
Chapter 2
Equilibrium Square Gradient Model

2.1 Introduction

In order to describe the equilibrium properties of an interface between two
coexisting phases, using a continuous model, it is necessary to consider contri-
butions to the Helmholtz energy which depend on the gradients of for instance the
density [1]. Van der Waals [2, 3] was in 1893 the first to introduce such a term for
a one-component system. In 1958 Cahn and Hilliard [4] extended the analysis of
van der Waals and introduced gradient terms of the mol fraction in binary mix-
tures. As the Helmholtz energy density given by van der Waals is no longer a
function of the local density or local densities alone. The continuous description is
in other words ‘‘not autonomous’’. We refer to the monograph by Rowlinson and
Widom [1] for a thorough discussion of the van der Waals model in general and of
this point in particular. A lot of work on the equilibrium gradient model was done
by Cornelisse [5]. We refer to his thesis for the relevant references.

The gradient model is often used for a system in which properties vary only in
one direction. We do not restrict ourself in this manner and do the analysis for a
three-dimensional system.

We use the standard thermodynamic variables which obey the standard ther-
modynamic relations for homogeneous mixtures. In Sect. 2.2 we consider an
inhomogeneous mixture. We postulate the dependence of the specific Helmholtz
energy on the thermodynamic variables and their gradients, using the fact, that in
equilibrium the temperature is constant. Using the fact that in equilibrium the total
Helmholtz energy has a minimum and that the amount of the various components
is fixed, we derive the expressions for the chemical potentials of all the compo-
nents, using Lagrange’s method. This is done for specific variables in Sect. 2.3 and
for mass densities in Sect. 2.4. Extending a method developed by Yang et al. [6],
an expression is also found for the pressure tensor. We derive the different forms
of the Gibbs relations: for a variation of thermodynamic quantities at a fixed
position and for their difference along spatial coordinates. Their importance is
crucial for the non-equilibrium description which should be based on the
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equilibrium analysis. Explicit expressions are also given for the internal energy,
the enthalpy, and the Gibbs energy densities. In Sect. 2.6 we give a discussion and
conclusion.

2.2 The Gradient Model

In order to describe inhomogeneous systems in equilibrium, one could assume that
this can be done by the usual thermodynamic variables, which depend on the
spatial coordinates. All standard thermodynamic relations are then assumed to
remain valid.

As van der Waals has shown for a one-component system [3], this, however, is
not enough to describe the surface. It is necessary to assume that thermodynamic
potentials, particularly the Helmholtz energy density, also depend on spatial
derivatives of the density. Cahn and Hilliard have shown for a binary mixture [4],
that the Helmholtz energy should depend on the gradients of the mole fraction of
one of the components. For a multi-component non-polarizable mixture the gen-
eral form of the Helmholtz energy density is

fvðrÞ ¼ fv
0 ðT ; /1ðrÞ; . . .;/nðrÞÞ þ

1
2

Xn

i;j¼1

ejijð/1; . . .;/nÞr/iðrÞ � r/jðrÞ ð2:1Þ

where fv
0 is the homogeneous Helmholtz energy density and /i; i ¼ 1; n, are the

generalized densities. They can be either the mass density qi or the molar density
ci of each of the component. They can also be either the total density q together
with the n� 1 mass fractions of the components, fn1; . . .; nn�1g; or the total
concentration c together with the n - 1 mol fractions of the components,
ff1; . . .; fn�1g: The corresponding sets of variables are treated in Sects. 2.3 and
2.4. The gradient coefficients ejij are different for each set of the variables. They
depend only on these variables, but neither on the temperature, nor on the position
explicitly.

This form of the Helmholtz energy density is obtained by the following argu-
ments (cf. also [2, 3, 6]). Dependence of the Helmholtz energy density on the
density gradients can be represented by the Taylor series in these gradients. We
describe here isotropic fluids, so any coefficient in this Taylor series may not
depend on any direction and thus should be a scalar. The zeroth term, taken when
all the gradients are equal to zero, is the homogeneous Helmholtz energy
fv

0 ðT ; /1ðrÞ; . . .;/nðrÞÞ: In equilibrium, the total Helmholtz energy of the system
has a minimum. Thus, the first order term, with the first order density gradients,
r/iðrÞ; is zero. The second order term contains the terms which are quadratic in
the first order density gradients r/iðrÞ � r/jðrÞ; and the terms which are linear

in the second order density gradients r2/iðrÞ: The latter ones, however, contribute
to the total Helmholtz energy the same way as the former ones:
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Z

V

dr ejir2/iðrÞ ¼ �
Z

V

drreji � r/iðrÞ þ
Z

V

drr � ðejir/iðrÞÞ

¼ �
Z

V

dr
Xn

j¼1

oeji

o/j

r/jðrÞ � r/iðrÞ þ
Z

S

dS eji � r/iðrÞ
ð2:2Þ

The first term on the right-hand side of this equation can be combined with the
quadratic term in the first order gradients. The second one can be chosen equal to
zero by proper choice of the boundaries of integration. Thus, we end up with
Eq. 2.1 for the specific Helmholtz energy where the coefficients ejij are the
combinations of those from the quadratic in the first order density gradients term
and the corresponding ones from the linear in the second order density gradients
term. For ease of notation we will write ejij instead of ejijð/1ðrÞ; . . .;/nðrÞÞ;
remembering their dependence on these variables.

