Membranes

Besides conductor paths, membranes are another special type of thin films. Mem-
branes are an important mechanical basic element in microtechnique. They are the
microscopic correspondence to macroscopic gaskets, bearings, and springs. They
are made of silicon, oxides, nitrides, glasses, polymers, and metals. Their thickness
typically is in the range of 0.5-500 um. Membranes which are thinner than 0.5 pm
are very hard to manufacture without holes and are generally not strong enough to
withstand usual loads. The upper limit is given by the fact that thicker membranes
are no longer a microscopic element. The lateral dimensions of membranes are
typically in the range between 100 pm and 10 mm. Again the lower limit is defined
by the possibilities of fabrication, while the upper limit is approximately the limit to
the macroscopic world. However, all equations discussed here are valid in the
macroscopic world also.

There are two types of membranes, which are frequently used in microtech-
nique: Thick membranes and thin membranes. A membrane is called thick when its
maximum deflection wq is much smaller than its thickness dy; and thin when the
deflection is larger than the thickness. So, a thick membrane may become a thin one
when the pressure drop rises and the deflection is increased. A thick membrane,
sometimes, is also called a plate. The shape of the deflection of a thick membrane is
determined by the bending moments acting especially at the rim where the mem-
brane is clamped to a frame or housing. Figure 19 shows the characteristic shape of
different types of membranes. As usual in microtechnique, the drawings are not to
scale; small dimensions are shown larger to make them visible in the vicinity of
larger ones. The deflection w of a circular thick membrane with radius Ry, is des-
cribed by the following equation [19]:

2 \2
w(r) = wo(l —r—>. (23)

When the membrane is deflected, its neutral fiber needs to become longer and
this strain generates some stress according to Hooke’s law. When the deflection
becomes much larger than the thickness of the membrane, the effect on the shape of
the membrane generated by the stress due to straining gets much larger than the

W.K. Schomburg, Introduction to Microsystem Design, RWTHedition, 29
DOI 10.1007/978-3-642-19489-4_6, © Springer-Verlag Berlin Heidelberg 2011



30 Membranes

Fig. 19 Thick, thin, and
flexible membrane,
respectively

effect of the bending moments. In this case, the bending moments may be neglected
in calculations. The deflection curve of a circular thin membrane adopts the shape
of a parabola and is described by the following equation:

w () = wo(l - i). 24)

A third membrane type is the flexible membrane, which is shown at the bottom of
Fig. 19. It is longer than the distance between the positions where its rim is clamped
and it is so thin that bending moments are of minor importance. There is no straining
along the neutral fiber and no residual stress. The deflection of such a membrane is
not defined. It behaves as a plastic bag which can be deformed with small forces and
retains this shape until further forces act on it. A flexible membrane may be used to
separate two fluids and to ensure that there is no pressure difference over the
membrane. It may also be used to limit the volume of a fluid because much pressure
is required when a certain displacement of the membrane shall be overcome.

The deflection of a circular thin membrane loaded by a constant pressure drop
Ap can be calculated from the equilibrium of forces at the rim. The absolute value
of the total force F, acting on the membrane is the pressure difference times the
membrane area nR%,I (cf. Fig. 20). This force is balanced by the force Fr of the
frame fixing the membrane at the circumference. The lateral components of this
force cancel out when summed over the entire rim of the membrane, because there
is no lateral movement of the membrane. The vertical components Fg, and F, , of
the force of the frame and the pressure drop, respectively, are in equilibrium:

F,, = Ap n R} = —F, = —om du 2 7 Ry sin (o). (25)
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Fig. 20 Cross-section of a
circular thin membrane
loaded with a pressure drop

The force of the frame in (25) is calculated from the membrane stress gy, times
the cross-section of the membrane around the circumference, which is the mem-
brane thickness dy; times the length of the circumference 2 m Ry, The vertical
component of the force of the frame is obtained by multiplying with the sine of the
angle at which the membrane touches the frame. For comparatively small angles o,
the sine is approximately the same as the tangent which is the slope of the
membrane at its rim and can be calculated as the derivative of the deflection
curve w(r) at the rim. Equation (25) becomes now:

0
Ap t Ry ~ —oy dy 2 t Rytan (2) = —op dy 2 7 RMG_‘: ) (26)

r=Ry

The deflection curve of the membrane is the parabola described by (24). Calcu-
lating the derivative of this, inserting in (26) and solving for the pressure drop
yields:
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The stress gy of the membrane consists of two parts, the residual stress oy,
which is already present when there is no deflection of the membrane, and the stress
op due to Hooke’s law generated by the deflection of the membrane. The latter part
can be calculated from the strains ¢g and et in radial and tangential direction,
respectively, generated by the deflection. According to Hooke’s law, the radial
strain is calculated with the following equation:

ER :% VM%:$(GR+VM GT). (28)

The first term in (28) is the strain generated by the radial stress or of the
membrane and the second term is due to the transverse strain generated by the
tangential stress o1 of the membrane. vy and Ey; denote Poisson’s ratio and
Young’s modulus of the membrane, respectively. The tangential strain &t is calcu-
lated accordingly to (28):
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Fig. 21 Length Lp, of a Lp,
parabola with a peak height I W,
wo and a base length 2 Ry

