2

INTRODUCTORY BACKGROUND

The variational methods of image segmentation discussed in this book minimize
functionals. In this chapter, we review some formulas we use repeatedly in the def-
inition and minimization of these functionals: Euler-Lagrange equations, gradient
descent minimization, level set representation. We also review optical flow basic ex-
pressions used in motion based segmentation.

2.1 Euler-Lagrange equations

Most of the image segmentation methods we study in this book are variational meth-
ods which use closed regular plane curves to define an image domain partition. The
objective functionals they minimize have these curves as arguments. They are, typ-
ically, the sum of integrals of one of two types, namely, integrals along a regular
closed plane curve and integrals over the region enclosed by such a curve. The Euler-
Lagrange equations corresponding to these variable domain integrals can be derived
using standard calculus of variations and, in particular, the Euler-Lagrange equations
corresponding to definite integrals [1].

2.1.1 Definite integrals

Let x; and x; be fixed real numbers and consider an integral of the form

X2 ,
(y) = / 86,3,y )dx @.1)

where y = y(x) is a twice differentiable real function, y’ = %, and g is a function
twice differentiable with respect to any of its arguments, x,y, and y'. Assuming there
is a function y satisfying the end point conditions y(x;) = y; and y(x2) = y», which
minimizes (2.1), then y satisfies the Euler-Lagrange differential equation

dg d (dg\ _
o) =0 ¢
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A free end point endpoint at x = x; is expressed by the condition

dg
—| =0 2.3)
|y,

A similar expression holds for a free end point at x = x,:
0
281 =0 2.4)
|,

For an integral involving several dependent variables y(x), ...,z(x), of the form

X2
E(y,.-2) :/ 806y, 2,7 )dx (2.5)
x]

where y' = %, w? = %, there is an Euler-Lagrange equation similar to (2.2) for
each dependent variable:

IO 2

In subsequent chapters, we will encounter integrals involving scalar functions of
two independent variables. For an integral of the form

g(w) = / g(x7y7 W7WXaW)’)d'Xdy (27)
R
where R is some fixed region of R?, w = w(x,y) assumes some prescribed values at

all points on the boundary JR of R, wy and w, are the partial derivatives of w, and
g is twice differentiable with respect to each of its arguments, the Euler-Lagrange

equation is
dg 0 [ dg Jd (dg\
n3x () 35 (o) =0 ey

When w is not specified on JR, we have

25220 ondR 2.9)

where s is arc length and (x(s),y(s)) the corresponding parametric representation of
JR.
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2.1.2 Variable domain of integration

Lety:s€[0,1] — (x(s),y(s)) € R? be a simple closed plane curve parametrized by
arc length, and Ry its interior (the region it encloses). The segmentation functionals
we will encounter in the subsequent chapters typically contain a term of the form

/ f(x,y)dxdy (2.10)
Ry

where f is a scalar function, i.e., independent of y. They also typically contain the

term
/ ds @.11)
Y

which is the length of y. Consider the following functional:

E(y) = A f(x,y)dxdy%—?t/yds (2.12)
v

where f is a scalar function and A is a positive constant. To determine the Euler-
Lagrange equation corresponding to the minimization of (2.12) with respect to y (we
assume that the problem is to minimize &, but the following discussions apply to
maximization as well), the first integral in the functional is first transformed into a
simple integral as follows. Let

y

P(x,y) = L (x,2)dz (2.13)

2.
and

1 X
0(ey) =5 [ sz @14

Then, using the Green’s theorem [2], we have

/ flx,y)dxdy = / <8Q_9P> dxdy—/dex—i—Qdy—/Ol (Px'+Qy') ds

(2.15)
where X' = ;—;‘ and y = d—}v A/pplying (2.6) to the/last ir}tegral in (2.15), i.e., using
8(s,x,3,X,y') = P(x(s),y(s))x'(s) + Q(x(s), ¥(5))y'(s), yields