We note the ambiguity in the definition of the specific Helmholtz energy.
Different expressions for f ðrÞ give the same expression for the total Helmholtz
energy F ; due to the cancelation of the boundary contributions. This can be
interpreted such that the measurable quantity is only the total Helmholtz energy,
but not the specific one. To build the local description we need the local quantities,
however. We will use Eq. 2.1 for the specific Helmholtz energy, remembering that
a divergence of a vector field, the normal component of which is zero on the
boundary, can in principal be added. We show in Appendix 2.A that the ambiguity
in the Helmholtz energy density in the interfacial region does not lead to an
ambiguity in the pressure and chemical potentials in the interfacial region.

We may choose the matrix ejij to be symmetric with respect to the component
number ðejij ¼ ejjiÞ without loss of generality (since it appears only in symmetric
combinations). We shall always take ejij independent of the temperature.

We note, that the square gradient model is, as it has been used here, a general
approach and is not only applied to surfaces. It has, for instance, been used in the
description of critical behavior using renormalization group theory [7, 8]. In this
thesis we will focus on its use for the description of the surface.

In the following chapter, where we extend the analysis to non-equilibrium two-
phase mixtures, we need all the thermodynamic variables. We therefore derive
them and the necessary relations here for the given choice of the independent
variables. This is done in Sect. 2.3. for mass specific variables. We determine how
the Helmholtz energy varies with a change of the variables and with a change of
position and obtain so-called Gibbs relations in Sect. 2.3.2. In Sect. 2.3.3 we
determine the physical meaning of the Lagrange multipliers and other quantities,
for which expressions are derived. In Sect. 2.4 we derive the results for volume
specific variables following the same procedure as in Sect. 2.3.

The analysis for molar specific units or the molar densities per unit of volume is
obtained from the present one in a straightforward manner by the replacing mass
densities with the molar densities and the mass fractions with the molar fractions.
The gradient coefficients ejij should be modified appropriately.
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Further we will suppress r as an argument where this is not confusing. We will
indicate r as an argument mostly to emphasize the dependence of a quantity on
position.

2.3 Gradient Model for the Mass Specific Variables

2.3.1 The Lagrange Method

We write the mass specific Helmholtz energy as

fðrÞ ¼ f0ðT ; q; nÞ þ Kðq; n;rq;rnÞ ð2:3Þ

where

Kðq;n;rq;rnÞ� 1
2
jqq

q
jrqj2þ

Xn�1

i¼1

jqni

q
rq �rniþ

1
2

Xn�1

i;j¼1

jninj

q
rni �rnj ð2:4Þ

and we use n as short notation instead of whole set fn1; . . .; nn�1g and rn as short
notation instead of frn1; . . .;rnn�1g: The mass density distributions are such that
they minimize the total Helmholtz energy

F ¼
Z

V

dr qðrÞ f ðrÞ ð2:5Þ

Assuming that no chemical reactions occur, the total mass of each component,
mi ¼

R
V

dr niðrÞqðrÞ for i ¼ 1; n� 1; as well as the overall total mass,
m ¼

R
V

dr qðrÞ; are constant. The problem of minimizing the functional (2.5),
having n constraints can be done using the Lagrange method. Thus we minimize
the integral

X ¼
Z

V

dr qðrÞ fðrÞ � ln �
Xn�1

i¼1

winiðrÞ
" #

� �
Z

V

dr pðrÞ ð2:6Þ

where ln and wi are scalar Lagrange multipliers. The densities distributions which
minimize the integral (2.6) must be solutions of the corresponding Euler–Lagrange
equations

op

oq
�r � op

orq
¼ 0

op

oni

�r � op

orni

¼ 0; i ¼ 1; n� 1
ð2:7Þ

These relations give for the introduced Lagrange multipliers:
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ln ¼
o

oq
qðf0 þKÞð Þ �

Xn�1

i¼1

wi ni �r � jqqrqþ
Xn�1

i¼1

jqni
rni

 !

wk ¼
o

onk

f0 þKð Þ � 1
q
r � jqnk

rqþ
Xn�1

i¼1

jnink
rni

 !
; k ¼ 1; n� 1

ð2:8Þ

and an expression for p:

pðrÞ ¼ q2 o

oq
f0 þKð Þ � qr � jqqrqþ

Xn�1

i¼1

jqni
rni

 !
ð2:9Þ

The ambiguity in f ðrÞ discussed above does not affect the expressions for ln;wk

and pðrÞ (see Appendix 2.A). We will see in Sect. 2.3.3 that the Lagrange mul-
tipliers ln and wk are the chemical potentials of the components and pðrÞ is a
pressure. The exact meaning of this pressure as well as the meaning of the other
quantities derived in this section will be discussed in Sect. 2.3.3.

Solving Eq. 2.8 for q and n; one obtains the density profiles for the system. To
do this one needs the values for the Lagrange multipliers ln and wk:

Multiplying the first of the equations in Eq. 2.8 with rqðrÞ and the other
ðn� 1Þ ones with rnkðrÞ and summing them all up1 we obtain the following
expression

rarabðrÞ ¼ 0 ð2:10Þ

where we use the summation convention over double Greek subscripts. The tensor

rabðrÞ ¼ pðrÞdab þ cabðrÞ ð2:11Þ

will be identified as the pressure tensor. Furthermore, the tensor

cabðrÞ ¼ jqq
oq
oxa

oq
oxb
þ
Xn�1

i¼1

jqni

oni

oxa

oq
oxb
þ oq

oxa

oni

oxb

� �
þ
Xn�1

i;j¼1

jninj

oni

oxa

onj

oxb
ð2:12Þ

will be referred to as the tension tensor.2 We note, that both rabðrÞ and cabðrÞ are
symmetric tensors.

