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1 Introduction

We consider the one-dimensional equation

t

t
X = x+ / [ c(u,a. Xy )AN(u, @) + [ ¢, X.)du )
0 E 0

where N is a Poisson point measure of intensity measure ( on some abstract mea-
surable space E. We assume that ¢ and g are infinitely differentiable with respect to
t and x, have bounded derivatives of any order, and have linear growth with respect
to x. Moreover we assume that the derivatives of ¢ are bounded by a function ¢
such that [ ¢(a)du(a) < oo. Under these hypotheses, the equation has a unique
solution and the stochastic integral with respect to the Poisson point measure is a
Stieltjes integral.

Our aim is to give sufficient conditions in order to prove that the law of X,
is absolutely continuous with respect to the Lebesgue measure and has a smooth
density. If £ = R™ and if the measure p admits a smooth density %, then one
may develop a Malliavin calculus based on the amplitudes of the jumps in order
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to solve this problem. This has been done first in Bismut [4] and then in Bichteler,
Gravereaux, and Jacod [3]. But if u is a singular measure, this approach fails and one
has to use the noise given by the jump times of the Poisson point measure in order
to settle a differential calculus analogous to the Malliavin calculus. This is a much
more delicate problem and several approaches have been proposed. A first step is to
prove that the law of X; is absolutely continuous with respect to the Lebesgue mea-
sure, without taking care of the regularity. A first result in this sense was obtained by
Carlen and Pardoux [5] and was followed by a lot of other papers (see [1,7,11, 13]).
The second step is to obtain the regularity of the density. Recently two results of
this type have been obtained by Ishikawa and Kunita [10] and by Kulik [12]. In both
cases, one deals with an equation of the form

dXt = g(l, Xt)dt + f(t, X[—)dUt (2)

where U is a Lévy process. The above equation is multi-dimensional (let us men-
tion that the method presented in our paper may be used in the multi-dimensional
case as well, but then some technical problems related to the control of the Malli-
avin covariance matrix have to be solved — and for simplicity we preferred to leave
out this kind of difficulties in this paper). Ishikawa and Kunita [10] used the finite
difference approach given by Picard [14] in order to obtain sufficient conditions for
the regularity of the density of the solution of an equation of type (1) (in a somehow
more particular form, close to linear equations). The result in that paper produces a
large class of examples in which we get a smooth density even for an intensity mea-
sure which is singular with respect to the Lebesgue measure. The second approach
is due to Kulik [12]. He settled a Malliavin type calculus based on perturbations of
the time structure in order to give sufficient conditions for the smoothness of the
density. In his paper, the coefficient f is equal to one so the non-degeneracy comes
from the drift term g only. As before, he obtains the regularity of the density even
if the intensity measure w is singular. He also proves that under some appropriate
conditions, the density is not smooth for a small 7 so that one has to wait before the
regularization effect of the noise produces a regular density.
The result proved in our paper is the following. We consider the function

aft,a,x) = g(x) —g(x +c(t,a,x)) + (gdxc + 9;¢)(t,a, x).

Except the regularity and boundedness conditions on g and ¢ we consider the fol-
lowing non-degeneracy assumption. There exists a measurable function ¢ such that
la(t,a,x)| > a(a) > 0 for every (¢,a,x) € Ry x E x R. We assume that there
exists a sequence of subsets £, 1 E such that u(E,) < oo and

, 1 1 B
By oo o) (/E,, c_v(—a>d“(“>) =0 =

We need this hypothesis in order to control the error due to the fact that we localize
our differential calculus on a non-degeneracy set. If & = 0, then for every ¢ > 0, the
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law of X; has a C* density with respect to the Lebesgue measure. Suppose now
that > 0 and let g € N. Then, for t > 166(q + 2)(¢ + 1)? the law of X; has a
density of class C?. Notice that for small ¢ we are not able to prove that a density
exists and we have to wait for a sufficiently large 7 in order to obtain a regularization
effect.

In the paper of Kulik [12], one takes c(¢,a,x) = asoa(t,a,x) = g(x)—g(x +
¢(t,a, x)). Then the non-degeneracy condition concerns just the drift coefficient g.
And in the paper of Ishikawa and Kunita, the basic example (which corresponds
to the geometric Lévy process) is c(¢,a,x) = xa(e* — 1) and g constant. So
a(t,a,x) = a(e® —1) ~ a? as a — 0. The drift coefficient does not contribute
to the non-degeneracy condition (which is analogous to the uniform ellipticity
condition).

The paper is organized as follows. In Sect.2, we give an integration by parts
formula of Malliavin type. This is analogous to the integration by parts formulas
given in [2] and [1]. But there are two specific points: first of all the integration by
parts formula take into account the border terms (in the above-mentioned papers the
border terms cancel because one makes use of some weights which are null on the
border; but in the paper of Kulik [12] such border terms appear as well). The second
point is that we use here a “one shot” integration by parts formula: in the classical
gaussian Malliavin calculus, one employs all the noise which is available — so one
derives an infinite dimensional differential calculus based on “all the increments” of
the Brownian motion. The analogous approach in the case of Poisson point measures
is to use all the noise which comes from the random structure (jumps). And this is
the point of view of almost all the papers on this topic. But in our paper, we use just
“one jump time” which is chosen in a cleaver way (according to the non-degeneracy
condition). In Sect. 3, we apply the general integration by parts formula to stochastic
equations with jumps. The basic noise is given by the jump times.