Radial strain is assumed to be constant over the entire membrane. This can be
adequate for thin membranes only, because bending moments, which result in
a strain change over the thickness of the membrane, are comparatively small and
may be neglected in thin membranes. Radial membrane strain is estimated by the
extension along the neutral fiber of the membrane which is necessary for deflection
(cf. Fig. 21). In formularies such as [21], the length Lp, of a parabola with
a comparatively small height w at its peak and a base length 2 Ry, is found to be:

2wi 2wl
Lp, ~ 2R 1+°—°>. 30
g M( 3Ry SR G0

Thus, the strain eg necessary to extend the base length to the length of the

parabola is:

2 W(z)
~N——r. 31
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The tangential strain of the membrane is currently unknown. Only two boundary
conditions can be determined:

1. Inthe center of the membrane, radial and tangential strains are equal because the
strain is not a function of direction at this position due to symmetry.

2. At the circumference, tangential strain is zero because the membrane is clamped
there and the frame does not allow any movements of the membrane.

In the following, the two ansatz-equations are made that either the first or the
second boundary condition would be fulfilled everywhere on the membrane. Later
the results obtained this way are compared with each other.

If tangential and radial strains are equal throughout the membrane (31), (28), and
(29) result in:

E
OR = €R . (32)
1-— VM
If tangential strain is assumed to be zero everywhere, we obtain:
E
OR = €r 5 (33)
1 — vy

For most materials, Poisson’s ratio is approximately 0.3. As a consequence, the
maximum change in the quantity (1—vy) versus (lvaz) is 11%. For polymers,



Membranes 33

Poisson’s ratio may approach 0.5 resulting in a ratio of 66%. For a general
understanding of the interrelationships, this is an approximation which is still
good enough.

Equation (31) is substituted in (32) and the total stress oy of the thin circular
membrane is obtained from the sum of the residual stress oy, and the stress
generated by the deflection of the membrane oy:

ZW% EM
OM =00+ — .
MTOOT IR, Tovy

(34)

This is introduced now to (27) resulting in an interrelationship between the
pressure drop Ap over a thin, circular membrane and its radius Ry, thickness dy;,
Young’s modulus Eyy, Poisson’s ratio vy, residual stress o, and deflection wy:

d 2w2 E
Ap4w°2M<co+—ﬂ M ) (35)
RM

Equation (35) is Cabrera’s equation which is frequently used to calculate
membrane deflections [22]. However, it is based on a rough approximation, and it
could have been assumed also that tangential strain is zero throughout the mem-
brane (33). As a consequence of this assumption, (35) would be:

W()dM 2W% EM )
Ap=4 oo+ = —0 . 36

The exact equation for thin, circular membranes was found by using finite
element methods (FEM) [23]. An ansatz with variable parameters was made for
the pressure drop Ap as a function of Poisson’s ratio and the parameters were
determined by a fit to the FEM result. The solutions for a circular and a square
membrane with an edge length ay are as follows.

Circular membrane

wo dm 2w} Ey
Ap=4"p” IR : 37
’ R (GO T 3R, 1,026~ 0.793vy — 0.233%%, @37

Square membrane

d 2 (1.446 — 0.427 v\)E
Ap = 13.6 0 M (Go + 161 ) M). (38)
ay, ay, I —vm

It should be noted that all the calculations above are for thin membranes only,
i.e., bending moments are not included. When a membrane is thick, however,
bending moments dominate the behavior of the membrane and the stress may be
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neglected for some cases. In the macroscopic world, the deflection of membranes is
very often dominated by bending moments; therefore, solutions for this problem
have existed for decades. These are the calculations for the deflection of plates,
commonly found in classical mechanics books. After solving these classic macro-
scopic differential equations, the following equations are found [19].

Circular membrane

16 &3, Eum 3 Ry 1 — vy
PR T, T ™76, Eu G
Square membrane
d3, Eum 1 ay, 1—v?
Ap = 66— = wop=— M 40
PO T T Y T 66 & Em “40)

In general, however, both bending moments and stress affect membrane deflec-
tions. If it is desired to take both into account, the Ritz method can be used to find
the resultant deflection [24]. In this approach, the potential energy of the membrane
is calculated as a function of one or more free parameters, which are obtained by
calculating the extremes of the energy function. A local minimum corresponds to
a stable equilibrium of the membrane, while a maximum is an unstable one.

In the following, the Ritz method is utilized in a simple example of the deflection
of a spring loaded with a mass mg (cf. Fig. 22). The potential energy V,, of the
system is the sum of the energy of the spring and the mass:

k
Vp = —mg g Wo +§W% (41)

The derivative of the potential energy is the force. Therefore, the extremes of
the potential energy correspond to the positions where the sum of the forces is zero,
i.e., the equilibrium of forces. The derivative of (41) with respect to the deflection
w of the spring is:

oV
—L2 =0 =Fg, +F = —mg g + kw. (42)
aWQ

Fig. 22 Equilibrium of
forces at a spring loaded with my FKu =-mg g,
a mass
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Solving this equation yields the deflection of the spring:

WwWo = mi ge. (43)

This result could have also been found by directly calculating the equilibrium of
forces, but with a more difficult problem, using the extremes of the potential energy
according to the Ritz method is much easier.

