Chapter 2
Basic Conservation Equations
for Laminar Convection

Abstract In this chapter, the basic conservation equations related to laminar fluid
flow conservation equations are introduced. On this basis, the corresponding con-
servation equations of mass, momentum, and energy for steady laminar forced con-
vection boundary layer are obtained.

2.1 Continuity Equation
The conceptual basis for the derivation of the continuity equation of fluid flow is the

mass conservation law. The control volume for the derivation of continuity equation
is shown in Fig. 2.1 in which the mass conservation principle is stated as

mincrement = min - mout- (2'1)
where mincrement €Xpresses the mass increment per unit time in the control volume,

iy represents the mass flowing into the control volume per unit time, and 14y is
the mass flowing out of the control volume per unit time. The dot notation signifies

a unit time.

Moyt
dz
Fig. 2.1 Control volume for Min |- %
derivation of the continuity / dx
equations
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In the control volume, the mass of fluid flow is given by p dx dy dz, and the mass
increment per unit time in the control volume can be expressed as

. a
Mincrement = £dx dydz. (2.2)

The mass flowing per unit time into the control volume in the x direction is given
by pw,dy dz. The mass flowing out of the control volume in a unit time in the x
d(pwy)

direction is given by |:,0 wy + dxi| dy dz. Thus, the mass increment per unit

d(pwy)

time in the x direction in the control volume is given by dx dy dz. Similarly,
the mass increments in the control volume in the y and z directions per unit time are

3(pw, 9
(OWy) 4 dx dz and —(‘; w2)
Z

given by dz dx dy, respectively. We thus obtain

d(pwy) " d(pwy) n d(pw;)
0x ay 0z

Hlout — Mlin = |: ] dx dydz. (2.3)

With (2.2) and (2.3), (2.1) becomes in Cartesian coordinates:

8_,0 + d(pwy) + d(pwy) i d(pw;z) _

0, (2.4)
ot 0x ay 0z
or in the vector notation
ap -
-tV (ew) =0, (2.5)

-
where W = iwy + jwy + kwy, is the fluid velocity.

For steady state, the vector and Cartesian forms of the continuity equation are
given by

9 9 9
a(pwx) + 5(/}%) + a_Z(sz) =0, (2.6)
and
9 9
a(pwx) + 5(0%) =0, 2.7

respectively for three- and two- dimensional continuity equations.
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2.2 Momentum Equation (Navier—Stokes Equations)

The control volume for derivation of the momentum equation of fluid flow is shown
in Fig. 2.2. Take an enclosed surface A that includes the control volume. Meanwhile,
— —
take Fp, as mass force per unit mass fluid, F v as the total mass force in the control
— . . —

volume, T, as surface force per unit mass fluid flow at per area of surface, 7, 4 as
surface force in the control volume, Gincrement @ momentum increment of the per
unit mass fluid flow at unit time, and Gincrement @5 momentum increment of the fluid
flow per unit time in the volume. According to the momentum law, the momentum
increment of the fluid flow per unit time in the control volume equals the sum of
total mass force and surface forced in the same volume, as

g —
Gincrement = Fmv + Tn A (2.8)

- —> . .
Fm.v> Tn A, and Gipcrement 10 the control volume are expressed as, respectively,

Fmy =/ p FndV, (2.9)
\%

— —

TnA :/ Tn dA, (210)
A
D —

Gincrement = _/ pWdV. 2.11)

Dt 4

According to tensor calculation, the right side of (2.10) is expressed as

/?,,dA:/ V. [z]dV, (2.12)
A %4

where V - [7] is divergence of the shear force tensor.
With (2.9), (2.10), (2.11), and (2.12), (2.8) is rewritten as

D - -
= deV:/ medv+/ V. [z1dV, (2.13)
Dt Jy v v

— Gy in — —> G .
X, ou

Fig. 2.2 Control volume for
derivation of momentum
equations dx

dy
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i.e.
D e
f M—,0F—V-[1'] dVv =0. (2.14)
v Dt
Therefore, we have
D
(o W) p F+V - [1]. (2.15)
Dt