2 Integration by Parts Formula

2.1 Notations-Derivative Operators

The abstract framework is quite similar to the one developed in Bally and Clément
[2], but we introduce here some modifications in order to take into account the
border terms appearing in the integration by parts formula. We consider a sequence
of random variables (V;);en+* on a probability space (£2, F, P), a sub o-algebra
G C F and a random variable J, G measurable, with values in N. Our aim is to
establish a differential calculus based on the variables (V;), conditionally on G. In
order to derive an integration by parts formula, we need some assumptions on the
random variables (V;). The main hypothesis is that conditionally on G, the law of V;
admits a locally smooth density with respect to the Lebesgue measure.
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HO. (a) Conditionally on G, the random variables (V;)1<; <y are independent and
foreachi € {1,...,J} the law of V; is absolutely continuous with respect to the
Lebesgue measure. We note p; the conditional density.

(b) For all i € {1,...,J}, there exist some G measurable random variables a;
and b; such that —oco < a; < b; < 400, (a;,b;) C {p; > 0}. We also assume that
pi admits a continuous bounded derivative on (a;, b;) and that In p; is bounded on
(a;,bi).

We define now the class of functions on which this differential calculus will
apply. We consider in this paper functions f : £ x RN" — R which can be
written as

f@.0) =" [ (@010 ) @) =m) 3)
m=1

where f : 2 x R™ — R are G x B(R™)—measurable functions.

In the following, we fix L € N and we will perform integration by parts L times.
But we will use another set of variables for each integration by parts. So for 1 <
[ < L, we fix a set of indices I; C {1,...,J}suchthatif/ # ', [; NIy = @. In
order to do [ integration by parts, we will use successively the variables V;,i € I;,
then the variables V;,i € I;_; and end with V;,i € I;. Moreover, given [ we fix a
partition (A; ; )iy, of §2 such thatthe sets A;; € G,i € I;. If w € A;;, we will use
only the variable V; in our integration by parts.

With these notations, we define our basic spaces. We consider in this paper
random variables ' = f(w, V) where V = (V;); and f is given by (3). To sim-
plify the notation we write F = f J (w, V1,...,Vy) so that conditionally on G
we have / = m and F = f™(w,V1,..., V). We denote by SO the space of
random variables F = f7(w,V;....,Vs) where f7/ is a continuous function
on 05 = ]_[ile(a,- ,b;) such that there exists a G measurable random variable C
satisfying

sup | £/ (w,v)] < C(w) < 400 ae. 4)
veOy
We also assume that £ has left limits (respectively right limits) in a; (respectively
in b;). Let us be more precise.
With the notations

Vip=W o Vicn Vi Vo) (Vs vi) = (N Vi v Vi, -2 V),

for v; € (a;, b;) our assumption is that the following limits exist and are finite:

m%fJ(w,V(,-),a,- +e):= F(ah), lir%fj(a),V(,-),b,- —¢&):=F(b7). (5)

Now fork > 1, Sk (I17) denotes the space of random variables F:fJ (w,V1,...,
V) € SO such that £/ admits partial derivatives up to order k with respect to the
variables v;,i € I; and these partial derivatives belong to S°.
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We are now able to define our differential operators.

e The derivative operators. We define D; : S'(I;) — S°(I;) : by

DiF :=10,(V) Y 14, (@)dy, f(@.V).

iel;
where Oy = ]_[ilzl(a,-,b,-).
e The divergence operators. We note
P =Y la,pi. (6)
iel;

and we define §; : S'(I;) — S°(1;) by

81/(F) = DiF + FD;Inpgy = 10,(V) Y _ 14,,(0y, F + Fdy, In p;)

iEI]
We can easily see that if F,U € S'(I;) we have
8;(FU)=F§(U)+ UD,F. ™

e The border terms. Let U € S°(1I;). We define (using the notation (5))

Ul =) 14,10, (Vi) (Up)(B]) = Upi)(a]")

iel;

with OJ’[ = HISjSJ,j¢i(aj,bj)

2.2 Duality and Basic Integration by Parts Formula

In our framework, the duality between §; and D; is given by the following proposi-
tion. In the sequel, we denote by Eg the conditional expectation with respect to the
sigma-algebra G.

Proposition 1. Assuming HO then VF,U € S'(I;) we have
Eg(UD;F) = —Eg(F§,(U)) + Eg[FU];. ®)

For simplicity, we assume in this proposition that the random variables F and U take
values in R but such a result can easily be extended to R? value random variables.
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Proof. We have Eg(UDF) = Y ey 1a,,Eglo, (V)@ [ (0, V)u! (0, V).
From HO we obtain

b;
Eglo, (V)@ [ (@,V)u! (@, V) = Eglo,; (V) [ 0 (f ! pivir)d;.

By using the classical integration by parts formula, we have

[ B, (F e prCon)dvs = L7 pil f £ 0, o).
Observing that 0y, w’ pi) = (0, ) +u’ 0y; (In p;)) pi, we have
Eg(lo, (V)dy, /7 u”) = Eglo, (V) f”u’ pill;
—Eglo, (V)F(y,(U) + Udy, (In p;))
and the proposition is proved. O

We can now state a first integration by parts formula.