%_7 ag 0 @ =y
ox ox' Ix  dy yeny

dg dg Jd0 OJP P
8y—<8y> <9x+8y> I @10

Therefore, orienting 7y so that the outward normal is

n=(y,—x), 2.17)
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the component of the Euler-Lagrange equation corresponding to (2.12) due to its first
term is

/m (2.18)
The second integral of (2.12) is rewritten as
! :
/ (x’2 + y/2> ds (2.19)
0

=

Application of (2.6), i.e., using g(s,x,y,x,y) = ((x’(s))2 + (y’(s))z) , gives

f?gd(ag> N . S R
ox ds \ ox ds <(x,)2 N (y,)g)%
/
dg _d (ag/) S D SR —; (2.20)
dy ds \dy ds ((x’)2 N (y’)2> 2

where x is the curvature of y given by, independently of the parametrization [3],

et (o) (@20 ol

(2.21)

with X/ = %, y' = %, and div is the divergence operator. Therefore, the contribu-
tion of the second integral of (2.12) to the Euler-Lagrange equation is

Kn (2.22)

This gives the Euler-Lagrange equation corresponding to &(7):

(F+AK)N=0 (2.23)

In the computer vision literature, the left-hand side of (2.23) is referred to as the
Sfunctional derivative of & with respect to ¥, the sum of the functional derivatives of
its two component terms. It is noted %, or ‘?9—‘5 when & is also dependent on other
variables, as it is the case in the methods discussed in this book.

In a subsequent chapter, we will encounter the following integral, called a
geodesic functional :

/ hds (2.24)
Y
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where h = h(x(s),y(s)) is a positive scalar function (the length integral in (2.11) is
a special case, with & = 1). Using previous arguments, its functional derivative, with
respect to v, is

%, </yhds> = ((Vh,n) + hx)n (2.25)

and the corresponding Euler-Lagrange equation is

((Vh,n) + hx)n=0 (2.26)

where (.) denotes the scalar product, and Vi = (%, ‘3—;’) = (hy,hy) is the spatial
gradient of A.

The Euler-Lagrange equations corresponding to the region integral (2.10) and to
the geodesic functional (2.24) can be generalized to volume and surface integrals,
respectively. Although not used in this book, such integrals appear, for instance, in
spatio-temporal image segmentation [4]. Let S be a closed regular surface [3] in R.
The Euler-Lagrange equation corresponding to [ hdS is

((Vh,n) +2hk)n = 0, (2.27)

where n is the external unit normal to S and x its mean curvature function [3]. The
factor 2 appearing in this equation is due to the definition of the mean curvature. The
equation corresponding to the volume integral -fRs fdV, where Rg is the interior of
S, 1s

Mm=0 (2.28)

A detailed proof of these formulas can be found in [4].
Image segmentation functionals can involve integrals with Ry-dependent param-
eters. A typical such integral (called a data term) is

/ (I — ) 2dxdy (2.29)
Ry

where [ is the image and u is its mean over R,. The minimization of these func-
tionals can use the Euler-Lagrange equations obtained by assuming that the region
parameters are fixed (i.e., independent of 7), leading to iterations of a greedy two-
step algorithm, one step to minimize with respect to the parameters, the other to
minimize with respect to the curve assuming that the parameters are fixed. However,
other frameworks, such as the shape calculus, which uses shape gradients [5, 6, 7],
can take the integrand dependence on Y into account to derive the necessary condi-
tions for a minimum, leading to iterations of gradient descent (fastest descent). We
will see examples of both schemes in subsequent chapters.
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2.2 Descent methods for unconstrained optimization

2.2.1 Real functions

Consider the problem of finding an unconstrained local minimum of a C! function
f:x€RN — f(x) € R (assuming such a minimum exists). Letx: 7 > 0 — x(¢) € RV
be C!, and g(t) = f(x(t)). We have

dg dx
“6 _yyr 22
dt <f’dt

Therefore, if x varies according to

) (2.30)