The potential energy of a membrane with thickness dy, radius Ry, Young’s
modulus Ey;, Poisson’s ratio vy, and deflection w can generally be calculated from
a differential equation. If membrane bending moments, residual stress, stress due to
straining, and the pressure drop are included, the equation takes the following form
in rectangular and polar coordinates, respectively [19]:
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The first term in the brackets of the two equations above corresponds to the
effect of the bending moments, the second to residual membrane stress in x- and y-,
(radial and tangential) directions, respectively, the third to the contribution of the
stress due to straining of the neutral fiber, and the last to the energy generated by
moving the membrane at the pressure difference.

Equations (44) and (45) are differential equations. In principle, the deflection
curve w(r) of the membrane would need to be found which yields the minimum
potential energy. An ansatz with free parameters was used instead of the unknown
deflection curve. This ansatz is chosen such that it describes the expected deflection
curve as good as possible. For a circular membrane with radius Ry; and center

deflection wy, an ansatz is made with a fourth-order polynomial with the free
parameters wo, ag, a;, a, a3, and ay:

()*W +ay——+ 57 + 73 +ag— (46)
w(r a a a a a .
o\ : Rwm ? RM : RI3I R41. 1

Some of the free parameters can be derived from boundary conditions: The slope
of the membrane at its center needs to be zero, i.e. the derivative of w(r) atr = 0
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needs to be zero; therefore a; = 0. Also, the deflection at the center of the membrane
is defined to be wy, resulting in ag = 1. Finally, the deflection at the rim and the slope
of the membrane at the rim are necessarily zero. Using these parameters, the following
equations are created:

a=a—3 and a3z =2 — 2a4. @7

As a consequence, w, and a4 are the only free parameters remaining, because a,
and a3 depend on a4, and (46) becomes:

I'2 r3 r4
M M M

where w is the center deflection of the membrane and a, is a measure of the
deflection shape of the membrane. The case when a, = 1 corresponds to a circular,
thick membrane [cf. (23) on page 29]. Figure 23 shows the deflection curve as a
function of the parameter a4. A thin membrane [(24) on page 30] would correspond to
the parabola shown in the figure. Obviously, a parabola cannot be perfectly modeled
by this ansatz, because the slope of a parabola is not zero at the rim. However, the
parabola is best approximated by the ansatz when a, is between 3 and 5.

The ansatz (48) is now differentiated and the results are inserted into (45). The
integral can then be calculated because the resulting function is simply a polyno-
mial. This calculation comprises a lot of simple steps which all bear the risk of
mistakes. Therefore, computer codes are used to perform the analytical calcula-
tions. The following equation is the result of such a code:

Budy Wi (,.6 7 dm ,(3 2 1,
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Fig. 23 Deflection curve of a
circular membrane calculated
with (48) as a function of the
parameter ay

Deflection w/w
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The equation above describes the potential energy of the membrane as a function
of the free parameters w, and a4. As before, we are looking for those values of the
parameters for which the potential energy is minimal. As usual, the minimum of
a function is found by calculating the zero of the derivative with respect to the
corresponding parameter, i.e. the following system of two equations needs to be
solved for wq and ay:

KAV Em d3; 6 7 d 3 2 1
0:—p22n{M—w0 <9+ at+-—_a >+7M010 Wo<—+—a4+—azzt)
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Unfortunately, this system of equations is too complicated to be solved analyti-
cally, but numerically it can be solved easily. In Fig. 24, the interrelationship
between pressure drop and both membrane deflection w, and the parameter a,
are shown for two typical cases. On the left, there is the linear relationship between
pressure drop and deflection of a 20-um thick silicon membrane with a radius of
500 pm, no residual stress, and a ratio of Young’s modulus Ey; to (1—vM2) of
240 GPa. a4 is approximately one for all pressure values, as expected for a thick
membrane.
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Fig. 24 Interrelationship between the pressure drop over a circular membrane and its center
deflection w, and the parameter a, describing the deflection curve of the membrane both calculated
by numerically solving the system of equations (50) and (51). On the left, the result is shown for
a thick silicon membrane and on the right for a thin polyimide membrane
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On the right of Fig. 24 are the results for a 5-um thick polyimide membrane also
with a radius of 500 pm but with a tensile residual stress of 50 MPa and a ratio
of Young’s modulus Ey; to (1—vp?) of 3.3 GPa. The interrelationship between
pressure drop and deflection is not linear in this case. This is in agreement
with Cabrera’s equation for a thin membrane [(35) on page 33], which contains
a nonlinear term due to the straining of the neutral fiber. Accordingly the value of
the parameter a4 is around 4, which approximates a parabola shaped deflection
curve of the membrane (cf. Fig. 23).

