
Chapter 2

Function Spaces and Operators

Sobolev spaces W s,p proved to be very convenient in the study of elliptic prob-
lems in bounded domains. For unbounded domains, it is also useful to introduce
some generalizations of these spaces in such a way that they coincide with W s,p

in bounded domains and have a prescribed behavior at infinity in unbounded do-
mains. In this chapter we introduce spaces of functions in unbounded domains and
study their properties.

It turns out that such spaces can be constructed for arbitrary Banach spaces
of distributions, not only Sobolev spaces, as follows. Consider first functions de-
fined on Rn. As usual we denote by D the space of infinitely differentiable func-
tions with compact support and by D′ its dual. Let E ⊂ D′ be a Banach space,
the inclusion is understood both in an algebraic and a topological sense. De-
note by Eloc the collection of all u ∈ D′ such that fu ∈ E for all f ∈ D. Let
ω(x) ∈ D, 0 ≤ ω(x) ≤ 1, ω(x) = 1 for |x| ≤ 1/2, ω(x) = 0 for |x| ≥ 1.

Definition. Eq (1 ≤ q ≤ ∞) is the space of all u ∈ Eloc such that

‖u‖Eq :=
(∫

Rn

‖u(.)ω(.− y)‖qEdy
)1/q

<∞, 1 ≤ q <∞,

‖u‖E∞ := sup
y∈Rn

‖u(.)ω(.− y)‖E <∞.

In what follows we will also use an equivalent definition based on a partition
of unity. It will be proved that Eq is a Banach space. If Ω is a domain in Rn, then
by definition Eq(Ω) is the space of restrictions of Eq to Ω with the usual norm of
restrictions. It is easy to see that if Ω is a bounded domain, then

Eq(Ω) = E(Ω), 1 ≤ q ≤ ∞.

In particular, if E = W s,p, then we set W s,p
q = Eq (1 ≤ q ≤ ∞). We will show

that
W s,p
p = W s,p (s ≥ 0, 1 < p <∞).
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48 Chapter 2. Function Spaces and Operators

Hence the spaces W s,p
q generalize Sobolev spaces (q < ∞) and Stepanov spaces

(q = ∞) (see [309], [310]).

1 The space E

Everywhere below we denote by D(Rn) the space of infinitely differentiable func-
tions with finite supports, and by D′(Rn) the space of generalized functions, i.e.,
linear continuous functionals on D(Rn). In this section we consider only the whole
Rn, and we will use the notations D and D′.

Consider a Banach space E with the elements from D′. The inclusion E ⊂ D′

is understood both in the algebraic and topological sense.

Definition 1.1. The space of multipliers M(E) on E is a set of infinitely differen-
tiable functions f(x), x ∈ Rn such that the operator of multiplication by f is a
bounded operator in E. All functions defined in Rn, which are infinitely differen-
tiable and have all bounded derivatives, are multipliers in E.

We denote by ‖ · ‖E the norm in E and by ‖ · ‖M the norm in M(E). By
definition

‖fu‖E ≤ ‖f‖M‖u‖E, ∀f ∈M(E), ∀u ∈ E.

Proposition 1.2. Let E be invariant with respect to translation in R
n and

‖τhu‖E = ‖u‖E, ∀u ∈ E,

where τh is an operator of translation. Let further f ∈M(E), τhf(x) = f(x+ h),
h ∈ R

n. Then
‖τhf‖M = ‖f‖M .

Proof. We first prove that
τh(fu) = τhf(τhu). (1.1)

Indeed, by definition for any φ ∈ D we have

〈τh(fu), φ〉 = 〈fu, τ−hφ〉,
〈τhf(τhu), φ〉 = 〈τhu, (τhf) · φ〉 = 〈u, τ−h((τhf) · φ)〉 = 〈u, f · τ−hφ〉 = 〈fu, τ−hφ〉,
and (1.1) is proved. Further,

‖fu‖E = ‖τh(fu)‖E = ‖τhf(τhu)‖E ≤ ‖τhf‖M‖τhu‖E = ‖τhf‖M‖u‖E.
Hence

‖f‖M ≤ ‖τhf‖M . (1.2)

Therefore
‖τhf‖M ≤ ‖τ−h(τhf)‖M = ‖f‖M .

Together with (1.2) this estimate proves the proposition. �
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In what follows we suppose that for any f ∈ D,

sup
h

‖τhf‖M <∞. (1.3)

Example 1.3. If E = Hs,p or E = W s,p, where −∞ < s < ∞, 1 < p < ∞, then
any infinitely differentiable function f from C [|s|]+1(Rn) belongs to M(E) and

‖f‖M ≤ K‖f‖C[|s|]+1,

where K is a positive constant.

Definition 1.4. Eloc is a space of all u ∈ D′ such that fu ∈ E for all f ∈ D.

2 Systems of functions

Definition 2.1. Partition of unity is a sequence {φi}, i = 1, 2, . . . of functions
φi ∈ D, φi(x) ≥ 0 such that

∞∑
i=1

φi(x) = 1, x ∈ R
n.

Condition 2.2. Let {φi}, i = 1, 2, . . . be a sequence of functions φi ∈ D. For
some given N and any i there exists no more than N functions φj such that
suppφj ∩ suppφi �= �.

Everywhere below we consider partitions of unity for which Condition 2.2 is sat-
isfied.

Definition 2.3. Two systems of functions {φi}, {ψj}, i = 1, 2, . . . , j = 1, 2, . . . ,
φi ∈ D, ψj ∈ D are called equivalent if there exists a number N such that:

– for any i there exists no more than N functions ψj such that suppψj ∩
suppφi �= �,

– for any j there exists no more than N functions φi such that suppφi ∩
suppψj �= �.

Proposition 2.4. The equivalence relation introduced by Definition 2.3 is reflexive,
symmetric, and transitive.

We will also use systems of functions satisfying the following condition.

Condition 2.5. System of functions φi satisfies the following conditions:

1. φi(x) ≥ 0, φi ∈ D,
2. Condition 2.2 is satisfied,
3. supi ‖φi‖M <∞,
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4. φ(x) =
∑∞
i=1 φi(x) ≥ m > 0 for some constant m,

5. the following estimate holds:

sup
x

|Dαφ(x)| ≤Mα,

where Dα denotes the operator of differentiation, and Mα are positive con-
stants.

3 The space Ep

Definition 3.1. Let {φi}, i = 1, 2, . . . be a partition of unity. Ep is the space of all
u ∈ Eloc such that

∞∑
i=1

‖φiu‖pE <∞,

where 1 ≤ p <∞, with the norm

‖u‖Ep =

( ∞∑
i=1

‖φiu‖pE
)1/p

.

Proposition 3.2. Let {φ1
i } and {φ2

i } be two partitions of unity such that

sup
i

‖φ1
i ‖M <∞, sup

i
‖φ2

i ‖M <∞.

Suppose that E1
p and E2

p are the spaces Ep corresponding to {φ1
i } and {φ2

i }, re-
spectively. If the partitions of unity are equivalent, then E1

p = E2
p , and their norms

are equivalent.

Proof. Let u ∈ E2
p . We have

φ1
i u = φ1

i

∞∑
j=1

φ2
ju =

∑
j′
φ1
iφ

2
j′u,

where j′ are all the numbers j such that suppφ1
i ∩ suppφ2

j �= �. By Definition 2.3
the number of such j′ is no more than N . We have the estimate

‖φ1
iu‖pE ≤


∑

j′
‖φ1

iφ
2
j′u‖E



p

.

Let aj ≥ 0, j = 1, . . . ,m. Then from convexity of the function sp we obtain
the estimate 

 m∑
j=1

aj



p

= mp


 m∑
j=1

1
m
aj



p

≤ mp−1
m∑
j=1

apj .
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Therefore 
∑

j′
‖φ1

iφ
2
j′u‖E



p

≤ mp−1
∑
j′

‖φ1
iφ

2
j′u‖pE,

where m is the number of j′. Since m ≤ N , then

‖φ1
i u‖pE ≤ Np−1

∑
j′

‖φ1
iφ

2
j′u‖pE = Np−1

∞∑
j=1

‖φ1
iφ

2
ju‖pE.

Let k be a positive integer. We have

k∑
i=1

‖φ1
iu‖pE = Np−1

k∑
i=1

∞∑
j=1

‖φ1
iφ

2
ju‖pE = Np−1

∞∑
j=1

k∑
i=1

‖φ1
iφ

2
ju‖pE, (3.1)

k∑
i=1

‖φ1
iφ

2
ju‖pE =

∑
i′

‖φ1
i′φ

2
ju‖pE ≤

∑
i′

‖φ1
i′‖pM‖φ2

ju‖pE,

where i′ are those of i for which suppφ1
i ∩ suppφ2

j �= �. The number of such i′ is
less than or equal to N . Let

Kj = sup
i

‖φji‖M , j = 1, 2.

Then
k∑
i=1

‖φ1
iφ

2
ju‖pE ≤ NK1‖φ2

ju‖pE.

It follows from (3.1) that

k∑
i=1

‖φ1
iu‖pE ≤ NpK1

∞∑
j=1

‖φ2
ju‖pE = NpK1‖u‖pE2

p
.

From this we obtain ∞∑
i=1

‖φ1
iu‖pE ≤ NpK1‖u‖pE2

p
.

Hence u ∈ E1
p and

‖u‖E1
p
≤ NK

1/p
1 ‖u‖E2

p
, E2

p ⊂ E1
p .

Similarly we get
‖u‖E2

p
≤ NK

1/p
2 ‖u‖E1

p
, E1

p ⊂ E2
p .

The proposition is proved. �

Proposition 3.3. The space Ep is complete.
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Proof. Consider a fundamental sequence um in the space Ep. Then for any ε > 0
there exists N(ε) such that

∞∑
i=1

‖(uk − um)φi‖pE ≤ ε (3.2)

for any k,m ≥ N(ε). Denote Φn =
∑n

i=1 φi. Let Ψn be an infinitely differentiable
function with a finite support such that Ψn = 1 in the support of Φn. Since E is
a Banach space and the sequence Ψnum is fundamental with respect to m for any
n fixed, then Ψnum → vn in E as m → ∞. Obviously, Φnum → Φnvn in E as
m→ ∞.

Consider a sequence nj, nj → ∞ as j → ∞. We construct the sequence of
limiting functions vnj such that

‖Φnj (um − vnj )‖E → 0 as m→ ∞,

and for any j2 > j1,
Φnj1

vnj1
= Φnj1

vnj2
.

Therefore we have constructed the limiting function v defined in Rn. It coincides
with vj in the support of Φj . We have

‖Φnj (um − v)‖E → 0, as m→ ∞. (3.3)

We note that for any δ > 0 there exists N(δ) and i0(δ) such that

∞∑
i=i0(δ)

‖ukφi‖pE ≤ δ (3.4)

for any k ≥ N(δ). Indeed, we choose N(δ) such that

∞∑
i=1

‖(uk − um)φi‖pE ≤ Cpδ (3.5)

for any k,m ≥ N(δ). Here Cp = 2−p. On the other hand, for a fixed m we can
choose i0(δ) such that

∞∑
i=i0(δ)

‖umφi‖pE ≤ Cpδ (3.6)

since the corresponding series converges. From (3.5) it follows that for m fixed and
any k ≥ N(δ),

∞∑
i=i0(δ)

‖(uk − um)φi‖pE ≤ Cpδ. (3.7)

From (3.6) and (3.7) we obtain (3.4).
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We prove next that
∞∑

i=i0(δ)

‖vφi‖pE ≤ δ, (3.8)

where i0(δ) is the same as in (3.4). Suppose that this estimate is not true. Then
there exists i1(δ) such that

i1(δ)∑
i=i0(δ)

‖vφi‖pE > δ. (3.9)

On the other hand from (3.3) we have

i1(δ)∑
i=i0(δ)

‖(um − v)φi‖pE → 0 as m→ ∞.

This convergence and (3.9) contradict (3.4).
From (3.3), (3.4), and (3.8) we conclude that um converges to v in Ep. The

proposition is proved. �

Proposition 3.4. Let uk =
∑k

i=1 uφi. Then uk → u in Eq for 1 ≤ q <∞.

Proof. We have

‖u− uk‖qEq
=

∞∑
i=1

‖φi(u− uk)‖qE =
∞∑
i=1

‖φi
∞∑

j=k+1

uφj‖qE =
∞∑
i=k′

‖φi
∞∑

j=k+1

uφj‖qE ≡ S,

where the external sum is taken over all i such that suppφi ∩ suppφj �= � for all
j ≥ k + 1. The value k′ depends on k, and k′ → ∞ as k → ∞,

S =
∞∑
i=k′

‖φi
∑
j′
uφj′‖qE ,

where j′ denotes all j such that suppφj ∩ suppφi �= � for a given i. Since the
number of such j is uniformly bounded, we have the estimate

S ≤ C1

∞∑
i=k′

‖φiuφj′‖qE ≤ C2

∞∑
i=k′

‖uφj′‖qE.

The last sum converges to zero as k → ∞. The proposition is proved. �

Corollary 3.5. Infinitely differentiable functions with bounded supports are dense
in Eq, 1 ≤ q <∞.

Proof. It is sufficient to note that D is dense in E, and uk ∈ E. �
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Definition 3.6. Let {φi}, i = 1, 2, . . . be a system of functions satisfying Condition
2.5. Ep is the space of all u ∈ Eloc such that

∞∑
i=1

‖φiu‖pE <∞,

where 1 ≤ p <∞, with the norm

‖u‖Ep =

( ∞∑
i=1

‖φiu‖pE
)1/p

.

Proposition 3.7. The spaces in Definitions 3.1 and 3.6 coincide and their norms
are equivalent.

The proof is similar to the proof of Proposition 4.4 below.

We introduce now one more definition of the norm in the space Eq. Let the
norm be given by the equality

‖u‖Eq =
(∫

Rn

‖u(·)φ(· − y)‖qEdy
)1/q

. (3.10)

We show that this norm is equivalent to the norm defined through a partition of
unity. We note first of all that the function

s(y) = ‖u(·)φ(· − y)‖qE
is continuous. Indeed,

|s1/q(y) − s1/q(y0)| ≤ ‖u(·)(φ(· − y) − φ(· − y0))‖E → 0 as y → y0

by the properties of multipliers.
We have

‖u‖qEq
=
∫

Rn

s(y)dy =
∞∑
i=1

∫
Qi

s(y)dy,

where Qi are unit cubes of the square lattice in Rn,
∫
Qi

s(y)dy = s(yi)

for some yi ∈ Qi since s(y) is continuous. Hence

‖u‖qEq
=

∞∑
i=1

s(yi). (3.11)
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This equality is obtained without specific assumptions on the function φ(x). Sup-
pose now that it equals 1 in the ball of the radius r =

√
n, and 0 outside of the

ball with the radius 2r. Then for any yi ∈ Qi,

φ(x − yi) = 1, x ∈ Qi.

Therefore the system of functions φi(x) = φ(x − yi) satisfies the following condi-
tions:

(1) m ≤ ∑∞
i=1 φi(x) ≤M for all x ∈ Rn and some positive constants m and M ,

(2) for each x ∈ Rn there exists a finite number of functions φi different from
zero at this point. The estimate of this number is independent of x.

Hence the norm (3.11) is equivalent to the norm defined with any other
system of functions equivalent to φi We have proved the following proposition.

Proposition 3.8. The norm (3.10) is equivalent to the norm in Definition 3.1.

4 The space E∞
Definition 4.1. Let {φi} be a system of functions from D, φi(x) ≥ 0. E∞ is the
space of all functions u ∈ Eloc such that

sup
i

‖φiu‖E <∞,

with the norm
‖u‖E∞ = sup

i
‖φiu‖E.

Proposition 4.2. Let {φ1
i } and {φ2

i } be two partitions of unity satisfying Condition
2.2,

sup
i

‖φ1
i ‖M <∞, sup

i
‖φ2

i ‖M <∞.

Suppose that E1
∞ and E2

∞ are the spaces E∞ corresponding to {φ1
i } and {φ2

i },
respectively. If {φ1

i } and {φ2
i } are equivalent, then E1∞ = E2∞, and their norms

are equivalent.

Proof. We have

φ1
i u = φ1

i

∞∑
j=1

φ2
ju =

∑
j′
φ1
iφ

2
j′u,

where j′ are all the numbers j such that suppφ1
i ∩ suppφ2

j �= �. By Definition 2.3
the number of j′ is less than or equal to N . Hence

‖φ1
iu‖E ≤

∑
j′

‖φ1
iφ

2
j′u‖E ≤ ‖φ1

i ‖M
∑
j′

‖φ2
j′u‖E ≤ N‖φ1

i ‖M‖u‖E2∞,

sup
i

‖φ1
iu‖E ≤ N sup

i
‖φ1

i ‖M‖u‖E2∞.
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Therefore u ∈ E1∞ and

‖u‖E1∞ ≤ N sup
i

‖φ1
i ‖M‖u‖E2∞.

