Chapter 1
Invariants of CR-Hypersurfaces

Abstract In this chapter we survey the invariant theory of Levi non-degenerate
CR-hypersurfaces concentrating on Chern’s construction of Cartan connections.

1.1 Introduction to CR-Manifolds

We start with a brief overview of necessary definitions and facts from CR-geometry
(see [2], [25], [67], [105] for more detailed expositions). Unless stated otherwise,
throughout the book manifolds are assumed to be connected, and differential-
geometric objects such as manifolds, distributions, fiber bundles, maps, differ-
ential forms, etc. are assumed to be C”-smooth. A CR-structure on a manifold
M of dimension d is a distribution of linear subspaces of the tangent spaces
T;(M) C T,(M), p € M, i.e. a subbundle of the tangent bundle 7' (M), endowed with

operators of complex structure J)! : T5(M) — T5(M), () )2 = —id. Forpe M
the subspace T, (M) is called the complex tangent space at p, and a manifold
equipped with a CR-structure is called a CR-manifold. It follows that the number
CRdimM := dimcT,; (M) does not depend on p; it is called the CR-dimension of
M. The number CRcodimM := d —2CRdimM is called the CR-codimension of
M. Every complex (and even almost complex) manifold is a CR-manifold of zero
CR-codimension. In this book we mostly consider CR-manifolds of CR-codimen-
sion one, or CR-hypersurfaces. Before constraining ourselves to this case, however,
we will briefly discuss general CR-manifolds.

CR-structures naturally arise on real submanifolds of complex manifolds. In-
deed, if M is an immersed real submanifold of a complex manifold N, then one can
consider the maximal complex subspaces of the tangent spaces to M

T)(M) :=T,(M)NJ)\T,(M), peM, (1.1)
where Jg is the operator of complex structure on 7,(N). If dim Tlﬁ (M) is constant on
M, then by setting
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2 1 Invariants of CR-Hypersurfaces

¢ ot M ._ N
T,(M):=T,(M), J, :=J, —_—
for every p € M, we obtain a CR-structure on M. The CR-structure defined above is
called the CR-structure induced by N. We note that dim TI;(M ) is constant if M is a
real hypersurface in N (that is, an immersed real submanifold of N of codimension
one), and therefore a real hypersurface in a complex manifold carries an induced
CR-structure (which turns the hypersurface into a CR-hypersurface). For compari-
son, we remark that if the codimension of M in N is two, then dim Tlﬁ(M ) need not
be constant (see [48] for a study of generic compact codimension two submanifolds
of CK).

Let M’ be an immersed submanifold of a CR-manifold M, and suppose that
M’ is endowed with a CR-structure. Then M’ is called a CR-submanifold of M

if for every p € M’ one has T (M') C T;;(M) and Jg”’ =7 . Clearly, if the

CR-structure of a CR-manifold M is induced by a complex manifold N, then M is a
CR-submanifold of N.

A map f: M| — M, between two CR-manifolds is called a CR-map if for every
p € M, the following holds: (a) the differential df(p) of f at p maps T;; (M) into
Ti) (M>), and (b) df(p) is complex-linear on 7,7 (M,). Two CR-manifolds My, M»
of the same dimension and the same CR-dimension are called CR-equivalent if
there is a diffeomorphism f from M| onto M, which is a CR-map (it follows that
f~1is a CR-map as well). Any such diffeomorphism s called a CR-isomorphism, or
CR-equivalence. A CR-isomorphism from a CR-manifold M onto itself is called a
CR-automorphism of M. CR-automorphisms of M form a group, which we denote
by Aut(M). A CR-isomorphism between a pair of domains in M is called a local
CR-automorphism of M. An infinitesimal CR-automorphism of M is a vector field
on M whose local flow near every point consists of local CR-automorphisms of M.
Infinitesimal CR-automorphisms form a (possibly infinite-dimensional) Lie algebra
(see Theorem 12.4.2 in [2]).

In the first instance, we are interested in the equivalence problem for
CR-manifolds. This problem can be viewed as a special case of the equivalence
problem for G-structures. Let G C GL(d,R) be a Lie subgroup. A G-structure on
a d-dimensional manifold M is a subbundle . of the frame bundle F (M) over M
which is a principal G-bundle. Two G-structures .}, %5 on manifolds M, M,
respectively, are called equivalent if there is a diffeomorphism f from M; onto
M, such that the induced mapping f : F(M;) — F(M,) maps .%} onto .%. Any
such diffeomorphism is called an isomorphism of G-structures. The CR-structure
of a manifold M of CR-dimension n and CR-codimension k (here d = 2n+k) is a
G-structure, where G is the group of all non-degenerate linear transformations of
C" @ R that preserve the first component and are complex-linear on it. The notion
of equivalence of such G-structures is then exactly that of CR-structures. For conve-
nience, when speaking about G-structures below, we replace the frame bundle F (M)
by the coframe bundle.

E. Cartan developed a general approach to the equivalence problem for G-
structures (see [18], [65], [67], [97]), which applies, for example, to Riemannian
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and conformal structures. In Section 1.2 we outline a solution to the CR-equivalence
problem for certain classes of CR-manifolds in the spirit of Cartan’s work focussing
on the case of CR-hypersurfaces (for an alternative approach to the equivalence
problem see, e.g. [71]). Namely, we describe some classes of CR-manifolds whose
CR-structures reduce — in the sense defined below — to {e}-structures, or abso-
lute parallelisms, where {e} is the one-element group. An absolute parallelism on
an (-dimensional manifold & is a 1-form ¢ on & with values in R’ such that
for every x € & the linear map o(x) is an isomorphism from T(Z?) onto R’.
The equivalence problem for absolute parallelisms is reasonably well-understood
(see [97)).

Let € be a collection of manifolds equipped with G-structures. We say that the
G-structures are s-reducible to absolute parallelisms if one can assign every M € €
some principal bundles

P I DI E pl Ly
and an absolute parallelism o on &7° in such a way that the following holds:

(i) any isomorphism of G-structures f : M| — M, for M|, M, € € can be lifted to a
diffeomorphism F : &} — &5 satisfying F* 0> = o1, and

(ii) any diffeomorphism F : &7} — &3 satisfying F* 0, = o is a lift of an isomor-
phism of the corresponding G-structures f : M| — M, for M, M, € C.

In the above definition we say that F is a lift of f if
mo..omoF =fomlo...om.

Let M be a CR-manifold. For every p € M consider the complexification
T, (M) ®g C of the complex tangent space at p. Clearly, the complexification can be
represented as the direct sum

L. 1,0 0,1
TS (M) 2 C =T, (M) & T, (M),

where
THO0) = X X X e TEM),

T,SO’”(M) = {X+i,X: XeTj(M)}.

(1.2)

The CR-structure on M is called integrable if for any pair of local sections 3,3 of
the bundle 7% (M) the commutator [3,3'] is also a local section of T(10)(M). 1t
is not difficult to see that if M is a submanifold of a complex manifold N and the
CR-structure on M is induced by N, then it is integrable. In this book we consider
only integrable CR-structures.

A C-valued function ¢ on a CR-manifold M is called a CR-function if for any
local section 3 of 7(0-1) (M) we have 3¢ = 0. If M is a real submanifold of a complex
manifold N with induced CR-structure, then for any function ¥ holomorphic on
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N its restriction @ := y|y is a CR-function on M. Let M;, M, be CR-manifolds,
where M, is a submanifold of CX with induced CR-structure. In this case any map
f: My — M, is given by K component functions. It is straightforward to verify that
f is a CR-map if and only if all its component functions are CR-functions on M.
An important characteristic of a CR-structure called the Levi form comes from
taking commutators of local sections of 719 (M) and TV (M). Let p € M,

7,7 TP(I’O) (M). Choose local sections 3, 3" of T:%) (M) near p such that 3(p) = Z,

3'(p) =Z'. The Levi form of M at p is the Hermitian form on T,fl’o) (M) with values
in (7,(M)/T;(M)) @g C given by

Lu(p)(Z,2) := if3,3](p)(mod T; (M) @r C). (1.3)

For fixed Z and Z' the right-hand side of the above formula is independent of the
choice of 3 and 3'. We usually treat the Levi form as a C¥-valued Hermitian form
(i.e. a vector of k Hermitian forms) on T,SI’O) (M), where k is the CR-codimension
of M. As a C¥-valued Hermitian form, the Levi form is defined uniquely up to the
choice of coordinates in 7,,(M) /T (M). If M is a CR-hypersurface, we think of its

Levi form at a given point p as a C-valued Hermitian form on T(l’o)( M) defined up
to a non-zero real multiple and speak of the signature of the Levi form up to sign.

Let g, & be two CF-valued Hermitian forms on complex vector spaces V, V,
respectively. We say that g and g are equivalent if there exists a complex-linear
isomorphism A : V — V and B € GL(k,R) such that

§(Az,Az) = Bg(z,2)

for all z € V. Clearly, the Levi form £y(p) defines an equivalence class of
Ck-valued Hermitian forms. When we refer to £y/(p) as a Ck-valued Hermitian
form, we speak of a representative in this equivalence class.

