Chapter 2
Physical Effects in Gyroscopes

2.1 Sagnac Effect

Operating principle of all optical gyros is based on Sagnac effect [1]. It induces
either a phase shift Ap between two optical signals propagating in opposite
directions within a ring interferometer rotating around an axis perpendicular to the
ring, or a frequency shift between two resonant modes propagating in clockwise
(CW) and counter-clockwise (CCW) directions within an optical cavity rotating
around an axis perpendicular to it.

To derive the analytic expression of the rotation induced phase shift between
CW and CCW beams, a simple cinematic approach can be used [2]. We first
consider a circular ring interferometer in which two waves counter-propagate in
the vacuum (see Fig. 2.1). Light enters the interferometer at point P and is split
into CW and CCW propagating signals by a beam splitter. When the interfer-
ometer is at rest with respect to a motionless inertial frame of reference, optical
path lengths of the two optical signals propagating in opposite directions (CW and
CCW signals) are equal. Also the speeds of the two signals are equal to ¢ (c is light
speed in the free space). After propagating in the loop both waves come back into
the beam splitter after a time interval t, equal to:
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T, (2.1)
where R is the ring interferometer radius.

If the ring interferometer is rotating at a rate €2, the beam splitter located in P
moves during the time interval 7, by a length Al = QRrz,.

CW (co-directional with €2) beam experiences a path length slightly greater
than 27R in order to complete one round trip, since the ring interferometer rotates
through a small angle during the round-trip transit time. CCW beam experiences a
path length slightly less than 2nR during one round trip. The difference between
optical paths of CW (Lcw) and CCW (Lccw) waves is given by:
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Fig. 2.1 Sagnac ring P beam splitter
interferometer
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Since CW and CCW waves propagate at the same speed (equal to the speed of
light in vacuum c), the CCW wave arrives in P before the CW wave. The delay
between the two optical signals is equal to:
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The phase shift Ap between CW and CCW optical signals due to the inter-
ferometer rotation can be written as:

2nc  8m’R?
Ap = At— = —— 2.4
e 24)
where 1 is the optical signal wavelength.
Phase shift expression in Eq. 2.4 is valid for one circular loop. If optical path of

CW and CCW beams consists of k turns, the phase shift Ap becomes:

872R2
A =
4 cl

The time delay expression reported in Eq. 2.3 can be also derived in the
framework of special relativity [3].

Now we consider a similar interferometer in which the vacuum is substituted by
a homogeneous dielectric medium having a refractive index equal to n. While the
interferometer is at rest, light travels at the speed c/n in both directions and
propagation time around the loop of both waves is equal to n - 7,. Both waves are
still in phase after a propagation time equal to n - 71,.

kQ (2.5)
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If the circular path is rotating, the beam splitter located in P has moved through
a length nAl in the propagation time n - 7,. So the optical path length of CW wave
in one round trip is equal to:

2mnQR?
c

Liw = 2aR + nAl = 27R + (2.6)

whereas the optical path length of CCW wave in one round trip is given by:

2nQR?

Licw = 2nR — nAl = 27R — (2.7)

In this case the speed of light is no longer the same for both counter-
propagating signals. In particular the speed of CW wave is equal to:

Ucw = ¢ + 0y QR (28)
n
and the speed of CCW wave is:
c
Uccw = — — OCdQR (29)
n
where o, is the Fresnel-Fizeau drag coefficient, which is given by [4]:

ag=1-n"? (2.10)

The additive terms in light velocity expressions in Eqs. 2.8 and 2.9 are due to
the drag of light propagating in a uniformly moving medium [5].
The CW and CCW waves arrive in P in different instants. The delay between
these two time instants is equal to:
2 2
At* ZLE_W_LECW :27:R+2TmCQR _ZnR_zrmsz (211)
Ucw Vcew " + 0y QR % — 0gQR

Rearranging Eq. 2.11 and assuming ¢? / n? > a,Q°R? we obtain:

AR’ n*Q(1 — o)  ATR’Q

At*
c? c?

R

(2.12)

By comparing Eqgs. 2.12 and 2.3, one can conclude that Az = Ar*. Therefore,
the phase shift induced by rotation is equal when optical propagation takes place in
the vacuum or in a homogeneous medium having refractive index equal to n. The
same result can be demonstrated using a more rigorous relativistic electrodynamic
approach which consists of the derivation of the equation describing the optical
propagation in a rotating frame and the application of a method of perturbation to
calculate the rotation induced phase shift [6].