From the definition (2.6) of the pðrÞ; we can see that the Helmholtz energy
given in (2.3) and quantities which are given by the Eqs. 2.8 and 2.9 are related in
the following way

1 This method is a generalization of the one given by Yang et al. [6] for a one-component
system.
2 This form of the explicit expression for the pressure tensor in the square gradient model for a
multi-component mixture was, to the best of our knowledge, not given before. See also the
relevant discussion in Appendix 2.B.
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f ðrÞ ¼ ln þ
Xn�1

i¼1

wi niðrÞ � pðrÞvðrÞ ð2:13Þ

Including a possible divergence term in f ðrÞ would modify this equation by
adding this term also on the right hand side.

2.3.2 Gibbs Relations

Before we consider the variation of the thermodynamic quantities, let us make a
comment on the notation. In this section we will come up with two different kinds
of the Gibbs relation which have different meanings. It is therefore important to
understand the precise meaning of the symbols used in them. We use three dif-
ferent symbols to indicate different types of variation of thermodynamic variables.
We use symbol d to indicate that d/ is an independent (total) differential of a
thermodynamic quantity / at a particular location r: We use the notation ra/ to
indicate the spatial variation of / with respect to coordinate xa: We use the
notation d/ to indicate the ‘‘substantial’’ differential of / (though it is used only in
the following chapters). One should not confuse the symbol d with an arbitrary
variation of a thermodynamic quantity. The meaning of d here (wherever it is used
in the Gibbs relations in this thesis) is the same as the total thermodynamic
differential usually denoted by d: We use the notation d/ to distinguish this
differential from the spatial variation of / and the ‘‘substantial’’ differential of /:
We also use the word variation in one of the three above meanings and never in
the sense of a variation which depends on a thermodynamic process.

2.3.2.1 Ordinary Gibbs Relation

Consider a variation of the total Helmholtz energy DF ½T ; q; n;rq;rn� with
respect to the variation of the variables, which it depends on:

DF ½T ; q; n;rq;rn� ¼
Z

V

d r fðT ; q; n;rq;rnÞ dqþ q dfðT ; q; n;rq;rnÞf g

ð2:14Þ

where the variation

df ðT ;q; n;rq;rnÞ ¼ of

oT
dT þ of

oq
dqþ

Xn�1

i¼1

of

oni

dni

þ of

orq
� drqþ

Xn�1

i¼1

of

orni

� drni

ð2:15Þ
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is the total thermodynamic differential of the specific Helmholtz energy with
respect to the thermodynamic variables, which it depends on.3 Given Eqs. 2.3, 2.8,
and 2.9, one can show that Eq. 2.15 becomes

dfðT ; q; n;rq;rnÞ ¼ of0

oT
dT þ p

q2
dqþ

Xn�1

i¼1

wi dni þ
1
q
r � dH ð2:16Þ

where

dHðq; n;rq;rnÞ � jqqrqþ
Xn�1

i¼1

jqni
rni

 !
dq

þ
Xn�1

k¼1

jqnk
rqþ

Xn�1

i¼1

jnink
rni

 !
dnk

ð2:17Þ

Upon substituting Eq. 2.16 into Eq. 2.14, the term containing dH does not
contribute to the variation of the total Helmholtz energy: the boundary integralR

S
dS � dH disappears, because we have chosen boundaries of the system such that

the density gradients are zero everywhere along the boundaries. Thus, we will
interpret the following expression

df ðT ; q; n;rq;rnÞ ¼ of0

oT
dT þ p

q2
dqþ

Xn�1

i¼1

wi dni ð2:18Þ

as the total thermodynamic differential of the specific Helmholtz energy.
We note the ambiguity in the definition of the total thermodynamic differential

of the specific Helmholtz energy. Different expressions Eqs. 2.14 and 2.18 for d f
give the same expression Eq. 2.14 for DF ; due to the cancelation of the boundary
contributions. This can be interpreted such that the measurable quantity is only the
total thermodynamic differential of the total Helmholtz energy, but not the total
thermodynamic differential of the specific one. This ambiguity is similar to the
ambiguity in definition of the specific Helmholtz energy. We will use Eq. 2.18,
remembering this ambiguity.

We write Eq. 2.18 in the form

dfðT ; v; n1; . . .; nn�1Þ ¼ �s dT � p dvþ
Xn�1

i¼1

wi dni ð2:19Þ

where v � 1=q is the specific volume and

3 Within the gradient model, T ; q; and n as well as rq and rn are considered to be the
independent thermodynamic variables: The Helmholtz energy density is a function of these
variables. Equation 2.15 gives therefore the total differential of f by definition.

2.3 Gradient Model for the Mass Specific Variables 23



s � � o

oT
f ðT ; v; nÞ ¼ � o

oT
f0ðT ; v; nÞ ð2:20Þ

Equation 2.19 has the form of the usual Gibbs relation for a homogeneous
mixture. For an inhomogeneous mixture, however, the validity of such a relation is
not obvious. Equation 2.19 together with Eq. 2.13 imply that with respect to the
variations of the thermodynamic variables the specific Helmholtz energy is still
homogeneous of the first order. We will call Eq. 2.19 the ordinary Gibbs relation.
With the help of Eqs. 2.13 and 2.19 we obtain the Gibbs–Duhem relation

sðrÞ dT � vðrÞ dpðrÞ þ dln þ
Xn�1

i¼1

niðrÞ dwi ¼ 0 ð2:21Þ

2.3.2.2 Spatial Gibbs Relation

Using the following conditions, which are true for equilibrium

r T ðrÞ ¼ 0

r lnðrÞ ¼ 0

rwiðrÞ ¼ 0; for i ¼ 1; n� 1

ra rabðrÞ ¼ 0

ð2:22Þ

and Eq. 2.13 together with Eq. 2.11, we obtain

rb f ðrÞ ¼ �pðrÞrb vðrÞ þ
Xn�1

i¼1

wirbniðrÞ þ vðrÞra cabðrÞ ð2:23Þ

We will call Eq. 2.23 the spatial Gibbs relation. As the temperature is independent
of position, the expected term �sðrÞrbT is zero.

