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Abstract. The aim of this work is to present a numerical study of generalized
Oldroyd-B flows with shear-thinning viscosity in a curved pipe of circular cross
section and arbitrary curvature ratio. Flows are driven by a given pressure
gradient and behavior of the solutions is discussed with respect to different
rheologic and geometric flow parameters.
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1. Introduction

Complex rheological phenomena such as shear dependent viscosity, stress relaxa-
tion, nonlinear creeping and normal stress differences can be found in many fluids
like inks, polymer melts, suspensions, liquids crystals or biological fluids. These
properties, which cannot be captured by the classical Navier-Stokes equations,
lead to non-constant viscosity or to viscoelastic behavior described by nonlinear
relations between the Cauchy stress and the strain tensor. Fluids of this type are
called non-Newtonian [20].

There are many ways to generalize the Newtonian law of viscosity. The sim-
plest case is the generalized Newtonian model where the extra-stress incorporates
a shear-rate dependent viscosity. However, the generalized Newtonian fluids can-
not account for the effects described above, namely the viscoelasticity, but they
are often used to model simple flows and to study the flow rate in a pipe, as a
function of the pressure drop. Suitable viscoelastic constitutive equations are then
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required. In general terms, non-Newtonian viscoelastic fluids exhibit both viscous
and elastic properties and can be classified as fluids of differential type, rate type
and integral type. We refer to the monographs [5], [15], [26], [29] for relevant issues
related to non-Newtonian fluids behavior and modeling. Models of rate type such
as Oldroyd-B fluids can predict stress relaxation and are used to describe flows in
polymer processing. However they cannot capture the complex rheological behavi-
or of many real fluids, such as blood in which the non-Newtonian viscosity effects
are of major importance.

Over the past twenty years, a significant progress has been made in the math-
ematical analysis of the equations of motion of non-Newtonian viscoelastic fluids.
Usually, the constitutive equations lead to highly nonlinear systems of partial dif-
ferential equations of a combined parabolic-hyperbolic type (or elliptic-hyperbolic,
for steady flows) closed with appropriate initial and/or boundary conditions. The
study of the behavior of their solutions in different geometries requires the use of
specific techniques of nonlinear analysis, such as fixed-point arguments associated
to auxiliary linear sub-problems. We refer to [21] and [22] for an introduction to
existence results for viscoelastic flows.

The hyperbolic nature of the constitutive equations is responsible for many of
the difficulties associated with the numerical simulation of viscoelastic flows. Some
factors including singularities in the geometry, boundary layers in the flow and the
dominance of the nonlinear terms in the equations, result in numerical instabilities
for high values of Weissenberg number (non-dimensional viscoelastic parameter).
A variety of alternative numerical methods have been developed to overcome this
difficulty, but many challenges still remain, in particular for viscoelastic flows in
complex geometries (see, e.g., [16], [17] and the references cited therein).

It is known since the pioneering experimental works of Williams et al. [30],
Grindley and Gibson [14], and Eustice ([11], [12]) that flows in curved pipes are
very challenging and considerably more complex than flows in straight pipes. Due
to fluid inertia, a secondary motion appears in addition to the primary axial flow.
It is induced by an imbalance between the cross-stream pressure gradient and the
centrifugal force and consists of a pair of counter-rotating vortices, which appear
even for the most mildly curved pipe. This results in asymmetrical wall stresses
with higher shear and low pressure regions ([4], [18], [27]).

Steady fully developed viscous flows in curved pipes of circular, elliptical
and annular cross-section of both Newtonian and non-Newtonian fluids, have been
studied by several authors ([1]–[4],[13], [19], [23], [24], [27]) following the funda-
mental work of Dean ([9], [10]) for circular cross-section pipes. Using regular per-
turbation methods around the curvature ratio, Dean obtained analytical solutions
in the case of Newtonian fluids. These results have been extended for a larger range
of curvature ratio and Reynolds number, showing the existence of additional pairs
of vortices and multiple solutions ([8], [31]).

The great interest in the study of curved pipe flows is due to its wide range
of applications in engineering (e.g., hydraulic pipe systems related to corrosion fai-
lure) and in biofluid dynamics, such as blood flow in vascular regions of low shear
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(in healthy or disease states), where the shear-thinning viscosity and viscoelastic
behavior should not be neglected ([6], [7], [25], [28]).

This paper is concerned with the numerical study of the behavior of fully
developed flows of shear-thinning generalized Oldroyd-B fluids in curved pipes
with circular cross-section and arbitrary curvature ratio, for a prescribed pressure
gradient. Numerical results show interesting viscosity and viscoelastic effects: for
sufficiently small curvature ratio and certain range of viscosity parameters, the
flow field is quite complex, showing counter-clockwise rotation of the secondary
streamlines and loss of symmetry of the flow field. Stronger inertial effects result
in a deformation of the pair of vortices and rotation of the flow in an opposite
direction. These effects become weaker for higher values of the Weissenberg num-
ber. We remark that for generalized Oldroyd-B fluids the second normal stress
difference is zero, as in the particular case of Oldroyd-B, and consequently the
second normal stress difference has no impact on the secondary flows ([13]).

The paper is organized as follows. After introducing the governing equations
and formulating the problem in polar toroidal coordinates (Section 2 and 3), we
consider in Section 4 the numerical approximation of the steady Oldroyd-B model
with non constant shear-dependent viscosity, in the above-described geometry.
The original problem is decomposed into a Navier-Stokes system and a tensorial
transport equation. Using the finite element method and a fixed point algorithm to
couple the auxiliary problems, numerical results are obtained for a certain range of
non-dimensional flow parameters (viscosity exponent, Reynolds and Weissenberg
numbers) associated to the model. A continuation method is used to find the
initial guess of the iterations and to increase the absolute value of the viscosity
parameter.

Existence and uniqueness of approximated solutions, as well as a priori error
estimates to the coupled full problem have already been proved, under a natural
restriction on the curvature ratio (see [2]). In a future work, the systematic nume-
rical study presented in this paper will be complemented by a theoretical analysis
to justify the complex qualitative behavior of the combined effects of viscosity,
inertial and viscoelastic parameters.