This is the Navier—Stokes equations of fluid flow. For Cartesian coordinates, (2.15)
can be expressed as

D(pwy) . 0Ty n 0Tyx n 0T,

= , 2.16
Dt ox ay 0z + 08 ( )
D(pwy)  9tyy  0Tyy = 0Ty
= - , 217
Dt ox Ty T e TP% 2.17)
D(pw;) 0Ty, 0Ty, 07,
= , 2.18
Dt ox oy | ag TP (2.18)
where
i n 2 wa +2 owy
Ty = — - ,
I L WP Bz ox
[ 2 [Owy dw,y
= — == 22—
oy _p+3“(ax az>+“ay
i 2 0wy dw,
- _ S == 2 ,
fiz _p+3u(8x az) * Maz
Bw}
Txy = Tyx = U y
awz E)wy
Tyz = Tzy = M 9z

awx ow,
Tox =Tz = U Py + ax )

&x» &y~ and g; are gravity accelerations in x, y, and z directions, respectively.
Then, (2.16) to (2.18) become

D(pwy) ap a3 ow a dwy, 0wy 9 <3wx dw;
= - — 2— _— = —_ _—
Dt a e\ ) T M\ T ) T 1M G T s

a0 [2 ow, dwy, Jw;
N (el ) < , 2.19
ax [3M<( ax * ay 0z )]-l—pgx (-19)
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D(pwy) op 0 dw,  dwy 0 ow, d owy,  dw;
s EAN AT _y 2 - - oy oy T
Dt w T M\ T ) e B ) e M\ Ty

a [2 owy n dwy n ow, n (2.20)
ay 13" \ax Ty T ez P8y '
D(,owz) op a owy,  Jdw, a dwy  dw, ad 8wz
= —_ et A 22—
pr w al\T ta )T\ % e )T M e
0 [2 [ow, OJwy Jdw;
-— = — 2.21
0z |:3,u< 0x + dy * 0z g (21)

For steady state, the momentum equations (2.19) — (2.21) are given as follows,
respectively,

Wy n Wy n oWy n ap n ap n ap
— w w w w w =
ax 0 ay U az ¢ A\ Ty Tz
op 0 owy 0 owy,  Jdwy 0 owy  Jdw;
9x ax <M ax ) ay ( ay + 0x + 9z H 0z * 0x
a |2 owy n dwy N ow, n 2.22)
ox |37 Uox dy z P8z '

dwy dwy dwy 0 ap ap
,(?(W x+a— y+a—zwz>~l—wy<wxa + vy -I-wza—Z =
op 0 dwy  dwy ad dwy 0 dwy  dw,
_r 7 7 I et 2 it a4
ay+ax[“<ay+ax ey ) T M\ Ty
d [2 ow, dwy Jw;
- — = — , 2.23
ay[3“<ax+ay+az T P8y (223)
Jw ow ow ap ap ap
p(a—fw”a—;wy*a—zsz) + (“’Xa—ﬁ ya—“’faz) -
ap d ow,  Jw; a wy,  dw, a Jw,
_r 2 , 2 ) , & ,
az+ax[“<az+ax>]+ay[“<az+ay HRFTAGIE
a [2 dwy n dwy n ow; n (2.24)
oz 13" \ox Ty T ez P '

Let us compare term ,0(

a dw, . 9
Wy + 5 Swy + 3 wz> with term wy (wxﬁ—i—

i : Jwy Jdwy wa
Wy gy +wzyo ) in (2.22). In general, derivatives =*, oy and 3. are much

larger than the derivatives aa’;j , a%‘ and ap" , respectively. In this case, the term

Wy (wx I T wy 3” + w5 ) is omitted, and (2.22) is rewritten as generally
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dwy owy owy ap ad owy
X X — L4
p(axwX+8ywy+ 8zwz> 8x+ 8x<'u8x>
0 dwy  dwy 0 owy  Jw;
+3y|:u(8y+8x>j|+8z|:'u<ﬁz+8x

a2 awx+awy+awz " 225
ox 13"\ ox Ty T oz PEx- (2.25)

