Chapter 2
NMR in Inhomogeneous Fields

Federico Casanova and Juan Perlo

2.1 Introduction

Besides the redesigning of the hardware to excite and detect NMR signals from
sample volumes external to the sensor, the field of single-sided NMR has required
special effort for adapting or developing new measurement techniques suitable to
work in the presence of inhomogeneous By and Bj fields [1-4]. When large samples
are studied in the presence of an inhomogeneous By field, the spectral bandwidth of
the spin system easily exceeds the rf field strength B; and all 1f pulses act as selective
pulses. The spatial dependence of both the resonance frequency and the amplitude
of the radiofrequency field makes it impossible to impart a uniform rotation to all
excited spins, leading to a distribution of flip angles across the sample. Although
the pulse can be set to define a 90° rotation in a certain part of the object chosen
to be on-resonance, the magnetization in near voxels will experience an « rotation
quickly departing from the desired angle. Consequently, instead of converting longi-
tudinal magnetization into transverse magnetization (assuming the pulse is applied
to the sample in thermal equilibrium) a pulse « takes part of the magnetization to
the transverse plane, but leaves considerable magnetization along the longitudinal
axis. These two types of magnetization evolve in completely different ways during
a subsequent free evolution period and they are referred to as different coherence
pathways. As we will see, pulse imperfections give rise to a number of coherence
pathways that dramatically increase with the number of pulses. Each of these path-
ways exhibits a characteristic attenuation by relaxation and molecular self-diffusion
and depends on the phase of the rf pulses according to the transitions caused by the
pulses. While longitudinal magnetization relaxes with 77 and is not affected by the
presence of a field gradient, transverse magnetization relaxes with 7> and is spread
out by a By gradient. Moreover, whereas the transverse magnetization generated by
a single pulse has a phase proportional to the phase of the pulse, the remaining lon-
gitudinal magnetization has no memory of such phase. The unwanted interference
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of the different pathways during signal detection has required re-examination of the
spin system response to most pulse sequences known from NMR in homogeneous
fields in order to find cycles for the phases of the rf pulses that lead to elimination
of non-desired pathways.

This chapter provides the tools necessary to calculate the evolution of a non-
interacting % spin system in inhomogeneous By and B; fields. To describe the
dynamics of the magnetization in a vectorial picture, the effect of rf pulses and
free evolution periods is first described in the {M,, My, M.} basis set. Then, a basis
set is described which is more convenient to separate the magnetization into the
different coherence pathways created by an inhomogeneous and off-resonance rf
field. This second formalism is more convenient to identify and filter non-desired
signals. Both formalisms provide the dynamics of the spin system for a given By
and Bj spatial distribution. In the next sections these numerical tools are used to
calculate the response of a spin system to well-known sequences such as the Hahn
echo [5]; CPMG (Carr-Purcel-Meiboom-Gill) [6, 7]; inversion and saturation recov-
ery; and stimulated echo, which are the key sequences to measure longitudinal and
transverse relaxation times; and molecular self-diffusion. The analysis is made first
by including the off-resonance condition defined in an inhomogeneous By field,
but assuming a homogeneous Bj field. Then, the complications introduced by the
excitation with an inhomogeneous radiofrequency field are evaluated by including
in the simulations the field generated by a surface rf coil. Finally, how to calculate
the signal-to-noise ratio in a strongly inhomogeneous field is discussed. Based on
the provided equations both magnet and rf coil geometry can be optimized in order
to maximize the sensitivity of the sensor.

2.1.1 Evolution of the Magnetization During a Pulse Sequence

Every pulse sequence can be considered as a succession of two types of events,
i.e., rf pulses and free evolution periods. The effect of each of these events on the
magnetization can be described by a rotation represented by a 3 x 3 matrix. Thus,
the evolution of the components of the magnetization vector M(t) = (M, My, M)
under a pulse sequence composed of n events involves simply the product of n
matrixes:

M(1) = [ | R;, (€)M(0),

i=1

where M(0) = (0, 0, M) and M(¢) are the equilibrium magnetization and the mag-
netization at a time ¢ after the application of the sequence, respectively [8]. The Ry,
matrices represent rotations by an angle ¢; about an axis 7;. In the case of apply-
ing an rf field with amplitude Bj, frequency wyf, and phase ¢, the magnetization
precesses about an effective field of amplitude
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Fig. 2.1 (a) Precession of the magnetization vector about the tilted effective magnetic field Begr
during the application of an rf field with amplitude Bj, phase /2, and offset resonance Awy =
y ABy. (b) Precession about the off-set field A Bj during a free evolution period, which is simply
a rotation about the z-axis

Befr = |/ B} + ABZ, 2.1)

which is tilted with respect to the z-axis by an angle
6 = tan"' (B1/ABy), (2.2)

where ABy = By — wyr/y . Figure 2.1a shows the cone described by the magnetiza-
tion precessing about the effective field for an rf pulse applied with phase ¢ = 7 /2.
The effective angle nutated about Bt during a pulse of duration #, is given by:

Beft = ¥ Befitp. (2.3)

The components of the magnetization after the rf pulse can be calculated by
rotating the vector about the effective field by an angle Befr. To perform this rotation
it is convenient to transform the magnetization before the pulse to a local frame with
the z-axis along Begr and the x-axis lying in the plane defined by the vectors Befr
and Bj. Depending on the phase ¢ of the rf pulse the general rotation is given by

cosfcos¢p cosfsing —sind
A= —sin¢ cos ¢ 0
sinf cos¢  sinf sin ¢ cos 6

Once the magnetization vector is in the new basis, it is rotated by an angle Befr about
the effective field by applying the matrix
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CcoS 5ef‘f — sin Beff 0
B=| sinfert cosPerr O
0 0 1

Then, the vector is transformed back to the original coordinate system by applying
the inverse rotation

cosfcos¢p —sing sinfcosqo
A1 = cos6sin ¢ cos ¢ sinf sing | . (2.4)
—sin6 0 cosf

The total effect of the rf pulse is simply calculated as the product of the three
matrices

P=A!BA. (2.5)
During free evolution periods, the magnetization simply precesses about the offset

field A By with a frequency Awy (see Fig. 2.1b), and the components of the magne-
tization after a time t can be calculated as M(r + t) = EM(¢), where

ex(t)cos Awgt  ez(T)sin Awgt 0
E = | ex(r)sinAwgt  ez(t) cos Awgt 0 . (2.6)
0 0 e1(t)

The effects of longitudinal and transverse relaxation are included during free
evolution periods via the attenuation factors e1(t) = exp(—t/7T1) and ex(t) =
exp(—t/T»), but they are usually neglected during rf pulses. The factor e includes
Ty attenuation but does not take into account the magnetization created during each
free evolution period. To include the new magnetization after a free evolution 7, a
vector Mpew (7) = (0,0, 1 — exp(—7/77)) must be added to the resultant magne-
tization at the end of the evolution period. In this way, after a free evolution t, the
magnetization is given by M(t + t) = EM(¢) + Myew (7). Using this formalism,
the evolution of the magnetization under defined By and B; fields can be calculated
at any time of the sequence by applying the right number of rotations to the initial
magnetization vector. The strategy to integrate the total signal response of a spin
system to a particular sequence requires partitioning of the sample into small voxels
where a uniform resonance frequency and rf amplitude can be defined. In Sect. 2.2
this approach to calculate the dynamics of the magnetization will be used to analyze
the response to different pulse sequences.

2.1.2 Separation of the Magnetization into Coherence Pathways

The formalism presented in Sect. 2.1.1 describes the evolution of the magnetization
in the vector basis set {M,, My, M}. This basis set is convenient from a graphical
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point of view, because it provides the trajectory of the magnetization vector during
the pulse sequence. However, when a number of pulses is applied with arbitrary
phases, separation of the magnetization into different pathways with defined evo-
lution becomes extremely complicated, if not impossible. In this basis set, longitu-
dinal and transverse magnetization can be separated, but dephasing and rephasing
transverse magnetization cannot be identified in a simple way. An example where
these two types of coherence are generated is in a spin echo sequence. In this case,
magnetization dephasing during the time between the first and second rf pulses is
converted into refocusing magnetization that leads to the echo formation at a defined
time after the second pulse. However, if the second pulse does not define a perfect
180° rotation, part of the dephasing magnetization keeps dephasing after the second
pulse. This coherence is known to be responsible for one of the four echoes gener-
ated after the application of a third rf pulse. A basis set where the magnetization is
split into the three mentioned coherence states is the one defined as

My = My +iM,,
M_y =M, —iM,, (2.7
MO - MZ9

where M| is the dephasing, M_ the rephasing, and M the longitudinal magneti-
zation, which are designated as ¢ = +1, —1, and 0, respectively [9].

Following the notation used by Hiirlimann [4], the evolution under a free preces-
sion period of duration t is described by the matrix

ereiA®0T) 0 0
Ir = 0 epel=idmn) o |, (2.8)
0 0 el

where, as defined in Sect. 2.1.1, e;(t) = exp(—t/T1) and e>(7r) = exp(—1/T3) are
the factors that describe attenuation by relaxation during a free evolution period. As
this matrix has only diagonal elements, coherence pathways are not mixed during
free precession, M1 and M_; are just multiplied by a phase term that depends
on the offset frequency. Radiofrequency pulses, on the contrary, mix all the states
according to the rotation

Avi+1 Agi—1 Ao
A=A A1 A0 |- (2.9)
Ao+1 No,—1 Aoo

The complex matrix elements of A for a pulse of duration #,, offset frequency Awy,
amplitude Bj, effective nutation frequency 2 = y B, and phase ¢ are [4, 10]
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N (ﬂ)2+ 14 (B2 ’ cos(@) b+ (22 sincer,)

Awg 2 w1\2
Moo =220 +<§) cos (),

Q
w1 | Awg .. .
At1.0 :E T[l — cos(1p)] — 1 sin(2tp) ¢ exp(+i¢),
Aosr =2 D200  og( @) — i sin(@y) | exp(—ig)
= — — COS — 1 SIn exXp(—1 ,
0+1 =575 Q p p P
1 w12
Asi1=3 (5) [1 — cos(Sp)] exp(+i26),
Aor 1 =AY 4y,
A71,0 ZA*_H,(),
Ao—1 =Aj 41
A1 41 :Aj-l,—l' (2.10)

As the three states are mixed only during the application of tf pulses, Kaiser et al.
[9] proposed a simple indexing where a particular coherence pathway is described
by an array of numbers qo, q1, ¢2....,qn, Where g denotes the coherence after the
kth pulse. For example, a coherence pathway after applying N rf pulses separated
by free evolution periods of duration f; is calculated as

N N
Mao.gr. gy = | | Abe gy ¥ €XP (iAa)o qutk) (2.11)
k=1 k=1
N 2 2
di 1— di
X ex — e — | [ ,
(-5 (7).

where go = 0 when the system is assumed to be initially in thermal equilibrium.

In this expression, we can identify the inherent beauty of this formalism. First,
each particular pathway depends on the phase of the rf pulses via the coefficients of
the matrix AX that communicate the state before the kth pulse with the state after

the pulse. For example, if gx—1 = —1 and gx = +1, the kth matrix element in the
product of Eq. (2.11) A](;k,ljk—l = A’_‘H’_l, which depends on the phase of the kth

pulse as exp(+i2¢y) (see Eq. 2.10). After multiplying the A* coefficients defining
the pathway, a final phase factor is obtained that depends on the phase of the rf
pulses in a characteristic way. As we will see, this phase can be exploited to define
a proper phase cycle that cancels unwanted terms. The second advantage of this
formalism comes from the fact that the phase accumulated during free precession
periods is simply added or subtracted depending on the sign of g, if during the kth
interval the magnetization is stored as longitudinal magnetization ¢y = 0 and no
phase is accumulated. If after the N pulses there is a time ¢ when the condition
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N
D an=0 (2.12)
k=1

is fulfilled, the coherence pathway generates an echo. If the times #; are much larger
than T3, the free induction decay (FID) generated by the pulse k will be completely
dephased during #; and will not contribute to the signal detected in posterior free
evolution times. In general, for single-sided sensors, this condition is well fulfilled
and pathways which do not satisfy Eq. (2.12) are discarded. It must be noted that
magnetization brought to the plane for the first time by the pulse N does not fulfill
Eq. (2.12) during the period ty. However, it should be retained for the signal cal-
culation during 7y, because it does generate a signal that starts dephasing after the
pulse and, depending on the timing of the sequence, may interfere with the desired
signal. Finally, the last factor in Eq. (2.11) is the attenuation that the magnetization
suffers due to relaxation.