@
dt
x(0) = xp (2.31)

where /(1) € RT and (Vf,d) > 0, function g will vary according to

dg

Y7 o(Vf,d) (2.32)
Because V f =0 is a necessary condition for a local minimum of f and —a(V f,d) is
negative, x varying by (2.31) will converge to a local minimum of f, assuming such
a minimum exists on the trajectory of x. Methods of unconstrained minimization
based on (2.31) are called descent methods. Most often d = V f is used (gradient,
or fastest, descent). The scaling function ¢ is often predetermined. For instance,
o(t) = constant, or c(r) = 1/t [8]. In general, descent methods are discretized and
implemented as follows.

l. k=0 ; x¥=xg

2. Repeat until a test of convergence is verified
d* = d(x")
o = argming > f(x* — ad")
X+ = xk g gk
k—k+1

Similar vectorial formulas apply to vectorial functions F = (f1, ..., f,)" by treat-
ing each component function f; as described.

2.2.2 Integral functionals

Consider the problem of minimizing (2.1), i.e., &(y) = f;}z g(x,y,y")dx. Let y vary in
time, i.e., y is embedded in a one-parameter family of functions indexed by (algo-
rithmic) time ¢, y = y(x,). Consider the functional
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S00) = [ gletn)y (wn)dx 23

Jxq

where y' = dy/dx. Let us calculate the derivative of & with respect to time:

% _ [ (2 dxay,
o Sy \oyar "oy ar )
/ ag 8y dg d (dy
= dx
Jdy ot 8y’ ot \ dx
/ ag &y dg d (dy
= = | ) dx
Jdy ot 8y ox \ ot
Integration by parts of the second term of the integrand gives
Jd&  dgdy " (dg d (dg dy
o oy BI} +/x1 (ay x (ay' ™ 2.34)

Assuming that 2 5 (xn,1) = ’; > (x2,1) Vt, which is the case for each of the two compo-
nent functions of the closed curves we consider in this book, we finally have

& 2 (dg d (dg dy
o1 _./x1 <9y o (ay )) o™ (2.35)
Therefore, varying y according to
dy dg d (dg
i (5-5() =
ie., 5 5
y__9¢
% oy (2.37)
implies
06 [ (dg 9 (dg\\°
wo L G-a(E) = s

As a result, & decreases in time. As with real functions, starting from y(0) = yo, y
will converge to a local minimum of &, assuming such a minimum exists. Equation
(2.36) is the fastest descent equation to minimize functional (2.33). Functionals of
several dependent variables are treated in a similar way.

As an example, to minimize (2.12), we adopt the descent equation

v _

ar

In the computer vision literature, the partial differential equation (2.39) is seen

as the evolution equation of curve ¥ along its normal at speed —(f + A k), and ¥ is
called an active curve. Direct implementation of this equation, as with the algorithm
for real functions above, will iteratively displace each of the points of the curve.

—(f+Ax)n (2.39)
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However, a curve can split and join during evolution, and such changes in the curve
topology are quite difficult, if at all possible, to effect by an explicit representation
of the curve as a set of mobile marker points. An efficient and numerically stable
implementation of such descent equations is via level sets which we outline next.

2.3 Level sets

Let y be a simple closed curve in the image domain €2. In the problems we address,
such curves are made to move so as to converge to delimit the desired segmenta-
tion regions. Consider a curve which evolves according to a velocity vector in the
direction of its normal at each point (Figure 2.1 a),

V=Vn (2.40)

The velocities we will encounter in this book have speeds of one of three distinct
types.

Type 1.V is a function of the curvature of the evolving curve.

Type 2. V is of the form (F,n) where F is a vector field dependent on position and
possibly time (via the underlying image function, for instance) but not on the curve.
Such terms are called advection speeds in [9].

Type 3. V is a scalar function which depends on position and time but is not of the
other two types.

The closed curves delineating a segmentation region can split or merge during
evolution. These changes in a curve topology are at best extensively cumbersome to
effect using an explicit representation of a curve as a set of marker points and an
implementation of the evolution by a descent algorithm such as given in Section 2.2
for the minimization of real functions. Level sets offer an efficient and numerically
stable alternative implementation.