Proposition 2. Let HO hold true and let F € S*(1}), G € S'(I}) and @ : R — R
be a bounded function with bounded derivative. We assume that F = f7(w,V)
satisfies the condition

min 1nf 13y, £ (w,0)] > y(w), 9)

iel; veO

where y is G measurable and we define on {y > 0}

(D;F)~ 1_101(1/)1621:1111“31}: f(l 7
then
=01 Eg(@V(F)G) = —1(=0)Eg (®(F)H;(F, G))
+1y=0 Eg[®(F)G(D F)™'; (10)
with

H|(F,G) = §(G(D;F)™") = G§ (D, F)™") + D/G(D,F)™". (1)

Proof. We observe that

Di®(F) =10,(V) Y 1a,,00,@(F) = 10,(V)@D(F) Y 14,0, F.

i€l i€l



Integration by Parts Formula with Respect to Jump Times for SDE’s 13
so that

D;®(F).D;F = @V (F)(D;F)?,
and then 1>, @V (F) = lgy=0yD;@(F).(D; F)~'. Now since F € S2(I}), we

deduce that (D; F)~! € S'(I;) on {y > 0} and applying Proposition 1 with U =
G(D; F)~! we obtain the result. O

2.3 Iterations of the Integration by Parts Formula

We will iterate the integration by parts formula given in Proposition 2. We recall that
if we iterate / times the integration by parts formula, we will integrate by parts suc-
cessively with respect to the variables (V;);cr, for 1 <k <. 1In order to give some
estimates of the weights appearing in these formulas, we introduce the following
norm on S’ (Uizllk)’ forl <[ <L.

I
IFli=1|Flo+ >, > |Dy...D} Fleo. (12)
k=11<li<..<lg=<l
where |.|oo is defined on S° by

|Floo = sup |f7(w.v)].

veDy

Forl = 0, we set | F|g = | F|oo- We remark that we have for 1 <[} < ... <[ <
k
|Dy, ... Dy Floo = > (]‘[1,1,jiij)|avi1 vy, Floo,
ilelll ..... ikellk j=1
and since for each [ (A;;)ies, is a partition of §2, for @ fixed, the preceding
sum has only one term not equal to zero. This family of norms satisfies for
F e S*Y U, I):
|Flit1 = |Dis1Fli +|F|; so |Dig1Fli < |Fli41. (13)
Moreover, it is easy to check that if F,G € Sl(Ufczllk)

|FG|; < Ci|F|i|G|;, (14)

where Cj is a constant depending on /. Finally for any function ¢ € c! (R,R) we
have
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1

[$(F)r = C Y18 (F)loel FIf < €1 max 19O (F)loo(1 + [FI}).  (15)
k=0 -

With these notations, we can iterate the integration by parts formula.

Theorem 1. Let HO hold true and let @ : R +— R be a bounded function with
bounded derivatives up to order L. Let F = 7 (w,V) € S! (Ull‘zlll) such that

inf  inf |3vl.f1(a), v)| > y(w), y €[0,1] G measurable (16)
iE{l,...,J} veOy

then we have forl € {1,..., L}, G € Sl(Ufczllk) and F € SHI(UfC:lIk)

L=l Eg® P (F)G| < Cill®lloolty=0yEg (G111 + 1plo) TU(F))  (17)

where ||@|lc = sup, [@(X)], |plo = maxj=1,..L|p@)le, Ci is a constant
depending on | and IT;(F) is defined on {y > 0} by

1
m(F) = [T+ 1D F) - + 18 (D F) D). (18)
k=1

Moreover, we have the bound

I
[T+ IFE" + IDeFITH?, (19)
k=1

(1+ [ p[y)!

I (F) <G
J,l(l+2)

where |In p|; = max;=1,...7 |(In p;)|co-

Proof. We proceed by induction. For [ = 1, we have from Proposition 2 since
G € S'(I1) and F € 8%(1;)

=01 Eg(@V(F)G) = —1(y=0yEg (P(F)Hi (F, G))
+1g>0 Eg[®(F)G(D1F)™'];. (20)

We have on {y > 0}
|H\(F,G)| < |G18:((D1F)~ )| + |D1G|[(D1 F)7',
< (|Gloo + [D1Goo)(1 + [(D1F) ™ oo) (1 + [81((D1 F) ™) o),
= [G[i(1 + [(D1F) " o)(1 4 [8:1 (D1 F)™Hlo)-

Turning to the border term [@(F)G (D F)™ ']y, we check that
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1

[@(F)G(D1F)™'1| < 2||@|00|Glow Z la,; |ﬁ|oo Z L4, ;1 Piloos
iel vi iel

< 2[|2]lo|Glol (D1 F)~ ol Plo-

This proves the result for / = 1.

Now assume that Theorem 1 is true for / > 1 and let us prove it for / 4+ 1. By
assumption, we have G € S'*! (UL 1) € S'(1;41) and F € S+2(ULE 1) ©
S?(I;41). Consequently, we can apply Proposition 2 on /; ;. This gives

ly=01Eg (@1 (F)G) = —1(yn01Eg (¢ (F) Hi11(F. G))
+ly>0 Eg[@ D (F)G(D1y1 F) g1, 21

with
Hi11(F.G) = G841((Dy1 F)™) + Dy41G(Dy41 F) 71,

@O E)GDr 1 FY i = 3 1aysrsl0,, (Vi) ((@‘“(F)G o p,-)<b,.—)
i€lj1q vi
1
_ (cD(l)(F)Gmpi) (al-'")) .