A last important fact to be noted when using this formalism is that the following
relation between pathways is fulfilled:

M_go.—q1.~q2i—an = Mgy g1.4...an - (2.13)
This means that, except for the pathway where the magnetization evolves always
as longitudinal magnetization (M 0.0.....0), all the others have a twin pathway con-
taining basically the same information. Twin pathways do not need to be taken into
account in the signal calculation and it is done by selecting from the paths generat-
ing echoes only those ending with gy = +1. As a convention, it is held that only
coherence +1 contributes to the signal. Then, the total signal can be calculated as

Ske+iSm= Y. (Re(Myyqygy..t)) +im(Myy g, g5 1)) . (2.14)
q1se-gnN—1

To illustrate how to proceed at the time of selecting a particular pathway, a
pulse sequence composed of three arbitrary rf pulses with phases ¢1, ¢2, and ¢3
is analyzed in the following. To do this, the pathways generating signal during each
evolution time are analyzed. The expanding tree of coherence pathways under the
application of three rf pulses is shown in Fig. 2.2 [9]. The first pulse generates 3!
pathways, but only M, gives a signal and corresponds to the FID generated by
the first pulse (FID1). When the second pulse is applied after a time 71, it splits the
three initial pathways into 3% = 9 paths. To find out which of these paths generate a
signal during #, is not relevant if they generated a signal during #;. The strategy is to
identify out of the total number of pathways those with g = +1. So, the potential
candidates to generate a signal during f» are Mo 41,41, Mo,—1,+1, and Mo o, +1. The
first one is magnetization brought to the transverse plane by the first pulse and is not
affected by the second one. If #; > T, this path does not generate any signal during
1> because at the time the second pulse is applied, the coherence is fully dephased.
The second path describes magnetization that dephases during #; and refocuses dur-
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ing 1 to generate the Hahn echo. The third pathway describes the magnetization that
remains along the z-axis after the first pulse but is brought to the transverse plane by
the second pulse to generate the FID observed after the second pulse (FID;). These
two last paths interfere during fp; to separate them, the phase of the pulses must
be cycled. As it can be easily observed, by explicitly writing Eq. (2.11) for these
two particular pathways, the phase of the Hahn echo depends on the phase of the rf
pulses as —¢1 + 2¢». Moreover, the phase of the FID, only depends on the phase
of the second pulse as ¢,. A typical phase cycle used to cancel the FID, combines
two experiments where the phase of the first pulse is incremented from O to 7. In
this way, the echo changes its phase also in 7, but the FID, remains unchanged.
Changing the receiver phase also from 0 to 7, the echoes are added constructively
and the FID;s are canceled. This is typically known as the add—subtract phase cycle.

Finally, the third pulse splits the nine pathways generated by the first two pulses
into 3> = 27 paths. From the nine pathways ending in g3 = +1, only five can
generate a signal [5]. Figure 2.2 shows the paths giving a signal if ©, > ¢, and
indicates their dependence on the phases of the rf pulses. The first echo in the list
is the so-called direct echo (DE) formed by magnetization that is always in the
transverse plane (defined as direct echo by [1]). The second echo is that formed
by the magnetization dephased during the first two evolution periods and rephased
during the third one (E;3). The third one is the stimulated echo (STE) formed by
magnetization that dephases during the first free precession period, is stored as lon-
gitudinal magnetization during the second one, and rephases during #3 after being

Mo, +1,41,+1 ¢ No echo condition
MO,+1 +1 < l

IVIO,+1,—1,+1 ¢1_2¢z+2¢3 Direct Echo
Mo 11 <>

Mos1.041 Doty No echo condition
Mo, +1,0 <E

Mo—14141 020, No echo condition
Mo 11 <>

Mo—1-141 —0+2¢; Echo
Mo Mo,—1 Mo,—1,-1 <E : I 1
—0 0+ Stimulated Echo

Mo_1,0,+1
Mo.-10 <E

Mo,0,+1,+1 o, No echo condition
Mo,0,+1 <E

Moo-1.41  —0:+20; Echoy,
Mo,0,-1 <E

Mo,0,0,+1 s FID,
Mo,0,0 <E

Fig. 2.2 Coherence pathways generated by the application of three pulses separated by times #;
and #,. Only coherences with g3 = +1 are shown after the third pulse. From all these potential can-
didates to generate signal after the third pulse only those fulfilling the echo condition of Eq. (2.12)
are listed together with their respective dependence on ¢y, ¢, and ¢3
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Table 2.1 Phase cycle to select the stimulated echo generated by a three-pulse sequence

o1 ¢ P33 dpE  PEj OSTE  PEy;  PF3 Prec

0 0 0 0 0 0 0 0 0
b4 0 0 b4 b4 b4 0 0 b4
0 T 0 0 0 T T 0 T
b4 b4 0 b4 T 0 b4 0 0

converted in transverse magnetization by the third pulse. The fourth echo is gener-
ated by the magnetization brought to the transverse plane by the second pulse which
is refocused after the third pulse (E3). The last path describes the signal generated
by the third pulse (FID3). Table 2.1 exemplifies the phase cycle needed to select the
stimulated echo out of the five interfering signals. It also provides the phase of each
signal for each combination of phases chosen for the rf pulses. As the stimulated-
echo has to be added constructively, the receiver phase is cycled following the phase
shift of this particular pathway. In this way, it can be seen that the other signals are
averaged out after the four scans. The selection of other paths can be achieved by
changing the phase cycle.

Besides allowing a straightforward identification of interfering signals and sim-
plifying the design of proper phase cycles to disentangle them from the desired path-
way, a really powerful advantage of this formalism over the vectorial one described
in Sect. 2.1.1 is the possibility to include the effect of diffusion attenuation for
each particular pathway. Even though relaxation can be easily included in both
formalisms as simple multiplicative factors attenuating the magnetization during
the free evolution periods, in order to account for the effect of diffusion we need
to know the type of coherence during previous evolution periods to identify if the
generated echo has evolved as a direct echo or as a stimulated echo. It is well known
that the diffusion attenuation experienced by the direct echo is different from the one
experienced by a stimulated echo [5, 11-13]. Thus, each pathway must be weighted
by a different diffusion factor. This strategy requires subdivision of a given path-
way into segments that form sequences of the form (—1, +1), (—1, —1, +1, +1),
or higher known as single, double, or higher Hahn echoes and sequences of the form
(-1,0,...,0+1,(—1,-1,0,...,0+1, 4+1), or higher, known as single, double,
or higher stimulated echoes, respectively. The diffusion attenuation factors for each
of these segments can be easily calculated once the type of echo and the timing
are defined, hence the total attenuation after N pulses is just the product of these
attenuation factors [4, 10].

Please note that the fresh magnetization created during a free evolution period is
not included in this calculation. The new magnetization created during the evolution
time # is MF = (0,0, 1 — exp(—tx/T1)) and has to be taken into account only from
the (k + 1)th rf pulse on (see [4]). In most cases, the magnetization created in free
evolution intervals set after the first rf pulse is not desired and is eliminated by
the add/substract phase cycle of the first rf pulse (exceptions are sequences used to
measure 771, where the magnetization created during the evolution period subsequent
to the preparation interval is the desired one).
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2.1.3 Numerical Calculation of the NMR Signal

The NMR signal detected by a given sensor depends exclusively on the geometry
of the magnet and surface coil generating the static and rf fields. The strategy to
calculate the total signal induced in the coil is based on the subdivision of the object
into small voxels where defined By and B fields can be assumed. The sequence
response is then calculated for every voxel using the rotations defined in the pre-
vious sections, and the total signal is obtained as the integration over the volume,
weighting the contribution of each voxel by the detection efficiency of the rf coil.
This calculation requires the knowledge of the spatial distribution of both fields.

The magnetic field generated by an array of permanent blocks and iron yokes
or pole shoes can be calculated by means of finite element methods (FEM). On the
other hand, the rf field produced by the 1f coil can be obtained by integrating the
Biot—Savart equation for the defined coil geometry. This solution does not consider
possible distortion of the rf field due to the presence of metallic components in the
vicinity of the coil, but it can be applied in most cases. A more exact solution would
require the use of finite element calculations also for the rf coil. Once both magnetic
field vectors are known at every voxel, the evolution of the magnetization in each
voxel can be calculated. As both fields By and By may change in magnitude and
direction from voxel to voxel, the component of the rf field perpendicular to the
static field (B is assumed to define the local z-axis in the voxel)

(B)xy =|Bo x By | /By

must be used to calculate the effect of the rf pulse at each voxel.

Besides playing a primary role during excitation, the rf coil defines the sensitivity
of the sensor to detect the NMR signal from each volume element. This fact leads
to a reduction of the contribution from voxels with weak (B1)yy in a twofold way.
First, just part of the magnetization is brought to the transverse plane and, second, it
is detected with less efficiency. The contribution from each voxel to the total signal
can be calculated considering that the EMF induced in the rf coil C by the oscillating
magnetization component M, placed at r is, according to the reciprocity principle
[14]

§ = —0/01{(B1/i)xy My explicnn)). (2.15)

where it becomes obvious that the efficiency during the detection of the signal is
proportional to (B1)xy per unit of current. Then, the total complex signal in the
rotating frame can be obtained in arbitrary units by integrating the contribution of
the transverse magnetization My, = M, + i M, at each voxel as

S(t) o< (B1/i)xy f M.y (r)dr?, (2.16)
‘/S
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where the components of the magnetization are calculated at the time of the acquisi-
tion by applying to the initial magnetization My = (0, 0, 1) the rotations describing
the pulse sequence.

2.2 Pulse Sequence Analysis

The formalism given in the last section allows one to easily calculate the evolution
of the magnetization in response to different pulse sequences as a function of both
the off-resonance and B inhomogeneity. For simplicity, in this section the analysis
is performed by assuming a magnetic field decreasing linearly along the depth and
a homogeneous radiofrequency field. In this situation, the frequency distribution is
constant, and all frequencies are excited by the same rf amplitude, condition that
simplifies the understanding of the off-resonance effect. Then, in those cases where
the B; inhomogeneity is expected to introduce an appreciable effect, the response
is calculated by including in the simulation the field of a surface coil. To emulate
one of the most common spatial dependencies found in single-sided sensors, the
sample is assumed to be in the presence of a magnetic field By parallel to the surface
of the sensor, and it is excited by the rf field generated by a circular single-loop
rf coil. For the calculations presented here a coil diameter of 10 mm is used and
it is assumed that the on-resonance condition is met 2.5 mm above the coil. Thus
the excited planar slice is placed in a region where the rf field is expected to be
approximately constant in an area of the size of the coil and then decays quickly as
the lateral position increases beyond the radius of the coil. This can be considered
as a moderated condition where the rf field is not extremely inhomogeneous.

2.2.1 Single rf Pulse

The simplest pulse sequence to be studied is the response to a single rf pulse. Under-
standing the dynamics of the magnetization under the application of a selective
pulse is the key to visualize why off-resonance excitation is an important source
of error during most sequences. Figure 2.3a shows the magnetization components
after applying a single rectangular rf pulse as a function of the offset Awg. The
simulations were conducted by assuming a homogeneous rf field with an amplitude
By such that w1y, = y Bty = 7/2, set to define a flip angle of 90° for on-resonance
magnetization. It can be observed that, as a consequence of the nutation about a
tilted effective field, the magnetization does not necessarily remains on the x — z
plane under the application of an rf pulse along the y-axis. Figure 2.3b illustrates
the position of the magnetization as a function of the offset frequency for an rf pulse
applied along the y-axis.