Similarly it can be proved that E1
∞ ⊂ E2

∞ with the corresponding inequality
between their norms. The proposition is proved. �

Example 4.3. If E = Hs,p or W s,p, −∞ < s <∞, 1 < p <∞, then instead of 3 in
Condition 2.5 we can require

sup
i

‖φi‖C[|s|]+1 <∞.

Proposition 4.4. Let {φ1
i } and {φ2

i } be two systems of functions satisfying Con-
dition 2.5, E1∞ and E2∞ be two spaces E∞ corresponding to {φ1

i } and {φ2
i }, re-

spectively. If {φ1
i } and {φ2

i } are equivalent, then E1
∞ = E2

∞, and their norms are
equivalent.

Proof. We introduce the system of functions θ1i (x) = φ1
i (x)/φ

1(x), where

φ1(x) =
∞∑
i=1

φ1
i (x).

Obviously θ1i is a partition of unity. Denote by E3
∞ the space which is constructed

with the functions θ1i according to Definition 4.1. We will prove that E1∞ = E3∞
and that their norms are equivalent. Indeed, let u ∈ E3

∞. Then

sup
i

‖θ1i u‖E <∞, ‖u‖E3∞ = sup
i

‖θ1i u‖E.

We have
‖φ1

iu‖E = ‖φ1θ1i u‖E ≤ ‖φ1‖M‖θ1i u‖E ≤ ‖φ1‖M‖u‖E3∞.

Hence u ∈ E1
∞ and

‖u‖E1∞ ≤ ‖φ1‖M‖u‖E3∞.

We have proved that E3
∞ ⊂ E1

∞. Conversely, let u ∈ E1
∞. We have

‖θ1i u‖E = ‖φ
1
i

φ1
u‖E ≤ ‖ 1

φ1
‖M‖φ1

i u‖E ≤ ‖ 1
φ1

‖M‖u‖E1∞.

Hence u ∈ E3
∞ and

‖u‖E3∞ ≤ ‖ 1
φ1

‖M‖u‖E1∞.

Therefore E1
∞ ⊂ E3

∞.
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We can repeat the same construction for the second system of functions. Let
θ2i (x) = φ2

i (x)/φ
2(x), where

φ2(x) =
∞∑
i=1

φ2
i (x).

Denote by E4
∞ the space constructed with θ2i . Then we obtain E4

∞ = E2
∞ and

the corresponding equivalence of the norms. It remains to apply the previous
proposition to the spaces E3∞ and E4∞. The proposition is proved. �

5 Completeness of the space E∞
Theorem 5.1. The space E∞ is complete.

Proof. Let uk ∈ E∞, k = 1, 2, . . . be a fundamental sequence. This means that for
any ε > 0 there exists N = N(ε) such that

‖uk − ul‖E∞ < ε, k, l > N. (5.1)

Let {φi}, i = 1, 2, . . . be a partition of unity in Rn such that supports of φi belong
to the cubes of a lattice in Rn and supi ‖φi‖M < ∞. By Definition 4.1 and (5.1)
we have

sup
i

‖φiuk − φiul‖E∞ < ε, k, l > N. (5.2)

It follows that for all i,

‖φiuk − φiul‖E∞ < ε, k, l > N. (5.3)

This implies that for any i the sequence φiuk, k = 1, 2, . . . is fundamental in the
space E. Since E is a complete space, we conclude that there exists ui ∈ E such
that

φiuk → ui, k → ∞ (5.4)

in E. Passing to the limit in (5.3) we get

‖ui − φiul‖E∞ ≤ ε, ∀i, l > N. (5.5)

For any i we can construct a function ψi ∈ D such that ψi(x) = 1, x ∈ suppφi.
Then φi(x)ψi(x) = φi(x) for x ∈ R

n.
Consider the formal sum u =

∑
i ψiu

i. We introduce the following functional:
for any φ ∈ D,

〈u, φ〉 =
∑
i′
〈ψi′ui′ , φ〉.

Here i′ are those of i for which suppψi ∩ suppφ �= �. We note that

〈u, φ〉 =
∑
i

〈ψiui, φ〉
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for any finite set of i which contains i′ since 〈ψiui, φ〉 = 〈ui, ψiφ〉 = 0 if suppψi ∩
suppφ = �. Obviously u is a linear functional on D since for any φ1, φ2 ∈ D we
can take those i which contain i′ for φ1, φ2, and φ1 + φ2.

We now prove that u ∈ D′, i.e., that the functional is continuous. Indeed, let
φk → 0 in D. This means that suppφk ⊂ B for all k and for some ball B ⊂ Rn,
and φk → 0 uniformly with all their derivatives. We take u =

∑
i′ ψi′u

i′ , where i′

are those of i for which suppψi ∩B �= �. Since ψiui ∈ D′, then u ∈ D′.
Moreover, u ∈ Eloc. Indeed, let f ∈ D. We have for any φ ∈ D:

〈fu, φ〉 = 〈u, fφ〉 =
∑
i′
〈ψi′ui′ , fφ〉 = 〈f

∑
i′
ψi′u

i′ , φ〉.

Hence fu = f
∑

i′ ψi′u
i′ . Here i′ are those of i for which suppψi ∩ supp f = �.

Since ui ∈ E and f and ψi are multipliers, we get fu ∈ E. Therefore, u ∈ Eloc.
It remains to prove that u ∈ E∞ and limk→∞ uk = u in E∞. We have

φiu = φi
∑
j

ψju
j, (5.6)

where j are all of the subscripts for which

suppψj ∩ suppφi �= �. (5.7)

Further, from (5.4)
φi
∑
j

ψju
j = φi

∑
j

ψj lim
k→∞

φjuk. (5.8)

Since ψj and φi are multipliers in E, we obtain

∑
j

φiψj lim
k→∞

φjuk =
∑
j

lim
k→∞

φiψjφjuk = lim
k→∞

∑
j

φiφjuk. (5.9)

The subscripts j are defined by (5.7). For all other j we have suppψj∩suppφi = �.
Hence suppφj ∩ suppφi = �. Therefore

∑
j

φiφj = φi

∞∑
j=1

φj = φi.

From (5.8), (5.9)
φi
∑
j

ψju
j = lim

k→∞
φiuk = ui.

From (5.6), φiu = ui. We get now from (5.5)

‖φiu− φiul‖E = ‖ui − φiul‖E ≤ ε, ∀i, l > N. (5.10)
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It follows that
‖φiu‖E ≤ ε+ ‖φiul‖E ≤ ε+ ‖ul‖E∞ .

Hence u ∈ E∞.
We obtain from (5.10)

sup
i

‖φi(u − ul)‖E ≤ ε, l > N.

Therefore
‖u− ul‖E∞ ≤ ε, l > N.

Hence liml→∞ ul = u in E∞. The theorem is proved. �

6 Other definitions of the space E∞
Definition 6.1. Let η(x) ∈ D satisfy the following conditions:

1. 0 ≤ η(x) ≤ 1, x ∈ Rn,
2. η(x) = 1 in the cube |xi| ≤ a1, i = 1, 2, . . . , n,
3. η(x) = 0 outside the cube |xi| ≤ a2, i = 1, 2, . . . , n, where a1 and a2 are given

numbers, a1 < a2.

Denote ηy(x) = η(x − y), y ∈ Rn. The space E∞ is the set of all u ∈ Eloc such
that

sup
y∈Rn

‖ηyu‖E <∞.

The norm in this space is given by the relation ‖u‖E∞ = supy∈Rn ‖ηyu‖E.

Proposition 6.2. Let {φi} be a partition of unity in Rn with supports in lattice
cubes, supi ‖φi‖M <∞. Then the spaces in Definitions 4.1 and 6.1 coincide.

Proof. Denote by E1
∞ and E2

∞ the spaces in Definitions 6.1 and 4.1, respectively.
We will use the function η(x) constructed in the following way. Let Qa be the cube
|xi| ≤ a, i = 1, . . . , n, χ(x) be the characteristic function of the cube Q2a. Set

η(x) =
∫
ωε(x− ξ)χ(ξ)dξ =

∫
ωε(τ)χ(x + τ)dτ,

where ωε(x) is a symmetric averaging kernel,

ωε(x) = 0 for |x| > ε,

∫
ωε(x)dx = 1.

For ε > 0 sufficiently small we obtain

η(x) = 1, x ∈ Qa, η(x) = 0, x �∈ Q3a.
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Set ηy(x) = η(x − y), χy(x) = χ(x− y). Obviously,

ηy(x) =
∫
ωε(x− ξ)χy(ξ)dξ =

∫
ωε(τ)χy(x + τ)dτ.

We coverRn with the cubes obtained by translation of the cube Q2a such that they
intersect each other only by their sides. Let χi(x) be the characteristic functions
of these cubes. Then∑

i

χi(x) = 1 almost everywhere in R
n. (6.1)

We have χi(x) = χ(x− hi) for some hi. Hence

ηhi(x) =
∫
ωε(τ)χi(x+ τ)dτ.

From (6.1) it follows that
∑
i ηhi(x) = 1. Therefore ηhi(x) is a partition of unity,

supp ηhi belong to some cubes. Moreover, ηhi(x) = η(x − hi), supi ‖ηhi‖M <∞.
Let u ∈ E1

∞. We have

sup
i

‖ηhiu‖M ≤ sup
y

‖ηyu‖E ≤ ‖u‖E1∞.

Hence u ∈ E2∞ and ‖u‖E2∞ ≤ ‖u‖E1∞. We have proved that

E1
∞ ⊂ E2

∞ for this choice of η(x). (6.2)

Now let u ∈ E2
∞ and {φi} be the partition of unity in the formulation of the

proposition. We have

ηyu =
∞∑
i=1

ηyφiu =
∑
i′
ηyφi′u, (6.3)

where i′ are all the numbers i for which suppφi has a nonempty intersection with
supp ηy . The number of such i′ is less than or equal to N , where N does not
depend on y. It follows from (6.3) that

‖ηyu‖E ≤
∑
i′

‖ηyφi′u‖E ≤ ‖ηy‖M‖φi′u‖E ≤ N‖ηy‖M‖u‖E2∞.

Hence
sup
y

‖ηyu‖E ≤ N sup
y

‖ηy‖M‖u‖E2∞ ≤ K‖u‖E2∞.

From this estimate it follows that u ∈ E1
∞ and

‖u‖E1∞ ≤ K‖u‖E2∞, E2
∞ ⊂ E1

∞. (6.4)

The proposition is proved for the special choice of ηy. Below we will prove that
E1

∞ does not depend on the choice of ηy. �
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In what follows we use the space E(G), where G is a domain in Rn. The
space E(G) is defined as the set of all generalized functions from D′

G which are
restrictions to G of generalized functions from E. The norm in this space is

‖u‖E(G) = inf ‖v‖E ,
where the infimum is taken over all those generalized functions v ∈ E whose
restriction to G coincides with u.

Definition 6.3. The space E∞ is the set of all u ∈ Eloc such that

sup
y∈Rn

‖uy‖E(Gy) <∞, (6.5)

where uy is a restriction of u to Gy, G ⊂ Rn is a bounded domain containing the
origin, Gy is a shifted domain: the characteristic function of Gy is χ(x− y), where
χ(x) is the characteristic function of G. The norm in E∞ is given by

‖u‖E∞ = sup
y∈Rn

‖uy‖E(Gy).

Proposition 6.4. The spaces in Definitions 6.1 and 6.3 coincide.

Proof. Denote by E1
∞ and E3

∞ the spaces given by Definitions 6.1 and 6.3, respec-
tively. Let u ∈ E1∞. We take a1 sufficiently large such that G ⊂ Qa1 , where Qa1 is
the cube |xi| < a1, i = 1, . . . , n. Let uy be the restriction of u to Gy. Then ηyu is
an extension of uy to E. Hence

‖uy‖E(Gy) ≤ ‖ηyu‖E ≤ ‖u‖E1∞.

Therefore, u ∈ E3∞, and

‖u‖E3∞ ≤ ‖u‖E1∞ , E1
∞ ⊂ E3

∞. (6.6)

This inequality is proved only for such a1 that G ⊂ Qa1 . From (6.4) we have
E2∞ ⊂ E1∞ for any a1. Hence E2∞ ⊂ E3∞ for any choice of G.

Now let u ∈ E3∞. By Definition 6.3 this means that u ∈ Eloc and (6.5) holds.
By the definition of the norm ‖uy‖E(Gy), there exists a function v ∈ E such that
v is an extension of uy and

‖v‖E ≤ 2‖uy‖E(Gy) <∞. (6.7)

We take a function η(x) in Definition 6.1 such that Qa2 ⊂ G. We have

‖ηyv‖E ≤ ‖ηy‖M‖v‖E ≤ K‖v‖E (6.8)

since supy ‖ηy‖M <∞.
Since Qa2 ⊂ G, then

ηyv = ηyuy in D′. (6.9)
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Indeed, for any φ ∈ D we have

〈ηyv, φ〉 = 〈v, ηyφ〉, 〈ηyuy, φ〉 = 〈uy, ηyφ〉.
From the inclusion supp ηyφ ⊂ Gy follows the equality 〈v, ηyφ〉 = 〈uy, ηyφ〉 since
v is an extension of uy.

It follows from (6.9) that

‖ηyuy‖E = ‖ηyv‖E ≤ K‖v‖E ≤ 2K‖uy‖E(Gy) ≤ 2K‖u‖E3∞.

Therefore
‖ηyu‖E ≤ 2K‖u‖E3∞ (6.10)

since ηyu = ηyuy in D′. From (6.10) we conclude that u ∈ E1
∞ and

‖u‖E1∞ ≤ 2K‖u‖E3∞, E3
∞ ⊂ E1

∞. (6.11)

This result is obtained under the assumption that Qa2 ⊂ G. We can take η(x)
as in the proof of (6.2). Since this result is true for any a, we obtain from (6.11)
that E3

∞ ⊂ E2
∞ for any choice of G. Therefore E3

∞ = E2
∞ for any choice of G. We

conclude that E3
∞ does not depend on the choice of G.

Let us return to (6.6). We recall that it is obtained under the assumption
that G ⊂ Qa1 . But since E3

∞ does not depend on the choice of G, a1 can be taken
arbitrary. Similarly, a2 can be taken arbitrary in the assumption Qa2 ⊂ G. Hence
(6.11) is true for any a2. From (6.6) and (6.11) we obtain E1∞ = E3∞ for any choice
of a1 and a2. The proposition is proved. �

Remark 6.5. It follows from the proposition that E∞ in Definition 6.1 does not
depend on the choice of η(x). The same result is true if instead of cubes in Defi-
nition 6.1 we take balls. Indeed, since we have proved that E3

∞ does not depend
on the choice of G, we can repeat the same proof.

7 Bounded sequences in E∞
Definition 7.1. A sequence uk ∈ Eloc is called locally weakly convergent to u ∈ Eloc

if for any φ ∈ D,
φuk → φu weakly in E.

Lemma 7.2. If a sequence uk ∈ E∞ is bounded in E∞ and locally weakly convergent
to u, then u ∈ E∞.

Proof. We use Definition 4.1 of the space E∞. Let {φi} be a partition of unity.
Then u ∈ E∞ if supi ‖φiu‖E < ∞. Suppose that u �∈ E∞. Then there is a subse-
quence ik of i such that

‖φiu‖E → ∞ as ik → ∞. (7.1)
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A set in a Banach space is bounded if and only if any functional from the dual space
is bounded on it. Hence there exists a functional F ∈ E∗ such that F (φiku) →
∞ as ik → ∞. Since ul is locally weakly convergent to u, then F (φikul) →
F (φiku) as l → ∞ for any ik. Therefore we can choose lk such that |F (φikulk)−
F (φiku)| < 1. It follows from (7.1) that

F (φikulk) → ∞ as ik → ∞. (7.2)

On the other hand, by assumption uk is bounded in E∞. Hence ‖uk‖E∞ ≤
M, ‖φikuk‖E ≤M . This contradicts (7.2). The lemma is proved. �

Theorem 7.3. Let E be a reflexive Banach space. If {uk}, k = 1, 2, . . . is a bounded
sequence in E∞, then there exists a subsequence uki of uk and u ∈ E∞ such that

uki → u locally weakly and in D′.

Proof. Denote by Br a ball |x| < r in Rn and consider the sequence Bj , j =
1, 2, . . . . Suppose that fj , j = 1, 2, . . . is a sequence of functions such that fj ∈ D,

fj(x) = 1, x ∈ Bj , fj(x) = 0, x �∈ Bj+1, j = 1, 2, . . .