Similarly, in general, (2.23) and (2.24) are rewritten as respectively
owy owy owy ap 0 owy,  dwy
p(axWX+ aywy+ azwz N 8y+8x a 8y+8x

0 ow d Jw ow
== - - <
* 8y<“ 8y)+81[”<3z - 8y>}

2 (dwy Odw, Jw,
- oy 2.27
az[3”<ax+aerazﬂijgZ (227

2.3 Energy Equation

The control volume for derivation of the energy equation of fluid flow is shown in
Fig. 2.3. Take an enclosed surface A that includes the control volume. According to
the first law of thermodynamics, we have the following equation:

Wout /

dz

Fig. 2.3 Control volume / dy

for derivation of the energy Oin
equations of fluid flow dx
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AE = Q + Wou (2.28)

where AE is energy increment in the system per unit time, Q is heat increment in
the system per unit time, and Wy denotes work done by the mass force and surface
force on the system per unit time.

The energy increment per unit time in the system is described as

AE =P +W2 dv (2.29)
_D‘L' V,O ¢ 2 ’ ’

2
where t denotes time, - is the fluid kinetic energy per unit mass, W is fluid
velocity, and the symbol e represents the internal energy per unit mass.
The work done by the mass force and surface force on the system per unit time
is expressed as

. d — — —
Wout = / pF-wdVv +/ T, - WdA, (2.30)
\% A

- . - . . .
where F is the mass force per unit mass and t,, is surface force acting on unit area.
The heat increment entering into the system per unit time through thermal con-
duction is described by using Fourier’s law as follows:

. at
0= : )L%dA, (2.31)

where n is normal line of the surface, and here the heat conduction is considered
only.
With (2.29) to (2.31), (2.28) is rewritten as

D w2 - - -~ - ot
Z | oler ZNav=|[ pF-wdv+ | 7, -wdA+ | r2dA, (2.32)
1% 1% A A On

Dt 2
where
2 < Kz) dVv = 2 < Kz) dv (2.33)
Dt V'O e+2 _/VDI|:'O e+2 ] ’ '
fa-v?dAzfZ[r]WdA:/7([r1~v?)dA=fV-([r]-v?)dv,
A A A v
(2.34)
ot
/k—dA:/ V.- (AVHdV. (2.35)
A on 14

With (2.33), (2.34), and (2.35), (2.32) is rewritten as
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2 - - —
/ D |:p (e + K)] av = / P F-WdV+/ V-([t]-W)dV+/ V. (AVHdV.
v Dt 2 v v v 236

Then

—[ﬂ <e+—>} =pF -WHV-([tr]- W)+ V- (AVi), (2.37)
Dt 2

where [7] denotes tensor of shear force.

Equation (2.37) is the energy equation.

Through tensor and vector analysis, (2.37) can be further derived into the follow-
ing form:

D(pe)
Dt

[t]-[e] + V- WV0). (2.38)

Equation (2.38) is another form of the energy equation. Here, [7] - [¢] is the scalar
quantity product of force tensor [t] and deformation rate tensor [¢], and represents
the work done by fluid deformation surface force. The physical significance of
(2.38) is that the internal energy increment of fluid with unit volume during the
unit time equals the sum of the work done by deformation surface force of fluid
with unit volume and the heat entering the system.

With the general Newtonian law, the tensor of shear force is expressed as

2 —
[t] =2ule] — (p + guV . W) [1], (2.39)

where [/] is unit tensor.
According to (2.39) the following equation can be obtained:

- 2 —
[t]-[e] = —pV - W —Zpu(V- W)2 + 2ule]?. (2.40)

Then, (2.38) can be rewritten as

D
l()pe) — PV W 4D+ V- (L), (2.41)
T

=
where ® = —%M(V W2+ Z;L[e]2 is viscous thermal dissipation, which is further
described as

dw, \? dwy 2 dw, \? dwy,  Jdwy 2
D=pu12 21 — 2 —
M{ ( ax ) + ( ay * 0z * ay * ax

dwy dw,\* [ow, odwy\> 27, =72
- —Zla , 2.42
+<8Z+8y) +(8x+8Z > [divow) | (2.42)