Let g = (g1,...,8) be a C¥-valued Hermitian form on C". We say that g is non-
degenerate if

(i) the scalar Hermitian forms g1, ..., g, are linearly independent over R, and
(ii) g(z,7) = 0 for all 7/ € C" implies z = 0.

Observe that for a non-degenerate Hermitian form g one has 1 <k < n?. Ifk=1and
g is non-degenerate, we write the signature of g as (I1,1) with [; + 1, = n, where [,
and [, are the numbers of positive and negative eigenvalues of g, respectively.

A CR-manifold M is called Levi non-degenerate if its Levi form at any p € M
is non-degenerate. Everywhere in this book, with the exception of Chapter 9, we
consider only Levi non-degenerate CR-manifolds. Further, we call a CR-manifold
M strongly uniform if £y (p) and £/(g) are equivalent for all p,q € M. Every Levi
non-degenerate CR-hypersurface is strongly uniform.
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For any C¥-valued Hermitian form g on C” we define a CR-manifold 0, C Ccrtk
of CR-dimension n and CR-codimension k as follows:

0, :={(z,w) € C" ™" : Tmw = g(z,2)}, (1.4)

where z = (z1,...,2,) is a point in C" and w € C*. The manifold Q, is often called
the quadric associated to g. The Levi form of Q, at every point is equivalent to g.

If k=1 and g(z,z) = ||z||*> (where || - || is the Euclidean norm on C"), the quadric
Q. is CR-equivalent to the unit sphere in C"*! with one point removed. Indeed, the

map
(z7W)H< < 'WH) (15)

T—w'1—w

transforms
Q)= {@w) €T [zl P+ Wl = 1\ {(0,1)}

into QH'HZ‘ More generally, for k = 1 and an arbitrary Hermitian form g on C" set
Se = {(z,w) € C" i g(z,2) + |w[* = 1}. (1.6)
Map (1.5) transforms
0, :=S,\{(z,1) e C""" : g(z,z) =0}

into O, \ {(z,—i) € C"™ : g(z,2) = —1}.

Assume now that g is non-degenerate. In this case every local CR-automorphism
of O, extends to a birational map of C"** (see classical papers [1], [90], [99] for
k =1 and papers [6], [7], [44], [62], [67], [68], [70], [98], [106] for 1 < k < n?). Let
Bir(Qy,) denote the set of all such birational extensions. It turns out that Bir(Q,) is a
group (see [62]). For k = 1 every element of Bir(Q,) is a linear-fractional transfor-
mation induced by an automorphism of CP"! (see [1], [90], [99]). For 1 < k < n?
some formulas for the elements of Bir(Q,) were given in [37]. It was shown in [62],
[106] that the group Bir(Qg) can be endowed with the structure of a Lie group with
at most countably many connected components and the Lie algebra isomorphic to
the Lie algebra g, of all infinitesimal CR-automorphisms of Q,. Every infinitesi-
mal CR-automorphism of Qg is known to be polynomial (see [106]). We denote
by Bir(Q,)° the connected component of Bir(Q,) (with respect to the Lie group
topology) that contains the identity.! One can show that Bir(Qg)/Bir(Q,)° is in fact
finite.

Note that Q, is a homogeneous manifold since the subgroup $, C Bir(Q,) of
CR-automorphisms of the form

(z,w) = (z+a,w+2ig(z,a) +ig(a,a) +b),

! In general, for a topological group G we denote its connected component containing the identity
by G°.
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with a € C", b € R, acts transitively on Q¢. Therefore, it is important to consider
the subgroup of all elements of Bir(Qg) that are defined and biholomorphic near
a particular point in Qg, say the origin, and preserve it. This subgroup, which we
denote by Biry(Q,), is closed in Bir(Qg), and Bir(Qg) = $), - Birg(Qg) - H, (this
follows, for example, from results of [62]).

Further, let Lin(Q,) C Birg(Q,) be the Lie subgroup of linear automorphisms of
Q,. Every element of Lin(Q, ) has the form

(z,w) = (Cz, pw),

with C € GL(n,C) and p € GL(k,R) satisfying g(Cz,Cz) = pg(z,z). It is shown in
[37] that Birg(Qg) = Lin(Q,) - Birg(Q,)°. We call a Levi non-degenerate
CR-manifold M weakly uniform if for any pair of points p,q € M the Lie groups
Lin(Qg,,(»))° Lin(Qg,,(4)° are isomorphic by means of a map that extends to an
isomorphism between Birg(Qg,,(,))° and Birg(Qg,,(4))°. Clearly, for a Levi non-
degenerate CR-manifold strong uniformity implies weak uniformity.

Existing results on the equivalence problem for CR-structures treat two classes
of Levi non-degenerate manifolds: (i) the strongly uniform Levi non-degenerate
manifolds, and (ii) the weakly uniform manifolds for which, in addition, the groups
Birg(Qg,,(p)) are “sufficiently small”, in particular Birg(Qg,,(»)) = Lin(Qg,,(p))-

In [17] (see [67] for a detailed exposition) E. Cartan solved the equivalence prob-
lem for all 3-dimensional Levi non-degenerate CR-hypersurfaces by reducing their
CR-structures to absolute parallelisms (note that this reduction differs from Car-
tan’s approach to general G-structures mentioned earlier — cf. [9]). In 1967 Tanaka
obtained a solution for all Levi non-degenerate strongly uniform manifolds (see
[101]), but his result became widely known only after Chern-Moser’s work [24]
was published in 1974 (see also [9], [10], [11], [23], [66]), where the problem
was solved independently for all Levi non-degenerate CR-hypersurfaces. Although
Tanaka’s pioneering construction is important and applies to very general situa-
tions (which include geometric structures other than CR-structures), his treatment of
CR-hypersurfaces is less detailed and clear — and is certainly less useful in calcula-
tions — than that due to Chern (see [76] for a discussion of this matter).

For example, Tanaka’s construction gives 3-reducibility to absolute parallelisms,
whereas Chern’s construction gives 2-reducibility and in fact even 1-reducibility
(see [9]). The structure group of the single bundle %% — M that arises in Chern’s
construction is Birg(Q, ), where g is a Hermitian form equivalent to every £y(p),
p € M, and the absolute parallelism ¢ takes values in the Lie algebra g, (which is
isomorphic to the Lie algebra of Bir(Q,)). The Lie algebra g, is well-understood
for an arbitrary CR-codimension (see [7], [31], [34], [93]). In particular, g, is a
graded Lie algebra: g, = @13:729];- In Tanaka’s construction, however, the abso-
lute parallelism takes values in a certain prolongation g, of 6922_292‘,. The fact
that g, and g, coincide for an arbitrary CR-codimension is not obvious (see [31]).
Further, the absolute parallelism ¢ from Chern’s construction is in fact a Car-
tan connection (to be defined in Section 1.2). In particular, it changes in a reg-
ular way under the action of the structure group of the bundle 972 (see also
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[9]). Namely, if for a € Birg(Qy) we denote by L, the (left) action of a on 23

then L)o = AdBlro( 00).8¢ (a)o, where AdBHO( 0.).g, 18 the adjoint representation of
Blro(Qg) It is not clear from [101] (even in the CR-hypersurface case) whether the
sequence of bundles 3 — 92 — P! — M constructed there can be reduced to a
single bundle and whether the absolute parallelism defined on 923 behaves in any
sense like a Cartan connection. [We note, however, that these points were clarified
in Tanaka’s later work [102] (see also [103]), where complete proofs of the results
announced in [100] were presented (see also Tanaka’s earlier work [99], where a
special class of Levi non-degenerate CR-hypersurfaces was considered).]

Being more detailed, Chern’s construction also allows one to investigate in detail
the important curvature form of o, i.e. the 2-form X := do — 1/2[c, o] (this form
is of particular importance to us throughout the book). It also can be used to intro-
duce special invariant curves called chains, which have turned out to be important in
the study of real hypersurfaces in complex manifolds (see, e.g. [107]). Due to these
and other differences between Tanaka’s and Chern’s constructions, we prefer to use
Chern’s approach in our treatment of Levi non-degenerate CR-hypersurfaces later in
the chapter. We also remark here that in a certain more general situation (namely for
Levi non-degenerate partially integrable CR-structures of CR-codimension one)
Cartan connections were constructed in [14] as part of a general approach to pro-
ducing Cartan connections for parabolic geometries (see also [13]). For more details
on the parabolic geometry approach we refer the reader to recent monograph [16].