Let {φi}, i = 1, 2, . . . , φi ∈ D be a partition of unity for which E∞ is defined. We
suppose that suppφi belong to unit cubes and supi ‖φi‖M = K <∞. Since

‖φiuk‖E ≤ K‖uk‖E∞ ≤M,

we get
‖fjuk‖E ≤Mj (7.3)

with a constant Mj independent of k. Indeed,

‖fjuk‖E = ‖
∑
i′
fjφi′uk‖E .

Here i′ are those of i for which suppφi ∩ supp fj �= �. The number of i′ is less or
equal to Nj , where Nj is a constant. Therefore

‖fjuk‖E ≤
∑
i′

‖fj‖M‖φi′uk‖E ≤ NjM‖fj‖M ,

and (7.3) is proved. Since E is a reflexive space, we conclude that there exists a
subsequence uji , i = 1, 2, . . . of uk such that fju

j
i → vj weakly in E, vj ∈ E. This

means that there exists a sequence ũi such that

F (fj ũi) → F (vj) as i→ ∞ (7.4)

for any F ∈ E∗. Indeed, we choose uji such that u2
i is a subsequence of u1

i , u
3
i is

a subsequence of u2
i and so on. Denote by ũi the diagonal subsequence. Then we

obtain from (7.4)
F (fj ũi) → F (vj) as i→ ∞ (7.5)

for any j and any F ∈ E∗.
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It follows from (7.5) that if k > j, then

fjvk = vj . (7.6)

Indeed, F (fj ·) ∈ E∗. Hence F (fjfkũi) → F (fjvk) as i → ∞. But fj(x)fk(x) =
fj(x). Therefore F (fj ũi) → F (fjvk) as i → ∞. From this and (7.5) we obtain
(7.6).

From (7.6) it follows that

〈vj , φ〉 = 〈vk, φ〉 (7.7)

if k > j and suppφ ⊂ Bj . Indeed,

〈vj , φ〉 = 〈fjvk, φ〉 = 〈vk, fjφ〉 = 〈vk, φ〉

since fjφ = φ.
We introduce a generalized function u ∈ D′ such that for any φ ∈ D,

〈u, φ〉 = 〈vj , φ〉 (7.8)

if suppφ ⊂ Bj . The proof that u is a continuous linear functional onD is standard.
Obviously, u ∈ Eloc. Indeed, for any φ ∈ D and f ∈ D we have

〈fu, φ〉 = 〈u, fφ〉 = 〈vj , fφ〉 = 〈fvj , φ〉,

where j is taken such that supp f ⊂ Bj . Hence fu = fvj in D′. Since vj ∈ E, we
get fu ∈ E, and therefore u ∈ Eloc.

We prove now that

ũi → u locally weakly as i→ ∞.

We have to prove that

F (fũi) → F (fu) as i→ ∞ (7.9)

for any f ∈ D and F ∈ E∗. If F ∈ E∗, f ∈ D, then fF ∈ E∗. It follows from (7.5)
that

fF (fjũi) → fF (vj) as i→ ∞
or

F (ffj ũi) → F (fvj) as i→ ∞.

Since f ∈ D, we can take j so large that supp f ⊂ Bj . Then f(x)fj(x) = f(x) for
all x ∈ Rn. Therefore ffjũi = fũi and

F (fũi) → F (fvj) as i→ ∞. (7.10)
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Further, for any φ ∈ D we have 〈fvj , φ〉 = 〈vj , fφ〉. Since supp fφ ⊂ Bj , from
(7.8) we obtain

〈fu, φ〉 = 〈u, fφ〉 = 〈vj , fφ〉.
Hence

〈fu, φ〉 = 〈fvj , φ〉, ∀φ ∈ D.

Therefore fu = fvj in D′. From (7.10) we obtain (7.9).
Since {ũi} is a subsequence of {uk} and this latter is bounded in E∞, we can

conclude that {ũi} is bounded in E∞. From Lemma 7.2 it follows that u ∈ E∞.
It remains to prove that ũi → u in D′. Since E ⊂ D′ (inclusion with the

topology), it follows that for any φ ∈ D, φ(u) = 〈u, φ〉 ∈ E∗. Let f ∈ D, f(x) = 1
in suppφ. Then

〈ũi − u, φ〉 = 〈ũi − u, fφ〉 = φ(f(ui − u)) → 0

as i→ ∞ because of the local weak convergence. The theorem is proved. �

8 The space Ep(Γ)

Let Γ be an m-dimensional manifold, Γ ⊂ Rn, (m < n). We first consider the
case where it is C∞ manifold. We recall the definition of D′(Γ) (see [243]). We are
given a family J of homeomorphisms ψ, called coordinate systems, of open sets
Γψ ⊂ Γ on open sets Γ̃ψ ⊂ Rm such that:

(i) If ψ and ψ′ belong to J , then the mapping

ψ′ψ−1 : ψ(Γψ ∩ Γψ′) → ψ′(Γψ ∩ Γψ′) (8.1)

is infinitely differentiable,
(ii) ∪ψ∈JΓψ = Γ.

We define the space D(Γ). If to every coordinate system ψ in Γ we are given
a function θψ ∈ D(Γ̃ψ) such that

θψ′ = θψ ◦ (ψ(ψ′)−1) in ψ(Γψ ∩ Γψ′),

we say that θ ∈ D(Γ) and set θψ = θ ◦ ψ−1.
If to every coordinate system ψ in Γ corresponds a distribution uψ ∈ D′(Γ̃ψ)

such that
uψ′ = uψ ◦ (ψ(ψ′)−1) in ψ′(Γψ ∩ Γψ′), (8.2)

we call the system uψ a distribution u in Γ. The set of all distributions in Γ is
denoted by D′(Γ). We write also uψ = u ◦ ψ−1, u = uψ ◦ ψ.

As in Section 1, we consider the space E = E(Rm), E ⊂ D′(Rm). We denote
by M(E) the space of multipliers of E, and we suppose that D(Rm) ⊂ M(E).
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Moreover we suppose that there exist numbers κ > 0 and ν > 0 such that for any
φ ∈ D(Rm),

‖φ‖M(E) ≤ κ‖φ‖Cν . (8.3)

Definition 8.1. A function u belongs to the space Eloc(Γ) if and only if u ∈ D′(Γ)
and for any θ ∈ D(Γ),

(θu) ◦ ψ−1 ∈ E. (8.4)

It is supposed that (θu)ψ is extended by zero from Γ̃ψ to Rm. By definition
(θu)ψ = θψuψ. We give the definition of the space Ep(Γ). Let Ui, i = 1, 2, . . . be
a covering of Γ for which a coordinate system ψi is introduced. We suppose that
there exists a number N such that for any i there is no more than N of j such that
Ui ∩Uj �= �. Let θi ∈ D(Γ) be a partition of unity, supp θi ⊂ Ui,

∑
i θi(x) = 1 for

any x ∈ Γ.

Definition 8.2. A function u belongs to the space Ep(Γ), 1 ≤ p <∞ if and only if
u ∈ Eloc(Γ) and

‖u‖Ep(Γ) =


 ∞∑
j=1

‖(θju) ◦ ψ−1
j ‖pE




1/p

<∞.

A function u belongs to the space E∞(Γ) if and only if u ∈ Eloc(Γ) and

‖u‖E∞(Γ) = sup
i

‖(θju) ◦ ψ−1
j ‖E <∞.

Definition 8.3. Two coverings U1
i and U2

j are called equivalent if there exists a
number N such that for any i there is no more than N of j such that U1

i ∩U2
j �= �;

for any j there is no more than N of i such that U1
i ∩ U2

j �= �.

In the following theorem we prove the independence of the space Ep(Γ) of
the choice of equivalent coverings of Γ and of the choice of partition of unity.

Theorem 8.4. Let U1
i and U2

j be two equivalent coverings of Γ, θ1i and θ2j be two
corresponding partitions of unity. Suppose that the following conditions are satis-
fied:
(α) For any i, j such that U1

i ∩ U2
j �= � the norms of the operators of change of

variables

ψ2
j (ψ

1
i )

−1 : ψ1
i (U

1
i ∩ U2

j ) → ψ2
j (U

1
i ∩ U2

j ),

ψ1
i (ψ

2
j )

−1 : ψ2
j (U

1
i ∩ U2

j ) → ψ1
i (U

1
i ∩ U2

j )

are uniformly bounded in E,
(β) The estimates

K1 = sup
i

‖θ1i ◦ (ψ1
i )

−1‖Cν <∞, K2 = sup
j

‖θ2j ◦ (ψ2
j )

−1‖Cν <∞,

hold with the same ν as in (8.3).
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Let E1
p(Γ) and E2

p(Γ) (1 ≤ p ≤ ∞) be the spaces Ep(Γ) that correspond to
the coverings U1

i and U2
j and the partitions of unity θ1i and θ2j , respectively. Then

E1
p(Γ) = E2

p(Γ), and their norms are equivalent.

Proof. Consider first the case 1 ≤ p < ∞. Let u ∈ Eloc(Γ) and ‖u‖E2
p
< ∞. We

have

θ1i u = θ1i

∞∑
j=1

θ2ju =
∑
j′
θ1i θ

2
j′u, (8.5)

where j′ are all the numbers j for which U1
i ∩U2

j �= �. By assumption, the number
of j′ is less than or equal to N . It follows from (8.5) that

‖(θ1i u) ◦ (ψ1
i )

−1‖pE ≤

∑

j′
‖θ1i θ2j′u) ◦ (ψ1

i )
−1‖E



p

.

From convexity of the function sp we obtain

‖(θ1i u) ◦ (ψ1
i )

−1‖pE ≤ Np−1
∑
j′

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖pE

= Np−1
∞∑
j=1

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖pE .

Let k be a positive integer. We have

k∑
i=1

‖(θ1i u) ◦ (ψ1
i )

−1‖pE ≤ Np−1
∞∑
j=1

k∑
i=1

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖pE. (8.6)

Further
k∑
i=1

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖pE ≤
∑
i′

‖(θ1i′θ2j′u) ◦ (ψ1
i′)

−1‖pE, (8.7)

where i′ are those i for which U1
i ∩U2

j �= �. The number of such i′ is less than or
equal to N .

For any i and j such that U1
i ∩ U2

j �= � we have, according to (8.2),

(θ1i θ
2
ju) ◦ (ψ1

i )
−1 =

(
(θ1i θ

2
ju) ◦ (ψ2

j )
−1
) ◦ (ψ2

j (ψ
1
i )

−1). (8.8)

By the condition of the theorem, the norms of the operators ψ2
j (ψ

1
i )

−1 are uni-
formly bounded. Therefore we get from (8.8)

‖(θ1i θ2ju) ◦ (ψ1
i )

−1‖E ≤M1‖(θ1i θ2ju) ◦ (ψ2
j )

−1‖E .
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Denote by θ̃1i (x) the restriction of θ1i (x) to U1
i ∩U2

j . We have obviously θ1i θ
2
j = θ̃1i θ

2
j .

Hence

(θ1i θ
2
ju) ◦ (ψ2

j )
−1 = (θ̃1i θ

2
ju) ◦ (ψ2

j )
−1 = θ̃1i ◦ (ψ2

j )
−1 · θ2ju ◦ (ψ2

j )
−1

= θ̃2i ◦ (ψ1
i )

−1 · θ2ju ◦ (ψ2
j )

−1.

It follows that

‖(θ1i θ2ju) ◦ (ψ2
j )

−1‖E ≤ ‖θ̃2i ◦ (ψ1
i )

−1‖M(E)‖θ2ju ◦ (ψ2
j )

−1‖E
≤ κ‖θ̃2i ◦ (ψ1

i )
−1‖Cν‖θ2ju ◦ (ψ2

j )
−1‖E

by virtue of (8.3). Obviously

‖θ̃2i ◦ (ψ1
i )

−1‖Cν ≤ ‖θ2i ◦ (ψ1
i )

−1‖Cν ≤ K1

according to condition (β). Thus we have obtained

‖(θ1i θ2ju) ◦ (ψ1
i )

−1‖E ≤ κK1M1‖(θ2ju) ◦ (ψ2
j )

−1‖E . (8.9)

Let us return to (8.7). From (8.9) we get
∑
i′

‖(θ1i′θ2ju) ◦ (ψ1
i′ )

−1‖pE ≤ N(κK1M1‖)p‖(θ2ju) ◦ (ψ2
j )

−1‖pE. (8.10)

Therefore (8.6), (8.7), and (8.10) imply

k∑
i=1

‖(θ1i u) ◦ (ψ1
i )

−1‖pE ≤ cp1

∞∑
j=1

‖(θ2ju) ◦ (ψ2
j )

−1‖pE ,

where
c1 = κNK1M1. (8.11)

Passing to the limit as k → ∞, we obtain

‖u‖E1
p(Γ) ≤ c1‖u‖E2

p(Γ).

Hence u ∈ E1
p(Γ).

Similarly we get for u ∈ E1
p(Γ) that

‖u‖E2
p(Γ) ≤ c2‖u‖E1

p(Γ),

and therefore u ∈ E2
p(Γ).

We have proved that E1
p(Γ) = E2

p(Γ) and that the norms in these spaces are
equivalent. Thus the theorem is proved for 1 ≤ p <∞.

Consider the case p = ∞. Let u ∈ Eloc(Γ) and ‖u‖E2∞(Γ) < ∞. From (8.5)
we obtain

‖(θ1i u) ◦ (ψ1
i )

−1‖E ≤
∑
j′

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖E.
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From (8.9) it follows that

‖(θ1i θ2j′u) ◦ (ψ1
i )

−1‖E ≤ κK1M1‖(θ2ju) ◦ (ψ2
j )

−1‖E ≤ κK1M1‖u‖E2∞(Γ).

Hence
‖(θ1i u) ◦ (ψ1

i )
−1‖E ≤ c1‖u‖E2∞(Γ),

where c1 is given by (8.11). Therefore

‖u‖E1∞(Γ) ≤ c1‖u‖E2∞(Γ).

Similarly
‖u‖E2∞(Γ) ≤ c2‖u‖E1∞(Γ).

The theorem is proved. �

Remark 8.5. In what follows Γ = ∂Ω, where Ω is a domain satisfying Condition
D (Section 2, Chapter 3), E = W s,q, (−∞ < s < ∞, 1 < q < ∞). In this case
condition (α) of the theorem is satisfied if |s| + 1 ≤ l, where l is the number in
Condition D. Indeed, from Condition D it follows that the functions ψ2

j (ψ
1
i )

−1 and
ψ1
i (ψ

2
j )

−1 belong to Cl. It can be verified that the following proposition is true for
E = W s,q and |s| + 1 ≤ l.

Proposition 8.6. Let g : Rm → Rm be a homeomorphism, g ∈ Cl(Rm), g−1 ∈
Cl(Rm). If u ∈ E, then u ◦ g ∈ E, and ‖u ◦ g‖E ≤ M‖u‖E, where M does not
depend on u, and it depends continuously on ‖g‖Cl(Rm) and ‖g−1‖Cl(Rm).

Hence condition (α) of the theorem is satisfied. Moreover under the same
assumptions on E and l, for any f ∈ Cl(Rm) and u ∈ E we have fu ∈ E and

‖fu‖E ≤M1‖f‖Cl(Rm)‖u‖E,
where M1 does not depend on f and u. Therefore (8.3) is satisfied with ν = l.

Consider now the case where Γ is a Cl manifold, where l ≥ 1 is an integer.
In this case the space D′ cannot be used since the multiplication of elements from
D′ by functions from Cl is not defined. We can consider instead the spaces Dl

and D′
l. Here Dl is the space of all functions φ ∈ Cl with compact supports. The

convergence in Dl is defined as follows: φi → 0 in Dl if Dαφi → 0 uniformly,
|α| ≤ l, and there is a fixed compact set containing the supports of all φj . The
space D′

l is defined as the space of all continuous functionals on Dl.
It is clear that the multiplication of elements of D′

l by functions φ ∈ Cl is
defined. We can define the space D′

l(Γ) similar to the definition of D′(Γ) above.
Using the space D′

l(Γ) instead of D′(Γ) we can give Definitions 8.1 and 8.2 and
prove Theorem 8.3 for Cl manifolds exactly as it was done above. We consider the
space E = E(Rm) such that E ⊂ D′

l(R
m), and we suppose that Dl(Rm) ⊂M(E).

In (8.3) we put ν = l. In the definition of the space Ep(Γ) we suppose that the
partition of unity θi ∈ Dl(Γ).
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The space E∞(Γ) was defined in Definition 8.2. In what follows we need
also other equivalent definitions. Suppose that Γ = ∂Ω, where Ω ⊂ Rn is a domain
satisfying Condition D (Section 2, Chapter 3). We assume that the spaceE satisfies
the condition of the Proposition 8.6 in the Remark 8.5, and the number ν in (8.3)
is equal to l.

Let δ be the number in Condition D and 0 < ρ ≤ δ. Consider a function
η(x) ≥ 0 such that η ∈ C∞(Rn), η(x) = 1 for |x| < ρ/2, η(x) = 0 for |x| > ρ.
Let ηz(x) = η(x − z), z ∈ Rn.