2.3 Energy Equation 29

where

owy, dwy dwy,

div(w) = .
(W) dx + ay 0z

According to continuity equation (2.5), we have

VVY/— 1Dp D (1
- pDr_'ODt p)’

With the above equation, (2.41) is changed into the following form:

D(pe) D (/1 _
|: De + ppD—T <;>i| =&+ V. (AVr). (2.43)

According to thermodynamics equation of fluid, we have

D(ph)  D(pe) D (1 Dp
= — — | - —_—. 2.44
Dt Dt +ppDr P +Dr ( )
Then, Equation (2.43) can be expressed as the following enthalpy form:
D(ph) _ Dp
=—+®+ V-V, 2.45
De D, TV VD (2.45)
or
D -t D
Dlocy-D _Dp | 41 v. o, (2.46)
Dt Dt
where h = ¢, - t, while ¢, is specific heat.
In Cartesian form, the energy (2.46) can be rewritten as
d(pcy -t a(pcp -t d(pcp -t a(pcp -t
(pai ) +w, (loa)p; ) +w, (pap ) +w, (pap )
Y ‘ 2.47)

_DP+ a Aat n a Aat n a Aat P

Dt 9x \ dx ay \ dy dz \ 0z ’

For steady state, the three-dimensional Cartesian form of the energy equa-
tion (2.47) is changed into

» 8(pcpt)+w‘8(pcpt)+w8(pcpt)=i , 0 +i 0
T ox Y By “az ax \ ox ay " dy

0 ot
— [ A— (O} 2.48
+o ( 8Z> + (2.48)
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Above equation is usually approximately rewritten as

ey 1) dep-1)  depon] B [ o\ @ [ o
) = — | A— — | A—
P [wX ax T Ty TR ax Vax ) Ty Uy

0 at
— (A= D, 2.49
+2 ( 8Z) te (249

where the temperature-dependence of density is ignored.
For steady state, the two-dimensional Cartesian form of the energy equa-
tion (2.48) is changed into

0 t d t 0
w, 20D eyt D

ot
y A
ax ay ax

L0 e (2.50)
ax ay \' 9y ' '

Above equation is usually approximately rewritten as

d(cpt) d(cpt) ad at ad ot
, = — ([ A—t — | A— . 2.51
"[“’x T gy ] ax<ax>+8y(ay>+ @D

With the two-dimensional form, the viscous thermal dissipation is

dw, \2 Jwy \ dwy  Jwy 2o2r, o2
d=pi2 2 - — ) —=|d , (252
M{ < ax ) + < ay ) + ay * ox 3 [ W(W)] 2.52)

where

dwy  Jdwy

div(W
W) =St oy

2.4 Governing Partial Differential Equations of Laminar Forced
Convection Boundary Layers with Consideration of Variable
Physical Properties

2.4.1 Principle of the Quantitative Grade Analysis

The general governing partial differential equations can be transformed to the
related boundary layer equations. In fact, the only difference between the gov-
erning equations of free and forced convection is that buoyant force is only
considered in the related momentum equation of free convection. Before the
quantitative grade analysis, it is necessary to define its analytical standard. A
normal quantitative grade is regarded as {1}, i.e. unit quantity grade, a very
small quantitative grade is regarded as {J}, even very small quantitative grade
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is regarded as {82}, and so on. Then, % = {1}, % = {1}, % = {571},
1 -

=07

Furthermore, according to the theory of laminar forced boundary layer, the quan-
tities of the velocity component w, and the coordinate x can be regarded as unity,
ie. {wy} = {1} and {x} = {1}. The quantities of the velocity component w, and
the coordinate y should be regarded as §, i.e. {wy} = {6} and {y} = {§}. However,
the quantity of temperature ¢ can be regarded as {t} = {1}, the quantity grade of
the pressure gradient g—’; can be regarded as unity, i.e. [g—i’} = {1}, but the quan-

tity grade of the pressure gradient g—’y’ is only regarded as small quantity grade, i.e.