We finish this introduction with a brief survey of existing results for manifolds
with CRcodimM > 2. Certain Levi non-degenerate weakly uniform CR-structures
of CR-codimension two were considered in [77], [85]. Conditions imposed on the
Levi form in these papers are stronger than non-degeneracy and force the groups
Birg(Qg,,(p)) for all p € M to be minimal possible. In particular, they contain only
linear transformations of a special form (in this case g’z‘M(p) =0 for k =1,2). Fur-
ther, the situation where the groups Birg(Q¢,,(,)) are small and CRcodimM > 2,
CRdimM > (CRcodimM)? was treated in [47]. One motivation for considering
manifolds with the Levi form satisfying conditions as in [85] (for CRdimM > 7),
[47], [77] is that these conditions are open, i.e. if they are satisfied at a point p,
then they are also satisfied on a neighborhood of p in M. Moreover, the quadrics
associated to Levi forms as in [85] (for CRdimM > 7) and [77] are dense (in an
appropriate sense) in the space of all Levi non-degenerate quadrics.

Finally, the case CRdimM = CRcodimM = 2 has been studied very exten-
sively in recent years. This is one of only two exceptional cases among all CR-
structures with CRcodimM > 1 in the following sense: typically (in fact always
except for the cases CRdimM = CRcodimM = 2 and (CRdim M)? = CRcodim M)
generic Levi non-degenerate quadrics have only linear automorphisms (see [36]
and also [7], [85]). However, in the case CRdimM = CRcodimM = 2 Levi non-
degenerate quadrics always have many non-linear automorphisms. Every non-
degenerate C?-valued Hermitian form g = (g,g2) on C? is equivalent to one of
the following:
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£ (z2) = (la*+ |l2l* a2+ 221),

gcll(

g™ (

z,2) = (|a1]* = 2%, 2122 + 2221),
z,2) == (lz1 2122+ 2221).

These forms are called hyperbolic, elliptic, and parabolic, respectively. The groups
Bir(Q,)°, Birg(Q,)° and the Lie algebra gg, where g is one of g"?, g*, g™, are quite
large. They were explicitly found in [33] (see also [7], [35], [37]).

A CR-manifold whose Levi form at every point is equivalent to g"" or g is
called hyperbolic or elliptic, respectively. Clearly, the conditions of hyperbolic-
ity and ellipticity are open. The equivalence problem for hyperbolic and elliptic
CR-manifolds is of course covered by Tanaka’s construction in [101]. More ex-
plicit reductions of elliptic and hyperbolic CR-structures to absolute parallelisms,
and even to Cartan connections, were obtained in [32], [94], [95]. The rich geometry
of hyperbolic and elliptic CR-manifolds (and their partially integrable generaliza-
tions) was also studied in [12], [15], [38], [39].

1.2 Chern’s Construction

From this moment to the end of Chapter 8 we only consider Levi non-degenerate
CR-hypersurfaces with integrable CR-structure. In the present section we describe
Chern’s construction from [24], which gives 2-reducibility of such CR-structures to
absolute parallelisms. In fact, even 1-reducibility takes places for this construction
(see [9]).

Let M be a Levi non-degenerate CR-hypersurface with an integrable CR-structure
of CR-dimension n. Locally on M the CR-structure is given by 1-forms tt, n% (here
and below small Greek indices run from 1 to n unless specified otherwise), where u
is real-valued and vanishes exactly on the complex tangent spaces, % are complex-
valued and complex-linear on the complex tangent spaces. The integrability condi-
tion of the CR-structure is then equivalent to the Frobenius condition, which states
that du, dn“ belong to the differential ideal generated by u, n®. Since u is real-
valued, this condition implies

dy = ih,gn® A nP  (modp) (1.7)

for some functions A B satisfying h of = hE o~ Here and below we use the convention

nB =nb, hE o= hﬁ_a, etc. as well as the usual summation convention for subscripts
and superscripts. At every point the matrix (h 063) defines a Hermitian form on C”
equivalent to the Levi form of M, where o is the row index and f is the column
index (see the footnote on the next two pages).

For p € M define E, as the collection of all covectors 6 € T, (M) such that
T;(M) ={Y € T,(M) : 6(Y) = 0}. Clearly, all elements in E,, are real non-zero
multiples of each other. Let E be the subbundle of the cotangent bundle of M whose
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fiber over p is E,. Define 6 to be the tautological 1-form on E, that is, for 6 € E
andY € Ty (E) set
6°(6)(Y) := 6(d7z(6)(Y)),

where mg : E — M is the natural projection.

We now fix a non-degenerate Hermitian form on C* with matrix g = (g aﬁ) which
is equivalent to every £y(p), p € M. Identity (1.7) implies that for every 6 € E
there exist a real-valued covector 87! and complex-valued covectors 8% on Ty (E)
such that: (a) each 6% is a lift of a complex-valued covector on Ty, () (M) which is
complex-linear on 77 (9)(M ), (b) the covectors 8°(0), Re 8%, Im0%, 8! form a
basis of the cotangent space T,y (E), and (c) the following identity holds:

d6°(6) = +ig,56% 7 6P +6°(8) A 6" (1.8)

For every p € M the fiber E,, has exactly two connected components, and if the
numbers of positive and negative eigenvalues of (g aﬁ) are distinct, the signs in the
right-hand side of (1.8) coincide for all 8 lying in the same connected component
of E, and are opposite for 8; and 6, lying in different connected components irre-
spectively of the choice of 8%, "*!. In this situation we define a bundle &' over
M as follows: for every p € M the fiber EZ; over p is connected and consists of all
elements 0 € E, for which the plus sign occurs in the right-hand side of (1.8); we
also set ! := 7 | 1- Next, if the numbers of positive and negative eigenvalues of
(g aﬁ) are equal, for every 6 € E and every choice of the sign in the right-hand side

of (1.8) there are covectors 8%, 8"*! on Ty (E) satisfying (1.8). In this case we set
P =Fand ' := 7.
For 8 € 2! we now only consider covectors 8%, 8"*! on Ty(2') satisfying
conditions (a), (b) stated above and such that
d6°(6) = ig,56% A 6P +6°(0) N 6", (1.9)
The most general linear transformation of 8°(8), 8%, 8%, 8"*! preserving equation
(1.9) and the covector 90(9) is given by the matrix (acting on the left)

1 0 0 0
e ug 0 0
v 0 u% 01 (1.10)
B

s igpgugv(y —igpgu%vp 1

where s € R, ug, v*eCandg aﬁ“g ug =gps-In ug and v the superscripts are used
for indexing the rows and the subscript for indexing the columns.” Let G| be the

2 We follow this convention throughout the book whenever reasonable. However, the entries of
the matrices of Hermitian and bilinear forms are indexed by subscripts or superscripts alone, e.g.
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group of matrices of the form (1.10). Clearly, &' is equipped with a G;-structure
(upon identification of G; with a subgroup of GL(2n 4 2,R)). Our immediate goal
is to reduce this G1-structure to an absolute parallelism.

We define a principal Gi-bundle 922 over £! as follows: for 8 € 2! let the
fiber 27§ over 0 be the collection of all covectors (6°(0),0%, 6"+!) on To(2!)
satisfying conditions (a), (b), (1.9), and let n?: 22 — P! be the natural projection.
Set

o = [n?]* 6°
and introduce a collection of tautological 1-forms on 922 as follows:

0*(0)(Y) := 6%(dn*(0)(Y)),
P(0)(Y):=6""!(dn*(0)(Y)),

where © = (0°(6),0%,0"*!) is a point in &} and Y € To(2?). It is clear from
(1.9) that these forms satisfy

da):igaﬁwo‘/\wﬁ—kw/\(p. (1.11)
Further, the integrability of the CR-structure of M yields that locally on &2 we have
do® = o Nof + oA e” (1.12)

for some 1-forms @F and @“. In what follows we will study consequences of iden-
tities (1.11) and (1.12). Our calculations will be entirely local, and we will impose
conditions that will determine the forms (pgC and @“ (as well as another 1-form y
introduced below) uniquely. This will allow us to patch the locally defined forms
(pg, 0%, v into globally defined 1-forms on 2. Together with o, ©%, ¢ these
globally defined forms will be used to construct an absolute parallelism on &2 with
required properties.
Let (g*#) be the matrix inverse to (gag), that is,
8ap8" =00 8,587 =65
As is customary in tensor analysis, we use (g 063) and (g“B) to lower and raise in-
dices, respectively. For quantities that have subscripts as well as a superscript it is

important to know the location where the superscript can be lowered to, and this is
indicated by a dot. Thus, we write (pg, for (pg£ and @gy for (pg_ 8oy tc.

(g aE) and (g”‘B). For the matrix (g aE) the first subscript is the row index and the second one is

the column index, whereas for the matrix (g”‘/3 ) the first superscript is the column index and the
second one is the row index. Further, coordinates are indexed by subscripts rather than superscripts
everywhere in the book except Section 1.3. Accordingly, vectors are usually written as rows with
the entries indexed by subscripts. When a matrix is applied to a row-vector on the left, it is meant
that the vector needs to be transposed first.
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Above we assumed the matrix g to be constant, but for all calculations below we
suppose that it is a matrix-valued map on 22!, In this case the bundle %2> must be
replaced by a different bundle (see Section 1.3 for a precise construction). Allowing
the matrix g to be variable makes our calculations more general than one needs
just for the purposes of constructing an absolute parallelism on 4?2, but these more
general calculations will have a further application in Section 1.3.