2. Governing equations

This paper is concerned with flows of incompressible viscoelastic Oldroyd-B fluids
with shear dependent viscosity in a curved pipe Ω ⊂ R3 with boundary ∂Ω. For
these fluids, the extra-stress tensor is related to the kinematic variables through

S + λ1

∇
S = 2

(
ν + ν0(1 + |Du|2)q

)
Du + 2λ2

∇
Du, (2.1)

where u is the velocity field, Du = 1
2 (∇u +∇ut) = 1

2

(
∂ui

∂xj
+ ∂uj

∂xi

)
i,j=1,2

denotes

the symmetric part of the velocity gradient, |Du| is the shear rate, q is a real
number, ν and ν0 are nonnegative real numbers satisfying ν + ν0 > 0, λ1 > 0 and
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λ2 > 0 are viscoelastic constants. The symbol ∇ denotes the objective derivative
of Oldroyd type defined by

∇
S=

(
∂
∂t + u · ∇

)
S− S∇u− (∇u)t S.

The Cauchy stress tensor is given by T = −pI+S, where p represents the pressure.
The equations of conservation of momentum and mass hold in the domain Ω,

ρ
(

∂u
∂t + u · ∇u

)
+∇p = ∇ · S + f , ∇ · u = 0, (2.2)

where ρ > 0 is the (constant) density of the fluid and f is an external force.
We first decompose the extra-stress tensor S into the sum of its Newtonian part
τ s = 2λ2

λ1
Du and its viscoelastic part τ . Introducing the quantities

x =
x̃

L
, t =

Ut̃

L
, u =

ũ

U
, p =

p̃L

(ν + ν0)U
,

τ =
τ̃L

(ν + ν0)U
, f =

f̃L2

(ν + ν0)U
,

where the symbol ˜ is attached to dimensional parameters (L represents a reference
length and U a characteristic velocity of the flow). We also set

ε = 1− λ2

λ1(ν + ν0)
, η =

ν0
ν + ν0

,

and defining the Reynolds number and the Weissenberg number as

Re =
ρUL

ν + ν0
, We =

λ1U

L
.

we can write (2.1)–(2.2) in dimensionless form⎧⎪⎪⎨⎪⎪⎩
−(1− ε)Δu +Re

(
∂u
∂t + u · ∇u

)
+∇p = f +∇ · τ ,

∇ · u = 0,

τ +We
(

∂τ
∂t + u · ∇τ − g(∇u, τ )

)
= 2

(
ε+ ησ

(
|Du|2

))
Du,

(2.3)

with
g(∇u, τ ) = τ ∇u + (∇u)t τ , σ(x) = (1 + x)q − 1.

This system is supplemented with a Dirichlet homogeneous boundary condition

u = 0 on ∂Ω.

In a simple shear this model predicts shear dependent viscosity (shear-thinning
for q < 0 and shear-thickening for q > 0) and normal stress coefficients Ψ1 and Ψ2

given by (see, e.g., [5], [17], [29])

Ψ1(|Du|) = 2
(
ε+ ησ

(
|Du|2

))
|Du|2

Ψ2(|Du|) = 0.

Note that the model reduces to Oldroyd-B when q = 0.
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3. Equivalent formulation in polar toroidal coordinates

We consider fully developed flows in a curved pipe with circular cross-section (see
Figure 1).

Figure 1. Polar toroidal coordinates.

For this pipe geometry, it is more convenient to use the polar toroidal coordinate
system, in the variables (r̃, θ, s̃), defined with respect to the rectangular cartesian
coordinates (x̃, ỹ, z̃) through the relations

r̃ =
√
z̃2 +

(√
x̃2 + ỹ2 −R

)2
,

θ = arctan
z̃√

x̃2 + ỹ2 −R
, s̃ = R arctan

ỹ

x̃
,

and the inverse relations

x̃ = (R+ r̃ cos θ) cos
s̃

R
, ỹ = (R+ r̃ cos θ) sin

s̃

R
, z̃ = r̃ sin θ,

with 0 < r0 < R, 0 � θ < 2π and 0 � s̃ < πR, where R > r̃ � 0 is the constant
centerline radius. Introducing

s =
s̃

r0
, δ =

r0
R
,

we see that the corresponding non-dimensional coordinate systems are given by

r =
√
z2 +

(√
x2 + y2 − 1

δ

)2
,

θ = arctan
z√

x2 + y2 − 1
δ

, s =
1
δ

arctan
y

x
,

and the inverse relations

x =
(1
δ

+ r cos θ
)

cos(sδ), y =
(1
δ

+ r cos θ
)

sin(sδ), z = r sin θ,

with δ < 1, 0 � θ < 2π and 0 � s < π
δ .
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Let us now formulate system (2.3) in this new coordinate system. For conve-
nience, we keep the notation as for the cartesian system (e.g., u ≡ u ·er, v ≡ v ·eθ

and w ≡ w · es). To simplify the notation we set

β1 ≡ β1(r, θ) = rδ sin θ, β2 ≡ β2(r, θ) = rδ cos θ,

β ≡ β(r, θ) = 1 + rδ cos θ.

By using standard arguments, we rewrite the problem (2.3) in the toroidal coor-
dinates (r, θ, s), and we see that the problem reads as

Find (u ≡ (u, v, w), p, τ ) solution of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− (∇ · (2(1− ε)Du + τ −Reu⊗ u))r +Re∂u
∂t + ∂p

