
Chapter 2
Topology

The first four sections of this chapter contain a brief summary of results of analysis
most theoretical physicists are more or less familiar with.

2.1 Basic Definitions

A topological space is a double ðX; T Þ of a set X and a family T of subsets of X
specified as the open sets of X with the following properties:

1. [ 2 T ; X 2 T ð[ is the empty setÞ;

2. ðU � T Þ )
S

U2U
U 2 T

� �

;

3. ðUn 2 T for 1� n�N 2 NÞ )
TN

n¼1
Un 2 T

� �

;

that is, T is closed under unions and under finite intersections. If there is no doubt
about the family T , the topological space is simply denoted by X instead of ðX; T Þ:

Two topologies T 1 and T 2 on X may be compared, if one is a subset of the
other; if T 1 � T 2, then T 1 is coarser than T 2 and T 2 is finer that T 1.
The coarsest topology is the trivial topology T 0 ¼ f[;Xg, the finest topology is
the discrete topology consisting of all subsets of X.

A neighborhood of a point x 2 X (of a set A � X) is an open1 set U 2 T
containing x as a point (A as a subset). The complements C ¼ X n U of open sets
U 2 T are the closed sets of the topological space X. If A 2 X is any set, then the

closure A of A is the smallest closed set containing A, and the interior Å of A is

the largest open set contained in A; A and Å always exist by Zorn’s lemma. Å is

1 In this text neighborhoods are assumed open; more generally a neighborhood is any set
containing an open neighborhood.
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the set of inner points of A. A is the set of points of closure of A; points every
neighborhood of which contains at least one point of A. (The complement of A is

the largest open set not intersecting A.) The boundary oA of A is the set A n Å: A
is dense in X, if A ¼ X: A is nowhere dense in X, if the interior of A is empty:
ðAÞ� ¼ [: X is separable if X ¼ A for some countable set A.

(One might wonder about the asymmetry of axioms 2 and 3. However, if
closure under all intersections would be demanded, no useful theory would result.
For instance, a point of the real line R can be obtained as the intersection of an
infinite series of open intervals. Hence, with the considered modification of axiom
3, points and all subsets of R would be open and closed and the topology would be
discrete as soon as all open intervals are open sets.)

The relative topology T A on a subset A of a topological space ðX; T Þ is
T A ¼ fA \ TjT 2 T g; that is, its open sets are the intersections of A with open sets
of X. Consider the closed interval ½0; 1� on the real line R with the usual topology
of unions of open intervals on R: The half-open interval �x; 1�; 0\x\1, of R is an
open set in the relative topology on ½0; 1� � R!

Most of the interesting topological spaces are Hausdorff: any two distinct
points have disjoint neighborhoods. (A non-empty space of at least two points and
with the trivial topology is not Hausdorff.) In a Hausdorff space single point sets
fxg are closed. (Exercise, take neighborhoods of all points distinct from x.)

Sequences are not an essential subject in this book. Just to be mentioned, a sequence of points
in a topological space X converges to a point x, if every neighborhood of x contains all but finitely
many points of the sequence. A partially ordered set I is directed, if every pair a; b of elements of
I has an upper bound c 2 I; c� a; c� b. A set of points of X is a net, if it is indexed by a directed
index set I. A net converges to a point x, if for every neighborhood U of x there is an index b so
that xa 2 U for all a� b. In Hausdorff spaces points of convergence are unique if they exist.

The central issue of topology is continuity. A function (mapping) f from a
topological space X into a topological space Y (maybe the same space X) is
continuous at x 2 X, if given any (in particular small) neighborhood V of f ðxÞ � Y
there is a neighborhood U of x such that f ðUÞ � V (compare Fig. 1.1 of Chap. 1).
The function f is continuous if it is continuous at every point of its domain. In this
case, the inverse image f�1ðVÞ of any open set V of the target space Y of f is an
open set of X. (It may be empty.) The coarser the topology of Y or the finer the
topology of X the more functions from X into Y are continuous. Observe that, if X is
provided with the discrete topology, then every function f : X ! Y is continuous,
no matter what the topology of Y is. If f : X ! Y and g : Y ! Z are continuous
functions, then their composition g � f : X ! Z is obviously again a continuous
function.

Consider functions f ðxÞ ¼ y : ½0; 1� ! R: What means continuity at x ¼ 1 if the
relative topology of ½0; 1� � R is taken?

f is continuous iff it maps convergent nets to convergent nets; in metric spaces sequences
suffice instead of nets.

A homeomorphism is a bicontinuous bijection f (f and f�1 are continuous
functions onto); it maps open sets to open sets and closed sets to closed sets.
A homeomorphism from a topological space X to a topological space Y provides a
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one–one mapping of points and a one–one mapping of open sets, hence it provides
an equivalence relation between topological spaces; X and Y are called homeo-
morphic, X� Y , if a homeomorphism from X to Y exists. There exists always the
identical homeomorphism IdX from X to X, and a composition of homeomor-
phisms is a homeomorphism. The topological spaces form a category the mor-
phisms of which are the continuous functions and the isomorphisms are the
homeomorphisms (see Compendium C.1 at the end of the book).

A topological invariant is a property of topological spaces which is preserved
under homeomorphisms.

2.2 Base of Topology, Metric, Norm

If topological problems are to be solved, it is in most cases of great help that not
the whole family T of a topological space ðX; T Þ need be considered.

A subfamily B of T is called a base of the topology T if every U 2 T can be
formed as U ¼ [bBb; Bb 2 B: A family BðxÞ is called a neighborhood base at x if
each B 2 BðxÞ is a neighborhood of x and given any neighborhood U of x there is a
B with U 	 B 2 BðxÞ: A topological space is called first countable if each of its
points has a countable neighborhood base, it is called second countable if it has a
countable base.

The product topology on the product X
Y of topological spaces X and Y is
defined by the base consisting of sets

fðx; yÞj x 2 BX ; y 2 BYg; BX 2 BX ; BY 2 BY ; ð2:1Þ

where BX and BY are bases of topology of X and Y , respectively. It is the coarsest
topology for which the canonical projection mappings ðx; yÞ 7! x and ðx; yÞ 7! y are
continuous (exercise). The R

n with its usual topology is the topological product
R
 � � � 
 R; n times.

A very frequent special case of topological space is a metric space. A set X is a
metric space if a non-negative real valued function, the distance function d :
X 
 X ! Rþ is given with the following properties:

1. dðx; yÞ ¼ 0; iff x ¼ y,
2. dðx; yÞ ¼ dðy; xÞ,
3. dðx; zÞ� dðx; yÞ þ dðy; zÞ ðtriangle inequalityÞ.

An open ball of radius r with its center at point x 2 X is defined as
BrðxÞ ¼ fx0j dðx; x0Þ\rg. The class of all open balls forms a base of a topology of
X, the metric topology. It is Hausdorff and first countable; a neighborhood base of
point x is for instance the sequence B1=nðxÞ; n ¼ 1; 2; . . .

The metric topology is uniquely defined by the metric as any topology is
uniquely defined by a base. There are, however, in general many different metrics
defining the same topology. For instance, in R

2 3 x ¼ ðx1; x2Þ the metrics
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d1ðx; yÞ ¼ ððx1 � y1Þ2 þ ðx2 � y2Þ2Þ1=2 Euclidean metric,
d2ðx; yÞ ¼ maxfjx1 � y1j; jx2 � y2jg,
d3ðx; yÞ ¼ jx1 � y1j þ jx2 � y2j Manhattan metric

define the same topology (exercise).
A sequence fxng in a metric space is Cauchy if

lim
m;n!1

dðxm; xnÞ ¼ 0: ð2:2Þ

A metric space X is complete if every Cauchy sequence converges in X (in the
metric topology). The rational line Q is not complete, the real line R is, it is an
isometric completion of Q. An isometric completion ~X of a metric space X
always exists in the sense that ~X 	 X is complete, ~X ¼ X (closure of X in ~X), and
the distance function dðx; x0Þ is extended to ~X by continuity. ~X is unique up to
isometries (distance preserving transformations) which leave the points of X on
place. A complete metric space is a Baire space, that is, it is not a countable union
of nowhere dense subsets. The relevance of this statement lies in the fact that if a
complete metric space is a countable union X ¼ [nUn, then some of the Un must
have a non-empty interior [1, Section III.5].

A metric space X is complete, iff every sequence C1 	 C2 	 . . . of closed balls
with radii r1; r2; . . .! 0 has a non-empty intersection.

Proof Necessity: Let X be complete. The centers xn of the balls Cn obviously
form a Cauchy sequence which converges to some point x, and x 2 \nCn. Suffi-
ciency: Let xn be Cauchy. Pick n1 so that dðxn; xn1Þ\1=2 for all n� n1 and take xn1

as the center of a ball C1 of radius r1 ¼ 1. Pick n2� n1 so that dðxn; xn2Þ\1=22 for
all n� n2 and take xn2 as the center of a ball C2 of radius r2 ¼ 1=2. . . The sequence
C1 	 C2 	 . . . has a non-empty intersection containing some point x. It is easily
seen that x ¼ lim xn: h

Let X be a metric space and let F : X ! X : x 7!Fx be a strict contraction, that
is a mapping of X into itself with the property

dðFx;Fx0Þ � kdðx; x0Þ; k\1: ð2:3Þ

(A contraction is a mapping which obeys the weaker condition
dðFx;Fx0Þ � dðx; x0Þ; every contraction is obviously continuous since the preimage
of any open ball BrðFxÞ contains the open ball BrðxÞ. Exercise.) A vast variety of
physical problems implies fixed point equations, equations of the type x ¼ Fx.
Banach’s contraction mapping principle says that a strict contraction F on a
complete metric space X has a unique fixed point.

Proof Uniqueness: Let x ¼ Fx and y ¼ Fy, then dðx; yÞ ¼ dðFx;FyÞ� kdðx; yÞ,
k\1. Hence, dðx; yÞ ¼ 0 that is x ¼ y. Existence: Pick x0 and let xn ¼ Fnx0.
Then, dðxnþ1; xnÞ ¼ dðFxn;Fxn�1Þ� kdðxn; xn�1Þ� � � � � kndðx1; x0Þ. Thus, if
n [ m, by the triangle inequality and by the sum of a geometrical series,

14 2 Topology



dðxn; xmÞ�
Pn

l¼mþ1 dðxl; xl � 1Þ� kmð1� kÞ�1dðx1; x0Þ ! 0 for m; n!1
implying that fxng ¼ fFxn�1g is Cauchy and converges towards an x 2 X. By
continuity of F; x ¼ Fx: h

Equation systems, systems of differential equations, integral equations or more
complex equations may be cast into the form of a fixed point equation. A simple
case is the equation x ¼ f ðxÞ for a function f : ½a; b� ! ½a; b�; ½a; b� � R; obeying
the Lipschitz condition

jf ðxÞ � f ðx0Þj � kjx� x0j; k\1; x; x0 2 ½a; b�:

If for instance jf 0ðxÞj � k\1 for x 2 ½a; b�, the Lipschitz condition is fulfilled.
From Fig. 2.1 it is clearly seen how the solution process xn ¼ f ðxn�1Þ converges.
The convergence is fast if jf 0ðxÞj�1. Consider this process for jf 0ðxÞj[ 1. Next
consider a ¼ �1; why is a simple contraction not sufficient and a strict con-
traction needed to guarantee the existence of a solution?

There are always many ways to cast a problem into a fixed point equation.
If x ¼ Fx has a solution x0, it is easily seen that x ¼ ~Fx with ~Fx ¼ xþ pðFx� xÞ
has the same solution x0. If F is not a strict contraction, ~F with a properly chosen p
sometimes is, although possibly with a very slow convergence of the solution
process. Sophisticated constructions have been developed to enforce convergence
of the solution process of a fixed point equation.

Another frequent special case of topological space is a topological vector
space X over a field K. (In most cases K ¼ R or K ¼ C.) It is also a vector space
(see Compendium) and its topology is such that the mappings

K 
 X ! X : ðk; xÞ 7! kx;

X 
 X ! X : ðx; x0Þ 7! xþ x0

Fig. 2.1 Illustration of the fixed point equation x ¼ f ðxÞ for f 0ðxÞ[ 0 (left) and f 0ðxÞ\0 (right)
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are continuous, where K is taken with its usual metric topology and K 
 X and
X 
 X are taken with the product topology. If Bð0Þ is a neighborhood base at the
origin of the vector space X, then the set BðxÞ of all open sets BbðxÞ ¼
xþ Bbð0Þ ¼ fxþ x0j x0 2 Bbð0Þg with Bbð0Þ 2 Bð0Þ is a neighborhood base at x.
For any open (closed) set A, xþ A is open (closed). For two sets A � X;B � X the
vector sum is defined as Aþ B ¼ fxþ x0j x 2 A; x0 2 Bg.

Linear independence of a set E � X means that if
PN

n¼1 knxn ¼ 0 (upper index
at kn, not power of k) holds for any finite set of N distinct vectors xn 2 E, then
kn ¼ 0 for all n ¼ 1; . . .;N. Linear independence (as well as its opposite, linear
dependence) is a property of the algebraic structure of the vector space, not of its
topology. A base E in a topological vector space is a linearly independent subset
the span of which (the set of all linear combinations over K of finitely many
vectors out of E) is dense in X : spanKE ¼ X: It is a base of vector space, not a
base of topology. It may, however, depend on the topology of X. The maximal
number of linearly independent vectors in E is the dimension of the topological
vector space X; it is a finite integer n or infinity, countable or not. If the dimension
of a topological vector space X is n\1, then X is homeomorphic to Kn. If it is
infinite, the dimension is to be distinguished from the algebraic dimension of the
vector space (see Compendium). It can be shown that a topological vector space X
is separable if it admits a countable base. Any vector x of spanKE has a
unique representation x ¼

PN
n¼1 knxn; xn 2 E with some finite N. Hence, if X is

Hausdorff, then every vector x 2 X has a unique representation by a converging
series x ¼

P1
n¼1 knxn; xn 2 E (exercise).

Two subspaces (see Compendium) M and N of a vector space X are called
algebraically complementary, if M \ N ¼ f0g and M þ N ¼ X. X is then said to
be the direct sum M 
 N of the vector spaces M and N. Consider all possible sets
xþM; x 2 X. They either are disjoint or identical (exercise). Let ~x be the
equivalence class of the set xþM. By an obvious canonical transfer of the linear
structure of X into the set of classes ~x these classes form a vector space; it is called
the quotient space X=M of X by M (Fig. 2.2). Let the topology of X be such that
the one point set f0g is closed. Then, for any x 2 X, Mx ¼ fkxjk 2 Kg is a closed
subspace of X (exercise).