Differentiation of (1.11) and (1.12) yields, respectively,

i (dgaB ~ Qo5 — g+ gagw) A% AP+

-~ _ (1.13)
(—d(p—Ha)B/\ oP +igg A a)ﬁ) A®=0
and
(d(pg‘.—fpg_Acp;’.‘—iwﬁAcp“)AwﬁJr e
(d(p“—(p/\(p“—(pﬁ/\(pg‘,)/\wzo. .
Lemma 1.1. There exist (pg‘. that satisty (1.12) and the conditions
dgaﬁ—(paﬁ—(pﬁa—s—gaﬁcpzo. (1.15)
Such (pg, are unique up to an additive term in @.
Proof. Tt follows from (1.13) that
dgaB o~ Poot8apP = A By @ "+B a7 ® 7+ C «B®
for some functions A By’ B By C uf satisfying
Aaﬁy:AyBav Baﬁ?:BtﬁE‘ (1.16)
The Hermitian property of g i also yields
Agpy = Bpay, Cap =Cpa- (1.17)

Due to (1.16), (1.17) the forms

Pop = P T Aupy o'+ Caﬁ

satisfy relations (1.15) and, upon raising indices, relations (1.12). Verification of the
last statement of the lemma is straightforward. 0O

From now on we suppose that (1.15) holds. Identity (1.13) then gives

do = iog AP +igsnaf oy, (1.18)
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where v is a real 1-form. The forms (pg_, 0%, v satisfying (1.12), (1.15), (1.18) are
defined up to transformations of the form

o _ A0 o
Pp. = Pg. +Dﬁ.a)7
(p“:(f)“—&—ngB +E%p, (1.19)
V=P+Two+i(Eq0%— Ezn®)
for some functions Dg., E®, T, where T is real-valued and the following holds:

D5+ Dg, =0. (1.20)

Observe also that one can choose a subset S of {Re (pg', Im (pg} such that for any

O € 72 the values at O of the forms in the set GU{a), Re 0%, Imw®*, ¢, Re %,
Im @%, y'} constitute a basis of T35 (92).
Let
g = d(pg‘,—(pg'/\(p)‘f,‘. (1.21)

Using (1.15) we obtain
Mg = gyad @y, — Ph. N Pra = dPge — Ppa N @ — Pary A\ P
Since B
Pp7\ Py = 95 N\ oy,
it then follows that
Mg+ Igp = d(Qpa + Pap) — (Ppa+ Pap) N\ @
Differentiating (1.15) we obtain
Hgg + g = gpud - (1.22)

Let
Ig! = IIg —iop A @* +ipp N 0” + i85 (95 N ©F). (1.23)

It follows from (1.14), (1.18), (1.22), (1.23) that
AP =0, Iz+Tp=0 (modw). (1.24)
Lemma 1.2. We have

I = Spys @’ A©°  (modw),

where the functions Sgyg5 have the following symmetry properties:

Sﬁym = SYBW = Syﬁﬁ = sﬁﬁy, (1.25)
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Proof. From the first set of equations in (1.24) we see
Iga = xpay N ®7  (modw),
where gy are 1-forms. Hence, the second set of equations in (1.24) yields
Xpay N O+ xapy AN OT =0 (modw),

and therefore B
Apay N O = Sgyae®’ A©°  (modw)

for some functions Sg,55. Symmetry properties (1.25) follow immediately from
(1.24). O

We will now impose conditions on the functions Sg,55 from Lemma 1.2 to elim-
inate the remaining freedom in the choice of (pg" (see (1.19)).

Lemma 1.3. The functions Dg" are uniquely determined by the conditions

Sp5 i=S8% 5 =0. (1.26)

Y

Proof. We need to understand how the functions S, 0

tion of the form (1.19) is performed. Set

change when a transforma-

§:=8%, D:=DY.

Since go‘ﬁ, S op re Hermitian (see (1.25)) and D op e skew-Hermitian (see (1.20)),
it follows that S is real-valued and D is imaginary-valued. Indicating the new func-
tions by tildas, we find

S’”V

ap-6

:SY i(Dé.gpg—FDg.gag—Snga—(ngDgp) .

apG
Then we obtain
ng = SpE_ i (gpaD'Fng— (n+ 1)D6p) .

To finish the proof of the lemma, we need to show that there exist uniquely de-

fined Dg. satisfying (1.20) and such that

gpaD + (n+2)Dps = —iSp5. (1.27)
Contracting (1.27) we get .
i
——S.
2(n+1)

Substituting this back into (1.27) yields

1 i
Dyg=—— | —iSp5+=—""-Sg,5 | - 1.28
PG n+2< l p0+2(n+l) gpcr) ( )
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It is immediately verified that the functions Dy given by formulas (1.28) satisfy
(1.20)and (1.27). O

From now on we assume that conditions (1.26) are satisfied, thus (pg_ are uniquely
defined.
Further, Lemma 1.2 yields

Iy :Sgp,EwPAw5+Ag{Aw7 (1.29)
where ),l‘;‘_ are 1-forms. It follows from (1.14), (1.21), (1.23), (1.29) that
do” —oAo” — 9P Npf =25 NP =k 1o, (1.30)
where k¥ are also 1-forms. From (1.24), (1.25), (1.29) we get

We now differentiate (1.29) retaining only the terms that involve @P A @°. In do-
ing so we use the following formulas, which are immediately obtained from (1.12),
(1.15), (1.30): B

doy = —oP NP5+ O AP+ O A,
B B (1.32)
dpy, = (paBA(pB —s—/lga/\wﬁ + Ko A\ @.

Identities (1.11) (1.12), (1.21), (1.23), (1.29), (1.30), (1.32) then yield
Y Y oY ¥
455~ S1p5P5. ~ Spra P+ SposPr ~ Shpr9e =
’(/’Lfgxgpﬁ + )vggﬁﬁ - 6[?)‘6[) - 5’;1/’1’6/3) (mOd(D, a)'y’ (})7),
and by contraction we get
dSps — Sys0p. — Sp?‘l’g. = i(lg.gpa + A5 — (n+1)A5p)  (modw, w?, 7).

Now (1.26) and (1.31) imply

1 _
Aps = —Egpgllf (mod @, ", ®7).
Hence, |
Aoz =~ 5855V + Viap of +W 0P (modw) (1.33)

for some functions V53, WPEB. Substituting this expression into (1.31) we obtain
Vosp + Wapp =0. (1.34)

It now follows from (1.29) that
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1 _ _
a._ 0o >sa _ Qo P G o P _yo .0
(1>ﬁ,.—173,+25ﬁ VA® =S5, 50" Nw® + Vg 0P Ao —Vigz0® Ao.  (1.35)
Therefore, substitution of l"ﬁo‘ —ipg N 0% — i5§‘((pg A @°) into (1.14) implies
1
P :=do” — A9 — P Npf + Sy N0 =
2 (1.36)
~Vg 0P N+ VG 0P A%+ v Ao,

where v* are 1-forms.
Formulas (1.35) yield that under transformation (1.19) with D% = 0 the functions
Vg , change as follows:

_ 1

o _yo S oso ~so

Contracting we obtain
7 vt vilntl)E
Bp~ "Bp 5 | ©B-
This calculation leads to the following lemma.
Lemma 1.4. The functions Eg are uniquely determined by the conditions
vP —0. (1.37)
B-p

From now on we assume that conditions (1.37) are satisfied, thus @ are uniquely
defined.

Next, we differentiate identity (1.18). Using (1.11), (1.12), (1.31), (1.32), (1.36),
we get

O (—dy+ @ Ay +2ipP A s —iwP Avg —ivP Awg) =0.
Therefore, we have
¥o=dy— oAy —2ipP A@g = —ioP AVvg —ivh Nog+ENw, (1.38)

where & is a 1-form.

We now differentiate (1.36) retaining only the terms that involve ®” A @°. Using
identities (1.11), (1.12), (1.18), (1.21), (1.23), (1.35), (1.36), (1.38), we obtain

AV = Vi0p.+ Vg 0f — Vil —Vige =
(1.39)

Sgp.g(PB +igpV® + %ngg (mod @, ®”, ®7).

Conditions (1.37) are equivalent to
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V.gag Po =0.

Differentiating these identities and using (1.15), (1.25), (1.26), (1.37), (1.39), we
obtain B
v¥=0 (modo,n?,o’).