∂r = 0,

− (∇ · (2(1− ε)Du + τ −Reu⊗ u))θ +Re∂v
∂t + 1

r
∂p
∂θ = 0,

− (∇ · (2(1− ε)Du + τ −Reu⊗ u))s +Re∂w
∂t + 1

β
∂p
∂s = 0,

∂
∂r (rβu) + ∂

∂θ (βv) + ∂
∂s (rw) = 0,

τ +We
(
u ∂

∂r + v
r

∂
∂θ + w

β
∂
∂s

)
τ +We∂τ

∂t

= We
rβ F(u, τ ) + 2

(
ε− η + η

(rβ)2q

(
(rβ)2 + |rβDu|2

)q)
Du,

u|∂Ω = 0

(3.1)

where for third-order tensor σ, ∇ · σ is given by

(∇ · σ)r =
1
rβ

( ∂
∂r

(rβσrr) +
∂

∂θ
(βσrθ) +

∂

∂s
(rσrs)− β2σss − βσθθ

)
,

(∇ · σ)θ =
1
rβ

( ∂
∂r

(rβσθr) +
∂

∂θ
(βσθθ) +

∂

∂s
(rσθs) + β1σss + βσrθ

)
,

(∇ · σ)s =
1
rβ

( ∂
∂r

(rβσsr) +
∂

∂θ
(βσsθ) +

∂

∂s
(rσss)− β1σθs + β2σrs

)
,

and the velocity gradient and the symmetric tensor F are given by

∇u =

⎛⎜⎜⎝
∂u
∂r

∂v
∂r

∂w
∂r

1
r

∂u
∂θ −

v
r

1
r

∂v
∂θ + u

r
1
r

∂w
∂θ

1
β

∂u
∂s −

β2
rβw

1
β

∂v
∂s + β1

rβw
1
β

∂w
∂s + β2

rβu−
β1
rβ v

⎞⎟⎟⎠ ,
Frr(u, τ ) = 2

(
rβ ∂u

∂r τ rr + β ∂u
∂θ τ rθ + r ∂u

∂s τ rs

)
,

Frθ(u, τ ) = β
(
r ∂v

∂r − v
)
τ rr + β

(
∂v
∂θ + u+ r ∂u

∂r

)
τ rθ

+ r ∂v
∂sτ rs + β ∂u

∂θ τ θθ + r ∂u
∂s τ θs,

Frs(u, τ ) =
(
rβ ∂w

∂r − β2w
)
τ rr +

(
β ∂w

∂θ + β1w
)
τ rθ + β ∂u

∂θ τ θs

+
(
r ∂w

∂s + β2u− β1v + rβ ∂u
∂r

)
τ rs + r ∂u

∂s τ ss,

Fθθ(u, τ ) = 2
(
β
(
r ∂v

∂r − v
)
τ rθ + β

(
∂v
∂θ + u

)
τ θθ + r ∂v

∂s τ θs

)
,
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Fθs(u, τ ) =
(
rβ ∂w

∂r − β2w
)
τ rθ +

(
β ∂w

∂θ + β1w
)
τ θθ + β

(
r ∂v

∂r − v
)
τ rs

+
(
r ∂w

∂s + β2u− β1v + β ∂v
∂θ + βu

)
τ θs + r ∂v

∂s τ ss,

Fss(u, τ ) = 2
((
rβ ∂w

∂r − β2w
)
τ rs +

(
β ∂w

∂θ + β1w
)
τ θs

)
+ 2

(
r ∂w

∂s + β2u− β1v
)
τ ss.

Considering fully developed flows, the velocity, the pressure and the stress tensor
τ are independent of the variable s. Consequently, they satisfy respectively,

∂u

∂s
=
∂v

∂s
=
∂w

∂s
≡ 0,

∂p

∂s
= −p∗ and

∂τ̂

∂s
≡ 0. (3.2)

Using (3.2), problem (3.1) defined in the set

Σ =
{
(r, θ) ∈ R2 | 0 < r < 1, 0 < θ ≤ 2π

}
(3.3)

reads as follows

Find (u ≡ (u, v, w), p, τ̂ ) solution of

P =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Ar,γ

(
ψγ (2(1− ε)Du−Reu⊗ u) + τ̂

)
+Re ∂u

∂t + ψγ+1
∂p
∂r = 0,

−Aθ,γ

(
ψγ (2 (1− ε)Du−Reu⊗ u) + τ̂

)
+Re ∂v

∂t + βψγ
∂p
∂θ = 0,

−As,γ

(
ψγ (2 (1− ε)Du−Reu⊗ u) + τ̂

)
+Re ∂w

∂t = p∗rψγ ,

∂
∂r (rβu) + ∂

∂θ (βv) = 0,

rβ τ̂ +We
(

∂
∂t + rβu ∂

∂r + βv ∂
∂θ

)
τ̂ = G(u, τ̂ )

u|∂Σ = 0 (3.4)

where for a tensor σ,

Aξ,γ (σ) = rβ(∇ · σ)ξ − γ
(
(β + β2)σξr − β1σξθ

)
, for any ξ = r, θ, s

and
G(u, τ̂ ) =We

(
F(u, τ̂ ) + γ ((β + β2)u− β1v) τ̂

)
+ 2 (ε− η)ψγDu

+ 2η ψγ−2q+1

(
(rβ)2 + |rβDu|2

)q

Du,

(3.5)

where γ = 2 max (q, 0) + 1, ψγ = (rβ)γ and τ̂ ≡ ψγτ .
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4. Numerical approximation and results

We use finite element methods to obtain approximate solutions to problem (3.4).
Here and in the remaining sections, only steady solutions will be considered.

4.1. Setting of the approximated problem

Let {Th}h>0 be a family of regular triangulations of the rectangle Σ defined by
(3.3), and denote by

Xh = (Xh)3 =
{
vh ∈ C(Σ) ∩H1

0(Σ) | vh|K ∈ P2(K), ∀K ∈ Th

}3
,

Qh =
{
qh ∈ C(Σ) ∩ L2

0(Σ) | qh|K ∈ P1(K), ∀K ∈ Th

}
,

and
Th = (Th)3×3 = {τh ∈ L2(Σ) | τh|K ∈ P1, ∀K ∈ Th}3×3

the finite element spaces. System (3.4) is approximated by the following problem

Find (uh, ph, τ̂ h) ≡ (u, p, τ̂ ) ∈ Xh ×Qh ×Th solution of⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
−Ar,γ

(
ψγ (2(1− ε)Du−Reu⊗ u)

)
+ ψγ+1

∂p
∂r ,φ1

)
= (Ar,γ (τ̂ ) ,φ1) ,(

−Aθ,γ

(
ψγ (2(1− ε)Du−Reu⊗ u)

)
+ βψγ

∂p
∂θ ,φ2

)
= (Aθ,γ (τ̂ ) ,φ2) ,(

−As,γ

(
ψγ (2(1− ε)Du−Reu⊗ u)