As the system of (50) and (51) cannot be solved analytically, a simpler ansatz is
made calculating the membrane deflection with the Ritz method. It is assumed that
the parameter a4 always equals one. As noted above, this is a good approximation
for a thick membrane but does not match well for the case of a thin membrane.
Therefore, precision is lost with a more general solution which can be used to study
more general cases. The only free parameter remaining in the ansatz is the deflec-
tion w, of the membrane. At the extremes of the potential energy, the derivative of
the potential energy with respect to the deflection is zero:

0

0V, 2m (8Eym diy wWo 128 Ey dy w3 1 )
——p_Z7(2 — +2d — — —5Ap Ry | =Fum.
owy 3 <31V§AR§4+ MOONOFT s T, Ry, 2P tm ) T

(52)

The derivative of the potential energy with respect to the movement is the force,
in general. Therefore, (52) is a description of the force Fy; acting on the membrane,
and the deflection where the force becomes zero corresponds to the equilibrium of
forces as in the simple case of (42) on page 34.

The four terms in the brackets of (52) correspond to the contributions of bending
moments, residual stress gy, stress due to straining of the neutral fiber, and pressure
drop Ap over the membrane, respectively.

Solving (52) for the pressure drop Ap over the membrane yields an equation
which describes the relationship between pressure drop and the deflection of
a membrane:

4 dy wo (4 dy Ewm 64 w} Ey > 53)

A= 3R Tovg, T T I R, 1,

This equation can be used to investigate the behavior of membranes. The three
terms in the brackets describe the contribution of the bending moments, residual
stress g, and stress due to straining of the neutral fiber, respectively. Bending
moments and residual stress show a linear interrelationship between pressure drop
and membrane deflection, while the stress due to straining contributes with its third
power. That is, if the first and the second term of the bracket of (53) are much larger
than the third term, the pressure is a linear function of the deflection.

This is important, if a pressure sensor has to be designed which shows a linear
characteristic curve. The characteristic curve (53) gets more linear by increasing the
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Fig. 25 Pressure drop over a Ap [kPa] 20
circular membrane as a 600 - pm ,
function of its deflection and /10 um .
different thicknesses 300 - ’/' 2 m
calculated with (53) 50 30 /,’ .................... wofm]
.................. 2’/ 10 30 50
,»° /4-300
4
4
! 4 -600

thickness dy; of the membrane, which enlarges the first term in the brackets
compared with the others. In Fig. 25, the pressure drop is shown as a function of
the deflection for different thicknesses of a membrane as calculated with (53).
Residual stress o, radius Ry, and ratio of Young’s modulus Ey; to (1—vy,) of this
membrane are 300 MPa, 600 um, and 120 GPa, respectively.

As expected, the figure shows that the pressure drop is a more linear function of
the deflection for thicker membranes and that this function is linear approximately
up to a deflection as large as the thickness of the membrane. So it is an option to
design a thicker membrane, if a linear interrelationship between pressure drop and
deflection is desired. However, Fig. 25 also shows that the deflection of thicker
membranes is less at a certain pressure drop. That is, if a thick membrane is used for
a pressure sensor, it is less sensitive. Therefore, there is a compromise between
linearity and sensitivity.

The same trend is observed when (53) is investigated with respect to changes in
residual stress. A larger residual stress results in a more linear function as well as
less sensitivity for a pressure sensor equipped with such a membrane.

If a compressive residual stress is assumed for the membrane, negative values
need to be used for oy in (53). This is again a rough approximation because it is
assumed that the compressive stress of the membrane would be constant throughout
the membrane. In general, this is not true, but the negative input value of ¢, may be
considered as a kind of effective residual stress which generates a similar effect as
the true distribution of the stress. So a precise description of membrane deflection
cannot be expected, but the general trend will be shown.

Figure 26 shows the change which occurs when a compressive residual stress of
0o = —600 MPa is used instead of the tensile stress assumed for Fig. 25. In a
certain pressure range, there are two stable states for the membrane: It may buckle
up (positive deflection, right side of the graph) or buckle down (negative deflection,
left side of the graph). This is called a bistable membrane. When there is no
pressure drop over the membrane and it is buckling down, it will deflect approxi-
mately -55 pm. If the pressure is then raised, the downward deflection becomes
increasingly smaller until at approximately —30 um the membrane snaps over to the
opposite side, following the dashed arrow and arriving at an upward deflection of
approximately 60 pm. Starting from that point, the pressure can be reversed to
about —300 kPa before the membrane snaps back to a downward deflection.
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Fig. 26 Pressure drop over a 1000 4 Ap [kPa]
circular membrane as a
function of its deflection
calculated with (42) as in 500 -
Fig. 21 but witha 4
compressive residual stress of
~600 MPa woluml
T T T T T T T T
-80 -40 40 80
-500 T
-1000
Fig. 27 Interrelationship 800 (50) and (51)

between the pressure drop
over a circular membrane
with compressive stress and
its center deflection as
calculated with (53) and (50)
and (51) on page 37

Pressure drop [kPa]

Deflection w,, [pm]

The curve between the two points where the membrane is snapping over cannot
be reached by adjusting the pressure difference over the membrane to a certain
value. However, it is a real part of the function and can be reached by holding the
membrane at a certain deflection by some other means. The pressure drop shown in
the graph corresponds to the force per unit area of the membrane necessary to hold
the membrane in position and prevent further deflection. The closer the membrane
is brought to the non-deflected position, the smaller is the force necessary to hold it
at that position. The non-deflected position corresponds to an instable equilibrium
of forces of the membrane.