Definition 8.7. E∞(Γ) is the space of functions u ∈ Eloc(Γ) such that

‖u‖E∞(Γ) = sup
z∈Γ

‖(ηzu) ◦ ψ−1
z ‖E <∞,

where ψz is the function in Condition D which corresponds to the point z ∈ Γ.

In Theorem 8.4 we have proved that the space Ep(Γ) (1 ≤ p ≤ ∞) does not
depend on the choice of equivalent coverings of Γ. We now specify the equivalence
class of coverings, which we shall use, by pointing out its representative: covering
of Γ by cubes with the sides equal 2 and the centers at lattice points with the
increment equal to 1.

Proposition 8.8. Suppose that in Definition 8.2,

sup
i

‖θi ◦ ψ−1
i ‖Cl(Rn−1) <∞. (8.12)

Then the spaces E∞(Γ) in Definitions 8.2 and 8.7 coincide.

Proof. Denote by E2∞(Γ) and E4∞(Γ) the spaces E∞(Γ) in Definitions 8.2 and 8.7,
respectively. Let u ∈ E4

∞(Γ). Let us construct a covering of Γ and a partition of
unity as follows. We cover Γ by balls Bj of the radii ρ/2 and the centers at the
points xj ∈ Γ (i = 1, 2, . . . ). Denote by B̃j the balls of the radii ρ and the centers
at xj . We suppose that the points xj are chosen such that the covering by the
balls B̃j belongs to the equivalence class under consideration. Denote by N such
number that for any i there is no more than N of j such that the intersection
B̃i

⋂
B̃j is not empty. Let

ω(x) =
∑
j

ηxj (x). (8.13)

Obviously, supp ηxj ⊂ B̃j . Hence for any x ∈ Γ we have no more than N nonzero
terms in sum (8.13). Moreover, ω(x) ≥ 1, x ∈ Γ.

Set

θj(x) =
ηxj (x)
ω(x)

. (8.14)
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Clearly, this is a partition of unity which corresponds to the covering by B̃j . We
have

‖(θju) ◦ ψ−1
j ‖E = ‖((1/ω) ◦ ψ−1

j )((ηxju) ◦ ψ−1
j )‖E

≤ ‖(1/ω) ◦ ψ−1
j ‖M(E)‖(ηxju) ◦ ψ−1

j ‖E,
whereM(E) is the space of multipliers. By Condition D and (8.3) we have ‖(1/ω)◦
ψ−1
j ‖M(E) ≤ K, where the constant K does not depend on j. Hence

‖(θiu) ◦ ψ−1
j ‖E ≤ K‖(ηxju) ◦ ψ−1

j ‖E ≤ K‖u‖E4∞(Γ).

It follows that ‖u‖E2∞(Γ) ≤ K‖u‖E4∞(Γ) and u ∈ E2
∞(Γ). We have proved that

E4∞(Γ) ⊂ E2∞(Γ).
Now, let u ∈ E2

∞(Γ) and θi be the partition of unity in Definition 8.2. For
any z ∈ Γ we have

(ηzu) ◦ ψ−1
z =

∑
i′

(ηzθi′u) ◦ ψ−1
z , (8.15)

where i′ are all of i for which supp θi has nonempty intersection with supp ηz .
By the assumption above on the choice of the equivalent class of coverings, it is
obvious that there exists a number N independent of z such that the number of
i′ is less than N . It follows from (8.15) that

‖(ηzu) ◦ ψ−1
z ‖E ≤

∑
i′

‖(ηzθi′u) ◦ ψ−1
z ‖E . (8.16)

As in the proof of Theorem 8.4, we get

‖(ηzθi′u) ◦ ψ−1
z ‖E ≤M‖(θi′u) ◦ ψ−1

i′ ‖E,
where the constant M does not depend on z and i′. Since ‖(θi′u) ◦ ψ−1

i′ ‖E ≤
‖u‖E2∞(Γ), we obtain from (8.16) that

‖(ηzu) ◦ ψ−1
z ‖E ≤ NM‖u‖E2∞(Γ).

Hence ‖u‖E4∞(Γ) ≤ NM‖u‖E2∞(Γ). Therefore u ∈ E4∞(Γ). It follows that E2∞(Γ) ⊂
E4

∞(Γ). The proposition is proved. �

It follows from the proof that this result remains true if instead of the parti-
tion of unity in Definition 8.2 we take an arbitrary system of functions θi ∈ Dl(Γ),
supp θi ⊂ Ui and such that (8.12) is satisfied. We now give another definition of
the space E∞(Γ) (Definition 8.9) and prove its equivalence to the previous ones.
Let G ⊂ Rn be a bounded domain, and the intersection Γ

⋂
G be not empty.

Denote by D′
l(Γ

⋂
G) the restriction of D′

l(Γ) to Γ
⋂
G.

Definition 8.9. The function u ∈ E∞(Γ
⋂
G) if and only if u ∈ D′

l(Γ
⋂
G) and

there exists v ∈ E∞(Γ) such that the restriction of v to D′
l(Γ

⋂
G) coincides with

u. The norm in E∞(Γ
⋂
G) is given by

‖u‖E∞(Γ
⋂
G) = inf ‖v‖E∞(Γ),
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where the infimum is taken over all v, for which u is the restriction of v to
D′
l(Γ

⋂
G).

Definition 8.10. The space Ẽ∞(Γ) is the set of all u ∈ Eloc(Γ) such that

‖u‖Ẽ∞(Γ) = sup
y∈Γ

‖uy‖E∞(Γ
⋂
Gy) <∞, (8.17)

where uy is the restriction of u to Γ
⋂
Gy, Gy is the shifted domain: the char-

acteristic function of Gy is χ(x − y), where χ(x) is the characteristic function
of G.

In what follows it is supposed that G contains the origin.

Proposition 8.11.

Ẽ∞(Γ) = E∞(Γ).

Proof. Let u ∈ E∞(Γ), uy be the restriction of u to Γ
⋂
Gy and θj be the partition

of unity (8.14). Further, let j′ be all of j for which supp θj has a nonempty inter-
section with Γ

⋂
Gy . According to the choice of xj in (8.14) it is clear that the

number of j′ is less than a number N which does not depend on y. The function∑
j′ θj′u is an extension of uy. Hence

‖uy‖E∞(Γ∩Gy) ≤ ‖
∑
j′
θj′u‖E∞(Γ) ≤ K‖u‖E∞(Γ),

whereK does not depend on y. Therefore ‖u‖Ẽ∞(Γ) ≤ K‖u‖E∞(Γ). We have proved
that E∞(Γ) ⊂ Ẽ∞(Γ).

Now let u ∈ Ẽ∞(Γ). This means that

u ∈ Eloc(Γ) and sup
y∈Γ

‖uy‖E∞(Γ
⋂
Gy) <∞.

By Definition 8.9, there exists an extension v ∈ E∞(Γ) of uy such that

‖v‖E∞(Γ) ≤ 2‖uy‖E∞(Γ
⋂
Gy). (8.18)

Since the space E∞(Γ) does not depend on the choice of ρ, we can suppose that
ρ is taken so small that supp ηy ∈ Gy. We have

‖ηyv‖E∞(Γ) ≤ K1‖v‖E∞(Γ), (8.19)

where K1 does not depend on y.
Since supp ηy ∈ Gy, we have

ηyv = ηyuy, (8.20)
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where ηyuy is extended by zero outside Γ
⋂
Gy. From (8.18), (8.19) and (8.20),

‖ηyuy‖E∞(Γ) = ‖ηyv‖E∞(Γ) ≤ K1‖v‖E∞(Γ)

≤ 2K1‖uy‖E∞(Γ
⋂
Gy) ≤ 2K1‖u‖Ẽ∞(Γ).

But ηyuy = ηyu. Therefore

‖ηyu‖E∞(Γ) ≤ 2K1‖u‖Ẽ∞(Γ). (8.21)

By Definition 8.7, we have

sup
y∈Γ

‖ηyu‖E∞(Γ) = sup
y∈Γ

sup
z∈Γ

‖(ηzηyu) ◦ ψ−1
z ‖E. (8.22)

On the other hand, since the space E∞(Γ) in Definition 8.7 does not depend
on the choice of η, we can take η2(x) instead of η(x). Hence for some constant
κ > 0 we have

κ‖u‖E∞(Γ) ≤ sup
z∈Γ

‖η2
zu ◦ ψ−1

z ‖E ≤ sup
y∈Γ

sup
z∈Γ

‖(ηyηzu) ◦ ψ−1
z ‖E = sup

y∈Γ
‖ηyu‖E∞(Γ)

by (8.22). It follows from (8.21) that

κ‖u‖E∞(Γ) ≤ 2K1‖u‖Ẽ∞(Γ).

Therefore u ∈ E∞(Γ). We have proved that Ẽ∞(Γ) ⊂ E∞(Γ). The proposition is
proved. �

Remark 8.12. The formulation of Proposition 8.11 and its proof remain the same
if instead of (8.17) we suppose that

‖u‖Ẽ∞(Γ) = sup ‖uy‖E∞(Γ
⋂
Gy) <∞,

where the supremum is taken over all y ∈ Ω such that the Γ
⋂
Gy is not empty.

9 Spaces in unbounded domains

Let Ω be a domain in Rn, E be a space in Definition 1.1. Instead of the estimate

‖fu‖E ≤ ‖f‖M‖u‖E
for f ∈ D, u ∈ E, we have a similar estimate for the space E(Ω):

‖fu‖E(Ω) ≤ ‖f‖M‖u‖E(Ω), (9.1)

where f ∈ D, u ∈ E(Ω). Indeed, let uc be an extension of u to E. Then fuc is an
extension of fu to E. Hence

‖fu‖E(Ω) ≤ ‖fuc‖E ≤ ‖f‖M‖u‖E.
If we take the infimum over all extensions uc, we obtain (9.1).
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Definition 9.1. The space E(Ω) is defined as the space of the generalized functions
from D′

Ω that are restrictions to Ω of generalized functions from E. The norm in
E(Ω) is defined as

‖u‖E(Ω) = inf ‖uc‖E ,
where the infimum is taken over all uc ∈ E whose restriction to Ω coincide with u.

Definition 9.2. The space E1∞(Ω) is defined as the set of the generalized functions
from D′

Ω that are restrictions to Ω of generalized functions from E∞. The norm
in E1

∞(Ω) is defined as
‖u‖E1∞(Ω) = inf ‖uc‖E∞ ,

where the infimum is taken over all uc ∈ E∞ whose restriction to Ω coincide
with u.

We will also give another definition of the space E∞(Ω). Let ηy(x) be the
same as in Definition 6.1.

Definition 9.3. The space E2
∞(Ω) is defined as the set of such generalized functions

from D′
Ω that ηyu ∈ E(Ω) for all y ∈ Rn and

sup
y∈Rn

‖ηyu‖E(Ω) <∞.

If supp ηy ∩ Ω = �, then ηyu = 0. The norm in E2∞(Ω) is given by the equality

‖u‖E2∞(Ω) = sup
y∈Rn

‖ηyu‖E(Ω).

Definition 9.4. Let {φi} be a system of functions satisfying Condition 2.2. The
space E3

∞(Ω) is defined as the set of generalized functions u ∈ D′
Ω such that

φiu ∈ E(Ω) for all i and
sup
i

‖φiu‖E(Ω) <∞.

The norm in E3
∞(Ω) is given by the equality

‖u‖E3∞(Ω) = sup
i

‖φiu‖E(Ω).

Definition 9.5. Denote byBy,r the ball {x : |x−y| < r}. The spaceE4∞(Ω) is defined
as the set of generalized functions u ∈ D′

Ω such that for any y ∈ Ω,Ω ∩ By,r �= �
the restriction of u to Ω ∩By,r satisfies the condition

‖u‖E(Ω∩By,r) ≤M

with M independent of u. The norm in E4∞(Ω) is defined by the equality

‖u‖E3∞(Ω) = sup ‖u‖E(Ω∩By,r),

where the supremum is taken over all y ∈ Ω such that Ω ∩By,r �= �.
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Proposition 9.6. Let E1∞(Ω) and E3∞(Ω) be the space defined above. Then E3∞(Ω) ⊂
E1

∞(Ω) and for any u ∈ E3
∞(Ω) we have

‖u‖E1∞(Ω) ≤M‖u‖E3∞(Ω),

where M is a constant independent of u.

Proof. Let u ∈ E3
∞(Ω). Then φiu ∈ E(Ω) for any i. By the definition of E(Ω),

there exists ui ∈ E such that

〈ui, φ〉 = 〈φiu, φ〉 for anyφ : suppφ ∈ Ω (9.2)

and
‖ui‖E ≤ 2‖φiu‖E(Ω). (9.3)

We can suppose that {φi} is a partition of unity. Let {ψi} be another system
of functions satisfying Condition 2.2 such that ψi(x) = 1 for x ∈ suppφi. Then
φi(x)ψi(x) = φi(x) for any i and x. Set

uc =
∞∑
i=1

ψiui. (9.4)

Obviously, for φ ∈ D the functional uc is defined. Indeed, by definition

〈uc, φ〉 =
∞∑
i=1

〈ψiui, φ〉 =
∞∑
i=1

〈ui, ψiφ〉.

But this sum has only a finite number of nonzero terms. For definiteness we suppose
that the supports of φi and ψi are cubes of a lattice.

We now prove that uc is an extension of u. Indeed, if suppφ ⊂ Ω, we have
〈uc, φ〉 =

∑∞
i=1〈ui, ψiφ〉. Since suppψiφ ⊂ Ω, we have, from (9.2),

〈ui, ψiφ〉 = 〈φiu, ψiφ〉 = 〈u, φiψiφ〉 = 〈u, φiφ〉.
Hence

〈uc, φ〉 =
∞∑
i=1

〈u, φiφ〉 = 〈u, φ〉

since
∑∞

i=1 φi(x) = 1. It follows that uc is an extension of u.
We will prove that uc ∈ E∞. Indeed, we have

φku
c =

∑
i

φkψiui =
∑
i′
φkψi′ui′ , (9.5)

where i′ denotes all the subscripts for which suppφk and suppψi have a nonempty
intersection. Let the number of such i′ be no more than N , which does not depend
on i and k. From (9.5) follows the estimate

‖φkuc‖E ≤
∑
i′

‖φkψi′ui′‖E . (9.6)
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By Definition 1.1 of the space E we have ‖φkψiui‖E ≤M‖φkψi‖M‖ui‖E . By Con-
dition 2.5 ‖φkψi‖M ≤ K, where K is independent of k and i. Hence ‖φkψiui‖E ≤
MK‖ui‖E . From (9.6) we obtain ‖φkuc‖E ≤MK

∑
i′ ‖ui′‖E . The inequality (9.3)

implies ‖φkuc‖E ≤ 2MK
∑

i′ ‖φi′u‖E(Ω). From Definition 9.4,

‖φkuc‖E ≤ 2MKN‖u‖E3∞(Ω).

Since k is arbitrary, by the definition of E∞ we get uc ∈ E∞ and

‖uc‖E∞ = sup
k

‖φkuc‖E ≤ 2MKN‖u‖E3∞(Ω).

Since u is a restriction of uc to Ω, we obtain that u ∈ E1
∞(Ω). Moreover,

‖u‖E1∞(Ω) ≤ ‖uc‖E∞ ≤ 2MKN‖u‖E3∞(Ω) = M0‖u‖E3∞(Ω). (9.7)

Thus the proposition is proved for the special choice of φi. We can write (9.7) in
the form

‖u‖E1∞(Ω) ≤M0 sup
k

‖φku‖E(Ω). (9.8)

We now prove the proposition for any system of functions {ωi} satisfying Definition
2.3 and equivalent to the system of functions {φi}, which is considered above. We
have

φku = φk
∑
i

ωi
ω
u =

∑
i′
φk
ωi′

ω
u,

where i′ are those subscripts i for which suppωi has a nonempty intersection with
suppφk. The number of such i′ is no more than N by the definition of equivalence
of systems of functions.

We now have

‖φku‖E(Ω) =
∑
i

‖φk
ω
ωi′u‖E(Ω) ≤ K

∑
i′

‖ωi′u‖E(Ω).

Hence

‖φku‖E(Ω) ≤ KN‖u‖E3∞(Ω), sup
k

‖φku‖E(Ω) ≤ KN‖u‖E3∞(Ω).

Therefore by the results of the first part of the proof we conclude that u ∈ E1
∞(Ω),

and from (9.8) we obtain

‖u‖E1∞(Ω) ≤M0KN‖u‖E3∞(Ω).