We easily see that H;,{(F,G) € S’ (Uf{zllk), and so using the induction hypoth-
esis we obtain

ly=03| Eg@ D (F)H 41 (F, G)|
< C1|®|looliy=0y EglHi41(F. G)|;(1 + | plo) T (F),

and we just have to bound |H; 41 (F, G)|; on {y > 0}. But using successively (14)
and (13)

|Hi11(F.G)i < C1(1G|118141((Di41 F) ™M) + D11 Glil(Dr41 F)™ Y11,
< GGl (1 + (D41 F)™HIDA + 18i41((Di+1 F)™H11).

This finally gives
|Eg0@ D (F)Hy41(F, G)| < Cll|@loo Eg|Gli1(1 + | plo) Mis1(F).  (22)

So we just have to prove a similar inequality for Eg[(b(l)(F)G(DlHF)_1]1+1.
This reduces to consider

1
> @) Eslo,, o) (2062 )60 @
i€l vi
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since the other term can be treated similarly. Consequently, we just have to bound

1
Eglo, (V) (@“(F)G i F) Gl

1

Since all variables satisfy (4), we obtain from Lebesgue Theorem, using the nota-
tion (5)

. ) ! -
Eglo, (Vi) (95 (F)G 8v,-F) ()

. 1
= lim Eglo, (Vi) @ (f? (Vi bi —€)) (gfw) (Viy. bi — ).

To shorten the notation, we write simply F(b; — &) = f/ (V). bi — ¢).

Now one can prove that if U € Sl/(UiJ;lllk) for 1 </’ <lthenVi € I;44,
Ubi—e¢) € Sl/(Uizllk) and |U(b; —¢)|;r < |U|p. We deduce then that Vi € I},
F(bi — ) € S (Uj_ Ii) and that (G g -7) (bi — &) € S'(Uj_, Ix)) and from
induction hypothesis

|Eg@D(F(bi —e))lo,, (G;)(bi —e)

dy, F
1
< Cll®lloo EgilG (i — 1| s————1i(1 "I (F (b — o))},
< Cull®lloo EgHIG s — )l grp—s b 1+ [plo) I (F (b1 — )}
1
= Gill®lloo Eg|Glil =5 li(1 + | plo) I (F).

1

Putting this in (23) we obtain

1
Oy; F

i

Eg Z Laji1o,, (¢(l)(F)G
i€l

pz-) o)

< Cll|PlocEg 1 IG1(1+ plo) T (F) Y 1a,,;|pilool
iEI]+1

< CilIPlloo Eg{|Gli(1 + | plo) T i (F)|(Di1 F) 7'} 24)

L
anFl .

Finally plugging (22) and (24) in (21)

|Eg(@"*D(F)G)| < C/l|®lloo (Eg|Glis1 (1 + plo) Hiy1 (F)

+Eg|Gli (1 + [plo) T (F) (D1 FY ')
< Cil|®lloo Eg|Glis1(1 + | plo) ' i (F),
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and inequality (17) is proved for / + 1. This achieves the first part of the proof of

Theorem 1.
It remains to prove (19). We assume that w € {y > 0}.
Let 1 <k <. We first notice that combining (13) and (14), we obtain

18k (F)lg—1 < |Flg (14 |DiIn poy] )

since p) only depends on the variables V;,i € Ii. So we deduce the bound

8k (DEF)™) | _y < [(DF)7H, (14 [In py).

Now we have |
|(DkF) et = D Ly,

iely aviF k—1
From (15) with ¢(x) = 1/x
1 (1+|FIEH
—_— Ck—k’
D F |y 14
and consequently
_ (1+I[FIEh
(DiF) et = Ce— .

Moreover, we have, using successively (13) and (26),

|(Dk F) i = [(DiF) ™ Yi—1 + | Dr(Di F) ™ i—1,

k—1 k—1
<C ((1+|Fk|k ) (HID;'Efl'" ))’
Y Y
(+|F &= +|D Ik~ 1)
< Cx = JEFT £
Putting this in (25)
B (1+ [FIf™ + | D FIEY
|8k (DK F)™),_, < Ck £ s A1+ [Inply).

Finally from (26) and (27), we deduce

1
(1+ [In p|,)* _
M(F) = Cr— gy = 1‘[<1+|F| U+ | DeFIET2,

and Theorem 1 is proved.

(25)

(26)

27)
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3 Stochastic Equations with Jumps

3.1 Notations and Hypotheses

We consider a Poisson point process p with measurable state space (E, B(E)). We
refer to Ikeda and Watanabe [9] for the notation. We denote by N the counting
measure associated to p so N;(A) := N((0,t) x A) = #{s < t; ps € A}. The
intensity measure is df x du(a) where u is a sigma-finite measure on (E, B(E))
and we fix a non-decreasing sequence (E,) of subsets of E such that £ = U, E,,,
W(Ey) <ooand w(Ey+1) < n(Ey,) + K for all n and for a constant K > 0.

We consider the one-dimensional stochastic equation

t

¢
Xy =x+/ [c(s,a,Xr)dN(s,a)—i—[ g(s, X5)ds. (28)
o JE 0

Our aim is to give sufficient conditions on the coefficients ¢ and g in order to prove
that the law of X; is absolutely continuous with respect to the Lebesgue measure
and has a smooth density. We make the following assumptions on the coefficients ¢
and g.