2.3.3 Equilibrium Surface

Away from the surface qðrÞ ! q; nkðrÞ ! nk and rqðrÞ ! 0; rnkðrÞ ! 0 and
we have the homogeneous mixture. In that region we may use the usual thermo-
dynamic relations for the homogeneous mixture. The specific Helmholtz energy is
given by

f0ðT ; c; nÞ ¼ ln;0ðT ; c; nÞ þ
Xn�1

k¼1

wk;0ðT ; c; nÞnk � p0ðT ; c; nÞv ð2:24Þ

with the specific entropy, pressure and chemical potential differences given by
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s0ðT ; c; nÞ ¼ �
o

oT
f0ðT ; c; nÞ

p0ðT ; c; nÞ ¼ �
o

ov
f0ðT ; c; nÞ

wk;0ðT ; c; nÞ ¼
o

onk

f0ðT ; c; nÞ; k ¼ 1; n� 1

ð2:25Þ

such that the differential of the specific Helmholtz energy is given by

df0ðT ; c; nÞ ¼ �s0ðT ; c; nÞ dT � p0ðT ; c; nÞ dvþ
Xn�1

k¼1

wk;0ðT ; c; nÞ dnk ð2:26Þ

where wk;0ðT ; c; nÞ � lk;0ðT ; c; nÞ � ln;0ðT ; c; nÞ:
Quantities derived in Sect. 2.3.1 converge in the homogeneous limit in a fol-

lowing way

wk !
o

onk

f0ðT ; c; nÞ ¼ wk;0ðT ; c; nÞ

ln ! f0ðT ; c; nÞ �
Xn�1

i¼1

wi;0ðT ; c; nÞni þ p0ðT ; c; nÞv ¼ ln;0ðT ; c; nÞ

pðrÞ ! q2 o

oq
f0ðT ; c; nÞ ¼ p0ðT ; c; nÞ

rabðrÞ ! p0ðT ; c; nÞdab ¼ rab;0ðT ; c; nÞ

ð2:27Þ

We use these limits to determine the meaning of the derived quantities in the
interfacial region, where gradients are not negligible.

In equilibrium wk and ln are everywhere constant. Away from the surface they
represent the homogeneous chemical potentials, which in equilibrium should be
constant everywhere, particularly throughout the whole interfacial region. Thus it
is natural to identify ln and wk with, respectively, the chemical potential of the nth
component and the difference between the chemical potential of the kth and the nth
components, also within the interfacial region.

To determine the meaning of pðrÞ and rabðrÞ we have to resolve an ambiguity
in the definition of rabðrÞ: It follows from Eq. 2.10 that a constant tensor can be
added to rabðrÞ without affecting the validity of this equation. In a homogeneous
limit this tensor does not vanish, so it should be present in the homogeneous tensor
rab;0ðrÞ; which is proportional to the homogeneous pressure p0ðT ; c; nÞ: The
homogeneous pressure p0ðT ; c; nÞ; however, is determined unambiguously by the
specified equations of state. It follows then that this constant tensor has to be equal
to zero and rabðrÞ is given by Eq. 2.11 unambiguously.

Using that wk ¼ lk � ln and ln have the same meaning as in the bulk phase
and Eq. 2.13, it is then also natural to identify pðrÞ given by Eq. 2.9 with a
pressure everywhere. This pressure is not constant, however. The tensor rabðrÞ can
be identified with the tensorial pressure. It is known that at the surface one can
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speak about the ‘‘parallel’’ and the ‘‘perpendicular’’ pressure [1], so the pressure
reveals tensorial behavior. For a flat surface, when all the properties change in one
direction, say x; one can show that rxxðrÞ is the ‘‘perpendicular’’ pressure and
pðrÞ ¼ ryyðrÞ ¼ rzzðrÞ is the ‘‘parallel’’ pressure. For curved surfaces such an
identification, however, can in general not be made.

One can also conclude, that the quantity, determined by Eq. 2.20 is the specific
entropy of the mixture in the interfacial region. It does not have gradient contri-
butions. This is due to the assumption that the coefficients of the square gradient
contributions are independent of temperature. We refer to van der Waals [1–3]
who discussed this property.

We shall also define other thermodynamic potentials in the square gradient model
for the interfacial region. Considering Eq. 2.13 and conforming to Eq. 2.27 we define
interfacial specific internal energy, enthalpy and Gibbs energy densities as follows

uðrÞ � fðrÞ þ sðrÞT
hðrÞ � uðrÞ þ pðrÞvðrÞ
gðrÞ � fðrÞ þ pðrÞvðrÞ

ð2:28Þ

It is important to realize that these thermodynamic relations are true in the
interfacial region only by definition. One can also find support for these definitions
in [9] where they were considered for a simplified one-component system.

Using Eqs. 2.19 and 2.28, for the internal energy at each point in space we then
get the ordinary Gibbs relation

duðs; v; n1; . . .; nn�1Þ ¼ T dsðrÞ � pðrÞ dvðrÞ þ
Xn�1

i¼1

wi dniðrÞ ð2:29Þ

From Eqs. 2.22 and 2.28 we get the spatial Gibbs relation

rb uðrÞ ¼ T rb sðrÞ � pðrÞrbvðrÞ þ
Xn�1

i¼1

wirb niðrÞ þ vðrÞra cabðrÞ ð2:30Þ

One can easily write the Gibbs relations for other thermodynamic potentials.