The proposition is proved. �

Proposition 9.7. Let E1∞(Ω) and E2∞(Ω) be the space in Definitions 9.2 and 9.3,
respectively. Then E1

∞(Ω) ⊂ E2
∞(Ω) and for any u ∈ E1

∞(Ω) we have

‖u‖E2∞(Ω) ≤M‖u‖E1∞(Ω),

where M is a constant independent of u.
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Proof. Let u ∈ E1∞(Ω). Then there exists uc ∈ E∞ such that

〈u, φ〉 = 〈uc, φ〉 for any φ ∈ D, suppφ ⊂ Ω. (9.9)

By the definition of E∞ we have ηyuc ∈ E for any y ∈ Rn, and

‖uc‖E∞ = sup
y∈Rn

‖ηyuc‖E <∞. (9.10)

From (9.9) it follows that 〈ηyu, φ〉 = 〈ηyuc, φ〉 for any φ ∈ D, suppφ ⊂ Ω. Hence
ηyu

c is an extension of ηyu to E∞. By the definition of E(Ω) we have ηyu ∈ E(Ω)
and ‖ηyu‖E(Ω) ≤ ‖ηyuc‖E ≤ ‖uc‖E∞ . Therefore u ∈ E2∞(Ω) and

‖u‖E2∞(Ω) = sup
y∈Ω

‖ηyu‖E(Ω) ≤ ‖uc‖E∞ .

The left-hand side here does not depend on the extension uc. Hence

‖u‖E2∞(Ω) ≤ inf
uc

‖uc‖E∞ = ‖u‖E1∞(Ω).

The proposition is proved. �

Proposition 9.8. Let E2∞(Ω) and E4∞(Ω) be the space in Definitions 9.3 and 9.5,
respectively. Then E2

∞(Ω) ⊂ E4
∞(Ω) and for any u ∈ E2

∞(Ω) we have

‖u‖E4∞(Ω) ≤M‖u‖E2∞(Ω),

where M is a constant independent of u.

Proposition 9.9. If {φ1
i } and {φ2

i } are two systems of functions equivalent in the
sense of Definition 2.3, then the spaces E3

∞(Ω) corresponding to them coincide,
and their norms are equivalent.

Proposition 9.10. Let E2
∞(Ω) and E3

∞(Ω) be the spaces in Definitions 9.3 and 9.4,
respectively. Then E2

∞(Ω) = E3
∞(Ω) and their norms are equivalent.

Corollary 9.11. The space E2
∞(Ω) does not depend on the choice of the numbers

a1 and a2 in Definition 6.1.

Proposition 9.12. Let E2∞(Ω) and E4∞(Ω) be the spaces in Definitions 9.3 and 9.5,
respectively. Then E4

∞(Ω) ⊂ E2
∞(Ω) and for any u ∈ E4

∞(Ω) we have

‖u‖E2∞(Ω) ≤M‖u‖E4∞(Ω),

where M is a constant independent of u.

Theorem 9.13. All definitions of the space E∞(Ω) are equivalent, i.e.,

E1
∞(Ω) = E2

∞(Ω) = E3
∞(Ω) = E4

∞(Ω)

and their norms are equivalent.
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10 Dual spaces

Let E(Rn) be a Banach space satisfying the conditions of Section 1, and E∗(Rn)
be its dual. As above, we will denote them by E and E∗, respectively. We suppose
that D ⊂ E, the inclusion being in the algebraic and topological sense, and that
D is dense in E. Then E∗ ⊂ D′, and this inclusion should be also understood in
the algebraic and topological sense. We can define (E∗)q as it is done in Sections
3 and 4. For example the norm in the space (E∗)∞ is given by

‖v‖(E∗)∞ = sup
i

‖φiv‖E∗ , (10.1)

where φi is a partition of unity. The norm in the right-hand side of (10.1) is the
norm of functionals from E∗.

Lemma 10.1. (Ep)∗ ⊂ E∗
loc.

Proof. Let v ∈ (Ep)∗, φ ∈ D. We should verify that vφ ∈ E∗. For any u ∈ E,
φu ∈ Ep. Therefore

|〈φv, u〉| = |〈v, φu〉| ≤ ‖v‖(Ep)∗‖φu‖Ep ≤M‖v‖(Ep)∗‖u‖E.
The lemma is proved. �

In what follows we say that two normed spaces are equal or coincide if they
are linearly isomorphic and their norms are equivalent.

Theorem 10.2. The spaces (E∗)∞ and (E1)∗ coincide.

Proof. Let v ∈ (E1)∗. Then for any u ∈ E1,

〈v, u〉 ≤ ‖v‖(E1)∗ ‖u‖E1.

Since v ∈ E∗
loc and u ∈ E, then 〈φiv, u〉 is defined and

|〈φiv, u〉| = |〈v, φiu〉| ≤ ‖v‖(E1)∗ ‖φiu‖E1 ≤M‖v‖(E1)∗ ‖u‖E.
Here {φi} is a partition of unity, supi ‖φi‖M <∞.

Therefore
‖φiv‖E∗ ≤M‖v‖(E1)∗ .

Consequently,
‖v‖(E∗)∞ ≤M‖v‖(E1)∗ .

Suppose that v ∈ (E∗)∞. Then v ∈ E∗
loc. Let u ∈ E1, uk =

∑k
i=1 φiu. Then

uk ∈ E, and

|〈v, uk〉| = |〈v,
k∑
i=1

φiu〉| ≤
k∑
i=1

|〈v, φiu〉| =
k∑
i=1

|〈φiv, ψiu〉| ≤
k∑
i=1

‖φiv‖E∗ ‖ψiu‖E

≤ ‖v‖(E∗)∞

∞∑
i=1

‖ψiu‖E ≤M‖v‖(E∗)∞‖u‖E1.
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Here ψi ∈ D, ψi = 1 in suppφi. We suppose that the system of functions ψi
satisfies Condition 2.2. We can pass to the limit in the last estimate as k → ∞.
Therefore v can be considered as a functional on E1, and

‖v‖(E1)∗ ≤M‖v‖(E∗)∞ .

The theorem is proved. �

We note that functionals from both spaces (E∗)∞ and (E1)∗ are considered
in Theorem 10.2 on functions from E1.

Theorem 10.3. Let 1/p+ 1/q = 1, 1 < p, q <∞. Then (E∗)p ⊂ (Eq)∗.

Proof. Let v ∈ (E∗)p. We show that v ∈ (Eq)∗. For any u ∈ D we have

|〈v, u〉| = |〈v,
∞∑
i=1

φiu〉| ≤
∞∑
i=1

|〈v, φiu〉| =
∞∑
i=1

|〈ψiv, φiu〉| ≤
∞∑
i=1

‖ψiv‖E∗‖φiu‖E

≤
( ∞∑
i=1

‖ψiv‖pE∗

)1/p( ∞∑
i=1

‖φiu‖qE
)1/q

≤M‖v‖(E∗)p
‖u‖Eq .

Here ψi ∈ D, ψi(x) = 1 in suppφi(x). SinceD is dense in Eq, this estimate remains
valid for all u ∈ Eq. Therefore

‖v‖(Eq)∗ ≤M‖v‖(E∗)p
.

The theorem is proved. �

Lemma 10.4. Let φ ∈ (E∞)∗, un =
∑n

i=1 uθi, where u ∈ E∞, θi is a partition of
unity. Then there exists the limit limn→∞ φ(un).

Proof. We have

‖un‖E∞ = sup
j

‖unθj‖E = sup
j

‖
(

n∑
i=1

uθi

)
θj‖E

≤ sup
j


 ∑
i:supp θi∩supp θj �=�

‖uθiθj‖E

 ≤MN sup

j
‖uθj‖ = MN‖u‖E∞.

Suppose that the limit φ(un) does not exist. Then there exist two subsequences
unk and unm such that

φ(unk) → C1, φ(unm) → C2, C1 �= C2.

We will construct a bounded sequence in E∞ such that the functional φ will be
unbounded on it. This contradiction will prove the existence of the limit.



80 Chapter 2. Function Spaces and Operators

Without loss of generality we can assume that C1 > C2. For all k and m
sufficiently large,

φ(unk) ≥ C1 − ε, φ(unm) ≤ C2 + ε.

For ε ≤ (C1 − C2)/4,

φ(unk − unm) ≥ C1 − C2

2
(= a > 0).

We choose k and m such that this estimate is satisfied and write v1 = unk − unm.
We note that

unk − unm =
nk∑

i=nm

uθi.

Therefore the support of the function v1 is inside
⋃nk

i=nm
supp θi.

Similarly, we choose other values of k and m and define the function v2,
φ(v2) ≥ a. Moreover, if the new values k andm are sufficiently large, then supp v1∩
supp v2 = �. In the same way, we construct other functions vl such that their
supports do not intersect and φ(vl) ≥ a. We finally put wj =

∑j
l=1 vl. Similar

to the sequence un, the sequence wj is uniformly bounded in E∞. At the same
time φ(wj) → ∞. This contradicts the assumption that φ ∈ (E∞)∗. The lemma is
proved. �

Consider a functional φ from (E∞)∗. We define a new functional φ̃ as follows.
For any function u ∈ E∞ with a bounded support we put

φ̃(u) = φ(u).

For any function u ∈ E∞, we put

φ̃(u) = lim
n→∞φ(

n∑
i=1

uθi).

Thus φ̃ is a weak limit of
∑n
i=1 θiφ in (E∞)∗. From Lemma 10.4 it follows that

this limit exists. It is easy to verify that φ̃ is a bounded linear functional on E∞.
Let φ0 = φ− φ̃. Then φ0(u) = 0 for any function u with a bounded support.

Thus we have the following result.

Lemma 10.5. The space (E∞)∗ can be represented as a direct sum of two subspaces,
(E∞)∗0 and (E∞)∗ω, where (E∞)∗0 consists of functionals equal to 0 on all functions
with bounded supports, and (E∞)∗ω consists of the functionals φ̃ constructed above.

Proof. It remains to prove that (E∞)∗ω and (E∞)∗0 are closed. Let vk ∈ (E∞)∗ω ,
vk → v in (E∞)∗. We have

〈vk, u〉 = lim
n→∞〈vk, un〉, ∀u ∈ E∞, (10.2)
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where un =
∑n

i=1 θiu (see Lemma 10.8 below). We prove that we can pass to the
limit with respect to k in the right-hand side of (10.2). Indeed we have

|〈vk − v, un〉| ≤ ‖vk − v‖(E∞)∗‖un‖E∞ ≤M‖vk − v‖(E∞)∗

since ‖un‖E∞ is bounded. Hence

| lim
n→∞〈vk − v, un〉| ≤M‖vk − v‖(E∞)∗ → 0

as k → ∞. Passing to the limit with respect to k in (10.2), we obtain

〈v, u〉 = lim
n→∞〈v, un〉, ∀u ∈ E∞.

Therefore v ∈ (E∞)∗ω. The completeness of the space (E∞)∗ω is proved. It can be
easily verified that the second subspace is also closed. The lemma is proved. �

If φ0 ∈ (E∞)∗0 and θ ∈ D, then θφ0 = 0 is an element of (E∞)∗. Therefore,
if φ = φ0 + φ1, then θφ = θφ1 (see the next lemma).

Lemma 10.6. If φ ∈ (E∞)∗, then φ ∈ (E∗)1 and

‖φ‖(E∗)1 ≤M ‖φ‖(E∞)∗ , (10.3)

where M is a constant independent of φ.

Proof. We have θiφ ∈ E∗ for θi ∈ D and

‖θiφ‖E∗ = sup
u∈E, ‖u‖E=1

|θiφ(u)|.

Hence there exists ui ∈ E such that ‖θiφ‖E∗ ≤ 2 |θiφ(ui)| = 2 θiφ(σiui), where
|σi| = 1. Therefore

m∑
i=1

‖θiφ‖E∗ ≤ 2 φ

(
m∑
i=1

θiσiui

)
. (10.4)

For any θk we have
∥∥∥∥∥
m∑
i=1

θkθiσiui

∥∥∥∥∥
E

≤
m∑
i=1

‖θkθiui‖E ≤
∑
i′

‖θkθi′ui′‖E ,

where i′ are all those numbers i for which supp θi
⋂

supp θk �= �. It follows that
∥∥∥∥∥
m∑
i=1

θkθiσiui

∥∥∥∥∥
E

≤ NK2, (10.5)

where N is the number from Condition 2.2 and K = supi ‖θi‖M(E). Inequality
(10.5) implies ‖∑m

i=1 θiσiui‖E∞ ≤ NK2. From (10.4) we obtain
∑m

i=1 ‖θiφ‖E∗ ≤
2NK2‖φ‖(E∞)∗ and (10.3) follows. The lemma is proved. �
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Lemma 10.7. The following inclusions hold:

E1 ⊂ E, (E∗)1 ⊂ E∗.

Proof. Suppose that u ∈ E1. Then

‖u‖E =

∥∥∥∥∥
∞∑
i=1

φiu

∥∥∥∥∥
E

≤
∞∑
i=1

‖φiu‖E = ‖u‖E1,

where φi is a partition of unity. Therefore u ∈ E. The second inclusion follows
from the first one applied to the space E∗. The lemma is proved. �

We will prove below that the spaces (E∞)∗ω and (E∗)1 coincide (Theorem
10.10). Let us introduce an operator J : (E∞)∗ → (E∗)1 as follows. According to
Lemma 10.6, to any v ∈ (E∞)∗ we can put in correspondence w = Jv ∈ (E∗)1
such that

〈w, u〉 = 〈v, u〉, ∀u ∈ E. (10.6)

The right-hand side in (10.6) has sense since E ⊂ E∞. The left-hand side in (10.6)
is well defined since (E∗)1 ⊂ E∗. There is only one w satisfying (10.6). Indeed, let
w1 be another one and w0 = w1 − w. Then 〈w0, u〉 = 0, ∀u ∈ E. This means
that w0 is the zero element in E∗ and

‖w0‖(E∗)1 =
∞∑
i=1

‖w0 θi‖E∗ = 0.

Hence w1 = w. It is clear that J is a linear operator.

Lemma 10.8. If v ∈ (E∞)∗ω, then

〈v, u〉 = lim
n→∞

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞. (10.7)

Proof. By definition of (E∞)∗ω , there exists y ∈ (E∞)∗ such that

〈v, u〉 = lim
n→∞

〈
y,

n∑
i=1

θiu

〉
, ∀u ∈ E∞.

In order to prove (10.7), it is sufficient to verify the equality

〈y, θiu〉 = 〈v, θiu〉. (10.8)

We have

〈v, θiu〉 = lim
n→∞

〈
y,

n∑
j=1

θjθiu

〉
.
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Since
∑∞

j=1 θjθi has only a finite number of terms, we can pass to the limit and
obtain

〈v, θiu〉 =

〈
y,

∞∑
j=1

θjθiu

〉
,

and (10.8) follows from this equality. The lemma is proved. �

Lemma 10.9. The space (E∞)∗ can be represented as a direct sum of linear sub-
spaces (E∞)∗ω and KerJ :

(E∞)∗ = (E∞)∗ω ⊕ KerJ. (10.9)

Proof. Let v ∈ (E∞)∗ and ṽ be given by

〈ṽ, u〉 = lim
n→∞

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞.

Then ṽ ∈ (E∞)∗ω. Set v0 = v − ṽ. For any φ ∈ D we have

〈ṽ, φ〉 =

〈
v,

∞∑
i=1

φ θi

〉
= 〈v, φ〉

since the sum contains only a finite number of terms. It follows that 〈v0, φ〉 =
0, ∀φ ∈ D. SinceD is dense in E and E ⊂ E∞ (inclusion with topology), it follows
that 〈v0, u〉 = 0, ∀u ∈ E. From (10.6) it follows that 〈Jv0, u〉 = 0, ∀u ∈ E.
Therefore Jv0 = 0 in E∗ and, hence, this equality also holds in (E∗)1. This means
that v0 ∈ KerJ . Thus we have proved that v = ṽ + v0, where ṽ ∈ (E∞)∗ω and
v0 ∈ KerJ .

It remains to prove that (10.9) is a direct sum. Suppose that v ∈ (E∞)∗ω and
v ∈ KerJ . We have to verify that v = 0. We have

〈v, u〉 = lim
n→∞

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞ (10.10)

(see Lemma 10.8) because v ∈ (E∞)∗ω. Since v ∈ KerJ we conclude that 〈v, θiu〉 =
0, ∀u ∈ E∞. Indeed, if u ∈ E∞, then θiu ∈ E. From (10.10) we obtain 〈v, u〉 =
0, ∀u ∈ E∞. The lemma is proved. �

Theorem 10.10. (E∞)∗ω = (E∗)1.

