Chapter 2

Theory of Finite Horizon Markov
Decision Processes

In this chapter we will establish the theory of Markov Decision Processes with
a finite time horizon and with general state and action spaces. Optimization
problems of this kind can be solved by a backward induction algorithm. Since
state and action space are arbitrary, we will impose a structure assumption
on the problem in order to prove the validity of the backward induction and
the existence of optimal policies. The chapter is organized as follows.
Section 2.1 provides the basic model data and the definition of policies. The
precise mathematical model is then presented in Section 2.2 along with a
sufficient integrability assumption which implies a well-defined problem. The
solution technique for these problems is explained in Section 2.3. Under struc-
ture assumptions on the model it will be shown that Markov Decision Prob-
lems can be solved recursively by the so-called Bellman equation. The next
section summarizes a number of important special cases in which the struc-
ture assumption is satisfied. Conditions on the model data are given such
that the value functions are upper semicontinuous, continuous, measurable,
increasing, concave or convex respectively. Also the monotonicity of the opti-
mal policy under some conditions is established. This is an essential property
for computations. Finally the important concept of upper bounding func-
tions is introduced in this section. Whenever an upper bounding function
for a Markov Decision Model exists, the integrability assumption is satisfied.
This concept will be very fruitful when dealing with infinite horizon Markov
Decision Problems in Chapter 7. In Section 2.5 the important case of station-
ary Markov Decision Models is investigated. The notion ‘stationary’ indicates
that the model data does not depend on the time index. The relevant theory
is here adopted from the non-stationary case. Finally Section 2.6 highlights
the application of the developed theory by investigating three simple exam-
ples. The first example is a special card game, the second one a cash balance
problem and the last one deals with the classical stochastic LQ-problems.
The last section contains some notes and references.
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14 2 Theory of Finite Horizon Markov Decision Processes

2.1 Markov Decision Models

After having discussed the scope of Markov Decision Models informally in
Chapter 1 we will now give a precise definition of a Markov Decision Model.
This can be done by defining the ingredients or input data of the model in
mathematical terms.

Definition 2.1.1. A (non-stationary) Markov Decision Model with plan-
ning horizon N € N consists of a set of data (E, A, D,,, Qy,, 7, gn) with the
following meaning for n =0,1,..., N — 1:

e E is the state space, endowed with a o-algebra €. The elements (states)
are denoted by x € E.

e A is the action space, endowed with a o-algebra 2(. The elements (actions)
are denoted by a € A.

e D, C ExAisameasurable subset of E'x A and denotes the set of possible
state-action combinations at time n. We assume that D,, contains the
graph of a measurable mapping f,, : E — A, ie. (z, fo(x)) € D, for all
x € E. For x € E, the set D,,(z) = {a € A| (z,a) € D,,} is the set of
admissible actions in state x at time n.

e (), is a stochastic transition kernel from D,, to E, i.e. for any fixed pair
(z,a) € D, the mapping B — Q,(B|z,a) is a probability measure on
¢ and (z,a) — Qn(B|z,a) is measurable for all B € €. The quantity
Qn(Blz,a) gives the probability that the next state at time n + 1 is in
B if the current state is x and action a is taken at time n. (),, describes
the transition law.

er, : D, — R is a measurable function. r,(z,a) gives the (discounted)
one-stage reward of the system at time n if the current state is x and
action a is taken.

e gy : E — R is a measurable mapping. gy (x) gives the (discounted)
terminal reward of the system at time N if the state is x.

Remark 2.1.2. a) In many applications the state and action spaces are Borel
subsets of Polish spaces (i.e. complete, separable, metric spaces) or finite or
countable sets. The o-algebras € and 2 are then given by the o-algebras
B(E) and B(A) of all Borel subsets of £ and A respectively. Often in
applications E and A are subsets of R or RY.

b) If the one-stage reward function 7/, also depends on the next state, i.e.
rl, =1l (z,a,z"), then define

ro(z,a) == /r;(ac,a7m’)Qn(dx’|m7a).

¢) Often D,, and @, are independent of n and r,(z,a) := B"r(z,a) and
gn(z) := BN g(z) for a (discount) factor 8 € (0, 1]. In this case the Markov
Decision Model is called stationary (see Section 2.5). O
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The stochastic transition law of a Markov Decision Model is often given
by a transition or system function. To make this more precise, suppose that
Z1,Z3,...,ZN are random variables with values in a measurable space (Z, 3).
These random variables are called disturbances. Z, 41 influences the transition
from the state at time n of the system to the state at time n + 1. The
distribution Qf of Z,,+1 may depend on the current state and action at time
n such that QZ(-|x,a) is a stochastic kernel for (z,a) € D,,. The new state
of the system at time n + 1 can now be described by a transition or system
function T, : D,, x Z — F such that

Tn4+1 = Tn(xn7 Ap, Zn+1)~

Thus, the transition law of the Markov Decision Model is here determined
by T,, and QZ.

Theorem 2.1.3. A Markov Decision Model is equivalently described by the
set of data (E, A, Dy, Z, Ty, Q% v, gn) with the following meaning:

e B A Dy, rn, gy are as in Definition 2.1.1.

e Z is the disturbance space, endowed with a o-algebra 3.

e QZ(B|z,a) is a stochastic transition kernel for B € 3 and (z,a) € D,
and QZ (B|x,a) denotes the probability that Z,.1 is in B if the current
state is x and action a is taken.

oT, : D, xZ — FE is a measurable function and is called transition or
system function. T,,(xz, a, 2) gives the next state of the system at time n+1
if at time n the system is in state x, action a is taken and the disturbance
z occurs at time n + 1.

Proof. Suppose first a Markov Decision Model as in Definition 2.1.1 is given.
Obviously we can choose Z = E, T,(z,a,2z) = z and QZ(B|z,a) =
Qn(B|z,a) for B € €. Conversely, if the data (E, A, D,,, Z,T,,, Q% 7, gn) is
given then by setting

Qn(Blz,a) := Qf({z € 2| Ty(z,a,2) € B} ’ x,a), Be ¢,

we obtain the stochastic kernel of the Markov Decision Model. O

Let us next consider the consumption problem of Example 1.1.1 and set it
up as a Markov Decision Model.

Ezample 2.1.4 (Consumption Problem; continued). Let us consider the con-
sumption problem of Example 1.1.1. We denote by Z,,;1 the random return
of our risky asset over period [n,n + 1). Further we suppose that Z1,..., Zy
are non-negative, independent random variables and we assume that the con-
sumption is evaluated by utility functions U,, : Ry — R. The final capital is
also evaluated by a utility function Uy. Thus we choose the following data:



16 2 Theory of Finite Horizon Markov Decision Processes

E := R, where z,, € FE denotes the wealth of the investor at time n,

A := R, where a,, € A denotes the wealth which is consumed at time n,
D, (z) :=[0,z] for all x € E, i.e. we are not allowed to borrow money.

Z := R, where z denotes the random return of the asset,

To(Tn, any 2nt1) = (T, — ap)2Zn41 is the transition function,

QZ(-|z,a) := distribution of Z, 41 (independent of (z,a)),

rn(x,a) := Up(a) is the one-stage reward,

gn(z) == Un(x). ¢

In what follows we assume that there is a fixed planning horizon N € N,
i.e. N denotes the number of stages. Of course when we want to control a
Markov Decision Process, due to its stochastic transitions, it is not reasonable
to determine all actions at all time points at the beginning. Instead we have to
react to random changes. Thus we have to choose a control at the beginning
which takes into account the future time points and states.

Definition 2.1.5. a) A measurable mapping f, : E — A with the property
fu(x) € Dy(x) for all x € E, is called a decision rule at time n. We
denote by Fj, the set of all decision rules at time n.

b) A sequence of decision rules © = (fo, f1,..., fn—1) with f,, € F}, is called
an N-stage policy or N-stage strategy.

Note that F,, # @) since by Definition 2.1.1 D,, contains the graph of a mea-
surable mapping f, : B — A.

Remark 2.1.6 (Randomized Policies). It is sometimes reasonable to allow for
randomized policies or decision rules respectively. A randomized Markov pol-
icy m = (fo, f1,---, fn—1) is given if f,(Blz) is a stochastic kernel with
fn(Dp(2z)|z) =1 for all z € E. In order to apply such a policy we have to do
a random experiment to determine the action. Randomized decision rules are
related to relaxed controls or Young measures and are sometimes necessary
to guarantee the existence of optimal policies (cf. Section 8.2). O

We consider a Markov Decision Model as an N-stage random experiment.
Thus, in order to be mathematically precise we have to define the under-
lying probability space. The canonical construction is as follows. Define a
measurable space (2, F) by

R=ENt! F=¢®..®C¢C.

We denote w = (9, 21,...,2n) € 2. The random variables Xy, X1,..., Xy
are defined on the measurable space ({2, F) by

Xn(w) = Xn((zo,x1,. .., ZN)) = Tn,y
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being the n-th projection of w. The random variable X, represents the state
of the system at time n and (X,,) is called Markov Decision Process. Suppose
now that ™ = (fo, f1,..., fnv—1) is a fixed policy and = € E is a fixed initial
state. According to the Theorem of Ionescu-Tulcea (see Appendix B) there
exists a unique probability measure P on (2, F) with

(i) PT(Xo € B) = 6,(B) for all B € €.
(11) ]P)g(Xn+l € B|X17 < ~aX7L) = ]P;F(Xn+l € B|Xn) = Qn (B|Xn7 fn(Xn))

Equation (ii) is the so-called Markov property, i.e. the sequence of random
variables Xg, X1,...,X, is a non-stationary Markov process with respect
to P7. By E7 we denote the expectation with respect to P7. Moreover we
denote by Py, the conditional probability Py, (-) := P"(- | X, = x). E}, is
the corresponding expectation operator.

2.2 Finite Horizon Markov Decision Models

Now we have to impose an assumption which guarantees that all appearing
expectations are well-defined. By 27 = max{0, z} we denote the positive part
of .

Integrability Assumption (Ay): For n =0,1,..., N

N-1

oN(z) := supET, Z 8 (X, (X)) + g5 (Xn)| <00, z€E.
& k=n

We assume that (Ay) holds for the N-stage Markov Decision Problems
throughout the following chapters. Obviously Assumption (A y) is satisfied if
all 7, and gy are bounded from above. The main results are even true under
a weaker assumption than (Ay) (see Remark 2.3.14).

Ezample 2.2.1 (Consumption Problem; continued). In the consumption prob-
lem Assumption (Ay) is satisfied if we assume that the utility functions are
increasing and concave and E Z,, < oo for all n, because then r,, and gy can
be bounded by an affine-linear function ¢; + cox with ¢1,co > 0 and since
X, <2Zy...Z, as. under every policy, the function &)V satisfies

N-1
0N () = sup BT, | > U (fe(Xx)) + U (Xw)
i k=n
N
§N01+xCQZ]EZ1...]EZk <oo, x>0
k=n

which implies the statement. ¢
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We can now introduce the expected discounted reward of a policy and the
N-stage optimization problem we are interested in. For n = 0,1,..., N and
a policy ™ = (fo,..., fv_1) let Vi,z(z) be defined by

N—-1

Vir(z) == Ep, Z (X, fo(Xi)) + gn(XN) |, z€E.
k=n

Vir () is the expected total reward at time n over the remaining stages n to
N if we use policy 7 and start in state z € E at time n. The value function
V., is defined by
Vi(x) :=sup Vyr(z), x € E.
s

Vo (z) is the mazimal expected total reward at time m over the remaining
stages n to N if we start in state x € E at time n. The functions V,,, and
V., are well-defined since

Vir (2) < Vi (z) < 6N (2) <00, z€E.