Hence, we have
v =PfoP + of of  (modw) (1.40)

for some functions Pg , Q%.. Substitution of (1.40) into (1.36) now yields
Q% = —Vé)fya)ﬁ ANo¥+ V%‘Ea)ﬁ AN®° +Pga)ﬁ Ao+ Q%_wﬁ A . (1.41)

Further, substituting (1.40) into (1.38) and absorbing into & the indeterminacy of v¢
in w, we obtain

¥ = iQop0% NP —iQ 507 N wﬁ—iﬁaﬁa)o‘/\wﬁ+£ Ao, (1.42)

where =R
Pgi= P+ Py, (143)

Formulas (1.36), (1.41) imply that under transformation (1.19) with Dg" =0and
E% = 0 the functions Pg change as follows:

- 1

o __ pa | SO

Pg.=Pg + 2613 T,
which gives

szPg+gT. (1.44)

On the other hand, from (1.43) we see

P% =2RePZ,
and therefore (1.44) yields

f’s = P% +nT.
This leads us to the following lemma.

Lemma 1.5. The function T is uniquely determined by the condition
P% =0. (1.45)

With condition (1.45) satisfied, the form y is uniquely defined. Thus, the locally de-
fined forms (pg_, 0%, y giverise to 1-forms (which we denote by the same respective

symbols) defined on all of &2,
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We will now finalize our formula for ¥. We differentiate (1.42) retaining only
the terms that involve 0P A @®. Using identities (1.11), (1.12), (1.18), (1.32), (1.33),
(1.34), (1.36), (1.38), (1.42), we obtain

~

dﬁpa — B ﬁE‘Pg - ﬁp?‘#’é - ﬁpw =

8 _ (1.46)
ZVPE(Pﬁ + 2Vﬁ6p (PB - gp?& (mOd (1)7 a)'J/7 a)'J/).
Clearly, condition (1.45) can be written as follows:
ﬁaggaﬁ =0.
Differentiating this identity and using (1.15), (1.37), (1.45), (1.46), we get
E=0 (modw,n’, o).
Since W is real-valued, we can write (1.42) in the form
_ o B _ i O B_ D 0 B
VY =iQup0“ No zwa Ao zPaﬁw A 0P+ (1.47)

Ry ®% A @+ Rz®* A @

for some functions R,.

Remark 1.1. For n= 1 all formulas derived above reduce to those given by E. Cartan
in [17].

We now assume that the matrix g = (g aﬁ) is constant and define a Hermitian

form .#¢ on C"*2 with matrix (J45) .1 by setting

1,m=0,....n

I _ 8 .__i 8 _i
A=t M=5 M=y 1.49)

and letting the remaining matrix entries to be zero. Let SU}g be the group of ma-
trices A € SL(n+2,C) such that A7#8A* = +.#°%. The choice A/ 3A* = — 8 is
only possible if the numbers of positive and negative eigenvalues of the form g coin-
cide, in which case the group SUjﬂ has exactly two connected components. If the
numbers of positive and negative eigenvalues of g are distinct, SUjﬂ is connected.
Let PSU}g = SU}g /%, where % is the center of SU}g. We denote by H, the

subgroup of (SUej;ﬂ)O that consists of all matrices

t 00
%150 ], (1.49)

‘L"L'Bt

where |¢t| = 1 and the following holds:
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i) t*= —2it2tg,gﬁ7r7,
BY
(ii) t2det(tg,) =1,

(i) Y 15:15.8p5 = 845 (1.50)
p,o

. i _ _
(iv) Y gpotpTo+5(Tt—1t"')=0.
po 2

Let y : H| — G be the homomorphism that assigns matrix (1.10), with
v® =it Z/tEgO‘B7
B

(ug) =[(eg)T] ",

s =4Re(1t7 "),

to matrix (1.49). The homomorphism y is onto and its kernel coincides with Z.
Hence, G is isomorphicto H, /% C PSU;}g , and we denote by y; the isomorphism
between H; /% and G; induced by .

The Lie algebra su s of SU;@ consists of all matrices 2 € sl(n+2,C) such
that A28 4+ 78" = 0. We now define an su yz¢-valued absolute parallelism
0 = (6/")1,m=0,...n+1 0N 27? by the formulas

oy :=—n+2(q)g,‘_+(p), o) = 0%, ol =20,

¢ = —ifa, of = oh.+ 8l ay, ol :=2iwy, (1.51)
nt+l . _l ntl . l o ntl._ _ 0

o= =g i =50 o't i=—a.

It is easy to observe that ¢ defines an isomorphism between Tg (2?2) and su ¢ for
every @ € P2 (see (1.15)).
Consider the following form called the curvature form of o:

1
Ezzdo—z[c,o]:dc—c/\c. (1.52)
This is an su_e-valued 2-form with
Z =" im0, nr1, Z":=do"— " Aof.

It is often referred to as the CR-curvature form of M. The components 22, 22 1

Z,?H are called the torsion of ¢. Conditions (1.11), (1.12), (1.18) yield that the
torsion of ¢ in fact vanishes. Further, a straightforward calculation shows
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1

N=- Lk
0 n+2 %’
1
¢ =—i®y, 3§ :@5.—n—+255q>;, (1.53)
1 1 =
It = - T=g0% It = -3

For any 2-form Q on #? in ©%, ®%*, ® such that
Q=a aBa)“ A P + terms quadratic in @, ®/  (mod )

set
TrQ :=al. .

Then conditions (1.26), (1.37), (1.45) can be restated, respectively, as follows:

(i) TrX¢ =0, TrX)=0,
(i) TrX¥ =0, TrXit!=0,
(i) Tr X =0,

and their totality can be summarized by the equation
TrX =0. (1.54)

It follows from Chern’s construction described above that the absolute parallelism
o defined in (1.51) is uniquely determined by the vanishing of its torsion and by
condition (1.54).

To describe further properties of o, we need a general definition. Let R be a Lie
group with Lie algebra v and S a closed subgroup of R with Lie algebra s C v acting
by diffeomorphisms on a manifold &2 such that dim & = dimR. For every element
s € 5 denote by X, the fundamental vector field arising from the one-parameter sub-
group {exp(ts), t € R} of S, i.e.

d

Xs(x) = d—t<exp(—ts)x>’ , XEZ.

A Cartan connection of type R/S on the manifold & is an t-valued absolute paral-
lelism p on &7 such that

(1) p(x)(X;(x)) =sforall s € s and x € £, and
(i) L;p = Adg(a)pforalla € S,

where L, denotes the action of a on &2 and Ads . is the adjoint representation of S.

A straightforward calculation shows that, upon identification of the group G,
with the group H;/ % C PSUj}g by means of the isomorphism ), the absolute
parallelism o is in fact a Cartan connection of type PSU;,)g /G on the bundle
22 — 2!, Thus, we have proved the following theorem.
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Theorem 1.1. [24] If g is a non-degenerate Hermitian form on C" and €8 the col-
lection of CR-hypersurfaces of CR-dimension n whose Levi form at every point is
equivalent to g, then the CR-structures of the manifolds in €8 are 2-reducible to
absolute parallelisms. For M € €2 the absolute parallelism ¢ on % — 2! — M
establishes an isomorphisms between Tg(2??) and the Lie algebra su ¢ at every
point ® € 2. Furthermore, & is a Cartan connection on 2> — 22! and is deter-
mined by the vanishing of the torsion and curvature condition (1.54).

As was noted by S. Webster (see the Appendix to [24]), there are further sym-
metries for the functions occurring in formulas (1.35), (1.41), (1.47), which give
expansions of the components of the CR-curvature form X with respect to ®%, 0%,
. The additional symmetries follow from the Bianchi identities, which one obtains
by differentiating equation (1.52). Namely, differentiation of (1.52) yields

d¥=0NX -2 N0,
which in terms of components is written as follows:
X" = o/" NZF — " Aof. (1.55)
Webster shows that the Bianchi identities imply
Vg.ﬁ =0, Vaﬁy = Vyﬁa’ Qup = Qpas Paﬁ =P5,- (1.56)
Hence, (1.41) and (1.47) become, respectively,

> = Ve 0P N0+ PSP Aa)+Q%_w3A o,

U —2iPaBa)o‘/\a)ﬁ+Rawo‘/\w+Rawa/\ o. (7
Identities (1.26), (1.35), (1.37), (1.56) yield @ = 0. Thus, (1.53) implies
=0, Iil=0 zf= ol . (1.58)
In addition, from (1.56) we see
P% =2ReP% =2P%,
and therefore condition (1.45) is equivalent to
P =0. (1.59)

For a non-degenerate C-valued Hermitian form g on C" consider the quadric Q,
associated to g (see (1.4)). We will now give an explicit description of the group
Bir(Q,). Consider CP"*! with homogeneous coordinates 3 = ({o: &1 ¢ ... : Gup1)
and realize C"*! in CP"*! as the set of points (1 :z; :...:2,: w). Let Qg be the
closure of Q, in Ccprtt, Clearly, we have
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0, ={3eCP": #%(z,2)=0}, (1.60)

where Z:= (§, 815+, Gut1) and % is the Hermitian form defined in (1.48), that s,
A(2,2) = §(8,0) +i/2(Gus1Co— LT 1) with = (..., §,). We consider 0,
with the CR-structure induced by CP"**!. If g is sign-definite, Q, is CR-equivalent to

the unit sphere in C"*!. In general, Qg is CR-equivalent to the closure §g in CP"+!
of the hypersurface S defined in (1.6). Indeed, we have

Se={3eCP"" :g({,0) + |G~ ol =0},

and the map
3= (Go—Curr: Gree i Guti(Go+ Gusn)) (1.61)

transforms S, into Q, (observe that the restriction of map (1.61) to C*™\ {w =1}
coincides with map (1.5)).