Proof. The inclusion (E∞)∗ω ⊂ (E∗)1 follows from Lemma 10.6. Suppose now that
φ ∈ (E∗)1. Consider the functionals φk =

∑k
i=1 θiφ, where θi is a partition of
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unity. By the definition of the space (E∗)1, the series
∑∞

i=1 ‖θiφ‖E∗ converges. We
show that φk converges to φ in (E∗)1. Indeed,

‖φ− φk‖(E∗)1 =

∥∥∥∥∥φ−
k∑
i=1

θiφ

∥∥∥∥∥
(E∗)1

=
∞∑
j=1

∥∥∥∥∥θj
(
φ−

k∑
i=1

θiφ

)∥∥∥∥∥
E∗

=
∞∑
j=1

∥∥∥∥∥θjφ−
k∑
i=1

θi(θjφ)

∥∥∥∥∥
E∗

≡ S.

All terms of this sum, for which
∑k
i=1 θi equals 1 in the support of θj , disappear.

The remaining terms begin with some k′, where k′ depends on k and tends to
infinity together with it.

S =
∞∑
j=k′

∥∥∥∥∥θjφ−
k∑
i=1

θi(θjφ)

∥∥∥∥∥
E∗

≤
∞∑
j=k′

‖θjφ‖E∗ +
∞∑
j=k′

k∑
i=1

‖θiθjφ‖E∗

=
∞∑
j=k′

‖θjφ‖E∗ +
∞∑
j=k′

∑
i′

‖θi′θjφ‖E∗

≤
∞∑
j=k′

‖θjφ‖E∗ +NM

∞∑
j=k′

‖θjφ‖E∗ → 0 as k → ∞.

Here i′ denotes all those i for which the support of θi intersects the support of θj
for each j fixed. As usual, we use the fact that their number is limited by N .

Thus, the functional φ can be represented in the form φ =
∑∞
i=1 θiφ. Then

it is also a continuous functional on E∞. Indeed, for any u ∈ E∞,

|〈φ, u〉| ≤
∞∑
i=1

|〈θiφ, ψiu〉| ≤
∞∑
i=1

‖θiφ‖E∗‖ψiu‖E

≤ C‖u‖E∞

∞∑
i=1

‖θiφ̃‖E∗ ≤ C‖φ‖(E∗)1‖u‖E∞.

Here ψi = 1 in the support of θi. Therefore φ ∈ (E∞)∗, and

‖φ‖(E∞)∗ ≤ C‖φ‖(E∗)1 .

Let u ∈ E∞. Put uk =
∑k

i=1 θiu. Then φ(uk) = φk(u). Hence

φ(u) = lim
k→∞

φk(u) = lim
k→∞

φ(uk).

This means that φ ∈ (E∞)∗ω.
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We prove that the spaces (E∞)∗ω and (E∗)1 are linearly isomorphic. Let
w ∈ (E∗)1. From the proof above it follows that there exists v ∈ (E∞)∗ω such that
(10.6) holds. This means that

Jv = w. (10.11)

Denote by J1 the restriction of the operator J to (E∞)∗ω. Then from (10.11) we
get J1v = w. This means that the range of the operator J1 coincides with (E∗)1.
Since according to Lemma 10.9 the operator J1 is invertible, we conclude that the
spaces under consideration are linearly isomorphic.

Since the operator J−1
1 is bounded, we can use the Banach theorem to con-

clude that J1 is also bounded. The theorem is proved. �

Consider now the closure ED ofD in the norm E∞. The proof of the following
lemma is the same as the proof of Lemma 10.6.

Lemma 10.11. (ED)∗ ⊂ (E∗)1.

Theorem 10.12. (ED)∗ = (E∗)1.

Proof. Let φ ∈ (E∗)1, u ∈ D. Then φ(u) is well defined, and

|φ(u)| ≤
∞∑
i=1

|φ(θiu)| =
∞∑
i=1

|φ(θiψiu)|

≤
∞∑
i=1

‖θiφ‖E∗‖ψiu‖E ≤M‖φ‖(E∗)1 ‖u‖E∞,

where ψi = 1 in the support of θi.
This estimate remains valid for u ∈ ED. Therefore, φ ∈ (ED)∗. The opposite

inclusion follows from the previous lemma.
We now prove the isomorphism of the spaces. Let v ∈ (ED)∗, then v ∈ D′. As

in the proof of Lemma 10.6 we obtain that v ∈ (E∗)1. We introduce the embedding
operator

T : (ED)∗ → (E∗)1.

This means that to any v ∈ (ED)∗ we put in correspondence Tv ∈ (E∗)1 such
that

〈Tv, φ〉 = 〈v, φ〉, ∀φ ∈ D. (10.12)

It is clear that T is a linear operator. It is easy to see that the range of the operator
T coincides with (E∗)1. Indeed let w ∈ (E∗)1. Then, as in the proof above, we
obtain

|〈w, φ〉| ≤M‖w‖(E∗)1 ‖φ‖E∞ . (10.13)

Consider v ∈ D′ such that 〈v, φ〉 = 〈w, φ〉, ∀φ ∈ D. Then by (10.13) we have
v ∈ (ED)∗. Hence by (10.12) we get

〈Tv, φ〉 = 〈w, φ〉, ∀φ ∈ D.
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Since D is dense in E, we conclude that Tv and w coincide as elements of E∗ and
therefore as elements of (E∗)1. We have proved that the equation Tv = w has a
solution v ∈ (ED)∗ for any w ∈ (E∗)1. Hence the range of the operator T coincides
with (E∗)1.

It remains to prove that the operator T is invertible. By definition of the
operator T , the equality (10.12) holds. Hence if Tv = 0 in (E∗)1, then 〈v, φ〉 =
0, ∀φ ∈ D and therefore v = 0 in (ED)∗.

From (10.13) we have |〈v, φ〉| ≤ M‖w‖(E∗)1 ‖φ‖E∞ , and ‖T−1w‖(ED)∗ ≤
M‖w‖(E∗)1 . Hence the operator T−1 is bounded. By the Banach theorem the
operator T is also bounded. Therefore the norms in the spaces (ED)∗ and (E∗)1
are equivalent. The theorem is proved. �

The next theorem follows from Theorems 10.10 and 10.12. Nevertheless we
give a direct proof of this theorem in order to obtain an explicit relation between
the elements of these spaces.

Theorem 10.13. (E∞)∗ω = (ED)∗.

Proof. We note that E ⊂ ED. Indeed, let u ∈ E, then u ∈ E∞. Since D is dense
in E, there exists a sequence {φn}, φn ∈ D such that ‖φn − u‖E → 0. Hence

‖φn − u‖E∞ ≤M‖φn − u‖E → 0.

This means that u ∈ ED.
Let v ∈ (ED)∗. We introduce a functional w as follows:

〈w, u〉 = lim
n→∞

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞. (10.14)

We prove that the limit in (10.14) exists. Indeed, by the Hahn-Banach theorem
we can extend v to a functional v̂ ∈ (E∞)∗. We have 〈v̂, u〉 = 〈v, u〉, ∀u ∈ ED.
Since

∑n
i=1 θiu ∈ E ⊂ ED, ∀u ∈ E∞, we get

〈
v̂,

n∑
i=1

θiu

〉
=

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞.

From Lemma 10.4 it follows that the limit in (10.14) exists and w ∈ (E∞)∗ω.
Let us introduce an operator S : (ED)∗ → (E∞)∗ω by the formula w = Sv,

where w is given by (10.14). It is clear that S is a linear operator. We will prove
that S is invertible. Indeed, let Sv = 0. Then from (10.14) we obtain

lim
n→∞

〈
v,

n∑
i=1

θiu

〉
= 0, ∀u ∈ E∞.

In particular, if u ∈ D, we get 〈v, u〉 = 0, ∀u ∈ D. Since D is dense in ED, it
follows that v = 0.
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To prove that (E∞)∗ω is linearly isomorphic to (ED)∗, it is sufficient to verify
that the range of S coincides with (E∞)∗ω . Let w ∈ (E∞)∗ω. Then w ∈ (E∞)∗.
From Lemma 10.8 it follows that

〈w, u〉 = lim
n→∞

〈
w,

n∑
i=1

θiu

〉
, ∀u ∈ E∞. (10.15)

Denote by v the restriction of w to ED: 〈v, u〉 = 〈w, u〉, ∀u ∈ ED. From this
equality it follows that

〈
w,

n∑
i=1

θiu

〉
=

〈
v,

n∑
i=1

θiu

〉
, ∀u ∈ E∞

since θiu ∈ ED. From this and (10.15) we conclude that (10.14) is true. Therefore
w = Sv. We have proved that the range of S coincides with (E∞)∗ω and hence
(E∞)∗ω and (ED)∗ are linearly isomorphic.

We now prove that the operator S is bounded. From (10.14) we get

|〈w, u〉| = lim
n→∞

∣∣∣∣∣
〈
v,

n∑
i=1

θiu

〉∣∣∣∣∣ , ∀u ∈ E∞.

Further,
∣∣∣∣∣
〈
v,

n∑
i=1

θiu

〉∣∣∣∣∣ ≤
n∑
i=1

|〈θiv, ψiu〉| ≤
n∑
i=1

‖θiv‖E∗‖ψiu‖E ≤M‖v‖(E∗)1‖u‖E∞.

As in Lemma 10.6, we prove that ‖v‖(E∗)1 ≤M1‖v‖(ED)∗ . Therefore

|〈w, u〉| ≤M2‖v‖(ED)∗‖u‖E∞ .

It follows that ‖w‖(E∞)∗ ≤ M2‖v‖(ED)∗ . Hence the operator S is bounded. The
theorem is proved. �

Remark 10.14. The space ED is a subspace of E∞. Therefore we can expect that
(E∞)∗ ⊂ (ED)∗. Nevertheless we obtain that (ED)∗ coincides with a subspace
(E∞)∗ω of (E∞)∗. To explain this situation we note that ED is not dense in E∞.
Therefore there exist different from zero functionals in (E∞)∗, equal zero at ED.
We call them “bad” functionals or functional with support at infinity. Each func-
tional from (E∞)∗ can be formally considered as a functional from (ED)∗. However,
if we do not take into account zero functionals, then the inclusion (E∞)∗ ⊂ (ED)∗

does not hold. “Bad” functionals do not belong to D′ and cannot be considered
as generalized functions.

In the definition of the space Ep in Section 3 it is supposed that E ⊂ D′.
Hence, in order to use this definition for the space (E∗)p, we should assume that
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E∗ ⊂ D′. We will define the space (E∗)p without this assumption. We will give an
intrinsic definition of the spaces E1 and (E∗)p which coincides with the previous
ones. We do not suppose now thatE ⊂ D′ but assume, as before, that all f ∈ D are
multipliers in E according to Definition 1.1. Obviously, it follows thatD ⊂M(E∗).

Definition 10.15. E1 is the space of all u ∈ E such that

∞∑
i=1

‖φiu‖E <∞, (10.16)

where {φi} is a partition of unity.

Proposition 10.16. The spaces E1 in Definition 10.15 and in Definition 3.1 coin-
cide.

Proof. The proof follows from the fact that any u ∈ Eloc satisfying (10.16) belongs
to E. �

Thus, the space E1 is defined. Hence the space (E1)∗ is also defined. We can now
define the space (E∗)∞.

Definition 10.17. u ∈ (E∗)∞ if and only if u ∈ (E1)∗ and

‖u‖(E∗)∞ = sup
i

‖φiu‖E∗ <∞.

Proposition 10.18. The spaces (E∗)∞ and (E1)∗ coincide and their norms are
equivalent.

The proof of this theorem is the same as in Theorem 10.2. We can now give the
intrinsic definition of the space (E∗)p, 1 ≤ p <∞.

Definition 10.19. u ∈ (E∗)p if and only if u ∈ (E1)∗ and

‖u‖(E∗)p
=

( ∞∑
i=1

‖φiu‖pE∗

)1/p

<∞.

If the space E is reflexive, we can also give an intrinsic definition of the
spaces Ep, 1 ≤ p ≤ ∞. Indeed, as before we define (E∗)1. Then E∞ = (E∗∗)∞ =
((E∗)∗)∞ = ((E∗)1)∗ according to Proposition 10.18 applied to E∗. Therefore
(E∗)1 ⊂ ((E∗)1)∗∗ = (E∞)∗ (cf. Theorem 10.10).

Definition 10.20. u ∈ Ep, 1 ≤ p <∞ if and only if u ∈ E∞ and

‖u‖Ep =

( ∞∑
i=1

‖φiu‖pE
)1/p

<∞.
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11 Dual spaces in domains

Let E ∈ D′ be a reflexive Banach space. First of all, we will explain in what sense
ϕ ∈ D are understood as elements of the space E∗. We consider ϕ̃(u) (ϕ ∈ D, u ∈
E) as the functional

ϕ̃(u) = u(ϕ). (11.1)

The right-hand side in (11.1) is defined since E ⊂ D′. The inclusion E ⊂ D′ is
supposed to be with the topology. Hence if un → 0 in E, then un → 0 in D′.
Therefore un(ϕ) → 0 for any ϕ ∈ D. From (11.1) it follows that ϕ̃(un) → 0 and
ϕ̃ ∈ E∗.

Moreover, the functions ϕ∈C∞
0 (Ω) can be understood as elements of [E(Ω)]∗.

We consider ϕ̂(u) (ϕ ∈ D, u ∈ E(Ω)) as the functional

ϕ̂(u) = u(ϕ). (11.2)

We can do this since if the convergence

un → 0 (11.3)

holds in E(Ω), then
ϕ̂(un) = un(ϕ) → 0. (11.4)

Indeed, let ucn be an extension of un such that

ucn(ϕ) = un(ϕ) (11.5)

for ϕ ∈ C∞
0 (Ω) and ‖ucn‖E ≤ 2‖un‖E(Ω). Then from (11.3) it follows that ucn → 0

in E. Since E ⊂ D′, then we get ucn(ϕ) → 0 for ϕ ∈ C∞
0 (Ω), and (11.4) follows

from (11.5).
Denote by Ĉ∞

0 (Ω) the set of all ϕ ∈ C∞
0 (Ω) considered as functionals on

E(Ω) in the sense described by (11.2).

Theorem 11.1. Let E ∈ D′ be a reflexive Banach space. Then

[E(Ω)]∗ = Ê∗
0 (Ω), (11.6)

where Ê∗
0 (Ω) is the closure of Ĉ∞

0 (Ω) in [E(Ω)]∗.

Proof. From the definition of Ĉ∞
0 (Ω) it follows that

Ĉ∞
0 (Ω) ⊂ [E(Ω)]∗. (11.7)

Denote by EΩ the subspace of E consisting of such generalized functions that their
supports are contained in Ω. Then it is known that

E(Ω) = E/ECΩ (11.8)

(for the proof see, for example, in [543], p. 22). It follows that E(Ω) is a reflexive
Banach space.
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From (11.7) we conclude that Ê∗
0 (Ω) ⊂ [E(Ω)]∗. Suppose now that (11.6) is

not true. Then there exists a functional f ∈ [E(Ω)]∗∗ such that

f �= 0 (11.9)

and
f(v) = 0 (11.10)

for all v ∈ Ê∗
0 (Ω). Since E(Ω) is a reflexive Banach space, then E(Ω) coincides

with [E(Ω)]∗∗ by the natural embedding. This means that there exists y ∈ E(Ω)
such that

f(v) = v(y) (11.11)

for any v ∈ [E(Ω)]∗. It follows from (11.10) that f(ϕ̂) = 0 for all ϕ ∈ C∞
0 (Ω).

Equality (11.11) implies ϕ̂(y) = 0 for all ϕ ∈ C∞
0 (Ω). We conclude from (11.2) that

y(ϕ) = 0 for all ϕ ∈ C∞
0 (Ω). By definition of E(Ω), this means that y = 0 as an

element of E(Ω), and from (11.11) f(v) = 0 for all v ∈ [E(Ω)]∗. This contradicts
(11.9). The theorem is proved. �

It follows from Theorem 11.1 that for any v ∈ [E(Ω)]∗ there exists vk ∈
C∞

0 (Ω) such that
‖v̂k − v‖[E(Ω)]∗ → 0 (11.12)

as k → ∞.

Theorem 11.2. Let E ⊂ D′ be a reflexive Banach space and v ∈ [E(Ω)]∗. Then
there exists a unique ṽ ∈ E∗ such that for any u ∈ E(Ω) and any extension ũ of
u to E we have

ṽ(ũ) = v(u). (11.13)

Moreover,
‖ṽ‖E∗ = ‖v‖[E(Ω)]∗. (11.14)

Proof. Let ϕ ∈ C∞
0 (Ω), ϕ̃ and ϕ̂ be as in (11.1) and (11.2), respectively. Then for

any u ∈ E(Ω) and any extension ũ of u to E we have

ϕ̂(u) = u(ϕ) = ũ(ϕ) = ϕ̃(ũ). (11.15)

By definition of the norm in E(Ω) we have

‖u‖E(Ω) ≤ ‖ũ‖E. (11.16)

For any ũ ∈ E and its restriction u to E(Ω), (11.15) and (11.16) hold. Therefore

|ϕ̃(ũ)| = |ϕ̂(u)| ≤ ‖ϕ̂‖[E(Ω]∗‖u‖E(Ω) ≤ ‖ϕ̂‖[E(Ω)]∗‖ũ‖E.