Let I" be the set of smooth (C?) plane curves v : s € [0,1] — y(s) € 2 which
are closed, simple, and regular [3]. Let an active curve be represented by a one-
parameter (algorithmic time) family of curves in I', i.e, a function y: s,7 € [0,1] x
R* — y(s,1) = (x(s,1),y(s,1),1)) € Q x RT such that Vz curve ; : s — (x(s,1),y(s,1))
is in I'. With the level set implementation, an active curve ¥ is represented implicitly
as the zero level set of a function ¢ : R x Rt — R:

Vs,t @ (y(s,t)) = ¢ (x(s,1),y(s,2),t) =0 (2.41)

The total derivative of (2.41) with respect to time gives, assuming ¢ is sufficiently
smooth,

dg _0¢dx 9¢dy 99 _ . 9y, 99 _
a axaor Tayar o Ve T

0 (2.42)

Because % = Vn, we have
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Fig. 2.1. (a) Active curve 7y is moving at all times and at each point according to a velocity
vector which is along its normal; (b) active curve 7 is represented implicitly by the zero level
of the graph of function ¢. In this figure, v is split into two regular curves while ¢ remains a
function. In general, such a possibility cannot be implemented by an explicit representation of
Y as a set points.

20 _
5 = V(Ve.nm) (243)
‘We also have
90 _900x 900y _ 000,
Vs € [0,1] 35 = 9x 95 Jy I =(Vo¢, 8s> =0 (2.44)

Therefore, because %’ is the tangent to the curve at s, V¢ is normal to the curve.
With the convention that n is oriented outward and ¢ is positive inside its zero level
set, we have
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Vo
n=——— (2.45)
Vol
Substitution of (2.45) in (2.43) gives the temporal evolution of ¢:
¢
X _vVIV 2.46
] (2.46)

For type 1 speeds, the curvature is given in terms of the level set function by:

2 2
 — div (n) — _div ( Vo ) _ Oxx Py 2¢x¢y¢xy3+ Oyy 05 2.47)
(62 +¢5)2

] Vel

A priori, the level set evolution is specified for points on the level set function
zero level. Therefore, one must define extension velocities [9] to evolve the level set
function elsewhere. For instance, the extension velocity at a point is the velocity at
the point closest to it on the evolving curve. Extension velocities can also be defined
so that the level set function is at all times the distance function from the evolving
curve. Both of these definitions, often implemented via narrow banding [9], require
the initial curves intersect the regions they segment. This is important when a region
has unconnected components. An alternative robust to initialization, which we use in
all the methods described in this book, extends the expression of the velocity on the
evolving curve to the image domain when it can be evaluated at each point, as it is
often the case [4, 10].

Atall times #, active curve Y subject to velocity (2.40) can be recovered as the zero
level set of level set function ¢ evolving according to (2.46). Regardless of variations
in the topology of the active curve, ¢ remains a function (Figure 2.1 b). Another
advantage of the level set implementation is that region membership is explicitly
maintained and readily available in the level set representation because the sign of ¢
determines which points are inside curve 7, and which are outside. This information
is computationally very expensive to determine with an explicit representation of
active curves.

The book of Sethian [9] is about efficient and numerically stable discretization
of evolution equations such as those corresponding to the level set segmentation
functionals in this book. It also contains several examples of applications in various
domains. Velocities of the types 1, 2, and 3 are discretized differently as summarized
below [9]. Because the velocity of an active curve is, in general, a compound of
velocities of the three types, the discretization of (2.46) can be written as follows:

1

k ((pOx)2 0yy2) 2
+V§ ((DUX) +(D;7) ) for type 1 terms
max(FF.,0)D;* +min(FK ,0)D;t*
d)i]}H = @5+ At ( “Z va ' 1’2 ”er for type 2 terms
+max(Fy;,0)D;;” + min(Fy;;,0)D;; )