Note that Vnr(xr) = Vn(z) = gn(z) and that V,r depends only on
(fny---, fn—1). Moreover, it is in general not true that V,, is measurable.
This causes theoretical inconveniences. Some further assumptions are needed
to imply this (see Section 2.4).

A policy m € Fy x ... X Fn_1 is called optimal for the N-stage Markov
Decision Model if Vo, () = Vo(x) for all z € E.

Until now we have considered Markov policies. One could ask why the de-
cision rules are only functions of the current state and do not depend on
the complete history? Let us now introduce the sets of histories which are
denoted by

Ho ::E,
H, :=H, 1 xAxE.

An element h,, = (29, a0, 21,-..,Tn) € Hy, is called history up to time n.

Definition 2.2.2. a) A measurable mapping f, : H, — A with the prop-
erty fn(hn) € Dp(zy,) for all h,, € H,, is called a history-dependent deci-
ston rule at stage n.

b) A sequence m = (fo, f1,...,fn—1) where f, is a history-dependent de-
cision rule at stage n, is called a history-dependent N-stage policy. We
denote by Il the set of all history-dependent N-stage policies.

Let # € IIx be a history-dependent policy. Then V,,:(h,) is defined as
the conditional expectation of the total reward in [n, N], given the history
hn, € H,. The following theorem states that history-dependent policies do
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not improve the maximal expected rewards. For a proof see Hinderer (1970),
Theorem 18.4.

Theorem 2.2.3. Forn=0,...,N it holds:

Vn(xn) = Sup Vnﬂ(hn)a hn = (1‘070*071‘1’ .. -,xn)-
welln

Though we are in general satisfied with the value function Vj(x), it turns
out that on the way computing Vy(z) we also have to determine the value
function V,,(z). This is a standard feature of many multistage optimization
techniques and explained in the next section.

2.3 The Bellman Equation

For a fixed policy m € FyXx...xFy_1 we can compute the expected discounted
rewards recursively by the so-called reward iteration. But first we introduce
some important operators which simplify the notation. In what follows let us
denote by

M(E) :={v: E — [—00,00) | v is measurable}.
Due to our assumptions we have V,,, € M (FE) for all 7 and n.

Definition 2.3.1. We define the following operators forn =0,1,..., N — 1.
a) For v € M (FE) define

(Lyv)(z,a) :=rp(x,a) + /v(x’)Qn(dm'\m,a), (z,a) € Dy,

whenever the integral exists.
b) For v € M (FE) and f € F,, define

(Togo)(@) = (Lav)(@, f(2)), x€ E.
¢) For v € M (FE) define

(Tpv)(z) == sup (Lypv)(z,a), z€E.
a€Dy,(x)

7, is called the mazimal reward operator at time n.

Remark 2.3.2. a) We have the following relation between the operators
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Tov = sup T,pv.
fEF,

b) It holds that 7,,jv € IM(E) for all v € IM(E), but 7,v does not belong to
DM (FE) in general.

c¢) If a Markov Decision Model with disturbances (Z,,) is given as in Theorem
2.1.3, then L,v can be written as

(Lpv)(z,a) =rp(z,a) + E [U(Tn(x,a, Zn+1))].

This representation is often more convenient. O

Notation: In what follows we will skip the brackets (7,v)(z) around the
operators and simply write 7,v(x) in order to ease notation. When we have
a sequence of operators like 7,7, 11v then the order of application is given
by (7,,(7,+1v)), i.e. the inner operator is applied first. The same convention
applies to the other operators.

The operators have the following important properties.
Lemma 2.3.3. All three operators are monotone, i.e. for v,w € IM(E) with
v(z) <w(x) for all x € E it holds:

a) Lyv(x,a) < Lyw(x,a) for all (x,a) € Dy,
b) Tnpv(z) < Thpw(z) for allx € E, f € F,,
¢) Tyu(x) < Thw(x) for all x € E.

Proof. Let v(z) < w(x) for all x € E. Then

[o)@u@ e < [wa)@u@re.a.

Thus, Lyv(z,a) < Lyw(z,a) which implies the first and second statement.
Taking the supremum over all a € D,,(z) implies the third statement. O

The operators 7,5 can now be used to compute the value of a policy recur-
sively.

Theorem 2.3.4 (Reward Iteration). Let @ = (fo,...,fn-1) be an
N-stage policy. For n=20,1,...,N — 1 it holds:

a) VNﬂ' =dgnN and Vnﬂ' = nfnvn+17ﬂ'7
b) Vnﬂ—: nfn"'TNflfolgN'



2.3 The Bellman Equation 21

Proof. a) For x € E we have

Vi () = ]Efm

N-1
Z T (X fr( X)) + gN(XN)]

k=n

Ealrn (2, fu(2))] + E7,

N-1
Z (X, fr(Xr)) ‘HJN(XN)]
k=n-+1

= Tn(l'vfn( ))

+E;,

N-1

ik (X, fr(Xk)) + gy (Xn) ‘ Xn+1H
k=n-+1

=7, (1‘7 In (ac))

+/EZ+W

= 1o, ful2)) + / Vo2 (2 Qn (A |2, fo ()

N-1
S (X fu(X0)) +gN<XN>] Qu (', f())
k=n-+1

where we have used the properties of P7,, in the fourth equality.
b) Follows from a) by induction. O

Ezample 2.3.5 (Consumption Problem; continued). We revisit again Example
2.1.4. First note that for f,, € F, the 7, operator in this example reads

Tog0(2) = Un(fa(@)) + Eo((@ — fu(2))Zns1)-

Now let us assume that U, (x) := log z for all n and gn(x) := log z. Moreover,
we assume that the return distribution is independent of n and has finite
expectation E Z. Then (Ay) is satisfied as we have shown in Example 2.2.1.
If we choose the N-stage policy 7 = (fo,..., fnv—1) with f,(z) = cx and
¢ € [0,1], i.e. we always consume a constant fraction of the wealth, then the
Reward Iteration in Theorem 2.3.4 implies by induction on N that

Vor(z) = (N +1)logz + Nloge+ w(log(l —c)—HElogZ).

Hence 7* = (f§,..., fy_1) with fi(z) = ¢*z and ¢* = NL% maximizes the
expected log-utility (among all linear consumption policies). ¢

The next definition will be crucial for the solution of Markov Decision Prob-
lems.

Definition 2.3.6. Let v € IM(FE). A decision rule f € F, is called a maz-
imizer of v at time n if T,pv = Ty, le. for all x € E, f(x) is a maximum
point of the mapping a — L,v(z,a), a € D,(x).
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Theorem 2.3.8 below gives the key solution method for Markov Decision
Problems. They can be solved by successive application of the 7,-operators.
As mentioned earlier it is in general not true that 7,v € M (FE) forv € M (E).
However, it can be shown that V,, is analytically measurable and the sequence
(V,.) satisfies the so-called Bellman equation

VN:gN7
Vn:,];LVn-‘rh n:O71a"'7N_17

see e.g. Bertsekas and Shreve (1978). In the next theorem we show that
whenever a solution of the Bellman equation exists together with a sequence
of maximizers, then this yields the solution of our optimization problem.

Theorem 2.3.7 (Verification Theorem). Let (v,) C IM(E) be a solu-
tion of the Bellman equation. Then it holds:

a) v, >V, forn=0,1,...,N.

b) If fr is a mazimizer of vp41 forn=0,1,...,N—1, thenv, =V,, and
the policy ©™ = (f&, f+,.- ., fr_1) is optimal for the N-stage Markov
Decision Problem.

Proof. a) For n = N we have vy = gy = V. Suppose v,41 > Vi41, then
for all m = (fo, ey fN—l)

O = Tnvny1 2 TnVay1 2 Tnp, Vot 1,0 = Vare

Taking the supremum over all policies 7 yields v, > V,,.
b) We show recursively that v,, = V;, = Ve« For n = N this is obvious.
Suppose the statement is true for n + 1, then

Vn S Un = nf;{vn+1 - ZLf;{Vn+1 - Vnﬂ'* S Vn

and the theorem holds. O

The Verification Theorem is similar to statements which are usually delivered
for stochastic control problems in continuous time. It is sufficient for applica-
tions where a solution of the Bellman equation is obvious and the existence
of maximizers easy (e.g. if state and action spaces are finite). In general the
existence of an optimal policy is not guaranteed. We have to make further as-
sumptions about the structure of the problem to ensure this. In what follows
we will first make a structure assumption to state our main theorem. Impor-
tant cases where this assumption is satisfied are then discussed in Section
2.4. Also note that the value of an optimization problem is always unique
whereas an optimal policy may not be unique.
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Structure Assumption (SAy): There exist sets M, C IM(E) and
A, C F, such that for alln =0,1,..., N — 1:

(i) gn € My.
(ii) If v € My then T,v is well-defined and T,v € IM,.
(iil) For all v € M, 11 there exists a maximizer f, of v with f, € A,.

Often M, is independent of n and it is possible to choose A, = F,, N A for a
set A C {f : E — A measurable}, i.e all value functions and all maximizers
have the same structural properties.

The next theorem is the main result of this section. It shows how Markov
Decision Problems can be solved recursively by solving N (one-stage) opti-
mization problems.

Theorem 2.3.8 (Structure Theorem). Let (SAy) be satisfied. Then
1t holds:

a) V,, € M,, and the sequence (V) satisfies the Bellman equation, i.e.
form=0,1,....N -1

Vn(z) = gn(2),
Vo(z) = sup {T‘n(l'7(l) —&—/Vn+1(ac’)Qn(d:E’kma)}7 r€E.

a€Dy (x)
b) Vo =T Tos1 - IN-19N-
¢) Forn=0,1,...,N — 1 there exist mazimizers f, of V41 with f, €

Ay, and every sequence of mazimizers f of V41 defines an optimal
policy (f§, f+,--., fx_1) for the N-stage Markov Decision Problem.

