) = W*—1/P2(90Q).
Let E(2) = L?(Q). Applying formally the definition we obtain ||¢|| gs0) = 0 for
any ¢. Therefore the norm of any function defined on 052 equals zero. This means
that we can formally define the space of traces if we consider equivalence classes of
functions, but this definition has no sense because the space contains only the zero
element. Nevertheless this definition can be useful since it allows us to consider
the general case.

Definition 13.11. Linear operator B : E — F(9Q) is called local if for any v € FE
we have supp Bu C supp u, where supp Bu is taken in 0S.

It follows from the definition that if suppu N 9 = @, then supp Bu = @.
Hence Bu = 0 as an element of F(9€2). Consider the operator

B*: (F(0Q))" — E™.
We suppose that D is dense in E, and D;(09) is dense in F(09).

Theorem 13.12. Let B : E — F(08) be a bounded local operator. Then B* :
(F(02)* — E* is also a bounded local operator.

The proof of this theorem is similar to the proof of Theorem 13.2. It follows from
this theorem that for any v € (F(9))*, supp B*v € 99.

Definition 13.13. Linear operator B : E(Q) — F(0Q) is called local if for any
u € E(Q) we have supp Bu C supp u.

Theorem 13.14. Let B : E(Q)) — F(09Q) be a bounded local operator. Then B* :
(F(02)* — (E(Q))* is also a bounded local operator.

The proof of this theorem is similar to the proof of Theorem 13.2.
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