We define an action of the group SUiﬂ on CP"*! by assigning a matrix
A € SU%,, the holomorphic automorphism of CP"*! given by 3 — [AT]_13.
Clearly, every such automorphism preserves Qg, thus its restriction to Qg is a
CR-automorphism of Qg. The kernel of this action is the center & of SUjﬂ, hence
the group PSU}g acts on Qg effectively and transitively by CR-automorphisms.
One can show that every local automorphism of Q, extends to a CR-automorphism
of Qg induced by this action. This continuation result goes back to Poincaré for
the case n = 1 (see [90]). It was obtained by Tanaka in [99] for arbitrary n > 1
and g for all local CR-automorphisms of Q, that can be holomorphically continued
to a neighborhood in C"*! of a domain in Qg (see also [1]). In fact, every local
CR-automorphism of Q, admits a local holomorphic continuation required by
Tanaka’s result. Indeed, let f : V — V’ be a CR-isomorphism between domains V
and V' in Q,. If the form g is indefinite, the existence of a holomorphic continuation
of f to a neighborhood of V in C"*! follows from a well-known fact that appears
as Theorem 3.3.2 in [22] (see references therein for details). If the form g is sign-
definite, a continuation of f to a neighborhood of V is provided by [88]. [Note that
the existence of a local holomorphic continuation also follows from Theorem 3.1
of [3].] Thus, the group Bir(Q,) endowed with the compact-open topology arising
from its action on Q’ admits the structure of a Lie group isomorphic to PSUjﬂ.
It can be shown that the Lie algebra of Bir(Q,) with respect to this structure is
isomorphic to the Lie algebra of infinitesimal CR-automorphisms of Q. As a Lie
group, Bir(Q,) acts on Qﬁ transitively by CR-automorphisms. Clearly, Bir(Qy) is
connected if the numbers of positive and negative eigenvalues of g are distinct and
has exactly two connected components otherwise. From now on we identify the
group Bir(Q,) with PSU}g and its Lie algebra with su . [We note in passing
that the effect of continuation of local CR-automorphisms and, more generally, lo-
cally defined CR-isomorphisms to globally defined maps for manifolds other than
Q¢ has been observed by many authors (see, e.g. [62], [69], [78], [86], [89], [107]).
A related continuation result for global CR-automorphisms in the case where the
Hermitian form g is degenerate was obtained in [63].]
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Let H := Birg(Q,) and Hy be the subgroup of SU}g that consists of all matrices
of the form

t 0 0

o O

1% 15 0 ;
T 13 47!

where conditions (1.50) are replaced by the conditions

() 1% = F2it Y15 ¢pyTy,
BY
(i) 41 det(rg) = 1,

(iii) Y 1%L g5 = +2,5
p,0

(V) Y gpotptot =(TF ' —u ) =0,
po 2

with the bottom choice of the sign only possible if the numbers of positive and neg-
ative eigenvalues of the form g are equal. Clearly, H is the codimension one sub-
group of Hy given by the top choice of the sign and the condition || = 1 (see (1.49),
(1.50)). It is straightforward to check that the isomorphism PSU;@ — Bir(Q,) iden-
tifies the subgroup Hy/ % with H, thus the group G| ~ H;/% can be viewed as a
codimension one subgroup of H.

It was shown in [9] that the manifold 9?2 constructed above is in fact a principal
H-bundle over M with the projection 7 := 7! o 7% and, upon identification of H and
Hy/ %, the parallelism o is a Cartan connection of type PSU;,)g /H on the bundle
272 — M. Thus, the following variant of Theorem 1.1 holds.

Theorem 1.2. [9], [24] The CR-structures of the manifolds from €8 are 1-reducible
to absolute parallelisms. For M € €2 the absolute parallelism ¢ on 2% — M estab-
lishes an isomorphisms between Tg(2??) and the Lie algebra su ¢ at every point
O € 2. Furthermore, o is a Cartan connection on ? — M and is determined by
the vanishing of the torsion and curvature condition (1.54).

Inspection of Chern’s construction yields that for the manifold Qg the bundle

2 — . . g . . . .
P — Q, is the bundle Bir(Q,) — Bir(Q,)/H, where the quotient Bir(Q,)/H is
identified with the Bir(Q,)-homogeneous manifold Qg in the usual way and 7, is
the quotient map. In this case the Cartan connection ¢ is the Maurer-Cartan form
OBir(g,) O the group Bir(Q,).

Recall that the Maurer-Cartan form o on a Lie group R is the right-invariant
1-form with values in the Lie algebra t of R such that og(e) : v — v is the identity
map. The Maurer-Cartan form satisfies the Maurer-Cartan equation

1
dGR — E[GR,GR] =0

and under the left multiplication L, by a € R transforms as follows:
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LZGR = Adet(a)GR.

The Maurer-Cartan equation implies that the CR-curvature form of Qg van-
ishes. Conversely, suppose that the CR-curvature form of a manifold M € €% is
zero. Then for every point @ € £?? there is a neighborhood U of ©, a neighbor-
hood V of the identity in Bir(Q,), and a diffeomorphism F : U — V such that

F* (GBir(Qg) ’v) =0 ‘ v~ By Theorem 1.2 the diffeomorphism F is a lift of a CR-

isomorphism f: 7(U) — mg, (V). Therefore, every point of M has a neighborhood
CR-equivalent to an open subset of Q,.

A CR-hypersurface M € €8 is called spherical if it is locally CR-equivalent to
Qg i.e. if every point in M has a neighborhood CR-equivalent to an open sub-
set of Q,. If the signature of the non-degenerate Hermitian form g is (k,n —k)
for some 0 < k < n, and M is locally CR-equivalent to Q,, we also say that M is
(k,n — k)-spherical. Tt is usually assumed, without loss of generality, that
n < 2k. [We will generalize the above definition of sphericity to the Levi degen-
erate case in Section 9.1. Until then we only consider Levi non-degenerate CR-
hypersurfaces.] Further, a CR-hypersurface with vanishing CR-curvature form is
called CR-flat. We summarize the content of the preceding paragraph as follows.

Corollary 1.1. A CR-hypersurface is spherical if and only if it is CR-flat.

In this book we study spherical CR-hypersurfaces. Corollary 1.1 and formulas
(1.53), (1.58) yield that such CR-hypersurfaces are characterized by the conditions

of =0, o*=0, ¥=o,
or, equivalently, by the conditions

sP

apG

0, V§,=0, P§=0, Qf =0, Rg=0. (1.62)
Due to the transformation law
LflG:AdH’su%,g (a)o, a€H,

where L, is the (left) action of @ on the bundle 922 — M, the CR-curvature form X
transforms in a similar way

L}X = Adpsu (@) (1.63)

Transformation law (1.63) implies that conditions (1.62) hold everywhere on 222 if
for every p € M there is a local section Iy of &2 over a neighborhood W of p in M
such that these conditions hold on the submanifold Iy (W) of 22

Throughout the book we only consider real hypersurfaces in complex manifolds
with induced CR-structure, and our next step is to write sphericity conditions (1.62)
on a certain local section of 22 defined in terms of a local defining function of the
hypersurface (cf. [76], Section 5).
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1.3 Chern’s Invariants on Section of Bundle &% — M

Let M be a Levi non-degenerate CR-hypersurface with an integrable CR-structure
of CR-dimension n. Fix a Hermitian form on C”" with matrix g which is equivalent to
every £y (p), p € M, and consider the fiber bundle &2 ! over M and the tautological
1-form 8% on 2! as constructed in Section 1.2. Let W be an open subset of M and
U := [r']7Y(W). Further, let 4 = (gaﬁ) be a matrix-valued map on U such that
for every 6 € U the value ¢(6) is the matrix of a Hermitian form whose signature
coincides with that of the Hermitian form defined by g. Then for every 6 € U there
exist a real-valued covector 8" and complex-valued covectors 8% on Ty(2!)
such that: (a) each 6% is a lift of a complex-valued covector on Ty.1 ) (M) which is

complex-linear on T;l(e)(M), (b) the covectors 90(9), Re 6%, TmO%, 0" form a

basis of the cotangent space Ty ( 221, and (c) the following identity holds:
d6°(6) = i7,5(6)0% 7 6P + 6°(6) A 6", (1.64)

The most general linear transformation of 90(9), 0%, 9%, g+l preserving equation
(1.64) and the covector 90(9) is given by the matrix (acting on the left)

1 0 0 0

o o

% ug 0 0

o 0 o ol
v ) g )

s igpg(e)ugvc —i%pg(e)u%vp 1

where s € R, ug‘,voC € Cand %B(e)ug‘ug =9,5(0).