As previously pointed out, rotation induces a frequency difference between two
counter-propagating resonant modes excited in an optical cavity.
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An optical resonator at rest, in which optical propagation occurs in the vacuum,
supports optical modes whose resonance frequencies v, satisfy the following
relation:

gc ="vgop (2.13)

where ¢ is an integer number (resonance order) and p is the perimeter of the
resonator. If two gth order counter-propagating resonant modes are excited in a
ring cavity, their resonance frequencies are split by rotation being equal to:

cw _ 4¢ ccw _ 4¢

v = oo == (2.14)
b ! p-

where p, and p_ are perimeters of optical paths experienced by the two resonant
modes. The difference p, — p_ is denoted with Ap.

The frequency difference Av between the two gth order resonant modes is given

by:
Av = v;:cw - v;:w =qc (pi - L) = ch—f (2.15)
- D+ p
Combining Egs. 2.15 and 2.13, we obtain:
Av =0 % (2.16)

The expression of the frequency splitting given by Eq. 2.16 does not change if
optical propagation within the resonator occurs in a homogeneous medium having
refractive index n or an optical waveguide having effective index negy.

For a circular ring resonator Ap = 4nQR?*/c, p is obviously equal to 27R and so
Av can be written as:

2R
Av =00 (2.17)

where R is the resonator radius.
If the optical cavity has an arbitrary geometry, the frequency difference Av
results [7]:

- davgo
pc

Av Q (2.18)

where a is the area enclosed by the light path.

2.2 Coriolis Force Effect

The operating principle of all vibrating gyros is based on the effect of Coriolis
force on a vibrating mass. A simple model of vibrating angular rate sensors is a
two degree-of-freedom spring-mass-damper system shown in Fig. 2.2.
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Fig. 2.2 Two degree-of-freedom spring-mass-damper system in a rotating reference frame

Coriolis force is a fictitious force experienced by a mass m moving in a rotating
reference frame. It is equal to:

F. = 2m(7 x 5’) (2.19)

where V' is the mass velocity in the rotating reference frame and Q is the angular
velocity of the reference frame. The effect of Coriolis force on the two degree-of-
freedom spring-mass-damper system shown in Fig. 2.2 can be derived starting
from dynamic equations describing the motion of the system in a rotating refer-
ence frame.

In Fig. 2.2, the mass m can move along x and y axes and @ is directed along z.
The oscillation along x, namely drive or primary oscillating mode, is excited by the
force F, directed along x whereas the oscillation along y, sense or secondary
oscillating mode, is due to system rotation around z axis. Motion equations of the
two degree-of-freedom system can be written in the form [8]:

mfl%‘—}—Dx%—Fkxx—ZQm%:Fx (2.20)

mey + Dy Y+ kyy +20me =0 '
where (2 is the module of reference system angular rate, D, and D), are the damping
coefficients along x and y axes, and k, and k, are the spring constants along x and y
axes.

Usually the primary oscillating mode is excited by a sinusoidal force F, and its
amplitude is kept constant at a,. To maximize a,, the angular frequency of the
exciting force w, is typically very close to the resonance frequency w, = \/k,/m
of the primary resonator. So x (f) can be written as:

x(t) = ay sin(wgt) = ay sin(wyt) (2.21)

To calculate y(#) we can use the second equation of the system reported in
Eq. 2.20. This equation can be rewritten in the form:
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d? w, d?
dzz Qi dtg + 60 yY = — 2a,Qwx cos(wy1) (2:22)

where wy, = 4/ky / m is the resonance frequency of the secondary resonator and

0, = /mk, / D, is the quality factor of the sense mode. After the transient regime,
y(t) assumes the general form:

y(t) = ay cos[w.t + (,‘by] (2.23)

where a, and ¢, are the amplitude and the phase response of the secondary
resonator at w,, respectively.
Calculating dy/dt and d*y/df* and substituting them in Eq. 2.22, we obtain:

{—aywi cos(¢,) + ayw? cos(¢,) — % sm(d)y)} cos(w,t)
+ [aywi sin(¢,) — ayo; sin(¢,) — a"'aQ)Mcos(qﬁy)} sin(w,t)
= —2a,Qw, cos(wyt) V (2.24)

Equation 2.24 provides the following algebraic system:

[—awa cos(y) + ay; cos(¢,) — “Zsin (qby)} = —2a,Qw,

(2.25)
[awa sin (qﬁy) — aywi sin(qﬁ)) a"g*w‘ cos (qﬁ )} =0

By solving the equation system (2.25), a, and y(¢) are derived as follows:

2 XQ X
ay = Mt (2.26)

\/<w§ ) +co2w2/Q2
2a,Qw,

V(-0 sonsfo

Equation 2.27 shows that the amplitude of sense mode is directly proportional
to the angular rate Q. Then the angular rate of the two degree-of-freedom spring-
mass-damper system can be easily estimated by measuring the amplitude of the
oscillation along y.

y(1) = cos(wyt + ¢,) (2.27)
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