The magnetization brought to the x—y plane by the rf pulse, which is a measure of

the signal detectable for each frequency, can be calculated as M,, = ./ M)% + Myz,,
where M, and M, are the components plotted in Fig. 2.3a. The amplitude of M,
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Fig. 2.3 (a) Magnetization components as a function of the off-resonance after the application of
an rf pulse set to define a 90°rotation for on-resonance spins. (b) Orientation of the magnetization
vector after the rf pulse as a function of the offset frequency for the rf pulse set in (a). The dots
mark the final position of the magnetization vectors for offsets Awp/w; = 0, 1, ..., £8

as a function of the offset frequency is plotted in Fig. 2.4a. As it can be observed,
full amplitude is obtained up to offset frequencies of the order of the nutation fre-
quency wi. However, the amplitude quickly decreases for larger offsets showing
that efficient excitation can only be achieved in a defined bandwidth. As a rule of
thumb, it is usually said that an rf pulse of length 7, excites a bandwidth Avy = 1/1,.
Considering that for a 90° pulse vy = 1/(4tp), this rule defines a region in Fig. 2.4a
between Awg/w; = %2 (indicated with vertical lines). At the border of this band
the magnetization in the transverse plane is My, = 0.8. Finally, the dashed line in
Fig. 2.4a depicts the sinc function corresponding to the Fourier transform of the rect-
angular shape of the rf pulse, which predicts the frequency response when working
in the linear response limit [8]. Except predicting the position of the nodes, it should
be noted that the difference between both curves is not negligible (in particular, in
the range marked as the excitation bandwidth of the pulse), a fact that must serve to
encourage the reader to use the real spin response for predicting the evolution of the
magnetization under defined sequences.

As a consequence of precessing in conical trajectories about effective fields tilted
at different angles, not only the magnitude but also the phase of the transverse mag-
netization varies with the offset. Figure 2.4b shows the phase of the magnetization
calculated as ¢ = arctan(M,/M,) as a function of the excitation frequency. It can
be observed that ¢ varies almost linearly in the whole range, a fact that will be of
extreme importance in the next section at the time of refocusing the magnetization
to generate an echo. The spreading of the magnetization on the x—y plane during
the application of the rf pulse leads to important signal attenuation at the end of the
pulse. Moreover, as the gradient is continuously present, the magnetization further
spreads after the pulse and the signal is averaged out in a free evolution time of the
order of the pulse length, which in most cases is of the order of the dead time of
the rf probe. Consequently, under typical conditions no FID can be readily detected
after applying a selective 1f pulse when large samples are in the presence of a static
gradient.
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Fig. 2.4 (a) Magnetization component brought to the plane by the rf pulse plotted as a function of
the off-resonance. While a perfect 90° rotation is achieved for on-resonance spins, the efficiency
of the excitation quickly decreases with the offset. The vertical lines indicate the bandwidth corre-
sponding to 1/#,, usually pointed as the excitation bandwidth of a rectangular pulse. (b) Phase of
the transverse magnetization. The phase acquired by the magnetization during the pulse is highly
linear with the offset frequency, a feature with an important implication at the time of refocusing
the spreading during the pulse

2.2.2 The Generation of Hahn Echoes

The presence of a distribution of resonance frequencies results in a dephasing of
transverse magnetization during and after the application of the tf pulse. The possi-
bility to refocus the phase spreading of the magnetization was discovered by Hahn
in 1950 and has become one of the most important realizations for the field of
single-sided NMR [5]. The sequence requires the application of a second rf pulse
generating a 180° rotation about an axis lying on the x—y plane. Although in the
original work a 90° pulse was used, it was quickly realized that a 180° is needed
to efficiently refocus the phase spreading [15]. This rotation inverts the sign of the
phase acquired by the magnetization during the time previous to the 180° pulse,
leading to its cancelation in a posterior free evolution after the application of the
refocusing pulse. Although a free evolution period t is expected to cancel the phase
spreading acquired during the time 7 between the 90° and the 180° pulses, the phase
spreading developed during the 90° also needs to be cancelled to acquire full signal.
As the phase acquired by the magnetization during the first rf pulse depends almost
linearly on the offset, it can be refocused by letting the magnetization evolve an
extra time after the application of the inversion pulse. The dephasing during the
pulse over a broad frequency range is about the half of the dephasing acquired dur-
ing free precession, so that the extra time required after the inversion pulse should
be about #,/2. However, close to on-resonance, the slope of the dephasing curve
shown in Fig. 2.4 is slightly larger than the slope defined by half of the offset fre-
quency, requiring a longer delay for magnetization rephasing. If signal coming from
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Fig. 2.5 Hahn echo pulse sequence showing the timing of the pulses and the echo formation

a frequency bandwidth much narrower than the excitation bandwidth of the pulse is
going to be retained, the time for optimum refocusing is 21, /7 instead of #,/2. This
time correction is reported by Hiirlimann in [16]. However, as the optimum delay
approaches f,, /2 for bandwidths of the order of the excitation bandwidth of the pulse
and because minimal sensitivity improvement is achieved with the optimum delay
instead of #,/2, the later will be used in the following.

Figure 2.5 shows the timing of a Hahn echo sequence, where the echo is gener-
ated at a time 7 +#,/2 after the application of the refocusing pulse. The fact that the
dephasing during the first rf pulse is almost half of the one acquired during the same
time but under free evolution leads to the definition of zero time for the sequence
at the center of the 90° pulse. Then, defining the echo formation as echo time 7,
the sequence appears symmetric with respect to the center of the 180° pulse. The
need for an extra free evolution time after the refocusing pulse is comparable to
the inversion of gradient polarity after the application of selective pulses used for
slice excitation in conventional NMR imaging, which is used to refocus the phase
spreading developed during the application of the soft rf pulse [17].

In conventional experiments, where the on-resonance condition is fulfilled, 180°
rotations can be well defined. However, as we learned in Sect. 2.2.1, the effect of an
rf pulse applied in the presence of a static gradient depends on the resonance offset;
a fact that makes impossible to define a 180° rotation for every resonance frequency.
The effect of the off-resonance on the refocusing efficiency can be easily calculated
assuming a homogeneous Bj and setting the second rf pulse to define a 180° pulse
for the on-resonance spins. At this point, two possibilities are available: either the
amplitude of the pulse is doubled keeping its length constant or the amplitude is
kept constant and the length is doubled. For the simulations presented in this book
we prefer the first option. The total evolution that has to be applied to M to obtain
the final state of the magnetization at the time g when the echo is formed can be
written as

M(tg) = E(t +1,/2) — P(180°, ¢2) — E(t) — P(90°, ¢1) — My. (2.17)

Figure 2.6a shows the magnetization at the echo maximum plotted as a function
of the offset. It can be observed that the amplitude of the components is modu-
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lated by a well-defined frequency. The oscillations appear due to the fact that at the
moment when the second pulse is applied, the magnetization is strongly spread in
the transverse plane. As the pulse is applied along a particular direction, in this case
the x-axis, those vectors lying along the direction of the rf field at the time when
the pulse is applied, remain in the plane untouched, at least for small offsets. How-
ever, vectors lying along y-axis are rotated along the effective field corresponding
to the particular offset. For a small offset in the resonance frequency, the rotation is
close to be an ideal 180° and the magnetization is placed along the y-axis after the
pulse. However, as the offset increases, the trajectory followed by the magnetization
increasingly departs from the ideal one, a fact that leads to the reduction of the
component lying in the xy-plane. Since longer t delays lead to larger phase spread,
smaller offsets can complete a rotation about the z-axis, and the oscillation fre-
quency increases with 7. These oscillations cannot be observed in real experiments
due to the destructive interference between anti-phase magnetization component
at the time of the echo formation. Hence, it becomes necessary to consider in the
simulations the fact that in a real experiment signals with different frequencies are
detected simultaneously and are thereby subject to strong interference in the time
domain. A way to avoid interference would be to use a very thin sample on a magnet
generating a uniform gradient along the depth direction, then the signal amplitude
for each frequency could be sampled independently to reproduce the result of this
simulation.

The numerical tools used up to here to calculate the evolution of the magneti-
zation can be easily applied to calculate the NMR signal generated by the pulse
sequence. In contrast to the previous analysis, the calculation of the signal requires
knowledge of the real static and rf fields. For the present analysis, a static mag-
netic field varying linearly along the depth direction and a homogeneous rf field
are assumed. In this simplified situation, the real and imaginary signals at a defined
time are calculated as the addition of the M, and M, magnetization components for
a large number of offset values lying in a bandwidth much larger than the excitation
bandwidth of the rf pulse.

Figure 2.6b compares the magnetization generated along the x-axis by setting an
ideal 180° rotation for every frequency with the one obtained by applying a real rf
pulse set to define a 180° rotation for on-resonance spins. Whereas in the first case
a spectrum that reproduces the one defined by the first pulse (solid line) is recov-
ered, the resonance offset present during the refocusing pulse yields an oscillatory
behavior as a function of frequency (dotted line) that reduces the effective band-
width measurable in the spectrum obtained as the Fourier transform of the echo
signal (dashed line) by a factor of about 2. As the length of the rf pulses defines
the excitation bandwidth of the sequence, the echo width is expected to depend on
the pulse duration; the longer the pulse is the broader the echo. As a rule of thumb,
the echo width is about the pulse length.

Considering that points acquired during the acquisition time can be added to
improve the signal-to-noise ratio of the detected echo, the question that arises is how
to set the length of the acquisition window to maximize the sensitivity? To answer
this question we need to know the shape of the echo for a given f,. This analysis
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Fig. 2.6 (a) Magnetization components at the time of the echo formation plotted as a function of
the resonance offset. (b) Comparison between the excitation bandwidth of a single rf pulse and the
one defined by a Hahn echo sequence

uses the shape of the Hahn echo generated by assuming a uniform distribution of
frequencies and a homogeneous rf field. Figure 2.7 shows the signal-to-noise ratio
calculated as the addition of the acquired points (total signal) divided by the square
root of the number of points added for different acquisition windows (noise). Since
the noise power is the same for all points and the signal amplitude decreases when
departing from the echo center, maximum sensitivity is obtained when the echo is
acquired during a time equal to the length of the rf pulse used for excitation (a more
detailed discussion can be found in [8], p. 152).

The timing needed to acquire the echo centered in the acquisition window
requires starting acquisition at a time 7 + #,/2 — Acq/2 after the application of
the 180° pulse, with Acq being the total time to be acquired. However, because the
signal is excited and detected by a resonance circuit with a finite bandwidth, a short
delay shift (sh) proportional to the quality factor Q of the circuit is introduced. The
value of sh, which must be added to the delay between the second pulse and the
acquisition window, needs to be determined for every rf probe, and it can be a few
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Fig. 2.7 Signal-to-noise ratio calculated as a function of the acquisition time normalized to the
pulse length #, for the echo generated by the Hahn echo sequence

microseconds. Under this condition the shortest 7 that can be reached is determined
by the dead time (7gecaq) Of the circuit, the acquisition time, and the pulse length
(T > tgead +Acq/2 — 1,/2 — sh). To shorten the minimum 7 half of the echo can be
acquired by starting the acquisition at the maximum of the echo. Nevertheless, it is
achieved at the expense of sensitivity.

The phase of the second pulse influences the phase of the echo, but does not affect
the efficiency to refocus the phase spread of the magnetization. In this example
we have chosen to apply the 90° pulse along the y-axis and the 180° pulse along
the x-axis, thereby generating the echo along the x-axis. A phase cycle of at least
two steps (add/substract) is generally used. It requires applying the 90° pulse first
along +y-axis and then along —y-axis keeping the phase of the 180° pulse along
the +x-axis in both experiments. Cycling the phase of the first pulse changes the
phase of the echo and requires cycling the phase of the receiver from +x to —x to
constructively add the two signals.

The effect of this phase cycle is twofold. First, it serves to cancel magnetization
brought to the transverse plane by an imperfect 180° pulse (path Mg g +1). Sec-
ond, it cancel spurious signals coming from the dead time of the resonance circuit
and possible acoustic ringing generated by the application of the 180° pulse. These
unwanted signals are expected to be the same for both experiments because the 180°
pulse is applied with the same phase. Thus, as soon as they reach a voltage level that
can be digitized by the receiver they are add-subtracted by cycling the phase. It must
be noted here that for very short echo times, ringing generated by the first rf pulse
might by present at the time the echo is formed. In this case the phase cycle shown
in Table 2.2 must be used. This phase cycle eliminates both the signal generated by
the first pulse (path Mo 11 +1), which for short echo times may still be present in
systems with a small static gradient, and the ringing generated also by this rf pulse.