Proof. Since b) follows directly from a) it suffices to prove a) and c¢). We
show by induction on n = N —1,...,0 that V,, € IM,, and that

Vnﬂ.* = ,];LVn-‘rl == Vn

where ™ = (fg,...,fx_,) is the policy generated by the maximizers of
Vi,...,Vn and fF € A,. We know Vy = gnv € My by (SAn) (i). Now
suppose that the statement is true for N —1,...,n + 1. Since Vi € M}, for
k= N,...,n+ 1, the maximizers f,..., fi_; exist and we obtain with the
reward iteration and the induction hypothesis (note that f7,..., f¥_; are not
relevant for the following equation)

Vnﬂ'* - ZLf;{ Vn+17ﬂ'* - ZLf;{ Vn+1 - Z’LVTLJrl'

Hence V,, > 7,,V,,+1. On the other hand for an arbitrary policy 7
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V’ILT!' - nann+1,7r S %fnvn—kl S %Vn+l

where we have used the order preserving property of 7,,y, . Taking the supre-
mum over all policies yields V,, < 7,,V,,11. Altogether it follows that

Vnﬂ'* = Z’LV’R+1 =V

and in view of (SAy), V,, € IM,,. O

From this result we conclude directly the following corollary.

Corollary 2.3.9. Let (SAn) be satisfied. If n < m < N then it holds:

Va(z) = supE, [Z Xk,kak))+vm(xm)} z€E.

Theorem 2.3.8 implies the following recursive algorithm to solve Markov De-
cision Problems:

Backward Induction Algorithm.
1. Set n:= N and for z € E:

Vn (z) := gn ().

2. Set n:=n — 1 and compute for all x € F

Vo(z) = sup {rn(:ma)+/Vn+1(:v')Qn(dm’|m7a)}.

a€Dy, (x)

Compute a maximizer f of V4.
3. If n = 0, then the value function V} is computed and the optimal policy

*

m* is given by " = (f§, ..., fi_1). Otherwise, go to step 2.

Theorem 2.3.8 tells us that the maximizers yield an optimal strategy. However
the reverse statement is not true: optimal strategies do not necessarily contain
only maximizers. This is shown by the following example.

Ezxample 2.5.10. Let N = 2 be the planning horizon and state and action
spaces be given by S = {0,1} = A = D, (z) for all z € E. The transition
probabilities are given by Q,({2'}|z,a) =1 if a = 2/ and zero otherwise (see
Figure 2.1). The reward functions are given by r,(x,a) = a for (z,a) € D,
and go(z) = z. The optimal policy is easily computed to be 7* = (f§, f1)
with f3(z) = 1 and ff(x) = 1 for all x € E. However, it is easy to see
that 7 = (fo, f1) with fo(x) = 1, and f1(0) = 0, f1(1) = 1 yields the same
expected total reward and is thus optimal, too. Obviously the reason is that
under an optimal policy state 0 will not be visited after time 1. O



2.3 The Bellman Equation 25

action a=0 action a=1

actiona=1

action a=0

Fig. 2.1 Transition probabilities of Example 2.3.10.

Ezample 2.3.11 (Consumption Problem; continued). Let us now solve the
consumption problem of Example 2.3.5. First suppose that the Structure
Assumption (SAy) is satisfied and we can apply Theorem 2.3.8. Thus, we
obtain Vy(z) = logz and

Vn-i(x) = Tn_aVv(x) = sup {loga +log(z —a) + Elog Z}
]

a€l0,x
= 2logx + 2log0.5 + Elog Z

where the maximizer is given by fx_;(z) = 0.5z. Now by induction we obtain
Vo) =(N—n+1Dlogx+d,, 0<n<N
where dny = 0 and

N —n )’

dyp = dps1 + (N —n)Elog Z — log (N —n+ 1) + (N — n) log (N——n+1

and we obtain the maximizer f}(z) = N+n+1x Thus, the optimal fraction
which is consumed is independent of the wealth and increases over time.
Finally it remains to show that (SAy) is satisfied. But this can now be easily
verified by choosing

M, :={ve M(E) | v(x) =blogx + d for constants b,d € R}

A, :={f€F,| f(x)=caxforceR}.

Indeed, the necessary calculations are pretty much the same as we have per-
formed before. ¢

In order to obtain a good guess about how IM,, and A, look like it is rea-
sonable to compute the first steps of the Backward Induction Algorithm and
investigate the structure of the value functions.

The solution method in Theorem 2.3.8 relies on a very simple but general ob-
servation which is called the Principle of Dynamic Programming. Informally
it says that whenever we have an optimal policy 7* over a certain horizon
N and consider the process now only on a subinterval of [0, N], then the
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corresponding policy which is obtained by restricting 7* to this subinterval
is again optimal. This can be formalized as follows.

Theorem 2.3.12 (Principle of Dynamic Programming). Let (SAy) be
satisfied. Then it holds forn <m < N:

Vnﬂ* (.f) = Vn('r) = Vmﬂ* = Vm ]P)z; —a.s.,
e if (fr, ..., fh_1) is optimal for the time period [n, N| then (f, ..., fx_1)
is optimal for [m, N].
Proof. Tt follows from the Reward Iteration (Theorem 2.3.4) and the defini-

tion of V,,, that

V() = Vars(2) = Tngs . Tn-1,17,, Vimre (z)

=

m—

=B, [ D2 me(Xe S (X0) + Ve (X))

bl
3

SEL [ Y0 (X fi(X0) + V(X < Vale)

n

3

=~
Il

where we have used Corollary 2.3.9 for the last inequality. This implies that
we have indeed equality and that E, [Vin(Xm) — Vinrs (Xm)] = 0 which
means that V.« = V,, ]P)Z:v —a.s. m|

Sometimes Markov Decision Models are such that the state space contains an
absorbing subset (‘cemetery’ subset) which will never be left once it is reached
and where we obtain no reward. Let us call this set G C E. Obviously such a
set is not very interesting and can in principle be neglected when formulating
the Markov Decision Model. However this leads at least for some stages to a
substochastic transition law. This is explained in the next example.

Ezample 2.3.13 (Absorbing Markov Decision Model). Suppose that a Markov
Decision Model is given, where F is the state space, ) # G C FE and A is the
action space. We suppose that @, (G|z,a) =1 for x € G, i.e. G will never be
left, once it is entered. Moreover 7, (z,a) = 0 and gny(z) = 0 for all x € G
and a € Dy (z). Then it is sufficient to consider the following substochastic
Markov Decision Model (E, A, Dy, Qp, 7, jn) with

E:=E\G,

A=A,

D, (x) := Dy(x) for z € E and D,, := {(z,a) | z € E,a € D,(z)},
Qn(Bl|z,a) == Q,(B|z,a) for (z,a) € D, and B€ ¢ B C E,
Fn(z,a) == ry(x,a) for (z,a) € D,
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o gn(z):=gn(z) for z € E.

Typically Q,(E|z,a) < 1 for some = € E, since G is deleted from the state
space and may be entered with positive probability. Moreover, by definition
we have Vy(z) = 0 for z € G. It is now easy to see by induction using
Theorem 2.3.8 that V;,(z) = 0 for all z € G. This implies that it holds for all
r el

Va(x) = supm) {rn(x,a) +/Vn+1(m')Qn(dx/|x,a)}

a€D, (

= sup fn(x,a)+/EVn+1(x’)Qn(dm'\m,a)}

a€D, (z)

where we have used that V,,41 vanishes on G. As a consequence, we can
restrict ourselves to consider the Bellman equation on E. For an application
see Section 2.6.1. ¢

Remark 2.3.14. a) The statements in Theorem 2.3.8 remain valid when we
replace the Assumption (Ay) by the following weaker assumption: Assume
that forn=0,1,..., N

N—-1
7 b (X, fe(Xk)) + g8 (Xn)

k=n

is P7 -integrable for all 7 and z € E. However, in this case we might have
Vi(x) = 400 for some z € E.

b) It is well known that the Bellman equation holds under much weaker as-
sumptions than in Theorem 2.3.8 (see Hinderer (1970), Theorem 14.4). In
particular, if the reward functions 7, and gn are non-negative (and with-
out any further assumptions), the value functions V,, satisfy the Bellman
equation. O

Remark 2.3.15 (Minimizing Cost). Instead of one-stage rewards r,, and a ter-
minal reward gy, sometimes problems are given where we have a one-stage
cost ¢, and a terminal cost hpy. In this case we want to minimize

N—1
E.. Z ek (Xi, fu(Xk)) + hn(XN)|, z€E
k=n
for m = (fo,..., fnv—1). But this problem can be transformed into a reward
maximization problem by setting r,(z,a) := —cp(z,a), gn(x) = —hn(x).

Thus, all the statements so far remain valid. We will use the same nota-
tion V,,r and V,, for the cost functions under policy « and the minimal cost
function. Moreover, the minimal cost operator 7, has the form
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(Tov)(z) = inf(m) {cn(m,a) + /U(m’)Qn(dx’\x,a)}.

a€D,

In this case V,, is also called cost-to-go function. O

2.4 Structured Markov Decision Models

In this section we give sufficient conditions under which assumptions (Ay)
and (SAp) in the preceding section are satisfied and thus imply the validity
of the Bellman equation and the existence of optimal policies. For (SAy)
we will identify conditions which imply that special sets IM,, and A,, can be
chosen. Of course it is interesting to choose the sets IM,, and A,, as small as
possible. The smaller the sets, the more information we have about the value
functions and the optimal policy. On the other hand, small sets imply that
we have to prove a lot of properties of 7,v if v € M, 41.

Let us first consider the Integrability Assumption (Ay). It is fulfilled when
the Markov Decision Model has a so-called upper bounding function.

Definition 2.4.1. A measurable function b : E — R, is called an upper
bounding function for the Markov Decision Model if there exist ¢,, cg, i € R4
such that for allm =0,1,..., N —1:

(i) rf(z,a) < ¢ b(z) for all (z,a) € Dy,
(ii) gx (z) < cgb(x) for all z € E,
(iii) [ b(z")Qn(da’|z,a) < apb(z) for all (z,a) € D,,.

If r, and gx are bounded from above, then obviously b = 1 is an upper
bounding function.

Let b be an upper bounding function for the Markov Decision Model. For
v € IM(FE) we denote the weighted supremum norm by

[v(z)]

v||p := sup

(with the convention 2 := 0) and define the set

By:={ve M(E)| ||v|]y < co}.
Equivalently B, can be written as

By, :={ve M(E)||v(z)|] <cb(zx)for all z € E and for some ¢ € Ry }.

The concept of upper bounding functions is of particular interest for Markov
Decision Models with infinite time horizon (cp. Chapter 7). The next result
is fundamental for many applications.
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Proposition 2.4.2. If the Markov Decision Model has an upper bounding
function b, then 5% € IBy, and the Integrability Assumption (Ax ) is satisfied.

Proof. Since 82 > 0 we have to show that 6% (z) < cb(x) for some ¢ € R,
From the properties of an upper bounding function it follows that

ET [ (Xe, fe(Xk)) | Xp—1] = /T,f(ﬂf’,fk(fﬂ/))Qk(dﬂf’ | X1, fro—1(Xk—1))

< cropb(Xp—1)
and by iteration we obtain
E7 [ (Xk, fe(Xy))] < crakb(z), z € E.
Analogously we get
E7 [o8(XN)] < cgop'b(z), 2 €B

and the result follows. a

For the rest of Section 2.4 we assume that E and A are Borel spaces (see
Remark 2.1.2 a)). Also D, is assumed to be a Borel subset of E x A. Further
we suppose that our Markov Decision Model has an upper bounding function
b and we introduce the set

B = {ve M(E) | |vF]y < oo}
Equivalently B, can be written as

B :={ve M(E)|v"(z) <cb(x)for all z € E and for some ¢ € Ry }.