The curves shown in Fig. 26 were also calculated by a numerical solution of (50)
and 51 (see page 37) with the same compressive residual stress. In Fig. 27, these
curves are compared with each other. The numerical solution is a better approxi-
mation because it includes the change of the deflection shape of the membrane.
Snapping over is calculated to occur already at a larger deflection and at a smaller
pressure difference than calculated with the simpler (53). The calculation also
shows that the deflection shape changes from parabolic shape to something beyond
the shape of a thick membrane when the snapping over position is approached.
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Fig. 28 Interrelationship Ap [kPa]
between the pressure drop
over a circular membrane and 800

its center deflection for L
different resi.dual stresses as Gy = - 600 MPa 400 - ‘ '
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Figure 28 shows the interrelationship between the pressure drop over a circular
membrane and its center deflection for different residual stresses. At a residual
stress of —1.8 MPa, there is a transition from a monostable to a bistable membrane.
This stress, called the critical stress oy of the membrane, occurs where the slope of
the function at the origin is zero. Therefore, the critical stress at which the transition
takes place can be calculated from the zero of the derivative of (53):

OAp 4dy (4d; En 4 dy;, Em
0=l .~ R (sRan“’O T o= 3R 1oy O
0lwo=0 M M M M M

When the residual stress is smaller (more compressive) than the critical stress, the
membrane becomes bistable and buckles if there is no pressure drop. A membrane
with larger (more tensile) stress is flat and does not deflect without a pressure drop.
Note that the critical stress is as large as the contribution of the bending moments
in (53). In other words, buckling takes place when the residual stress overcomes the
bending moments of the membrane.

The deflection wo(Ap = 0) of a membrane without pressure drop is calculated
now by inserting a pressure drop equal to zero into (53):

4dywy (4d> E 64 w2 E
M 0(__M L, 0 _Ewm ) (55)

Ry 3R} 11—V} 105 RZ, 1 — v,

There are two possibilities to solve this equation:

wo =0 (56)
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and

438, E 64 w2 E
Ty M2+60+——20 M2:
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= wo = \/_dM sl - 1. (57)
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The first solution corresponds to a flat membrane, while the second describes the
deflection of a bistable membrane with compressive stress. The denominator under
the square root is the critical stress (cf. 54), and this solution gives a suitable result
only if the residual stress is more compressive than the critical stress (cf. Fig. 29).

Equation (56) is a valid solution for all residual stresses of the membrane. In fact,
if the residual stress is more tensile than the critical stress, it is the only solution,
because the term under the root is negative. If the residual stress is more compres-
sive than the critical one, the membrane is in an unstable, non-deflected position.

The residual stress of a membrane is changed as a function of the temperature,
if the frame or housing it is fixed at shows a different thermal expansion. Equation
(57) may be useful to calculate the temperature at which the membrane buckles.

The buckling of a bistable membrane with compressive stress was employed
to design the microvalve shown in Fig. 30 [25]. The compressive stress of the
membrane results in a force which presses the membrane against the orifice of
the inlet and keeps it closed against an outer pressure. When the valve is opened, the
heater in the actuator chamber is switched on and the air escapes through the orifice
to the environment. After this, the heater is switched off and the decreasing pressure
in the actuator chamber pulls the membrane into the downward stable position. For
closing, the membrane is pushed up again by activating the heater. The electrical

Bistable
membrane 10 wy[pum]

Fig. 29 Deflection of a o, [MPa]

. . =T T T T
circular mfembrane without 15 5 15
pressure difference as a
function of its residual stress -104 % Stable flat
calculated with (57) and (56) Unstable flat membrane
(dashed line) membrane

outlet inlet .

/ silicone
fluid platelet
chamber polyimide

diaphragm
actuator resistive
Fig. 30 Microvalve chamber heater

equipped with a bistable
membrane [25] orifice
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current through the heater is then lowered slowly, allowing the pressure in the
actuator chamber to equalize through the orifice and avoiding the pulling down of
the membrane.

To design the membrane of a valve of this type its deflection and elastic force
need to be calculated. The optimum distance between the undeflected membrane
and the inlet orifice with respect to a maximized force on the inlet also needs to be
known.

If a force such as the pressure from the inlet of the valve is acting on the center of
a circular membrane, the deflection can be approximated with (52) on page 38.
Fig. 31 shows the calculated elastic force generated by a 2-um thick, circular
membrane (radius of 600 pm and a ratio Ey /(1 — v};) of 120 GPa) as a function
of membrane deflection w, and stress o, if there is no pressure difference over
the membrane. The situation is similar to the case of a membrane loaded with
a pressure shown in Fig. 28. The only difference is that the membrane is deflected
by a force instead of a pressure. When the stress is more compressive than the
critical stress, it becomes bistable. If there is no force acting on the membrane and
it is buckling downward (negative wy), its deflection is approximately —55 pm. If it
is deflected upward, then it generates a negative elastic force which tries to deflect
it down further. The absolute value of this force is increasing until the deflection
wy_ is reached at a force Fyy;_ and the membrane snaps over to the upper side.