The Hahn echo sequence is of particular interest to measure extremely short
relaxation times of the order of a few dead times of the resonance circuit, a situation
where multi-echo techniques can only generate a few echoes and are inaccurate to
determine the 7> of the sample. Although resonance offset leads to a distribution
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Table 2.2 Phase cycle to select the Hahn echo filtering the signals of the first and second rf pulses
as well as acoustic ringing present after the pulses

$1 [ Prec
+r/2 0 0
—1/2 0 b4
+/2 +/2 b4
—1/2 +/2 0

of flip angles across the sample, the magnetization generating the echo evolves as
transverse magnetization during the whole sequence and decays purely with 7> (no
T contamination is present as in the case of the CPMG decay). In this case, the
application of imperfect rotations to refocus the phase spread introduced by the
field inhomogeneities do not affect the characteristic time decay measured by the
sequence, which is expected to be the same as the one measured in homogeneous
fields. A exception is for the case of liquids measured in a strong gradient. In this
case, the echo amplitude is also attenuated by the self-diffusion of the molecules in
the presence of the static gradient. In the case of unrestricted Brownian motion, this
attenuation is

1 1
S(tg) = Soexp <_?Ez — EyngD(tE)3> ) (2.18)

For sensors generating a uniform static gradient, the Hahn echo sequence is a very
sensitive method to measure diffusion coefficients. Since gradients generated by
single-sided sensors are very strong, they can be used to measure very small dif-
fusion coefficients. Moreover, the Hahn echo sequence has been extensively used
in low-field NMR to study polymers, where the echo decay is usually fitted by a
number of exponentials or even the addition of exponential and gaussian functions.

2.2.3 The CPMG Sequence

The success of single-sided sensors mainly relies on the extraordinarily good per-
formance of multi-echo sequences that successively refocus the phase spread due
to the static field inhomogeneities and lead to the generation of echo trains. For
most samples, the minimum echo time that can be set in a Hahn echo sequence is
much shorter than 73, and a large number of echoes can be generated by applying a
train of refocusing pulses with the right phase. It was first Carr and Purcell [6] who
proposed the use of repeated refocusing to measure 75 in a single shot. However, as
the original sequence uses refocusing pulses with the same phase as the first pulse, it
suffers from accumulative distortions due to slight errors in the definition of the flip
angle of the refocusing pulses. A modification to the CP sequence, proposed later
by Meiboom and Gill [7], is known as the CPMG sequence. The timing of the pulse
sequence is depicted in Fig. 2.8.



2 NMR in Inhomogeneous Fields 29

e ——mr—
180°%: 180°¢2
:qu. :qu.

T t

Fig. 2.8 Carr-Purcell-Meiboom-Gill pulse sequence. A 90° phase shift between the first pulse
and the train of 180° pulses eliminates accumulative distortions introduced by imperfection of the
rf pulse and resonance offset. The time between the first two pulses is not exactly half the time
between 180° pulses, but 7, /2 shorter. As discussed in Sect. 2.2.2, the sensitivity can be improved
by varying this extra delay time [16], but #,/2 can be used with similar performance

The modification introduced by Meiboom and Gill consists of shifting the phase
of the refocusing train by 90° with respect to the first pulse. By doing so the distor-
tions coming from the mentioned imperfections are strongly reduced. The sequence
is so robust that it can be implemented in strongly inhomogeneous fields with out-
standing performance. Figure 2.9 shows the behavior of the first echoes generated
by this sequence. For this calculation, an echo time fg = 0.2 ms, rf pulses of 10 s,
and infinite 77 and 7> were assumed. After a transient of three echoes, the signal
amplitude remains constant showing that the field inhomogeneities do not lead to a
signal loss as in the case of the CP sequence. The CPMG sequence is, in general,
implemented using a simple add-subtract phase cycle. It requires cycling ¢ and the
receiver phase from O to  keeping ¢, unchanged.

The dynamics of the magnetization during the CPMG sequence have been exten-
sively studied in the past [1-3]. Different authors have demonstrated that the echo
signals detected during this echo train are complicated superposition of coherence
pathways where the magnetization stays alternatively along the longitudinal direc-
tion or in the transverse plane. Whereas, for example, the first echo is formed by
magnetization that evolved only in the transverse plane (pathway My 1 41), the
second echo is the superposition of signal that was in the plane (direct echo) plus
the stimulated echo generated by magnetization stored along the z-axis by the first
180° pulse and brought back to the transverse plane by the second pulse (pathways
Mo 4+1,—1,4+1 and Mo, —1,0,+1, respectively). As the echo number increases, the num-
ber of pathways contributing to the echoes also does it. In strongly inhomogeneous
fields, this superposition of pathways quickly reaches a steady state and after three
or four echoes the signal amplitude remains constant (in absence of relaxation). The
typical behavior shows that the amplitude of the first echo is the smallest and that of
the second is the largest. Then, subsequent echoes reach a steady state.

This behavior can also be observed by calculating the bandwidth of each echo.
Figure 2.10 compares the excitation bandwidth of a single pulse, shown as a
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Fig. 2.9 (a) First echoes generated by the CPMG sequence. Like in the previous section the rf field
was assumed to be homogeneous and the signal was calculated as the addition of 2500 signals for
frequencies distributed in a bandwidth of 4-2/1,. The number of frequencies used to discretize the
frequency bandwidth depends on the total time 7 of the sequence. As a rule of thumb the total
bandwidth must be divided by a frequency step 1/ 7. (b) Echo amplitudes obtained by integration
of the echo during a time #,
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Fig. 2.10 Excitation bandwidth for different echoes of a CPMG sequence. The bandwidth of a
single pulse is shown for reference. Whereas the first echo has a bandwidth of about half of that
of a single pulse, thanks to the mixture of coherence pathways, the steady-state echo bandwidth is
slightly broader than the one of the first echo (Hahn echo)
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reference, with that of the first, the second, and the eighth echo. The bandwidth
of the first echo is clearly the narrowest. Then, it increases to a maximum for the
second echo due to the superposition of the direct echo with the stimulated echo.
Thereafter, it slightly decreases to reach the steady state. In this case, the spectra
were obtained as the Fourier transforms of the echo signals shown in Fig. 2.9. The
transient depends on the By and B; distributions and the acquisition bandwidth. For
an acquisition window set longer than the pulse length, off-resonance signals can be
filtered, and almost no oscillation in the first echoes is observed. The amplitudes of
the transient can be determined theoretically or experimentally to be used later as a
calibration for correcting the data before numerical analysis.

An important consequence of the mixture of different coherence pathways comes
from the fact that magnetization stored along the z-axis relaxes with 77, while
magnetization that remains on the plane relaxes with 7,. This leads to an effective
echo train decay time Thef, Which is a mixture of 77 and T3, instead of only 75
[1]. The effective time decay is directly obtained from the simulations by including
the attenuation factors e;(7) and e>(7) in the rotation matrix of the free evolution
(Eq. 2.6). The increasing superposition of coherence pathways leads to a signal
decay that departs from a single exponential decay. Figure 2.11 shows the results
of numerical simulations assuming 71 = 7> and T; = 67». The calculations were
done by assuming first a homogeneous Bj field and then including the real rf field
generated by a surface coil (inhomogeneous Bj). As expected, for 77 = T an expo-
nential signal decay is obtained, but for 77 = 673 the superposition of pathways
leads to a non-exponential decay that is apparent for sufficiently long times. When
a inhomogeneous rf field is included in the simulations the mixture of coherence
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Fig. 2.11 Signal decay during a CPMG sequence calculated for 77 = 7> = S5ms and 771 = 6,
T = 30 ms. The simulations used the following parameters, g = 100 s, #, = 10 s, acquisition
bandwidth equal to the excitation bandwidth of the rf pulse (1/#, = 100kHz), and Nechoes = 300.
It can be observed how the 77 contamination influences the value of the slope (72¢tr) and defines
a non-exponential decay. The presence of an inhomogeneous B field, included in the simulation
by integrating over a plane 15 x 15 mm? at 2.5 mm above a circular loop with 10 mm in diameter,
does not lead to appreciable enhancement of 77 contamination compared to the result obtained for
a homogeneous B field. The fitting shows that the a single exponential can fit well the data if the
decay is considered up to one-third
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Fig. 2.12 Deviation of the decay time of the echo train generated by a CPMG sequence simulated
as a function of the 77/ 7, ratio and for different detection bandwidths. The decay times where
obtained by fitting the signal decays up to one-third of its initial amplitude (one 73). The devi-
ation obtained in the presence of the inhomogeneous Bj-field generated by the surface coil was
calculated only for an acquisition bandwidth matching the excitation bandwidth, condition where
maximum sensitivity is expected. The simulations where done assuming the parameters listed in
Fig. 2.11

pathways is larger. However, only a slightly longer T».f is obtained. In practice,
the signal decay can be well fitted to a single exponential if a maximum time of the
order of 75 is considered, which is the case even in the presence of a inhomogeneous
B field (Expo. fit in Fig. 2.11).

As shown by Goelman and Prammer [1], the error in measuring 7, via a CPMG
sequence depends on the 77/ T3 ratio and on the bandwidth used for the detection,
which should be measured as a fraction of the excitation bandwidth. The dependence
of the error on this parameters is illustrated in Fig. 2.12. Although the error is zero
only when T1=T>, the only situation when T»¢fr is equal to 73, the error grows as the
ratio 77/ T, increases. As explained previously, the mixture between 7> and 77 is due
to the off-resonance excitation. In this way, by reducing the detection bandwidth the
mixture is expected to decrease. This dependence is clearly observed in Fig. 2.12,
where the error was calculated as a function of the ratio 77/ T3, for different band-
widths measured proportional to the bandwidth of the 1f pulse. In the last section we
have shown that maximum sensitivity is achieved when the acquisition bandwidth
is set equal to the excitation bandwidth (Fig. 2.7). It is observed that when setting
the detection bandwidth to achieve maximum sensitivity, the error in measuring 75
remains lower than 15% even for a 77 10 times longer than 75.

These simulations were conducted assuming a homogeneous Bj field, but this
is not the situation found in real sensors. In the presence of an inhomogeneous
radiofrequency field, even on-resonance magnetization is spread to coherence path-
ways that include evolution periods when it is stored along the longitudinal axis and
is contaminated by T7. Figure 2.12 shows the error in the 7> measurement obtained



2 NMR in Inhomogeneous Fields 33

when a surface rf coil is used for excitation and detection. In this case, the acquisi-
tion window was set to match the acquisition bandwidth with the bandwidth of the
rf pulse. Although the error is larger than the one obtained for a homogeneous B
field, it is still about 20% for a 77 10 times longer than 75. This confirms that the
CPMG sequence can be used to measure the transverse relaxation time even in the
presence of a strong static gradient excited with an inhomogeneous Bj field.

When the CPMG sequence is applied to measure the relaxation time of liquids
in the presence of a static gradient, the signal decay is attenuated by molecular
Brownian displacement. In slightly inhomogeneous fields, where only direct echoes
contribute to the signal, the characteristic time decay of the echoes is given by

S(mig) = Aexp{—(1/T» + 1/12(y Gotg)*D)mig)}. (2.19)

This equation shows that in the presence of molecular self-diffusion, the signal
decay measured by a CPMG sequence is shortened depending on the strength of
the static gradient. A way to reduce this distortion is to reduce the echo time 7,
but this is a realistic solution only up to certain limit. Whereas for a gradient of
1 T/m, an echo time of 0.1 ms suffices to measure a 7, of about 1s with an error
of 10%, in a gradient of 20 T/m, a time decay of about 20 ms would be measured
for this echo time. Actually, for off-resonance excitation the equation given above
is not valid anymore and the particular attenuation of each of the many coherent
pathways contributing to the signal must be calculated considering their particular
time dependencies.

The effect of diffusion during a CPMG was considered by Goelman and Pram-
mer [1] who separated the signal into direct and indirect echoes and calculated
expressions for the first three echoes. Later Hiirlimann presented a formalism that
decomposed the signal into different pathways and calculated the diffusion decay
for the first 15 echoes, where he estimated a superposition of 10° pathways. Finally,
a formalism that allows the incorporation of diffusion attenuation for the complete
echo train was presented by Song [10], who classified the coherence pathways and
showed that only a fraction of the total number of pathways significantly contributes
to the signal. He observed that long pathways can be decomposed into a combination
of short segments like stimulated (—1,0,+1) and spin echoes (—1,+1). Using this
approach, he demonstrated that direct and stimulated echoes contribute to 95% of
the CPMG echo signal, thereby showing that despite the large variety of contributing
pathways, the final behavior remains simple.

