
Chapter 2

From a Mathematical Point of View

Our objective is to simulate the facies at a set T of N target points given a data set D.

The target is usually a large 2D or 3D grid, often with several hundred thousand

nodes. In petroleum, the data points come from wells interpreted in lithofacies

typically each foot whereas in mining studies data are core samples from drill-

holes. In both cases there are usually a large number of data points too.

Let x and y denote the target points and the data locations respectively. Suppose

that there are nF facies. We model the facies via their indicators, that is, functions

which take the value 1 at point x if x belongs to facies Fi and 0 otherwise. To

simulate the facies, we have to sample from the conditional distribution:

Pð1FiðxÞ; x 2 Tj1FiðyÞ; i 2 1; ::; nFf g; y 2 DÞ:

The two main difficulties are the availability of models for the conditional or

even the unconditional distribution, and the dimension of this distribution. One

classical way of solving these problems is to use indicator simulations based on

kriging. But this approach has three drawbacks:

l Indicator kriging only gives a poor approximation of the conditional expectation.
l Indicator variograms and cross variograms are extremely difficult to model

because of the relationships between them. This will be explained in Chap. 3.
l Often we need to address more complex problems where we have external

information that is indirectly related to the facies and is defined at a different

scale (for example, from seismics).

For all these reasons we chose to define the indicators by truncating a continuous

multivariate random function Z(x) with n components. Let CiðxÞ be a partition of

Rn. A point x belongs to the ith facies Fi if and only if Z xð Þ 2 Ci xð Þ, so

FiðxÞ≜ZðxÞ 2 CiðxÞ:

The advantages of this model are twofold:

l Many more multivariate distributions are available for modelling continuous

random function than random sets.
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l The relationships between the n components Zj(x) of Z(x) are simpler than those

between the facies. In particular their variograms and cross variograms are simpler

to model. Furthermore the facies covariances and cross-covariances can be

obtained once we know the distributions of Z.

Despite these advantages, there are still difficulties modelling and simulating

these continuous random functions. Adding extra conditioning information will

usually be difficult. This is why we chose to restrict the random functions that we

use to be surjective functions of a of multi-gaussian random functions. The fact

that we have the freedom to select the functions, gives us access to many more

types of continuous random functions than the classical ones for which we know

the distribution.

The problem is tractable because, as we will see below:

l With a few hypotheses on the function, we can transform the problem in terms of

multi-gaussian random functions.
l Once the gaussian values at the conditioning points have been simulated, we

can use the classical conditional gaussian simulation framework first devel-

oped by Matheron and Journel (see Chilès and Delfiner 1999; Lantuéjoul

2002a, b).

Another advantage of using underlying gaussians is that linear functionals such

as partial derivatives or convolutions of a gaussian are still gaussian. This makes it

is easier to formulate and solve the simulation problem even with additional

information. Finally it is easier to find models for variograms because any negative

definite function can be used as the variogram of a gaussian. Care is required when

modelling the cross-variograms, but some models such as the linear coregionalisa-

tion model are known to ensure consistency. As the formulas for the variograms and

cross-variograms can be derived for linear transforms of gaussians, this model is by

construction consistent.

Taking advantage of these properties we now define a general setting for these

simulations. As we want to be able to handle additional categorical variables and

seismic attributes in addition to lithofacies, we start by defining three standardized

multi-gaussian vectors, Z(x), Y(x) and S(x), which are in general correlated and

which are defined below. The lithofacies are known at mZ sample points, the

categorical variables are known at mY points and the seismic attributes are available

at a third set of mS points. Our objective is to simulate Z(x) given these three types

of data. Let

l ZðxÞ; x 2 Rd be an n-variate standardized multi-gaussian vector (i.e., the mar-

ginal and joint distributions are normal). This will be used to define the facies.

The mZ sample locations where the facies are known are denoted by xZ. If the

sample xa 2 xZ belongs to the ith facies, then Z xað Þ 2 CZi xað Þ.
l YðxÞ; x 2 Rd be an m-variate standardized multi-gaussian vector which is

correlated to Z(x). It will be used to define another categorical variable by

truncation. We have information on it at mY points xY. If the sample xb 2 xY
belongs to the jth category, then Y xb

� � 2 CYj xb
� �

.Note that although we use the
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same symbol for the constraints on Z and Y, the constraints are generally not in

the same space unless n ¼ m.
l SðxÞ; x 2 Rd be a p-variate standardized multi-gaussian vector correlated to Z

and Y that is known at some sample locations xS.

We assume that the three vectors have a joint multi-gaussian distribution1

Comments.
l We could have included the third random function S(x) in Y(x) which looks

more general. However for some of the applications S(x) will be given by

indirect information such as seismics, and thus it is interesting to identify it

explicitly.
l To simplify the notation we will designate the constraints by the symbol C

when there is no risk of confusion. In the cases where we want to specify one

particular facies we will write Ci and if we need to distinguish which random

function it is related to, we will add an upper index (e.g., CZ to specify that it

is related to Z).

Having defined the multi-gaussian random functions, we now define the

functions that may be nonlinear. Let F, c and Z be three functions from Rn

onto E ∈ Rn; from Rm onto F ∈ Rm and from Rp onto H ∈ Rp. We assume

that these functions are surjective but not necessarily bijective, that is, for any

t in the arrival space we can find at least one point in the initial space whose

image is t.

Our objective is to simulate nF facies Fi i ¼ 1,.., nF, defined by truncating

F(Z) at the target points subject to inequality constraints on the three variables at

different points. We are now going to express this problem in three different

ways.

Problem I. To simulate facies Fi defined by f Z xð Þð Þ 2 Cf xð Þ: subject to the

following constraints:

f Z xZð Þð Þ 2 Cf xZð Þ
c Y xYð Þð Þ 2 CC xYð Þ
Z S xSð Þð Þ ¼ SZ xSð Þ:

(I)

Problem II. The model can be made more general by rewriting the constraints using

another function Y and a multi-gaussian B:

1At this level of generality no hypothesis has to be made concerning the stationarity or the

correlation structure of the gaussians. They can be stationary or non stationary. Later on for

practical reasons – mainly the inference of the covariances from the data but also because of the

strong vertical non-stationarity of facies in sedimentary deposits linked to sequence stratigraphy –

we will choose to work with second order stationary gaussians and possibly variable proportions.

But from a theoretical point of view there is no need to specify these properties.
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YðBÞ ¼

fðZðxZ;1ÞÞ
::::

fðZðxZ;mZ
ÞÞ

cðY(xY;1ÞÞ
::::

cðYðxY;mY
ÞÞ

ZðS(xS;1ÞÞ
::::

ZðSðxS;mS
ÞÞ

2
66666666666666664

3
77777777777777775

While this makes it easier to write the simulation problem, it is formally

equivalent to problem I. So the problem is to simulate Fi(x) defined by

Fi ¼ fx 2 R3; fðZðxÞÞ 2 Cfi xð Þg given Y Bð Þ 2 CY: (II)

Note that the CY are quite complex now because they are embedded in a higher

dimension space. Although this problem looks complicated at first glance it is much

simpler than it appears. As we can solve for the functions c and Z we can also solve

for the function Y. So

YðBÞ 2 CY , B 2 C≜ Y�1ðCÞ;
where

Y�1ðCÞ ¼ fu 2 RnmYþmmZþpmS ; YðuÞ 2 Cg:
Similarly

fðZðxÞÞ 2 Cfi ðxÞ , ZðxÞ 2 CiðxÞ;

With Ci≜fu 2 Rn;fðuÞ 2 Cfi ðxÞg. Finally we see that Problem II reduces to a

simpler one which we call Problem IIIa.