The extremes of the deflection are found by calculating the derivative of (52) on
page 38 and finding the zeros:
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The comparison of the above result with (57) shows that the deflection at the
snapping over point is just a factor 1/y/3 = 0.58, smaller than the deflection when

= Wy

(59)
==

200 MPa
-F[N]4 16=0,
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Fig. 31 Elastic force of i -40 ,7 /: 40
. : ‘. d 5wy 1Y Fwlum]
a circular membrane as a i J U+ '
function of its deflection and K T
stress calculated with (52) ! -0.19 -I;- -
on page 38 1 U+
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no force or pressure difference is acting on the membrane. The maximum force
generated by the membrane is achieved at wy and is found by inserting (59) into

(52):
(7 35 So 3/2
Fy=+=|-/=& = 1) —ApR%|. 60
U 3<3 3 M0k<6k ) p Ry (60)

Figure 32 shows the effect of a pressure difference on snapping over and
maximum force of a membrane with a residual stress of —300 MPa as calculated
with (52).

The pressure drop simply adds a constant to (52). Thus, the deflections wy, and
wy_ at which the membrane snaps over are not changed. The maximum forces
Fy, and Fy_, however, become asymmetric and the bistable membrane positions
without an outer force acting are changed also.

If the stress of a membrane becomes increasingly compressive, more complex
bulging may occur which is not described with a simple ansatz such as (48) on page
36. The membrane then contains several folds as seen in Fig. 33, which shows the
membrane of a micropump heated and thus being exposed to large compressive
stress [26].

When a membrane is designed for a pressure sensor, a microvalve, or a micro-
pump, it is important to know at which burst pressure the membrane breaks. The

sFuMNL - Ap = o kPa

y! wo [Mm]

#Ap =200 kPa

Fig. 32 Elastic force of a
circular membrane as a
function of its deflection and
stress calculated with (52) on

page 38

Fig. 33 Membrane of a f f H forg J, ) )
micropump showing several s ® v ) / /
folds due to large . Yy
compressive stress generated W, //

by heating of the membrane
[26]. © [1997] IEEE
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burst pressure can be calculated from Cabrera’s equation or another equation
describing the relationship between deflection wy, pressure drop Ap, and total stress
of the membrane gy;. Here the calculation based on Cabrera’s equation [(35) on
page 33] assumes that the membrane is a thin membrane. This assumption will be
suitable for most applications because the deflection of a membrane will be larger
than its thickness when it bursts. However, membranes from brittle materials such
as silicon dioxide and ceramics may be exceptions.

The membrane bursts when the total stress oy becomes larger than the yield
stress ay. [The total stress is described by (34) on page 33.] At the burst pressure
Ap,, the membrane will have the burst deflection wg, and (34) and (35) become:

2 W%y EM

= - —= . 61
Oy oo + 3 RIZVI 1— VML ( )

d
Ap, =470 M (62)

Ry

The burst deflection is calculated from (61)

3 1-— VM

Woy = RM\/E (o0 — oy) &, (63)

and inserted into (62), resulting in an expression with which the burst pressure can
be calculated as follows:

dM 3 1- VM
Apy = 4E6y\/§ (0'0 — Gy) w (64)

To calculate the burst pressure, the yield stress of the membrane material needs
to be known. The yield stress can be determined by increasing the pressure
differential in small increments and measuring the deflection. When the membrane
breaks, the last deflection and pressure measured are the burst deflection and burst
pressure, respectively, and the yield stress can be calculated by solving (62).

The calculations shown above for a circular membrane can also be performed for
square membranes with edge length ay;. A parabolic deflection is assumed in x- and

y-direction:
2\2 2\2
w(x,y):w(,<1—4x2> <1_4}’2> . (63)
Ay Ay

The potential energy is calculated from (44) (page 35) with this ansatz and
differentiated with respect to the central deflection w, to obtain the force acting on
the membrane. It is assumed that the stress o and oy of the square membrane may
be different in the x- and y-direction, respectively:
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oV 64 (210 By & 210
P=F :_< M__ S 70 dv wo(ox + oy)

oW 49 1—v3 al  49x9
228 dy By w3 1
+ 2 2 = I;/[TO__APaifl
Tx9x 117 x13°x 171 - vy ay 3
Ey &, Ey d
=178 @+198 dui (0 + o) wo + 1046 MWO —0.284 Apa,.
— vy @ M au
(66)

If the force acting on the membrane is zero, i.e. the membrane is in equilibrium,
this equation can be solved for Ap:

2
Ap = 3—w0(209 Em d—+2 32(oy + 0y) + 123 Em W;’) (67)
ay — Vi ay 1 —vg; ay

From this equation, the critical stress of a square membrane can be calcu-
lated. Similar to the case of a circular membrane (cf. page 41), the critical stress
oy is achieved when the second term in the parenthesis of (67) is more compres-
sive than the first one. In other words, the average of the stress components in
the x- and y-directions is more negative than the following:

9 Ewm a3,

21—V A,

Ok = (68)

The deflection wy (Ap = 0) of a square membrane with a compressive stress
larger than the critical stress ¢ and no pressure difference, the deflection wy at the
snapping over point, and the force Fy needed for snapping over are calculated in the
same way as for a circular membrane:

11><13 Cx + O
A 0) X -y
Wo(Ap = IV \/ 2 or
= 4029 dyy /M 1. (69)
11><13 Ox 1 Oy GX+Gy
1 S e/ —1=40.17d
3% 28 3>< 26y M

:%WO(AP 0). (70)
64 [8x11x13x23 [17 ox+ 0O 3/2
Fy =+ —d L Y1) —Apad
v 9><25< 35 % 49 21ndk(2ok ) P

32
— 14028 (1.99 & oy (C”‘ZJ;:Y - 1) — Ap a§4>.

(71)
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Fig. 34 Membrane with a Boss |
boss at its center

Figure 25 and the last term of (53) (page 38) show that, in general, the deflection
of a membrane is not a linear function of the pressure drop. For several applications,
especially pressure sensors, it is desirable to design membranes with a deflection
which is a linear function of the pressure difference. Therefore, several designs
were developed providing improved linearity.

One possibility is to fabricate a membrane with a boss at its center (cf. Fig. 34).
The boss stiffens the membrane so much that it may be assumed that only the
annular part of the membrane not covered by the boss is strained when a pressure
difference is applied to the membrane. As a result, the coefficients in (53) on
page 38 need to be altered [27]:

dM Wo d2
Ap = —— 4 b, —- 72
p RZ, ( R2 T + oo + R2, Em (72)
With
16 1
_16 73
® =3 T (RE/RY) — 4(R3/RY) In(Ru/Ry) 73
and

(7 ) (14 (R /R3) + (R /R%))/3+ (3 — v/ (1 + v (R /Ry)

(1= vw) (1 = (RY/Ry)) (1 = (RY/R))

b, =

(74)

In the above equations, Ry denotes the radius of the boss. Equation (72) is an
approximation which is valid when the radius of the boss Ry is larger than 15% of
the radius of the membrane Ry, and the thickness of the boss is at least six times
larger than the thickness of the membrane.

The effect of the boss is illustrated in Fig. 35, which shows the coefficients ap, by,
and their ratio as a function of the ratio Ry/Ry; of the radii of boss and membrane.
Poisson’s ratio was assumed to be 0.3 for this example calculation. The coefficients
are much larger with a sufficiently large boss at the membrane center than without
it. (16/3 and 256/(105 (1—vy)) ~ 2.7, respectively, as shown in (53) on page 38.)
This means that the deflection calculated with (72) will be smaller with a boss,
resulting in less sensitivity if the membrane is employed in a pressure sensor. On
the other hand, the residual stress of the membrane has a comparatively smaller
effect on the deflection. This is an advantage because the cross-sensitivity of the
sensor to stress changes is reduced. Such stress changes often occur when the
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Fig. 35 Coefficients a, by,
and their ratio calculated with
(73) and (74)

20

-
o
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Fig. 36 Membrane with
corrugations at its rim

housing of the sensor shows a different thermal expansion than the membrane or
when the sensor is mounted somewhere.

The ratio of the coefficients a, and b, increases with the radius of the boss.
As a consequence, the characteristic curve (membrane deflection as a function of
the pressure difference) becomes more linear, because a, is the coefficient of
a linear term and b, of a nonlinear term in (72). However, a significant effect is
achieved, only if the boss covers more than approximately 80% of the membrane
(cf. Fig. 35).

Another interesting way to achieve a more linear membrane deflection as
a function of the pressure difference is to design a corrugated membrane (cf.
Fig. 36). Similar to the case of a membrane with a boss, (53) on page 38 needs
to be altered to take into account the effect of the corrugations [28]:

Ap::éﬁgﬂ (% g%EM—%4GO+bP§%i%?%§). (75)
With
c_2latdatrl (76)
31— (V/9?)
and

B 165(q+ 1)(q +3)
b"_qz(q+4)(q+11)(2 q+1)(3q+5) 77
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Fig. 37 Coefficients a, b,

p> a
and their ratio calculated with 600 1%
(76) and (77) 400
200
q
Q+—/———— — —TT
0 10 20 30
091%
0.6
03
q
0+—"T—T—— — —
0 10 20 30

In these equations, q is the profile factor of the corrugations in the membrane.
It is a measure of the size of the corrugations. The calculation is described in [27].
A membrane without any corrugations corresponds to q = 1. Typical corrugated
membranes correspond to a profile factor between 10 and 30.