Hence
‖ϕ̃‖E∗ ≤ ‖ϕ̂‖[E(Ω)]∗ . (11.17)
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Now, let vk ∈ C∞
0 , k = 1, 2 . . . , be a sequence which satisfies (11.12). Then by

(11.17) we obtain
‖ṽk‖E∗ ≤ ‖v̂k‖[E(Ω)]∗ (11.18)

and
‖ṽk − ṽl‖E∗ ≤ ‖v̂k − v̂l‖[E(Ω)]∗ . (11.19)

It follows from (11.12) and (11.19) that the sequence {ṽk} is convergent in E∗.
Denote by ṽ its limit. Then the inequality ‖ṽ‖E∗ ≤ ‖v‖[E(Ω)]∗ follows from (11.18).
From (11.15) we get ṽk(ũ) = v̂k(u). Passing here to the limit we obtain (11.13).

We now show that the function ṽ with property (11.13) is unique. If we have
two of them, ṽ1 and ṽ2, then for any ũ ∈ E we take its restrictions u to E(Ω) and
obtain ṽ1(ũ) = v(u), ṽ2(ũ) = v(u). Hence ṽ1 = ṽ2.

It remains to prove that

‖v‖[E(Ω)]∗ ≤ ‖ṽ‖E∗ . (11.20)

It follows from (11.13) that |v(u)| = |ṽ(ũ)| for any u ∈ E(Ω) and any extension ũ
to E. Hence

|v(u)| ≤ ‖ṽ‖E∗‖ũ‖E . (11.21)

Let ε > 0 be an arbitrary number. Since ‖u‖E(Ω) = inf ‖ũ‖E , where the infimum
is taken over all extensions ũ of u, we can take ũ such that ‖ũ‖E ≤ (1+ ε)‖u‖E(Ω).
Therefore from (11.21), ‖v‖[E(Ω)]∗ ≤ (1 + ε)‖ṽ‖E∗ . Since ε > 0 is arbitrary, we get
(11.20). The theorem is proved. �

Denote by C̃∞
0 (Ω) the set of functionals (11.1) and by E∗

0 (Ω) its closure in E∗.

Theorem 11.3. Let E ⊂ D′ be a reflexive Banach space. Then [E(Ω)]∗ is isomet-
rically isomorphic to the subspace E∗

0 (Ω) of E∗. The correspondence is described
by Theorem 11.2. More exactly. Any functional v ∈ [E(Ω)]∗ can be represented in
the form

v(u) = ṽ(ũ), u ∈ E(Ω), (11.22)

where ṽ is the corresponding functional, which belongs to E∗
0 (Ω), and ũ is an

arbitrary extension of u to E. Moreover,

‖v‖[E(Ω)]∗ = ‖ṽ‖E∗.

Proof. The representation (11.22) follows from Theorem 11.2. It remains only to
prove that ṽ ∈ E∗

0 (Ω). Let vk ∈ C∞
0 (Ω) be a sequence such that (11.12) holds.

Then we have
ṽk(ũ) = v̂k(u). (11.23)

Moreover, (11.19) holds. Hence {ṽk} is convergent in E∗. Denote by ṽ its limit.
Obviously ṽ ∈ E∗

0 (Ω), and from (11.23) we obtain (11.22). The theorem is proved.
�
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Let φi ∈ D be a partition of unity in Rn, and Ω ⊂ Rn be an unbounded
domain. We consider the space E(Ω) and its dual (E(Ω))∗. For each u ∈ E(Ω) the
product φiu is defined, and φiu ∈ E(Ω). Therefore we can define the product φiv
for v ∈ (E(Ω))∗:

〈φiv, u〉 = 〈v, φiu〉, u ∈ E(Ω). (11.24)

It is a bounded functional on E(Ω):

|〈φiv, u〉| = |〈v, φiu〉| ≤ ‖v‖E∗(Ω)‖φiu‖E(Ω) ≤M‖v‖E∗(Ω)‖u‖E(Ω). (11.25)

Thus φiv ∈ (E(Ω))∗, and ‖φiv‖E∗(Ω) ≤M‖v‖(E(Ω))∗ .
Let v be a functional on E(Ω). We do not assume a priori that it is bounded.

We say that v ∈ ((E(Ω))∗)loc if φiv ∈ (E(Ω))∗ for any i.

Definition 11.4. The space ((E(Ω))∗)∞ is the set of all functionals v ∈ ((E(Ω))∗)loc

such that
‖v‖((E(Ω))∗)∞ = sup

i
‖φiv‖(E(Ω))∗ <∞.

Theorem 11.5. The spaces ((E(Ω))∗)∞ and (E(Ω))1)∗ coincide.

The proof is the same as for Theorem 10.2

We have proved in Theorem 11.3 that a functional v ∈ (E(Ω))∗ can be
extended to ṽ ∈ E∗ = (E(Rn))∗. We will use this result in order to show that a
functional v ∈ ((E(Ω))∗)∞ can be extended to (E∗)∞.

Theorem 11.6. For any v ∈ ((E(Ω))∗)∞ there exists an extension

ṽ ∈ (E∗)∞ = ((E(Rn))∗)∞

such that
〈v, u〉 = 〈ṽ, ũ〉, ∀u ∈ (E(Ω))1, (11.26)

where ũ ∈ E1 = (E(Rn))1 is an extension of u.

Proof. We can represent the functional v ∈ (E(Ω))∗ in the form v =
∑∞

i=1 φiv
with the equality understood in the sense of equality of generalized functions.
Let ψi ∈ D equal 1 in the support of φi. Then v =

∑∞
i=1 φiψiv. Denote by vi the

extension of ψiv such that 〈vi, ũ〉 = 〈ψiv, u〉, where u ∈ E(Ω) and ũ is its extension
to E. We put ṽ =

∑∞
i=1 φivi. We show that ṽ ∈ (E∗)∞. Indeed,

|〈φiφjvi, ũ〉| = |〈vi, φiφj ũ〉| = |〈ψiv, φiφju〉| = |〈φiφjv, u〉|
≤ ‖φiφjv‖(E(Ω))∗‖u‖E(Ω) ≤ ‖φiφjv‖(E(Ω))∗‖ũ‖E .

Therefore
‖φiφjvi‖E∗ ≤ ‖φiφjv‖(E(Ω))∗ .
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We have

‖φj ṽ‖E∗ ≤
∞∑
i=1

‖φiφjvi‖E∗ ≤
∞∑
i=1

‖φiφjv‖(E(Ω))∗

≤ KM‖φjv‖(E(Ω))∗ ≤ KM‖v‖((E(Ω))∗)∞ .

Thus
‖ṽ‖(E∗)∞ ≤ KM‖v‖((E(Ω))∗)∞ .

To finish the proof of the theorem we verify equality (11.26). It is sufficient to
check it for functions u with a bounded support since they are dense in (E(Ω))1.
We have

〈φivi, ũ〉 = 〈φiψiv, u〉 = 〈φiv, u〉,
where an extension ũ can also be chosen with a bounded support. Taking a sum
with respect to those i for which the support of φi has a nonempty intersection
with the supports of u and ũ, we obtain (11.26). The theorem is proved. �

12 Spaces W s,p
q (Rn)

In this section we consider the spaces Eq in the case where E is a Sobolev-
Slobodetskii space W s,p(Rn) with a real s ≥ 0 and 1 ≤ p < ∞. We denote
them by W s,p

q (Rn). If s = 0 we will use the notation Lpq(R
n) and the conventional

notation Lp(Rn). In what follows we do not specify the domain if it is the whole
Rn. Applying results of Section 10, we obtain the relations

(W s,p
1 )∗ = W−s,p′

∞ , (W s,p
D )∗ = W−s,p′

1 ,

(Theorems 10.2 and 10.10). We begin with a result that shows the relation of the
spaces W s,p

q (Rn) and usual Sobolev or Sobolev-Slobodetskii spaces.

Lemma 12.1. Lpp = Lp.

Proof. We have

‖u‖p
Lp

p
=

∞∑
i=1

‖φiu‖pLp =
∞∑
i=1

∫
Rn

|φiu|pdx,

where φi is a partition of unity. Denote by Bi the support of φi and recall that
for any x ∈ Rn there exist no more than N + 1 functions φi different from zero at
this point. Therefore

‖u‖p
Lp

p
≤

∞∑
i=1

∫
Bi

|u|pdx ≤ (N + 1)
∫

Rn

|u|pdx.

On the other hand, ∫
Rn

|u|pdx =
∞∑
i=1

∫
Si

|u|pdx,
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where Si are unit cubes forming a lattice in Rn,
∫
Si

|u|pdx =
∫
Si

|
∑
i′
φi′u|pdx

≤
∫

Rn

|
∑
i′
φi′u|pdx ≤ C1

∑
i′

∫
Rn

|φi′u|pdx

where
∑
i′ φi′ (x) = 1 for x ∈ Si, since the number of i′ is bounded independently

of i. Therefore ∫
Rn

|u|pdx ≤ C2

∞∑
i=1

∫
Rn

|φiu|pdx.

Thus the norms in Lp and Lpp are equivalent. The lemma is proved. �

Lemma 12.2. Let s be a positive integer. Then W s,p
p = W s,p.

Proof. By the definition of the norm in W s,p
p ,

‖u‖W s,p
p

=
∞∑
i=1

‖φiu‖pW s,p =
∞∑
i=1

∑
|α|≤s

∫
Rn

|Dα(φiu)|pdx.

Taking into account that the derivatives of φi are uniformly bounded, we obtain
the estimate

∞∑
i=1

∫
Rn

|DβφiD
γu|pdx ≤ C1

∫
Rn

|Dγu|pdx

in the same way as in the previous lemma. The opposite estimate

∫
Rn

|Dγu|pdx ≤ C2

∞∑
i=1

∫
Rn

|φiDγu|pdx

can be also obtained as above. The lemma is proved. �

Theorem 12.3. Let s be real and positive. Then W s,p
p = W s,p.

Proof. Consider first the case where 0 < s < 1. Then

‖u‖p
W s,p

p
=

∞∑
i=1

‖φiu‖pW s,p

=
∞∑
i=1

‖φiu‖pLp +
∞∑
i=1

∫
Rn

∫
Rn

|φi(x)u(x) − φi(y)u(y)|p
|x− y|n+ps

dxdy.
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Denote by Ji the last integral in the right-hand side. Then

|Ji| ≤ C1

∫
Rn

∫
Rn

|φi(x)|p |u(x) − u(y)|p
|x− y|n+ps

dxdy

+ C1

∫
Rn

∫
Rn

|u(y)|p |φi(x) − φi(y)|p
|x− y|n+ps

dxdy

≤ C1 sup
x

|φi(x)|p
∫

Rn

∫
Bi

|u(x) − u(y)|p
|x− y|n+ps

dxdy

+ C1

∫
Rn

|u(y)|p
(∫

Rn

|φi(x) − φi(y)|p
|x− y|n+ps

dx

)
dy,

where Bi is the support of φi. To estimate
∑∞

i=1 |Ji| we first use the inequality

∞∑
i=1

∫
Rn

∫
Bi

|u(x) − u(y)|p
|x− y|n+ps

dxdy ≤ C2

∫
Rn

∫
Rn

|u(x) − u(y)|p
|x− y|n+ps

dxdy

which follows from the fact that at each x ∈ R
n the number of intersecting supports

Bi is no more than N + 1. We next estimate the function

Φ(y) ≡
∞∑
i=1

∫
Rn

|φi(x) − φi(y)|p
|x− y|n+ps

dx = Φ1(y) + Φ2(y),

where Φ1(y) contains all i such that y ∈ Bi or y �∈ Bi but the distance from y
to Bi is less than 1. The function Φ2(y) contains the remaining terms. There is a
finite number of terms in Φ1(y). For each such i we have
∫

Rn

|φi(x) − φi(y)|p
|x− y|n+ps

dx =
∫
Ki

|φi(x) − φi(y)|p
|x− y|n+ps

dx+
∫

Rn/Ki

|φi(x) − φi(y)|p
|x− y|n+ps

dx

≤ C3

∫
Ki

|x− y|p
|x− y|n+ps

dx+
∫

Rn/Ki

|φi(y)|p
|x− y|n+ps

dx,

where Ki is the ball with the same center as Bi and the radius two times greater.
Both integrals in the right-hand side are bounded. Therefore Φ1(y) is also bounded.

Consider next Φ2(y):

Φ2(y) =
∞∑
i=1

∫
Bi

|φi(x)|p
|x− y|n+ps

dx ≤ C4

∫
Rn/S(y)

dx

|x− y|n+ps
,

where S(y) is the unit ball with the center at y. Hence Φ2(y) is bounded. Thus,
Φ(y) is bounded independently of y, and

‖u‖p
W s,p

p
≤ C5‖u‖pLp

p
+ C5

∫
Rn

∫
Rn

|u(x) − u(y)|p
|x− y|n+ps

dxdy = C5‖u‖pW s,p .
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We now prove the opposite inequality. The 2n-dimensional space Rn×Rn is
represented as a sum of two sets,

Π = {x ∈ R
n, y ∈ R

n, |x− y| ≤ ε},

and

Λ = {x ∈ R
n, y ∈ R

n, |x− y| > ε}.
Consider a square lattice in Rn with distance d between its points, and the balls
Ki with centers at the centers of the lattice and the radii 2d. For ε > 0 sufficiently
small, Π ⊂ ∪∞

i=1Ki ×Ki. Let θi be a system of functions such that θi = 1 in Ki.
Then

∫
Rn

∫
Rn

|u(x) − u(y)|p
|x− y|n+ps

dxdy

≤
∞∑
i=1

∫
Ki

∫
Ki

|u(x) − u(y)|p
|x− y|n+ps

dxdy +
∫

Λ

|u(x) − u(y)|p
|x− y|n+ps

dxdy,

∞∑
i=1

∫
Ki

∫
Ki

|u(x) − u(y)|p
|x− y|n+ps

dxdy =
∞∑
i=1

∫
Ki

∫
Ki

|θi(x)u(x) − θi(y)u(y)|p
|x− y|n+ps

dxdy

≤
∞∑
i=1

∫
Rn

∫
Rn

|θi(x)u(x) − θi(y)u(y)|p
|x− y|n+ps

dxdy,

∫
Λ

|u(x) − u(y)|p
|x− y|n+ps

dxdy ≤ C6

∫
Λ

|u(x)|p
|x− y|n+ps

dxdy + C6

∫
Λ

|u(y)|p
|x− y|n+ps

dxdy,

∫
Λ

|u(x)|p
|x− y|n+ps

dxdy =
∫

Rn

|u(x)|p
(∫

|y−x|>ε

dy

|x− y|n+ps

)
dx.

Since the internal integral in the right-hand side of the last equality can be esti-
mated by a constant independent of x, then

∫
Λ

|u(x) − u(y)|p
|x− y|n+ps

dxdy ≤ C7‖u‖pLp ≤ C8‖u‖pLp
p
.

Thus,

‖u‖W s,p ≤ C9‖u‖W s,p
p
.

This estimate is obtained for the system of functions θi. We recall that the norms
in W s,p

p with equivalent systems of functions are equivalent.
We have proved that the norms in W s,p and W s,p

p are equivalent in the case
of positive s < 1. For an integer s ≥ 1, the assertion of the theorem follows from
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Lemma 12.2. Consider now noninteger s > 1. We have

‖u‖p
W s,p

p
=

∞∑
i=1

‖φiu‖pW s,p

=
∑

|α|≤[s]

∞∑
i=1

‖Dα(φiu)‖pLp

+
∞∑
i=1

∫
Rn

∫
Rn

|D[s](φi(x)u(x)) −D[s](φi(y)u(y))|p
|x− y|n+pσ

dxdy,

where σ = s− [s]. The estimate of the integral
∫

Rn

∫
Rn

|Dβφi(x)Dγu(x) −Dβφi(y)Dγu(y)|p
|x− y|n+pσ

dxdy

can be done in the same way as above in the case s < 1. This allows us to obtain
the estimate

‖u‖W s,p
p

≤ C10‖u‖W s,p .