For 6 € U let ﬁgg be the collection of all covectors (8°(8),0%,6"!) on
To(2?") satisfying conditions (a), (b), (c) above. The sets t@gvg, 0 c U, form a
fiber bundle over U, which we denote by EZ%, Let né, : 9524 — U be the projection
(6°(6),0%,6"1) — 6. For every point 6y € U there is a neighborhood Uy of 6 in
U such that the open sets [12]~! (Up) and [#?]~!(Up) are diffeomorphic, with the
fiber 9575; mapped onto the fiber 95 for every 0 € Uy as follows:

F:(6°(6),0%,6""") — (6°(6),65(6)6P,6"1),

where ‘Kéx are complex-valued functions on Uy and the matrix (‘Ké)‘) is everywhere

non-degenerate. Next, set

oy = [17]" 6°

and introduce a collection of tautological 1-forms on Wé as follows:

0F(0)(Y) = 0%(dngy(0)(Y)),
¢y(0)(Y) = 0" (dng (0)(Y)),
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where © = (0°(0),0%,60"*!) is a point in 9575; and Y € Tp(22). Identity (1.64)
implies B

dag =i ([ﬂé]*%ﬁ) ©F N 0ol + 05 A gy,
As in Section 1.2, starting with the forms @y, wg , (g we can construct 1-forms
(pg" o> 05> We and 2-forms @g‘, o PF, Vg on 22 (recall that in our calculations
in Section 1.2 we allowed (gaﬁ) to be a matrix-valued map). A straightforward

calculation yields that on [72]~!(Up) we have

(J)gq:j*(l),
of = 9§ 7 b,
Oy =T,

0y = —dTL-C]+ DLCY F o).,
0f =25 FoP,
Vg =F"y

and _
_ Ul grx QY
Sgpi,% = @,‘,“@V%p C5 F*S

v
Vi = @;ﬂgﬁv%,;‘ TV,

Pg 4 =27y F*P., (1.65)
0f , = W6 T Oy,

Ro g = %&’ f*Ry,

where (@g‘) is the matrix inverse to (‘gé)‘) and Sgpﬁ,fé” V/ﬁpg’ Pg‘,’g, Q%.,g’ Roy
are the corresponding functions in the expansions of the forms dbg‘.g, DF, Wy with

respect to the forms @y, a)gg,, a)gg,.

Let wey : U — 9524 be a section of 32% and 7 a local section of 2! over

W. Formulas (1.65) imply that if the functions Sg TG Vé)f o PI‘;‘_ o % @

vanish on the submanifold (.4 o W ) (W) of 222, then conditions (1.62) hold on the
submanifold Iy (W) of 922, where Iy := .% o Yy o Yy is a section of the bundle
P2 — M over the set W. [Here we assume for simplicity that .% is defined on
all of [ﬂé]_l(U ). To be absolutely precise, one must consider for every 6y € U a
neighborhood Uy as above.]

Suppose now that M is an immersed Levi non-degenerate real hypersurface in
a complex manifold N of dimension n+ 1 with n > 1. Fix p € M and consider
a neighborhood M’ of p in M which is locally closed in N.> Then there exist a
neighborhood # of p in N, holomorphic coordinates D, z7= (zl7 .o, 2" in ¥/, and

Ra,%

3 We say that an immersed submanifold S of a manifold R is locally closed if the immersion
1:S — R, 1(x) :=x, is a locally proper map, or, equivalently, if S is a closed submanifold of an
open submanifold of R. We say that S is closed in R if 1 is a proper map.
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a real-valued function r(zO,zO,z,z) on # such that the set W := M’ N coincides
with the set {r =0} and ry := 9r/9z° # 0 on W (note that r5 := dr/dz° 0 on W
as well since ro = 75).*

The CR-structure of M, being induced by N, is given on W by setting

= i&r‘w =1 (a—dzﬁ +r0dz0> ‘W,

B
J (1.66)
ne = dz*
(cf. the beginning of Section 1.2). Then on W we have
dp = ih,gdz% NdzP + A g, (1.67)
with
hocB = _r(xﬁ—"_ ralrar03+r6_1rﬁr6a - |r0|72r05r0‘r77
B B (1.68)
¢ = —r5 ' rg,dz’ — 1y rogd? + |ro| ~?rgg (rydz? + rydZ?)

(cf. (1.7)), where we use the following notation:

__ar __ar 9%
g := W’ rﬁ.— 8—237 raB = 820‘—8237 etc.
Clearly, for every g € W the Levi form of M at g is equivalent to the Hermitian form
with the matrix h(q) := (h ocﬁ( q))-

We now choose a matrix g such that the Hermitian form defined by g has the
same signature as the Hermitian form defined by h(q) for every ¢ € W. Then the
fiber of the bundle &' over g is {upt(q) : u > 0} in the case where the numbers of
positive and negative eigenvalues of g are distinct and {upi(g) : u € R*} otherwise.
For the form 8° on U = [x']~!(W) we have

du

de° = iu ([nl]* haﬁ) (7] dz% A '] d2P + 60 A (—7 + =] ¢> :

We now let ¢ of = =ulr']*h o On U and choose the section 7}y ¢ as follows:
o)) =  0°(un(a). (' d=) ).~ 2+ (') 0) (0 ).

Next, choose the section ¥y by setting u = 1, i.e. ¥ (g) = p(g). Our goal is to
compute the forms 0y, ©F, ¢y, (pg o> 94> Wy and the functions Sg P ng &

PI‘;‘ @ Qﬁ 9 Ry on the submanifold 20 := (yy & o w)(W) of @é. In fact, we

4 For notational convenience, in this section we index coordinates by superscripts rather than sub-
scripts. We will return to indexing coordinates by subscripts in Chapter 2.
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compute the push-forwards of these quantities to W under the diffeomorphism
mlomy|y, : W—W.
Clearly, on 20 we have

thus the push-forwards of wy ’m]’ w;,j,‘ ‘ o Py
tively.
Differentiating (1.67) we obtain

‘QI] from 20 to W are u, dz%, ¢, respec-

i(dhygs +h,59) Adz* NdP — pndg =0.

Hence,

dhaB—i—haﬁ(p—a dz +az d7’ +Cophs

B
7 (1.69)

d¢ =ic, dz NdzP +ung®
for some 1-form ¢! and functions a By CoB satisfying

YoBy = YBar ap = Po
With u given in (1.66) and & B’ ¢ given in (1.68), the functions a By’ CoB and the

form ¢V are completely determined by formulas (1.69) if we assume that V) is
a linear combination of dz* and dz®. These quantities involve partial derivatives of
the function r up to order 3.

Everywhere below indices are lowered by means of the matrix & = (h 063) and

raised by means of its inverse (h“B), where h aﬁhﬁ =80, h aﬁh‘ﬂ’ = 5; Set

o() _ a1y, ) a a()._ 1o p
¢B' = aﬁ,ydz +26ﬁ,,u, (0] = 2c,B,dz . (1.70)
Identities (1.69) imply
dzﬁ/\qbﬁ +ung*M =0,
dh z+h 50— — ) —0 171
op of of Ba ’ (1.71)
dg = idzz N 9P ) + iq%l) NP+ gD

On the other hand, let 1-forms ¢[‘31~ , 0%, ¢ be the push-forwards of (pg-.%‘an’

0F| g5 W |y from 20 to W, respectively. It follows from identities (1.12), (1.15),
(1.18) applied to the forms 0y, ©OF, ¢y, (pg‘,’g, ©F. Yy that (I)ﬁ, 0%, { satisfy
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AP N+ A =
dh,g+h,g¢ — 0,5~ 95, =0, (1.72)
dg = idzg N 9P +igg ndP +pung.
Itis straightforward to see from (1.71), (1.72) that ¢I§C" 0%, £ are related to (1)5_(1),
M, £ as follows:
05 = 0f +diu
¢a<l>:¢a—|—dgdzﬁ +€a‘ll7 (173)
W) = ru+i(eqdz® — eqdz®),

where dg , €%, t are functions on W, t is real-valued and the following holds:

d g+, =0 (1.74)
We will now find dg., e%, t from conditions (1.26), (1.37), (1.59).
Identities (1.35) imply
dog — o) No% —idzg N %+
RGNS (1.75)

igg Ndz" +i8g (9o Nd2°) = S dz? Adz°  (modu),

where Z§ _ are the push-forwards of the functions § from W to W. It

follows from (1.67), (1.73), (1.75) that

,Bycr,fé"m]

d¢g(l) _ ¢23/(1) /\¢;Z(l) —idZ/} /\q)(l(l)