)
− p∗r ψγ ,φ3

)
= (As,γ (τ̂ ) ,φ3) ,(

∂
∂r (rβu) + ∂

∂θ (βv), ϕ
)

= 0,(
rβ τ̂ ij ,σ�

)
+WeBh

(
u, v, τ̂ ij ,σ�

)
=

(
Gij (u, τ̂ ) ,σ�

)
,

u|∂Σ = 0 (4.1)

for every (φ1,φ2,φ3, ϕ) ∈ Vδ,h ×Qh, where

Vδ,h = {vh ∈ Xh | ∇′ · (β vh) = 0} , δ ∈ [0, 1[

and every σ� ∈ Th (� = 1, . . . , 6), with Bh defined by

Bh

(
u, v, τ, σ

)
=

(
rβu

∂τ

∂r
+ βv

∂τ

∂θ
+

1
2

(
∂

∂r
(rβu) +

∂

∂θ
(βv)

)
τ, σ

)
h

−
〈
τ+ − τ−, σ+

〉
h,u,v

where

(·, ·)h =
∑

K∈Th

(·, ·)K ,

〈σ, τ〉h,u,v =
∑

K∈Th

∫
∂K−(ru,v)

τσ β(runr + vnθ) ds,

∂K−(ψ, ζ) = {s ∈ ∂K | (ψ, ζ) · (nr, nθ) < 0},
and where (nr, nθ) is the outward unit normal vector to element K ∈ Th.
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Using standard integration by parts we show that problem (4.1) can be rewrit-
ten in the form

(Ph) Find (uh, ph, τ̂h) ≡ (u, p, τ̂ ) ∈ Xh ×Qh ×Th solution of

2Kγ

(
ψγ

∂u
∂r ,φ1

)
+ Lγ

(
βψγ−1

∂u
∂θ ,φ1

)
+ 2

(
ψγ−1

(
β2 + β2

2

)
u,φ1

)
+ Lγ

(
βψγ−1

(
r ∂v

∂r − v
)
,φ1

)
+ 2

(
ψγ−1

(
β2 ∂v

∂θ − β1β2v
)
,φ1

)
− 1

1−εKγ+1

(
ψγ p,φ1

)
+ Re

1−ε

(
Kγ

(
ψγu

2,φ1

)
+ Lγ

(
ψγuv,φ1

))
+ Re

1−ε

(
ψγ

(
β2w

2 + βv2
)
,φ1

)
= − 1

1−ε

(
Kγ(τ̂ rr,φ1) + Lγ(τ̂ rθ,φ1) +

(
β2τ̂ ss + βτ̂ θθ,φ1

))
,

Kγ

(
βψγ−1

(
r ∂v

∂r − v
)
,φ2

)
+ 2Lγ

(
βψγ−1

∂v
∂θ ,φ2

)
+

(
ψγ−1

((
β2 + 2β2

1

)
v − rβ2 ∂v

∂r

)
,φ2

)
+Kγ

(
β ψγ−1

∂u
∂θ ,φ2

)
+ 2Lγ

(
βψγ−1u,φ2

)
−

(
ψγ−1

(
β2 ∂u

∂θ + 2β1β2u
)
,φ2

)
− 1

1−εLγ+1

(
ψγp,φ2

)
+ Re

1−ε

(
Kγ

(
ψγuv,φ2

)
+ Lγ

(
ψγv

2,φ2

))
− Re

1−ε

(
ψγ

(
β1w

2 + βuv
)
,φ2

)
= − 1

1−ε

(
Kγ(τ̂ θr,φ2) + Lγ(τ̂ θθ,φ2)−

(
β1τ̂ ss + βτ̂ rθ,φ2

))
,

Kγ

(
ψγ−1

(
rβ ∂w

∂r − β2w
)
,φ3

)
+ Lγ

(
ψγ−1

(
β ∂w

∂θ + β1w
)
,φ3

)
+

(
ψγ−1

(
(rδ)2 w + ββ1

∂w
∂θ − rββ2

∂w
∂r

)
,φ3

)
− 1

1−ε

(
rψγ p

∗,φ3

)
+ Re

1−ε

(
Kγ

(
ψγ uw,φ3

)
+ Lγ

(
ψγ vw,φ3

))
− Re

1−ε

(
ψγ (β2u− β1v)w,φ3

)
= − 1

1−ε

(
Kγ(τ̂ sr,φ3) + Lγ(τ̂ sθ,φ3) +

(
β1τ̂ θs − β2τ̂ rs,φ3

))
,(

∂
∂r (rβu) + ∂

∂θ (βv), ϕ
)

= 0, for every (φ1,φ2,φ3, ϕ) ∈ Vδ,h ×Qh, and

(τ̂ ij , rβσ�)h +WeBh (u, v, τ̂ ij ,σ�) = (Gij (u, τ̂ ) ,σ�)h

for all σ ∈ (Th)6 with

Bh = −
(
rβu

∂σ

∂r
+ βv

∂σ

∂θ
− 1

2

(
∂

∂r
(rβu) +

∂

∂θ
(βv)

)
σ, τ

)
h

+ 〈τ−, σ+−σ−〉h,u,v,

with Kγ(σ, ϕ) =
(
σ, rβ ∂ϕ

∂r + γ (β + β2)ϕ
)
, Lγ(σ, ϕ) =

(
σ, β ∂ϕ

∂θ − γβ1ϕ
)

and G
given by (3.5).
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4.2. Algorithm

Next we define the algorithm to solve the approximated problem (Ph) (as usual,
the index h is dropped to simplify the presentation).