Problem III. In this case the problem is to simulate2

Z xð Þ B 2 Cj : (IIIa)

If need be, this problem can be rewritten in terms of Z, Y and S

ZðxÞjZðxZÞ 2 C xZð Þ;YðxYÞ 2 C xYð Þ; SðxSÞ 2 C xSð Þ½ �: (IIIb)

2Here C refers to all the constraints ie at points xZ, xY and xS.
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Note that if Z is not injective, the point constraints for S(xS) are now transformed

into constraints that S(xS) belongs to a set.

Problems IIIa and IIIb are far easier to solve than Problem I, because we can now

use all the nice properties of gaussian random functions for simulation. The

variograms will also be far simpler to model than in the initial form. The only

potential drawback is that the constraints might have complex shapes and might be

more difficult to compute. Now we show how to solve Problem IIIb.

Let g z; zZ; zY; zSð Þ be the density of ZðxÞ;ZðxZÞ;YðxYÞ; SðxSÞð Þ. Note that each
term is itself a vector. For example Z has n components and x lies on a grid.

Whatever the distribution3 of Z, Y and S, the conditioned vector that we have to

simulate has the following density (up to a normation factor that we are in general

unable to compute):

g z; zZ; zY; zSð Þ1zZ2CZ1zY2CY1yS2CS : (2.1)

Using Bayes law we can rewrite it as:

g zjzZ; zY; zSð ÞhðzZ; zY; zSÞ1zZ2CZ1zY2CY1zS2CS ; (2.2)

where h is the density of zZ; zY; zS. Alternatively it can be written as

g zjzZ; zY; zSð ÞhðzZjzY; zSÞ1zZ2CZvðzYjzSÞ1zY2CYwðzSÞ1zS2CS : (2.3)

Equations (2.2) and (2.3) show that we can disconnect the simulation at data

points from the one at grid nodes. More precisely as soon as we have a conditional

simulation at the sample locations, we can simulate Z on the grid given the values

simulated at constraints points. Going further, from (2.3) we can simulate S at its

own data points then Y at its data locations given the S(xS) and so on. This is

independent of any hypothesis (except the existence of a density for all the vari-

ables). In the gaussian case we can go even further: (2.2) and (2.3) are saying that

once we have simulated the values of the various gaussians (truncated or not) at the

constraint points, we can use the well known gaussian conditional simulation

methods using the preceding values as if they were known conditioning values.

So now the only problem remaining is to simulate

hðzZ; zY; zSÞ1zZ2CZ1zY2CY1zS2CS (2.4)

or in the second version

hðzZjzY; zSÞ1zZ2CZvðzYjzSÞ1zY2CYwðzSÞ1zS2CS : (2.5)

For sake of completeness Annex 1 at the end of this chapter gives the proof that

the conditional distributions obtained from a gaussian vector given a sub-vector are

3We need only assume that it has a density.
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also gaussian (with the simple co-kriging as its mean and the variance of residuals

as its variance).

In the multi-gaussian case using this result we see that all the three densities (h, v

and w) are standardized multi-gaussians.4 The conditional densities are also gauss-

ian so we only need covariance matrix of the initial multi-gaussian to fully

characterize these distributions. It is interesting to note that they can be computed

quite easily (by a simple inversion) from covariance between facies, or categorical

variables, or between one of these and the seismic data. The formulas for the two

common cases are given below.

Non Centered Covariance Between Two Indicators

Covð1Fi xð Þ; 1Fj yð ÞÞ ¼ Pðx 2 Fi; y 2 FjÞ
¼ E 1FiðxÞ1FjðyÞ

h i
¼ E 1ZðxÞ2CiðxÞ1ZðyÞ2CjðyÞ

h i
¼
ð

CiðxÞ

ð
CjðyÞ

gzðxÞ;zðyÞðu,vÞ dudv;

(2.6)

where gzðxÞ;zðyÞðu, vÞ is the 2n-variate gaussian density of the vector (Z(x), Z(y)), so
each integral is over Rn.

For the sake of completeness we write the other non-centred covariances which

are very similar

P(x 2 FYi; y 2 FYjÞ ¼
ð

CiðxÞ

ð
CjðyÞ

gYðxÞ;YðyÞ(u, v)dudv; (2.7)

where FY is the categorical variable defined by FYi¼ x 2 Rd;Y(xÞ 2 Ci(xÞ
� �

. Note

that each integral is now over Rm.

P(x 2 Fi,y 2 FYjÞ ¼
ð

CZiðxÞ

ð
CYjðyÞ

gZðxÞ;YðyÞ(u, v)dudv: (2.8)

Note that gZðxÞ;YðyÞ(u, v) is the density of the n + m vector (Z(x), Y(y)) so the

dimension of the first integral is n and the second is m.

4But the conditional versions are no longer standardized. See Annex 1.
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Centered Covariance Between One Indicator and One Gaussian

Cov Fi(x), G(y)ð Þ ¼ E 1FiðxÞG(yÞ
� �

¼ E 1ZðxÞ2CiðxÞG(yÞ
� �

¼
ð

CiðxÞ

du

ð
R

s gZðxÞ;GðyÞ(u, s)ds
: (2.9)

The dimension of the first integral is 1 and n for the second one.

Before studying the conditioning process we present some examples to illustrate

the flexibility of the method and the variety of shapes it can produce. Geological

realism will be postponed until the next chapter and the case studies.

Examples

In this section we present several examples of cases where the functions f; c and �
are linear, then several non-linear cases including one where f is quadratic, which

gives rise to a gamma distribution. For the linear cases we start out with the simplest

case where n ¼ 1 (which corresponds to the well-known truncated gaussian case).

Then we consider several cases with n ¼ 2, with different types of sample data.

Linear Case with One Gaussian (n ¼ 1)

In this case there is no Y or S and n ¼ 1. This is usually referred to as the truncated

gaussian method. The problem is to simulate Z(xÞjZðxZÞ 2 CðxZÞ. Each simulation

of Z conditioned by Z(xz) has only to be truncated in order to define the facies Fi
according to the definition:

Fi ¼ x 2 R2; ZðxÞ 2 CiðxÞ
� �

:

In this case CiðxÞ is generally an interval, and as was mentioned earlier the CiðxÞ
for i ¼ 1,...., nF are a partition of R for every x. As this interval depends on x, even

if we choose Z(x) to be stationary, the spatial distribution of the facies can be non-

stationary. The non centered cross-covariance of facies is easy to relate to the

covariance of the gaussian and to the constraints. In this case (2.9) simplifies to

two integrals over R.