Figure 37 shows the coefficients a, and b, as a function of q. Only small
corrugations are required to reduce the nonlinear third term in the parenthesis of
(75) and to allow dominance of the linear first term. Thus, only a few shallow
corrugations at the rim of a membrane are enough to achieve a linear displacement
as a function of the pressure difference. Since a,, rises quickly with increasing g, the
corrugated membrane becomes much stiffer and the effect of residual stress is
diminished significantly.

It should be noted that in all calculations described in this chapter, it has been
assumed that Young’s modulus and Poisson’s ratio are isotropic properties of the
membrane material. This is true for amorphous and polycrystalline materials.
However, for monocrystalline materials such as silicon, which is the material
most widely used in microtechnique, these properties are a strong function of
crystal orientation. Figure 38 shows Young’s modulus and Poisson’s ratio as a
function of crystal orientation for monocrystalline silicon [29].

Different orientations result in Young’s moduli which vary up to 40% and
Poisson’s ratios can change by as much as a factor 4. Fortunately, in most equations,
the ratios E/(1 — v) or E/(1 — v?) occur, which only vary by 23% in the worst case
because Young’s modulus is largest for the [110] direction where Poisson’s ratio is
smallest, and the ratio balances these variations slightly.

It is very hard to include the anisotropic properties in analytical calculations.
Therefore, effective or average values are often used instead.

The following table provides an overview on the equations which can be used to
calculate the interrelationship between the pressure difference over a membrane
and its deflection.
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Fig. 38 Young’s modulus [GPa] (upper row) and Poisson’s ratio (lower row) of monocrystalline
silicon as a function of crystal orientation. Reprinted with permission from [29]. Copyright [1965],

American Institute of Physics

Table 2 Equations for the calculation of the interrelationship of pressure difference Ap and

deflection w of a membrane

Membrane type Equation
General solution for dM wO 4d} Ewm 64 w3 EM
circular membrane, 3 712\/1 v 00+ 705 105 RZ 1—
rough approximation
General solution for dM Wo Em d2 Em W(z)
square membrane, a ( 2, a +232(0x +oy) +12.3 =2 a%/[
rough approximation
Thin, circular, without 2 Wo Em
bending moments, *3 RZ, 1.026 — 0.793vy — 0.233 v,
exact solution
Thin, square, without dm wo (1 446 — 0.427 vy)Em
bending moments, Ap =13.6 a2, oo+ 1. 612 a2, 1— vy
exact solution
Thick, circular, without 16 &, Eu 3 RE1—V2
. Ap=—M >wy=— M4 M A
stress, exact solution “P =73 RY 1— Wo = Wo=1¢"p3 En P
Thick, square, without a3 M 1 a4 1 —V2
. Ap =66-M =wy=—2 M
stress, exact solution P 21— Wo = Wo = o 33 Ewm
Circular membrane, with dm Wo &, Em w3
boss, for a, and b, see = RZ, a4 @ 1—\2 +4 00+bp @EM
(73) and (74)
Circular membrane, with dy wo ( d2 w2 Eym )
: MEm+4 6o +b,
corrugations, [a,, b, R2, R2 PRﬁd 1 — 3

see (76) and (77)]
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Exercises

Problem 8

You are asked to design a pressure sensor which fulfills the following
specifications:

Measurement range 0-100 kPa

Sensitivity 1 kPa

Maximum deviation of the characteristic curve from linearity 1% of the value measured
Temperature range for the use —20 to 50°C

Due to the available equipment in your company, you decide to design a circular
silicon membrane. The deflection of this membrane shall be ruled by the bending
moments. The following material properties are given:

Young’s modulus of the membrane 150 GPa
Poisson’s ratio 0.3

Thermal strain of the membrane 3 x 107°C
Thermal strain of the housing 5 x 10°%°C

(a) Assume that the sensor membrane is strained directly by the difference in
thermal strain of sensor and housing, because it is much thinner than the
housing. Which change of the stress of the membrane do you expect over the
temperature range specified for the sensor?

(b) The membrane may be deflected up to what portion of the thickness in order to
keep the linearity specified? (Neglect the initial stress of the membrane.)

(c) How small may the ratio of thickness to radius of the membrane become to
avoid that the thermal strain changes the sensor signal for less than 1%.

(d) How small may the ratio of thickness to radius of the membrane become to
avoid that the maximum deflection of the membrane [from (b)] is not exceeded
at the upper limit of the measurement range? (Again neglect the initial stress of
the membrane.)

(e) What is the smallest deflection of the membrane which needs to be measured to
achieve the desired sensitivity? (The diameter of the membrane is 2 mm.)

(f) What thickness is needed for the membrane?

Problem 9

In the lecture, you got to know a membrane with bistable states.

(a) What is the reason for the snapping over of the membrane?
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(b) The snapping over can be used to design a bistable valve (cf. Fig. 30 on page 42).
In such a bistable valve [30], the membrane consists of polyimide and shows a
thickness of dy; = 25 pm. The radius of the membrane is Ry; = 1.5 mm.

(c) Please calculate the critical stress gk of this membrane.

(d) What is the deflection of the membrane at the snapping over if the initial stress
is 69 = —8.5 MPa?

Young’s modulus of polyimide 1.66 GPa Poisson’s ratio of polyimide 0.41
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