2.4.1 Semicontinuous Markov Decision Models

In so-called semicontinuous Markov Decision Models the Structure Assump-
tion (SAp) is fulfilled with IV, being a subset of upper semicontinuous func-
tions. This is a consequence of the following results (for the definition of upper
semicontinuity and properties of set-valued functions the reader is referred
to the Appendix A).

Proposition 2.4.3. Let v € B;r be upper semicontinuous. Suppose the fol-
lowing assumptions are satisfied:

(i) Dp(x) is compact for all x € E and x — Dy(x) is upper semicontinuous,
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(ii) (z,a) v~ Lpv(z,a) is upper semicontinuous on D,.

Then Tpv is upper semicontinuous and there exists a maximizer f, of v.

Remark 2.4.4. Condition (i) in Proposition 2.4.3 can be replaced by the fol-
lowing condition: For all € E the level sets {a € D, (z) | Lyv(z,a) > ¢}
are compact for all ¢ € R and the set-valued mapping

x+— {a € Dyp(x) | Lyv(z,a) = Thv(z)}

is upper semicontinuous. O

Proof. To ease notation let us define
w(z,a) := Lyv(z,a), w*(x):=Tv(x)

and D(x) := D, (x). For xy € E select a sequence (z,,) C E converging to xg
such that the limit of w*(z,,) exists. We have to show that

lim w*(z,) < w* (o).

n—oo
Since a +— w(x,a) is upper semicontinuous on the compact set D(x), it
attains its supremum on D(x) (see Theorem A.1.2). Let a, € D(x,) be a
maximum point of a — w(z,,a) on D(z,). By the upper semicontinuity of
x +— D(z) there is a subsequence (a,, ) of (ay) converging to some ag € D(zo).
The upper semicontinuity of w implies

lim w*(z,) = lim w*(z,,) = im w(z,,,an,) < w(xo,a) < w*(zo),

n— o0 k—oo k—o0

i.e. w* is upper semicontinuous.
Since w and w* are measurable, it follows easily that

D* :={(x,a) € D | w(z,a) = w*(x)}
is a Borel subset of F' x A and each D*(x) is compact since
D*(z) :={a € D(x) | w(z,a) > w*(z)}.

Then, applying the selection theorem of Kuratowski and Ryll-Nardzewski
(see Appendix, Theorem A.2.3), we obtain a Borel measurable selector f for
D*. This is the desired maximizer of v. a

Remark 2.4.5. If A C R then there exists a smallest and a largest maximizer
of v € B;. Note that the set
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Dy (z) :={a € Dn(z) | Lyv(z,a) = Tov(z)}

is compact for € E. Then max D}, () and min D} (x) are maximizers of v
by the Selection Theorem A.2.3. O

A set of sufficient conditions on the data of a Markov Decision Model in order
to assure that (SAy) is satisfied with IM,, being the set of upper semicontinu-
ous functions v € B;' and with A,, := F,, is given below. Consequently under
these assumptions Theorem 2.3.8 is valid. The proof follows immediately from
Proposition 2.4.3.

Theorem 2.4.6. Suppose the Markov Decision Model has an upper
bounding function b and for allm =0,1,..., N — 1 it holds:

(i) Dn(x) is compact for all x € E and x — D, (x) is upper semicontin-
uous
(ii) (z,a) — [v(2")Qn(dx'|z,a) is upper semicontinuous for all upper
semzcontmuous v e By,
(iii) (z,a) — rp(x,a) is upper semicontinuous,
(iv) z +— gn(x) is upper semicontinuous.

Then the sets M, = {v € IB) | v is upper semicontinuous} and
A, = F, satisfy the Structure Assumption (SAn). In particular,
Vi € DM, and there exists a mazimizer f) € F, of Voti1. The policy

(f5s---» fa—1) is optimal.

Instead of checking condition (ii) of Theorem 2.4.6 directly, we can alterna-
tively use the following Lemma:

Lemma 2.4.7. Let b be a continuous upper bounding function. Then the fol-
lowing statements are equivalent:

(i) (z,a) — [v(2")Q(d2'|x,a) is upper semicontinuous for all upper semi-
continuous v € 1By
— [b(z")Q(da'|x, a) is continuous, and (z,a) — [v(z")Q(dz'|x, a)
is continuous and bounded for all continuous and bounded v on E.

A stochastic kernel @ with the last property is called weakly continuous.

Proof. The proof that (ii) implies (i) is as follows: Let v € IB;" be upper semi-
continuous. Then we have v—cb < 0 for some ¢ € Ry and z — v(x) — cb(z) is
upper semicontinuous. According to Lemma A.1.3 this implies the existence
of a sequence () of continuous and bounded functions such that ¥y, | v—cb.
Due to our assumption the function (z,a) — [ ox(2")Q(da’|z,a) is now con-
tinuous and bounded. Moreover, monotone convergence implies that



32 2 Theory of Finite Horizon Markov Decision Processes

/ﬁk(x’)Q(dx’\x,a) 1 /(1} —cb)(2")Q(da'|x,a) for k — oo.

Thus, we can again conclude with Lemma A.1.3 that the limit is upper
semicontinuous. However in view of our assumption this implies (z,a) —
[ v(2")Q(dz'|x, a) is upper semicontinuous.

Next we prove that (i) implies (ii): Since b and —b are in IB;", we get

(x,a) — /b(m’)Q(dm’\x,a)

is continuous. If v is bounded and continuous, then the functions v — ||v|| and
—v — ||v|| belong to IB;" and are upper semicontinuous. Hence the function
(z,a) — [v(2")Q(d2’|z,a) is continuous. O

2.4.2 Continuous Markov Decision Models

Next we investigate when the Structure Assumption (SAy) is satisfied with
IM,, being a subset of continuous functions.

Proposition 2.4.8. Let v € B;r be continuous. Suppose the following as-
sumptions are satisfied:

(i) Dp(x) is compact for all x € E and x — Dy(x) is continuous,
(ii) (z,a) — Lyv(x,a) is continuous on D,,.

Then Tpv is continuous and there exists a maximizer f, € F, of v. If v has
a unique maximizer f, € F, at time n, then f, is continuous.

Proof. We use the same notation as in the proof of Proposition 2.4.3. In view
of Proposition 2.4.3 it is sufficient to show that w* is lower semicontinuous, i.e.
that w*(zg) < limy,— o w*(x,) for each sequence (z,) C E which converges
to zg € E and for which lim,,_, w*(x, ) exists. We know by assumption that
w*(zg) = w(xo, ao) for some ag € D(x¢). Since © — D(x) is continuous, there
exists a subsequence (x,, ) of (z,) and a sequence of points a,, € D(zy,)
converging to ag. Hence we have (x,, ,an,) — (2o, a0). It follows from the
continuity of w that

w*(zg) = w(zg, ap) = lim w(zp,,an,) < klim w(xp,,) = Im w*(zy,).

k—o0 —00 n— o0

Since x — D(x) is upper semicontinuous, D is closed and it follows that

D* :={(x,a) € D | w(z,a) = w*(x)}
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is a closed subset of D. Then we obtain that x — D*(x) is also upper semi-
continuous. Thus, if v has a unique maximizer f,, i.e. D} (z) = {fn(z)} for
all x € E, then f,, must be continuous. O

Remark 2.4.9. If A C R, then the smallest (largest) maximizer of v is lower
semicontinuous (upper semicontinuous). This can be seen as follows: If A C R,
then  — f(x) := max D*(x) is the largest maximizer. Choose xg,z, € FE
such that z, — zo and the limit of (f(x,)) exists. Since a, = f(z,) €
D*(z,,) and z — D*(z) is upper semicontinuous, (a,) has an accumulation
point in D*(x¢) which must be lim,,_,o f(z,). It follows that

lim f(mn) < maXD*(‘rO) = f(‘TO);

n—oo
i.e. the largest maximizer is upper semicontinuous. In the same way it can
be shown that the smallest maximizer is lower semicontinuous. O

It is now rather straightforward that the following conditions on the data
of a Markov Decision Model imply by using Proposition 2.4.8 that (SAy) is
satisfied and that Theorem 2.3.8 is valid.

Theorem 2.4.10. Suppose a Markov Decision Model with upper bounding
function b is given and for allm =0,1,...,N — 1 it holds:

(i) Dy () is compact for all x € E and x — Dy, (x) is continuous,
(ii) (z,a) — [v(z)Qn(da'|z,a) is continuous for all continuous v € B,
(iii) (z,a) — rn(z,a) is continuous,
(iv) z — gn(z) is continuous.
Then the sets M, := {v € B} | v is continuous} and A, := F, satisfy the

Structure Assumption (SAn ). If the mazimizer of V,, is unique, then A, can
be chosen as the set of continuous functions.

2.4.3 Measurable Markov Decision Models

Sometimes the Structure Assumption (SAy) can be fulfilled with IM,, = IB;".
For this case the following result is useful.

Proposition 2.4.11. Letv € B;r and suppose the following assumptions are
satisfied:

(i) Dp(x) is compact for all x € E,
(ii) @ — Lpv(zx,a) is upper semicontinuous on D, (x) for all x € E.

Then T,v is measurable and there exists a mazximizer f, € F, of v.
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Proof. We use the same notation as in the proof of Proposition 2.4.3. Let
a € R. Tt is sufficient to prove that {x € E | w*(x) > a} is a Borel set. But

{reElw"(z)>a} ={reFE|wxa)>aforsomeac D(x)}
= projg{(z,a) € D | w(z,a) > a}.

This set is Borel by a result of Kunugui and Novikov (see Himmelberg et al.
(1976)), since D is Borel with compact values (i.e. compact vertical sections)
and {(z,a) € D | w(z,a) > a} is a Borel subset of D with closed (and
therefore compact) values. Actually, Kunugui and Novikov prove that the
projection of a Borel subset of £ x A with compact values is a Borel subset
of E. The existence of a maximizer can be shown in the same way as in the
proof of Proposition 2.4.3. a

Remark 2.4.12. a) If A is countable and D, (x) is finite for all z € E, then
both assumptions (i) and (ii) of Proposition 2.4.11 are fulfilled.

b) Condition (i) in Proposition 2.4.11 can be replaced by: For all z € F the
level set {a € D, (z) | Lyv(z,a) > ¢} is compact for all ¢ € R. O

The following theorem follows directly from Proposition 2.4.11. In particular
the main result (Theorem 2.3.8) holds under the assumptions of Theorem
2.4.13.

Theorem 2.4.13. Suppose a Markov Decision Model with upper bounding
function b is given and for alln =0,1,..., N — 1 it holds:

(i) Dy () is compact for all x € E,
(ii) a — [v(2")Qn(d2'|z,a) is upper semicontinuous for all v € B, and
forallx e E,
(iii) @ — rn(x, a) is upper semicontinuous for all x € E.

Then the sets M, := B;' and A, := F,, satisfy the Structure Assumption
(SAn).