• Given an iterate τ̂ k, find uk ≡ (uk, vk, wk), and pk solutions of the following
Navier-Stokes system (NS)k

2Kγ

(
ψγ

∂uk

∂r ,φ1

)
+ Lγ

(
βψγ−1

∂uk

∂θ ,φ1

)
+ 2

(
ψγ−1

(
β2 + β2

2

)
uk,φ1

)
+ Lγ

(
βψγ−1

(
r ∂vk

∂r − v
k
)
,φ1

)
+ 2

(
ψγ−1

(
β2 ∂vk

∂θ − β1β2v
k
)
,φ1

)
− 1

1−εKγ+1

(
ψγ p

k,φ1

)
+ Re

1−εKγ

(
ψγ (uk)2,φ1

)
+ Re

1−ε

(
Lγ

(
ψγu

kvk,φ1

)
+

(
ψγ

(
β2(wk)2 + β(vk)2

)
,φ1

))
= − 1

1−ε

(
Kγ(τ̂ k

rr,φ1) + Lγ(τ̂ k
rθ,φ1) +

(
β2τ̂

k
ss + βτ̂ k

θθ,φ1

))
,

Kγ

(
βψγ−1

(
r ∂vk

∂r − v
k
)
,φ2

)
+ 2Lγ

(
βψγ−1

∂vk

∂θ ,φ2

)
+

(
ψγ−1

((
β2 + 2β2

1

)
vk − rβ2 ∂vk

∂r

)
,φ2

)
+Kγ

(
βψγ−1

∂uk

∂θ ,φ2

)
+ 2Lγ

(
βψγ−1 u

k,φ2

)
−

(
ψγ−1

(
β2 ∂uk

∂θ + 2β1β2u
k
)
,φ2

)
− 1

1−ε Lγ+1

(
ψγp

k,φ2

)
+ Re

1−ε Kγ

(
ψγu

kvk,φ2

)
+ Re

1−ε

(
Lγ

(
ψγ(vk)2,φ2

)
−

(
ψγ

(
β1(wk)2 + βukvk

)
,φ2

))
= − 1

1−ε

(
Kγ(τ̂ k

θr,φ2) + Lγ(τ̂ k
θθ,φ2)−

(
β1τ̂

k
ss + βτ̂ k

rθ,φ2

))
,

Kγ

(
ψγ−1

(
rβ ∂wk

∂r − β2w
k
)
,φ3

)
+ Lγ

(
ψγ−1

(
β ∂wk

∂θ + β1w
k
)
,φ3

)
+

(
ψγ−1

(
(rδ)2 wk + ββ1

∂wk

∂θ − rββ2
∂wk

∂r

)
,φ3

)
− 1

1−ε

(
rψγ p

∗,φ3

)
+ Re

1−ε Kγ

(
ψγ u

kwk,φ3

)
+ Re

1−ε

(
Lγ

(
ψγ v

kwk,φ3

)
−

(
ψγ

(
β2u

k − β1v
k
)
wk,φ3

))
= − 1

1−ε

(
Kγ(τ̂ k

sr,φ3) + Lγ(τ̂ k
sθ,φ3) +

(
β1τ̂

k
θs − β2τ̂

k
rs,φ3

))
,(

∂
∂r

(
rβuk

)
+ ∂

∂θ (βvk), ϕ
)

= 0, for every (φ1,φ2,φ3, ϕ) ∈ Vδ,h ×Qh.

• Calculate the new iterate τ̂ k+1 as the solution of the transport problem(
τ̂ k+1

ij , rβσ�

)
+WeBh

(
uk, vk, τ̂ k+1

ij ,σ�

)
=

(
Gij

(
uk, τ̂ k),σ�

)
∀σ ∈ (Th)6.

• Find uk+1 ≡ (uk+1, vk+1, wk+1, pk+1) solution of the Navier-Stokes system
(NS)k+1.
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Taking into account this algorithm, our aim is to write the linear systems cor-
responding to problem (Ph) at a given iteration k. To simplify the presentation,
we will consider the case of creeping non-Newtonian flows, which corresponds to
Re = 0.

Given τ̂ k, expressing the corresponding approximate solutions uk, vk, wk and
pk in the basis of Vδ,h and Qh