Fig. 2.2 A subspace M of a
vector space X and cosets
xi þM with xi linearly
independent of M. Note that
an angle between X=M and M
has no meaning so far
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It is just by custom that the cosets xi þM were drawn as parallel planes in
Fig. 2.2, and that X=M was drawn as a straight line. Angles, curvature and all that
is not defined as long as X is considered as a topological vector space only. Any
continuous deformation of Fig. 2.2 is admitted. Even if a metric is defined on a
one-dimensional vector space, say, it would not make a difference if it would be
drawn as a straight line or a spiral provided it is consistently declared how to relate
the point kx to the point x. These remarks are essential in later considerations.

A topological vector space X is said to be metrizable if its topology can be
deduced from a metric that is translational invariant: dðx; x0Þ ¼ dðxþ a; x0 þ aÞ for
all a 2 X. Many topological vector spaces, in particular all metrizable vector
spaces, are locally convex: they admit a base of topology made of convex sets.
(A set of a vector space is convex if it contains the ‘chord’ between any two of its
points, that is, if x and x0 are two points of the set then all points kxþ ð1� kÞx0;
0\k\1 belong to the set.)

In most cases a metrizable topological vector space is metrized either by a family
of seminorms or by a norm. A norm is a real function x 7! jjxjj with the properties

1. jjxþ x0jj � jjxjj þ jjx0jj,
2. jjkxjj ¼ jkj jjxjj,
3. jjxjj ¼ 0; iff x ¼ 0:

From the first two properties the non-negativity of a norm follows; if the last
property is abandoned one speaks of a seminorm.The metric of a norm is given by
dðx; x0Þ ¼ jjx� x0jj. A complete metrizable vector space is a Fréchet space, a
complete normed vector space is a Banach space. Fréchet spaces whose metric
does not come from a single norm are used in the theory of generalized functions
(distributions).

A linear function (operator) L : X ! Y from a vector space X into a vector
space Y over the same field K is a function with the property

Lðkxþ k0x0Þ ¼ kLðxÞ þ k0Lðx0Þ; k; k0 2 K: ð2:4Þ

A function from a vector space X into its field of scalars K is called a functional, if
it is linear it is called a linear functional. A linear function from a topological
vector space into a topological vector space is continuous, iff it is continuous at the
origin x ¼ 0 (exercise). A linear function from a normed vector space X into a
normed vector space Y (for instance the one-dimensional vector space K) is
bounded if

jjLjj ¼ sup
0 6¼x2X

jjLðxÞjjY
jjxjjX

\1: ð2:5Þ

The operator notation Lx is often used instead of LðxÞ. A linear function from a
normed vector space into a normed vector space is bounded, iff it is continuous
(exercise). With the norm (2.5) (prove that it is indeed a norm), the set LðX; YÞ of
all bounded linear operators with linear operations among them defined in the
natural way is again a normed vector space; it is Banach if Y is Banach.
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Proof Let fLng be Cauchy. Since jjLmjj � jjLnjjj j � jjLm � Lnjj ! 0, jjLnjjf g is a
Cauchy sequence of real numbers converging to some real number C. For each
x 2 X, fLnxg is a Cauchy sequence in Y . Since Y is complete, Lnx converges to some
point y 2 Y . Define L by Lx ¼ y. Then, jjLxjj ¼ limn!1 jjLnxjj �
limn!1 jjLnjj jjxjj ¼ Cjjxjj, where (2.5) was used. Hence, L is a bounded operator.
Moreover, jjðL� LnÞxjj ¼ limm!1 jjðLm � LnÞxjj � limm!1 jjðLm� LnÞjjjjxjj and
therefore limn!1 jjL� Lnjj ¼ limn!1 supx 6¼0 jjðL� LnÞxjj=jjxjj � limm;n!1 jjLm�
Lnjj ¼ 0: Hence, Ln converges to L in the operator norm. h

The topological dual X� of a topological vector space X is the set of all
continuous linear functionals

f : X ! K : x 7! hf ; xi 2 K; hf ; kxþ k0x0i ¼ khf ; xi þ k0hf ; x0i; ð2:6Þ

from X into K provided with the natural linear structure hkf þ k0f 0; xi ¼ khf ; xi þ
k0hf 0; xi: It is again a normed vector space with the norm jjf jj given by (2.5) with f
instead of L, jjf jj ¼ sup0 6¼x2X jhf ; xij=jjxjjX: As there are the less continuous
functions the coarser the topology of the domain space is, the question arises, what
is the coarsest topology of X for which all bounded linear functionals are con-
tinuous. This topology of X is called the weak topology. A neighborhood base of
the origin for this weak topology is given by all intersections of finitely many open
sets fxj jhf ; xij\1=kg; k ¼ 1; 2. . . for all f 2 E�, a base of the vector space X�. For
instance, if X ¼ R

n, these open sets comprise all infinite ‘hyperplates’ of thickness
2=k sandwiching the origin and normal in turn to one of the n base vectors f i of
X� ¼ R

n (Fig. 2.3). Taken for every k, the intersections of n such ‘hyperplates’
containing f0g 2 X form a neighborhood base of the origin of R
 � � � 
 R; n
factors, in the product topology which in this case is equivalent to the standard
norm topology of Rn. Hence, the R

n with both the weak and the norm topologies
are homeomorphic to each other and can be identified with each other. This does
not hold true for an infinite dimensional space X.

Fig. 2.3 Open sets of a
neighborhood base of the
origin of the R

2 in the weak
topology and their
intersection
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The topological dual of a normed vector space X is X� ¼ LðX;KÞ (with the
norm jjf jj as above); if K is complete (as R or C) then X� is a Banach space (no
matter whether X is complete or not). The second dual of X is the dual X�� ¼ ðX�Þ�
of X�. Let J : X ! X�� : x 7!~x where h~x; f i ¼ hf ; xi for all f 2 X�.

If X is a Banach space then the above mapping J is an isometric isomorphism
of X onto a subspace of X��, hence, one may consider X � X��.

The proof of this statement makes use of the famous Hahn–Banach theorem
which provides the existence of ample sets of continuous linear functionals
[1, Section III.2.3]. X is said to be reflexive, if the above mapping J is onto X��.
In this case one may consider X ¼ X��.

An inner product (or scalar product) in a complex vector space X is a
sesquilinear function X 
 X ! C : ðx; yÞ 7! ðxjyÞ with the properties

1. ðxjyÞ ¼ ðyjxÞ;
2. ðxjy1 þ y2Þ ¼ ðxjy1Þ þ ðxjy2Þ,
3. ðxjkyÞ ¼ kðxjyÞ (convention in physics),
4. ðxjxÞ[ 0 for x 6¼ 0:

(In mathematics literature, the convention ðkxjyÞ ¼ kðxjyÞ is used instead of 3.) An
inner product in a real vector space X is the corresponding bilinear function
X 
 X ! R with the same properties 1 through 4. (�k is the complex conjugate of
k, in R of course �k ¼ k.) If an inner product is given,

jjxjj ¼ ðxjxÞ1=2 ð2:7Þ

has all properties of a norm (exercise, use the Schwarz inequality given below).
A normed vector space with a norm of an inner product is called an inner product
space or a pre-Hibert space. A complete inner product space is called a Hilbert
space. Some authors call it a Hilbert space only if it is infinite-dimensional; a
finite-dimensional inner product space is also called a unitary space in the
complex case and a Euclidean space in the real case. Two Hilbert spaces X and X0

are said to be isomorphic or unitarily equivalent, X � X0, if there exists a unitary
operator U : X ! X0, that is, a surjective linear operator for which ðUxjUyÞ ¼
ðxjyÞ holds for all x; y 2 X (actually it is bijective, exercise).

In an inner product space the Schwarz inequality

jðxjyÞj � jjxjj jjyjj ð2:8Þ

holds, and in a real inner product space the angle between vectors x and y is
defined as

cosð]ðx; yÞÞ ¼ ðxjyÞ
jjxjj jjyjj : ð2:9Þ

Proof of the Schwarz inequality Let ŷ ¼ y=jjyjj and x1 ¼ ðŷjxÞŷ; x2 ¼ x� x1

implying ðx1jx2Þ ¼ 0; x ¼ x1 þ x2. Then, jjxjj2 ¼ ðx1 þ x2jx1 þ x2Þ ¼ jjx1jj2þ
jjx2jj2� jjx1jj2 ¼ jðxjyÞj2=jjyjj2: h
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Even in a complex inner product space, orthogonality is defined: two vectors x
and y are orthogonal to each other, if ðxjyÞ ¼ 0. An orthonormalized base in an
inner product space is a base E (of topological vector space, see p. 16) with
jjejj ¼ 1 and ðeje0Þ ¼ 0, e 6¼ e0 for all e; e0 2 E. Let fengN

n¼1 � E. A slight gener-
alization of the proof of the Schwarz inequality proves Bessel’s inequality:
jjxjj2�

PN
n¼1 jðenjxÞj2. If M is a closed subspace of an inner product space X, then

the set of all vectors of X which are orthogonal to all vectors of M forms the
orthogonal complement M? of M in X (Fig. 2.4, compare to Fig. 2.2). Every
vector x 2 X has a unique decomposition x ¼ x1 þ x2; x1 2 M; x2 2 M? (exer-
cise), that is, X ¼ M þM?.

If X and X0 are two Hilbert spaces over the same field K then their direct sum
X 
 X0 is defined as the set of all ordered pairs ðx; x0Þ; x 2 X; x0 2 X0 with the scalar
product ððx; x0Þjðy; y0ÞÞ ¼ ðxjyÞX þ ðx0jy0ÞX0 . (Hence, in the above case also X ¼
M 
M? holds.) The direct sum of more that two, possibly infinitely many Hilbert
spaces is defined accordingly. (The vectors of the latter case are the sequences fxig
for which the sum of squares of norms converges.)

The tensor product X � X0 of Hilbert spaces X and X0 is defined in the fol-
lowing way: Consider pairs ðx; x0Þ 2 X 
 X0 and define for each pair a bilinear
function x� x0 on the product vector space X 
 X0 by x� x0ðy; y0Þ ¼ ðxjyÞðx0jy0Þ.
Consider the linear space of all finite linear combinations u ¼

PN
n¼1 cnxn � x0n and

define an inner product ðujwÞ by linear extension of ðx� x0jy� y0Þ ¼ ðxjyÞðx0jy0Þ.
The completion of this space is X � X0. (Exercise: show that ðujwÞ ¼ 0 if u ¼
PN

n¼1 cn xn � x0n ¼ 0 and that ðujwÞ has the four properties of a scalar product.)
Finally, let X be a Hilbert space and let y 2 X. Then, fyðxÞ ¼ ðyjxÞ is a con-

tinuous linear function fy : X ! K : x 7! ðyjxÞ, hence fy 2 X�. The Riesz lemma
says that there is a conjugate linear bijection y 7! fy between X and its dual X� [1].

We close the section with a number of examples of vector spaces from physics:
R

n ¼ R
n�, the set of real n-tuples a ¼ fa1; a2; . . .; ang, is used as a mere

topological vector space with the product topology of R
 R
 � � � 
 R (n factors)
or as a Euclidean space (real finite-dimensional Hilbert space, ðajbÞ ¼ a � b ¼
P

aibi implying the same topology) in the sequel, depending on context (cf. the
discussion in connection with Figs. 2.2 and 2.4). Both concepts play a central role

Fig. 2.4 Orthogonal
complement M? to a closed
subspace M of an inner
product space
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in the theory of real manifolds. As a mere topological vector space it is the
configuration space of a many-particle system, as an Euclidean space the position
space or the momentum space of physics. For instance in the physics of vibrations,
C

n � R
2n by the isomorphism zj ¼ xj þ iyj 7! ða2j�1; a2jÞ ¼ ðxj; yjÞ is used, where

only the xj describe actual amplitudes. In the sequel, vectors of the space Kn

(K ¼ R or C) are denoted by bold-face letters and the inner product is denoted by a
dot.

lp as sequence spaces the points of which are complex or real number sequences
a ¼ faig1i¼1 are defined for 1� p\1 with the norm (a 2 lp, iff jjajjp\1)

lp : jjajjp ¼
X1

i¼1

jaijp
 !1=p

; 1� p\1: ð2:10Þ

Young’s inequality says jaibij � jaijp=pþ jbijq=q for 1=pþ 1=q ¼ 1. (It suffices
to take real positive ai; bi to prove it. Determine the maximum of the function
fbiðaiÞ ¼ biai � jaijp=p.) Therefore, if 1\p\1; 1=pþ 1=q ¼ 1; jjajjp\1;
jjbjjq\1 then jhb; aij ¼ j

P
biaij\1, that is, b 2 lq is a continuous linear

functional on lp 3 a, lq � lp�. It can be proved that lq ¼ lp� [2, Section IV.9]. Since
X� is always a Banach space, lp; 1\p\1 is a Banach space. Additionally, the
normed sequence spaces l1 	 c0 	 f , all with norm

l1 : jjajj1 ¼ sup
i
jaij; ð2:11Þ

c0 � l1 : lim
i!1

ai ¼ 0;

f � l1 : ai ¼ 0 for all but finitely many i

are considered. It can be shown that l1 and c0 are Banach spaces and l1� ¼ l1 and
c�0 ¼ l1. Hence, l1 is also a Banach space. It is easily seen that f has a countable
base as a vector space. Moreover, it is dense in lp; 1� p\1 (in the topology of
the norm jj�jjp) and in c0 (in the topology of the norm jj�jj1). Hence, those spaces

have a countable base and are separable. Finally, l2 with the inner product ðajbÞ ¼
P

ia
ibi is the Hilbert space of Heisenberg’s quantum mechanics. Every infinite-

dimensional separable Hilbert space is isomorphic to l2 [1, Section II.3].
LpðM; dlÞ [1]: Let ðM; dlÞ be a measure space, for instance R

n or a part of it
with Lebesgue measure dnx. Denote by f the class of complex or real functions on
M which differ from each other at most on a set of measure zero. Clearly, linear
combinations respect classes. LpðM; dlÞ is the functional linear space of classes f
for which

jjf jjp ¼
Z

M

jf jpdl

0

@

1

A

1=p

\1: ð2:12Þ
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For p ¼ 1; jjf jj1 ¼ ess sup jf j, that is the smallest real number c so that jf j[ c at
most on a set of zero measure. For 1� p�1; jjf jjp is a norm, and LpðM; dlÞ is
complete. LpðM; dlÞ� ¼ LqðM; dlÞ; 1=pþ 1=q ¼ 1; 1� p\1 with hg; f i ¼R

M gfdl. If M ¼ Rþ and dl ¼
P1

n¼1 dðx� nÞdx, then LpðM; dlÞ ¼ lp.