2.4 Gradient Model for the Densities (Per Unit of Volume)

We write the extended Helmholtz energy per unit of volume as

fvðrÞ ¼ fv
0 ðT ; qÞ þ Kvðq;rqÞ ð2:31Þ

where

Kvðq;rqÞ � 1
2

Xn

i;j¼1

jqiqj
rqiðrÞ � rqjðrÞ ð2:32Þ
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We use q as an argument as a short notation for the set fq1; . . .; qng andrq as a
short notation for frq1; . . .;rqng in Sect. 2.4. As it is used only as an argument, it
should not be confused with the total density.

We will not repeat in details the procedure, given in Sect. 2.3 and give only the
results here. Using the Lagrange method we obtain the expressions for the constant
Lagrange multipliers, which are equal to the chemical potentials

lk ¼
o

oqk

ðfv
0 þKvÞ �

Xn

i¼1

r � ðjqiqk
rqiÞ ð2:33Þ

and the expression for a pressure p:

pðrÞ ¼
Xn

i¼1

qi

o

oqi

ðfv
0 þKvÞ � fv

0 þKv
� �

�
Xn

i;j¼1

qjr � ðjqiqj
rqiÞ ð2:34Þ

which was defined by

fvðrÞ ¼
Xn

i¼1

liqiðrÞ � pðrÞ ð2:35Þ

One can derive the same symmetric pressure tensor rabðrÞ as in Eq. 2.11, which
obeys the relation Eq. 2.10, where the symmetric tension tensor cabðrÞ is given by

cabðrÞ ¼
Xn

i;j¼1

jqiqj

oqi

oxa

oqj

oxb
ð2:36Þ

Varying the total Helmholtz energy F ½T ; q;rq� with respect to the variation of
the variables, we obtain the total thermodynamic differential of the specific
Helmholtz energy as

dfvðT ; q;rqÞ ¼ ofv
0

oT
dT þ

Xn

k¼1

lk dqk þr � dHv ð2:37Þ

where

dHvðq;rqÞ �
Xn

i;j¼1

ðjninj
rqiÞ dqj ð2:38Þ

The total Helmholtz energy variation becomes then

DF ½T ; q;rq� ¼
Z

V

dr
ofv

0

oT
dT þ

Xn

k¼1

lk dqk

 !
ð2:39Þ

since the boundary integral
R

S
dS � dHv disappears. Thus, we will interpret the

expression in parenthesis as the total thermodynamic differential of the specific
Helmholtz energy:
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dfvðT ; q;rqÞ ¼ ofv
0

oT
dT þ

Xn

k¼1

lk dqk ð2:40Þ

We write Eq. 2.40 in a form

dfvðT ; q1; . . .; qnÞ ¼ �svdT þ
Xn

i¼1

li dqi ð2:41Þ

which we will call Eq. 2.41 the ordinary Gibbs relation. Here

sv � � o

oT
fvðT ; q1; . . .; qnÞ ¼ �

o

oT
fv

0 ðT ; q1; . . .; qnÞ ð2:42Þ

is the specific entropy of the mixture, which has no gradient contribution. With the
help of Eqs. 2.35 and 2.41 we obtain the Gibbs–Duhem relation

svðrÞdT � dpðrÞ þ
Xn

k¼1

qkðrÞdlk ¼ 0 ð2:43Þ

Using the following conditions, which are true for equilibrium

r T ðrÞ ¼ 0

r lkðrÞ ¼ 0; for k ¼ 1; n

ra rabðrÞ ¼ 0

ð2:44Þ

and Eq. 2.35 together with Eq. 2.11 we obtain the spatial Gibbs relation

rb fvðrÞ ¼
Xn

i¼1

lirbqiðrÞ þ ra cabðrÞ ð2:45Þ

The interfacial internal energy, enthalpy and Gibbs energy densities are

uvðrÞ � fvðrÞ þ svðrÞT

hvðrÞ � svðrÞT þ
Xn

i¼1

li qiðrÞ

gvðrÞ �
Xn

i¼1

li qiðrÞ

ð2:46Þ

The Gibbs relations for the internal energy are

duvðs; q1; . . .; qnÞ ¼ T dsvðrÞ þ
Xn

i¼1

li dqiðrÞ ð2:47Þ

and

rb uvðrÞ ¼ T rb svðrÞ þ
Xn

i¼1

lirb qiðrÞ þ ra cabðrÞ ð2:48Þ
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2.5 Gradient Coefficients

2.5.1 Mass and Volume Specific Coefficients

The coefficients jqiqj
used in Sect. 2.4 are different from jqq; jqni

; and jninj
used in

Sect. 2.3. Comparing Eqs. 2.4 and 2.32, one can derive the following relations
between them

jqiqj
¼ jqq þ

1
q
ðjqni

þ jqnj
Þ � 2

q2

Xn

k¼1

jqnk
qk

þ 1
q2

jninj
� 1

q3

Xn

k¼1

ðjnknj
þ jnink

Þqk þ
1
q4

Xn

k;l¼1

jnknl
qkql

ð2:49Þ

and

jqq ¼
Xn�1

i;j¼1

ninjðjqiqj
þ jqnqn

� jqiqn
� jqnqj

Þ þ 2
Xn�1

i

niðjqiqn
� jqnqn

Þ þ jqnqn

jqni
¼ q

Xn�1

j¼1

nj ðjqiqj
þ jqnqn

� jqiqn
� jqnqj

Þ þ qðjqiqn
� jqnqn

Þ

jninj
¼ q2ðjqiqj

þ jqnqn
� jqiqn

� jqnqj
Þ

ð2:50Þ

We note, that these relations are exact.