In a more general framework one can choose IM,, as the set of upper semian-
alytic functions (see Bertsekas and Shreve (1978)). But of course, one wants
to choose IM,, and A,, as small as possible.

2.4.4 Monotone and Convexr Markov Decision Models

Structural properties (e.g. monotonicity, concavity and convexity) for the
value functions and also for the maximizers are important for applications.



2.4 Structured Markov Decision Models 35

Results like these also simplify numerical solutions. In order to ease the ex-
position we assume now that £ C R? and A € R™ endowed with the usual
preorder < of componentwise comparison e.g. x < y for z,y € R? if x;, < yp
fork=1,...,d.

Theorem 2.4.14. Suppose a Markov Decision Model with upper bounding
function b is given and for allmn =0,1,...,N — 1 it holds:

(i) Dy (+) is increasing, i.e. x < ' implies Dy (x) C Dy (2'),

(ii) the stochastic kernels Qn(-|z,a) are stochastically monotone for all a €
D, (), i.e. the mapping x — [v(2")Qn(dz'|z,a) is increasing for all
increasing v € B, and for all a € D, (),

(iii) @ +— rp (2, a) is increasing for all a,

(iv) gn is increasing on E,

(v) for all increasing v € B;' there exists a mazimizer f, € A, of v.

Then the sets M, := {v € IB;" | v is increasing} and A, satisfy the Structure
Assumption (SAN).

Proof. Obviously condition (iv) shows that gy € IMy. Let now v € M, 41.
Then conditions (ii) and (iii) imply that « — L,v(z, a) is increasing for all a.
In view of (i) we obtain 7,v € IM,,. Condition (v) is equivalent to condition
(iii) of (SAn). Thus, the statement is shown. O

It is more complicated to identify situations in which the maximizers are
increasing. For this property we need the following definition.

Definition 2.4.15. A set D C E x A is called completely monotone if
for all points (z,d'),(2',a) € D with z < 2’ and a < o’ it follows that
(z,a),(2',a') € D.

An important special case where D is completely monotone is given if D(x)

is independent of x. If A = R and D(z) = [d(x),d(z)]. Then D is completely

monotone if and only if d: F — R and d : E — R are increasing.

For a definition and properties of supermodular functions see Appendix A.3.

Proposition 2.4.16. Letv € B;r and suppose the following assumptions are
satisfied where DX (x) := {a € Dy(z) | Lyv(x,a) = Tyv(x)} for x € E:

(i) Dy, is completely monotone,
(ii) Lpv is supermodular on D,
(iii) there exists a largest maximizer f) of v i.e. for all x € E it holds:
fi(x) > a for all a € D} (x) which are comparable with f(z).

Then f} is weakly increasing, i.e. x < ' implies f}(x) < f*(2'), whenever

fi(x) and fr(a') are comparable.
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Proof. Suppose that f is not increasing, i.e. there exist z, 2’ € F with z <z’
and f¥(z) =:a > d' := f}(2'). Due to our assumptions (i) and (ii) we know
that (x,a’), (2',a) € D, and

(Lnv(z,a") — Lpv(z,a)) + (Lpv(a’,a) — Lyv(a’,a’)) > 0.

Since @ is a maximum point of b — L,v(z,b) and @’ is a maximum point of
b — Lyv(z’,b) the expressions in brackets are non-positive. Thus, we must
have Lpv(z',a’) = Lyv(z’,a) which means in particular that a is also a
maximum point of b — L,v(z’,b). But this contradicts the definition of f*
as the largest maximizer of v, and the statement follows. a

Remark 2.4.17. a) A similar result holds for the smallest maximizer of v.
b) If we reverse the relation on the state or the action space we obtain con-
ditions for weakly decreasing maximizers. O

If our Markov Decision Model fulfills all assumptions of Theorem 2.4.14 and
Proposition 2.4.16, then

M, := {v € B | vis increasing}
A, :={f € F, | f is weakly increasing}
satisfy the Structure Assumption (SAy).

Of particular interest are concave or convex value functions.

Proposition 2.4.18. Letv € B;r and suppose the following assumptions are
satisfied:

(i) Dy, is convex in E x A,
(ii) Lpv(z,a) is concave on D,.

Then T,v is concave on E.

Proof. First note that 7,v(z) < oo for all x € E and that E is convex. Let
z,2’ € E and a € (0,1). For € > 0 there exist a € D,,(z) and o' € D,(2')
with

Lyv(z,a) > Tv(x) — e,

Lyv(z',ad") > Thu(z') —e.
The convexity of D,, implies
a(z,a) + (1 —a)(2',d’) € D,

which means that ca + (1 — a)a’ € Dy(ax + (1 — a)z’). Hence by (ii)
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Tow(az + (1 —a)z’) > Lyv(az + (1 — )2’ aa + (1 — a)d’)
> aLyv(z,a) + (1 — a)Lyv(x,a’)
> aT,v(z) + (1 — a)Tv(@’) —e.

This is true for all € > 0, and the statement follows. a

Proposition 2.4.18 now directly implies that the following conditions on the
data of the Markov Decision Model guarantee that (SAy) is satisfied with
the set IM,, being a subset of concave functions.

Theorem 2.4.19. Suppose a Markov Decision Model with upper bounding
function b is given and for alln =0,1,..., N — 1 it holds:

(i) Dy, is convex in E x A,
(ii) the mapping (z,a) — [v(z")Qn(dz'|z,a) is concave for all concave
v E B;',
(iii) (z,a) — rp(x,a) is concave,
(iv) gn is concave on E,
(iv) for all concave v € IB;" there exists a maximizer f, € A, of v.

Then the sets M, := {v € ]B;' | v is concave} and A, satisfy the Struc-
ture Assumption (SAN ).

Remark 2.4.20. If A =R and D(r) = [d(z),d(z)] then D is convex in ' x A
if and only if E is convex, d : E — R is convex and d : E — R is concave. ¢

Proposition 2.4.21. Let v € ]Bb+ and suppose that the following assump-
tions are satisfied:

(i) E is convex and D,, := E x A,
(ii) © — Lyv(x,a) is conves for all a € A.

Then T,v is conver on E. If moreover A is a polytope and a — L,v(x,a) is
convex for all x € E, then there exists a so-called bang-bang mazimizer f
of v at time n, i.e. f(x) is a vertex of A for all x € E.

Proof. The first statement follows from the fact that the supremum of an
arbitrary number of convex functions is again convex (because 7,v < 00).
Now if A is a polytope, the convex function a +— L,v(x,a) attains its supre-
mum in a vertex and the set of all maximum points of a — L, v(z,a) which
are vertices, is finite for all x € E. Then, by applying the Selection Theorem
A.2.3, we obtain the second statement. O
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Proposition 2.4.21 now directly implies that the following conditions on the
data of the Markov Decision Model guarantee that (SAy) is satisfied with
the set IM,, being a subset of convex functions.

Theorem 2.4.22. Suppose a Markov Decision Model with upper bounding
function b is given and for alln =0,1,..., N — 1 it holds:

(i) E is conver and D,, := E x A,
(ii) for all conver v € JB s x o= [o(@)Qn(da |z, a) is convex for all
ac€ A,
(iii) @ +— 1y (z,a) is convex for all a € A,
(iv) gn is conver,
(v) for all convex v € ]B;' there exists a mazrimizer f, € A, of v.

Then the sets M, := {v € B} | v is convez} and A, satisfy the Structure
Assumption (SAn).

2.4.5 Comparison of Markov Decision Models

When the value functions of a Markov Decision Model have one of the prop-
erties of the last section (e.g. monotonicity, convexity, concavity), then it is
possible to discuss the qualitative influence of the transition kernel on the
value function. More precisely, we want to know in which direction the value
function changes, if the transition kernel Q,,(-|z, a) is replaced by Q,(-|z, a).
To this end, denote

Mg :={ve B;‘ | v is increasing}
M., = {v € B} |vis concave}
M., := {v € B | vis convex}.

We denote by (f/n)~ the value functions of the Markov Decision Model with
transition kernels @,,. In the following theorem we use stochastic orders for
the transition kernels (see Appendix B.3 for details).

Theorem 2.4.23. Suppose a Markov Decision Model with upper bounding
function b is given which satisfies the Structure Assumption (SAy ) with the
set IMS where o € {st,cv,cx}. If for alln=0,1,...,N — 1

Qn('|737a) <6 Qn('|l'7a), fO?” all (x,a) cD

then V, <V, forn=0,1,...,N —1.
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The proof follows directly from the properties of the stochastic orders (see
Appendix B.3).

2.5 Stationary Markov Decision Models

In this section we consider stationary Markov Decision Models, i.e. the data
does not depend on n and is given by (F, A, D,Q,r,,gn) with r, := ™,
gy = Ngand B € (0,1].

We denote by F' the set of all decision rules f : E — A with f(x) € D(x) for
x € E. Then F¥ is the set of all N-stage policies m = (fo,..., fn_1)-

The expected discounted reward over n stages under a policy m € F™ is given
by

n—1
Inr(x) = E3 ZﬂkT(Xk, fk(Xk)) +8"9(Xn)|, Te€E
k=0

when the system starts in state € E. The maximal expected discounted
reward over n stages is defined by

Jo(z) = g(x)
JIn () == sup Jpr(x), z€ E, 1<n<N.
TeF™

In order to obtain a well-defined stochastic optimization problem we need
the following integrability assumption (see Section 2.2):

Assumption (Ay): Forx € E

N-1

on(z) :=supEZ Z BErH (X, fr(Xk)) + BV gt (Xn) | < oo
T k=0

Remark 2.5.1. Since 8y :== g7 < §,_1 < 8, < Iy and
6N =p"N_n, mn=0,1...,N,

the Integrability Assumption (A ) is equivalent to the integrability assump-
tion in Section 2.2 when we have a stationary Markov Decision Model. ¢

As explained in Section 2.4 it is convenient to show that (Ay) is satisfied
by proving the existence of an upper bounding function. The definition of
an upper bounding function for a stationary Markov Decision Model is as
follows.
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Definition 2.5.2. A measurable mapping b : E — R, is called an upper
bounding function for the stationary Markov Decision Model if there exist
cr,Cq,0p € Ry, such that:

(i) r+(x, a) < ¢.b(z) for all (z,a) € D,

(ii) gt (x ) < ¢gb(z) for all z € E,

(iii) [ b(2")Q(dx'|z,a) < apb(z) for all (x,a) € D.

If the stationary Markov Decision Model has an upper bounding function
b, then we have dy € IB, and the Integrability Assumption (Ay) is sat-
isfied (cf. Proposition 2.4.2). Obviously every stationary model is a special
non-stationary model. We obtain the following relation between the value
functions J,, and V,,:

Valz) =p"In_n(z), z€FE, n=0,1,...,N.

But on the other hand, every non-stationary Markov Decision Model can
be formulated as a stationary one. The idea is to extend the state space by
including the time parameter.

As in Definition 2.3.1 we introduce the following operators for v € M (E):

Lo(z,a) = r(x,a) +ﬁ/ Q(dz'|z,a), (z,a) € D,

Tyv(z) := Lo(z, f(z)), z€E

Tou(z) := esglé) )Lv(:ma), x € L.