{g_f} = {8).

According to the quantitative grade of the general fluid, the quantitative grade
of density p, thermal conductivity A, absolute viscosity w, and specific heat ¢
are {p} = {1}, {A} = {82}, {u} = {82}, and {c,} = {1}. In addition, for gravity
acceleration, we have {g,} = {0}, and {g,} = {1} for forced convection.

2.4.2 Continuity Equation

Based on the (2.7), the steady-state two-dimensional continuity equation is given by
% (pw) + = (owy) = 0 (253)
_— w —_— w = .
ax PWx 3y PWy

where variable fluid density is considered.

According to the above principle for the quantity analysis, now, we take the
steady-state two-dimensional continuity equation (2.53) as example to do the quan-
tity analysis as follows:

d d _0
a(pwx) + 5(:0“))1) =
0 o)

o e
ie. (1) + 1y =0 (2.53a)

The above ratios of quantity grade related to the terms of (2.53) shows that both
of the two terms of (2.53) should be kept, and (2.53) can be regarded as the continu-
ity equation of the two-dimensionless steady-state forced convection with laminar
two-dimensional boundary layer.

2.4.3 Momentum Equations (Navier-Stokes Equations)

The momentum equations (2.25) and (2.26) are rewritten as for steady two-
dimensional convection
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oWy oWy ap 0 oWy d dwy  dwy
" et [ AT, S _ )
P (wx ax +wy dy ) ax + ax " ox + ay H dy + ax

02, (e dw\T, -

ax 13" Uax Ty P8 2.54)
dwy dwy ap a dwy  Jdwy a dwy
= — — J— —— 2 __ 2
p<wxax+yay> ay+ax[“<ay+ax o oy

a [2 owy  Jdwy
A Ty : 2.55
g L (54 5) |+ oo (29

The quantity grades of the terms of (2.54) and (2.55) are expressed as follows,
respectively:

oWy Wy Bp d oWy 0 dwy  Jdwy
— twy,— | = +2— + — + —
P <wx ax Wy ay ) Cax ax H ax dy H dy ax
a [2 dwy n dwy n
ax 3\ ox T oy p8x

{1} {1} {1y o {1y {1} L, {1} {6}
D1} — + {8} — sl Uieo, U
{H{ }{]} + { }{8}) {1} + {1}{ }{1} + {3}{ ]({8} 0

{1 1) {8}
- —4 0 .
) ({1} {6})+{ HO} (2.54a)

dwy Y awy Bp n a oWy n dwy ) d dwy
w2y __%2 9 oWy 9 )
oW ax Wy dy ay  0x H dy ax ay H dy

D2, (dwe 0w\,
ay 13" Uax T oy P8y

{18} + {8 = {8} + ({8} + 187D + {8} — (B}({1} + {1]) + {1}{0} (2.552)

)

Here, for forced convection, the volume forces pgy and pgy are regarded as zero.
Then, the quantity grades of (2.54a) is further simplified as follows, respectively:

owy 0wy 8p 0 owy 0 owy,  dwy
il = 27— -
,0<wx ax +y ay ) ax + ax <M ox >+ ay [ ( ay + ax

0 [2 wa aw}
0x 3“
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(DAL} + (1) = {1} + {82} + {1} + (8%} — (8%} + {82D) (2.54b)

Observing the quantity grades in (2.54a) it is found that the terms 2% (M dﬁ"),

agiy ‘3} [ (dw* + Bw’ )] 2 [3M (3“’* + Bwv):l are very small and can be
ignored. Then, (2.54a) is 51mphﬁed as follows:

0wy dwy ap 0 owy
9t LY . 2.56
"(’”xax“’yay) aﬁay[“(@yﬂ (230

Comparing the quantity grades of (2.55a) with those of (2.54b), it is found that the
quantity grades of (2.55a) are very small. Then, (2.55) can be ignored, and only
(2.56) is taken as the momentum equation of steady-state forced convection with
two-dimensional boundary layer.