For material characterization, numbers need to be derived from the echo envelope
decay (Fig. 2.11). These numbers can be obtained either from a fit of the experimen-
tal data with a model function or by calculating a relaxation weight similar to spin
echo imaging, for example, S(#1)/So. In the case of exponential relaxation, the fit
parameters are the amplitude Sop = S(#+ = 0) corresponding to the number of spins
in the sensitive volume and the relaxation time Tp.r. But usually the decay is not
mono-exponential. A good empirical fit function is the scaled stretched exponential
function S(r) = Soexp(—(t/ Toefr)? /b), where the factor 1/b has been introduced
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to arrive at an exponential function for » = 1 and a Gaussian function for b = 2. If
a bi-exponential function with a long relaxation time Taeff,1ong and a short relaxation
time Toeff, shore 18 fitted with this function, Taefr is close to Taeff, long, Which from expe-
rience is the relaxation time which varies more strongly with the material properties.
Compared to the bi-exponential function this stretched exponential function has one
less fit parameter and therefore provides a more reproducible fit in the presence of
noise-contaminated signals. Before the CPMG decay is fitted, the first echoes must
be corrected for the transient effect. This characteristic oscillation can be extracted
by measuring a sample with long 7> or they can be simply eliminated if a large
number of echoes are available.

Instead of fitting the experimental data with a model function, they can be trans-
formed for analysis. A useful transformation is the regularized inverse Laplace
transformation which transforms the echo envelope into a distribution of relaxation
times. This approach is routinely used in well logging, where relaxation time spectra
are interpreted in terms of hydrocarbon content, viscosity of fluids in porous rocks,
and pore-size distribution [18]. Alternatively, the initial amplitude of the echo enve-
lope can be diffusion encoded, and 2D data sets be measured and transformed into
correlation and exchange maps of distributions of relaxation times and diffusion
coefficients [19, 20]. Similar to 2D spectroscopy, this approach is useful in separat-
ing the contributions to the relaxation time distribution in multi-component systems
such as oil and water in well logging. This approach is described in detail in Chap. 3.

When a CPMG sequence is implemented on a real sensor two parameters must
be set carefully, the optimum rf pulse duration and the minimum echo time. In a
numerical simulation the pulse amplitude or length can be easily set to define a
desired flip angle in a defined voxel. However, in a real experiment, where the
measured signal amplitude is a value averaged over the sensitive volume, this is
not an option. The criterium adopted in this case to set the pulse length is simply
the maximization of the signal amplitude. Figure 2.13 shows the dependence of the
signal amplitude with the rf strength for both a homogeneous 1f field and the field
distribution generated by a surface coil. For a homogeneous Bj field the maximum
signal is obtained when the rf amplitude is set to define a rotation slightly larger
than 90° for on-resonance spins; however, in the presence of a Bj distribution this
value is generally larger. In the present simulation, where a single loop is used to
excite the spins at a depth defined at half of its radius, the maximum is obtained
when the strength in the center is about 20% larger than the one needed to define the
90° rotation for on-resonance spins. Thus, the maximum signal is obtained when
the optimal rotation is defined for spins lying away from the coil axis. The position
of the maximum depends on the rf field distribution generated by the rf coil, which
even for the same coil is expected to vary when a different working depth is set.

Regarding the echo time to be set in a CPMG sequence, it has to be noted that to
maximize the sensitivity, the maximum number of echoes has to be generated during
the echo train. It is achieved by setting the shortest echo time without signal contam-
ination resulting from dead time. It can be found simply by setting an acquisition
time shorter than the echo width to ensure that signal is present at all acquired points.
Then, the echo time is reduced until the first acquired point becomes distorted. This
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Fig. 2.13 Signal amplitude detected in a CPMG sequence calculated as a function of the strength of
the rf pulses. The rf strength is normalized in the plot to the one required to define a 90° rotation (for
the first pulse) for on-resonance spins. In the case of a homogeneous B the maximum is obtained
for an rf strength only 5% larger than the optimal one. However, for a real coil the maximum
signal is achieved when the strength is 20% larger than that required to define a 90° rotation for
on-resonance spins in the axis of the coil. The maximum of the distribution is achieved when the
optimal flip angle is defined for spins lying at a certain radius from the coil axis where the rf
strength is smaller. The position of the maximum strongly depends on the coil geometry, distance
to the coil, and detection bandwidth. For this simulation, the field of a single circular loop 10 mm
in diameter was calculated at a depth of 2.5 mm, and the detection bandwidth was matched to the
excitation bandwidth of the pulses

is the evidence that the dead time is longer than the delay between the 180° pulses
and the acquisition windows. The minimum echo time is the shortest one without
signal distortion.

2.2.4 Inversion and Saturation Recovery

The spin-lattice relaxation time 77 is the characteristic time needed by the spin
system to exchange energy with its surrounding (the “lattice”). Pulse sequences
designed to measure 77 consist mainly of three stages: (i) a first preparation period
during which one or more rf pulses are applied to modify the longitudinal magneti-
zation of the system, taking it away from its equilibrium state, (ii) a free evolution
period when the spin system is allowed to relax to the equilibrium state, and (iii) a
detection period when the state of the system is measured by converting the longitu-
dinal magnetization into transverse magnetization. The measurement requires a 2D
experiment in which the duration of the evolution interval is varied to cover a time
range of the order of several T7s.

Figure 2.14 shows the two main alternative pulse sequences known as inver-
sion recovery [21] and saturation recovery [22], which are adapted for use in
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Fig. 2.14 Inversion- (a) and saturation-recovery (b) pulse sequences adapted to measure the spin-
lattice relaxation time 77 in inhomogeneous fields

inhomogeneous magnetic fields. Implementing these pulse sequences in inhomoge-
neous fields is difficult mainly because it is impossible to achieve full magnetization
inversion or saturation across the full sample. A detailed description of this problem
is presented below. It should also be noted here that instead of the single 90° pulse
typically used in the detection period to excite an FID, a CPMG sequence is imple-
mented to generate a long echo train that can be co-added to improve sensitivity.

In homogeneous By and B fields, the inversion-recovery sequence uses a hard
180° pulse in the preparation period to invert the equilibrium magnetization M
from z to —z. Under this ideal condition, the magnetization recovers during the free
evolution period 7 as M (t) = My(l — 2¢~ /1), This result is actually the addition
of two contributions: one being the magnetization stored along —z-axis by the inver-
sion pulse that decays as M (t) = Moe~*/T1 (described by the pathway Mo.0,—1,4+1),
and the second, the fresh magnetization created during the evolution time 7 that
grows as M (t) = My(1— e~ 7/T1y (described by the pathway M0 0.— ) However,
as described in Sect. 2.2.1, rf pulses act only in a finite bandw1dth deﬁned by the
pulse length 7, so their performance strongly depends on the off-resonance fre-
quency (see Fig. 2.3). In this way, when the 180° pulse is applied in the presence of
a strong static gradient, it cannot invert the magnetization over the whole frequency
range across the object.
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As a consequence of the partial inversion defined by the 180° pulse, the mag-
netization at T = 0 is not — M, but just a fraction of it. If M. is the maximum
magnetization detected during the CPMG sequence (detection period) in a certain
bandwidth and for long evolution times, it is observed that the measurable magneti-
zation at M (t = 0) depends on the frequency bandwidth. For example, if just a very
narrow portion of the spectrum close to the on-resonance condition is integrated,
the initial magnetization can be made —Mp,x (if By is assumed to be homoge-
neous). However, this is not a practical solution in terms of sensitivity because just
a very small fraction of the total excited spins is detected. If the signal is integrated
over a bandwidth 1/¢, for optimum sensitivity (see Fig. 2.7), the initial value is
about — M.« /2 (Fig. 2.15a). Thus, the dynamic range reduction of the T curve,
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Fig. 2.15 T buildup curves measured by the inversion- (a) and saturation-recovery pulse sequence
(b) in inhomogeneous magnetic fields. The curves are normalized to M,x
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which is more pronounced in the presence of a inhomogeneous B field (Fig. 2.15a),
reduces the accuracy of the 77 determination, but does not lead to the measurement
of a wrong relaxation time.

A further complication observed when implementing the sequence in inhomo-
geneous fields arises from the fact that the flip angle distribution generated by the
inversion pulse leaves considerable transverse magnetization that may interfere dur-
ing the detection period with the coherence pathways encoding the 77 information.
To filter these spurious signals, a proper phase cycle is needed. As the pathways
evolving as transverse magnetization during the evolution period depend on the
phase of the inversion pulse, but those of interest for an inversion-recovery mea-
surement (Mo o, —1,+1 and M(%,O,—l, 41 describing the magnetization inverted by the
first pulse and the fresh magnetization created during the evolution period, respec-
tively) do not, the unwanted ones can be eliminated by cycling the phase of the
inversion pulse by 180° while keeping the receiver phase constant. Combining these
two steps with the typical add/substract phase cycle for the 90° pulse of the CPMG
sequence applied during the detection period (needed to cancel the signal after the
180° pulses) leads to the four-step loop shown in Table 2.3. Although the phase of
the inversion pulse does not need to be synchronized with the phases of the pulses
applied in the CPMG sequence, it is interesting to note that if the inversion pulse and
the 90° pulse of the CPMG are applied along the same axis, the spurious signals are
generated in quadrature to the desired signal. The possibility to separate these two
signals allows one to eliminate the phase cycle for the inversion pulse. Then, in cases
where the sensitivity of a single scan is acceptable and short experimental times
are mandatory, a single phase step can be used if the signal after the 180° pulses
of the CPMG is averaged out by dephasing in the presence of the static gradient
(a condition that is fulfilled in strongly inhomogeneous fields if rf pulses are shorter
than the dead time). In this way, just by setting the receiver phase in a conventional
CPMG sequence to detect the echoes on the real channel would ensure that when
using the first step in Table 2.3 the coherence pathway encoding the 7 information
will generate signal only in the real channel and the unwanted ones will contribute
to the imaginary one.

To measure a 77 buildup curve, a series of experiments is repeated varying the
delay 7. Considering that the function to be sampled is expected to be an exponen-
tial (at least for liquid-like samples) it is convenient to vary t logarithmically. This
guarantees that the buildup curve is sampled at constant amplitude steps, setting
more points at short times, where the curve varies with the largest rate, and less
points at the end, where almost no variation is expected. Moreover, as experiments

Table 2.3 Phase cycle for the inversion- and saturation-recovery pulse sequences

o1 ¢ 03 Prec

0 0 /2 0
b4 0 /2 0
0 bd /2 7
b4 b4 /2 b4




2 NMR in Inhomogeneous Fields 39

with longer t are more time consuming to measure, this sampling strategy leads to
a reduction in the experimental time. If 7 is set to vary up to 577 the time steps can
be calculated as

(2.20)

(Npis — D)

where it is assumed that the function e =%/ varies from 1 to exp(—3), and Ny is the
number of points to be measured in the 7| curve. As the magnetization is affected
during the detection period, a recycle delay of at least 5 77 must be included between
experiments in order to ensure that the system is in equilibrium before the next
experiment starts. A wrong setting of the recycling delay would lead to a smaller
initial magnetization (distorting the 7 curve), requiring a good guess of 77 before
it can actually be measured. This fact leads to time-consuming overestimations.
It can be calculated that the measurement time to complete a inversion-recovery
experiment is 7.5 X 17 x Np for a linear 7 increment, and 6 x 77 x Ny for a
logarithmic one.

Another variant used to measure 77 is the saturation-recovery pulse sequence
[22]. In homogeneous fields it uses a first 90° pulse to saturate the magnetization
instead of inverting it, consequently, during the evolution period t the longitudi-
nal magnetization grows from zero to its equilibrium value M with the the time-
dependence M (t) = My(1 — e~ /Ty, As this sequence starts nullifying the longitu-
dinal magnetization, it does not require any recycle delay in between experiments.
This not only leads to a considerable shortening of the measurement time, but it also
eliminates the need to know in advance an estimation of the 7 of the sample. In
other words, a wrong setting of the time range for t just leads to sample the buildup
curve in a non-optimal way. Nonetheless, the characteristic time extracted from the
fit is the correct one (just a poorer accuracy is expected from the experiment because
the signal variation does not cover the full dynamic range).

