Chapter 2
Torsion Stresses in Thin-Walled
Multi-Cell Box-Girders

2.1 Torsion of Uniform Thin-Walled Two-Cell Box-Girders

The thin-walled box section with uniform thickness ¢ as shown in Fig. 2.1, is
subjected to a torsion moment T.

The shear flow and angle of twist for the thin-walled two cell structure shown in
Fig. 2.1 could be determined as follows.

The flexural warping coefficients are given by

8y = 1/G-j{ds/t

St

= 1/Gt- (AC +CD + DB + BA)
85 = 1/Gt - (DC + CF + FH + HD)
12 = —l/G'CD/t

Since the angle of twist is the same for the two cells, then the basic equations
are given by

B11-q) +812-qp — 2A1 -0 =0 2.1)
312-q; +82-9—2A,-0=0 (2.2)
From equations (2.2.1) and (2.2.2) we get
01102 :q) + 01282 -qy =202 -A; -0
6%2"11 +012:020-q =20812-Ay-0
Hence

ql(611 '822—6%2) :2622'A1 '9—2612'A2'6
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Fig. 2.1 Shear flow due to B D E
torsion of a thin-walled box — -—
girder with two unequal cells
— —
A C

The solution of equations (2.1) and (2.2) gives
q =028 A1 =281 Ar) /(811 -8 — 5%2)
=A-0
g, = 0- (2A1 — A1811)/812
=A,-0
where
Ay = (285 A; — 2812+ Ar) /(811 82 — 67,)
Ay = (2A; — Ay811) /812
The equilibrium condition gives

T:2A1'q1+2A2-q2

—A;-0
where
Ay = (2A1 -9 +2A2-qp)
Hence
0=1/A;-T
q =A1/A3- T
G =A/As - T

Q2 =0q —d = (A1 = A2)/A; - T.
Example 2.1 Determine the torsion shear stress and angle of twist for the two
uniform thickness thin-walled box-girder shown in Fig. 2.2.

Solution The shear flow and angle of twist for the thin-walled two cell structure
shown in Fig. 2.2 could be determined as follows.
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Fig. 2.2 A uniform thin-
walled box-girder with two
The torsional moment is given by
T =2(q,A1 + QA2) (2.3)
The angle of twist for cells 1 and 2 are given by
1
0 = 3GA, qy ¢ ds/t—q, [ ds/t (2.4)
1 12
1
0, = 2GA, q ¢ ds/t p —q, | ds/t (2.5)
2 21
Since the angle of twist is the same for the two cells, then we have
6, =0,=20;
Reformulating equations (2.4) and (2.5), we get
1
G qu{ds/t—q2/ds/t =2A,0 (2.6)
1 12
1
Gla ds/t—q; ¢ ds/t] =2A,6 (2.7)

2 21
Let
0 = warping flexibility

1
611 :a%dS/t

1

1
%) :a?{ds/t

2
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1
10 = 0y = —a/ dS/t
12

Substituting in equations (2.2.4) and (2.2.5), we get
d11q; + 0129, —2A10=0 (2.8)
O12q; + O22q, —2A,0 =0 (2.9)
Solving equations (2.2.3), (2.2.8) and (2.2.9), q; and q, could be determined.

Example 2.2 Determine the torsion shear stresses and the rate of twist for the thin-
walled 2-cell box-girder shown in Fig. 2.3. The girder is subjected to a constant
torque T.

Fig. 2.3 A thin-walled box-
girder with two unequal cells

Area of cell (2) is given by

A2 :a2

Let
& = warping flexibility
o11 = l/G . }{ds/t = 6a/Gt

0y = 4a/Gt
= —a/Gt

The basic equations are
81]q1 + 812(]2 —2A,0=0 (210)

812q; + 8229, — 2A20 =0 (2.11)
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The equilibrium equation gives
T =2(q)A1 + @A) = 2a°(2q; +qy) (2.12)
From equations (2.10) and (2.11), we get
0119;A2 + 8129pA2 — 8129 A — OnqrA; =0
q; (811A2 — 812A1) + Q2 (812A2 — dnA;) =0
Hence

q 0A| — 012A, —q 20y — 812
1 2811A2 d12A| 2811 — 281

From equation (2.12), we get

28 — d12

T = 2a® [2
b d11 — 2012

0

46y — 4812 + 511]
T =2a% [—
& d11 — 2012

From which q; is given by

4= 232 4522 — 4812 + 611

dr= 2212 4622 — 4812 + 611

Substituting in equation (2.10), we get

1
0= A, (8119 + 8129,)