(max(V{}O)V* -+min(V5, O)V*) for type 3 terms
(2.48)
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where i, j are indices on the discretization grid of €2, k is the iteration index, Fy,F>
are the coordinates of F appearing in the general expression of terms of type 2. Finite
difference x—derivative operators D™ (forward scheme), D™* (backward scheme),
and D% (central scheme), are applied to ¢ at i, j and iteration k, i.e., D;"*, D~ D?]X

ij >7ij
in (2.48) stand for D™ (¢*);;, D=(¢*);;, D" (¢*);; and are given by
k k
D" = ¢y — 0
— k k
Dijx =i =iy
1
0. k k
D = §(¢i+1,j — i1 ;)

Similar comments and expressions apply to the y—derivative operators D™, D™,
and DY Finally, V* and V™ are defined by

V= (maX(Di*jx7 )? —|—min(D;",O)2

1
+max(D;;”, 0) + min(Di’;y7 0)2) ’

V- = (max(D$x,0)2+min(Di;x, )2

. — 2
+max(D;?,0)? + min(D”, 0)2) (2.49)

2.4 Optical flow

Let I be an image sequence, considered a differentiable function,
I:(x,y,t) € 2x]0,T[— I(x,y,t) € RT, (2.50)

where x,y are image coordinates, £2 is an open subset of the real plane to represent
the image domain, and 7 is the time of duration of the image sequence.

2.4.1 The gradient equation

Let P be a point on an imaged environmental surface moving relative to the viewing
system. The viewing system is symbolized as in Figure 2.3. The image p of P on the
viewing system projection plane can be viewed as moving along a trajectory in the
space-time (actual time) domain x —y —t. Let ¢(r) = (x(¢),y(¢),#) be the Cartesian
parametric representation of this trajectory. Finally, let the restriction of I to ¢ be
h = Ioc, where o designates composition, i.e., h(t) = I(x(t),y(¢),t). The hypothesis
that 4 is constant in time, i.e., that I does not vary along the motion trajectory c of
p,! leads to the gradient equation of Horn and Schunck [11]:

! This is strictly true for points on a Lambertian surface in translation relative to the viewing
system, under constant, uniform lighting.
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dh  dldx Jldy 81dt70
dt  dxdt dydt odtdt
If we designate the partial derivatives of I by I,,1,,1;, and %, % by u,v, we have

2.51)

Lu+ILy+1 =0 (2.52)

Vector (u,v) is the optical velocity of p, the velocity of the projection of P onto the
image plane. The field of optical velocities over the image domain is the optical flow
[12]. The gradient equation is also referred to as the optical flow constraint. It can be
written in vector form:

(VI,W)+1,=0 (2.53)

where VI = (Iy,1,) is the spatial gradient of 7 and W = (u,v). The projection W of
W on VI is given by

VI VI

— (W) 2.54
o™ v @54

or, using (2.53):

L L\ VI
v ‘( ||w||>||w|| (2:39)

This projection can be estimated from the first order spatio-temporal variations
of I (Figure 2.2). Therefore, the gradient equation gives the component of the optical
velocity vector in the direction of the image gradient, i.e., the direction normal to the
isophote, and only this component. This is a manifestation of the aperture problem:
the movement of a straight edge seen through an aperture is ambiguous because only
the component of motion in the direction perpendicular to the edge is determined
(Figure 2.2).

2.4.2 The Horn and Schunck formulation

Horn and Schunck minimize the following functional to estimate optical flow:

E(u,v) = /Q (Lot + Ly + 1) 2dxdy + A /Q IVl +|[VvP)dxdy  (2.56)

where A is a positive constant to weigh the relative contribution of the two terms
of the functional. The first integral, the data term, measures the conformity of the
motion field to the image sequence first-order spatial and temporal variations. The
second integral is a regularization term which measures the smoothness of the motion
field. The Euler-Lagrange equations corresponding to (2.56) are two coupled partial
differential equations:
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Isophote
(a) (b)

Fig. 2.2. (a) The projection of the optical flow on the image gradient can be estimated from the
image first-order spatio-temporal data; whenever VI # 0 it is equal to — Hé—’lu; (b) the aperture

problem: the movement of the straight edge seen though an aperture (the circular window in
this figure) is ambiguous because only the component of motion in the direction perpendicular
to the edge is determined (the solid arrow).