When the sequence is implemented in an inhomogeneous magnetic field, satura-
tion is only achieved for the on-resonance spins (assuming a homogeneous B field),
but just partial saturation is achieved for off-resonance ones. Consequently, some
remnant magnetization stays along the z-axis after the saturation period. Hence, the
Ty curve at T = O starts from an offset value, which, for a detection bandwidth
matched to the bandwidth of the pulse, is about 1/4 of the maximum signal mea-
sured for T > Tp. To visualize the offset, a 77 measurement was simulated by
assuming the system is in equilibrium before the next saturation pulse is applied
(Fig. 2.15b). Experimentally this condition is fulfilled by including a long recycle
delay between scans. As for the inversion-recovery sequence, the 77 extracted from
this buildup curve is the exact one, without being distorted by the off-resonance
effects. However, in the real experiment, where no recycle delay is used, the situa-
tion is more complicated because the offset signal measured in a given scan depends
on the longitudinal magnetization at the end of the previous one. The remnant mag-
netization at the end of one measurement is determined by both the evolution time
and the saturation effect of the detection period during this scan. Whereas single
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Hahn echo detection may leave considerable longitudinal magnetization, a long
CPMG echo train can act as an effective saturation period. Then, the offset would
be present in the first scan, but already the second scan would show a negligible
offset thanks to the saturation provided by the CPMG detection of the previous
scan. Important improvement can be achieved when the 77 curve is sampled in an
inverse way, starting from the long t values. Then, if the first point is measured for a
recovery time T 3> 77, the value measured is close to My and is independent of the
offset left after the saturation. When 7 is shortened to measure the second point, the
pre-saturation achieved by the first scans reduces the longitudinal magnetization,
attenuating the offset by a considerable factor.

Even though a CPMG detection combined with inverse sampling of the evolution
times can considerably reduce the offset in the curve, it must be noted here that
the measurement of a given point depends on the efficiency of previous scans to
saturate the magnetization, which also depends on the B; homogeneity. Moreover,
it must be pointed out that the recycle delay between scans is not a precise delay
and it may depend on interruptions of the spectrometer between experiments. If
this happens, unexpected recovery of the magnetization can induce a larger offset
in the measured point. A way to improve decoupling between scans uses multiple
90° pulses applied at irregular times in order to achieve more efficient saturation
during the preparation period (see Fig. 2.14b). Optimum performance is achieved
by applying an odd number of 90° pulses separated by increasing time delays longer
than the 75" of the FID. In this way, the natural inhomogeneity of the magnet is used
as crusher gradient to spoil the magnetization in between pulses. In addition to the
mixing achieved by resonance offset, the fact that the rf field is also inhomogeneous
leads to a more efficient cancelation of the magnetization. This is true, because
during the train of saturation pulses the magnetization across the sample nutates
with different frequency. This spreading defined by the inhomogeneous B field is
efficient to mix even on-resonance magnetization.

This approach is useful for magnets with poor homogeneity and becomes very
efficient in single-sided systems, where really short delays between pulses of the
order of the rf pulse length are enough to strongly mix magnetization components. It
should be noted that at the end of the saturation period, the longitudinal magnetiza-
tion is not zero for each frequency, but it quickly oscillates from positive to negative
values as a function of the resonance offset. The anti-phase longitudinal magne-
tization created during the preparation period gives no signal when it is brought
to the transverse plane during the detection period. Thus, only the magnetization
recovered during the evolution period is expected to contribute to the signal. Using
multi-pulse saturation and inverse sampling, a full dynamic range of the magneti-
zation (from O to M) is obtained even in inhomogeneous fields. The simulations
shown in Fig. 2.15b were performed using the B; field generated by a surface coil,
indicating that the good performance of the sequence is not affected by the presence
of radiofrequency inhomogeneity. It must be mentioned that to reduce the offset, the
delays between pulses may require small adjustment depending on the sensor where
it is implemented in order to achieve the cancelation of the longitudinal magnetiza-
tion stored in anti-phase (same positive and negative magnetization stored along the
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z-axis). In spectrometers with rf modulation capabilities more complicated schemes
based on the use of soft pulses or frequency sweeps can be implemented to improve
the degree of saturation.

Finally, the important fraction of magnetization brought to the transverse plane
by the saturation pulses applied during the preparation period of this sequence
needs to be canceled to avoid interference with the magnetization created during
the evolution time t, which is brought to the plane during the detection period. In
contrast to the inversion-recovery sequence, even working under ideal conditions,
full magnetization is left in the transverse plane by the preparation period. A simple
solution implemented in systems equipped with gradient coils uses a crasher gradi-
ent to spoil the residual magnetization right after the saturation pulses. Although in
inhomogeneous fields the background gradient acts also as a spoil gradient during
the evolution period, the same gradient is present during the detection period when
refocusing pulses are applied. Then, under certain conditions (evolution time shorter
than the duration of the detection sequence), the magnetization spread out during
the evolution period is refocused and may interfere with the desired magnetiza-
tion encoding the 7' information. The same phase cycle described for the inversion
recovery sequence removes the signal coming from this non-desired coherence path-
ways, but its use requires similar magnetization before the saturation period for all
the scans involved in the phase cycle loop. This condition is satisfied up to certain
point when the 77 curve is sampled in a inverse way (from long to short t values)
and the longest 7 is larger than 77. It is interesting to note that applying the multiple
saturation pulses with the same phase as the 90° pulse of the CPMG sequence, with
the signal of the desired coherence pathways can be generated 90° out of phase with
respect to the spurious signal. Hence, the signals can also be separated by phasing
the receiver as described for the inversion-recovery sequence.

In the absence of a recycle delay, and neglecting the detection time (duration
of the CPMG sequence), the saturation-recovery sequence requires an experimental
time of about 2.57 Ny for a linear stepping of 7, and just 71 Ny for a logarith-
mic one. In this way, this sequence is six times faster than the inversion-recovery
sequence. Considering that the 77 curve measured with the inversion-recovery
sequence has a range of about 1.5M (this range may be smaller if B is inho-
mogeneous) and that the range measured by saturation recovery is My, two scans of
the saturation recovery are needed to approximately compensate for the sensitivity
difference. At the same sensitivity, the saturation recovery is three times faster than
the inversion-recovery variant.

While a single-echo detection requires, in general, a large number of scans that
lead to extremely long experimental times, multi-echo detection achieved by apply-
ing a train of refocusing pulses after the 7 editing sequence considerably reduces
the measurement time. A critical issue that must be taken into account when a long
echo train is added is the possible presence of multiple 77 times in the sample. If
the different 7 s show similar 7»s then the echo train addition leads to a 77 build up
curve where the fractions of the 77s are preserved. However, if spins with a short
T have also a short 75> and the length of the echo train is set to sample the long
T, then the signal amplitudes are weighted to the limit that the short 77 may even
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disappear from the buildup curve. To preserve the amplitude ratio between the two
or more 77 components, the number of echoes to be added must be small enough so
that one cannot observe an appreciable signal decay of the shortest 7> component
during the echo train. If the number of echoes is not properly set, it is expected to
affect the signal amplitude ratio, but the 77 values extracted from the curve remain
unaffected.

2.2.5 Diffusion Measurements

Magnetic field inhomogeneity has been pointed out to be disadvantageous in single-
sided NMR because resonance offsets across the sample complicate the perfor-
mance of conventional pulse sequences [1-4] and reduce the sensitivity during the
detection period [23]. However, some applications like high-resolution sample pro-
filing or the measurement of diffusion coefficients benefit from strong field gradi-
ents.

A difficulty faced in the early days of single-sided NMR when trying to exploit
the static gradient of open magnets for these types of measurements was the genera-
tion of uniform gradients. However, this requirement has been successfully achieved
with a number of magnet geometries in the last years (see Chap. 4). In this section,
we describe how the echo formation in the presence of a strong and uniform static
gradient can be exploited to encode self-diffusion, a parameter that can be used to
reveal molecular dynamics and sample microstructure. The effect of molecular self-
diffusion on the amplitudes of Hahn and stimulated echoes generated in the presence
of a static magnetic field gradient has been analyzed theoretically and experimen-
tally since the very early days of NMR, and the working principle is much older than
MRIitself [5, 12, 13]. The use of strong static gradients, such as the one found in the
stray field of superconducting magnets, allows measurements of root-mean square
molecular displacements as small as 20 nm and self-diffusion coefficients as small
as 10719 m?/s. Large gradients simplify measurements of the diffusion coefficient
in heterogeneous materials such as porous materials and biological systems, since
it reduces the relative contribution from background gradients due to susceptibility
variation across the sample. This is true because the background gradients are pro-
portional to the magnitude of the applied static field By, but essentially independent
of the field gradient. From this point of view, measurements with unilateral low-field
NMR sensors, which produce relatively strong field gradients, offer an interesting
advantage over conventional methods.

The pulse sequences typically used are based on the generation of Hahn (SE)
[5, 12] and stimulated echoes (STE) [13], both operating in the presence of a steady
gradient (see Fig. 2.16). To improve the sensitivity of these experiments, a CPMG
sequence is applied after the main diffusion-editing period to generate an echo train
that takes advantage of long transverse relaxation times of liquid samples.

Thanks to the sensitivity improvement achieved by adding the echo train, com-
plete diffusion curves can be measured in times shorter than a minute for protonated
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Fig. 2.16 Diffusion editing pulse sequences based on the generation of a Hahn echo (a) and a
stimulated echo (b) in the presence of a static gradient. After the generation of the echo with
an amplitude attenuated by diffusion, a train of refocusing pulses is applied to generate a train
of echoes that can be added to improve sensitivity. To set the right timings the center of the
SE and STE echoes defines the zero time or center of the 90° pulse in a conventional CPMG
sequence

solvents. The normalized signal attenuations for the SE and the STE are given by
[17,24]

S 1 1EE
In(—)=—-——y2G2t3D — — 2.21
f (S()) 7 Vo T (2.21)
and
S 2 27 (%)
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The time delays fgg, 71, and 7, are defined in Fig. 2.16. The normalization signal
So corresponds to the amplitude of the echoes at very small times fgg and 7| for
SE and STE, respectively. The amplitudes of the Hahn and stimulated echoes are
attenuated by the transverse and longitudinal relaxation times (see Eqgs. (2.21) and
(2.22)). For large values of D, like in the case of less viscous liquids, and for strong
magnetic field gradients, the diffusion terms in Egs. (2.21) and (2.22) dominate over
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the relaxation terms. Furthermore, if gg, 71 < 1>, and 1p < T}, the echo amplitude
in Egs. (2.21) and (2.22) is governed by the first term on the right side.

Although in absence of relaxation, the spin echo is a factor two larger than the
stimulated echo, there are certain cases where it is convenient to implement the STE
sequence to measure diffusion. As described by Hahn [5], the amplitude of the stim-
ulated echo relaxes with 7 during the evolution period 77, when the magnetization
is stored as longitudinal magnetization. Thus, in systems where 77 > T, it might be
advantageous to measure the diffusion attenuation of the stimulated-echo rather than
that of the Hahn echo [13]. This is particularly the case in viscous liquids, where a
short 7> is combined with a small diffusion coefficient. For single-sided sensors, the
most important advantage of the STE sequence compared to the Hahn echo is that
even in the presence of a steady gradient, the STE sequence still consists of two
encoding periods separated by a well-defined evolution time when diffusion takes
place.

To sample the attenuation caused by diffusion on the Hahn echo amplitude in a
steady gradient, the echo time has to be systematically increased in a defined range.
By doing so, each point of the diffusion curve is measured for a different diffusion
time, allowing the molecules to travel longer and longer distances for increasing
echo times. In the stimulated echo sequence, 7, can be set long enough in order to
require an encoding time 71 much shorter than 7». In this way, by increasing i, the
diffusion curve can be sampled without appreciably varying the total diffusion time
(71 + 12), which in this case is defined by 7.

The possibility to define the diffusion time is extremely useful when studying
molecular diffusion in the presence of restrictions or physical barriers like in the
case of water or oil diffusing in the porous matrix of rocks. Extensive work done
by Mitra and Sen [25, 26] showed that the dependence of the effective diffusion
coefficient D (L) on the molecular mean displacement L in the time 3 is linear for
small L, and the slope is proportional to the surface-to-volume ratio of the porous
material. A measurement of D vs. L simply requires measuring diffusion curves as
a function of the evolution time (72). In order to sample the diffusion curve properly,
the variation range of the encoding time 71 has to be adapted as the evolution time
is increased. Since the minimum 77 is positive (actually it is at least the pulse length
tp plus few microseconds needed by the spectrometer in between rf pulses), the
maximum evolution time accessible to the technique is either limited by 7 or by
the dynamic range of t; (for excessively long 7, the minimum 7; already leads
to important signal attenuation). For example, for water measured with a Go= 20
T/m and a 7, = 5ps, the maximum evolution time 77 is about 100 ms. To reach
longer evolution times it is convenient to work under a lower G. On the other hand,
to reach extremely short evolution times (free diffusion limit), a strong gradient
is required. Thus, in most cases a combination of two different sensors may be
convenient. To access shorter diffusion times, the direct echo of the CPMG sequence
can be exploited [27], in this case the diffusion time is set by the echo time of the
sequence.