E 1Fi (xÞ1Fj (y)
� � ¼ E 1ZðxÞ2CiðxÞ1ZðyÞ2CjðyÞ

h i
¼
ð

CiðxÞ

dv

ð
CjðyÞ

gZ xð Þ;Z yð Þ(u,vÞdu; (2.10)
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where

gZ xð Þ;Z yð Þ u,vð Þ ¼ 1

2pð Þn=2det Cx;y

exp � 1

2
ut; vtð ÞC�1

x;y

u

v

 ! !

and Cx,y is the covariance Z(x) and Z(x). See Chap. 5 for more information, and in

particular how to determine the covariances and the thresholds (domains Ci), from

facies data points. Equation (2.2) becomes

g(zjzZ)h(zZÞ1zZ2C xZð Þ: (2.11)

Here g(zjzZÞ is the multi-variate gaussian density of dimension N (the number of

target points). The mean at each target point is the simple kriging of the Z(x) using

the Z(xZ), and its covariance is that of the residuals. The second and third terms give

the facies information at data points, h is also a multi-variate gaussian density with

mean 0 and variance 1. These two terms correspond to the density of a truncated

gaussian vector to be simulated. So in order to simulate Z(x) we first simulate the

Z(xZ), that is, the truncated gaussian values at data points. Then for each simulation

we simulate the Z(x) at target points according to (2.11), using the preceding

simulated values as conditioning points. That is, we are left with the simulation

of a gaussian random function whose conditional distribution is g(zjzZÞ. The three
examples shown in Fig. 2.1 were obtained by truncating the same gaussian random

function – one with an anisotropic gaussian variogram with a parameter 100 in the

horizontal direction and 50 in the vertical direction. Only the threshold intervals

differ. The grey facies corresponds to the interval 1;1½ ½ (Fig. 2.1a) while it

corresponds to the interval 0:58;
ffiffiffi
6

p� �
(Fig. 2.1b). Both have approximately 30%

of grey facies. The interval �0:1; 0:1½ ½ for the grey facies is symmetric around zero

(Fig. 2.1c). It has been included to help in understanding the case with two

gaussians and a nonlinear transformation shown in Fig. 2.2.

Non Linear Case with One Gaussian: A Gamma Process

Let fðtÞ ¼ t2 so the facies are defined by:

Fi ¼ x 2 R3;Z2ðxÞ 2 CiðxÞ
� �

:

For each value t in Ci(xÞ 2 Rþ we have two roots � ffiffi
t

p
, so

Fi ¼ x 2 R2;Z(xÞ 2 �
ffiffiffiffiffiffiffiffiffiffi
Ci(xÞ

pn o
:

For example, if CiðxÞ is the interval ½a, b½ we get:

Fi ¼ x 2 R2;Z(xÞ 2 �b;�a� �
[

a,b½ ½
n o

:
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Each facies is now defined by the union of two intervals instead of one, but

except for that, we are back to the first example: linear case with one gaussian.

In particular the covariances are easily expressed using (2.10) (after replacing CiðxÞ
by � ffiffiffiffiffiffiffiffiffiffiCiðxÞ

p S ffiffiffiffiffiffiffiffiffiffiCiðxÞ
p

, the simple and cross covariances for the facies can be

expressed as a sum of four covariances corresponding to the linear case with one

gaussian. Two simulations of a gamma truncated process are shown in Fig. 2.2.

Fig. 2.2 Truncated gamma function. The underlying gaussian is the same as Figure 2.1 and the

proportion of grey facies is very similar too. The truncation interval is [1,1[ (left) and [1,6[ (right)

Fig. 2.1 Three examples obtained by truncating the same gaussian. The grey facies corresponds

to the interval 1;1½ ½ (top left), to 0:58;
ffiffiffi
6

p� �
(top right) and to �0:1; 0:1½ ½ (bottom)
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The underlying gaussian is the same as in Fig. 2.1. The grey facies have been given

the same proportion as in top examples. The truncation on the gamma random

function is [1,1[ on the left and [1,6[ on the right. Comparing these to Fig. 2.1a, b

the obvious difference is that the shapes are less continuous. Looking more care-

fully we see grey facies at the bottom left of Fig. 2.3 that was not present on Fig. 2.1.

They correspond to low values of the initial gaussian.

In many cases it might be interesting to use the gaussian which defines the

truncation, as an auxiliary correlated variable to simulate values in the facies (e.g.,

porosities or permeabilities) in order to have more continuity on the edges of the

facies. This was first done by Freulon et al. (1990) for the univariate case. By doing

this, we could, for example, generate a bimodal permeability distribution within

one lithofacies. One population of permeabilities would correspond to high values

of the underlying gaussian, and the other to low values.

Nonlinear Case with One Gaussian and a Third Order Polynomial

Consider the case of a third order polynomial with three real roots t0, t1, t2:

f tð Þ ¼ t� t0ð Þ t� t1ð Þ t� t2ð Þ:
The truncation now depends on the roots of the polynomial. In Fig. 2.3 we use

the same underlying gaussian G as in Figs. 2.1 and 2.2. The grey facies corresponds

to values of G such that fðGÞ � 0, that is, to values lower than t0 or in the interval

[t1, t2[. For Fig. 2.3a we set t0 ¼ �1.08, t1 ¼ 1 and t2 ¼ 3, which gives approxi-

mately the same proportion of grey as in Figs. 2.1a, b and 2.2a. For Fig. 2.3b we

changed t0 to 0.1, while keeping the other two parameters the same. Continuing the

reasoning used for the gamma case, we find that the non centered simple and cross

covariances between facies are the sum of nine non centred simple and cross

covariances of a classical truncated gaussian. On Fig. 2.3a the grey facies is less

continuous than on Fig. 2.2a, which itself was less continuous than on Fig. 2.1b.

Fig. 2.3 The grey corresponds to f(G) � 0 with t0¼ �1.08 (right) and t0 ¼ �0.1 (left). In both

cases, t1 ¼ 1 and t2 ¼ 3
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If we want to simulate petrophysical values on the grey facies using the underlying

gaussian defining it as a correlated variable, we would have a different bivariate

distribution than in the gamma case.

These two very simple examples show that non linear transforms of Z(x) are a

convenient way to generate truncation rules that are more complex than intervals.

They can provide much more freedom when fitting complex variograms of facies

indicators and are useful because it is easier to understand the properties of the

resulting facies by looking at the transform itself than the resulting rule on Z(x).

This can also help to simulate multimodal distributions for petrophysical variables.

Linear Case with Two Gaussians (n ¼ 2)

The only constraints are on Z(xÞ ¼ ðZ1ðxÞ;Z2ðxÞÞ.