If lðMÞ\1, then LpðM; dlÞ � Lp0 ðM; dlÞ for p� p0. The Hilbert space of
Schrödinger’s quantum states of a spinless particle is L2ðR3; d3xÞ, for a spin-S
particle is L2ðR3; d3xÞ � C

2Sþ1, where C
2Sþ1 is the ð2Sþ 1Þ-dimensional state

space of spin. The Lp-spaces are for instance used in density functional theories.
Fock space: Let H be a Hilbert space of single-particle quantum states, and

let H0 ¼ K (field of scalars) and Hn ¼ H�H� � � � � H (n factors). For any
vector wk1

� wk2
� � � � � wkn

2 Hn; let Snwk1
� wk2

� � � � � wkn
¼
P
P wkPð1Þ �

wkPð2Þ � � � � � wkPðnÞ and Anwk1
� wk2

� � � � � wkn
¼
P
Pð�1ÞjPjwkPð1Þ � wkPð2Þ �

� � � � wkPðnÞ ; where the summation is over all permutations P of the numbers

1; 2; . . .; n and jPj is its order. Let S0 ¼ A0 ¼ IdH0 : Then,

FBðHÞ ¼ 
1n¼0SnHn

is the bosonic Fock space, and

FFðHÞ ¼ 
1n¼0AnHn

is the fermionic Fock space. An orthonormal base in both cases may be introduced as
the set of occupation number eigenstates for a fixed orthonormal basis fwkg in H

ji; jn1; n2; . . .; nNi; N ¼ 1; 2; . . .; nk ¼ 0; 1; 2; . . .(bosons) and nk ¼ 0; 1 (fermions):

The state with vector ji 2 H0 is called the vacuum state. The Fock space is the
closure (in the topology of the direct sum of tensor products of H) of the span of
all occupation number eigenstates.

2.3 Derivatives

Let F : X!Y be a mapping (vector-valued function) from an open set X of a
normed vector space X into a topological vector space Y . If the limes

DxFðx0Þ ¼
d

dt
Fðx0 þ txÞjt¼0¼ lim

t 6¼0;t!0
x0þtx2X

Fðx0 þ txÞ � Fðx0Þ
t

ð2:13Þ

exists it is called a partial derivative or (for jjxjj ¼ 1) directional derivative in the
direction of x of the function F at x0. DxFðx0Þ is a vector of the space Y . DxFðx0Þ is
of course defined for any value of norm of x; by replacing in the above definition t
by kt it is readily seen that DkxFðx0Þ ¼ kDxFðx0Þ. (However, DxFðx0Þ as a
function of x need not be linear; for instance it may exist for some x and not for
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others.) If the directional derivative (for fixed x) exists for all x0 2 X then DxFðx0Þ
is another function (of the variable x0) from X into Y (which need not be con-
tinuous), and the second directional derivative Dx0DxFðx0Þ may be considered if it
exists for some x0, and so on. If, given x0, the directional derivative DxFðx0Þ exists
for all x as a continuous linear function from X into Y , then it is called the Gâteaux
derivative.

Caution: The existence of all directional derivatives is not sufficient for the
chain rule of differentiation to be valid; see example below.

Let Y also be a normed vector space. If there is a continuous linear function
DFðx0Þ 2 LðX; YÞ so that

Fðx0 þ xÞ � Fðx0Þ ¼ DFðx0Þxþ RðxÞjjxjj; lim
x!0

RðxÞ ¼ 0; ð2:14Þ

then DFðx0Þ is called the total derivative or the Fréchet derivative of F at x0. RðxÞ
is supposed continuous at x ¼ 0 with respect to the norm topologies of X and Y ,
and Rð0Þ ¼ 0. (For x 6¼ 0, RðxÞ is uniquely defined to be ½Fðx0 þ xÞ�
Fðx0Þ � DFðx0Þx�=jjxjj.) Given x (and x0), DFðx0Þx is again a vector in Y , that is,
for given x0, DFðx0Þ is a continuous linear function from X into Y . If DFðx0Þ exists
for all x0 2 X, then DF is a mapping from X into LðX; YÞ and DFx (x fixed) is a
mapping from X into Y . Hence, the second derivative DðDFxÞðx0Þx0 ¼ D2Fðx0Þxx0

may be considered, and so on. For instance, D2F is a mapping from X into
LðX;LðX; YÞÞ; the space of continuous bilinear functions from X 
 X into Y and,
given x and x0, D2Fxx0 is a mapping from X into Y .

The total derivative may not exist even if all directional derivatives do exist. As
an example [3, §10.1], consider X ¼ R

2; Y ¼ R and the real function of two real
variables x1 and x2

Fðx1; x2Þ ¼
2ðx1Þ3x2

ðx1Þ4 þ ðx2Þ2
for ðx1; x2Þ 6¼ ð0; 0Þ;

0 for ðx1; x2Þ ¼ ð0; 0Þ:

8
<

:

Let 0 ¼ ð0; 0Þ and x ¼ ðx1; x2Þ 6¼ 0. Then, ðFð0þ txÞ � Fð0ÞÞ=t ¼ ð2t3ðx1Þ3x2Þ=
ðt4ðx1Þ4 þ t2ðx2Þ2Þ. For x2 ¼ 0 this is 0, and for x2 6¼ 0 it is of order OðtÞ, hence,
DxFð0Þ ¼ 0 for all x. Nevertheless, Fðx1; ðx1Þ2Þ ¼ x1: the slope of the graph of F

on the curve x2 ¼ ðx1Þ2 is unity. This means that DFð0Þ, which should be zero
according to the directional derivatives, in fact does not exist: RðxÞ ! 0 does not
hold for x ¼ ðx1; ðx1Þ2Þ. (Exercise: Show that DxFðx0Þ is discontinuous at x0 ¼ 0.)

If DxFðx00Þ exists for all x and for all x00 in a neighborhood U of x0 and is
continuous as a function of x00 at x0, then DFðx0Þ exists and DFðx0Þx ¼ DxFðx0Þ.

Proof For small enough x so that x0 þ x 2 U, consider the function rðx0; xÞ ¼
Fðx0 þ xÞ � Fðx0Þ � DxFðx0Þ with values in Y . Take any vector f of the dual space
Y� of Y and consider the scalar function f ðtÞ ¼ hf ;Fðx0 þ txÞi of the real variable
t; 0� t� 1. This function has a derivative
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df

dt
¼ lim

Dt!0
f ;

Fðx0 þ txþ DtxÞ � Fðx0 þ txÞ
Dt

� �

¼ hf ; DxFðx0 þ txÞi

and hence f ð1Þ � f ð0Þ ¼ hf ;DxFðx0 þ sxÞi for some s; 0� s� 1. Therefore,
hf ; rðx0; xÞi ¼ hf ;DxFðx0 þ sxÞ � DxFðx0Þi. Choose f with jjf jj ¼ 1 for which

jhf ; rðx0; xÞij �
1
2
jjf jj jjrðx0; xÞjj ¼

1
2
jjrðx0; xÞjj

holds. (It exists by the Hahn–Banach theorem.) It follows that jjrðx0; xÞjj � 2jhf ;Dx

Fðx0 þ sxÞ � DxFðx0Þij � 2jjDxFðx0 þ sxÞ � DxFðx0Þjj. Finally, put x ¼ jjxjjx̂ and
get jjrðx0; xÞjj � 2jjDx̂ðx0 þ sxÞ � Dx̂ðx0Þjj jjxjj. Hence, in view of the continuity of
Dx̂ðx00Þ at x00 ¼ x0 it follows that rðx0; xÞ ¼ RðxÞjjxjj with limx!0 RðxÞ ¼ 0: h

In the special case Y ¼ K, the scalar field of X, the mapping F : X ! K is a
functional, and DFðx0Þ 2 LðX;KÞ ¼ X� is a continuous linear functional and
hence an element of the dual space X�, if it exists. For instance, if X ¼ Kn then
DFðx0Þ ¼ y 2 Kn (gradient). If X is a functional space, DFðx0Þ is called the
functional derivative of F at x0. If X ¼ LpðKn; dnzÞ 3 f ðzÞ then DFðf0Þ ¼
gðzÞ 2 LqðKn; dnzÞ; 1=pþ 1=q ¼ 1. The functional derivative in the functional
space Lp is a function (more precisely class of functions) of the functional space
Lq. A trivial example which nevertheless is frequently met in physics is Fðf Þ ¼
ðgjf Þ with Dðgjf Þðf Þ ¼ g (derivative of a linear function).

If X ¼ Kn 3 x ¼ x1e1 þ x2e2 þ � � � þ xnen and Y ¼ Km 3 y ¼ y1e01 þ y2e02þ
� � � þ yme0m, then FðxÞ ¼ F1ðxÞ e01 þ F2ðxÞ e02 þ � � � þ FmðxÞe0m and hf i;DFðx0Þeki ¼
oFiðx0Þ=oxk; hf i; e0ki ¼ di

k. In this case,

DFðx0Þ ¼

oF1ðx0Þ
ox1

oF1ðx0Þ
ox2

. . .
oF1ðx0Þ

oxn

oF2ðx0Þ
ox1

oF2ðx0Þ
ox2

. . .
oF2ðx0Þ

oxn

..

. ..
. ..

.

oFmðx0Þ
ox1

oFmðx0Þ
ox2

. . .
oFmðx0Þ

oxn

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

ð2:15Þ

is the Jacobian matrix of the function F : Kn ! Km. For any y� 2 Y�,
hy�;DFðx0Þxi ¼ y� � DFðx0Þ � x, where the dot � marks the inner product in the
spaces Kn and Km. For m ¼ n the determinant

Dðy1; . . .; ynÞ
Dðx1; . . .; xnÞ ¼ det

oFiðx0Þ
oxj

� �

ð2:16Þ

is the Jacobian.
Employing higher derivatives, the Taylor expansion of a function F from the

normed linear space X into a normed linear space Y reads

Fðx0þxÞ¼Fðx0ÞþDFðx0Þxþ
1
2!

D2Fðx0Þxxþ���þ 1
k!

DkFðx0Þ xx���x|fflffl{zfflffl}
ðk factorsÞ

þ���; ð2:17Þ
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provided x0 and x0 þ x belong to a convex domain X � X on which F is defined
and has total derivatives to all orders, which are continuous functions of x0 in X
and provided this Taylor series converges in the norm topology of Y . As explained
after (2.14), DkFðx0Þ 2 LðX;LðX; � � � ;LðX; YÞ � � �ÞÞ is a k-linear function from
X 
 X 
 � � � 
 X (k factors) into Y . For instance, in the case X ¼ Kn; Y ¼ Km this
means

hy�;DkFðx0Þx � � � xi ¼
X

i;i1;...;ik

y�i
oFiðx0Þ

oxi1 � � � oxik
xi1 � � � xik : ð2:18Þ

Proofs of this Taylor expansion theorem and the following generalizations from
standard analysis can be found in textbooks, for instance [4].

Recall that LðX; YÞ is a normed vector space with the norm (2.5) which is
Banach if Y is Banach. Hence, LðX;LðX; YÞÞ is again a normed vector space
which is Banach if Y is Banach. If L2 : X ! LðX; YÞ : x; x0 7! L2ðx; x0Þ ¼: L2xx0 is
a bilinear function from X 
 X into Y , its LðX;LðX; YÞÞ-norm is (cf. (2.5))

jjL2jjLðX;LðX;YÞÞ ¼ sup
x2X

jjL2xx0jjLðX;YÞ
jjxjjX

¼ sup
x2X

supx02X jjL2xx0jjY=jjx0jjX
jjxjjX

¼ sup
x;x02X

jjL2xx0jjY
jjxjjX jjx0jjX

:

By continuing this process, LðX;LðX; � � � ;LðX; YÞ � � �ÞÞ (depth k) is a normed
vector space which is Banach if Y is Banach, and the norm of a k-linear function
Lkxð1Þxð2Þ� � �xðkÞ is

jjLkjjLðX;LðX; . . .;LðX; YÞ. . .ÞÞ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

depth k

¼ sup
xð1Þ���xðkÞ2X

jjLkxð1Þ � � � xðkÞjjY
jjxð1ÞjjX � � � jjxðkÞjjX

: ð2:19Þ

A general chain rule holds for the case if F : X 	 X! Y;FðXÞ � X0;G :

Y 	 X0 ! Z and H ¼ G � F : X 	 X! Z. Then,

DHðx0Þ ¼ DGðFðx0ÞÞ � DFðx0Þ ð2:20Þ

if the right hand side derivatives exist. In this case, DFðx0Þ 2 LðX; YÞ and
DGðFðx0ÞÞ 2 LðY ; ZÞ and hence DHðx0Þ 2 LðX; ZÞ. Moreover, if DF : X!
LðX; YÞ is continuous at x0 2 X and DG : X0 ! LðY ; ZÞ is continuous at
Fðx0Þ 2 X0, then DH : X! LðX; ZÞ is continuous at x0 2 X.

Coming back to the warning on p. 23, take the function F : R! R
2 :

t 7! ðt; t2Þ; and for G : R2 ! R take the function of the example on p. 23. Then,
HðtÞ ¼ ðG � FÞðtÞ ¼ t and hence DHð0Þ ¼ 1. Would one from Dðx1;x2ÞGð0; 0Þ ¼ 0

for all ðx1; x2Þ infer that DGð0; 0Þ ¼ 0, then one would get erroneously
DHð0Þ ¼ DGð0; 0Þ � DFð0Þ ¼ 0. In more familiar notation for this case,
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dH

dt

�
�
�
�
t¼0

6¼ oG

ox1

�
�
�
�
ð0;0Þ

dx1

dt

�
�
�
�
0

þ oG

ox2

�
�
�
�
ð0;0Þ

dx2

dt

�
�
�
�
0

¼ 0:

The chain rule does not hold because the total derivative of G does not exist at
ð0; 0Þ; oG=ox2 is discontinuous there.