2.4.4 Energy Equations

The quantity grades of the terms of (2.51) for laminar two-dimensional energy equa-
tion is expressed as

d(cpt) d(cpt) _i ﬂ i i
p[“”‘ T gy }‘ax <A8x>+ay (Aay)”’
() {1}]:Q<82Q)+Q82@

{1} —+{s
{}[{} {1}+{} gyl I\ {1/ {8y {8}

(2.51a)

The quantity grade of (2.51a) is simplified to

a(c,,t) d(cpt) 0 ot 0 ot
p | Wy wy A— )+ —(r— )+ @
dx oy T ax Uox dy \ 9y (2.51b)

(1Y + (1] = (1)) + (1)

With the quantity grade analysis from (2.51b), it is seen that the term a (A ot )
very small compared with other terms, and then can be omitted from the equation.
Then, the energy equation for steady-state forced convection with two-dimensional
laminar boundary layer is simplified to

d(cpt) d(cpt) 0 at
= — (o} 2.57
p[wx 22w, S| = 2 (agn) + (2.57)

Now, we analyze the viscous thermal dissipation ®. According to (2.52), @ is
the following equation for the laminar stead state convection:
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2 2 2 2
®=pul2 owy Py owy N 8wx+8ﬂ _g 8wx+% .
ax ay ay ox 3\ dx ay

(2.52a)

With quantity grade analysis, the right side of (2.52a) is expressed as
dw, | dw,\?  fow,  dwy\? 2 (dw, dwy)?
“’:“[z(ax>“(ay)*(aﬁa—x)‘%(aﬁw)}
1’ <{6})2 ({1} {6})2 ({1} {3})2
PN = = 42 (2
{ }<<{1}) o) "o \whe

The quantity grade of the above equation is equivalent to

1
{8%) ({1} + {1} + (% 4 {62}) - (1 + {1}>2) (2.52b)

Jwy
dy
be kept. Then, for the stead state forced convection with two-dimensional boundary

layer, the viscous thermal dissipation is simplified to

0wy 2
D =pu 3 . (2.52¢)

With (2.52c¢), (2.57) is changed to the following equation

d(cpt d(cpt 3 (ot dw, |
o w, (CP ) +w, (Cp ) = 2 (2 E )+ Wy (2.58)
ax ay ay \ 9y dy

as the steady-state energy equation with laminar forced convection for two-
dimensional boundary layer.

In a later chapter, I will investigate the effect of the viscous thermal dissipation
on heat transfer of laminar forced convection.

Now the basic governing partial differential equations for description of mass,
momentum, and energy conservation of two-dimensional laminar steady-state
forced convection boundary layers are shown as follows with consideration viscous
thermal dissipation and variable physical properties:

With the quantity grade comparison, it is found that only the term © ( may

d 9
o (pwo) + 5(0%) =0, (2.53)

dwy dwy op 0 owy
TWx o, ) = P : 2.56
"(“”‘ax M ay) 8x+8y[“<ay>} (230

d(cpt) depH 9 (. Bt dwy\?
= —(r— : 2.58
oot u gl | =5 () +u(G) - e
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Suppose a bulk flow with the velocity wy ~ beyond the boundary layer, (2.56) is
simplified to the following form:

RTINS . 1dp

wx,oo—ax = ;a,
ie.
dp Wy 00
— = —pw .
dx Pthx,00 ax
Then (2.56) is changed to
oWy oWy Wy o ) owy
— + = — + — 2.56
p(“”‘ ax ay) P ay(“(@y )) (2260

Obviously, if the main stream velocity w, « is constant, i.e. aug"—”x'“’ = 0, (2.56a) is

identical to the following equations:

3wx 8wx 8 3wx
—_ — ) = — . 2.56b
p(““‘ T ay) ay[“(@)] (2:6b)

For rigorous solutions of the governing equations, the fluid temperature-
dependent properties, such as density p, absolute viscosity u, specific heat ¢,
and thermal conductivity A will be considered in the successive chapters of this
book.

The laminar forced convection with two-dimensional boundary layer belongs to
two-point boundary value problem, which is the basis of three-point boundary value
problem for film condensation.