L(Lu+Ty+1) —AViu=0
L(Lu+Iy+1)— AV =0, (2.57)

to which the (Neumann) boundary conditions are added:

u

on "

v

F 0 (2.58)

where V? designates the Laplacian and % indicates differentiation in the direction
of the normal n to the image domain boundary 9 Q.

There are very efficient numerical implementations to solve (2.57) [13]. Refer to
the appendix for more details.

The main problem with the Horn and Shunck method comes from the occurrence
of the Laplacian in (2.57), which causes isotropic smoothing and, therefore, blurred
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motion boundaries. The method of [14] formulates the problem so that smoothing of
motion is inhibited across motion boundaries. This formulation is described next.

2.4.3 The Aubert, Kornprobst, and Deriche formulation

The study in [14, 15] investigates the following generalization of the Horn and
Schunck functional:

E(u,v):/Q(Ixu—i—lyv—l-lt)zdxdy—i-l/é(p(HVuH)—|—p(HVv||))dxdy (2.59)

where p is a function of class C2. With p(z) = 22, (2.59) reduces to the Horn and
Schunck functional (2.56).
The Euler-Lagrange equations corresponding to (2.59) are

aam+kw+b%=ldw<ﬂme)‘m)

2 [Vul
A Vv
L{(Lu+Ly+1) = =di "UVY]) = ), 2.60
e+ v-+1) = i (pIV) ) 2.60)
with the boundary conditions
p'(IVul) du _,
[Vu|| Jn
p'([Vvl) dv
— = 2.61
[IVv]| oJn 2.6D)

The Aubert-Deriche-Kornprobst function

p(s)=2V1+s2-2 (2.62)

follows conditions which require that it allows smoothing of motion along motion
boundaries and inhibits it across [14, 15].

An efficient implementation of the formulation is described in [14, 15, 16]. Refer
to the appendix for more details.

Next, we will examine the relationship between optical flow and the three-
dimensional structure and motion of rigid objects. We will need this relationship
in Chapter 8 on image segmentation based on the movement of real objects.

2.4.4 Optical flow of rigid body motion

We symbolize physical space by the Euclidean space R* and the viewing system
by an orthonormal direct coordinate system . = (O;I,J,K) and central projection
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Fig. 2.3. The viewing system is symbolized by a direct orthonormal coordinate system . =
(0;1,J,K) and central projection through O on plane 7 (the image plane) parallel to plane Py
and at focal distance f from O.

through O on plane 7 (the image plane) parallel to plane Py and at distance f from
O (the focal length). This is illustrated in Figure 2.3.

Let t — Z(t) be a rigid body moving in space and P a point of Z. Let p be
the image of P on 7. If P = XI 4 YJ + ZK and p = xI + yJ, we have the following
projection relations:

X Y
x:ff y:ff (2.63)

If the kinematic screw of the (rigid) motion of £ relative to .”is (@, T) then the
velocity of P is P’ = T + @ x OP. Substitution of this expression in the derivative
with respect to time of each equation in (2.63) gives the following expression of
optical velocity [17]:

s 2.2
u=%(ft| —xt3) — Fo +1 ]fx @ —yo3
(2.64)
2.2 !
v = %(ftzfytg,)ff%ler&(Derxah

where T = (¢1,52,13) and ® = (), ®,,®3). Substitution of (2.64) in the gradient
equation (2.52) gives the optical flow 3D rigid body constraint:

(s,7) +(q,0)+1; =0 (2.65)

where vectors 7, s, and q are given by
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T Sl _fly_ %(xlx +y1y)
T= 7’ s = f1 , q=| fL+ %(xlx + i) (2.66)
—xl —yl, —yI, +xl,

Pulling % out of each equation in (2.64), equating the resulting expressions, and
making a change of variables, leads to the following depth-free homogeneous linear
equation [18, 19]:

(d,e) =0 (2.67)

where d = (x2,y?, f,2xy,2xf,2yf, — fv, fu, —uy +vx), and e is the vector of essen-
tial parameters:

e = —ORI3 —Wh, ey=—W3i3— WOit, e3=—mh— 0!