To prove the opposite inequality we use the estimate∫
Rn

∫
Rn

|Dαu(x) −Dαu(y)|p
|x− y|n+pσ

dxdy

≤
∞∑
i=1

∫
Rn

∫
Rn

|θi(x)Dαu(x) − θi(y)Dαu(y)|p
|x− y|n+pσ

dxdy + ‖u‖p
W [s],p

(12.1)

similar to the estimate obtained for s < 1. Since

‖u‖W [s],p ≤ C11‖u‖W [s],p
p

,

it remains to estimate the integral in the right-hand side of (12.1):
∞∑
i=1

∫
Rn

∫
Rn

|θi(x)Dαu(x) − θi(y)Dαu(y)|p
|x− y|n+pσ

dxdy

≤
∞∑
i=1

∫
Rn

∫
Rn

|Dα(θi(x)u(x)) −Dα(θi(y)u(y))|p
|x− y|n+pσ

dxdy

+
∞∑
i=1

C12

∑
|β|+|γ|=|α|,|γ|<|α|

∫
Rn

∫
Rn

|Dβθi(x)Dγu(x) −Dβθi(y)Dγu(y)|p
|x− y|n+pσ

dxdy

≤ ‖u‖p
W s,p

p
+ C13‖u‖pW s−1,p . (12.2)

The second term in (12.2) is estimated similar to the estimate of Ji above. Thus

‖u‖W s,p ≤ C14(‖u‖W s,p
p

+ ‖u‖W s−1,p) ≤ C15(‖u‖W s,p
p

+ ‖u‖W [s],p) ≤ C16‖u‖W s,p
p
.

The theorem is proved. �
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To study further properties of the spaces W s,p
q we use the integral definition

of the norm in W s,p
q :

‖u‖W s,p
q

=
(∫

Rn

‖u(·)φ(· − y)‖qW s,pdy

)1/q

(see Section 3). If s = 0 it becomes

‖u‖Lp
q

=

(∫
Rn

(∫
Rn

|u(x)φ(x − y)|pdx
)q/p

dy

)1/q

.

We can replace φ(x) by the characteristic function of the unit ball. Then

‖u‖Lp
q

=



∫

Rn

(∫
|x−y|≤1

|u(x)|pdx
)q/p

dy




1/q

.

We will determine conditions on u(x) to belong to the space Lpq. We have

‖u‖q
Lp

q
=
∫

Rn

(∫
|x−y|≤1

|u(x)|pdx
)q/p

dy = I1 + I2,

where

I1 =
∫
|y|≤2

(∫
|x−y|≤1

|u(x)|pdx
)q/p

dy, I2 =
∫
|y|>2

(∫
|x−y|≤1

|u(x)|pdx
)q/p

dy.

Let u(x) = |x|−α, α > 0. Then

I1 =
∫
|y|≤2

(∫
|x−y|≤1

dx

|x|αp
)q/p

dy ≤
∫
|y|≤2

(∫
|x|≤3

dx

|x|αp
)q/p

dy.

If αp < n, then

I1 ≤ 2nωn

(
3n−αpκn
n− αp

)q/p
,

where ωn and κn are the volume and the surface of the unit sphere, respectively.
Consider I2. Since |y| > 2, then |x| ≥ |y| − 1 ≥ 1

2 |y|. If n < αq, then

I2 ≤
∫
|y|>2

(∫
|x−y|≤1

2αpdx
|y|αp

)q/p
dy =

2nωnκn
αq − n

.
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We have proved the following lemma.

Lemma 12.4. If αp < n < αq, then u(x) = 1/|x|α ∈ Lpq.

From this lemma we easily obtain the following proposition.

Proposition 12.5. If for some R > 0,
∫
|x|≤R

|u(x)|pdx <∞

and |u(x)| ≤ K|x|−α for |x| > R, where K is a positive constant and αq > n, then
u ∈ Lpq.

In the remaining part of this section we construct an example of “bad” func-
tionals (Remark 10.12) in the space L2

∞(R). Consider the subspace Elim of this
space that consists of functions u(x) for which there exists the limit

φ(u) = lim
x→+∞

∫ x+1

x

u(s)ds.

We verify that Elim is closed in the norm

‖u‖L2∞ = sup
x

(∫ x+1

x

u2(s)ds
)1/2

.

Let un ∈ Elim, un → u0 in L2∞. Put

zn(x) =
∫ x+1

x

un(s)ds, an = φ(un).

Then

|zn(x)| ≤
(∫ x+1

x

u2
n(s)ds

)1/2

≤ ‖un‖L2∞ ≤M

for some positive constant M . The last inequality follows from the assumption
that the sequence is convergent. The sequence φ(un) is fundamental. Denote by
a0 its limit. We will show that z0(x) → a0. Indeed,

|z0(x) − a0| ≤ |zn(x) − an| + |an − a0| + |z0(x) − zn(x)|.

For any ε > 0 we can choose N such that for any n ≥ N , |an − a0| < ε/3, and
|z0(x)−zn(x)| < ε/3 for all x ∈ R1. For a fixed n ≥ N , we can choose x0 such that
|zn(x) − an| < ε/3 for x ≥ x0. Therefore |z0(x) − a| < ε for x ≥ x0. This proves
the convergence. Thus, u0 ∈ Elim.

By the Hahn-Banach theorem we can extend the functional φ(u) to the whole
space L2

∞. For any u ∈ D, φ(u) = 0.
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13 Local operators

1. Operators in Rn. Let E and F be local spaces, that is the spaces of distributions
introduced in Section 1. We suppose that D ⊂ E, D ⊂ F , and D is dense in F .

Definition 13.1. An operator A : E → F is called local if for any u ∈ E with a
compact support the inclusion suppAu ⊂ suppu holds.

Theorem 13.2. If A : E → F is a bounded local operator, then A∗ : E∗ → F ∗ is
also a bounded local operator.

Proof. Let v ∈ F ∗ be a function with compact support. We have to prove that
suppA∗v ⊂ supp v. Suppose that it is not the case. Then there exists a point
x0 ∈ Rn such that x0 ∈ suppA∗v, x0 �∈ supp v. Let B be a closed ball with the
center at x0 such that B ∩ supp v = � and f ∈ D be such that supp f ⊂ D,

〈A∗v, f〉 �= 0. (13.1)

On the other hand,
〈A∗v, f〉 = 〈v,Af〉 (13.2)

and 〈v,Af〉 = 0 since the support of Af belongs to B and it does not intersect the
support of v. Here we use the density of D in F in order to approximate Af by
functions from D with supports in B. This contradiction proves the theorem. �

Theorem 13.3. Let A : E → F be a local operator. Then

Alocu =
∞∑

i,j=1

θjA(θiu), ∀u ∈ Eloc (13.3)

is a linear operator acting from Eloc to Floc. Convergence of the series in (13.3)
is understood in the sense of distributions, and it does not depend on the choice
of the partition of unity θi.

Proof. Let

Am,nu =
m∑
i=1

n∑
j=1

θjA(θiu).

Since u ∈ Eloc, then θiu ∈ E and A(θiu) ∈ F . Moreover suppA(θiu) ⊂ supp θiu ⊂
θi. Let φ ∈ D. We have

〈Am,nu, φ〉 =
m∑
i=1

n∑
j=1

〈A(θiu), θjφ〉. (13.4)

Denote by N the number of functions θi for which supp θi∩ suppφ �= �. Then the
right-hand side of (13.4) contains no more than N2 terms. Therefore we can pass
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to the limit in (13.4) as m,n→ ∞, and

〈Alocu, φ〉 =
m∑
i=1

n∑
j=1

〈A(θiu), θjφ〉 (13.5)

for m and n sufficiently large (depending on suppφ).
We show next that Alocu ∈ Floc, that is ψAlocu ∈ F for any ψ ∈ D. We have

〈ψAlocu, φ〉 =
m∑
i=1

n∑
j=1

〈A(θiu), θjψφ〉,

where m and n depend on suppψ but do not depend on suppφ. Hence for n
sufficiently large,

ψAlocu = ψ

m∑
i=1

n∑
j=1

θjA(θiu) =
m∑
i=1


ψ

∞∑
j=1

θj


A(θiu) = ψ

m∑
i=1

A(θiu),

where m depends on suppψ. Since A(θiu) ∈ F , then Alocu ∈ Floc.
The fact that Aloc is a linear operator follows directly from (13.5). It remains

to show that (13.3) does not depend on the partition of unity. From (13.5)

〈Alocu, φ〉 =
m∑
i=1

〈A(θiu), φ〉 (13.6)

for all m sufficiently large. Let θ̃i be another partition of unity. Then from (13.6)
we obtain

〈Alocu, φ〉 =
m∑
i=1

〈
A


 ∞∑
j=1

θ̃jθiu


 , φ

〉
=

m∑
i=1

〈
A


 n∑
j=1

θ̃jθiu


 , φ

〉
, (13.7)

where n depends on suppφ and does not depend on i since suppA(θ̃jθiu) ⊂
supp θ̃jθi and 〈A(θ̃jθiu), φ〉 = 0 if supp θj ∩ suppφ = �. From (13.7)

〈Alocu,φ〉=
n∑
j=1

〈
A

(
θ̃j

m∑
i=1

θiu

)
,φ

〉
=

n∑
j=1

〈
A

(
θ̃j

∞∑
i=1

θiu

)
,φ

〉
=

n∑
j=1

〈A(θ̃ju),φ〉

for n sufficiently large. This equality together with (13.6) show that Aloc is inde-
pendent of the partition of unity. The theorem is proved. �

Definition 13.4. Operator Aloc : Eloc → Floc is called the extension of A : E → F
to Eloc. Operator Aq(1 ≤ q ≤ ∞) is a restriction of Aloc to Eq.

Theorem 13.5. Let A : E → F be a bounded local operator. Then Aq is a bounded
operator from Eq to Fq.
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Proof. We begin with the case q = ∞. Let θi be a partition of unity, u ∈ E∞. We
have

θiAlocu = θi

m∑
j=1

A(θju)

for all m sufficiently large. Since suppA(θju) ⊂ supp θju ⊂ supp θj , then

θiA∞u = θiAlocu = θi
∑
j′
A(θj′u),

where j′ are all those j for which supp θi ∩ supp θj �= �. Therefore

‖θiA∞u‖F ≤
∑
j′

‖θiA(θj′u)‖F ≤
∑
j′

‖θi‖M(F )‖A‖ ‖θj′u‖E

≤ N‖A‖ ‖θi‖M(F )‖u‖E∞.

Let κ = supi ‖θi‖M(F ). Then

‖A∞u‖F∞ ≤ κN‖A‖ ‖u‖E∞.

Consider next 1 ≤ q <∞. We have

θiAqu = θiAlocu = θi
∑
j′
A(θj′u),

and for any integer m,
m∑
i=1

‖θiAqu‖qF =
m∑
i=1

‖θi
∑
j′
A(θj′u)‖qF ≤

m∑
i=1

N q−1
∑
j′

‖θiA(θj′u)‖qF

= N q−1
∞∑
j=1

m∑
i=1

‖θiA(θju)‖qF = N q−1
∞∑
j=1

m∑
i′

‖θi′A(θju)‖qF

≤ N q−1
∞∑
j=1

m∑
i′

‖θi′‖M(F )q‖A(θju)‖qF ≤ N qκq
∞∑
j=1

‖A(θju)‖qF

≤ N qκq‖A‖q
∞∑
j=1

‖θju‖qE = N qκq‖A‖q‖u‖qEq
.

Here i′ are all those i for which supp θi ∩ supp θj �= �. The number of such i is
not greater than N . Passing to the limit as m→ ∞, we get

‖Aqu‖qFq
≤ N qκq‖A‖q‖u‖qEq

.

Therefore
‖Aqu‖Fq ≤ Nκ‖A‖ ‖u‖Eq .

The theorem is proved. �
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2. Operators in Ω. Let Ω be a domain in Rn, E be the space in Definition 13.1.
The space E(Ω) is defined in Definition 9.1.

Definition 13.6. The space Eq(Ω) is defined as the set of those generalized functions
from D′

Ω that are restrictions to Ω of generalized functions from Eq, (1 ≤ q ≤ ∞).
The norm in Eq(Ω) is given by the equality

‖u‖Eq(Ω) = inf ‖uc‖Eq ,

where the infimum is taken over all those uc ∈ Eq, whose restriction to Ω coincide
with u (cf. Definition 9.2).

Definition 13.7. Let A : E → F be a local bounded operator. Operator Aq(Ω), (1 ≤
q ≤ ∞) is the restriction of Aq to Eq(Ω).

We discuss the last definition in more detail. Let u ∈ Eq(Ω). Then there
exists uc ∈ Eq such that

〈uc, φ〉 = 〈u, φ〉, ∀φ ∈ DΩ.

Then Aq(Ω)u is the restriction of Aquc to Ω.
We show that Aq(Ω)u does not depend on the extension uc. Indeed, let u1

and u2 be two extensions of u. Then

〈u1, φ〉 = 〈u2, φ〉 = 〈u, φ〉, ∀φ ∈ DΩ.

Let z = u1 − u2. Then 〈z, φ〉 = 0, ∀φ ∈ DΩ. This means that the support supp z
of z belongs to the complement CΩ of the domain Ω. By the definition of local
operators, suppAz ⊂ CΩ. Therefore 〈Az, φ〉 = 0, ∀φ ∈ DΩ, that is

〈Au1, φ〉 = 〈Au2, φ〉 = 0, ∀φ ∈ DΩ.

Hence Au1 and Au2 coincide as elements of F (Ω). Thus Aq(Ω) acts from Eq(Ω)
to F (Ω).

Theorem 13.8. Operator Aq(Ω) is bounded as acting from Eq(Ω) to Fq(Ω).

Proof. Let u ∈ Eq(Ω). By Definition 13.6 there exists uc ∈ Eq such that

‖uc‖Eq ≤ 2‖u‖Eq(Ω).

Let vc = Aqu
c. Then vc ∈ Fq. We have

‖vc‖Fq = ‖Aquc‖Fq ≤ ‖Aq‖ ‖uc‖Eq ≤ 2‖Aq‖ ‖u‖Eq(Ω).

By definition, Aq(Ω)u is the restriction of vc to Ω. Hence

‖Aq(Ω)u‖Fq(Ω) ≤ ‖vc‖Fq ≤ 2‖Aq‖ ‖u‖Eq(Ω).

Therefore Aq(Ω) : Eq(Ω) → Fq(Ω) is a bounded operator and ‖Aq(Ω)‖ ≤ 2‖Aq‖.
The theorem is proved. �
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3. Boundary operators. Let ∂Ω be a Cl manifold, where l ≥ 1 is an integer. As
in Section 8 we denote by Dl the space of all functions φ ∈ Cl(Rn) with compact
support. Let E be a local space and Dl be dense in E. We denote by Dl(Ω) the
restriction of Cl to Ω. Since Dl is dense in E, then Dl(Ω) is dense in E(Ω).

For any u ∈ E(Ω) we can define its trace û on ∂Ω. We first define the norm
of traces of functions from Dl(Ω). Let φ ∈ Dl(Ω). Then φ is defined on ∂Ω. We
put

‖φ‖E(∂Ω) = inf ‖φc‖E(Ω), (13.8)

where the infimum is taken over all φc ∈ E(Ω) such that φc(x) = φ(x) for x ∈ ∂Ω.

Definition 13.9. The space E(∂Ω) is the closure of Dl(∂Ω) in the norm (13.8),
where Dl(∂Ω) is the space of traces of Dl(Ω) on ∂Ω.

Let u ∈ E(Ω). Then there exists a sequence φn → u in E(Ω), φn ∈ D(Ω).
Then û = limn φ̂n in the norm (13.8), where φ̂n is the trace of φn. Obviously, û
does not depend on the choice of φn.

Example 13.10. Let E(Ω) = W s,p(Ω). If s > 1/p, then E(∂Ω) = W s−1/p,p(∂Ω).
Let E(Ω) = L2(Ω). Applying formally the definition we obtain ‖φ‖E(∂Ω) = 0 for
any φ. Therefore the norm of any function defined on ∂Ω equals zero. This means
that we can formally define the space of traces if we consider equivalence classes of
functions, but this definition has no sense because the space contains only the zero
element. Nevertheless this definition can be useful since it allows us to consider
the general case.

Definition 13.11. Linear operator B : E → F (∂Ω) is called local if for any u ∈ E
we have suppBu ⊂ suppu, where suppBu is taken in ∂Ω.

It follows from the definition that if suppu ∩ ∂Ω = �, then suppBu = �.
Hence Bu = 0 as an element of F (∂Ω). Consider the operator

B∗ : (F (∂Ω))∗ → E∗.

We suppose that D is dense in E, and Dl(∂Ω) is dense in F (∂Ω).

Theorem 13.12. Let B : E → F (∂Ω) be a bounded local operator. Then B∗ :
(F (∂Ω))∗ → E∗ is also a bounded local operator.

The proof of this theorem is similar to the proof of Theorem 13.2. It follows from
this theorem that for any v ∈ (F (∂Ω))∗, suppB∗v ∈ ∂Ω.

Definition 13.13. Linear operator B : E(Ω) → F (∂Ω) is called local if for any
u ∈ E(Ω) we have suppBu ⊂ suppu.

Theorem 13.14. Let B : E(Ω) → F (∂Ω) be a bounded local operator. Then B∗ :
(F (∂Ω))∗ → (E(Ω))∗ is also a bounded local operator.

The proof of this theorem is similar to the proof of Theorem 13.2.
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