Classical Plurigaussian Case

The problem is to simulate Z(x)jZ(xzÞ 2 CðxzÞ. For each xZ, CðxZÞ is a domain in

R2 (n ¼ 2). In most practical applications CðxzÞ ¼ I1ðxzÞ � I2ðxzÞ, where I1 and I2
are intervals in R. So as soon as we have simulated Z(x) the facies at location x is

given by:

Fi ¼ x;Z1ðxÞ 2 Ii1ðxÞ & Z2ðxÞ 2 Ii2ðxÞ
� �

:

Rewriting (2.2) in terms of the two components we get:

gðz1; z2jz1Z; z2Z)hðz1Z; z2ZÞ1z1Z2I1ðxZÞ1z2Z2I2ðxZÞ (2.12)

where gðz1; z2jz1Z; z2ZÞ is the multi-variate gaussian distribution. The dimension of

both z1 and z2 is that of the grid to be simulated. For every grid node x, the mean of

Fig. 2.4 Three facies obtained using one Gaussian and its derivative. The grey facies could

represent meandering streams; the black one could be crevasse splays (in oil reservoirs) or washout

in coal fields. Reproduced with permission
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the distributions is the simple co-kriging of the Z(x) by the Z(xZ), and its covariance

is that of residuals. Here the co-kriging of Z(x) is the simple co-kriging of each

component using the two components at data points. When Z1 is independent of Z2

this simple co-kriging simplifies to two simple krigings.

The other three terms in the product is the distribution of the truncated gaussian

vector to be simulated (up to a factor). So as in the previous case we start by

simulating the two truncated gaussian random functions at data points using the

preceding distribution. Then we use the simulated values as conditioning points for

simulating the two gaussians on the grid according to (2.12). (See Chap. 7 for

details on how (2.6) is written for this case).

Up to now, we have not specified the covariance and cross covariance of Z1 and

Z2. There is no specific constraint, provided they constitute a valid model for

coregionalisation. One way to ensure this would be for example to use the linear

model for coregionalisation, but there are plenty of other possibilities, e.g., by

specifying a functional relationship between the two gaussians. For example Z2

could be a convolution of Z1 (or a convolution of a variable correlated to Z1). Below

we present a case where Z2 is a partial derivative of Z1

.In Chap. 7 we discuss the link between the co-regionalisation structure of the Ys

and that of the facies for the case of two gaussians, in more detail.

Derivative Based Plurigaussian Simulations

Here we present an example where the second gaussian is the partial derivative of

the first one (Armstrong and Galli 1999). In order for the derivative of Z1(x) to exist,

the covariance of Z1(x) must be twice differentiable. More general models based on

other derivatives can also be used for Z2. For example, the derivative of another

random function Z3 that is possibly correlated with Z1 could be included:

Z2ðx; yÞ ¼ a
@

@x
Z1ðx, yÞ þ b

@

@y
Z3ðx, yÞ:

The method is exactly the same as in the general case presented above. The only

differences will be in the covariance of Z2(x) and the cross covariance with Z1(x). If

we assume that the processes are stationary and if we let h be the vector of

differences, then we have:

CZ2
ðhÞ ¼ �a2

@2

@h1
2
CZ1

ðhÞ � b2
@2

@h2
2
CZ3

ðhÞ þ ab
@2

@h1@h2
CZ1;Z3

ðhÞ

CZ1;Z2
ðhÞ ¼ a

@

@h1
CZ1

ðhÞ:

Figure 2.4 taken from Armstrong and Galli (1999) presents an example with

three facies. The grey facies represents meandering streams or rivers; the black one

22 2 From a Mathematical Point of View



could be crevasse splays in an oil reservoir or washouts in a coal measure. This sort

of geometry is difficult to reproduce without using this type of model.

Linear Case with Two Gaussians and Two Categorical Constraints

There are situations where the dataset is composed of two types of categorical data

at the same sample locations or at different locations. In some cases these could be

related to two facies types (initial facies and diagenetic facies for instance see

Pontiggia et al. 2010), whereas in others, they could be related to the same facies

(for instance, different interpretations of logs). In that case we would not want to

include this information in the truncation rule, because only the correlation matters.

Let the two gaussians for the facies be Z1(x) and Z2(x); let Y1(x) and Y2(x) be the

two gaussians corresponding to categorical constraints. The simulation method is

the same as before, except that an extra step has to be included: first simulate Z(xZ)

and then simulate Z(x) with the right conditional distribution which involves the Z

(xY) and the Z(xZ). For simplicity we assume that various C are the products of

intervals. Equation (2.2) becomes:

gðz1; z2jz1Z; z2Z; z1Y; z2YÞ
� hðz1Z; z2Zjz1Y; z2YÞ1Z1z2I1ZðxZÞ1Z2z2I2

Z
ðxZÞ

� vðz1Y; z2YÞ1z1y2I1YðxYÞ1z2Y2I2YðxYÞ:
(2.13)

The conditional distribution of the Z(xZ) given the Y(xY), is a truncated gaussian

whose mean is the cokriging of each component of the Z by the known values of the

Y and the covariance matrix is that of the corresponding residuals. So the simula-

tion of Z at points xZ is carried out using this distribution. The next step is to

simulate the two components at grid nodes using their conditional distribution

which is also gaussian.

Fig. 2.5 Truncating a non-linear function of two independent gaussians, with I1¼[�0.2 2[, I2¼[�0.1

5] on the right, and I1 ¼[�0.5 0.5[, I2 ¼[0.1 5] on the left
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From a theoretical point of view, there is little difference between this and the

case without constraints on Y, but from a practical point of view we must have a

consistent coregionalisation model for four random functions (Z1, Z2, Y1, Y2)

which can be complicated to infer. Furthermore the cokriging starts to become

quite involved. Note that from (2.6)–(2.8) we can relate facies and categorical data

to the various gaussian. So provided we have enough data, the coregionalisation

structure of the gaussian can be inferred from that of the facies and the second

categorical variable.

Non Linear Case with Two Gaussians

Continuing the preceding discussion we show that the non linear transforms can be

more complicated because both components can involve one or two gaussians. So

the truncation rules will be far more complex, as in the simple example below. The

conclusions found for one gaussian hold here too, except that the simple and cross

variograms of facies are more complex.

Case with Two Facies

The first gaussian is the same as in the previous examples with an anisotropic

gaussian variogram with aX ¼ 100, aY ¼ 50, while the second is isotropic with a

gaussian variogram with a ¼ 50. To simplify further we let the two gaussians be

independent

F1 ¼
Z1ðxÞ 2 I1

Z1ðxÞZ2ðxÞ 2 I2

( )
:

This case is interesting when the origin belongs to I1. At points where Z1 equals

0 no facies F1 can be present unless I2 also contains 0. So we are able to generate

two types of grey facies, a massive one and a thin one. In the case on the left the thin

ones are connected to the massive ones, while on the right they are isolated

(Fig. 2.5).

Linear Case with One Gaussian Z(x) and Seismic Constraints S(x)

Suppose that we want to simulate three facies obtained by truncating Z(x) given

seismic information S(x). For simplicity we assume that this seismic information is

a vertical convolution: (in 3D x is denoted by (x1, x2, x3))

S xð Þ ¼
ðd
c

w x3 � yð Þ G x1; x2;y
� �

dy: (2.14)
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Here G(x) is a standard normal distribution N(0,1) that is correlated to Z(x). The

function w has been normalized so that S(x) is also N(0,1). In this very simple case

with conditioning data, (2.5) simplifies (up to a constant factor) to:

h(zjzSÞ1zZ2CZ :

Here zS stands for the values of seismics at sample locations S(xS), and h is the

gaussian distribution of Z given S.