1 +opt, o) t3+a3¢ 13431,
:60212 12, 132w317 662602326032 (2.68)

€4 es5 =

e7 =1y, eg =1, eg =13



References 31

References

AW N =

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. R. Weinstock, Calculus of variations. Dover, 1974.

. J. E. Marsden and A. J. Tromba, Vector calculus. 'W. H. Freeman and Company, 1976.

. M. P. Do Carmo, Differential geometry of curves and surfaces. Prentice Hall, 1976.

. A. Mitiche, R. Feghali, and A. Mansouri, “Motion tracking as spatio-temporal motion
boundary detection,” Journal of Robotics and Autonomous Systems, vol. 43, pp. 39-50,
2003.

. M. C. Delfour and J. P. Zolesio, Shapes and Geometries: Analysis, Differential Calculus
and Optimization. SIAM series on Advances in Design and Control, 2001.

. S. Jehan-Besson, M. Barlaud, G. Aubert, and O. Faugeras, “Shape gradients for histogram
segmentation using active contours,” in International Conference on Computer Vision
(ICCV), 2003, pp. 408-415.

. G. Aubert, M. Barlaud, O. Faugeras, and S. Jehan-Besson, “Image segmentation using
active contours: Calculus of variations or shape gradients?” SIAM Journal of Applied
Mathematics, vol. 63, no. 6, pp. 2128-2154, 2003.

. M. Minoux, Programmation mathématique. Dunod, Vol. 1, 1983.

. J. A. Sethian, Level set Methods and Fast Marching Methods. =~ Cambridge University

Press, 1999.

A. Mansouri and J. Konrad, “Multiple motion segmentation with level sets,” IEEE Trans-

actions on Image Processing, vol. 12, no. 2, pp. 201-220, 2003.

B. K. P. Horn and B. G. Schunck, “Determining optical flow,” Artificial Intelligence,

vol. 17, no. 17, pp. 185-203, 1981.

J. J. Gibson, The perception of the visual world. Houghton Mifflin, 1950.

A. Mitiche and A. Mansouri, “On convergence of the Horn and Schunck optical flow

estimation method,” IEEE Transactions on Image Processing, vol. 13, no. 6, pp. 848—

852,2004.

G. Aubert, R. Deriche, and P. Kornprobst, “Computing optical flow via variational tech-

niques,” SIAM Journal of Applied Mathematics, vol. 60, no. 1, pp. 156-182, 1999.

R. Deriche, P. Kornprobst, and G. Aubert, “Optical-flow estimation while preserving

its discontinuities: A variational approach,” in Asian Conference on Computer Vision

(ACCV), 1995, pp. 71-80.

G. Aubert and P. Kornpbrost, Mathematical problems in image processing: Partial differ-

ential equations and the calculus of variations. ~Springer Verlag, 2006.

H. Longuet-Higgins and K. Prazdny, “The interpretation of a moving retinal image,” Pro-

ceedings of the Royal Society of London, B, vol. 208, pp. 385-397, 1981.

X. Zhuang and R. Haralick, “Rigid body motion and the optical flow image,” in Interna-

tional Conference on Artificial Intelligence Applications, 1984, pp. 366-375.

A. Mitiche, Computational Analysis of Visual Motion. Plenum Press, New York, 1994.



2 Springer
http://www.springer.com/978-3-642-15351-8

Variational and Level Set Methods in Image
Segmentation

Mitiche, A.; Ben Ayed, |.

2011, W, 192 p. 42 illus., 19 illus. in color., Hardcover
ISEN: 978-3-642-13351-8