Obviously, the basic governing partial differential equations for mass, momen-
tum, and energy conservation of two-dimensional laminar steady-state forced con-
vection boundary layers with considering viscous thermal dissipation but ignoring
the variable physical properties are obtained as based on (2.53), (2.56), and (2.58):

owy,  Jdwy

-0 2.59
ax ay ( )
9 ] 19 92
Wy o oy ox 2P, O (2.60)
dx dy 0 0x dy?
1d 9
with —— 2 =y, o T80
0 d

ar+ at v82t+(/ ) dw, \ 2 260
Wy — Wy— | = ——= v/C . .
T ox Y dy Pr 92 PIA 9y
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Now, the three-dimensional basic conservation equations for laminar convection
and Two-dimensional basic conservation equations for laminar forced convection
boundary layer can be summarized in Tables 2.1 and 2.2, respectively.

2.5 Summary

Table 2.1 Three-dimensional basic conservation equations for laminar convection (with consider-

ation of variable physical properties)

Mass
equation

i( ) i( ) i( )=0 (2.6)
g (P) + 5o (owy) + o (pw:) = .

Momentum p .
ow ow ow d il ow a ow dwy
equation ,0( Twy+ ;wy-i- sz> =2 +2— ('u x)+ [M( X4 ))]

ax F) az ox  Cax " ax dy ay ax

d dwy Jw, d [2 dwy dwy ow,

— I = = 2.25
+az[“(az+ax>] ax[a“(ax+ay+az>]+pgx 225
dw,y dw, dwy ap a dwy — dwy a owy
- - . | = —— . ) 2 )

'0( ax Wy + dy wy + 9z w('> ay + ax wl dy + dx + ay " ay
n d dwy " ow, a [2 owy " dwy " dw, " (2.26)
0z M\ 8z T oy ay 13"\ ox Ty T ez P8y '
ow; n ow; n dw, ap a dwy n ow;
w w =——+ —
P ax ay iz -~ dz  0x 9z ax

d dwy  Jw; il dw, a[2 dwy Jdwy Jw,

K ) . P ) 9|2 ) z )
+ ay [M< 0z + ay >:|+ 9z <# 9z 9z 3“ ox * dy * 0z g

(2.27)
Energy
ey -t Ay -t ey -t bl ot d ot
equation o | wy (C‘p ) + wy p 1) + w, (C‘p ) =—(A— |+ — |2
dx dy 9z ax ax dy \ dy
a at
+—(r=)+o (2.49)
0z \ 0z

dwy 2 dwy 2 dw, 2 dwy dwy 2
b = 2 2 2 L
,u,= ( ax ) + < ady + 9z * ay * ax

dwy  dw; 2 Jw,  Jwy 2 9 -2
- - - \d , 2.42
+(8z+3y>+<8x+3z 3[IV(W)} (2.42)
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Table 2.2 Two-dimensional basic conservation equations for laminar forced convection boundary
layer

With consideration of variable physical properties

Mass 9 9
equation a(ﬂwx) + @(Pwy) =0 2.7
Momentum dwy n 0wy _ ap i d dwy
equation PA\Ws—5 - T Wy 3y )= ox " ay iz 3y
dp Wy, 00
- = - 2.56
dx Px,00 ax ( )
Energy d(cpt) d(cpt) 9 (. Bt dwy \?
equation o wa + wy 2y = @ )\5 + PR (2.58)

dwy \2
(for consideration of viscous thermal dissipation u ( 3 al ) )
y

With ignoring variable physical properties

Mass
equation Jwy + dwy =0 (2.59)
dx dy
Momentum dwy owy 19p 92w,
equation Wy ==+ Wy 3y pox v 3y?
1d a
P o e (2.60)
p dx ’ ox
Enjrth'on 0 w2 v o + (v/ep) A (2.61)
uati Wy — Wy = — = v/c B
4 Yox Ty | T Pr a2 AN

Jwy \
(for consideration of viscous thermal dissipation /& (8—%> )
y
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