uk =
nh∑
i=1

uk
i φ

i
1, vk =

nh∑
i=1

vk
i φ

i
2, wk =

nh∑
i=1

wk
i φ

i
3, pk =

mh∑
i=1

pk
i ϕ

i,

we obtain the following linear system⎛⎜⎜⎝
A1 A2 0 1

1−ε A3

A4 A5 0 1
1−ε A6

0 0 A7 0
A8 A9 0 0

⎞⎟⎟⎠
⎛⎜⎜⎝
uk

vk

wk

pk

⎞⎟⎟⎠ =

⎛⎜⎜⎝
bk

1

bk
2

bk
3

0

⎞⎟⎟⎠
where

(A1)ij = 2Kγ

(
ψγ

∂φj
1

∂r , φ
i
1

)
+ Lγ

(
βψγ−1

∂φj
1

∂θ , φ
i
1

)
+ 2

(
ψγ−1

(
β2 + β2

2

)
φj

1, φ
i
1

)
,

(A2)ij = Lγ

(
ψγ−1

(
rβ

∂φj
2

∂r − βφ
j
2

)
, φi

1

)
+ 2

(
ψγ−1

(
β2 ∂φj

2
∂θ − β1β2φ

j
2

)
, φi

1

)
,

(A3)ij = −Kγ+1

(
ψγϕ

j , φi
1

)
,

(A4)ij = Kγ

(
βψγ−1

∂φj
1

∂θ , φ
j
2

)
+ 2Lγ

(
βψγ−1φ

j
1, φ

j
2

)
−

(
ψγ−1

(
β2 ∂φj

1
∂θ + 2β1β2φ

j
1

)
, φi

2

)
,

(A5)ij = Kγ

(
ψγ−1

(
rβ

∂φj
2

∂r − βφ
j
2

)
, φi

2

)
+ 2Lγ

(
βψγ−1

∂φj
2

∂θ , φ
i
2

)
+

(
ψγ−1

((
β2 + 2β2

1

)
φj

2 − rβ2 ∂φj
2

∂r

)
, φi

2

)
,

(A6)ij = − Lγ+1

(
ψγϕ

j , φj
2

)
,

(A7)ij = Kγ

(
ψγ−1

(
rβ

∂φj
3

∂r − β2φ
j
3

)
, φi

3

)
+ Lγ

(
ψγ−1

(
β

∂φj
3

∂θ + β1φ
j
3

)
, φi

3

)
+

(
ψγ−1

(
(rδ)2 φj

3 + ββ1
∂φj

3
∂θ − rββ2

∂φj
3

∂r

)
, φi

3

)
,

(A8)ij =
(
rβ

∂φj
1

∂r + (β + β2)φ
j
1, ϕ

j
)
,

(A9)ij =
(
β

∂φj
2

∂θ − β1 φ
j
2, ϕ

j
)
,

and where the vectors bj (j = 1, 3) are given by(
bk

1

)
i
= − 1

1−ε

(
Kγ(τ̂ k

rr, φ
i
1) + Lγ(τ̂ k

rθ, φ
i
1) +

(
β2τ̂

k
ss + βτ̂ k

θθ, φ
i
1

))
,(

bk
2

)
i
= − 1

1−ε

(
Kγ(τ̂ k

θr, φ
i
2) + Lγ(τ̂ k

θθ, φ
i
2)−

(
β1τ̂

k
ss + βτ̂ k

rθ, φ
i
2

))
,
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bk

3

)
i
= − 1

1−ε

(
Kγ(τ̂ k

sr, φ
i
3) + Lγ(τ̂ k

sθ, φ
i
3) +

(
β1τ̂

k
θs − β2τ̂

k
rs, φ

i
3

))
+ 1

1−ε

(
rψγ p

∗, φi
3

)
.

After obtaining (uk, vk, wk, pk), we consider the transport equation to get
τ̂ k+1 ≡

(
τ̂ k+1

ij

)
. Using the local basis functions {ζ�}�=1,2,3 ⊂ Th, the local sys-

tem for the approximate transport problem can be written as

Akτ k+1
ij +

(
Ak

)− (
τ k+1

ij

)−
= Gk

ij , i, j = 1, 2, 3

with

Ak
�m =

(
ζm, rβ ζl

)
K
−We

(
ζm, rβu

k ∂ζl

∂r + βvk ∂ζl

∂θ

)
K

− We
2

((
rβ ∂uk

∂r + β ∂vk

∂θ + (β + β2)uk − β1v
k
)
ζm, ζl

)
K
,(

Ak
)−
�m

= We
∫

∂K−(ruh,vh)

βζ−m
(
ζl − ζ−l

) (
ruknr + vknθ

)
ds,(

Gk
ij

)
�
=

(
Gij

(
uk, τ̂ k), ζ�)

K
,

where ζ−� denotes the �th basis function over the correspondent adjacent element
to K by an inflow edge, G is the function given by (3.5). The local systems lead
to a linear system of the form

Mkτk+1
i = Ck

i ,

where Mk is a non-symmetric matrix whose dimension is twice the number of
nodes in the triangulation.

4.3. Numerical results

The domain Σ defined by (3.3) is discretized using triangles. Referring to the
algorithm, we see that a Navier-Stokes system has to be solved for (u, v, p), a
Poisson equation for w and a transport equation for τ̂ . The velocity is set to zero
on the lateral surface of the pipe. The non-dimensional stream function ψ can be
written with respect to the components u and v, as

u = − 1
rβ

∂ψ

∂θ
, v =

1
β

∂ψ

∂r
.

and the wall-shear stress is τ w = − (T · n) · λ |r=1. In this particular case, τ w is
given by

τ w = − 2(1− ε)
(

∂u
∂r −

(
∂v
∂θ + u

))
|r=1 sin θ cos θ

− (1 − ε)
(

∂v
∂r +

(
∂u
∂θ − v

))
|r=1

(
sin2 θ − cos2 θ

)
− (τ rr − τ θθ)|r=1 sin θ cos θ − τ rθ|r=1 (sin2 θ − cos2 θ).

In what follows, we consider the numerical simulation of fully developed
steady Oldroyd-B flows with constant and non constant viscosity, in a curved
pipe with constant cross section. The behavior of creeping (i.e., Reynolds number
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set to zero) and inertial flows (non-zero Reynolds number) is analyzed for different
values of the parameter involved in the governing equations (the Reynolds number
Re, the Weissenberg number We, the curvature ration δ, the non-dimensional vis-
cosity parameter η and the exponent q appearing in the power-law type viscosity).
A continuation method is carried out to implement these different tests.

4.3.1. Creeping generalized Oldroyd-B flows. In this section, we are interested
in the qualitative study of creeping flows (Re = 0) for generalized Oldroyd-B
fluids, and especially on the behavior of the secondary motions and of the wall
shear stress. In order to analyse the combined effect of the viscoelasticity, the
non-constant viscosity and the curvature ratio, several calculations were achieved.

Figure 2. Streamlines (top) and wall shear stress (bottom) for
creeping Oldroyd-B flows, for the curvature ratio δ = 0.001.

It is well known that in the case of creeping Oldroyd-B fluids, the viscoelastic-
ity promotes secondary flows characterized by two counter-rotating vortices, that
the global behavior is stable, and is of Newtonian type. We did not observe any
notable changes in the nature of the flow when varying the characteristic para-
meters (Weissenberg number and curvature ratio). The only difference lies in the
values of the stream function and of the wall shear stress, which increase with
these parameters, and also in a slight shift to the left of the vortices with increas-
ing curvature ratio. Figure 2 displays the flow behavior for the curvature ratio
δ = 0.001.

In a second step, we consider the more general case of Oldroyd-B fluids with
non constant viscosity. Fixing the curvature ratio δ and the viscosity parameter η,
we implement a continuation method with respect to the exponent q, for different
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values of the Weissenberg number. The values of the maximum exponent for which
convergence is ensured are shown in Table 1. As one can see, and as expected, qmax

depends on the different parameters. In particular, the values decrease when these
parameters increase. We also observe that there is no convergence, for the curvature
ratio δ = 0.2, with We = 5 and the same values of the viscosity parameter η.

We 1 2 3 4 5
δ = 0.001

η = 0.4 21.6 6.80 6.75 7.32 6.93
0.5 4.70 4.57 4.45 4.15 3.95
0.6 3.05 2.85 2.60 2.30 2.00

δ = 0.1

η = 0.4 8.92 1.02 0.58 0.45 0.36
0.5 1.53 0.60 0.42 0.32 0.26
0.6 0.80 0.45 0.32 0.26 0.21

δ = 0.2

η = 0.4 3.31 0.62 0.42 0.32 −
0.5 0.91 0.45 0.32 0.24 −
0.6 0.60 0.34 0.24 0.19 −

Table 1. Maximum values of |q|.