T is called the mazimal reward operator. The reward iteration reads now as
follows.

Theorem 2.5.3 (Reward Iteration). For m = (fo,..., fn_1) it holds:

Jnﬂ' = 7}0 o '7}71—19'

The Structure Assumption (SAy) has to be modified for stationary Markov
Decision Models.

Structure Assumption (SAy):There exist sets M C IM(E) and A C F
such that:

(i) ge M.
(ii) Ifv € M then Tv(z) is well-defined and Tv € M.
(iil) For all v € IM there exists a mazimizer f € A of v, i.e.

Trv(x) =Tv(z), z€FE.
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The main Theorem 2.3.8 about the recursive computation of the optimal
value functions has now the following form.

Theorem 2.5.4 (Structure Theorem). Let (SAn) be satisfied.
a) Then J, € IM and the Bellman equation J, = T J,_1 holds, i.e.

Jo(z) = g(x)
In(x) = aesg;()m) {r(m,a) + ﬁ/Jnfl(m )Q(dx x,a)} , xz€kE.

Moreover, J, = T"g.

b) Forn=1,...,N there exist mazimizers [} of J,—1 with f} € A, and
every sequence of mazimizers f of Jn—1 defines an optimal policy
(frrs-- -5 fT) for the stationary N-stage Markov Decision Model.

In many examples we will see that the Structure Assumption is naturally ful-
filled. For some conditions which imply (SAx) see Section 2.4. The simplest
case arises when both E and A are finite. Here the Structure Assumption
(SAn) is satisfied with IM := {v : E — R} because every function is mea-
surable and maximizers exist. Moreover, the transition kernel has a discrete
density and we denote

q(@'|z, a) = Q{z'}|z,a)

for z,2’ € E and a € D(x).

Analogously to the non-stationary case, Theorem 2.5.4 gives a recursive al-
gorithm to solve Markov Decision Problems. Due to the stationarity of the
data however, it is not necessary to formulate the algorithm as a backward
algorithm.

Forward Induction Algorithm.
1. Set n:=0 and for z € E:
Jo(x) = g(z).

2. Set n :=n + 1 and compute for all x € E

Jn(x) = sup {r(x,a)+/Jn_1(w')Q(dw'|1:,a)}.

a€D(x)

Compute a maximizer f¥ of J,_i.
3. If n = N, then the value function Jy is computed and the optimal
policy 7* is given by 7* = (f%, ..., f). Otherwise, go to step 2.
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The induction algorithm computes the n-stage value functions and the op-
timal decision rules recursively over the stages, beginning with the terminal
reward function. We illustrate this procedure with the following numerical
example which is known as Howard’s toymaker in the literature.

Ezample 2.5.5 (Howard’s Toymaker). Suppose a Markov Decision Model is
given by the following data. The planning horizon is N = 4. The state space
consists of two states E = {1,2} as well as the action space A = {1,2}. We
have no restriction on the actions, i.e. D(z) = A. The reward is discounted by
a factor § € (0,1) and the one-stage reward is given by r(1,1) =6, r(2,1) =
=3, r(1,2) = 4, r(2,2) = —5. The terminal reward is g(1) = 105, ¢g(2) = 100.
The transition probabilities are denoted by the following matrices (see Figure
2.2)

0.50.5 0.80.2

a(l1) = q(,2) =
0.40.6 0.7 0.3

Note that g(:|-,1) gives the transition probabilities if action a = 1 is chosen
and ¢(+|,2) gives the transition probabilities if action a = 2 is chosen.

action a=1 action a=2
0,5 0,6 0.8

0.4 o .

0,5

0,3

0,2

Fig. 2.2 Transition probabilities of Howard’s toymaker.

The result of the computation with 3 = 0.98 is shown in Table 2.1. By D (z)
we denote the set

D} (z) := {a € D(x) | a maximizes b+ r(z,b) + Z q(2 |z, b) Jp—1(z")}.
z’'eE

In particular, the value function of the 4-stage problem is given by
J4(1) = 106.303 and J4(2) = 96.326.

Moreover, if Ag := Jo(1) — Jo(2) > 0 then the following Turnpike Theorem
can be shown:

o If B < 23, then there exists an N* = N*(8, Ag) € N such that
D (1) =D}(2) ={1} forn > N* and 2 € D} (1) = D} (2) for n < N*.
o If 5> g—g, then there exists an N* = N*(3, Ay) € N such that
Dx(1)=Dx(2) ={2} forn > N* and 1 € D}(1) = D%(2) for n < N*.
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0[Jn(1)  Jn(2) Di(L) Di(2)
0[105 100

1106.45 96.96 1 1
2[106.461 96.531 2 2
3[106.385 96.412 2 2
4]106.303 96.326 2 2

Table 2.1 Computational results of the Backward induction algorithm.

o If 5= gg, then

Dz (1) #(2) = {1} forallpn e N if Ay < 3
Di(1)=D;(2)=A foralln e N if Ag= §9
Di(1) = D;(2) = {2} foralln e N if Ay > 2. ¢

The following Markov Decision Model with random discounting has impor-
tant applications in finance and insurance.

Ezample 2.5.6 (Random Discounting). Suppose a stationary Markov Decision
Model (E, A, D,Q,3"r, 3N g) is given. Sometimes the discount factors for
the stages vary randomly. Here we assume that the (non-negative) discount
factors (3,) form a Markov process, given by a transition kernel Q°(B|y) and
Bo is given. We suppose that (8,,) is independent of the state process. (Also
the more general case where (3,,) depends on the state process can be dealt
with.) Then we are interested in finding the maximal expected discounted
reward over all policies 7 € FV, i.e. we want to maximize the expression

Z (H B1)7 (X, fo ﬂo,...,ﬂn_l,Xn)H(Nf[lﬂk)mXN)], € B,
k=0

Of course we assume that the Markov process (8,) can be observed by the
decision maker and thus the decision rules are allowed to depend on it. This
problem can again be solved via a standard Markov Decision Model by ex-
tending the state space E. Let us define:

o F:=Ex [0,00) x [0, 00) where (z,(,0) € E denotes the state z, the new
discount factor 8 and the product § of the discount factors realized so far,
° [1 A,
(m7576) D(z) for all (z,3,0) €
e Q(B x By x By|z,$3,8,a) = Q(B\a: a) ® Q°(B1|B) ® 15,(0 - B) for all
(z,/3,0) € E and suitable measurable sets B, By, By,
#((z,3,0),a) = ér(z,a) for all (z,8,0) € E,
9(z, B,6) = dg().

Then the maximal reward operator for v € M (E) is given by
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To(z,0,6) = sup {ar<x,a> + [ Qi) [ Qﬂ<dy’ﬂ>v<x',yxam}

a€D(x)

and the solution of the preceding problem with random discounting is given
by the value
JN('ra ﬂoﬂ 1) = TNg(.I" ﬂOa 1)

Note that the optimal decision rule at time n depends on z,,, and the
product of the discount factors 6§, = HZ;& Ok ¢

2.6 Applications and Examples

In this section we collect some applications of the theory presented so far.
Further examples with a focus on financial optimization problems can be
found in Chapter 4.

2.6.1 Red-and-Black Card Game

Consider the following simple card game: The dealer uncovers successively
the cards of a well-shuffled deck which initially contains by black and r¢ red
cards. The player can at any time stop the uncovering of the cards. If the
next card at the stack is black (red), the player wins (loses) 1 Euro. If the
player does not stop the dealer, then the colour of the last card is decisive.
When the player says stop right at the beginning then the probability of
winning 1 Euro is obviously bfi%o and her expected gain will be Zf)ﬁl The
same holds true when the player waits until the last card. Is there a strategy
which yields a larger expected gain? The answer is no! We will prove this by
formulating the problem as a stationary Markov Decision Model. The state
of the system is the number of cards in the stack, thus

E:={x=(br) € NG [ b<bo,r <70}

The state (0,0) will be absorbing, thus in view of Example 2.3.13 we define
G = {(0,0)} as the set of absorbing states. Once, we have entered G the
reward is zero and we stay in G. For z € E and = ¢ {(0,1),(1,0)} we have
D(z) = A = {0,1} with the interpretation that a = 0 means ‘go ahead’
and a = 1 means ‘stop’. Since the player has to take the last card if she
had not stopped before we have D((0,1)) = D((1,0)) = {1}. The transition
probabilities are given by
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a((br=1) | (0,7),0) == ——, 7 >1,6>0

q((b=1,7) | (b,7),0) :=rib, r>0,b>1 (2.1)
q((0,0) | (b,7),1) :==1, (br)€E
q((0,0)] (0,0),a) :==1, a€A

The one-stage reward is given by the expected reward (according to Remark
2.1.2),

r((b,r),1) := 2—7—: for (b,7) € E\ G,

and the reward is zero otherwise. Finally we define

b—r
b+r

g(b,r) = for (b,r) €e E\G
and ¢((0,0)) = 0. We summarize now the data of the stationary Markov
Decision Model.

o F:={z = (byr) € N2 | b < by,7 < ro} where z = (b,7) denotes the
number of black and red cards in the stack,

A :={0,1} where a = 0 means ‘go ahead’ and a = 1 means ‘stop’,

D(z) = Afor z ¢ {(0,1),(1,0)} and D((0,1)) = D((1,0)) = {1},

the transition probabilities are given by equation (2.1),

the one-stage reward is 7 (x, 1) = ZI—: for x = (b,r) € E\G and 0 otherwise,
g(x) = % for x = (b,7) € E\ G, ¢((0,0)) =0,

N :=7r9g+by and 3 := 1.

Since E and A are finite, (Ay) and also the Structure Assumption (SAy) is
clearly satisfied with

M:={v:E—-R|vx)=0forz € G} and A:=F.

In particular we immediately know that an optimal policy exists. The maxi-
mal reward operator is given by

To(b,r) = max{z;: , r:bv(r—Lb)—&—%:_bv(nb—l)} forb+r > 2,
To(1,0) := 1,

Tv(0,1) :== —1,

Tv(0,0) := 0.

It is not difficult to see that g = Tg. For x = (b,r) € E with r + b > 2 the
computation is as follows:
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b—r r b
—1 — —1
r+bg(7’ ,b) + r+b9(nb )}

e b—r r b—r+1+ b b—r—1
- + r+b r+b—1 r+b r+b-1

b—r b—r
—max{b+r b+r} = g(b, 7).

(=
<

Since both expressions for a = 0 and a = 1 are identical, every f € F is a
maximizer of g. Applying Theorem 2.5.4 we obtain that J, = 7"g = g and
we can formulate the solution of the card game.

Theorem 2.6.1. The maximal value of the card game is given by

by — 710

Jro+b0 (b07 TO) = g(bo’ TO) - bo + 7‘0’

and every strategy is optimal.

Thus, there is no strategy which yields a higher expected reward than the
trivial ones discussed above. Note that the game is fair (i.e. Jx(bg,709) = 0)
if and only if g = bg.