If X; Y and Z are the finite-dimensional vector spaces Kn; Km and Kl with
general (not necessarily orthonormal) bases fixed, then the l
 n Jacobian matrix
of DHðx0Þ is just the matrix product of the l
 m and m
 n Jacobian matrices
(2.15) of DGðFðx0ÞÞ and DFðx0Þ. It follows that in the case l ¼ m ¼ n the
Jacobian of H is the product of the Jacobians of G and F:

Dðz1; . . .; znÞ
Dðx1; . . .; xnÞ ¼

Dðz1; . . .; znÞ
Dðy1; . . .; ynÞ

Dðy1; . . .; ynÞ
Dðx1; . . .; xnÞ :

Just this is suggested by the notation (2.16) of a Jacobian.
If F : X 	 X! X0 � Y is a bijection and DFðx0Þ and DF�1ðFðx0ÞÞ both exist,

then

ðDFðx0ÞÞ�1 ¼ DF�1ðFðx0ÞÞ: ð2:21Þ

This follows from the chain rule in view of F�1 � F ¼ IdX and DIdðx0Þ ¼ Id.
(From the definition (2.14) it follows for a linear function F 2 LðX; YÞ that
DFðx0Þ ¼ F independent of x0 2 X.) The case X ¼ Y ¼ Kn now implies

Dðx1; . . .; xnÞ
Dðy1; . . .; ynÞ ¼

Dðy1; . . .; ynÞ
Dðx1; . . .; xnÞ

� ��1

for the Jacobian. For n ¼ 1 this is the rule dx=dy ¼ ðdy=dxÞ�1.
A function F from an open domain X of a normed space X into a normed space

Y is called a class CnðX; YÞ function if it has continuous derivatives DkFðx0Þ up to
order k ¼ n (continuous as functions of x0 2 X). If the domain X and the target
space Y are clear from context, one speaks in short on a class Cn function (or even
shorter of a Cn function). A C0 function means just a continuous function. A C1

function is also called smooth. A smooth function still need not have a Taylor
expansion. For instance the real function

feðxÞ ¼ expð�e2=ðe2 � x2ÞÞ for jxj\e
0 for jxj � e

�

is C1 on the whole real line, but has no Taylor expansion at the points x ¼ �e
although all its derivatives are equal to zero and continuous there. (Up to the
normalization factor it is a de-function.) A function which has a Taylor expansion
converging in the whole domain X is called a class CxðX; YÞ function or an
analytic function. A complex-valued function of complex variables is analytic, iff
it is C1 and its derivatives obey the Cauchy–Riemann equations.
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A Cn (C1;Cx) diffeomorphism is a bijective mapping from X � X onto X0 �
Y which, along with its inverse, is Cn; n [ 0, (C1; Cx).

With pointwise linear combinations of functions with constant coefficients,
ðkF þ k0GÞðxÞ ¼ kFðxÞ þ k0GðxÞ, the class Cn (C1; Cx) is made into a vector
space. The vector spaces Cn, C1 include normed subspaces Cn

b , C1b (of all
functions with finite norm) by introducing the norm

jjFjj
Cn=1

b
¼ sup

x02X
k� n=1

jjDkFðx0Þjj; jjFjjC0
b
¼ sup

x02X
jjFðx0Þjj; ð2:22Þ

with the norms (2.19) on the right hand side of the first expression. These spaces
are again Banach if Y is Banach. Convergence of a sequence of functions in these
norms means uniform convergence on X, of the sequence of functions and of the
sequences of all derivatives up to order n, or of unlimited order. (Besides, every
space Cn

b ;m� n�1, is dense in the normed space Cm
b .)

The mapping D : C1
bðX; YÞ ! C0

bðX;LðX; YÞÞ : F 7!DF is a continuous linear
mapping with norm not exceeding unity.

Proof As a bounded linear mapping, D 2 LðC1
bðX; YÞ;C0

bðX;LðX; YÞÞÞ; the norm
of D is jjDjj ¼ supF jjDFjjC0

bðX;LðX;YÞÞ
=jjFjjC1

bðX;YÞ
: From (2.22) it is directly seen

that the numerator of this quotient cannot exceed the denominator, hence jjDjj � 1
and D is indeed bounded and hence continuous. h

If the normed vector space Y in addition is an algebra with unity I (see
Compendium) and the norm has the additional properties

4: jjIjj ¼ 1;
5: jjyy0jj � jjyjj jjy0jj;

then it is called a normed algebra. If it is complete as a normed vector space, it is
called a Banach algebra. If Y is a normed algebra, then with pointwise
multiplication, ðFGÞðxÞ ¼ FðxÞGðxÞ, the class Cn

b (C1b ) with the norm (2.22) is
made into a normed algebra. (Show that FG is Cn

b if F and G both are Cn
b .)

The derivative of a product in the algebra Cn; n� 1 is obtained by the Leibniz
rule

DðFGÞ ¼ ðDFÞGþ FðDGÞ: ð2:23Þ

(Exercise: Consider UðxÞ ¼ ðFðxÞ;GðxÞÞ; Wðu; vÞ ¼ uv and HðxÞ ¼ ðW � UÞðxÞ
and apply the chain rule to obtain (2.23).)

An implicit function is defined in general in the following manner: Let X be a
topological space, let Y be a Banach space and let Z be a normed vector space. Let
F : X 
 Y 	 X! Z be a continuous function and consider the equation

Fðx; yÞ ¼ c; c 2 Z fixed: ð2:24Þ
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Assume that DyFðx0; y0Þ 2 LðY ;ZÞ exists for all y 2 Y and is continuous on X (as
a function of x0; y0), that Fða; bÞ ¼ c and that Q ¼ DyFða; bÞ is a linear bijection
from Y onto Z, so that Q�1 2 LðZ; YÞ: Then, there are open sets A 3 a and B 3 b
in X and Y , so that for every x 2 A Eq. (2.24) has a unique solution y 2 B which
implicitly by Eq. (2.24) defines a continuous function G : A! Y : x 7! y ¼ GðxÞ.

The proofs of this theorem and of the related theorems below are found in
textbooks, for instance [4]. It is essential, that Y is Banach.

Let X be also a normed vector space and assume F 2 C1ðX; ZÞ. Then the above
function G has a continuous total derivative at x ¼ a, and

DxGðaÞ ¼ �ðDyFða; bÞÞ�1 � DxFða; bÞ; b ¼ GðaÞ: ð2:25Þ

Formally, one may differentiate (2.24) by applying the chain rule,

DxFða; bÞdxþ DyFða; bÞdy ¼ 0; x 2 X; y 2 Y;

where dx ¼ DIdX ¼ 1 and dy ¼ DxGðaÞ, and solve this relation for dy=dx.
In order to prove that DGðaÞ of (2.25) is a continuous function of a, that is, that

G 2 C1ðA; YÞ, the continuity of ðDyFða; bÞÞ�1 as function of a and b must be
stated. Since DyFða; bÞ 2 LðY ;ZÞ; this implies the derivative of the inverse of a
linear function with respect to a parameter which is of interest on its own:

Let X and Y be Banach spaces and let U and U�1 be the sets of invertible
continuous linear mappings out of LðX; YÞ and LðY ;XÞ. Then, both U and U�1 are
open sets.

Proof for U; for U�1 interchange X and Y Let U0 2 U and U 2 LðX; YÞ such that
jjIdX � U�1

0 � UjjLðX;XÞ\1: Then,

ðU�1
0 � UÞ�1 ¼ IdX þ ðIdX � U�1

0 � UÞ þ ðIdX � U�1
0 � UÞ2 þ � � �

converges and hence U ¼ U0 � ðU�1
0 � UÞ 2 U ðU�1 ¼ ðU�1

0 � UÞ�1 � U�1
0 Þ:

Every U0 2 U has a neighborhood, jjU0 � Ujj\1=jjU0jj, where this is realized. h

Let X and Y be Banach spaces and U as above. Let U : X 	 A! U � LðX; YÞ :

x0 7!Uðx0Þ be C1. Then ~U : x0 7! ðUðx0ÞÞ�1 is C1, and its derivative is given by

Dð~UÞðx0Þx ¼ �~Uðx0Þ � DUðx0Þx � ~Uðx0Þ 2 LðY;XÞ; x 2 X: ð2:26Þ

The proof of continuity of the left hand side with respect to the x0-dependence
consists of an investigation of the relation UðxÞ � ~UðxÞ ¼ IdY : It is left to the reader
(see textbooks of analysis). Differentiating this equation with respect to x at point
x0 yields Uðx0Þ � D~Uðx0Þxþ DUðx0Þx � ~Uðx0Þ ¼ 0: Composing with ðUðx0ÞÞ�1 ¼
~Uðx0Þ from the left results in the above relation. If X ¼ Kn, then U can only be
non-empty if also Y ¼ Kn. After introducing bases UðxÞ is represented by a
regular n
 n matrix MðxÞ. One obtains the familiar result ðx � o=oxÞM�1jx0

¼
M�1 � ðx � o=oxÞMjx0

�M�1: Along a straight line x ¼ te, or for a one parameter

dependent matrix this reduces to dM�1=dt ¼ M�1 � ðdM=dtÞ �M�1.
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2.4 Compactness

Compactness is the abstraction from closed bounded subsets of R
n. Before

introducing this concept, a few important properties of n-dimensional closed
bounded sets are reviewed.

The Bolzano–Weierstrass theorem says that in an n-dimensional closed
bounded set every sequence has a convergent subsequence. An equivalent
formulation is that every infinite set of points of an n-dimensional closed bounded
set has a cluster point.

A cluster point of a subset A of a topological space X is a point x 2 X every
neighborhood of which contains at least one point of A distinct from x: (Compare
the definition of a point of closure on p. 12. A cluster point is a point of closure,
but the reverse is not true in general.)

Weierstrass theorem: A continuous function takes on its maximum and
minimum values on an n-dimensional closed bounded set.

Brouwer’s fixed point theorem: On a convex n-dimensional closed bounded
set B the fixed point equation x ¼ FðxÞ;F : B! B continuous, has a solution.

These theorems do not necessarily hold in infinite dimensional spaces. Consider
for example the closed unit ball (e.g. centered at the origin) in an infinite
dimensional real Hilbert space. Clearly the sequence of distinct orthonormal unit
vectors does not converge in the norm topology: the distance between any pair of

orthogonal unit vectors is jjei � ejjj ¼ ðei � ejjei � ejÞ1=2 ¼
ffiffiffi
2
p

: It is easily seen
that open balls of radius 1=ð2

ffiffiffi
2
p
Þ centered halfway on these unit vectors do not

intersect. The unit ball is too roomy for the Bolzano–Weierstrass theorem to hold;
it accommodates an infinite number of non-overlapping balls of a fixed non-zero
radius. This consideration yields the key to compactness.

A set C of a topological space is called a compact set, if every open cover fUg,
a family of open sets with [U 	 C, contains a finite subcover, [n

i¼1Ui 	 C.
A compact set in a Hausdorff space (the only case of interest in this volume) is
called a compactum.

Compactness is a topological property, the image C0 of a compact set C under a
continuous mapping F is obviously a compact set: Take any open cover of C0.
Since the preimage F�1ðU0Þ of an open set U0 is an open set U � C, these
preimages form an open cover of C. A selection of a finite subcover of these
preimages also selects a finite subcover of C0.

A compactum is closed.

Proof Let x be a point of closure of a compactum C, that is, every neighborhood
of x contains at least one point c 2 C. Let x 62 C. Since C is Hausdorff, for every
c 2 C there are disjoint open sets Uc 3 c and Vx;c 3 x. Since the sets Uc obviously
form an open cover of C, a finite subcover Uci ; i ¼ 1; . . .; n may be selected. Then,
V ¼ \iVx;ci is a neighborhood of x not intersecting C, which contradicts the
preposition. Hence, C contains all its points of closure. h
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It easily follows that the inverse of a continuous bijection f of a compactum C
onto a compactum C0 is continuous, that is, the bijection is a homeomorphism.

Proof Indeed, any closed subset A of the compactum C is a compactum; any open
cover of A together with the complement of A forms an open cover of C and hence there
is a finite subcover which is also a subcover of A. Now, since f is continuous, f ðAÞ is
also a compactum and hence a closed subset of C0. Consequently f maps closed sets to
closed sets, and because it is a bijection, it also maps open sets to open sets. h

Now, the Bolzano–Weierstrass theorem is extended:

Every infinite set of points of a compact set C has a cluster point.

Proof Assume that the infinite set A � C has no cluster point. A set having no
cluster point is closed. Indeed, if a is a point of closure of A, then a 2 A or a is a
cluster point of A. Select any infinite sequence faig � A of distinct points ai.
The sets faig1i¼n are closed for n ¼ 1; 2; . . . and the intersection of any finite
number of them is not empty. Their complements Un in C form an open cover of
C, for which hence there exists no finite subcover. C is not a compact set. h

As a consequence, an unbounded set of a metric space cannot be compact.
Hence, the simple Heine–Borel theorem, that a closed bounded subset of
R

n; n\1 is compact, has a reversal: A compact subset of R
n is closed and

bounded. (Recall that a metric space is Hausdorff.) This immediately also extents
the Weierstrass theorem:

A continuous real-valued function on a compact set takes on its maximum and
minimum values.

It maps the compact domain onto a compact set of the real line, which is closed
and bounded and hence contains its minimum and maximum. However, a much
more general statement on the existence of extrema will be made later on.

A closed subset of a compact set is a compact set.

Proof Take any open cover of the closed subset C0 of the compact set C. Together
with the set CnC0, open in C, it also forms an open cover of C. A finite subcover of
C also yields a finite subcover of C0: h

A set of a topological space is called relatively compact if its closure is
compact. A topological space is called locally compact if every point has a
relatively compact neighborhood. A function from a domain in a metric space X
into a metric space Y is called a compact function or compact operator if it is
continuous and maps bounded sets to relatively compact sets.

Brouwer’s fixed point theorem has now two important generalizations which
are given without proof (see textbooks of functional analysis):

Tychonoff’s fixed point theorem: A continuous mapping F : C ! C in a
compact convex set C of a locally convex vector space has a fixed point.

Schauder’s fixed point theorem: A compact mapping F : C ! C in a closed
bounded convex set C of a Banach space has a fixed point.
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Both theorems release the precondition of Banach’s fixed point theorem on F to
be a strict contraction (p. 14). As a price, uniqueness is not guaranteed any more.
Tychonoff’s theorem also releases the precondition of completeness of the space.

Every locally compact space has a one point compactification that is, a
compact space Xc ¼ X [ fx1g and a homeomorphism P : X ! Xc n fx1g:

Proof Let x1 62 X and let fUg1 be the class of open sets of X for which XnU is
compact in X. (X itself belongs to this class since [ is compact.) Take the open sets
of Xc to be the open sets of X and all sets containing x1 and having their intersections
with X in fUg1. This establishes a topology in Xc and the homeomorphism. Let now
fVg be an open cover of Xc. It contains at least one set V1 ¼ U [ fx1g, and XcnV1
is compact in X. Hence, fVg has a finite subcover. h

The compactified real line (circle) R and the compactified complex plane
(Riemann sphere) C are well known examples of one point compactifications.