As we have already discussed in this chapter, the application of a series of rf
pulses generates a number of coherence pathways weighted by different relaxation
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and diffusion factors. To make sure that the signal measured during the CPMG
detection sequence has acquired a defined diffusion attenuation during the diffusion
editing period (Hahn or STE sequence) a proper phase-cycle has to be used to select
only the pathway generating the Hahn- or the stimulated echo. We have already
described how to exploit the particular dependence of each pathway on the phase of
the rf pulses in order to select a given signal. However, we have to point out here
an important difference to the procedure explained in Sect. 2.2. As we know, after
the second pulse of the Hahn echo sequence, there are nine coherence pathways
and only two generate a signal. Thus, a simple add/subtract phase cycle suffices to
separate them. However, in the present case, as a number of rf pulses is applied
after the generation of the Hahn echo, it is not enough to implement a phase cycle
that eliminates the pathways generating non-desired signals after the second pulse.
We have to make sure that also those pathways that either do not fulfill the echo
condition after the second pulse (Mo, 41, +1 or Mo —1,—1) or are stored as longitudinal
magnetization by the second pulse (Mo +1,0 ) are also eliminated. It is so because
they can simply generate signals when the CPMG is applied. An example is the
pathway Mo 1 —1, although it does not generate signal after the second rf pulse,
a fraction of it is converted into Mo _1,—1.+1 after a third pulse is applied. Hence,
the strategy to design a proper editing sequence requires cancelation of every path-
way except the one encoding the desired information. Table 2.4 provides the phase
cycle required to select the coherence pathway generating the Hahn echo and which
eliminates the rest.

The add/subtract phase cycle of the first pulse eliminates the pathways where
the magnetization stays as longitudinal magnetization after the first pulse. From the
pathways that evolve as transverse magnetization after the first pulse (Mo, +1), we
need to eliminate the ones stored as longitudinal magnetization and the ones that
are not affected by the second pulse. This is achieved by exploiting their different
dependence on ¢;. Cycling the phase of the second pulse from O to 7, the first group
is canceled after the first four phase steps. Then, repeating these four steps but with
a ¢ incremented by /2, the magnetization that is not affected by the second pulse
is separated from the desired pathway. Although it is true that the unwanted echoes
are generated at different times, and may not overlap for a particular fgg and fgp,
in a diffusion experiment fgg is varied over a defined range and for certain values

Table 2.4 Phase cycle to select only the direct echo in a Hahn echo sequence

o1 [ @3 Prec

0 +/2 w2 b4
b4 +m/2 /2 0
0 —/2 /2 b4
b4 —m/2 /2 0
0 0 /2 0
b4 0 /2 b4
0 b4 /2 0
b4 b4 /2 b4
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Fig. 2.17 Signal amplitude obtained by addition of 32 echoes generated by the multi-echo train
applied after the Hahn echo sequence of Fig. 2.16 with a tgp = 50 ps plotted as a function of the
encoding time 7gg (in abscence of diffusion and relaxation). When a single scan is used, the full
coherence pathways interfere during the echo train and give rise to variations in the amplitude that
depend on tgg. The first step (two scans) eliminates the signal coming from pathways that stay as
longitudinal magnetization after the first rf pulse. In this case, this signal is in the real channel (the
desired pathway is along the imaginary channel). Cycling the phase of the second rf pulse in steps
of 7, the stimulated echo is eliminated. Finally, the coherence pathways converted into transverse
magnetization by the first pulse, but untouched by the second one are eliminated by shifting the
phase of the second pulse by /2 and repeating the first four steps

the signals can overlap. Moreover, when a CPMG train is used for detection, the
unwanted coherence pathways superimpose sooner or later during the train. Then,
when the train is added for sensitivity improvement, the distortions are observed as
oscillations in the diffusion curve.

The effect of cycling the phases of the different pulses can be observed in
Fig. 2.17 where the real and imaginary echo train integrals are plotted as a function
of the encoding time 7gg for the different phase steps (with this receiver phase, the
desired signal is generated along the imaginary channel, and no signal is expected
in the real channel). The largest distortion is introduced by the signal generated by
the stimulated echo, but the other two are not negligible and, in general, require
elimination.

The same goal needs to be achieved for the stimulated echo sequence. In this
case, the pathway generating the stimulated echo must be separated from the remain-
ing 26 pathways. Although in Sect. 2.2 we describe a phase cycle to filter the signals
generated after the third pulse, the four steps listed in Table 2.1 do not suffice to
ensure that other pathways will not contribute to the signal during the CPMG detec-
tion. This is the reason why the 16 steps phase cycle shown in Table 2.5 must be
used [19].
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Table 2.5 Phase-cycle to select only the stimulated-echo and eliminate the rest of the pathways
after three rf pulses

[ h2 3 P4 Prec
0 0 0 /2 b4
b4 0 0 /2 0
0 b4 0 /2 0
b4 b4 0 /2 T
0 0 b4 /2 0
b4 0 T /2 T
0 b4 b4 /2 b4
b4 T T /2 0
+7/2 0 0 0 +m/2
—/2 0 0 0 —1/2
+r/2 b4 0 0 —1/2
—1/2 T 0 0 +/2
+m/2 0 b4 0 —1/2
—1/2 0 b4 0 +/2
+m/2 b4 T 0 +m/2
—1/2 T T 0 —1/2

2.3 The SNR in Inhomogeneous Fields

A common fact to all techniques developed for single-sided NMR is the intrinsic
poor sensitivity associated with low and strongly inhomogeneous magnetic fields.
From the methodological side it has been shown that the sensitivity can significantly
be enhanced by multi-echo detection methods based on the application of CMPG-
like pulse trains. By adding the echoes of a train, the measuring times can be reduced
by up to two orders of magnitude compared to single echo methods (Hahn echo like)
[3, 28]. However, how to optimize the hardware is less obvious mainly because of
the lack of a theoretical formulation to quantify the signal-to-noise ratio (SNR) in
inhomogeneous fields. Hoult’s formulation for the SNR [14] cannot be applied in a
straightforward way to single-sided sensors. These sensors are used to study samples
much larger than the sensor itself and only a small portion of the sample can be
reached in a single experiment. This fact leads to the definition of the sensitive
volume, which depends on the magnet, rf-coil geometry, and the pulse sequence
applied. The optimization of a magnet requires a delicate balance between field
and gradient strength. Clearly a stronger field leads to higher sensitivity, but if it is
achieved at expenses of the gradient a smaller sensitive volume is excited, then what
happen with the SNR? On the other hand, another typical question that cannot be
answered is how much does the SNR improve when replacing a 300 W rf amplifier
by 1kW one?

In this section we present a theoretical formulation for the SNR applicable to
single-sided NMR. The size of the sensitive volume is defined considering the
rf-pulse excitation bandwidth and the resonance-circuit bandwidth. Furthermore,
single- and multi-echo detection sequences are addressed. Finally, an example of
how to optimize a single-sided sensor in terms of sensitivity is discussed.
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2.3.1 The Reciprocity Principle

The SNR of an NMR experiment was initially formulated by Abragam [29], and
the analysis was then extended by Hoult and Richards [14]. Although Hoult and
Richards give an analytical expression for the SNR, it has been obtained assuming
certain aspects that are not valid in the limit of highly inhomogeneous fields. There-
fore, a more general expression for the SNR that takes into account off-resonance
excitation, inhomogeneous rf fields, and a more general detection scheme has to be
derived. In the following, the steps followed in [14] are revised and the assumptions
that are not valid for our case are highlighted.

The principle of reciprocity [14] states that a magnetic dipole d placed at a point
r will induce an EMF in a coil given by

£=—3/0t{B/i-d), (2.23)

where B/ is the magnetic field per unit of current produced by the coil at the point r.
In the case of NMR, (B1/i),y is the component of rf field perpendicular to the
magnetic field By, and d is the detectable component (M) of the magnetization
per unit of volume M generated after an excitation sequence. If the sample has a
volume Vi, a spatial integration is necessary:

£ = —/ 3/0t{(B1/)xyMyy}dr® (2.24)

s

In a conventional NMR experiment, (B1/i)y, can be assumed to be reasonably
homogeneous over the whole sample volume and the excitation is considered to be
on resonance; therefore both (B1/7).y and My, can be moved outside the integral
[14]. Under these assumptions a 90° pulse tips the full equilibrium magnetization,
therefore M, can be replaced My and the integral is simply the sample volume.
However, for the case of a single-sided sensor these conditions are not fulfilled and
the integral has to be kept. To solve the integral, the signal response I"(By, By, AfL)
for a particular pulse sequence (single pulse, Hahn echo, CPMG, etc.) has to be con-
sidered. A fi, is the rf-circuit bandwidth. The signal response is a complex function
that describes phase and magnitude of the transverse magnetization generated by the
pulse sequence. The output is measured in units of My, thus I" is nondimensional
and counts the fraction of the equilibrium magnetization that can be detected. The
spatial dependence of I" (sensitive volume) is given by the variations of By and B
with position. The effect of the rf-circuit bandwidth is to act as a filter for both
excitation and detection and to determine the dead time which imposes a limit on
the minimum echo time that can be used in echo sequences.

Equation (2.24) is then written as follows:

£ = —f 3/0t{(B1/ i)y Moe ™' T (By, By, Afi)}dr’. (2.25)

s
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In the high-temperature limit the equilibrium magnetization can be approximated
by

Mo = Ny?h*I1(I + 1)By/3kT, (2.26)

where N is the number of spins per unit of volume, y is the gyromagnetic ratio, and
T is the temperature of the sample. The RMS noise power generated at the terminals
of the rf coil is, in principle, determined only by the thermal noise (Johnson noise).
In practice, there are other sources that could induce noise as well. Typical external
noise sources are FM radio stations, gradient and shim coils, mechanical devices,
NMR spectrometers, and even the sample itself. In the optimum case, the noise
induced by external sources can be neglected so that the time-domain RMS noise
per unit of frequency, Af, is purely given by the equation

o = /4T AR, (2.27)

where R and T are the resistance and temperature of the coil, respectively. By com-
bining Eqgs. (2.25), (2.26) and (2.27) the signal-to-noise ratio can be expressed as

32 2
W= {NV f IUH)} Bo (Bi /i)y T(Bo. B, AfL)dr?.  (2.28)

6v2(kT)> | VAFR Jy,

The expression can be divided into two terms, the first one within the brackets is only
determined by the sample properties while the term outside the brackets depends
on the hardware and the applied pulse sequence. In the case of homogeneous By
and B and a single 90° pulse for excitation, the signal response becomes quite
simple. I' is 1 over the complete volume of the sample and the integral is replaced
by (B1/1i)xy Vs, leading to Hoult’s equation [14].

2.3.2 Numerical Calculations of the SNR

Based on Eq. (2.28) the SNR can be predicted for different coil and magnet geome-
tries, and in this way a sensor can be optimized in terms of sensitivity. However,
from Eq. (2.28) it is quite difficult to visualize the dependence on, for example, the
gradient strength, the bandwidth of the resonance circuit, or the rf power. In the
following, some common features to single-sided sensors are deduced by means
of numerical simulations. First, a relationship between the excited volume and the
excitation bandwidth of rf pulses is introduced. The main consequence of this rela-
tionship is the decoupling of magnet and rf coil parameters. Second, it is shown
that the SNR is maximized when the rf circuit bandwidth matches the excitation
bandwidth of the rf pulses. These two main results are used to solve Eq. (2.28)
obtaining a more straightforward equation for the SNR.
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2.3.2.1 Magnet Homogeneity: Excited Volume vs. Excitation Bandwidth

A common observation when working with single-sided sensors is the fact that the
higher the rf power output Wy, the shorter the rf pulses, and consequently the larger
the excited volume, resulting in an increment of the SNR. However, there is a limit
(Wi — o0) where the excitation bandwidth is not longer determined by the rf pulse
length but by the rf circuit bandwidth (See next section). In spite of that one can still
talk in general about the excitation bandwidth, A fexc, and its relationship with the
excited volume V.. For example, in the case of sensors generating a main gradient
G along the depth direction, the relationship is given approximately by

2

[
Vexe = leZ = EAJCCXC’ (2.29)

where [ is the lateral size of the rf coil. It is assumed that the rf field does not vary
appreciable along the depth direction within the excited slice; typical slice thickness
is on the order of few 100 wm. Moreover, the rf field is considered to be constant
along the lateral directions over a region of the size of the coil and drops quickly
down at the borders of the coil. In general, the lateral selection is an important
requirement to this kind of sensors, which are used to obtain depth information
[28, 30].