The mean of this gaussian conditional distribution is just the simple cokriging of

Z knowing the seismics at data points; its covariance is the covariance of the simple

kriging residual. So provided we know the covariance between Z and S we can

carry out all the computation required. In order to compute this covariance, we use

the classic convolution formula, but for that we need the covariance between Fi and

G, as shown below.

CFi;S xþ h,xð Þ ¼ E 1Fi xþ hð ÞS xð Þð Þ

¼
ðd
c

w x3 þ h3 � yð ÞCov 1Z xþhð Þ2Ci xþhð Þ;G x1; x2; yð Þ� �
dy:

By applying (2.13) or by direct computation, we obtain:

Cov 1Z xþhð Þ2Ci xþhð Þ;G x1; x2; yð Þ� � ¼ E 1Z xþhð Þ2Ci xþhð ÞG x1; x2; yð Þ� �
¼ Ð

R
sg sð Þ N

bi � l xþ h; xð Þs
s xþ h; xð Þ

	 

� N

ai � l xþ h; xð Þs
s xþ h; xð Þ

	 
� �
ds;

(2.15)

where

l xþ h, xð Þ ¼ CZ;G xþ h, xð Þ
s xþ h, xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

Z;G xþ h, xð Þ
q

and CZ,G is the cross-covariance between Z and G and Ci xþ hð Þ ¼ ai; bi� �.
Assuming the stationarity of the cross-covariance between Y and S we can

estimate the covariance between Z and G simply by inverting equations (2.15) if

we have enough information to compute an experimental cross-covariance (or cross

variogram) between the facies and the seismic. Then we use the convolution

formula to obtain the required covariances, CS and CZ S.

Figure 2.6 shows a synthetic example where seismics (top) were used when

simulating the facies. Two different correlation coefficients were compared: a

weaker one (r ¼ 0.4) above and a stronger one (r ¼ 0.8) below.
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We have seen that the gaussian Z could be used as a driving factor to simulate

continuous variables such as grades, porosities or permeabilities in the facies.

In some cases it might be interesting to simulate the additional categorical variable

Y(x). In other cases, a shift could be introduced into the correlation between the

gaussian and the facies. For example, Langlais et al. (2008) used a deterministic

shift in a case study on a roll-front uranium deposit, while Emery (2007a, b) used a

stochastic one.

Simulating a Truncated Gaussian

There are many direct methods available for simulating gaussian random functions.

The simplest are by matrix factorization, then by simulating the residuals, or by the

sequential gaussian simulation where each point is simulated in turn. The problem

is more difficult for truncated gaussian functions. To the best of our knowledge, no

Fig. 2.6 Synthetic example where the seismics (above) were taken into account when simulating

the facies. The middle panel corresponds to a correlation of 0.4, compared to 0.8 (below)
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direct method exists for truncated gaussians random functions so we have to resort

to MCMC.

To start we note that if Z ¼ (Z1, Z2) is a multivariate gaussian vector with n

components that has been partitioned into n1, n2 then the conditional distribution of

the vector Z1 given Z2 is gaussian. Its mean is the simple co-kriging of Z1 by Z2 and

its covariance matrix is the covariance of residuals. So if all of the values but one

are known, then we only have to simulate a truncated random variable within a

known set. Many algorithms are available for doing this. The simplest based on

inversion is not the most efficient. Others based on acceptation & rejection algo-

rithms using suitable functions (Devroye 1986; Geweke 1991; Robert 1995) have a

high acceptance rate. Chopin (2011) proposed an extremely fast algorithm when

only one sample has to be drawn. A variant of it exists for bivariate truncated

Gaussians for infinite intervals.

This suggests that the Gibbs sampler might be a good choice because it chooses

one component after another and draws values according to the conditional distri-

bution given all the others (that is, from a univariate truncated gaussian). The Gibbs

sampler can be described as follows:

Given a truncated multivariate gaussian vector Z to be simulated in a set C we

first partition the vector Z into (Z1, Z2) with n1 and n2 components respectively.

Then the algorithm is:

Choose an initial vector Z0 ¼ ðZ0
1;Z

0
2Þ satisfying the constraints.

Iterate

1. Draw Znþ1
1 following a truncated gaussian distribution in the set C given the

values of Zn
2

2. Draw Znþ1
2 following a truncated gaussian distribution in the set C given the

values of Znþ1
1

Two points in the method have to be noted:

1. The question of when to stop the iterations is treated in Chap. 7

2. The question of how to draw the two sub-vectors can be solved either by Gibbs

sampling the sub-vector or in the case where n1 (or n2) equals 1 by drawing an

univariate truncated gaussian using one of the algorithms mentioned below

The case where n2 ¼ 1 was first treated by Freulon (1994) in order to

simulate conditionally truncated univariate gaussians with interval constraints,

and by Le Loc’h and Galli (1997) for the bivariate truncated plurigaussian with

interval constraints. But it might be worthwhile to consider different blocking

cases for practical reasons, for example taking Z1 as the vector Z(xZ) and Z2 as

Y(xY).

Other ways to proceed could be to follow (2.5) and simulate Y first under its

constraints and then Z. But as is well known (Robert and Sahu 1997; Galli and Gao

2001) the convergence rate depends strongly on the blocking and also the ordering

of the components. A study of the best ordering and blocking can be made for the

gaussian case and used for the plurigaussian simulation. A practical example with

four conditioning samples is treated in Chap. 7.

Simulating a Truncated Gaussian 27



Convergence of the Gibbs Sampler

The Untruncated Case

The Gibbs sampler is known to converge in the untruncated gaussian case. See

Barone and Frigessi (1990), Amit and Grenader (1991), Roberts and Sahu (1997) or

Galli and Gao (2001). In fact, the Gibbs Sampler corresponds to Gauss-Seidel

iterations on the inverse of the covariance matrix. This can be proved by expressing

the inverse of the covariance matrix C�1 as D(I�L�U) where D is the block

diagonal part of C�1, L and U are lower and upper block triangular matrices and

I is the identity matrix. Then the iteration matrix of the Gibbs sampler can be

written as A ¼ (I�L)�1 U. So the rate of convergence depends on its spectral

radius r(A). A simple proof based on relating these iterations to linear fixed point

iterations is given in Galli and Gao (2001). The iteration is:

Yðnþ1Þ ¼ AYðnÞ þ I� Lð Þ�1
Rðnþ1Þ;

where R(n+1) ¼ LRV
(n+1). Here LR is the lower triangular part of the Cholesky

decomposition of D�1 and V(n+1) is a vector containing independent N(0,1) com-

ponents. Consequently the covariance matrix of R(n+1) is D�1. The equation can be

written in a more compact form.

Yðnþ1Þ ¼ AYðnÞ þ U nþ1ð Þ;

where the covariance matrix of U(n+1) is

S ¼ ðI� LÞ�1
D�1ðI� LÞ�t:

Blocking Factor

Galli and Gao (2001) also demonstrated the importance of the block size used in the

Gibbs sampler (i.e., in the matrices D, L and U) for geostatistical applications. The

most natural choice for D is simply the diagonal terms of C�1. This corresponds to

blocks of size 1 � 1. Other choices are possible and these can significantly increase

the speed of convergence.