H1. We assume that the functions ¢ and g are infinitely differentiable with respect
to the variables (¢, x) and that there exist a bounded function ¢ and a constant g, such
that

V(t,a,x) |c(t,a,x)| <c(a)(1+|x|), sup |8§/3;c(t,a,x)| <c(a);
1+1'>1
VX))l SEA+ D, sup (0 deg(t. )] S B:
+'>1

We assume moreover that [ ¢(a)du(a) < oc.
Under H1, (28) admits a unique solution.
H2. We assume that there exists a measurable function ¢ : E + R such that
JE ¢(a)dp(a) < oo and
Y(t,a,x) |0xc(t,a,x)(1 + dxc(t,a,x) | < é(a).
To simplify the notation, we take ¢ = ¢. Under H2, the tangent flow associated to

(28) is invertible. At last we give a non-degeneracy condition which will imply (16).
We denote by « the function

alt,a,x) = g(t,x) —g(t.x +c(t,a,x)) + (gdxc + d;¢)(t,a, x). (29)
H3. We assume that there exists a measurable function @ : E +— R such that

V(t,a,x) |a(t,a,x)| > ala) >0,
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1 1 |
v /En @du(a) <oo and lirrzinfM(En) In (/En @du(a)) =0 < oo.

We give in the following some examples where £ = (0, 1] and «(a) = a.

3.2 Main Results and Examples

Following the methodology introduced in Bally and Clément [2], our aim is to
bound the Fourier transform of X;, px, (£), in terms of 1/|&|, recalling that if
Jr 1E1%1px, (§)|d§ < oo, for g > 0, then the law of X, is absolutely continuous and
its density is C[9). This is done in the next proposition. The proof of this proposition
relies on an approximation of X; which will be given in the next section.

Proposition 3. Assuming HI, H2 and H3 we have for alln, L € N*
1
5% ©)] < Cus (e—MEn)f/@L) ; WAH,L) ,

with An,L = “(E")L(fEn L _du(a))LL+2),

a(a)
From this proposition, we deduce our main result.
Theorem 2. We assume that HI, H2 and H3 hold. Let g € N, then fort>166(q+2)
(g+1)2, the law of X, is absolutely continuous with respect to the Lebesgue measure
and its density is of class C4. In particular if 6 = 0, the law of X, is absolutely

continuous with respect to the Lebesgue measure and its density is of class C* for
everyt > 0.

Proof. From Proposition 3, we have

1
x, ()] = Cr (e—MEn)f/ZL i WA,,,L) .

Now Vk, ko > 0,if t /2L > k6, we deduce from H3 that forn > np

In ([E Ld/L(a)) + —k In p(En)

1/2L> (@) kou(En)

w(En)
since the second term on the right-hand side tends to zero. This implies
1 k
e B2l ( / —du(a)) W(En)/Fo.
E, o(a)

Choosing k = L(L + 2) and k/ko = L, we obtain that forn > ny and /2L >
L(L +2)6
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eM(En)t/ZL > An,L~

and then

|Px, ()] = CrL (e_“(E")’/ZL + #e“(En)t/zL) ’

1 B, (1)
= Cur (Bn(w T )

with B, (1) = e Ent/2L Now recalling that u(E,) < uw(Ens1) < K + n(Ey),
we have B, (t) < By+1(t) < K;B,(t). Moreover, since By, (t) goes to infinity with
n we have

Le1/25 8, @03 = D VBay<élL/2<Bpsr )

nznjy,

Butif B, (1) < [§[%/% < But1(0), | px, (§)] < Cr./I§|"/? and so

/ £19]px, ()& = [ 1£17] i, (6)]dE + [ 16171 px, (6)1de.
E1L/2<B,,, () §1L/25 By, (1)

<CiLn, +/ &9~/ dg.

|EIL/22 By, (1)

For ¢ € N, choosing L such that L/2 — g > 1, we obtain [ |£|7|px, (§)|dE < oo
for t/2L > L(L + 2)0 and consequently the law of X; admits a density C? for
t >2L%*(L+2)0and L > 2(q + 1), thatis ¢ > 166(g + 1)%>(g +2) and Theorem 2
is proved. O

We end this section with two examples

Example 1. We take E = (0,1], ua = Y p»q zx01/k With 0 < A < 1and E, =

[1/n,1]. We have Uy Ep, = E, (t(En) = 3§ _y zx and pa(Ept1) < pa(En) + 1.
We consider the process (X;) solution of (28) with ¢(¢,a,x) = a and g(¢,x) =
g(x) assuming that the derivatives of g are bounded and that |g’(x)| > g > 0. We

have [ adpy(a) = Zkil ﬁ < 00 so H1 and H2 hold. Moreover, a(z,a, x) =
g(x) — g(x + a) so a(a) = ga. Now ‘fEn %d/u(a) = >0 k'=*, which is
equivalent as 7, go to infinity to n2~* /(2 — 1). Now we have

1 1 In(g Y 5—, k1=%) In(n2=*)
ln/—d a)z—n—~ﬁ cM ) o,
Ha(En) ( E, 9(a) #a (@) ket TR o

and then H3 is satisfied with & = 0. We conclude from Theorem 2 that V¢ > 0, X;
admits a density C*°.
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Inthe case A = 1, we have i1(En) = Y j—; § ~n—oo Inn then
1 1 In(g 35— D)
In —dul(a) = ———— ~y5o L,
E,

/,Ll(En) Q(a) ZZ=1 %

and this gives H3 with 6§ = 1. So the density of X; is regular as soon as ¢ is large
enough. In fact it is proved in Kulik [12] that under some appropriate conditions the
density of X is not continuous for small 7.