Numerical results (using finite element methods) show some changes in flow
characteristics and that the viscosity influences its behavior. In summary, we have
two phases:
• A phase of variation in the behavior passing from the standard Oldroyd-B

type to a new type.
• A phase of stabilisation in the new type.

More precisely, for small values of |q|, we observe a surprising phenomenon. Ini-
tially, the secondary flows involve non-zero values and are characterized by two
counter-rotating vortices. As q increases in absolute value, the streamlines in the
core region become less dense, the size of the couple of vortices reduces, and the
flow is driven near the wall pipe. We observe the formation of boundary layers
flows with a pair of new vortices, initially weak and elongated, strengthening and
dominating as the viscosity exponent increases. In contrast, the original secondary
flows become more and more weak before vanishing when the level of the exponent
viscosity reaches a critical value. The orientation of the new contours is opposite,
as well as the sign of the stream function, suggesting a transition to a different
regime.

It is interesting to observe that this behavior is global, in the sense that it is
seems to be independent of the Weissenberg number and of the curvature ratio,
and occurs for the same values of the viscosity exponent q. Figure 3 illustrates the
behavior of the streamlines in the particular case of a curvature ratio δ = 0.001 and
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viscosity parameter η = 0.4. The influence of the viscosity parameter is evident,
and as η increases the transition occurs earlier. Moreover, because of the effect
of the curvature, the new two vortices are not localized in the center of the cross
section but are slightly translated.

Figure 3. Qualitative behavior of the streamlines for creeping
generalized Oldroyd-B flows, with η=0.4 and for different values
of |q| (δ=0.001).

Figure 4. Wall shear stress for creeping generalized Oldroyd-B
flows, with η=0.4 (δ=0.001).

We also noticed variations in the wall shear stress (see Figure 4). It can be
observed that during the transition, the amplitude of the wall shear stress decreases
and the corresponding curves are inverted in comparison with the Oldroyd-B case.

After the transition phase, and before reaching some “critical” value of the
viscosity exponent, the flow is qualitatively more stable. The streamlines are sym-
metric and the global behavior of the wall shear stress remains unchanged. This
critical value of q depends on the viscoelastic parameter, on the viscosity parame-
ter, and particularly on the curvature ratio. Globally, the changes which occur from
now on, are similar in some aspects to those already noticed for the generalized
Newtonian flows [1, 3].

In particular, for η = 0.4, for relatively small Weissenberg numbers (We =
2, 3, 4), and especially in the case of small curvature ratio, we observe a variation
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Figure 5. Streamlines for creeping generalized Oldroyd-B flows
with η=0.4 and |q| = 6, 6.4, 6.5 (from left to right), for different
Weissenberg numbers We (δ=0.001).

in the shape of the vortices, their displacement to the core region, the concentration
of the contours in this region and the beginning of a counter-clockwise rotation.

In Figure 5, we plot the streamlines corresponding to this case. The rotation
is more pronounced when the Weissenberg number is small suggesting that the
viscoelasticity, as well as the inertial forces in the case of generalized Newtonian
flows, has an opposite effect [1, 3].

However, contrarily to the generalized Newtonian flows, the viscosity expo-
nent corresponding to the initiation of the rotation is not constant. As can be
seen in Table 2, it depends on We and as this parameter increases, the rotation
initiates earlier. Moreover, the viscoelastic parameter affects the maximum angle
and the development of the rotation: for We = 2, the contours are left-rotating
(L), for We = 3 they are initially left-rotating and then right-rotating (R) before
stabilizing symmetrically (S). Finally, when the We increases, there is no more
rotation and the contours remain symmetric.
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Figure 6. Wall shear stress for creeping generalized Oldroyd-B
creeping flows with η=0.4 and |q| = 6, 6.4, 6.5, 6.8 (δ=0.001).

We 2 3 4 5
δ = 0.001

η = 0.4 6.30 6.25 − −
L L-S S S

0.5 4.50 4.30 − −
R R(slight) S −

Table 2. Values of |q| initiating the rotation.

Parallel modifications can be observed concerning the wall shear stress. Fig-
ure 6 shows the corresponding curves for η = 0.4 and for different values of the
Weissenberg number. For We = 5, the curves corresponding to different viscosity
exponents q are identical, suggesting that the wall shear stress is stable in this case.
For We = 4, the global behavior of the curves is similar but with variations in the
amplitudes. When the viscoelastic parameter is set to 3, small modifications could
be observed in comparison to the previous case. In particular, for q greater than
the critical value qvar initiating the rotation, we lose the symmetry with respect
to the horizontal axis, and the wall shear stress takes negative values at θ = 0 and
2π. This fact is more pronounced for We = 2, with lost of symmetry with respect
to the axis θ = π. The same differences are obtained when η = 0.5. The sign of the
wall shear stress for values of q greater than qvar is positive. This strongly suggests
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the existence of a relation between the sign of τw at the points θ = 0 and 2π, and
the orientation of the rotation.

A final observation is related to the maximum values of the stream function.
Independently of the viscoelastic and viscosity parameters, the maximum values
dramatically increase in the neighborhood of the critical value qvar. For the cases
where the maximum value of the exponent q is big enough, we observe that after
this peak, the maximum values decrease before stabilizing.

4.3.2. Inertial generalized Oldroyd-B flows. In the previous subsection, we studied
the behavior of the generalized Oldroyd-B flows in the absence of inertia (creeping
flows). Our aim here is to consider the more general case of inertial flows, and to
analyse the effect of the Reynolds number in combination with the Weissenberg
number, the viscosity parameter η, the exponent q, and the curvature ratio δ.

We first consider a pipe with a small curvature ratio (δ = 0.001) in the case
of a constant viscosity (inertial Oldroyd-B fluid). The secondary flows exist and
the corresponding stream function and wall shear stress have globally the same
behavior as the creeping Oldroyd-B flows. At this stage, the nature of the flow is
qualitatively identical to that of a Newtonian fluid.