To illustrate its impact, we compare the spectral radius for the 1 � 1 blocking

size with that for the 2 � 2 case for the four sample example considered earlier in

the chapter. In that case the covariance matrix is of the form:

C ¼
1 a a2 a3

a 1 a a2

a2 a 1 a

a3 a2 a 1

2
664

3
775 and C�1 ¼ 1

ða2 � 1Þ

1 a 0 0

a �ða2 þ 1Þ a 0

0 a �ða2 þ 1Þ a

0 0 a 1

2
664

3
775:
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In this case, it is not difficult to calculate the various matrices and hence find the

spectral radii for the two block sizes and also if the points are arranged in a different

order.

Block Size of 1 (Order: 1, 2, 3, 4)

D ¼ 1

ða2 � 1Þ

1 0 0 0

0 �ða2 þ 1Þ 0 0

0 0 �ða2 þ 1Þ 0

0 0 0 1

2
664

3
775;

A ¼ ðI� LÞ�1
U ¼

0 b 0 0

0 b2 b 0

0 b3 b2 b

0 b4 b3 b2

2
664

3
775;

where

b ¼ a

ða2 þ 1Þ
and hence the spectral radius r(A) is the largest root of the equation:

l2 l2 � 3b2 lþ b4
� � ¼ 0:

That is, it is

rðAÞ ¼ b2
3þ ffiffiffi

5
p

2
<1 since max b2

� � ¼ max
a2

a2 þ 1ð Þ2
 !

¼ 1

4
:

Block Size of 2 (Points 1 & 2 and 3 & 4)

D ¼ 1

ða2 � 1Þ

1 a 0 0

a �ða2 þ 1Þ 0 0

0 0 �ða2 þ 1Þ a

0 0 a 1

2
664

3
775;

A ¼
0 0 a2 0

0 0 a 0

0 0 a2 0

0 0 a3 0

2
664

3
775
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and hence the spectral radius r(A) is the largest root of the equation:

l3 a2 � l
� � ¼ 0 ) rðAÞ ¼ ffiffiffi

a
p

:

Block Size of 2 (Points 1&3 and 2&4)

D ¼ 1

ða2 � 1Þ

1 0 0 0

0 �ða2 þ 1Þ 0 0

0 0 �ða2 þ 1Þ 0

0 0 0 1

2
664

3
775;

A ¼
0 0 b 0

0 0 b b

0 0 2b2 b2

0 0 b2 b2

2
664

3
775

and hence the spectral radius r(A) is the largest root of the equation:

l2 l2 � 3b2 lþ b4
� � ¼ 0:

So it is the same as in the first case.

Convergence in the Truncated Gaussian Case

In his thesis Freulon (1992) considered two iterative ways of simulating truncated

gaussian random functions. The first was based on work in the field of statistical

mechanics by Metropolis et al. (1953) while the second is the Gibbs sampler (see

Geman and Geman 1984). Freulon (pp 58–65) proved that both procedures con-

verge to a truncated gaussian distribution, for the total variation distance, but his

demonstration of their ergodicity only works for the case where the constraint is a

compact (i.e., a closed and bounded interval). Secondly it does not provide any way

to compute the rate of convergence because it is the minimum of k(x, y) on D � D

which is difficult to evaluate because of the denominator. In order to obtain more

general results, we need to work in a more general framework, and so we introduce

Markov chains.

Markov Chains

Here we give an intuitive introduction to Markov chains. For more precise and more

complete descriptions see Numelin (1984), Meyn and Tweedie (1993) or Gikhman
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and Skorokhod (1969). A Markov chain is a chain X(0), X(1), . . . ,X(n) . . . with the

property that for n > 1:

EðXðnÞjXðn�1Þ; :::: Xð1Þ;Xð0ÞÞ ¼ EðXðnÞjXðn�1ÞÞ:
So a chain is fully determined as soon as we know the transition probabilities

from one state to another. Here the possible states are not countable so they are

characterised by an integral kernel kn (x, y). If the kernel does not depend on the

position in the chain, ie kn(x, y) ¼ k(x, y) the chain is said to be homogeneous. We

will only consider this case.

Two Integral Operators

We can define two integral operators from this kernel. If f(x) is a density then the

operator g(y) ¼ Kf(y) as defined below is a density:

g(yÞ ¼
ð
S

k(x, yÞ fðxÞ dx:

Furthermore, if f is the density of the (n � 1)st iterate then g(y) is the density of

the nth one. Let h(x) be the conditional expectation of t(X(n)) given X(n�1). Then

h(xÞ ¼ EðtðXðnÞÞjXðn�1Þ ¼ xÞ ¼
ð
S

k(x, y)t(y)dy:

The two operators can be expressed in a more symmetrical way by letting

~kðy; xÞ ¼ k(x, yÞ:

In that case

KFt(yÞ ¼
ð
S

~k(x, y)t(x)dx:

Let K(n) be the iterated operator, that is,

K nð Þ(fÞ ¼ K K n�1ð Þ(fÞ

 �

:

Similarly let KF
(n) be

K
nð Þ
F ðtÞ ¼ KF K

n�1ð Þ
F (t)


 �
:
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Finally let k(n)(x, y) be the corresponding kernel. The operator K(n) expresses the

relationship between the density of X(p) and that of X(p+n). In contrast KF
(n) gives the

conditional expectation of a function of X(p+n) given X(p)

EðtðXðnþpÞÞjXðpÞÞ:
Note that for a homogeneous chain the joint distribution of the iterates X(n+p) and

X(n) is:

gðnþpÞðx, yÞ ¼ kðnÞ ðx, y)fðpÞ(xÞ ¼ gðnÞy (x)fðnþpÞðyÞ:

Here f (p) and f (n+p) stand for the marginal densities obtained by running the chain.

The last equality holds because of Bayes Theorem.

If we let k*(y, x) be the transition kernel corresponding to reverse passage from y

to x, then g
ðnÞ
y (x) corresponds to k*(n)(y, x) . So we get:

gðnþpÞðx, yÞ ¼ kðnÞ ðx, y)fðpÞ(xÞ ¼ k�ðnÞðy, x)fðnþpÞðyÞ: (2.16)

Stationary Distribution

We say that a chain has a stationary distribution if the influence of the initial point

X(0) disappears after some time. More formally a chain has a stationary distribution

if P(X(n) ∈A|X(0)) tends toward p(A) for any measurable set A, whatever the initial

state X(0). In our case this is equivalent to k(n)(x, y) ! p(y). The chain is said to

have an invariant distribution p if there exists a distribution p(x) such that

pðyÞ ¼
ð
S

k(x, y) p(x)dx:

Clearly a stationary distribution must be an invariant distribution. Assuming that

p(x) is an invariant distribution, and applying (2.16) with p ¼ 1, n ¼ 1, and

f(x) ¼ p(x) we get:

gð2Þðx, yÞ ¼ kðx, yÞ pðxÞ ¼ k�ðy, x) p(yÞ: (2.17)

Irreducible Chain

A Markov chain is said to be c irreducible if for each x in the support of a measure

c, and for each measurable set A such that c(A) > 0, there exists an integer p � 1

such that

32 2 From a Mathematical Point of View



P(XðpÞ 2 AjXð0Þ ¼ xÞ > 0:

A chain is said to be periodic if there exists an integer d � 2 and a sequence of

nonempty disjoint sets D1; . . . Dd�1 i ¼ 1, . . . (d�1) such that

8 i ¼ 1; :::,r� 1 and 8 x 2 Di; Kðx;DjÞ ¼ 1;

where

j ¼ ð1þ 1)mod d:

A chain is aperiodic if it is not periodic. Note that if a chain is irreducible with

p ¼ 1, then it is aperiodic.