To get more general results for the existence of extrema, the concept of
semicontinuity is needed. A function F from a domain of a topological space X
into R is called lower (upper) semicontinuous at the point x0 2 X, if either
Fðx0Þ ¼ �1 (Fðx0Þ ¼ þ1) or for every e [ 0 there is a neighborhood of x0 in
which FðxÞ[ Fðx0Þ � e ðFðxÞ\Fðx0Þ þ eÞ:

A lower semicontinuous function need not be continuous, its function value even
may jump from �1 to 1 at points of discontinuity. However, at every point of
discontinuity it takes on the lowest limes of values. (For every net converging towards
x0 2 X the function value at x0 is equal to the lowest cluster point of function values on
the net.) A lower semicontinuous function is finite from below, if FðxÞ[�1 for all
x. Analogous statements hold for an upper semicontinuous function.

If F is a finite from below and lower semicontinuous function from a non-empty
compactum A into R; then F is even bounded below and the minimum problem
minx2A FðxÞ ¼ a has a solution x0 2 A; a ¼ Fðx0Þ.

An analogous theorem holds for a maximum problem. The proof of these
statements is simple: Consider the infimum of F on A, pick a sequence for which
FðxnÞ� inf FðxÞ þ 1=n and select a cluster point x0 and a subnet converging to x0.
Hence, inf FðxÞ ¼ Fðx0Þ[�1 since F is finite from below.

Extremum problems are ubiquitous in physics. Many physical principles are
directly variational. Extremum problems are also in the heart of duality theory
which in physics mainly appears as theory of Legendre transforms. Moreover,
since every system of partial differential equations is equivalent to a variational
problem, extremum problems are also central in (particularly non-linear) analysis,
again with central relevance for physics.

It has become evident above that compactness of the domain plays a decisive
role in extremum problems. On the other hand, bounded sets in infinite-dimen-
sional normed spaces are not compact in the norm topology, while many varia-
tional problems, in particular in physics, are based on infinite-dimensional
functional spaces. (David Hilbert introduced the concept of functional inner
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product space to bring forward the variational calculus.) Rephrased, those func-
tional spaces are not locally compact in the norm topology. The question arises,
can one introduce a more cooperative topology in those spaces. The coarser a
topology, the less open sets exist, and the more chances appear for a set to be
compact. On p. 18, the weak topology was introduced as the coarsest topology
in the vector space X, for which all bounded linear functionals are continuous.
In a finite-dimensional space it was shown to be equivalent to the norm topology.
In an infinite-dimensional space it is indeed coarser than the norm topology, but
sometimes not coarse enough to our goal.

Let X be a Banach space and X� its dual. In general, X��, the space of all bounded
linear functionals on X�, may be larger than X. The weak topology of X� is the
coarsest topology in which all bounded linear functionals, that is all f 2 X�� are
continuous. The weak� topology is the coarsest topology of X� in which all bounded
functionals f 2 X are continuous. Since these are in general less functionals, in
general the weak� topology is coarser than the weak topology. If X is reflexive, then
X�� ¼ X (and X��� ¼ X�), and the weak and weak� topologies of X� (and also of
X�� ¼ X) are equivalent. (A Banach space is in general not any more first countable
in the weak and weak� topologies; this is why instead of sequences nets are needed.)

The Banach–Alaoglu theorem states that the unit ball of the dual X� of a
Banach space X is compact in the weak� topology: As a corollary, the unit ball of a
reflexive Banach space is compact in the weak topology.

A proof which uses Tichonoff’s non-trivial theorem on topological products
may be found in textbooks on functional analysis. Now, the way is paved for
applications of the existence theorems of extrema. The price is that in the weak�

topology there are much less semicontinuous functions than in the norm topology.
Nevertheless, for instance the theory of functional Legendre transforms, relevant
in density functional theories is pushed far ahead [5, and citations therein].

A few applications of the concept of compactness in functional analysis are
finally mentioned which are related to the material of this volume. They use the
facts that every compactum X is a regular topological space, that is, every non-
empty open set contains the closure of another non-empty open set, and every
compactum is a normal topological space, which means that every single point
set fxg is closed and every pair of disjoint closed sets is each contained in one of a
pair of disjoint open sets.

Proof For each pair ðx; yÞ of points in a pair of disjoint closed sets ðC1;C2Þ;
C1 \ C2 ¼ [; x 2 C1; y 2 C2, there is a pair of disjoint open sets (Ux;y;Uy;xÞ;
x 2 Ux;y; y 2 Uy;x, since a compactum is Hausdorff. C2 as a closed subset of a
compactum is compact, and hence has a finite open cover fUy1;x;Uy2;x; . . .;
Uyn;xg; yi 2 C2. Put Ux ¼ [iUyi;x;U

x ¼ \iUx;yi , and U1 ¼ [jUxj ;U2 ¼ \jUxj ;

xj 2 C1:
Regularity: Let U be an open set. Put C1 ¼ XnU and C2 ¼ fyg; y 2 U (C2 is

closed since X is Hausdorff.). Take U2 3 y constructed above. U2 � U:
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Normality: For the above constructions, obviously C1 � U1; C2 � U2;
U1 \ U2 ¼ [: h

In a regular topological space every point has a closed neighborhood base.
For the proofs of the following theorems see textbooks of functional analysis.

Urysohn’s theorem: For every pair ðC0;C1Þ of disjoint closed sets of a normal
space X there is a real-valued continuous function, F 2 C0ðX;RÞ; with the
properties 0�FðxÞ� 1;FðxÞ ¼ 0 for x 2 C0; FðxÞ ¼ 1 for x 2 C1.

Tietze’s extension theorem: Let X be a compactum and C � X closed. Then
every C0ðC;RÞ-function has a C0ðX;RÞ-extension:

A function F defined on a locally compact topological space X with values in a
normed vector space Y is said to be a function of compact support, if it vanishes
outside of some compact set (in general depending on F). The support of a
function F; supp F is the smallest closed set outside of which FðxÞ ¼ 0. If X is a
locally compact normed vector space, then corresponding to the classes
Cn; 0� n�1 (p. 27) there are classes Cn

0 of continuous or n times continuously
differentiable functions of compact support. Like the classes Cn, the classes Cn

0 are
vector spaces or in the case of an algebra Y algebras with respect to pointwise
operations on functions.

In the context of this volume, particularly C10 ðKn; YÞ functions, K ¼ R or C;
are of importance. One could normalize the vector space Cn

0 ; 0� n�1 with the
Cn

b-norm (2.22), however, if X itself is not compact, Cn
0b would not be complete in

this norm topology even if Y would be Banach. For instance, the function sequence

FnðxÞ ¼
Xn

k¼1

1
2k

Uðx� kÞ; U 2 Cn
0ðR;RÞ; n ¼ 1; 2; . . .;

is Cauchy in the Cn
b norm, but its limit does not have compact support. The

completion of the C0
0ðX; YÞ ¼ C0

0bðX; YÞ space of continuous functions of compact
support in the C0

b-norm is the space C1ðX; YÞ of continuous functions vanishing
for jjxjjX !1, that is, for every e [ 0 there is a compact Ce � X outside of which
jjFðxÞjjY\e. (Hence, C0

0ðX; YÞ is dense in C1ðX; YÞ in the C0
b-norm; moreover, all

Cn
0ðX; YÞ; 0� n�1 are dense in C1ðX; YÞ in the C0

b-norm. If X is not compact, of
course non of those classes is dense in any Cn

b in the Cn
b-norm: Let for instance

jjF1ðxÞjjY ¼ 1 for all x 2 X, then jjF � F1jjCn
b
¼ 1 for all F 2 Cm

0 . These are simple

statements on uniform approximations of functions by more well behaved
functions.)

Functions of compact support are very helpful in analysis, geometry and
physics. They are fairly wieldy since their study is much the same as that of
functions on a closed bounded subset of Rn: The tool of continuation of structures
from this rather simple situation to much more complex spaces, that is to connect
local with global structures, is called partition of unity. It works for all locally
compact spaces which are countable unions of compacta. (Caution: Not every
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countable union of compact sets is locally compact.) However, the most general
class of spaces where it works are the paracompact spaces.

A paracompact space is a Hausdorff topological space for which every open
cover, X � [a2AUa, has a locally finite refinement, that is an open cover [b2BVb

for which every Vb is a subset of some Ua and every point x 2 X has a
neighborhood Wx which intersects with a finite number of sets Vb only.

A partition of unity on a topological space X is a family fuaja 2 Ag of
C10 ðX;RÞ-functions such that

1. there is a locally finite open cover, X � [b2BUb,
2. the support of each ua is in some Ub; fsupp uaja 2 Ag is locally finite,
3. 0�uaðxÞ� 1 on X for every a,
4.
P

a2A uaðxÞ ¼ 1 on X:

The last sum is well defined since, given x, only a finite number of items are non-
zero due to the locally finite cover governing the partition. The partition of unity is
called subordinate to the cover [b2BUb:

A paracompact space could also be characterized as a space which permits a
partition of unity. It can be shown that every second countable locally compact
Hausdorff space is paracompact. This includes locally compact Hausdorff spaces
which are countable unions of compact sets, in particular it includes Rn for finite n.
However, any (not necessarily countable) disconnected union (see next section) of
paracompact spaces is also paracompact.

The function fe on p. 26 is an example of a real C10 -function on R. A simple
example of functions ua on R

n is obtained by starting with the C1-function

f ðtÞ ¼ e�1=t for t [ 0
0 for t� 0

�

and putting gðtÞ ¼ f ðtÞ=ðf ðtÞ þ f ð1� tÞÞ, which is C1; 0� gðtÞ� 1; gðtÞ ¼ 0 for
t� 0; gðtÞ ¼ 1 for t� 1. Then, hðtÞ ¼ gðt þ 2Þgð2� tÞ is C10 ; 0� hðtÞ� 1; hðtÞ ¼
0 for jtj � 2; hðtÞ ¼ 1 for jtj � 1. Now, with a dual base ff ig in R

n; the
C10 ðRn;RÞ-function

wðxÞ ¼ hðx1Þhðx2Þ � � � hðxnÞ; xi ¼ f i � x; ð2:27Þ

has the properties 0�wðxÞ� 1;wðxÞ ¼ 0 outside the compact n-cube jxij � 2 with
edge length 4 which is contained in an open n-cube with edge length 4þ e; e [ 0,
and wðxÞ ¼ 1 inside the n-cube with edge length 2, all centered at the origin of Rn:
The total Rn may be covered with open n-cubes of edge length 4þ e centered at
points m ¼ ðx1 ¼ 3m1; x2 ¼ 3m2; . . .; xn ¼ 3mnÞ; mi integer. Then,

umðxÞ ¼
wðx�mÞ

P
m0 wðx�m0Þ ;

X

m

umðxÞ ¼ 1; ð2:28Þ

is a partition of unity on R
n (Fig. 2.5).
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Besides applications in the theory of generalized functions and in the theory of
manifolds, the partition of unity has direct applications in physics. For instance in
molecular orbital theory of molecular or solid state physics the single particle
quantum state (molecular orbital) is expanded into local basis orbitals centered at
atom positions. For convenience of calculations one would like to have the density
and self-consistent potential also as a site expansion of local contributions,
hopefully to be left with a small number of multi-center integrals. This is however
not automatically provided since the density is bilinear in the molecular orbitals,
and the self-consistent potential is non-linear in the total density. If vðxÞ is the
self-consistent potential in the whole space R3 and

P
R uRðxÞ is a partition of unity

on R
3 with functions centered at the atom positions R, then

vðxÞ ¼
X

R

ðvðxÞuRðxÞÞ ¼
X

R

vRðxÞ

is the wanted expansion with potential contributions vR of compact support. Thus,
the number of multi-center integrals can be made finite in a very controlled way.

Finally, distributions (generalized functions) with compact support are shortly
considered which comprise Dirac’s d-function and its derivatives.

Consider the whole vector space C1ðRn;RÞ and instead of (2.22) for every
compact C � R

n introduce the seminorm

pC;mðFÞ ¼ sup
x2C
jlj �m

jDlFðxÞj; D0F ¼ F; l ¼ ðl1; . . .; lnÞ; lj� 0;

DlFðxÞ ¼ ol1þl2þ���þln

ðox1Þl1ðox2Þl2 � � � ðoxnÞln
Fðx1; x2; . . .; xnÞ; l1 þ l2 þ � � � þ ln ¼ jlj:

ð2:29Þ

It is a seminorm because it may be pC;mðFÞ ¼ 0;F 6¼ 0 (if supp F \ C ¼ [). In the
topology of the family of seminorms for all C � R

n and all m, convergence of a

30-3

1

Fig. 2.5 Partition of unity on
R with functions (2.28)
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sequence of functions means uniform convergence of the functions and of all their
derivatives on every compactum. This topology is a metric topology, and the vector
space C1ðRn;RÞ topologized in this way is also denoted EðRn;RÞ or in short E.

Indeed, consider a sequence of compacta C1 � C2 � � � � with [1i¼1Ci ¼ R
n (for

instance closed balls with a diverging sequence of radii). Then, the function

dðF;GÞ ¼
X1

i¼1

2�i dCiðF;GÞ
1þ dCiðF;GÞ

; dCðF;GÞ ¼
X1

m¼0

2�m pC;mðF � GÞ
1þ pC;mðF � GÞ

ð2:30Þ

is a distance function.

Proof Clearly, dðF;GÞ 6¼ 0, if FðxÞ 6¼ GðxÞ for some x since the Ci cover Rn: To
prove the triangle inequality, consider the obvious inequality ðaþ bÞ=ð1þ aþ
bÞ� a=ð1þ aÞ þ b=ð1þ bÞ for any pair a; b of non-negative real numbers. In
view of ja� bj � ja� cj þ jc� bj for any three real numbers a; b; c it follows
ja� bj=ð1þ ja� bjÞ � ja� cj=ð1þ ja� cjÞ þ jc� bj=ð1þ jc� bjÞ. This yields
the triangle inequality for each fraction on the right hand side of the second
equation (2.30). Since each of these fractions is � 1, the series converges to a
finite number also obeying the inequality for dC. For d it is obtained along the
same line. h

Any topological vector space the topology of which is given by a countable,
separating family of seminorms, which means that the difference of two distinct
vectors has at least one non-zero seminorm, can be metrized in the above manner.

EðRn;RÞ is a Fréchet space.