_ 1T 281102 — 811012 + 812011 — 512
T 422 222 46y — 4312 + 011

_ T 81182 — 8%,
dat \48y; — 4312 + &1

Substituting for 41, d;; and 0,5, we get

q = 21}[(8 a/t+a/t)/(16-a/t+4-a/t+6 a/t)] = ZEG 296

[(6-a/t+2-a/t)/(26a/t)] = 5 ZG 286

- T
L =506

T

0= 4a4G[(

2427/ — 2 /) /(26 - a/t)] = T G 23/26-a/t
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But
0=T/GJ

Hence

J=T/GO=104/23-a° - t.

2.2 The General Case of a Uniform Two-Cell Box Girder

This is an indeterminate structural problem and its solution is based on the
assumption that the rate of twist for each cell is the same as for the whole section,
see Fig. 2.4.

ie.,
01 = 92 =0 and (9 = d(p/dZ)

0=T/GJ
The torque T is given by

lem q/tdS
1

and

—— @ | D
T w7 . T
: ; @/ | )t t‘”/J r__:_D%H

Fig. 2.4 Idealized section and torsion shear flow of a thin-walled two cell structure
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i.e.,

q; ]{Q/t'ds_% (ds/t)1, | =2A,0,
]

Ql—

é|:qxg ]{ ds/t—q, (ds/t)21:| =2MA20,

2

Equations (2.13) and (2.14) are simplified to
d11q; + 012q, = 2A,0

d21q + 8224, = 2A20
dii S| q } {Al }
= 20
{521 522}{ qQ Ay

[8]{q} = 20{A}

The shear flow in each cell is given by

{a} =1[8]7" 20 {A}

or

i.e.,

{a} =20-15] " {A}

1
611 :a%dS/t

1

1
622 :a%dS/t

2
612 = 821

1
= _a[ds/t]n
The torque is given by
T = (2q,A1 +2q,A;)

Solving equations (2.15) and (2.16), we get q;, q, and 0
The torque T is given by

T=G-J-0

27

(2.13)

(2.14)

(2.15)

(2.16)
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Hence J is given by

1 =T/Go.

Example 2.3 Determine the torsion shear stresses and angle of twist for the thin-
walled box section having uniform thickness t as shown in Fig. 2.5. The section is
subjected to a torsion moment 7.

Fig. 2.5 Shear flow due to A . B
torsion of a box-girder with
two cells l @ T
H D — lc
> > N

Solution Condition for Compatibility (Consistent Deformation). The warping
flexibilities are given by

811 = 1/Gt - (AB + BC + CD -+ DA)
0yp = I/Gt (CH+HF+FN+NC)
812 = —1/G-CD/t8;» = —1/G - CD/t

The basic equations of consistent deformation are given by
O11°q; +012-q, =2A, -0 (2.17)
O12-q; + 00 -qy =2A,-0 (2.18)
Solving equations (2.17) and (2.18) we get
203 - Ap — 20810 Ay

q O=A;-0
! 311 - 830 — 02, :
2A d11
=22 A=A, 0
L5, My

Equation for equilibrium condition is given by
T=2A1-q +2A-q,)-0=As-0 (2.19)
The solution of equations (2.17), (2.18) and (2.19) gives
0=T/A;
q =T A1/A;
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92 ZT'Az/A3

do=q — G =T (A1 = Ay)/As.

2.3 Torsion Stresses in a Two Identical Cells Box-Girder

The two identical thin-walled cells box girder, see Fig. 2.6, behaves exactly as a
single cell box girder.

Since the two cells are identical we have

d =9 = ¢-
Fig. 2.6 A thin-walled box o B =
girder with two identical cells C I d I e
T_, r— | —» —p —»
s |
Ve Sty
D T m l T l
(1] - [m]
9 tg l Tqﬂ l
sl
b a

2.3.1 Shear Flow q

The shear flow q is the same for the two cells and is given by
q=T/2A

where

2.3.2 Shear Stress t

The shear stress in the sides, top, bottom and the internal partition plating are given
by

s =q/ts, T =4q/tp, wB=q/tg, T =0.
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2.3.3 Rate of Twist 0