() () a(l) G (1.76)
idy Ndz* +i5§‘ ((1)(, /\dz“) = Yﬁyﬁafz”/\dz(y (mod ),
where 0.
5”,376 = TG i(d s+ g — 8% dgp — 83day). (1.77)

Note that with (p q)“ given by (1.70), where a By Cof A€ found from (1.69),
)

the functions YB yo are completely determined by formulas (1.76) and involve par-

tial derivatives of r up to order 4.
Define
P = g = (1.78)
Contracting (1.77) and using conditions (1.26) we obtain
hygd + dyg (n + 1) —15”

Yo’

(1.79)

where d := dg. . Identities (1.74) and (1.79) imply
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hysd + (n+2)dyg = —iyy%). (1.80)

Contracting (1.80) we get .

i

L g
2(n+1)
Substituting this back into (1.80) yields
Y S () S P ( P

dyg—n+2( y76+2(n+1)y hys | . (1.81)

Formulas (1.81) determine the functions dg. in terms of partial derivatives of r up to

order 4, and we set
9*@ = o) — g dzP. (1.82)

Next, identities (1.35) imply
dog — 95 Aoy —idzg AO* +igp Ndz* + i85 (9o Nd2%) +

1 _ _ (1.83)
395 CANH = Fygd! Ndz® +VGydzl A=V gedz% A,

where ”f/ﬁ‘?‘y are the push-forwards of the functions VBOC' 19 ‘ o from 20 to W. It follows
from (1.73), (1.82), (1.83) that '

A9 — 9f Nogt —idzg N9+ i¢;32> Ndz® + 8§ (¢((,2) Adz") +

(1.84)
1 _ _
ESE‘C“) AU = yﬁay.EdZY/\dZO' + Aj//f;l)dzy/\‘u _ yga(l)dzd AL
where .
7/[30.:51) = 7/,3‘3— i (5)9‘% + 555‘@) . (1.85)
Note that with ¢(!) found from (1.69), 9§ given by
1
0 =ag.,dz’ + (Ecg_ —d‘é‘.) u, (1.86)

0% given by (1.82), %1 given by (1.70), where @y o Are found from (1.69)

and d¢ are found from (1.81), the functions "//;_()El) are completely determined by
formulas (1.84) and involve partial derivatives of r up to order 5. Contracting (1.85)
and using conditions (1.37) we obtain

_ 2 e
b= Zur1 ba -

(1.87)

Formulas (1.87) determine the functions e® in terms of partial derivatives of r up to
order 5, and we set
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£@.— ¢ —i(eadza—eadza) (1.88)
Further, identities (1.36), (1.57) imply

Ao — o N o* — P A¢g{+%mdz°‘ =
(1.89)

7/0{

'ﬁadzﬁ ANdZ% + gzg‘,dzﬁ AU+ Qg.dzﬁ/\ u,

where @g‘. and 27 are the push-forwards of the functions Pg %’Qﬂ and Q%. @’m]
from 20 to W, respectively. It follows from (1.73), (1.88), (1.89) that '

1
g — ¢ N o — P nog + 5L nd” =

(1.90)
”//_E%dzﬁ Adz% + ﬁg'“)dzﬁ AU+ Qg_dzﬁ/\u,
where
325‘_(1) =P — %55%. (1.91)
Note that with ¢ given in (1.68), ¢[‘31~ given by (1.86), ¢* given by
0% = (%cg_ —dg) dzP — ey, (1.92)

¢@ given by (1.88), where AoByr CoBr ¢ are found from (1.69), dg. are found from

(1.81), and e® are found from (1.87), the functions 33;;(1) and "@% are completely

determined by formulas (1.90) and involve partial derivatives of r up to order 6.
Contracting (1.91) and using condition (1.59) we obtain

r= —%93.(‘). (1.93)

Formula (1.93) determines the function ¢ in terms of partial derivatives of r up to
order 6, and { is given by

=W (eadza - eadza> _— (1.94)
Finally, identities (1.38), (1.57) imply
dl— O NE —2i0P N gy = ~2iP 5dz® NP + Rod® N1+ RgdZ A1, (1.95)

where Z,, are the push-forwards of the functions Ra’g|w from 20 to W. Since the
forms ¢g, %, { have now been determined, identities (1.83), (1.89), (1.95) can be

used to find the functions .#¥

By “I/B‘f‘y, t@g., Qg, o in terms of partial derivatives
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of r up to order 7. More precisely, yﬁay-a are determined by the partial derivatives
of order 4, ”f/ﬁo"y by the partial derivatives of order 5, @g‘. and Qg. by the partial

derivatives of order 6, and Z,, by the partial derivatives of order 7.

The discussion at the end of Section 1.2 and transformation law (1.65) now yield
that the system of equations

o _ o __ o __ o __ —
yﬁﬁ_o, 7/!3'7/_0’ @ﬁ, =0, QE' =0, %y=0 (1.96)

is equivalent to the sphericity of the locally closed portion W of the real hypersurface
M. System (1.96) involves partial derivatives of r up to order 7 and is hard to deal
with in general. However, for special classes of hypersurfaces it can be simplified
and becomes a rather useful tool for identifying spherical hypersurfaces. In this book
we consider hypersurfaces of such a kind.

1.4 Umbilicity

Before we turn to special classes of hypersurfaces, we will show that system (1.96)
can be simplified to some extent in general. To describe this simplification, we in-
troduce the notion of umbilic point in a Levi non-degenerate CR-hypersurface M
of CR-dimension n. For n > 2 a point p € M is called umbilic if all functions Sgy-a
vanish on the fiber 77! (p) of the bundle %2> — M. For n = 1 conditions (1.26),
(1.37), (1.59) become

Si1=0, V=0, P.=0, (1.97)

respectively, and for n = 1 we call a point p € M umbilic if Q% vanishes on the fiber

7~ !(p). Due to transformation law (1.63), it is sufficient to require in the definition
of umbilicity that Sgy-a and Q{ vanish only at some point of the fiber 77! (p) for
n > 2 and n = 1, respectively.

We will now prove the following useful proposition.

Proposition 1.1. [9] A Levi non-degenerate CR-hypersurtace M is spherical if and
only if every point of M is umbilic.

Proof. If M is spherical, then its every point is umbilic due to conditions (1.62).
Conversely, assume that every point of M is umbilic. To show that conditions (1.62)
hold on 922, we use the Bianchi identities (see (1.55)).

First, suppose n = 1. Due to (1.35), (1.53), (1.57), (1.58), (1.97), all components
of the curvature form X are equal to zero except possibly for

1 1 T
2= _le: -1 (lel A @+ R0 Aw).

From identities (1.55) form =1,/ =0and (1.51) we see
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o AN¥Y =0,

which implies
Riw; Ao'Aw=0.

Hence Ry = 0, and therefore X = 0 as required.
Now, suppose n > 2. In this case due to (1.35) we have

b =vE 0P no—VP_0% Ao (1.98)

Further, from identities (1.55) form = o, = 3 and (1.51), (1.53), (1.57), (1.58) we
obtain

dob = 267‘,1/\(155 +ig A (V_%w”/\ w6+Pﬁw”/\w+Q$_w7/\ a)) +
Y

_ _ (1.99)
i (Vagp @7 A 0P + Py @7 A ® + Qyq 07 A ©) A 0P —Zcbg/\og.
7

Considering in identities (1.99) the terms not involving @ and using (1.11), (1.98),
we get Vg,p = 0. Hence, (1.99) yields

W, N (Pf_aﬂ’/\w—ngwW\ w) + (me7/\a)+anw”A a)) AP =0,

which implies P)I}, =0 and Qg, = (. Thus, all components of the curvature form X
are equal to zero except possibly for

ot = —%‘I’ = —% (Raa)“ A @+ Rgo® A w) )
From identities (1.55) form = 3,1 =0and (1.51) we see
o AN¥Y =0.
Hence Ry = 0, and therefore X = 0 as required. 0O

Due to Proposition 1.1 and transformation laws (1.63), (1.65), system of equa-
tions (1.96), which characterizes the sphericity of a locally closed portion of an
immersed real hypersurface in a complex (n + 1)-dimensional manifold, can be re-
placed by the system of equations

Yﬁay_g =0 (1.100)
for n > 2 and by the single equation
21 =0 (1.101)

for n = 1. System (1.100) involves partial derivatives of r up to order 4, whereas
equation (1.101) involves partial derivatives of r up to order 6.
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We also remark that in the real-analytic case the sphericity condition can be ex-
pressed in terms of a so-called complex defining function (see [83], [84]). In this
case, analogously to (1.100), (1.101), sphericity is equivalent to a system of equa-
tions involving partial derivatives up to order 4 for n > 2 and to a single equation
involving partial derivatives up to order 6 forn =1 .
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