Distance Metric and Convergence

To define convergence we first have to define a distance criterion. One of the most

commonly used distances is total variation (TV). The fact that a measure mn
converges toward a measure m for this distance, implies that for any bounded

measurable function f we have convergence of the expectation. That is,

mn � mk kTV ! 0 implies that

ð
ð mn � mÞðdx)f(xÞ ! 0

for any measurable bounded function f. This can be written as

En(fÞ ! E(fÞ:

We have the following convergence result for Markov chains.

Theorem 1 (Tierney 1994, 1996). If a chain is an irreductible aperiodic Markov
chain with transition kernel k and an invariant distribution p then:

k
ðnÞ
F ðx; :Þ � pð:Þ

��� ���
TV

! 0:

Although this result is interesting, its usefulness is limited because of its gener-
ality. Secondly it does not give the rate of convergence. Stronger results can
obtained in L2 type spaces, provided one makes some additional assumptions
about the compactness of the integral operators defined previously. Here we will
restrict ourselves to the case where the state space S is compact. For the truncated
gaussian case this excludes unbounded intervals. From a practical point of view, it
means adding two additional facies with infinitesimal proportions which are not
seen in the data in order to bound the interval by a large value.
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For that case the previous result provides a method to estimate the speed of
convergence in practice, at least for reasonably small spaces. In the case of
truncated gaussian this means a reasonable number of constraints. The idea is
to estimate the transition operator while running the chain as was proposed by
Lantuéjoul (2002a, b). But here the chain has a continuous state space, so it is not
possible to consider all possible transitions.

Given a finite partition of S, that is, a family of disjoint sets Di such that:

S ¼
[n
i¼1

Di;

we consider the transition matrix:

Pi;j
D ¼ 1

Dij j
ð
Di

ð
Dj

k(x,y) dx dy:

This can be estimated reasonably by running the chain for a long enough time.
Then we can compute the eigenvalues of Pi,j

D. So the question is now: How close
are these eigenvalues to those of K.? Our assumptions are

l The state space S is compact.
l The kernel k is continuous
l The assumptions of Theorem 1 hold.

The first and second assumptions ensure that K will map C(S) to C(S). This is
easy to verify because for continuous functions on a compact, there is no problem
inverting the limit and the integral. Then using a result in Yosida (1978, p 277) we
can show that this new operator K considered from C(S) to C(S) is compact. The
convergence result of Theorem 1 ensures that the eigenvalues of K are lower than
or equal to 1, and that it has one and only one eigenvalue 1, which is associated to
the eigenvector p. This is easy to show because the set of bounded measurable
functions on S includes continuous functions. Consequently

Sup
f2C S½ �; fj j�1

ð
S

kðnÞ(x, y)� p(y)

 �

f(y) dy

������
������ � kðnÞ � p

�� ��
TV
:

If there were a distribution g 6¼ p such that KF(g) ¼ cg with c � 1, then K(n)
F (g)

would equal cn g and the integralð
S

(cng(yÞ � p(y))dy

would not converge to 0. This, in turn, implies that ||k(n)�p ||TV would not converge.

Finally if we define

PDðf)(tÞ ¼ 1

Dij j
ð
Di

f(u)du for t in Di:
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We see that when

Dj j ! 0; PDfðtÞ ! fðtÞ:

Finally it can be shown that this corresponds to a Galerkin approximation. See
Chatelin (1983, pp 170–174). That guarantees the convergence of PD toward k as
|D| tends toward 0. Interestingly, the rate of convergence depends on the deriva-
bility of k (see exercise 4.39 p 191 in Chatelin (1983). Furthermore the convergence
of eigenvalues is also ensured and bounds are known.

The Gibbs Sampler

Let p(x) be the density of the vector (X1,. . .Xn), and let p(xijxi�;xiþÞ be the

conditional density of Xi given ðXi�;XiþÞ where

Xi� ¼ ðX1; :::;Xi�1Þ and Xiþ ¼ ðXiþ1; :::XnÞ:

By convention

X0� ¼ ; and Xnþ ¼ ;:

The Gibbs sampler modifies all the coordinates of the vector, one after another,

using the newly simulated one and the former ones. Note that Xi may be either a

single component or a block of components. In the latter case we should speak of

the block Gibbs sampler, but for simplicity we will call it a Gibbs sampler even if

we are using a blocking factor.

The transition kernel for one iteration of the Gibbs sampler from x to y is:

kðx,yÞ ¼
Yn
i¼1

p(yijyi�; xiþÞ:

The positivity condition is said to hold if the support of p is the product of the

supports of its marginal distributions. This turns out to be true in our case provided

the constraints are products of unions of intervals.

Using this positivity condition we can establish the Hammersley Clifford

decomposition (Besag 1974). It is easy to show that

pðxÞ ¼ pðx1jx1�; x1þ) p(x1�; x1þÞ

¼ pðx1jx1�; x1þÞ
p(y1jx1�; x1þÞ

p(y1;x1�; x1þÞ:
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By repeating this operation on pðy1;x1�; x1þÞ we obtain:

pðxÞ ¼
Qn
i¼1

pðxijyi�; xiþÞQn
i¼1

p(yijyi�;xiþÞ
pðyÞ Hammersley Cliffordð Þ

The denominator is k(x,y) and the numerator is the kernel k*(y, x) corresponding

to one iteration of the Gibbs sampler from y to x in the reverse order. So we can

rewrite the Hammersley Clifford decomposition in the following way:

p(x)k(x, y) ¼ p(y)k�ðy, x): (2.18)

Integrating this givesð
p(x)k(x, y)dx ¼

ð
p(y)k�ðy, x)dx

¼ p(y)
ð
k�ðy, x)dx

¼ p(yÞ:

Consequently p is an invariant distribution of the Markov chain with transition

kernel k(x,y) and also of the Markov chain with transition kernel k*(y, x). Equation

(2.18) could be obtained directly from (2.16) without the positivity assumption but

assuming that p is the stationary distribution of the chain.

Truncated Gaussian Case

In the truncated gaussian case

p(x) ¼ k g(x)1D(x),

where k is the normalisation constant and 1D(x) is the indicator of constraints. We

will only consider constraints which are products of unions of intervals. So the

positivity condition holds because the conditional distributions p(xijxi�; xiþÞ are
truncated gaussians whose domain is the union of intervals corresponding to the

constraint for the ith component. Let the inverse of the covariance matrix of X be

C�1 ¼ D(I� L� U);

where D is the block diagonal part of the inverse of C, and U and L are the upper

and lower triangular parts.