Proof Completeness has to be proved. In E; limi; j!1 dðFi;FjÞ ¼ 0 means that on
every compactum C � R

n the sequence Fi together with the sequences of all
derivatives converge uniformly. Hence, on every C and consequently on R

n the
limit exists and is a C1-function F: h

The elements f of the dual space E� of E; that is the bounded linear functionals
on E; are called distributions or generalized functions. E is called the base space
of the distributions f 2 E�: Formally, the writing

hf ;Fi ¼
Z

dnx f ðxÞFðxÞ; F 2 E; ð2:31Þ

is used based on the linearity in F of integration. However, f ðxÞ has a definite
meaning only in connection with this integral. Every ordinary L1-function f with
compact support defines via the integral (2.31) in the Lebesgue sense a bounded
linear functional on E; hence these functions (more precisely, equivalence classes
of functions forming the elements of L1) are special E�-distributions. Derivatives
of distributions are defined via the derivatives of functions F 2 E by formally
integrating by parts. Hence, per definition distributions have derivatives to all
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orders. This holds also for L1-functions (with compact support) considered as
distributions. Derivatives of discontinuous functions as distributions comprise
Dirac’s d-function

hdx0 ;Fi ¼
Z

dnx dðx� x0ÞFðxÞ ¼ Fðx0Þ:

Elements of E� are not the most general distributions. In the spirit of formula
(2.31), more general distributions are obtained by narrowing the base space.
In physics, densities and spectral densities are in general distributions, if they
comprise point masses or point charges or point spectra (that is, eigenvalues).

Let U � R
n be open and consider all F 2 E with supp F � U. If hf ;Fi ¼ 0 for

all those F, then the distribution f is said to be zero on U, f ðxÞ ¼ 0 on U. The
support of a distribution f is the smallest closed set in R

n outside of which f is
zero. Since for a bounded functional f on E the value (2.31) must be finite for all
F 2 E; E� is the space of distributions with compact support. (Dirac’s d-function
and its derivatives have one-point support.)

Another most important case in physics regards Fourier transforms of
distributions. Consider the subspace S of rapidly decaying functions of the class
C1ðRn;CÞ for which for every k and m

sup
x
jxmDkFðxÞj\1; xm ¼

Yn

i¼1

ðxiÞmi ; DkF like in (2.29):

It is a topological vector space with the family of seminorms

pk;PðFÞ ¼ sup
x
jPðxÞDkFðxÞj; P : polynomial in x: ð2:32Þ

Clearly, S is closed with respect to the operation with differential operators with
polynomial coefficients. Since obviously S � C1ðRn;CÞ \ C1ðRn;CÞ (p. 33),
C10 ðRn;CÞ is dense in S in the topology (2.32) of S. In fact, S is a complete (in
the topology of S) subspace of EðRn;CÞ; it is again a Fréchet space. The Fourier
transform of a function of S is

ðFFÞðkÞ ¼ 1

ð2pÞn=2

Z

dnx e�iðk�xÞFðxÞ;

FðxÞ ¼ ð �FðFFÞÞðxÞ ¼ 1

ð2pÞn=2

Z

dnx eiðx�kÞðFFÞðkÞ:
ð2:33Þ

Depending on context, the prefactor may be defined differently. It can be shown
that F : S ! S is an isomorphism and F �F ¼ IdS ; that is F�1 ¼ �F :

The dual S� of S is the space of tempered distributions, S� 	 E�: It is a module
on the ring of polynomials (see Compendium), and is closed under differentiation.
The Fourier transform in S� is defined through the Fourier transform in S as
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hF f ;Fi ¼ hf ;FFi: ð2:34Þ

Again, F : S� ! S� is an isomorphism, FF ¼ IdS� : If f ðkÞ � 1 2 S� is consid-

ered as a tempered distribution, then F f ¼ ð2pÞn=2d0:
A simple result relevant in the theory of Green’s functions is the Paley–Wiener

theorem: The Fourier transform of a distribution with compact support on R
n can

be extended into an analytic function on C
n:

Proofs of the above and more details can be found in textbooks of functional
analysis, for instance [2]. (Closely related is also the theory of generalized solu-
tions of partial differential equations, which are elements of Sobolev spaces.)

2.5 Connectedness, Homotopy

So far, the focus was mainly on the local topological structure which can be
expressed in terms of neighborhood bases of points, although the concepts of
vector space and of compactness and in particular of partition of unity provide a
link to global topological properties. Connectedness has the focus on global
properties, though with now and then local aspects. Intuitively, connectedness
seems to be quite simple. In fact, it is quite touchy, and one has to distinguish
several concepts.

A topological space is called connected, if it is not a union of two disjoint
non-empty open sets; otherwise it is called disconnected (Fig. 2.6). Connected-
ness is equivalent to the condition that it is not a union of two disjoint non-empty
closed sets, and also to the condition that the only open-closed sets are the empty
set and the space itself. A subset of X is connected, if it is connected as the
topological subspace with the relative topology; it need neither be open nor closed
in the topology of X (cf. the definition of the relative topology). If A is connected
then every A0 with A � A0 � A is connected (exercise).

Caution: Two disjoint sets which are not both open or both closed may have
common boundary points being points of one of the sets and hence their union may
be connected. The union of disjoint sets need not be disconnected.

The connected component of a point x of a topological space X is the largest
connected set in X containing x. The relation Rðx; yÞ: (y belongs to the connected

Fig. 2.6 Two connected sets
A and B the union of which is
disconnected
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component of x) is an equivalence relation. The elements of the quotient space
X=R are the connected components of X.

A topological space is called totally disconnected, if its connected components
are all its one point sets fxg. Let p : X !X=R be the canonical projection onto the
above quotient space X=R. The quotient topology of X=R is the finest topology in
which p is continuous. Its open (closed) sets are the sets B for which p�1ðBÞ is
open (closed) in X. X=R is totally disconnected in the quotient topology.

Every set X is connected in its trivial topology and totally disconnected in its
discrete topology. The rational line Q in the relative metric topology as a subset of
R is totally disconnected. Indeed, let a\b be two rational numbers and let
c; a\c\b be an irrational number. Then, ��1; c½ and �c;þ1½ are two disjoint
open intervals of Q the union of which is Q. Hence, no two rational numbers
belong to the same connected component of Q. This example shows that the
topology in which a space is totally disconnected need not be the discrete topol-
ogy. In Q; every one point set is closed (since Q as a metric space is Hausdorff)
but not open. Open sets of Q are the rational parts of open sets of R:

The image FðAÞ of a connected set A in a continuous mapping is a connected
set. Indeed, if FðAÞ would consist of disjoint open sets then their preimages would
be disjoint open sets constituting A. On the other hand, the preimage F�1ðBÞ of a
connected set B need not be connected (construct a counterexample). However, as
connectedness is a topological property, a homeomorphism translates connected
sets into connected sets in both directions. Check that, if X is connected and Y is
totally disconnected, for example if Y is provided with the discrete topology, then
the only continuous functions F : X ! Y are the constant functions on X.

Let R be any equivalence relation in the topological space X. Since the
canonical projection p : X ! X=R is continuous in the quotient topology, it
follows easily that if the topological quotient space X=R is connected and every
equivalence class in X with respect to R is connected, then X is connected.

A topological space X is disconnected, iff there exists a continuous surjection
onto a discrete two point space. (The target space may be f0; 1g with the discrete
topology; then, some of the connected components are mapped onto f0g and some
onto f1g.)

The topological product of non-empty spaces is connected, iff every factor is
connected.

Proof Although the theorem holds for any number of factors, possibly uncount-
ably many in Tichonoff’s product, here only the case of finitely many factors is
considered. (Though the proof works in the general case, only Tichonoff’s product
was not introduced in our context.) Let Xi be the factors of the product space X and
pi : X ! Xi the canonical projections. Since these are continuous in the topological
product, if X is connected, then every Xi as the image of X in a continuous mapping
is connected. Now, assume that all Xi are connected but X is not. Then, there is a
continuous surjection F of X onto f0; 1g. Let for some �x ¼ ð�x1; . . .;�xnÞ; �xi 2
Xi; Fð�xÞ ¼ 0: Consider the subset ðx1;�x2; . . .;�xnÞ, where x1 runs through X1, and the
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restriction of F on this subset. This restriction is a continuous function on X1 and
hence is� 0 since X1 is connected. Starting from every point of this subset, let now
x2 run through X2 to obtain again F � 0 for the restriction of F. After n steps, F � 0
on X in contradiction to the assumption that F is surjective. h

A concept seemingly related to connectedness but in fact independent is local
connectedness. A topological space is called locally connected, if every point has
a neighborhood base of connected neighborhoods. (Not just one neighborhood, all
neighborhoods of the base must be connected.)

A connected space need not be locally connected. For instance, consider the
subspace of R2 consisting of a horizontal axis and vertical lines through all rational
points on the horizontal axis, in the relative topology deduced from the usual
topology of the R

2: It is connected, but no point off the horizontal axis has a
neighborhood base of only connected sets. (Compare the above statement on Q:) On
the other hand, every discrete space with more than one point, although it is totally
disconnected, is locally connected! Indeed, since every one point set is open and
connected in this case, it forms a connected neighborhood base of the point. (Check
it.) This seems all odd, nevertheless local connectedness is an important concept.

A topological space is locally connected, iff every connected component of an
open set is an open set. This is not the case in the above example with the vertical
lines through rational points of a horizontal axis, since the connected components
of open sets off the horizontal axis are not open.

Proof of the statement Pick any point x and any neighborhood of it and consider
the connected component of x in it. Since it is open, it is a neighborhood of x.
Hence, x has a neighborhood base of connected sets, and the condition of the
theorem is sufficient. Reversely, let A be an open set in a locally connected space,
A0 one of its connected components and x any point of A0. Let U be a neighborhood
of x in A. It contains a connected neighborhood of x which thus is in A0. Hence, x is
an inner point of A0 and, since x was chosen arbitrarily, A0 is open. h

As a consequence, a locally connected space is a collection of its connected
components which are all open-closed.

A topological quotient space of a locally connected space is locally connected.

Proof Let X be locally connected and let p : X ! X=R be the canonical projec-
tion. Let U � X=R be an open set and U0 one of its connected components. Let
x 2 p�1ðU0Þ, and let A be the connected component of x in p�1ðUÞ. Then, pðAÞ is
connected (since p is continuous) and contains pðxÞ. Hence, pðAÞ � U0 and A �
p�1ðU0Þ: Since X is locally connected and p�1ðUÞ is open (again because p is
continuous), p�1ðU0Þ is also open due to the previous theorem. Now, by the
definition of the quotient topology, U0 is also open, and the previous theorem in the
opposite direction says that X=R is locally connected. h

The subsequently discussed further concepts of connectedness are based on
homotopy. Let I ¼ ½0; 1� be the closed real unit interval. Two continuous functions
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F1 and F2 from the topological space X into the topological space Y are called
homotopic, F1 ffi F2, if there exists a continuous function H : I 
 X ! Y :
Hð0; �Þ ¼ F1; Hð1; �Þ ¼ F2. H is called the homotopy translating F1 into F2

(Fig. 2.7). Since its definition is only based on the existence of continuous
functions, homotopy is a purely topological concept.

The Fi may be considered as points in the functional space C0ðX; YÞ. Then,
Hðk; �Þ; 0� k� 1 is a path in C0ðX; YÞ from F1 to F2. If X and Y are normed vector
spaces or manifolds, sometimes, in a narrower sense, the functions Fi; H are
considered to be Cn-functions, 0� n�1. One then speaks of a Cn-homotopy.
Of course, every Cn-homotopy is also a Cm-homotopy for m� n. Homotopy is the
C0-homotopy. In the following statements homotopy may be replaced by
Cn-homotopy with slight modifications in the construction of products H2H1 (see
for instance [4, $VI.8]).

The product H2 H1 of two homotopies, H1 translating F1 into F2 and H2

translating F2 into F3, may be introduced as a homotopy translating F1 into F3 in
the following natural way by concatenating the two translations:

ðH2H1Þðk; xÞ ¼
H1ð2k; xÞ for 0� k� 1=2
H2ð2k� 1; xÞ for 1=2� k� 1:

�

Hence, if F1 ffi F2 and F2 ffi F3, then also F1 ffi F3. This means that homotopy is
an equivalence relation among continuous functions. The corresponding equiva-
lence classes ½F� of functions F are called homotopy classes. If a homeomorphism
P of X onto itself is homotopic to the identity mapping P ffi IdX , then F � P ffi F
(exercise).

Two topological spaces X and Y are called homotopy equivalent, if there exist
continuous functions F : X ! Y and G : Y ! X so that G � F ffi IdX and
F � G ffi IdY . Two homeomorphic spaces are also homotopy equivalent, the
inverse is, however, in general not true. A topological space is called contractible,
if it is homotopy equivalent to a one point space. For instance, every topological
vector space is contractible. The homotopy class of a constant function mapping X
to a single point is called the null-homotopy class.

Fig. 2.7 Homotopic
functions F1 and F2
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Of particular interest are the homotopy classes of functions from n-dimensional
unit spheres Sn into topological spaces X possibly with a topological group
structure. The latter means that the points of X form a group (with unit element
e 2 X) and the group operations are continuous. The unit sphere Sn may be con-
sidered as the set of points s 2 R

nþ1 with
Pnþ1

i¼1 ðsiÞ2 ¼ 1. S0 is the two point set
S0 ¼ f�1; 1g; S1 is the circle, S2 is the ordinary sphere, and so on. For �1\s1\1,
the points ðs2; . . .; snþ1Þ with coordinates on Sn; n [ 0, form an ðn� 1Þ-dimen-
sional sphere (of radius r depending on s1).

The case n ¼ 0 is special and is treated separately. A topological space X is
called pathwise connected (also called arcwise connected), if for every pair ðx; x0Þ
of points of X there is a continuous function H : I ! X;Hð0Þ ¼ x;Hð1Þ ¼ x0. For a
general topological space X, pathwise connectedness of pairs of points is an
equivalence relation, and the equivalence classes are the pathwise connected
components of X. If X is pathwise connected, then it is connected (exercise). The
inverse is not in general true. Let X be the union of the sets of points ðx; yÞ 2 R

2

with y ¼ sinð1=xÞ and ð0; yÞ; y 2 R in the relative topology as a subset of R2: It is
connected, but points with x ¼ 0 and x 6¼ 0 are not pathwise connected. (Points
ð0; yÞ with jyj � 1 are also not locally connected.) X is locally pathwise
connected, if every point has a neighborhood base of pathwise connected sets. If X
is locally pathwise connected, then it is locally connected, but again the inverse is
not in general true.