In order to compare with the case of generalized creeping flows, the viscosity
parameter η is set to 0.4, 0.5, 0.6 and as previously, several tests were performed for
different values of the Weissenberg and the Reynolds numbers, with a continuation
in the exponent q.

One of the first remarks is that the transition phenomenon observed in the
case of generalized creeping flows does not hold, even for relatively small Reynolds
number (Re = 15). This fact is evident when η takes the values 0.4 and 0.5 and
the behavior in these two cases is close to that of inertial generalized Newtonian
flows.

Fixing η = 0.4, and varying the Reynolds and the Weissenberg numbers,
the flow is globally stable for q less than some critical value. From the contours
of the stream function and of the wall shear stress for the exponent |q| ≤ 5, we
observe that the qualitative behavior is similar and independent of both inertia and
viscoelasticity. The only difference lies in the values and the magnitude of these
quantities, which clearly depend on the involved parameters. In the neighborhood
of a critical value of q, the behavior presents some changes and is no more uniform.
The rotation already observed initiates, and its orientation depend on Re andWe.
Indeed, fixing the Reynolds number to 15, we can see that for We = 2, a counter-
clockwise rotation occurs for qvar = −6 and that the contours remain stable till
we reach the maximum value for which the convergence is ensured. For We = 3,
the stream function initiates a very slight counter-clockwise rotation at the same
value qvar, but recovers the symmetry very quickly. Finally, for We = 3, the same
behavior is captured, but with a very slight clockwise rotation. The wall shear
stresses behave in an analogous way. In order to emphasize the role of the inertia,
we fixed the Weissenberg number and increase the Reynolds number.



Flows of Generalized Oldroyd-B Fluids in Curved Pipes 39

In a second step, we consider the case η = 0.5. For Re = 15, we can observe
that the Weissenberg number favorite the clockwise rotation (cf. Figure 7). Indeed,
when the Weissenberg number is small (even with larger exponent viscosity), the
contours remain symmetric. As We increases, the rotation initiates and holds ear-
lier. On the other hand, the Reynolds number does not seem to have a significative
influence on the nature of the flow. We implement several tests corresponding to
larger values of this characteristic parameter (Re = 1, 15, 30, 50, 70) and did not
observe any significative difference.

Table 3 summarizes the results of the maximum values of viscosity parame-
ter |q| with respect to the viscoelasticity (We) and the inertia (Re) parameters,
as a function of the curvature ratio (δ). For fixed δ and We, the value of |q| de-
creases when Re increases. The same occurs if δ and Re are fixed: the value of
|q| decreases when We increases. The curvature ratio associated with (Re) and
(We) has a strong influence on the convergence, since it can be shown that when
these parameters increase, the values of |q| decrease considerably and in some cases
convergence is not achieved.

Figure 7. Streamlines and wall shear stress for inertial generali-
zed Oldroyd-B flows with η = 0.5, Re = 15,We = 1 and different
values of the |q| (δ = 0.001).

The case η = 0.6 is certainly the more surprising. For large values of the
Reynolds number and for the achieved viscosity exponents, the behavior seems to
be stable and no notable fact can be observed. The more interesting variations
were observed for relatively small Reynolds numbers. Fixing for example Re = 15
and varying the Weissenberg number, we observe that the behavior is qualitatively
stable for small values of this parameter. For We = 3, 4 and 5, some new phenom-
enon initiates. The characteristics are very similar to those observed in the case
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We 1 2 3 4 5
δ = 0.001

Re = 1 5.12 4.65 4.45 4.22 4.0
15 4.81 4.36 4.25 4.21 3.95
30 4.78 3.76 3.54 3.37 3.25
50 3.60 3.03 2.81 2.62 2.46
70 3.44 2.57 2.23 1.94 1.72

δ = 0.1

Re = 1 2.47 0.7 0.46 0.36 0.3
15 0.51 0.15 − − −
30 0.05 − − − −
50 − − − − −

δ = 0.2

Re = 1 1.26 0.53 0.36 − −
15 0.23 − − − −
30 − − − − −

Table 3. Maximum values of |q| with η = 0.5.

of generalized creeping flows during the phase transition: formation of boundary
layers and a pair of new vortices or strengthening of the new contours and weak-
ening of the original ones. However, in contrast with the creeping flows, the new
state is not stable and at some level the inverse phenomenon initiates (Figure 8).

For this particular viscosity parameter, Table 4 shows the results of the max-
imum values of |q|, obtained for different We and Re numbers, in the case of
δ = 0.001. Comparing with Table 3 for the same curvature ratio, the same effects
of viscoelasticity and inertia on |q| can be observed.

We 1 2 3 4 5
δ = 0.001

Re = 1 3.10 2.89 2.68 2.6 2.56
15 2.88 2.67 2.60 2.55 2.51
70 1.69 1.39 1.20 1.05 0.95

Table 4. Maximum values of |q| with η = 0.6.

5. Conclusion

This paper is devoted to finite element simulations of flows of incompressible vis-
coelastic non-Newtonian fluids of Oldroyd-type through pipes of uniform circular
cross-section, and follows the work already published in [1] and [3] for generalized
Newtonian fluids. We compare the quantitative and qualitative behavior of the
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Figure 8. Streamlines and wall shear stress for inertial genera-
lized Oldroyd-B flows with η=0.6, Re=15 and We=5 (δ=0.001).

secondary streamlines and the wall shear stress for creeping and inertial generali-
zed Oldroyd-B flows, performing computations for different values of the Reynolds
number, the Weissenberg number, the curvature ratio and the non-dimensional
viscosity parameters involved in the governing equations.

In particular, we observe interesting viscosity effects such that, for small
curvature ratio and within a certain range of viscosity parameters, the secondary
streamlines contours undergo a counter-clockwise rotation and lose symmetry. The
complexity of the flow characteristics shown in the numerical tests suggest that
further theoretical analysis is needed to study the existence of more than one
solution and investigate the corresponding stability, for a range of appropriate
non-dimensional parameters.

More detailed discussion and numerical results can be found in [19] where
the generalized Newtonian flows are obtained as a particular case of generalized
Oldroyd-B flows, in the limit of vanish Weissenberg number (neglected viscoelastic
effects). The numerical validation of the present results, using the perturbation
method [24] is a work in progress.
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