Example 2. We take the intensity measure i, as in the previous example and we
consider the process (X;) solution of (28) with g = 1 and ¢(¢,a,x) = ax. This
gives ¢(a) = a and a(a) = a. So the conclusions are similar to example 1 in both
cases 0 < A < 1 and A = 1. But in this example we can compare our result to the
one given by Ichikawa and Kunita [10]. They assume the condition

1
lim inf —- a*du(a) >0, (%)

u—>0 uy la|<u

for some & € (0, 2). Here we have

1+A

1 u
2
a“du(a) = E ~u—0 .

Soif 0 < A < 1, (%) holds and their results apply. In the case A = 1, (%) fails and
they do not conclude. However, in our approach we conclude that the density of X;
is C? fort > 16(qg + 2)(g + 1)2.

The next section is devoted to the proof of Proposition 3.

3.3 Approximation of X, and Integration by Parts Formula

In order to bound the Fourier transform of the process X; solution of (28), we will
apply the differential calculus developed in Sect.2. The first step consists in an
approximation of X; by a random variable X ,N which can be viewed as an element
of our basic space S°. We assume that the process (X tN ) is solution of the discrete
version of (28)

t t
xN =x+/ / c(s,a,X;!)dN(s,a)Jr/ g(s, XN)ds. (30)
0o JEN 0

Since (Exn) < 0o, the number of jumps of the process XV on the interval (0, 1)
is finite and consequently we may consider the random variable X ,N as a function
of these jump times and apply the methodology proposed in Sect.2. We denote by
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(JN) the Poisson process defined by J¥ = N((0,1), Ex) = #{s < t;ps € En}
and we note (7Y ) its jump times. We also introduce the notation AY = Pry-
With these notations, the process solution of (30) can be written

JN /
XV =x+) @AY XN ) +/ g(s, XN)ds. (31)
k=1 k 0

We will not work with all the variables (TkN )i but only with the jump times (7}")
of the Poisson process J;*, where n < N. In the following we will keep n fixed
and we will make N go to infinity. We note (T,jv )« the jump times of the Poisson
process JN" = N((0,1), Ex\E,) and AZ’N = pyn~.Now we fix L € N*, the
number of integration by parts and we note #; = ¢/ /kL, 0 < < L. Assuming that
Jn Jt’l’ L =my for 1 <[ < L, we denote by (Tl"’l.)lf,-fml the jump times of J;
belongmg to the time interval (f;_1, ;). In the following we assume that m; > 1,
VI.Fori = 0 we set Tl’,’0 =tj_1and fori = m; + 1, Tlm 4+1 = 1. With these
definitions we choose our basic variables (V;,i € I;) as

Visi € I1) = (T)}5; 41,0 < i < [(m; = 1)/2)). (32)

The o-algebra which contains the noise which is not involved in our differential
calculus is

G =o{(U<i<r: (T)'5)1<2i <m; 1<1<L; (TkN’n)kQ Ak} (33)

Using some well-known results on Poisson processes, we easily see that condi-
tionally on G the variables (V;) are independent and for i € I; the law of V;
conditionally on G is uniform on (Tl"2 P Tl"2 ; +2) and we have

1

pi(v) = Lrn y), i€l (34)
Tlr,lzi+2 - Tl',lzi TarTiaise
Consequently, taking a; = Tl and b, = l 2ita WE check that hypothesis HO
holds. It remains to define the locahzmg sets (Al iiel, -

We denote
n_ t — 11— . t

™ omp T 2Lmy

and n; = [(m; — 1)/2]. We will work on the G measurable set

;= ?1=0{Tl',12i+2 T/ = hi'} (35)

and we consider the following partition of this set:
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Al,O = {Tlr’lz - Tlr’l() > h;l}»

Ari = OeeidTio = Tloga <y AT i 0 = T Z B} i =1.....np.
After L — [ iterations of the integration by parts we will work with the variables
Vi,i € I; so the corresponding derivative is

DiF = 1a,9vF =7 la,0rp, F

iel; i€l

If we are on A} then we have at least one i such that ;1 < T/",, < T}/ <

1,2i+1
. . . _1
Tl’,’zi+2 < t; and TﬁZi-ﬁ-Z’_ Tl”’zi > hj. Notlce.that in this case 1A,9{ [Piloo < (l}?)
and roughly speaking this means that the variable V; = T7",, | gives a sufficiently
large quantity of noise. Moreover, in order to perform L integrations by parts we
will work on

I} =nk A7 (36)

and we will leave out the complementary of I';'. The following lemma says that on
the set I';" we have enough noise and that the complementary of this set may be
ignored.