For the following, n� 1, and until otherwise stated, X is considered pathwise
connected. A homeomorphism between the sphere Sn; n� 1 and the n-dimensional
unit cube with a particular topology is needed. Consider the open unit cube In ¼
fxj � 1=2\xi\1=2g with its usual topology and its one point compactification In,
obtained by identifying the surface oIn of In with the additional point x1 of In: In

is obviously homeomorphic to the one point compactification R
n of Rn; but it is

also homeomorphic to Sn where a homeomorphism may be considered which maps
x1 2 In and s0 ¼ ð1; 0; . . .; 0Þ 2 Sn onto each other. For n ¼ 1 a homeomorphism
between the unit circle and R is obvious, for n ¼ 2 it is a stereographic projection

of the unit sphere S2 onto the one-point compactified plane R
2: A similar mapping

for n [ 2 is easily found (exercise). The homeomorphism between Sn and In

which maps x1 2 In and s0 ¼ ð1; 0; . . .; 0Þ 2 Sn onto each other is denoted by P.
A word on notation her: x; x0 denote points of X not having themselves coor-

dinates since X in general is not a vector space; x; x1 denote points in In � R
n

having coordinates x1; x2; . . .; xn (not unique for x1); s; s0 denote points on Sn �
R

nþ1 having coordinates s1; s2; . . .; snþ1;
P

iðsiÞ2 ¼ 1.
Now, fix x0 in the topological space X and consider the class Cnðx0Þ of con-

tinuous functions F : Sn ! X with Fðs0Þ ¼ x0 fixed. Denote the homotopy classes
of functions F 2 Cnðx0Þ by ½F�. It is not the whole homotopy class of F in X,
because for the group construction below it is necessary that the mapping of
s0 7! x0 is fixed in every function F. The mapping F can be composed of two steps
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(Fig. 2.8): first map Sn homeomorphically onto In by P, implying s0 7! x1, and
then map In into X by the continuous function ~F with x1 7! x0: Because P is a
bijection, there is also a bijection between ~F and F ¼ ~F � P; and Fðs0Þ ¼ x0.

This composition allows to explicitly define a group structure in the set of
homotopy classes ½F� in the following way: For any two Cnðx0Þ-functions F1 and
F2 define a product F2F1 2 Cnðx0Þ by

ð~F2 ~F1ÞðxÞ ¼
~F1ð2x1 þ 1=2; x2; . . .; xnÞ �1=2� x1� 0
~F2ð2x1 � 1=2; x2; . . .; xnÞ 0� x1� 1=2;

(

F2F1 ¼ ð~F2 ~F1Þ � P:

ð2:35Þ

ð~F2 ~F1Þ is continuous, since the two functions ~F1 and ~F2 are glued together where
~F1ð1=2; . . .Þ ¼ ~F1ðx1Þ ¼ x0 ¼ ~F2ðx1Þ ¼ ~F2ð�1=2; . . .Þ: Note that ~F is supposed
continuous with respect to the topology of In in which the surface oIn is contracted
into one point x1. Moreover, for x1 ¼ �1=2 or x1 ¼ 1=2, that is x ¼ x1, (2.35)
yields ð~F2 ~F1Þðx1Þ ¼ x0; hence F2F1 2 Cnðx0Þ. True, also ð~F2 ~F1Þð0; . . .Þ ¼ x0

which for jxij\1=2; i ¼ 2; . . .; n is not demanded in the class Cnðx0Þ. The construct
(2.35) effectively pinches the section x1 ¼ 0 of In for n [ 1 into one point. Via P,
this section corresponds to a meridian Sn�1 of Sn containing the pole s0. By moving
from F2F1 to the homotopy class ½F2F1�, this additional restriction (the pinch) is
released.

In particular for n ¼ 1, I1 is the line of length 1 with its endpoints identified
(loop); hence it can again be considered as a circle. The mapping P which maps
the pole s0 to the connected endpoints of the second circle is trivial in this case.
The point x ¼ 0 corresponds to the diametrically opposed point of the circle.
In a product (2.35) of two mappings, this point is also mapped to x0 making the
product into a double loop (Fig. 2.9). The final correct product definition in the set
of homotopy classes ½F� of functions with base point Fðs0Þ ¼ x0 is

½F2�½F1� ¼ ½F2F1�: ð2:36Þ

Fig. 2.8 Mapping of Sn onto In and In into X. It is visualized how the point s0 is expanded into
the square x1 which frames the image In of Sn n fs0g; and then x1 is mapped to x0
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Next, having defined the product in (2.35, 2.36), it must be shown to be
associative. Consider first

ð~F3ð~F2 ~F1ÞÞðxÞ ¼
~F1ð4x1 þ 3=2; . . .Þ �1=2� x1��1=4
~F2ð4x1 þ 1=2; . . .Þ �1=4� x1� 0
~F3ð2x1 � 1=2; . . .Þ 0� x1� 1=2

8
<

:

and

ðð~F3 ~F2Þ~F1ÞðxÞ ¼
~F1ð2x1 þ 1=2; . . .Þ �1=2� x1� 0
~F2ð4x1 � 1=2; . . .Þ 0� x1� 1=4
~F3ð4x1 � 3=2; . . .Þ 1=4� x1� 1=2:

8
<

:

These two results differ only in a quite simple homeomorphism (piecewise linear
in x1, identity in the other coordinates) of In onto itself which is homotopic to IdIn :

Hence, they are homotopic to each other (see p. 41). They also both map x1 to x0.
Thus, ½F3�ð½F2�½F1�Þ ¼ ½F3ðF2F1Þ� ¼ ½ðF3F2ÞF1� ¼ ð½F3�½F2�Þ½F1�.

If ~E is the constant mapping ~EðxÞ � x0 then obviously e ¼ ½E� is a unity:
e½F� ¼ ½F� ¼ ½F�e for all ½F�. Moreover, for ~F�ðxÞ ¼ ~Fð�x1; x2; . . .Þ (2.35) yields
½F��½F� ¼ e ¼ ½F�½F��. Indeed, ð~F�~FÞðx1; x2; . . .Þ ¼ ð~F�~FÞð�x1; x2; . . .Þ: The
image ð~F�~FÞðInÞ is a double layer in X. By symmetrically contracting the interval
�1=2� x1� 1=2 into x1 ¼ 0 with x2; . . . left constant ð~F�~FÞðInÞ shrinks contin-
uously on itself into x0 ¼ ~EðInÞ by successive ‘annihilation’ of parts of the double
layer. In total a group pnðX; x0Þ ¼ f½F�jF 2 Cnðx0Þg is obtained with the group
multiplication (2.36).

Now, consider any point x of the pathwise connected space X and a continuous
path H : I ! X with Hð0Þ ¼ x0; Hð1Þ ¼ x. Given F 2 C0ðx0Þ, a function F0 2
C0ðxÞ may be constructed in the following manner:

Fig. 2.9 Two loops F1;F2 2
C1ðx0Þ of the topological
space X (shadowed area) and
their product (2.35) (lower
left panel). Also, another
representative of ½F2F1� and a
loop homotopic to F2F1 in X
is shown (lower right panel).
Since ½F1� ffi E in this case,
½F2F1� ffi ½F1F2� ffi ½F2�
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~F0ðxÞ ¼
~Fð2xÞ jxij � 1=4; i ¼ 1; . . .; n;
HðtÞ ð2� tÞx 2 oIn; 0� t� 1:

�

The base point x0 of F is dragged along the path H to x. Apart from this path, the
sets ~FðInÞ and ~F0ðInÞ are the same which hence is also true for FðInÞ and F0ðInÞ.
Moving F through its homotopy class ½F� with base point x0 obviously also moves
F0 through its homotopy class ½F0� with base point x. Moreover, it is easily seen
(exercise) that ~F2 ~F1 via H induces ~F02 ~F01 for which ½F02F01� ¼ ½F02�½F01�. Hence, the
mapping ~H : ½F� 7! ½F0� is a homomorphism of groups. Two concatenated paths H1

and H2 obviously induce a composition of homomorphisms ~H2 � ~H1. Concatenate
now the path H with its reversed H�ðtÞ ¼ Hð1� tÞ. Then H�H provides the
identity map IdC0ðx0Þ while HH� provides IdC0ðxÞ. ~H and ~H� are thus inverse to

each other, and the homomorphism ~H is in fact an isomorphism. The groups
pnðX; xÞ and pnðX; x0Þ are isomorphic, or, in other words, pnðX; x0Þ � pnðXÞ does
not depend on x0. The group pnðXÞ is called the nth homotopy group of the
pathwise connected topological space X.

Since the case n ¼ 1 is of particular interest in the theory of integration on
manifolds (see Chap. 5), p1ðXÞ is called the fundamental group of X.

Formally, a ‘0-dimensional open cube’ can be considered as a one point set
I0 ¼ fxg, and its one point ‘compactification’ (I0 is of course also compact) as the
discrete two point set I0 ¼ fx; x1g: The homeomorphism P between S0 ¼ f�1; 1g
and I0 maps �1 to x and 1 to x1. Now, F : S0 ! X is a two point mapping, and
F 2 C0ðx0Þ means that Fð�1Þ ¼ x where x is any point of X, and Fð1Þ ¼ x0. The
classes ½F� thus map �1 into the pathwise connected components of X, and x0 does
not play any role. For a pathwise connected topological space X, p0ðXÞ ¼ feg
is trivial.

By inspection of (2.35) it is seen that interchanging the factors in the multi-
plication amounts to interchanging the halves x1� 0 and x1� 0 in In. For n [ 1,
the positioning of these two halves relative to each other does not play a role
because of the pinch of the section x1 ¼ 0 involved in (2.35). Therefore, the
interchanging of the two halves can be provided by a homeomorphism of In onto
itself which is also homotopic to the identity mapping: note that In is homeo-
morphic to a cylinder with axis perpendicular to the x1-axis. Rotate it by 180� to
transform continuously from the identity to the interchanging of the above two
halves. The groups pnðXÞ; n� 2 of a pathwise connected topological space X are
commutative. For that reason, in the literature the group operation of homotopy
groups is often denoted as addition instead of multiplication.

In the case n ¼ 1 the interchanging may still be provided by a homeomor-
phism, however, the argument of deformation into a cylinder does not work any
more, and the interchanging is not any more homotopic to the identity mapping.
The fundamental group p1ðxÞ need not be commutative. Consider for instance a
two-dimensional space X with two holes and a loop first orbiting clockwise
around the first hole and then counterclockwise around the second. Check that
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this loop is not homotopic to the loop with the sequence of orbiting
interchanged.

If X itself has a group structure, that is, X is a topological group with multi-
plication denoted by a dot (to distinguish it from the multiplication (2.36)), and
x0 ¼ e, then another product of CnðeÞ-functions and the inverse of a CnðeÞ-func-
tion may alternatively be defined by pointwise application of the group operations.
The CnðeÞ-unity is the constant mapping on e. Let F1 ffi F01 and F2 ffi F02 and
consider the homotopies Hi translating Fi into F0i , (Hið0; �Þ ¼ Fi; Hið1; �Þ ¼ F0i).
Then H1 � H2 is a homotopy translating F1 � F2 into F01 � F02, hence
½F1 � F2� ¼ ½F01 � F02�: the group multiplication in X is compatible with the homot-
opy class structure of CnðeÞ and the multiplication ½F1� � ½F2� is properly defined.
Clearly, e ¼ ½E� is also the unity for the dot multiplication. Moreover, with (2.35),
~F1 ~F2 ¼ ð~F1 ~EÞ � ð~E~F2Þ is easily verified (check it). The conclusion is
½F1�½F2� ¼ ½F1� � ½F2�: the dot-multiplication yields again the same homotopy group
pnðX; eÞ of the pathwise connected component of e in X as previously. Since the
multiplication (from left or right) with any element x of the component Xe of e in
X yields a translation of that component which is also a homeomorphism of that
component Xe onto itself, pnðX; eÞ � pnðX; xÞ � pnðXeÞ for any x of the compo-
nent of e in X.

However, if the topological group X is not pathwise connected, in a wider sense
the homotopy group pnðXÞ with the dot-multiplication can still be constructed. In
this case, p0ðXÞ is non-trivial, and the elements of p0ðXÞ are in a one–one cor-
respondence with the pathwise connected components of X. Let x 62 Xe be a group
element not in the pathwise connected component of e, and let x0 2 Xe, that is,
there is a continuous path connecting x0 with e. Since in a topological group the
group operations are continuous, it follows that there is a continuous path from
x � x0 to x � e ¼ x; x � x0 2 Xx, and likewise x0 � x 2 Xx. It is easily seen that all
pathwise connected components of a group X are homeomorphic to each other
(exercise). It follows further that there is a continuous path connecting x � x0 � x�1

with x � e � x�1 ¼ e. Hence, x � x0 � x�1 2 Xe for every x 2 X and every x0 2 Xe : Xe

is an invariant subgroup of X. It is easily seen that X=Xe � p0ðXÞ. On the other
hand, x � x1 � x�1 7! x01; x1 2 X; x 2 X is an automorphism of X for any fixed x
which, as was seen, transforms pathwise connected components of X into
themselves.

Consider CnðxÞ-functions F from the Sn-sphere into X with any base point x, not
necessarily in Xe. The homotopy classes ½F� in CnðxÞ form a larger group pnðXÞ
which now is only defined with the group multiplication ½F1� � ½F2�. The above
considered automorphism of X yields in a canonical way an automorphism of
pnðXÞ. Denote the elements of p0ðXÞ by ½H�; then the anticipated automorphism is
given by

½F�0 ¼ ½H� � ½F� � ½H��1; ½F� 2 pnðXÞ; ½H� 2 p0ðXÞ: ð2:37Þ
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If ½F� � CnðeÞ then ½F�0 � CnðeÞ, hence, pnðXeÞ is an invariant subgroup of pnðXÞ,
and p0ðXÞ � pnðXÞ=pnðXeÞ. Because of the above discussed structure of the
pathwise connected classes of X, obviously also pnðXeÞ ¼ pnðXÞ=p0ðXÞ and hence

pnðXÞ ¼ p0ðXÞ 
 pnðXeÞ; n [ 0 ð2:38Þ

for the homotopy groups of a topological group X. They can be quite different
from pnðXeÞ (and need not be commutative for any n� 0 since p0ðXÞ need not be
commutative any more).

A topological space X is called n-connected (sometimes called n-simple),
if every continuous image in X of the n-dimensional sphere Sn is contractible.
A topological group X is n-connected, if pnðXÞ � p0ðXÞ. An n-connected space
need not be connected. A 0-connected space is pathwise connected, a 1-connected
space is called simply connected.2 Although n-connectedness is very similarly
defined for different n, these properties are largely unrelated (except for the role of
p0). Some authors apply n-connectedness only to pathwise connected spaces X.
However, for many applications this is an unnecessary restriction.