This relationship is quite straightforward to obtain when assuming a 1D problem;
however, at first sight, the relation does not have to hold for sensors generating a
magnetic field with a sweet spot. In this case, the first-order components of the
gradient field (linear terms) are zero and strong quadratic and higher order terms
dominate the spatial variations resulting in a complicated “3D” sensitive volume. A
quantification of the excited volume considering its shape and dimensions is imprac-
tical. Instead, one can compute the magnetic field over a region around the center
of the sweet spot and then measure the excited volume simply as the amplitude
of a field histogram. In general, the field distribution is centered at the field value
corresponding to the middle of the sweet spot. Thus, a simple plot of the maximum
value (cm3) vs. bin size (kHz) shows the relation between excitation bandwidth
and excited volume. Figure 2.18a shows the results obtained for a typical magnet
geometry generating a sweet spot, the so-called barrel magnet [31]. The same idea,
histogram maximum vs. bin size can be used for sensors generating a strong gradient
(Fig. 2.18b). While in Fig. 2.18b the proportionally between Vexc and A fexc holds
perfectly, in Fig. 2.18a is still a reasonably good approximation.

It is worth mentioning that in both cases B was considered to be homogeneous
within the sensitive volume. The assumption of lateral inhomogeneities only mod-
ify the proportionality constant (/%) in Eq. (2.29) but not the kind of relationship
between the excited volume and the excitation bandwidth, i.e., they remain propor-
tional. Variations along the depth direction are negligible within few 100 pm. In
the case of sweet spot magnets, the lateral selection is not an important requirement
allowing in general the use of rf coils larger than the size of the sweet spot. Therefore
B variations can be considered to be smooth.
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Fig. 2.18 (a) Excited volume as a function of the frequency bandwidth for the Barrel magnet [31].
The result is obtained by plotting the maximum value of a field histogram vs. the bin size. (b) Same
as (a) but for magnets having a strong gradient along the depth direction

For both types of geometries the relation
Vexe = VA fexe (2.30)

holds, where V*, the magnet homogeneity, is the slope of the linear fits in Fig. 2.18.
The magnet homogeneity indicates how many cubic centimeters are contained in
a frequency range of 100kHz, or the other way around how large is the frequency
spread over a volume of 1cm?. Equation (2.30) is a fundamental step that allows
ones to decouple the magnet parameters from the rf coil parameters. Then, assuming
a uniform Bj over the excited volume, the integral of Eq. (2.28) can be replaced by
(B1/1)xy Vexc obtaining

v {Ny3h21<1 +1) } gy B D MocBL AR

6V/2(kT)? AfR

A direct consequence of it is that one can already compare the sensitivity of different
magnets by knowing V* and By. In the case of sensors with a strong gradient, the
inhomogeneity is only along the depth direction (1D problem) and the SNR can be
quantified as Bg /Go.

2.3.2.2 Optimum rf Circuit Bandwidth

The dependence of the SNR on the rf coil parameters is quite complicated in
inhomogeneous fields, while in homogeneous fields it is simply (B1/i)xy/ VR. As
already mentioned, the problem is the quantification of the excitation bandwidth,
that can be determined either by the length of rf pulses, the circuit bandwidth, or a
combination of both. The circuit bandwidth also determines the dead time, which
limits the maximum number of echoes that can be acquired in a CPMG train for
sensitivity enhancement. Moreover, the coil efficiency (B1/1).y, must be considered
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not only in the detection but also for excitation; the higher the coil efficiency the
shorter the rf pulses. In consideration of the complexity we decided to run numerical
simulations to evaluate the SNR. The magnet and rf coil characteristics were taken
from the sensor described in [28]. The following assumptions and definitions were
used:

— The sequence for detection is a CPMG train of duration 7». The excitation band-
width of the CPMG and Hahn echo sequences are assumed to be the same (see
Fig. 2.10), therefore the SNR for the CPMG case is proportional to W from
Eq. (2.31) and the proportionality constant is related to the number of echoes 7.
sampled during the CPMG train. Considering the echoes decay up to one-third
of the initial amplitude the SNR can be calculated as

WepmG = 2/34/ne W, (2.32)

YepMG = 2/3\/ TZ/(th + tacq) v, (2.33)

where the number of echoes 7. is the ratio between 7> and the echo time 5. The
echo time is chosen to be the shortest one; i.e., tg = 2fg + facq, With #q the dead
time and 7,¢q the acquisition time.

— The dead time is defined as the time needed for the voltage induced in the coil
during the application of an rf pulse Vjuise to reach the RMS voltage generated
by the thermal noise Vjise in the rf coil

ta = (L/2R) 1n(Vpulse/ Vhoise)» (2.34)

with L and R the coil inductance and resistance, respectively. Although the ratio
Vputse/ Vnoise may change from coil to coil and also depends on the applied rf
power, its In can be considered to be constant (~25). The quantity In(x) changes
only 10% per decade near x ~ 10'!.

— The 180° pulse condition

vy Bitigo = 7, (2.35)
with
By = 1/2(B1/i)xyv/Wit/R. (2.36)
— The rf circuit bandwidth is
AfL = R/wL. (2.37)

The SNR is calculated taking into account the following steps. The 90° and 180°
pulses are calculated using Eqgs. (2.35) and (2.36) and choosing the same length
for both pulses and half of the amplitude for the 90° pulse. The effects of the
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finite circuit bandwidth are considered as a frequency filter acting on Bj(w) for
excitation and for detection. Then the echo signal is calculated as the addition of
signals coming from different voxels over a volume much larger than the rf coil
size. The acquisition time f,.q is calculated from the echo signal as the time needed
to sample the echo from half- to half-amplitude. The acquisition time and the dead
time (Eq. 2.34) define the number of echoes n.. The frequency bandwidth used to
calculate the time domain RMS noise (Eq. 2.27) is calculated as 1/fcq.

The rf coil resistance is usually modified by including additional resistors in
the circuit in order to increase its frequency bandwidth and reduce the Q-factor.
In the following the coil resistance R is used as a variable to control the rf circuit
bandwidth. Figure 2.19a shows the dependence of the echo amplitude, i.e., excited
volume, as a function of the coil resistance. In the limit R — 0 the excited band-
width is fully determined by the circuit bandwidth, therefore, an incremental change
of the resistance is translated one to one (echo amplitude o< R') to an increment of
the excited volume. In the other limit, R — o0, the excited bandwidth is determined
by length of the rf pulses, which decreases in proportion with R~!/2 (Eq. 2.36). The
echo amplitude shows a maximum in the intermedius regime where the rf circuit
bandwidth is comparable to the excitation bandwidth of rf pulses. The echo width
(Fig. 2.19b) behaves similar to the echo amplitude, in the log—log plot they are hor-
izontally mirrored which reflects the fact that their product is constant. The product
is proportional to the spectral spin density, that in this case (strong Gy) is the spatial
spin density. Figure 2.19c shows the dependence of the echo time of the CPMG train
as a function of R. In the limit R — 0 the echo time is determined by both the dead
time and the acquisition time. The dead time (Eq. 2.34) as well as the echo width
(Fig. 2.19b) is proportional to R, therefore the asymptotic behavior of the echo
time is also R~!. In the opposite limit (R — o0) the dead time is negligible and the
echo time is dominated by the acquisition time which grows as the R'/2.

The SNR for the Hahn echo sequence (Fig. 2.19d) does not depend on the coil
resistance in the limit (R — 0) where the circuit bandwidth determines the excita-
tion bandwidth. This fact can be understood by combining the results in the same
limit, of Fig. 2.19a and b and considering the detection sensitivity to be proportional
to (B1/i)xy/ V/R. The SNR is proportional to the echo amplitude (echo amplitude
o R'), proportional to the square-root of the acquisition time (acquisition time
o R~1), and proportional to the detection sensitivity (o« R~1/2), hence all different
contributions cancel each other. In the opposite limit R — oo, the contribution
due to the echo amplitude is proportional to R~!/2, the one of the acquisition to
R*1/4 and the detection sensitivity remains unchanged leading to an asymptotic
dependence of the SNR proportional to R—3/4.

Figure 2.19d also shows the behavior for different rf power values. From these
results one can conclude that the only influence of increasing the applied rf power
is to expand the plateau of maximum SNR toward higher R values. It is worth men-
tioning that if the intrinsic coil resistance (no Q-damping) is already in the plateau
there is no gain in SNR by increasing the applied power when using a single echo
sequence. The situation is different for the case of the CPMG sequence. In this case
the echo time determines the maximum number of echoes that can be acquired in the
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Fig. 2.19 Dependence of the echo amplitude (o< excited volume) (a), echo width (or acquisition
time) (b), and minimum echo time of the CMPG sequence (c¢) on the coil resistance R. (d) SNR
for the Hahn echo sequence and for the CPMG sequence in solid and open symbols, respectively.
From square to triangles down Wy is 100, 300, 1,000, and 3,000 W

CPMG (Eq. 2.34). The asymptotic behavior can be simply calculated as the one of
the Hahn echo sequence times 7y 12 leading to SNR o< R!/? for R — 0 and SNR
o R~! for R — oo. The SNR shows a maximum with a value and a position that
depends on the applied rf power. At the maximum there is a compromise between,
detection sensitivity, excitation bandwidth, and number of echoes acquired in the
CMPG. Interestingly, for the resistance value Rp,x that maximize the signal SNR,
the circuit bandwidth and excitation bandwidth of the rf pulses are matched, thus

AfL = 1/nsgo (2.38)

which, combined with Egs. (2.35) and (2.37), results in

1 2/3
Rinax = (§VL<Bl/i)xy) W'/, (2.39)

The condition of Eq. (2.38) for the maximum sensitivity can be introduced in the
general expression for the SNR (Eq. 2.28). The ratio between the SNR measured
with the Hahn and CMPG sequences is defined in Eq. (2.33), which, considering
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tacq = 1180, can be rewritten as

VepmG = v o/ ka/ AfL W (2.40)
with
kg = 9/4 (1n(vpulse/Vnoise) + 7T) . 2.41)

2.3.3 An Analytical Solution for the SNR

Based on the issues discussed above, Eq. (2.28) can be combined with Egs. (2.30),
(2.38), and (2.39) to write the SNR as

Ny3R I +1) =T .
WepMG = [y— — V*BOZ(Bl/l)x}‘<

V(Bl/i)xy>1/3Wr1f/6
7632kT): \ ka

212
(2.42)

The term between the brackets {} depends on the sample properties with the
exception of kg while the terms outside the bracket depend on the hardware char-
acteristics. The magnet homogeneity V* tells one, for example, how many cubic
centimeters are contained in a frequency range of 100 kHz. Notice that for sensors
with a strong gradient, the inhomogeneity is only along the depth direction (1D
problem); therefore, it can be quantified simply as 1/Go. The term By> accounts
for polarization and induction. The dependence of R on the frequency (due to the
skin depth effect) is not present because the resistance was already optimized to
match the circuit and excitation bandwidth (Eq. 2.39). The coil efficiency (B1/7).y
appears twice, once to the power of one to account for the detection sensitivity, as
in conventional NMR, and once to the power of 1/3 to account for the selective
excitation. The SNR depends also on the inductance of the coil and the applied rf
power, parameters that play no role when working in homogeneous fields.

Equation (2.42) can be used to optimize in terms of sensitivity the magnet and rf
coil. The magnet sensitivity Bé V* can be obtained in a straightforward way by mak-
ing a field histogram from a 3D field map around the region of interest as described
in Fig. 2.18. The rf coil sensitivity, (B/i )%3 /L*73, is maximized as a function of
the coil size and number of turns with the constrain that the coil resistance R fulfills
the condition R < Rpmax (Eq. 2.39). The final resistance of the circuit is set to Rpyax
by adding a resistor to the resonance circuit.
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