2.5.2 Mixing Rules

All the coefficients jqq; jqni
; and jninj

; as well as jqiqj
are in principle known

functions of the densities. In practice they are not known for mixtures. Only the
values for pure components may be more or less obtained from experiments,
measuring the surface tension. Thus, it is necessary to express the cross-coeffi-
cients in a form such that one can approximate them using pure-component values.
From Sect. 2.4 one can see, that jqiqi

are simply related to the pure-component
coefficients: jqiqi

� ji is the coefficient for the pure component i:

Cross-coefficients can then be approximated by one of the so-called mixing
rules for the gradient coefficients. We will assume the following mixing rule

jqiqj
¼ ffiffiffiffiffiffiffiffiffi

jijj

p ð2:51Þ

For i ¼ j; Eq. 2.51 is just a definition. For i 6¼ j; this relation is an approximation.
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This mixing rule for the gradient coefficients is analogous to the mixing rule for
the van der Waals coefficients in an equation of state (see Sect. 3.4 for details).
Given these mixing rules for jqiqj

coefficients, one can easily deduce the corre-
sponding mixing rules for jqq; jqni

; and jninj
; using Eq. 2.50.

We shall note here, that the choice of the particular mixing rule is based on
the empirical knowledge and does not follow from any theory. We may expect,
that for similar components, the mixing rule (2.51) would be adequate. How-
ever, for different components, one may probably not use it. The extensive
investigation of the mixing rule for the gradient coefficient goes beyond the
issues addressed in this thesis. We therefore will use only Eq. 2.51 as a mixing
rule.

2.6 Discussion and Conclusions

In this chapter we have established the framework of the gradient model for the
liquid–vapor (or, alternatively, liquid–liquid) interface in an isotropic non-polar-
izable mixture. It is necessary that the homogeneous Helmholtz energy f0 allows
solutions which imply equilibrium coexistence between different phases. Other-
wise we only have the homogeneous phase. Standard mixture theories [10] give a
Helmholtz energy which allows liquid–vapor coexistence.

Using the assumption that in the interfacial region the fluid can be described
by the local densities and their gradients, we have extended the gradient
models, used to describe one-component fluids and binary mixtures, to three-
dimensional multi-component mixtures. The condition which the system should
satisfy is that the total Helmholtz energy is minimal. With the help of Lagrange
method it was possible to derive the equations, which the profile distribution
should satisfy, given the fixed total content of the components. The Lagrange
multipliers are equal to the chemical potentials of the coexisting liquid and
vapor. It was also possible to determine the pressure behavior in the interfacial
region. It is crucial, that the pressure has a tensorial behavior. The difference
between the tensorial part of the pressure tensor and the scalar part determines
the surface tension.

An important observation is the ambiguity in the determination of the local
thermodynamic potentials, for instance the specific Helmholtz energy. While the
total Helmholtz energy is unique and has a minimum, the specific Helmholtz
energy is not unique. One can add a term which is the divergence of some vector
field without affecting the total Helmholtz energy, if the normal component of this
field vanishes on the system boundaries. This general observation in the context of
the gradient model implies that the density gradients are taken equal to zero on the
boundary. It must be emphasized, that for realistic boundaries these gradients are
not zero. We refer to the wall-theorem [11] in this context. We take the freedom to
set them equal to zero assuming, that the boundary layer does not affect the
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properties of the interface we want to study. In the Appendix 2.A we show that this
ambiguity does not affect the results.

As one can see from Eqs. 2.13 and 2.35, it is possible to relate the thermo-
dynamic variables for an inhomogeneous fluid in the same way as it is done for a
homogeneous one. However, unlike the homogeneous mixture, these variables
contain gradient contributions. The local behavior of the mixture is determined not
only by it’s local properties but also by it’s nearest surroundings.

We have given explicit expressions for each thermodynamic quantity in the
interfacial region. We have also determined how the thermodynamic potentials
change with the change of the variables they depend on. An important part of
the thermodynamic description is the relations between the rate of change of the
thermodynamic variables, the Gibbs relations. In an equilibrium interfacial
region thermodynamic variables vary in space, unlike in a homogeneous system.
Thus one can speak about the relation between the rates of change of thermody-
namic variables for a given point in space, the ordinary Gibbs relation. One has
also to speak about the rates of change of the thermodynamic variables in space,
the spacial Gibbs relation. Even though the thermodynamic potentials, particularly
the specific Helmholtz energy, depend on the spatial derivatives of the densities,
we have shown that variation of these gradients do not contribute to the ordinary
Gibbs relations. Thus, the ordinary Gibbs relations have the ordinary form of the
Gibbs relations for the homogeneous mixture. The important observation here is,
however, that the ordinary Gibbs relations relate the inhomogeneous thermody-
namic variables, i.e. those, which contain the gradient contribution. As the spatial
derivatives of the temperature, chemical potentials and pressure tensor are zero in
equilibrium, we can determine the spatial Gibbs relation. The new term which
appears because of the inhomogeneity is ra cabðrÞ; which is only unequal to zero
close to the surface.