Some examples are given without proof. Some of them are intuitively clear.
(1) A convex open subspace of a topological vector space is n-connected for any
n� 0. (2) The sphere Sn or the complement to the origin in R

nþ1 is k-connected for
0� k� n� 1; for n [ 1 it is simply connected. (3) pnðSnÞ ¼ Z (as an additively
written Abelian group). For an integer m 2 Z ¼ pnðSnÞ; jmj is the cardinality
of F�1ðxÞ for any x 2 Sn. It is called the degree of the mapping F.
(4) pnðSmÞ; n [ m is a largely unsolved problem although many special cases have
meanwhile been compiled; p3ðS2Þ ¼ Z is a theorem by Hopf, and p2ðS1Þ ¼ 0 is
easily understood. (5) For the torus T

2 (see Fig. 1.3), p1ðT2Þ ¼ Z
 Z: One
integer of ðm1;m2Þ 2 Z
 Z counts the oriented windings around the circumfer-
ence of the tire, and the other those around its cross section.

These concepts are further exploited in Chaps. 5 and 8. Although the physical
relevance of homotopy was anticipated already by Poincaré, it turned out to be one
of the most difficult and unsolved tasks of topology to calculate the homotopy
groups of certain manifolds and to exploit them for classification. It was already
known to Poincaré that every compact simply connected two-dimensional
manifold without boundary is homeomorphic to the sphere S2. His conjecture that
the same is true in three dimensions and every compact simply connected three-
dimensional manifold without boundary is homeomorphic to the 3-sphere S3

withstood hard attempts by able mathematicians for hundred years to prove it and
was eventually proved only quite recently by G. Perelman.

2 There is a more general definition of simple connectedness and fundamental group in terms of
covering space. For pathwise connected locally pathwise connected spaces X it is equivalent to
the definition given here [6].
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2.6 Topological Charges in Physics

In quantum physics, thermodynamic phases are characterized by order parameters:
the particle densities of various particles, atom displacements of crystalline solids,
the magnetization density vector, the anomalous Green function of the super-
conducting or superfluid state and so on. In an inhomogeneous, in particular
defective state those order parameters are functions of space (and maybe time).
The various defects can often be classified by discrete topological charges, and
then those classes turn out to be stable: because of the discrete nature of the
charges there is no continuous transformation of one class into another.
The topological charges are often generating elements of homotopy groups.

Consider as a simple example a superconducting state in three dimensions
penetrated by a vortex line. The space X of the superconducting state is R3 with the
vortex line cut out. It is homotopy equivalent to a circle S1 around the vortex line.
The order parameter D ¼ jDjei2p/ of a conventional superconducting state (spin
singlet s wave) is a complex number having a phase / the gradient of which is
proportional to the supercurrent while the absolute value jDj is the gap which is fixed
for a given material and for given temperature and pressure. A constant phase factor
is irrelevant, the state is degenerate with respect to an arbitrary complex phase factor.
The loop S1 in the complex plane of all phase factors is the order parameter space C
of degenerate states in that case. With a defect present in X, the order parameter in
general will be position dependent with values out of C. This position dependence
defines a mapping F : X ! C. Since D is a well defined function on X, the gradient
o/=ox of the phase must integrate along any closed loop to an integer,H

ds � ðo/=oxÞ ¼ integer, and this integer must be the same for all homotopy
equivalent loops. On a loop not encircling the vortex line this integer must be zero,
since the loop may be continuously contracted within X to a point, and a non-zero
integer cannot continuously be changed to zero. On a loop once encircling the vortex
line the integral of the gradient of the phase / may be any integer N characterizing
the vortex line. For a loop m times winding around the vortex line it then is Nm. N is
the number of magnetic flux quanta in the vortex line. It generates a group of
elements Nm with m 2 Z: This group is obviously isomorphic with the group Z;

which in this case is the fundamental group p1ðC ¼ S1Þ of homotopy classes of
mappings from S1 which is homotopy equivalent to X into C ¼ S1.

On a discrete lattice, the sum of unit lattice periods along a loop is similar to a
phase and must be an integer number of lattice vectors along the loop. For a loop
enclosing a defect free region of the crystal this sum is zero. For a loop around a
displacement line this is the Burgers vector of the displacement. Here the space
X of the crystalline phase is again the same as above and is again homotopy
equivalent to the circle S1, this time around the displacement line. Any loop yields
m times the Burgers vector.

Such situations will in more generality and more detail be considered in Chap. 8.
Here, some principal remarks are in due place. The Hamiltonian of a macroscopic
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system has in general a number of symmetries, it is invariant with respect to
transformations of a symmetry group G, translational, rotational invariance, gauge
symmetries and others. Some of the symmetries may be approximate, but obeyed to
a sufficient level of accuracy. For instance in a rare gas liquid the coupling of the
nuclear spin with the rotational motion is so weak that invariance with respect to
spatial rotation and spin rotation may be considered separately. At sufficiently high
temperature, the state of the system is completely disordered, so that its thermo-
dynamic (macroscopic) variables are invariant under the symmetry transformations
of G. The thermodynamic state c fulfills the relation c ¼ gc for all g 2 G and is thus
uniquely determined. In the course of lowering the temperature, phase transitions
may take place with developing non-zero order parameters so that now c is not any
more invariant with respect to all symmetry transformations g of G, but may still be
invariant with respect to a subgroup H of G. Then, c generates an orbit fgcjg 2 Gg
which is isomorphic to the quotient space C ¼ G=H of left cosets of H in G. It is
this quotient space which figures as the order parameter space C in the above
considerations.

In the above example of a line defect in R
3 it was essential only that the defect

free space X was homotopically equivalent to a circle S1. The number of topo-
logical ‘charges’ of the defect is then equal to the number of generators of the
homotopy group p1ðCÞ (one in the above cases). The same would be true for a
point defect in R

2 or a line defect propagating in time (defect world sheet) in four-
dimensional space–time. For a point defect in R

3, X is homotopy equivalent to a
sphere S2 enclosing the defect, and hence the number of its topological charges is
equal to the number of generators of p2ðCÞ.

In general, the number of topological charges of a defect of codimension d in a
state with order parameter space C present in an n-dimensional position space
(i.e., the dimension of the defect is n - d) is equal to the number of generators of
the homotopy group pd�1ðCÞ:

In order to develop a non-zero topological quantum number (non-trivial
topological charge), a defect of codimension d in a state with order parameter
space C must have a non-trivial homotopy group pd�1ðCÞ. Consider as an
example an isotropic magnetically polarizable material. The Hamiltonian does
not prefer any direction in space, besides translational invariance which need not
be considered here (it assures that a magnetization vector smoothly depending on
position has low energy) the continuous symmetry group is SOð3Þ (cf. Chap. 6).
At sufficiently high temperature, above the magnetic order temperature, the
magnetic polarization is disordered on an atomic scale and the state c is
invariant: c ¼ gc for all g 2 G ¼ SOð3Þ. Below the ordering temperature the
magnetization density vector is non-zero. Its absolute value is determined by the
material, temperature and pressure. Its direction may be arbitrary, and all
directions are energetically degenerate. Smooth long wavelength changes of
direction have low excitation energy. If the non-zero magnetization points in a
certain direction, the state is still invariant with respect to rotations of the group
H ¼ SOð2Þ around the axis of polarization. The order parameter space is
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SOð3Þ=SOð2Þ and consists of all vectors of a given length pointing in all possible
spatial directions. Topologically this group is homeomorphic to the sphere S2.
Hence, C ¼ S2. For a point defect in 3-space (codimension 3), p2ðS2Þ ¼ Z (see
end of last section). Hence, the point defect may have a non-trivial topological
charge in this case.

A point defect is a small spot where the magnetization density vanishes.
Outside of a sphere of a small radius it is again fully developed, but may for
instance everywhere point in radial direction (Fig. 2.10a). The change of direction
outside of this sphere is everywhere smooth, but there is no smooth transition into
a homogeneously magnetized state with constant magnetization direction.
This ‘hedgehog’ point defect has non-trivial topological charge and is stable: the
defect cannot be resolved by smooth magnetization changes.

Consider now an anisotropic magnetic material of the type easy plane. Again
the magnitude of the magnetization density vector is fixed at given temperature
and pressure, but can only point in the directions within a plane, C ¼ SOð2Þ� S1.
Now p2ðS1Þ ¼ 0: the sphere S2 is simply connected and cannot be continuously
wound around a circle. Hence no non-trivial topological charge of a point defect is
possible in this case. From Fig. 2.10b it is easily inferred that no hedgehog-like
structure is possible without singularity lines outside a sphere around the defect of
the magnetization vector field of constant magnitude. From the singularity lines
the magnetization density vector would point into all planar radial directions.
If this is a linear defect, it is governed by p1ðS1Þ ¼ Z, and a topological charge can
exist on the linear defect in an easy plane magnet.

A point defect of codimension 4 in four-dimensional space–time would be
capable of carrying a topological charge, if p3ðCÞ is non-trivial. Just to mention it,
the Belavin–Polyakov instanton of a Yang–Mills field is such a case even without
a defect (Chap. 8).

Structures with topological charges may intrinsically exist without a material
defect. Consider the plane R

2 with a non-zero magnetization density which
approaches a homogeneous magnetization density vector of a fixed direction at
infinite distance from the origin of R2: This state may be considered as a state in

the compactified plane R
2� S2 which is homeomorphic to a sphere via the

stereographic projection. Since the order parameter space C of an SOð3Þ spin is

(a) (b)

Fig. 2.10 Point defect of
(a) an isotropic magnetic
material, so-called hedgehog,
and (b) of an easy plane
anisotropic magnetic material
with no non-trivial
topological charge possible
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also S2, one has p2ðCÞ ¼ p2ðS2Þ ¼ Z; and hence there exists a topological charge.
The corresponding magnetic state is called a ‘baby skyrmion’ and is the only
skyrmion structure for which a picture can be drawn. It is shown in Fig. 2.11.

This state has a three-dimensional analogue since R3� S3 and p3ðS2Þ ¼ Z is the
famous Hopf theorem. The corresponding Hopf mapping of S3 onto S2 is however
not easy to draw. In general, skyrmions are special solitons in n dimensions
corresponding to non-trivial homotopy groups pnðCÞ. Originally, T. H. R. Skyrme
proposed a subgroup of the product of the left and right chiral copies of SUðNÞ as
the order parameter space C to obtain local field structures as candidates of
baryons in Yang–Mills field theories. For a more detailed discussion of the Hopf
mapping and citations for further reading see [7].

More examples of topological charges can be found in [8].
The section is closed by a consideration of the topological stability of the Fermi

surface of a Fermi liquid. (A more detailed discussion of Fermi surfaces is given
in Sect. 5.9.) Again, first the two-dimensional case is considered which can easily
be visualized. For a non-interacting isotropic Fermi gas, the single-particle Green
function at imaginary frequency x ¼ ip0 is

Gðip0; pÞ ¼
1

ip0 � vFðp� pFÞ
; ð2:39Þ

where p is the momentum vector, p ¼ jpj, pF is the Fermi momentum, and vF is the
Fermi velocity. The energy dispersion close to the Fermi surface p ¼ pF is
e ¼ vFðp� pFÞ. States with p\pF have negative energies (measured from the
chemical potential e ¼ eF) and are occupied, while states with p [ pF have posi-
tive energies and are unoccupied. The Fermi surface p ¼ pF in two-dimensional
momentum space is a circle (Fig. 2.12) separating the occupied momentum region
from the unoccupied one.

The Green function Gðip0; pÞ has a singularity line p0 ¼ 0; p ¼ pF forming the
Fermi surface and is otherwise a complex analytic function for imaginary
frequencies. If one maps the contour C in the ðp0; pÞ-space onto the complex plane
of G�1 with Re G�1 ¼ �vFðp� pFÞ; Im G�1 ¼ p0, it maps the circle C onto the

Fig. 2.11 Baby skyrmion on
a planar magnet with
magnetization density vector
up in the center and down at
infinity by a spiral rotation
around the radial direction
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circle ~C. Writing G�1 ¼ jGj�1e�i/ it is seen that the phase of G increases by 2p
when running around C, while for any loop not encircling the Fermi surface it
returns to the start value. (This is like the phase of the superconducting order
parameter when running around a vertex line.) The Fermi surface is like a defect
line in momentum space.

If now the interaction between the particles is continuously switched on, the
Green function changes smoothly. It cannot smoothly get rid of its denominator
because of this topological charge on the Fermi surface, hence it must have the
form

Gðip0; pÞ ¼
Z

ip0 � v0Fðp� pFÞ
; ð2:40Þ

where Z is the spectral amplitude renormalization factor, and the Fermi velocity
may change. (That pF does not change is an independent result, the Luttinger
theorem.) Hence the Fermi surface is topologically stabilized and can only dis-
appear when Z becomes zero (which is only possible in a non-analytic way).

The only change for the case of three spatial dimensions is that now p is a
3-vector in the three-dimensional hyperplane of the four-dimensional frequency-
momentum space of points ðp0; pÞ for p0 ¼ 0, which contains the only singularities
of (2.40) on the Fermi surface being now a 2-sphere. For every planar section in
the three-dimensional momentum space through its origin, Fig. 2.12 visualizes
further on the situation, and the Fermi surface is topologically stable.

A more general situation is present for electrons as spin 1/2 fermions in a
crystalline solid instead of ‘spinless fermions’ in an isotropic medium which was
considered so far. Here, the Green function is a complex valued matrix quantity
indexed with band and spin indices. The change of its phase, normalized to 2p, as a
complex number when going around a loop (contour integral of the gradient of the
phase as considered in the case of a superconductor with a vertex line) is now to be
replaced by the quantity

N ¼ tr
I

dsp

2i
� Gðip0; pÞ

o

op
G�1ðip0; pÞ

where the trace of the matrix product is to be formed, the contour integral is along
the previous contour C, and o=op is the four-dimensional gradient in the

Fig. 2.12 Left: Fermi surface
in two-dimensional
momentum space and
imaginary frequency axis
with a loop C around the
Fermi surface. Right: the
corresponding loop ~C of the
complex function G�1ðip0; pÞ
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frequency-momentum space. The dot means the scalar product of the line element
vector with this gradient. This is the general structure of a homotopy invariant.3

Now, several sheets of Fermi surface may coexist of arbitrary shape. The shape
may change when the interaction is tuned up and individual sheets may appear or
disappear on the cost of other sheets. (If a Fermi radius shrinks to zero, in most
cases the Fermi velocity also approaches zero, and the singularity disappears.
Exceptions are so-called Dirac quasi-particles where the Fermi velocity remains
non-zero in the Fermi points.) Nevertheless, between such changes the Fermi
surface is topologically stable, and the only additional reason for its change is the
vanishing of the spectral amplitude renormalization function Zðp0; pÞ on some part
of the Fermi surface.

A much deeper analysis can be found in [9].
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