2.6.2 A Cash Balance Problem

The cash balance problem involves the decision about the optimal cash level
of a firm over a finite number of periods. The aim is to use the firm’s liquid
assets efficiently. There is a random stochastic change in the cash reserve each
period (which can be both positive and negative). Since the firm does not earn
interest from the cash position, there are holding cost or opportunity cost for
the cash reserve if it is positive. But also in case the cash reserve is negative
the firm incurs an out-of-pocket expense and has to pay interest. The cash
reserve can be increased or decreased by the management at the beginning
of each period which implies transfer costs. To keep the example simple we
assume that the random changes in the cash flow are given by independent
and identically distributed random variables (Z,,) with finite expectation. The
transfer cost are linear. More precisely, let us define a function ¢ : R — R
by
c(z) = cuz +cgz”

where ¢, c¢q > 0. The transfer cost are then given by ¢(2) if the amount z is
transferred. The cost L(z) have to be paid at the beginning of a period for
cash level x. We assume that

e L:R—R,, L(0)=0,
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e 1z — L(z) is convex,
L(z)

o lim, o Ta = 00

This problem can be formulated as a Markov Decision Model with distur-
bances (Z,) and with state space E := R, where the state x € F is the
current cash level. At the beginning of each period we have to decide upon
the new cash level a € A := R. All actions are admissible, i.e. D(z) := A.
The reward is then given as the negative cost r(z,a) :== —c(a — z) — L(a) of
transfer and holding cost. The transition function is given by

T(z,a,2z):=a—2z

where z is a realization of the stochastic cash change Z,,;;. There is no
terminal reward, i.e. ¢ = 0 and cost are discounted by a factor 8 € (0, 1].
The planning horizon N is given. We summarize the data of the stationary
Markov Decision Model:

e F := R where z € E denotes the cash level,

e A:=R where a € A denotes the new cash level after transfer,
e D(x):= A,

e Z :=R where z € Z denotes the cash change,

e T(zx,a,2):=a—z,

e Q%(-|z,a) := distribution of Z,,1 (independent of (x,a)),

e r(z,a):=—cla—z)— L(a),

e g=0,

e 3€(0,1].

Obviously the reward is bounded from above, i.e. b = 1 is an upper bounding
function. In what follows we will treat this problem as one of minimizing cost
which seems to be more natural. The minimal cost operator is given by:

To(z) == min{ inf {(a —2)ey + L(a) + BEv(a — Z)}, (2.2)

a>x

L(z) + BEv(z — 2), (2.3)

a<x

inf {(x—a)cd—FL(a)—Fﬂ]Ev(a—Z)}} (2.4)

where Z := Z;. We will next check the Structure Assumption (SAy). Thus,

we first have to find a reasonable set M. Looking at 7v we choose the Ansatz:
M :={v: E— Ry |vis convex and v(z) < ¢(—z) + d for some d € R, }.

Moreover, we will see below that the set of minimizers is of a special form.
Obviously 0 € M. Now let v € IM and define the functions
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hy(a) :=(a — x)cy + L(a) + fEv(a — Z),
ha(a) := (x —a)eq + L(a) + BEv(a — Z).

By the definition of IM both functions are finite on R, since for a € A we
obtain

Eva—2)<d+Ec(Z—-a) <d+Ela— Z|(cy + cq) < 0.

Also both functions are convex and lim|,| o hu(a) = lim|q| o ha(a) = oo.
Thus, both have a well-defined finite minimum point. Moreover, the convexity
implies that the right- and left-hand side derivative at each point exist. A
minimum point is characterized by a non-negative right-hand side derivative
and a non-positive left-hand side derivative. Thus, we define

. ot

S_ :=inf {a ER| %hu(a) > 0}7
o

St = sup {a ER| %hd(a) < 0},

where g—+h and %—;h denote the right- and left-hand side derivative respec-

a
tively. Since hy(a) — hg(a) = (a — x)(cy + ¢q) is increasing in a, we have
S_ < Sy. It is important to note that S_ and Sy do not depend on z. In
order to determine a minimum point of 7v we distinguish three cases:

(i) =z < S_:In this case the infimum of (2.4) is obtained if we plug in a = x
and thus the values of (2.4) and (2.3) are equal. However, the infimum of
(2.2) is attained in @ = S_ and is less or equal to the value of (2.3) since
ho(S-) < hy(z) = L(z) + BEv(z — Z).

(i) S_ <z < S;: Here the minimum values of the three expressions are
equal and a = x is the global minimum point.

(ili) Sy < z: This case is analogous to the first one and the global minimum
is attained in @ = S.

Hence we have shown that a minimizer f* exists and is of the form

S_ ifxz<S_
fflx)y=<9 o ifS_<ax<S, (2.5)
S+ lf.I‘ > S+.

This means that if the cash level is below S_, sell enough securities to bring
the cash level up to S_. If the cash level is between the limits do nothing,
and if the cash level is above S, buy securities to reduce the cash level to
this critical level. Note that S, and S_ depend on v. As a consequence we
define
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A= {f eF ‘ there exist S_,5; € R with

S_ <S4 and f is of the form (2.5)}.

Inserting the minimizer gives

(S —x)ey + L(S_)+ BEw(S- — Z) ifx < S_
Tv(x) = L(z)+ SEv(x — Z) itS_ <z <S4
(x—Sy)ea + L(S1) + BEv(Sy — Z) ifx> S,

It is not difficult to verify that this function is again in M. First there exists
d € R4 such that Tv(z) < d+ ¢(—=). The convexity of 7v on the intervals
(—00,8-), (S=,54), (54,00) is also obvious. It remains to investigate the
points S_ and S, . Here we have to show that the left-hand side derivative is
less than or equal to the right-hand side derivative. Due to the definition of
S_ and S} we obtain

o+
Cu + %(L(x) +BEv(x — Z)) . >0
—cq + g—;(L(a:) +BEv(x — Z)) s, <0

since S_ and S, are the minimum points. This observation yields 7v € IM.
Thus, the Structure Assumption (SAy) is satisfied for M and A. Theorem
2.5.4 can be applied to the cash balance problem and we obtain the following
result.

Theorem 2.6.2. a) There exist critical levels S,— and Spy such that for
n=1,...,N
(Sn— —x)cy + L(Sp—) + BE Jp_1(Sn— — Z) ifx < Sp—
In(z) = L(x)+ BEJyp_1(x — Z) if Sp_ <x<Sny
((E - Sn+)Cd + L(Sn+) + ,B]E Jn71(5n+ - Z) ’Lfl' > Sn+.

with Jy = 0.
b) The optimal cash balance policy is given by (ff, ..., fy) where f} is
Sn— ifr < Sp—
folz) = z ifSp- <x < Sny (2.6)

Sn+ Zf(E > Sn+.

Note that the critical levels which determine the transfer regions (sell, buy,
do nothing) depend on n. Obviously the transfer cost imply that it is unlikely
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that many transfers occur. Hence the problem is sometimes also called
smoothing problem.

2.6.3 Stochastic Linear-Quadratic Problems

A famous class of control problems with various different applications are
linear-quadratic problems (LQ-problems). The name stems from the linear
state transition function and the quadratic cost function. In what follows
we suppose that E := R™ is the state space of the underlying system
and D,(z) := A := RY i.e. all actions are admissible. The state transi-
tion functions are linear in state and action with random coefficient matrices
Ay, By, ..., Ayn, By with suitable dimensions, i.e. the system transition func-
tions are given by

Tn(x7 a, An+17 Bn+1) = An+1x + Bn+la-

Thus, the disturbance in [n,n + 1) is given by Zp41 := (Ant1, Bny1). The
distribution of Z,, 11 is influenced neither by the state nor by the action, and
the random matrices Z1, Zs, ... are supposed to be independent but not nec-
essarily identically distributed and have finite expectation and covariance.
Moreover, we assume that E [B;lr +1QBn+1] is positive definite for all sym-
metric positive definite Q). Obviously we obtain a non-stationary problem.
The one-stage reward is a negative cost function

oz, a) = —z' Qua
and the terminal reward is
gn(z,a) = -z Qnx
with deterministic, symmetric and positive definite matrices Qq, Q1, ..., QN-

There is no discounting. The aim is to minimize

E;

N
ZXJQka]

k=0

over all N-stage policies w. Thus, the aim is here to keep the state of the
system close to zero. We summarize the data of the Markov Decision Model
with disturbances (Z,,) as follows.

e F:=R™ where x € F denotes the system state,

e A:=R?= D, (z) where a € A denotes the action,

e Z := Rmm x RO™4) where Z = (A, B) with values in Z denotes the
random transition coefficients of the linear system,
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T,(z,a,A, B) := Az + Ba,

e Q%(-|z,a) := distribution of Z,y; := (Ani1,Bny1) (independent of
(2,a)),

L4 T‘n(fE,a) = _xTana

o gn(z,0) = -2 Qnw,

o B:=1.

We have r < 0 and b = 1 is an upper bounding function. Thus, (Ay) is
satisfied. We will treat this problem as a cost minimization problem, i.e. we
suppose that V,, is the minimal cost in the period [n, N]. For the calculation
below we assume that all expectations exist. There are various applications
of this regulation problem in engineering, but it will turn out that problems
of this type are also important for example for quadratic hedging or mean-
variance problems. The minimal cost operator is given by

T.v(z) = inﬂg {mTQnm—i—]Ev(AnHm—i—BnHa)}.
a€Rd

We will next check the Structure Assumption (SAy). It is reasonable to
assume that M, is given by

M, = {v:R™ - R, | v(z) = 2 Qz with Q symmetric, positive definite}.

It will also turn out that the sets A,, := AN F,, can be chosen as the set of
all linear functions, i.e.

A:={f:E— A| f(z) = Cz for some C e RE™},

Let us start with (SAy)(i): Obviously 2'Qnz € IMy. Now let
v(z) = TQx € M, ;. We try to solve the following optimization prob-
lem

Tov(z) = inﬂgd {mTan + ]E’U(An+1.1‘ + Bn+1a)}
ac

= inﬂ{d {mTan +2"E [AIHQAnH]x +2:TE [AIHQBnH]a
ac

+ 0" E[B]1,QBaii]a}.

Since @ is positive definite, we have by assumption that E [B;{ +1QBn+1] is
also positive definite and thus regular and the function in brackets is convex
in a (for fixed z € E). Differentiating with respect to a and setting the
derivative equal to zero, we obtain that the unique minimum point is given
by

fo(r) = _(]E [BIHQBnH])_l E [BI+1QATL+1]1'~

Inserting the minimum point into the equation for 7,v yields
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7;17}(1') = mT (Qn + ]E[ArTLJrlQAnJrl] - ]E[AI+1QBTL+1] (]E[BI+1QBn+1])71

E [B;{HQARH]):E =2"Qux

where Q is defined as the expression in the brackets. Note that Q is symmetric
and since 2/Qz = Tv(x) > T Q,x, it is also positive definite. Thus Tv €
M, and the Structure Assumption (SAy) is satisfied for M, and A, =
ANF,. Now we can apply Theorem 2.3.8 to solve the stochastic LQ-problem.