For temperatures far from the critical point the surface thickness is known to be
very small (in the sub-nanometer range). This imposes an upper limit to the values
of the coefficients jqq; jqni

; jninj
; and jqiqj

:

In previous sections we used different specific variables. For the mass specific
quantities we used the coefficients jqq; jqni

; and jninj
and for densities per unit of

volume we used jqiqj
: One can determine the relations between these coefficients

and verify, that all the quantities, determined in Sects. 2.3 and 2.4 are the same.
Thus, Eqs. 2.9 and 2.34 give the same pressure pðrÞ; as well as Eqs. 2.12 and 2.34
give the same tension tensor cabðrÞ: And rabðrÞ; which is given by Eq. 2.11 is the
same for both sets of variables. ln in Eqs. 2.8 and 2.33 is the same and wk taken
from Eq. 2.8 are equal to lk � ln taken from Eq. 2.33. This shows that the
inhomogeneous equilibrium description is independent of the choice of indepen-
dent variables. This is similar to the description of the homogeneous equilibrium
phase.

The analysis in this chapter gives the basis to extend the description to non-
equilibrium systems. For one-component systems, in which the properties varied
only in one direction, such an extension was given by Bedeaux et al. [9].
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2.A On the Ambiguity in the Specific Quantities

We show here that ambiguities present in the definition of the specific Helmholtz
energy and the total thermodynamic differential of the specific Helmholtz energy
do not affect the validity of all the thermodynamic relations, derived in this
chapter. We do this for mass specific variables, the same arguments can be used
for the densities per unit of volume.

The total Helmholtz energy of a mixture
R

V
dr qðrÞ f ðrÞ can be expanded

around a homogeneous state as

F ¼
Z

V

dr

"
q f0ðT ; q; nÞ

þ 1
2
jð1Þqq jrqj2 þ

Xn�1

i¼1

jð1Þqni
rq � rni þ

1
2

Xn�1

i;j¼1

jð1Þninj
rni � rnj

þ jð2Þqq r2qþ
Xn�1

i¼1

jð2Þqni
r2ni þ � � �

#
ð2:52Þ

where the series is truncated after the second order terms. As it is shown in Eq. 2.2
this can be rearranged as following:

F ¼
Z

V

dr

"
q f0ðT ; q; nÞ

þ 1
2
jqq jrqj2 þ

Xn�1

i¼1

jqni
rq � rni þ

1
2

Xn�1

i;j¼1

jninj
rni � rnj

þr � jð2Þqqrqþ
Xn�1

i¼1

jð2Þqni
rni

 !
þ � � �

#
ð2:53Þ

where

jqq ¼ jð1Þqq � 2 ðojð2Þqq =oqÞ
jqni
¼ jð1Þqni

� ðojð2Þqq =oniÞ � ðojð2Þqni
=oqÞ

jninj
¼ jð1Þninj

� ðojð2Þqni
=onjÞ � ðojð2Þqnj

=oniÞ
ð2:54Þ

are the coefficients used in Eq. 2.4.
Let us define

f ðrÞ � q f0ðT ; q; nÞ þ
1
2
jqqjrqj2 þ

Xn�1

i¼1

jqni
rq � rni þ

1
2

Xn�1

i;j¼1

jninj
rni � rnj

ef ðrÞ � fðrÞ þ r � jð2Þqq rqþ
Xn�1

i¼1

jð2Þqni
rni

 !

ð2:55Þ
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so that F ¼
R

V
dr qðrÞ f ðrÞ ¼

R
V

dr qðrÞef ðrÞ: One can also define

pðrÞ � lnþ
Xn�1

i¼1

wi niðrÞ � f ðrÞ

epðrÞ � lnþ
Xn�1

i¼1

wi niðrÞ � ef ðrÞ ¼ pðrÞ �r � jð2Þqqrqþ
Xn�1

i¼1

jð2Þqni
rni

 ! ð2:56Þ

and follow the same procedure as in Sect. 2.3.1. (Note, that the second order terms
should be added to the Euler–Lagrange equations in such case). Then, as it follows
from a known theorem of variational calculus, one obtains for the chemical
potentials ln and wk

ln ¼
o

oq
q fð Þ �

Xn�1

i¼1

wini �r � jqqrqþ
Xn�1

i¼1

jqni
rni

 !

wk ¼
o

onk

fð Þ � 1
q
r � jqnk

rqþ
Xn�1

i¼1

jnink
rni

 !
; k ¼ 1; n� 1

ð2:57Þ

and for the pressure tensor rabðrÞ

rabðrÞ ¼ pðrÞ dab þ cabðrÞ ð2:58Þ

for both definitions of pðrÞ and epðrÞ: As one can see, there is no ambiguity in the
expressions for the chemical potentials and the pressure tensor. They are deter-
mined irrespective of the ambiguity in the definition of the specific Helmholtz
energy. Technically, the reason for this is that ln and wk are the integral properties
of the equilibrium mixture, which minimize the Helmholtz energy of the whole
mixture. Thus, they cannot depend on local ambiguities.

Thus, it is natural to use fðrÞ as the specific Helmholtz energy and use pðrÞ as a
pressure. As we have seen in Sect. 2.3.3 only pðrÞ has a physical meaning but not
epðrÞ: With such a choice, all the thermodynamic quantities derived in this chapter
do not contain any ambiguity.