The rate of twist is given by

0=T/GJ

szv/fﬁyt

%ds/t =2B/tg +2D/ts

where

2.4 Torsion of Three-Cell Box-Girder

Following the same principle that the angle of twist is the same for the three cell

box-girder shown in Fig. 2.7.
Then

0, =0,=05=0

The equations of consistent deformation are given by

d11q; + 8129, — 2A,0, =0 (2.20)

012q; + 0220 — 2A20, =0 (2.21)

032q; + 9330, — 2A303 =0 (2.22)

The torque is given by
T=2A-q; +2A;-q, +2A5-q5)0 (2.23)

Solving equations (2.20)—(2.23), we get q;, q2, g3, q4 and 6.
Fig. 2.7 Torsion of a three- —_—
cell box-girder ql (I3




2.4 Torsion of Three-Cell Box-Girder

i1 612 O q A
Ba1 B2 B3 |4 qy p =209 Ay
0 33 033]lqs Az

8]{a} = 20{A}

Hence the shear flow in each cell is given by

{a} = [57"]{A}20

Hence

and

T=20-> Ag

o011 = %dS/t

1

0y = ]{ds/t

2

033 = fds/t

3
d12 = 81 = —[ds/t]},
03 = 03p = 7[ds/l]23‘

where

31

(2.24)

Example 2.4 Determine the shear flow, shear stress and rate of twist for the three-

cell box girder shown in Fig. 2.8.

Fig. 2.8 Shear flow due to
torsion of a 3-cell thin-walled
box girder

9
@
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Solution Following the same principle that the angle of twist is the same for all
cells, see Fig. 2.8, we get

d11q; + 0120, = 2A,0
02191 + 022¢> + 923q3 = 2A20> (2.25)
03292 + 033q3 = 2A0;

but
0,=0,=0,=10
Then
o O 0 7(q A
[521 022 823] {QQ } = 29{ Ay }
0 33 0635]laqs Az
[6{q} = 20{A} (2.26)
fa} = [5']{A}20 2.27)
The torque is given by
T = (29,A1 + 29,A; + 2q3A3) (2.28)

Solving equations (2.26) and (2.28) we get

q, =2007"'A,
qQ, = 2007"'A,
q; =200 'A;

Substituting in equation (2.25), we get
0=1/2A; - (0119; + 012G,)

where

11 :1/G.]{ds/t

1

0y = l/Gde/t

2

033 = l/G %ds/t

3
d1p = 01 = —1/G - [ds/1]},
823 = 83 = —1/G - [ds/t] 5.
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2.5 Torsion of Uniform Thin-Walled Multi-Cell Box-Girder

The multi-cell thin-walled structure when subjected to pure torsion is a statically
indeterminate problem; see Fig. 2.9.
The torque T is given by

n
T = Z 2Aiq; = GIOJ
i=1

where T = applied uniform torque; A; = enclosed area of the ith cell; J = torsion
constant

n
J=4 Z ASTIA;
i=1

The angle of twist per unit length

0=do/dz
91 = Hj = Oij = Hjn

0; = 1/2GA,; - (qi fé ds/t>

The angle of twist for cell i is given by

0; = 1/2GA; - (qi]{ds/t— Qi1 /ds/t = qit1 /ds/t) (2.29)

Equation (2.29) represents a series of simultaneous equations which gives

91, 92,935 - - -, G-
The set of equations of consistent deformation is given by

511q1 + 812(12 —2A60=0 (230)

where

Fig. 2.9 Torsion of a multi-cell thin-walled box-girder
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8lqu + 522q2 — ZAZH =0 (2.31)
032q; + 8339, — 2A30 =0 (2.32)
This set of equations could be put in the following form
[6]{q} = 20{A}
Hence, for a multi cell box girder, the shear flow in each cell is given by
{q} = [5}—1,29.{A} (i=1,2,...,n)
where

o1 6 O 0 0O O
0y Om d3 O 0 O
0

s—=| 0 d: 01 0u O
0O 043 Om 045 O

0
0 0 0 054 055 056
0 0 0 0 O65 Oes

The torsion shear stresses are given by

T =q/t, T=q/t, T =q/t.

2.6 Combined Open and Closed Thin-Walled Sections

For the combined open and closed section, see Fig. 3.1, the angle of twist is the
same for the whole section whether it is an open or closed section.