Theorem 2.6.3. a) Let the matrices Qn be recursively defined by

QN = QN
Qn=Qu+E[A1Qni1An1]
—E [AT—LF+1Q71+1B71+1:| (]E [BI+1Qn+an+l] )_1 ]E[Brj+1@n+1An+l] .

Then Qn are symmetric, positive semidefinite and V,(x) = xTQnm for
r€eE.
b) The optimal policy (f,- .., fR_1) s given by

fa(z) = _(]E [BIHQ”HB"H]) E [BJ+1Qn+1An+1]JJ.

Note that the optimal decision rule is a linear function of the state and the
coefficient matrix can be computed off-line. The minimal cost function is
quadratic.

Our formulation of the stochastic LQ-problem can be generalized in different
ways without leaving the LQ-framework. For example the transition function
can be extended to

Tn (1’7 a, An+17 Bn+17 CnJrl) = An+1$ + Bn+1a + CnJrl

where C,, are vectors with random entries. Thus, the stochastic disturbance
variable is extended to Z,, := (4,,B,,Cy) with the usual independence
assumptions. Moreover, the cost function can be generalized to

N N-1

E; (Xk — b)) " Qu(Xe = bi) + > fulXe) " Qufu(Xi)

k=0 k=0

where Qj, are deterministic, symmetric positive semidefinite matrices and by
are deterministic vectors. In this formulation the control itself is penalized
and the distance of the state process to the benchmarks b, has to be kept
small. Note that in both generalizations the value functions remain of linear-
quadratic form.
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2.7 Exercises

Exercise 2.7.1 (Howard’s Toymaker). Consider Howard’s toymaker of

Example 2.5.5. Show the stated Turnpike Theorem by conducting the follow-

ing steps:

a) For a function v : E — R let Av := v(1) — v(2) and show for all a € A
that Lv(1,a) — Lv(2,a) = 9+ 0.18Av.

b) Show that AJ, = 93721 (0.18)F + (0.18)"AJy for n € N.

Exercise 2.7.2. Suppose a stationary Markov Decision Model with planning

horizon N is given which satisfies (Ay) and (SAy). We define J,, = 7"g and
Jn, = T™g for two terminal reward functions g, § € IM. Show:

a) For all k =1,..., N it holds:

N k
JIn — J < BN sup (9(z) — §(z)) + sup (J () — Jp_1( .
b) For all k =1,..., N it holds:
A A ~ Nik: .
In —Jp >N inf (9(z) — g(x)) + inf (Je(x) — Jo-1(z)) G
j=1

¢) The bounds for Jy in a) and b) are decreasing in k.

Exercise 2.7.3 (Card Game). Consider the following variant of the red-
and-black card game. Suppose we have a deck of 52 cards which is turned
over and cards are uncovered one by one. The player has to say ‘stop’ when
she thinks that the next card is the ace of spades. Which strategy maximizes
the probability of a correct guess? This example is taken from Ross (1983).

Exercise 2.7.4 (Casino Game). Imagine you enter a casino and are al-
lowed to play N times the same game. The probability of winning one game
is p € (0,1) and the games are independent. You have an initial wealth z > 0
and are allowed to stake any amount in the interval [0,z]. When you win,
you obtains twice your stake otherwise it is lost. The aim is to maximize the
expected wealth E7[X y] after N games.

a) Set this up as a Markov Decision Model.

b) Find an upper bounding function and show that (SAy) can be satisfied.

¢) Determine an optimal strategy for the cases p < %, p= % and p > %

d) What changes if you want to maximize E7[U(Xy)] where U : Ry — R is
a strictly increasing and strictly concave utility function?

Exercise 2.7.5 (LQ-problem). Consider the following special LQ-problem
(see Bertsekas (2005) Section 4.1 for more details): The transition function
is given by
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T,(z,a,2) == Apy12 + Bpyra+ 2

where z € R™,a € R? and A,,, B,, are deterministic matrices of appropri-
ate dimension. The disturbances Z1, Zs, ... are independent and identically
distributed with finite expectation and covariance matrix. The cost

N
zx;Qkxk]
k=0

E;

have to be minimized where the @, are positive definite.

a) Show that (Ax) and (SAy) are satisfied.
b) Show that the minimal cost-to-go function is given by

N
Vo(z) =2 Qox + > E[Z/QxZi], xzeR™
k=1

where

Qn = Qn
Qn = Qn + AI+1Qn+1An+1

~ ~ 1 ~
— A} 1Qn+1Bny1 (B 1Qni1Bnt1) B Qni1Ania

and the optimal policy (fg,..., fay_1) is given by

- -1 N
fi@) = =(BLu@uiBust)  BlLaQueiAniia.

¢) Let now Ay = A, By = B and Qi = @ for all k and consider the so-called
discrete Riccati equation

Qn =@
Qn=Q+ATQn1A— AT Qi1 B(BTQn1B) BT Quii A
Moreover, assume that the matrix
[B,AB, A’B, ..., AN71D]

has full rank. Show that there exists a positive definite matrix Q such that
lim,, o @, = Q. Moreover, @) is the unique solution of

Q=Q+ATQA—ATQB(BTQB) 'BTQA
within the class of positive semidefinite matrices.

Remark: The convergence of Qk in the case of stochastic coefficients is more
delicate.
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Exercise 2.7.6 (Binary Markov Decision Model). Suppose a stationary
Markov Decision Model is given with A = {0,1}. Such a model is called a
binary Markov Decision Model. We suppose that the reward functions r and
g are bounded. Define r(z,1) = ri(z) and r(z,0) = ro(x) for x € E. For
v : ' — R measurable and bounded and a € A we denote

(Qav)(x) := /U(y)Q(dy\x,a), ze€E.

a) Show that (Ax) and (SAy) are satisfied.
b) Show that the value function satisfies

Jn = maX{rO + ﬂQOJn—hrl + ﬂQlJn—l} = maX{LOJn—la th]n—l}~
¢) If we denote dy(x) = L1Jp—1(x) — LoJn—1(2),n € N,z € E show that
dns1 = L1LoJn—1 — LoL1Jn_1 + BQ1d, — BQod,, .

Exercise 2.7.7 (Replacement Problem). A machine is in use over several
periods. The state of the machine is randomly deteriorating and the reward
which is obtained depends on the state of the machine. When should the
machine be replaced by a new one? The new machine costs a fix amount
K >0.

We assume that the evolution of the state of the machine is a Markov process
with state space F = Ry and transition kernel ) where Q([z,00)|z) = 1. A
large state x refers to a worse condition/quality of the machine. The reward is
r(z) if the state of the machine is . We assume that the measurable function
r: E — R is bounded and for the terminal reward g = r. In what follows we
use the abbreviation

(Qu)(x) = / o(@)QUdr'z),  (Qov)(z) = / o()Q(dx'|0).

Note that (Qov)(x) does not depend on z!

a) Show that (Ax) and (SAy) are satisfied.
b) Show that the maximal reward operator is given by

To(z) = r(z) + max{8(Qv)(x), —K + B(Qov)(z)}, =z >0.

¢) Let dp(x) := —K + B(QoJn-1)(x) — B(QJn-1)(x),n € Nz € E. Show
that
dnr = —(1 = B)K — Qr — fQd,, + cn

where ¢, := BQoJ, — 32QoJn—1 is independent of z € E.
d) If r is decreasing and the transition kernel @ is stochastically monotone
prove that a maximizer f of J,,_; is of the form



56 2 Theory of Finite Horizon Markov Decision Processes

N | replace ifx>ak
Fal®) = {not replace if © <z,

for 7 € Ry. The value z, is called the threshold or control limit.

Exercise 2.7.8 (Terminating Markov Decision Model). Suppose a sta-
tionary Markov Decision Model with 8 = 1 is given with the following prop-
erties:

e There exists a set G C E such that r(z,a) = 0 and Q({z}|z,a) = 1 for all
xz € G and a € D(x).

e For all x € I there exists an N(x) < N such that P7(Xy(,) € G) =1 for
all policies 7.

Define J(z) := Jy(y)(z) for all x € E. Such a Markov Decision Model is
called terminating.

a) Show that J(z) = g(x) for x € G and J(z) =T J(x) for x ¢ G.

b) If f € F satisfies Ty J(x) = 7J(x) for x ¢ G and f(x) € D(z) arbitrary
for € G, then the stationary policy (f, f,..., f) € FY is optimal.

¢) Show that the Red-and-Black card game of Section 2.6.1 is a terminating
Markov Decision Model.

Exercise 2.7.9. You are leaving your office late in the evening when it sud-
denly starts raining and you realize that you have lost your umbrella some-
where during the day. The umbrella can only be at a finite number of places,
labelled 1,...,m. The probability that it is at place 7 is p; with Zzl p; = 1.
The distance between two places is given by d;; where i, j € {0,1,...,m} and
label 0 is your office. In which sequence do you visit the places in order to
minimize the expected length of the journey until you find your umbrella? Set
this up as a Markov Decision Problem or as a terminating Markov Decision
Model and write a computer program to solve it.

2.8 Remarks and References

In this chapter we consider Markov Decision Models with Borel state and
action spaces and unbounded reward functions. In order to increase the read-
ability and to reduce the mathematical framework (e.g. measurability and
existence problems) we introduce the Structure Assumption (SAy) and the
notion of an (upper) bounding function in Section 2.4. This framework is very
useful for applications in finance (see Chapter 4) where the state spaces are
often uncountable subsets of Euclidean spaces and the utility functions are
unbounded. A similar approach is also used in Schél (1990) and Puterman
(1994).

Section 2.4: Semi-continuous Markov Decision Models have been investi-
gated e.g. in Bertsekas and Shreve (1978), Dynkin and Yushkevich (1979)
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and Hernédndez-Lerma and Lasserre (1996). Properties of the value functions
like increasing, concave, conver and combinations thereof were first rigor-
ously studied in Hinderer (1985). For a recent paper see Smith and McCar-
dle (2002). Moreover, Hinderer (2005) and Miiller (1997) discuss Lipschitz-
continuity of the value functions. The fact that supermodular functions are
important for obtaining monotone maximizers was first discussed by Top-
kis (1978). Altman and Stidham (1995) investigate so-called binary Markov
Decision Models with two actions (e.g. in replacement problems) and derive
general conditions for the existence of threshold policies. The comparison re-
sults for Markov Decision Problems can been found in Miiller and Stoyan
(2002), see also Bauerle and Rieder (1997).

Section 2.6: The ‘Red-and-Black’ card game was presented by Connelly
(1974) under the name ‘Say red’. It can also be solved by martingale ar-
guments. Other interesting game problems and examples can be found in
Ross (1970, 1983). Heyman and Sobel (2004a,b) consider various stochastic
optimization problems in Operations Research, in particular cash balance
models, inventory and queueing problems. For a recent extension of the cash
balance problem, where the cash changes depend on an underlying Markov
process, see Hinderer and Waldmann (2001). Stochastic LQ-problems have
been investigated by many authors. For a comprehensive treatment see e.g.
Bertsekas (2001).
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