2.B Interfacial Pressure

In this section we shall see how our expressions for the pressure and the tension
tensors in the interfacial region Eqs. 2.9, 2.12, and 2.11, reduce to the conventional
quantities such as the parallel and the perpendicular pressures for the flat interface
and the Korteweg tensor. These quantities were mostly given for systems in which
only one variable changes through the surface, either the density in one-component
systems or the mass fraction in binary mixtures. We will therefore consider here
only such systems, assuming that we speak about the density in a one-component
system. The discussion for a binary mixture is analogous.
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2.B.1 Korteweg Tensor

The scalar pressure in a one-component system is

pðrÞ ¼ q2 o

oq
f0 þ

j
2
jrqj2

� �
� qr � jrqð Þ ð2:59Þ

and the tension tensor is

cabðrÞ ¼ j
oq
oxa

oq
oxb

ð2:60Þ

and the pressure tensor is still given by Eq. 2.11.
Taking into account that q2ðof0=oqÞ ¼ p0 is the homogeneous pressure, we

obtain

pðrÞ ¼ p0ðq; T Þ � jqr2q� 1
2

jjrqj2 � 1
2

oj
oq

qjrqj2 ð2:61Þ

so the pressure tensor (2.11) becomes

rab ¼ p0ðq; T Þdab þ wab ð2:62Þ

where

wabðrÞ � cabðrÞ � j qr2qþ 1
2

jjrqj2
� �

� 1
2
oj
oq

qjrqj2 ð2:63Þ

is the Korteweg tensor [12, 13].
In this work we use the scalar pressure pðrÞ and the tension tensor cabðrÞ

instead of the homogeneous pressure p0ðq;T Þ and the Korteweg tensor wabðrÞ:
The reason for this is that in the interfacial region, it is pðrÞ; not p0ðq;T Þ; which
enters all the thermodynamic relations, and it is cabðrÞ; not wabðrÞ; which deter-
mines the surface tension.

2.B.2 Parallel and Perpendicular Pressure

In the case of planar interface with cartesian coordinate x directed perpendicular to
the surface, the pressure tensor takes the following form

rabðxÞ ¼
p?ðxÞ 0 0

0 pkðxÞ 0
0 0 pkðxÞ

0

@

1

A ð2:64Þ

where
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p?ðxÞ � pðxÞ þ cxxðxÞ ¼ p0ðq; T Þ � jqq 00 þ 1
2

jq 02 � 1
2
oj
oq

qq 02

pkðxÞ � pðxÞ ¼ p0ðq; T Þ � jqq 00 � 1
2
jq 02 � 1

2
oj
oq

qq 02
ð2:65Þ

are the perpendicular and parallel pressures in the interfacial region. Here prime
indicates the derivative with respect to x: The difference between them

cxxðxÞ � p?ðxÞ � pkðxÞ ¼ jq 02 ð2:66Þ

determines the surface tension [1, 6]

c ¼
Z

x

dx cxxðxÞ ð2:67Þ

According to Eq. 2.10, the perpendicular pressure is constant in the interfacial
region

p 0?ðxÞ ¼ 0 ð2:68Þ

while the parallel is not: it has a peak which is opposite to cxxðxÞ in sign.

References

1. Rowlinson JS, Widom B (1982) Molecular theory of capillarity. Clarendon Press, Oxford
2. Rowlinson JS (1979) Translation of J.D. van der Waals’ ‘‘The thermodynamic theory of

capillarity under the hypothesis of a continuous variation of density’’. J Stat Phys 20:197–244
3. van der Waals JD (1893) Square gradient model. Verhandel Konink Akad Weten Amsterdam

1:8
4. Cahn JW, Hilliard JE (1958) Free energy of a nonuniform system. I. Interfacial free energy.

J Chem Phys 28:258
5. Cornelisse PMW (1997) The square gradient theory applied. TU in Delft, The Netherlands.

Ph.D. thesis
6. Yang AJM, Fleming PD, Gibbs JH (1976) Molecular theory of surface tension. J Chem Phys

64:3732
7. Ginzburg VL, Landau LD (1950) On the theory of superconductivity. Zh Eksp Theor Fiz

20:1064
8. Wilson KG (1983) Renormalization group and critical phenomena. Rev Mod Phys 55:583
9. Bedeaux D, Johannessen E, Røsjorde A (2003) The nonequilibrium van der Waals square

gradient model. (I). The model and its numerical solution. Phys A 330:329
10. Sengers JV, Kayser RF, Peters CJ, White HJ, Jr. eds (2000) Equations of state for fluids and

fluid mixtures. Elsevier, Amsterdam
11. Lebowitz JL (1960) Asymptotic value of the pair distribution near a wall. Phys Fluid 3:1
12. Korteweg DJ. Sur la forme que prennent les équations du mouvement des uides si l’on tient

compte des forces capillares causés par les variations de densité. Arch. Neérlandaises des Sci.
Exact et Natur II(6):1–24

13. Piechór K (2008) Non-local Korteweg stresses from kinetic theory point of view. Arch Mech
60(1):23–58

2.B Interfacial Pressure 35



http://www.springer.com/978-3-642-15265-8


	2 Equilibrium Square Gradient Model
	2.1…Introduction
	2.2…The Gradient Model
	2.3…Gradient Model for the Mass Specific Variables
	2.3.0 2.3.1‡The Lagrange Method
	2.3.0 2.3.2‡Gibbs Relations
	2.3.0.0 2.3.2.1‡Ordinary Gibbs Relation
	2.3.0.0 2.3.2.2‡Spatial Gibbs Relation

	2.3.0 2.3.3‡Equilibrium Surface

	2.4…Gradient Model for the Densities (Per Unit of Volume)
	2.5…Gradient Coefficients
	2.5.0 2.5.1‡Mass and Volume Specific Coefficients
	2.5.0 2.5.2‡Mixing Rules

	2.6…Discussion and Conclusions
	2.A…On the Ambiguity in the Specific Quantities
	2.B…Interfacial Pressure
	2.8.0 2.B.1‡Korteweg Tensor
	2.8.0 2.B.2‡Parallel and Perpendicular Pressure

	References