2.6.1 Combined Open Section with One Closed Cell

The total torque T for the thin-walled section shown in Fig. 2.10 is given by

2
T= T,=G-J-0

=1
Fig. 2.10 Combined open 1 c | b |
and closed one-cell thin- l-' T
walled section

al L <1y
t 5 1
6

:\

-

\
o]
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Hence
0=T/GJ
where
T, =GJ; -0

J; = torsion constant of the open section; J, = Torsion constant of the closed
section.
For the open part of the structure, the shear flow q; is given by

q =T t%/ Ji
T, =G-J,-0
For the closed section of the structure, the shear flow g, is given by

q, = T2/2A2
T2 :2A2-q2 :GJ20

2.6.2 Combined Open Section with Two Closed Cells

The applied torque T for the thin-walled structure shown in Fig. 2.11 is given by
T=>) 2qA;+» Glif
=1 i=1
In the above particular example

T =2q,A; +2q,A; + GJ30

where J; = the torsion constant of the open section part of the structure and is
given by J3

T:l/szn:bitf
i=1

Fig. 2.11 Combined thin- ©
walled open and closed B [ c D E

two-cell structure — — —
J |iq\> ® 1 | ® 1
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The shear flow in the two cells is given by
611q1 + 812(12 =2A,0

d21q; + 0x2q, = 2A,0

o011 = l/G%dS/t
1

0y = I/G%ds/t
2

d12 = 81 = —1/G - [ds/t],

In the general case, for combined open and closed sections, the shear flow in
each cell is given by

q =58"200;, (i=1,2,....n)
And in each open member the shear flow is given by
q =T/t
And the angle of twist is given by
0=T/GJ

where T = the torque and is given by
n 1 m
_ IS—1 A - 43
T= 4Z:Aia A+ 3Z;bjtj.
i= j=

Example 2.5 Determine the shear flow distribution and rate of twist for the ide-
alized ship section shown in Fig. 2.12. The ship section is subjected to a torque T.

Solution The torque T is distributed among the thin-walled structural members of
the ship section as follows

where
Ty =2A1-q;,, T2=2A2-q,, T3=2A3-qs,

Qs J4
g

Ty =Gl 0= Jy=1/3-8¢
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Fig. 2.12 Idealized ship
section

| !
a @ t,
T t
Dty ® ® |t

©

—

| IO

ke B =

because of symmetry of the ship section, we have

T =Ty, T4=Ts

Hence
T,=T,=2A,-q,=G-J, -0
Thus
3
T=2Gl;-0+2Gl,-0+Gl3-0=> G-J-0
j=1
where
E E
©Tavn 26
J=2J1 20 +J3
where
I = 4Af/f$ =4(a-b)*/(2b/t + 2a/t)
J3 = A(B - h)’/(2B/t; + 2h/t3)
Jy=1/3-S4-§=1/3-(D—a—h) -t
Hence

H:T/ZGJ

Substituting, we get the torque carried by each structural element.
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Hence
T, =GJ, -0
T3 =GlJs-0
Ty=Gls-0

Substituting, we get the shear flow in each structural element as follows
q; =Ti/2A1, q3=T3/2A;, and q = Ty4/2A,.

Example 2.6 Determine the shear flow and rate of twist for the ship section of
bulk carrier shown in Fig. 2.13.

Solution The torque T is given by
T =2[2A1q; + 2q,A2 + GJ0 + 2A3q5 + 2A4q4 + 2A5qs]

The torsion constant J is given by
5
T=20) 4ATIA+1/3 U 1
i=1
The rate of twist 6 is given by
0=T/GJ

The set of equations of consistent deformation for cells (I) and (2) is given
by

d1qp +812q, = 2A,0 = 2T/J - A,

8219y + 022q, = 2A20 = 2T/J - Ay

Fig. 2.13 An idealized sec-
tion of a bulk carrier q )
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This set of equations can be put in the matrix form as follows
o1 O | fq A
=20-
{521 02 | | 9 Az

(8){q} =2T/J - {A}

Hence, the torsion shear flow in cells (1) and (2) are given by

i.e.,

q =8"-2T/T- A
qQ=0"-2T/T Ay
Similarly, the torsion shear flow in cells (3), (4) and (5) are given by
Qs =81 2T/T- As
qQu=90"-2T/T- A4

qs = &' - 2T/J - As

where
O33 8 O
0= |04 Oss Ous
0 854 Os5

S = [I/G-le/tj}, i=1,2,...,n =N of cells
=1

84 =1/G - [4/t];

where 1, and j are cells, having a common boundary; i = cell No. i.
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