Lemma 1. Using the notation given in Theorem 1 one has

(i) |plo := maxi</<p Ziel, La,;, |Piloo < %Jtn’

(i) P((I'7)°) < Lexp(—u(En)t/2L).
Proof. As mentioned before 14, , |pils < (h?)‘1 =2Lm;/t < %Jt” and so we
have (i). In order to prove (ii) we have to estimate P((A})¢) for1 < < L. We
denote 5; = %(tl + #;—1) and we will prove that {J;; — J§ > 1} C Aj. Suppose

first that m; = Jt’l’ — J,’;fl is even. Then 2n; + 2 = my. If l’le.+2 - Tl',lzi < hj for
everyi =0,...,n; then
nj [
Tlr’lml —lh-r = Z(TI’TZHZ - Tl',lzi) <(n+1)x 2Lm; < 1L <s;—1-1
i=0

so there are no jumps in (s7, #;). Suppose now that m; is odd so 2n; +2 = m; + 1

and Tl"’2n1+2 = t;. If we have l’,’2i+2 - Tl',lzi < hj foreveryi = 0,...,ny, then
we deduce

il mp+1 t ¢

E ",.. ., —T" ) < 1) x < <,

,-:o( baiva = Tia) < (DX g < =03 = ar

and there are no jumps in (sz, ;). So we have proved that {J;/ — JJ > 1} C A} and
since P(J; — J§, = 0) = exp(—p(En)t/2L) the inequality (ii) follows. O

Now we will apply Theorem 1, with F¥ = XN, G = 1 and De(x) = elfx,
So we have to check that F¥ e SEHI(UL ;) and that condition (16) holds.
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Moreover, we have to bound |FN|§_1 and |D1FN|5_1, for 1 <1 < L. This needs
some preliminary lemma.

Lemma 2. Let v = (v;)i>0 be a positive non-increasing sequence with vy = 0 and
(ai)i>1 a sequence of E. We define J;(v) by J;(v) = v; ifv; <t < vi41 and we
consider the process solution of

Ji

t
X =x+ ZC(vk,ak,Xuk—) + / g(s, Xg)ds. (37)
k=1 0

We assume that HI holds. Then X; admits some derivatives with respect to v; and
if we note U;(t) = 0y; X; and W;(t) = B%i Xy, the processes (Ui(t))s>v, and
(Wi (£))s=v; solve, respectively,

Ji t

Uiy =a(v;.a;. Xo,-)+ Y dcc(ur. ax. Xo,—)Uj (v—) —l—/axg(s,Xs)U,»(s)ds,
k=i+1 vi

(38)

Jt t
Wit) = Bi(0) + Y dxc(up. ar. Xo)Wi(vg—) + / 08 (s, Xs) Wi (s)ds,
k=i+1 vi

(39
with

alt,a,x) =g(t,x)—g(t,x+c(t,a,x)) + g(t,x)dcc(t,a,x) + d,c(t,a, x),
ﬁi (t) = ala(viaaiv Xvi—) + axa(v,‘,a,‘,Xv,._)g(v,‘, Xv,’—)_axg(viaxv,')Ui (U,‘)

Ji t
+ 3 Pl ar XU wi-) + f Bg(s. X,) (Ui (5))ds.
k=i+1 vi

Proof. If s < v;, we have 3y, X; = 0. Now we have

Vi—1 v;
Xv,-— =X+ Zc(vk7akaka—)+/ g(S’XS)dS’
k=1 0
and consequently
8v,~Xv,~— = g(vi, Xvi—)-
For t > v;, we observe that
Jt t
X: =Xy, + Z c(vg, ak, Xv;—) +/ g(s, Xs)ds,
k=l),' vi

this gives
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av,‘Xt = g(Ui, Xvi—) + g(vi, Xvi—)axc(vi»ai, Xvi—) + 8tC(U[,Cli, Xvi—)
Jt
_g(vi,Xvi) + Z axc(vk»ak»Xvk—)avink—
k=i+1

t
+ / 0x8(s, Xs5)0y; Xsds.
v;

Remarking that X,, = X,,— + c¢(v;,a;, Xy,—), we obtain (38). The proof of (39) is
similar and we omit it. O
We give next a bound for X; and its derivatives with respect to the variables (v;).

Lemma 3. Let (X;) be the process solution of (37). We assume that HI holds and

we note
Jt

ne (@) = ) clar).

k=1

Then we have: B
sup | X;| < C;(1 4 ny (€))e™©.

s<t

Moreover Y1 > 1, there exist some constants Cy; and C; such that ¥ (v, )i=1,....1
with t > vy, we have

sup |8,,k1 ...8vk1_1 Uk, (s)| + sup |8,)k1 ...kal_l Wg, (s)]

Vg, ==t v, SS<t

< Coa(1 + 1, (©)C1eCm @

We observe that the previous bound does not depend on the variables (v;).

Proof. We just give a sketch of the proof. We first remark that the process (e;)

solution of
J[ t

e, =1+ ZE(ak)evk_ +§/ esds,

k=1 0
is given by e; = i (1 + ¢(ay))e®’. Now from H1, we deduce for s < ¢
k=1
Js

N
X0 < e+ 3 2@ + X ) +/ 2(1 + | X.|)du,
k=1 0

Ji Js s
<lxl+ Y cla0) + 8+ Y c@) X |+ [ ElXufdu
k=1 k=1 0

Jt
= (|x| + ZE(ak) +§t> es

k=1
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where the last inequality follows from Gronwall lemma. Then using the previous
remark

Ji
sup [ Xs| < G(1+n,(@) [ [(1 +2(ar) < G+ n, (@)@, (40)

s=t k=1

We check easily that |a(z,a, x)| < C(1 + |x|)c(a), and we get successively from
(38) and (40)

sup |Ug, ()] < C(14|Xo, —De(ar, ) (147, @)e" @ < G (140, (©))*e*™ ©.

g, <s<t

Putting this in (39), we obtain a similar bound for SUPy,, <<t | Wk, (s)| and we end

the proof of Lemma 3 by induction since we can derive equations for the higher
order derivatives of Uy, (s) and W, (s) analogous to (39). O

We come back to the process (X ,N ) solution of (30). We recall that FV = X tN
and we will check that FV satisfies the hypotheses of Theorem 1.