Using the results for the non truncated gaussian case, it is easy to show that the

transition kernel is:

k(x, y) ¼ k(x)e�
1
2
ðy�AxÞtSðy�AxÞ1D(y)1D(x),
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where k(x) is a normation factor whose value depends on x and

A ¼ ðI� LÞ�1
U and S ¼ ðI� LÞtDðI� LÞ:

Similarly,

k�ðy, xÞ ¼ k�ðy)e�1
2
ðx�~AyÞt ~Sðx�~AyÞ1DðyÞ1DðxÞ;

where

~A ¼ ðI� UÞ�1
L and ~S ¼ (I� UÞtDðI� UÞ:

It is obvious that the conditions for Theorem 1 hold so the Gibbs sampler

converges toward our candidate distribution p, for the total variation distance.

Then the kernels are continuous in the support of p, and if D is compact the two

operators K and KF corresponding to the truncated gaussian case define compacts

operators from C(D) to C(D). So we can apply the approximation method described

earlier to estimate the eigenvalues, and to estimate the speed of convergence

experimentally. It is also interesting to note that provided the constraints are the

product of compact intervals, the minorisation condition holds.

Definition.We say that the kernel k(x,y) satisfies the minorisation condition if there
exists a density c, and a parameter 0 < r < 1 such that

8x 2 D 8y 2 D k x,yð Þ�r c yð Þ:

Theorem 2. If the constraints D are compact the kernel k(x,y) of the transition
operator satisfies the minorisation condition.

Proof. From above

k(x,y) ¼ k(x)e�
1
2
ðy�AxÞtSðy�AxÞ1DðyÞ1DðxÞ:

As the proof depends on the properties of convex sets, we start out by reviewing

some basic facts about them. A point v in a convex is an extremum if it cannot be

written as a convex combination of other points in the convex. In a polyhedral

convex such as y�A(D), the extremal points are just the vertices of the polyhedra.

Because D is compact and k(x) is continuous, it is bounded below by a parameter

c which is greater than 0 because k(x) 	 P(D�Ax), and its minimum is reached at

at least one point x0 and P(D�Ax0) > 0. In order to minimise the exponential term

we have to maximise the exponent.

Let u ¼ y�Ax. This is equivalent to maximising

jjujj2K ¼ ut Su
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subject to the constraints

u 2 y� A Dð Þ:

As the function is continuous and as the set y�A(D) is compact, the minimum is

attained. Because S � 0, the function is strictly convex.

As is well known, the maximum of a convex function on a convex is reached at

extremal points of the convex. See for example Rockafellar (1970). Now each

extremal point of y�A(D) is of the form y�A(xi) where xi is an extremum in D.

There are 2n extremal points xi in D, they are the vertices of the hyper-rectangle. Let

Ti be the points y whose corresponding extremal point is xi. By definition D is the

union of the Ti and we can write:

k(x,yÞ>c
X
i

1Ti
ðyÞe�1

2
ðy�AxiÞtSðy�AxiÞ:

If we let f
~
(y) denote

~fðyÞ ¼ c
X
i

1Ti
ðyÞe�1

2
ðy�AxiÞtSðy�AxiÞ;

we find that

1 ¼
ð
D

k(x, y)dy>

ð
D

~fðyÞdy > 0:

If we let r be the integral of ~f over D we can define the density f(yÞ ¼ ~fðyÞ=r.
We find that:

8y 2 D; 8x 2 D k(x; yÞ > rf(yÞ with r<1:

This minorisation condition ensures the convergence of the Gibbs sampler in L1.

See for example, Roberts and Polson (1994).

Summary

The Gibbs sampler is a very powerful simulation method. It is not difficult to

establish its convergence in the truncated gaussian case. However it is far more

difficult to find its rate of convergence experimentally, even in the case of

compact constraints which considerably simplify the problem. For this case we

proposed a finite rank operator which approximates the transition operator (which

is compact).
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Annex 1: Conditional Distribution of a Gaussian

Basic Properties of a Gaussian Vector

Let Z be an arbitrary gaussian vector of dimension p + n. Assume its covariance

matrix S has an inverse S�1. Its density is:

g(w1;w2; . . .wpþnÞ ¼ 1

ð2 p)ðpþnÞ=2 Sj j
exp � 1

2
w�mð Þt S�1 w�mð Þ

� �
;

where w and m are column vectors with m ¼ E(Z) and where Sj j is the determinant

of the covariance matrix.

We split the vector Z into two parts X and Y, of dimension p and n respectively.

These correspond to the p data points and the n target points to be simulated.

Partitioning the covariance matrix in the same way we obtain:

S ¼ SXX SXY

S t
XY SYY

	 

;

where SXX and SYY are the covariance matrices of X and Y, respectively, and SXY

is the cross covariance matrix between X and Y. Let L be the vector defined by

L ¼ S�1
XXSXY:

It is easy to see that its ith column consists of the weights for the minimum

variance linear estimate of the ith element of Y given the vector X as data. Let R be

the covariance matrix of the residuals when estimating Y given X; that is, R ¼
cov(Y�LtX). It is well known5 that the inverse of the covariance matrix S�1 is

S�1 ¼ S �1
XX þ LR�1 Lt � LR�1

�R�1 Lt R�1

� �
:

If we let u and v be vectors containing the first p and the remaining n components

of w then

ðutvtÞ S�1 u

v

	 

¼ ðv� Lt u)t R�1 ðv� Lt uÞ þ utS�1

XXu:

Now we use this decomposition to express the gaussian density given earlier as

the product:

5See for example Galli and Gao (2001).
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g(u,v) ¼ k gu (v) g(u),

where the normation constant k is just

k ¼ SXXj j Rj j
Sj j ;

g(uÞ ¼ 1

ð2 pÞp=2 SXXj j
exp � 1

2
ut
X�1

XX
u

� �

and

gu(v) =
1

ð2 pÞn=2 Rj j
exp � 1

2
ðv� Lt u)

t
R�1 ðv� Lt uÞ

� �
:

Both are normal distributions; the first has zero mean and covariance SXX, the

second has mean Ltu and covariance R. As their integrals are equal to 1, the

normation factor k turns out 1, which was not obvious initially. The first one g(u)

is the distribution of the vector X. The second is the conditional density of Y given X.

It is still gaussian but its mean now equals the minimum variance estimate of Y

given X, and its covariance matrix is R, the covariance matrix of the residuals.

Some typical examples are:

Z ¼ Z xZð Þ, Z xð Þð Þ ) X ¼ Z xZð Þ;Y ¼ Z xð Þ
Z ¼ Z xZð Þ, Z xð Þ,Y xYð Þð Þ ) X ¼ Z xZð Þ, Y xYð Þð Þ
Z ¼ Z xZð Þ, Z xð Þ,Y xYð Þ,S xSð Þð Þ ) X ¼ Z xZð Þ, Y xYð Þ, S xSð Þð Þ:

Except when working with univariate truncated gaussians, the matrix S is the

simple co-kriging matrix. The L are the co-kriging weights, u stands for the data

points so Ltu is the co-kriging estimate at locations x and R is the matrix of the

covariance of the co-kriging residuals. See Chap. 7 for more detail.
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