Lemma 4. (i) We assume that HI holds. Then Y1 > 1, 3C, ;, C; independent of N
such that

_\C
[F¥ )+ 1D FY < G (14 Ne@)eM @)

with N¢(€) = [y [z ¢(@)dN (s, a).
(ii) Moreover, if we assume in addition that H2 and H3 hold and that m; = J,’l’ —
JP >1,Vlie{l,...,L}, thenwehave V1 <[ < L, Vi € I

f1—1
N 2N, (C -1
oy, FN| > (e ’(C)Nt(lEnl/oz)) = v

and (16) holds.

We remark that on the non-degeneracy set I'}’ given by (36) we have at least one
jumpon (f;_1, 1), thatism; >1, VI €{l,..., L}. Moreover, we have I'}' C{y,>0}.

Proof. The proof of (i) is a straightforward consequence of Lemma 3, replacing

— J[N — /AN .
n;(c) by szl ¢(Ay) and observing that

JN

> el = /Ot /EN Z(a)dN(s,a) < fot/EE(a)dN(s,a) = N,(2).

r=1

Turning to (ii) we have from Lemma 2
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JN
N N AN yN N AN yN N
aT,éVXt :“(Tk’Ak’XT,gV—)+ E dxc(T ’AP’XT},V—)BT;(NXTQ’—
p=k+1

t
+/ 0xg(s, XSN)BTNXSds.
TN k

Assuming H2, we define (Y,V), and (Z} ), as the solutions of the equations

JN ‘
YN=1+>" 8xc(TN,Ag,X;VpN_)YTI£v_ +[ dxg(s, XN Nds,
p=1 0

IN B (TN, AN XN, ) ¢
p>=p>TN_
zZVN=1-Y" L V4 N_—/ dcg(s, XN ZNds.
! p:11+8xc(TI§V,Ag,X;V}’V_) T} 0 s /%

We have YN x ZN =1,V > 0 and

|YtN| < etgeNr(lEN?) < eNr(?)7 |ZtN| — ‘_ < eNt(?).

t

Now one can easily check that
N N AN yN N N
BT]évX, =a(T;, A} ,XT]?,_)Y, ZTkN,
and using H3 and the preceding bound it yields
N —2N; (€ N
ory XN| = 2N @g(al).
Recalling that we do not consider the derivatives with respect to all the variables

(TkN ) but only with respect to (V;) = (Tl',’zl. 45 with n < N fixed, we have
Vi<l <LandVi €I

-1

I
N, (@ 1 = -1
oy XNz e M@ 3| = (SN ONE )
p=1—""7°
and Lemma 4 is proved. O

With this lemma we are at last able to prove Proposition 3.

Proof. From Theorem 1 we have since I')' C {y» > 0}

Lrp|Eg@® (FY)| < CL|I®|lool rp Eg(1 + | po)“ITL(F™).
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Now from Lemma 1 (i) we have
|pol =2LJ//t

and moreover we can check that | In p|; = 0. So we deduce from Lemma 4

CiL B _\CL
Iy (FN) < —L(IL+2) ((1 + Nz(c))eNt(C))
Yn
_\CL
<G, LN/(1E, 1/Q)L(L+2) ((1 + N[(E))CN[(C)> .
This finally gives
|E1pp @B (FN))|

< 101 (N5, 12 (14 Mi@ne @) 7). oy

Now we know from a classical computation (see e.g., [2]) that the Laplace transform
of N;(f) satisfies

Ee™Ni() — e710r®) g (5) = / (1 — e Ddu(a). (42)
E

From H1, we have [ ¢(a)dj(a) < oo, so we deduce using (42) with f = ¢ that,
Vg >0

_\4
E ((1 n N,(E))eN’(C)) < Cryq < 0.

Since J/* is a Poisson process with intensity #i.(E,), we have Vg > 0
E(JN? < Crgu(Ep).

Finally, using once again (42) with f = 1g,1/a, we see easily that Vg > 0

EN/(15,1/@)" < Cry ( /E Ldu(a))q.

L, ala)

Turning back to (41) and combining Cauchy—Schwarz inequality and the previous
bounds, we deduce

)L(L+2)

1
ELpy 8D (FY)] < [[0]]aoCr it (En) ( [ —au
E, «(a)

= ||(p||ooct,LAn,L- (43)
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We are now ready to give a bound for ﬁXtN (£). We have ﬁXtN () = E®e(FN),
with @¢(x) = e/*. Since & (x) = (i£)FPe(x), we can write | Py ®)] =
|E ch(L)(F N)|/1€|F and consequently we deduce from (43)

|hxx E) = PI{)) + CrpAn,/IEI".

But from Lemma 1 (ii) we have

P((Ff)c) < Le—u(En)t/(ZL)

and finally

[y ©)] = Cry (7 ENICD 14, /e[

We achieve the proof of Proposition 3 by letting N go to infinity, keeping n fixed.

O
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