
Chapter 1
Invariants of CR-Hypersurfaces

Abstract In this chapter we survey the invariant theory of Levi non-degenerate
CR-hypersurfaces concentrating on Chern’s construction of Cartan connections.

1.1 Introduction to CR-Manifolds

We start with a brief overview of necessary definitions and facts from CR-geometry
(see [2], [25], [67], [105] for more detailed expositions). Unless stated otherwise,
throughout the book manifolds are assumed to be connected, and differential-
geometric objects such as manifolds, distributions, fiber bundles, maps, differ-
ential forms, etc. are assumed to be C∞-smooth. A CR-structure on a manifold
M of dimension d is a distribution of linear subspaces of the tangent spaces
T c

p (M)⊂ Tp(M), p ∈ M, i.e. a subbundle of the tangent bundle T (M), endowed with

operators of complex structure JM
p : T c

p (M) → T c
p (M),

(
JM

p

)2 = − id. For p ∈ M
the subspace T c

p (M) is called the complex tangent space at p, and a manifold
equipped with a CR-structure is called a CR-manifold. It follows that the number
CRdimM := dimCT c

p (M) does not depend on p; it is called the CR-dimension of
M. The number CRcodimM := d − 2CRdimM is called the CR-codimension of
M. Every complex (and even almost complex) manifold is a CR-manifold of zero
CR-codimension. In this book we mostly consider CR-manifolds of CR-codimen-
sion one, or CR-hypersurfaces. Before constraining ourselves to this case, however,
we will briefly discuss general CR-manifolds.

CR-structures naturally arise on real submanifolds of complex manifolds. In-
deed, if M is an immersed real submanifold of a complex manifold N, then one can
consider the maximal complex subspaces of the tangent spaces to M

T ′
p(M) := Tp(M)∩ JN

p Tp(M), p ∈ M, (1.1)

where JN
p is the operator of complex structure on Tp(N). If dimT ′

p(M) is constant on
M, then by setting
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2 1 Invariants of CR-Hypersurfaces

T c
p (M) := T ′

p(M), JM
p := JN

p

∣
∣
∣
T c

p (M)

for every p ∈ M, we obtain a CR-structure on M. The CR-structure defined above is
called the CR-structure induced by N. We note that dimT ′

p(M) is constant if M is a
real hypersurface in N (that is, an immersed real submanifold of N of codimension
one), and therefore a real hypersurface in a complex manifold carries an induced
CR-structure (which turns the hypersurface into a CR-hypersurface). For compari-
son, we remark that if the codimension of M in N is two, then dimT ′

p(M) need not
be constant (see [48] for a study of generic compact codimension two submanifolds
of CK).

Let M′ be an immersed submanifold of a CR-manifold M, and suppose that
M′ is endowed with a CR-structure. Then M′ is called a CR-submanifold of M

if for every p ∈ M′ one has T c
p (M′) ⊂ T c

p (M) and JM′
p = JM

p

∣
∣
∣
T c

p (M′)
. Clearly, if the

CR-structure of a CR-manifold M is induced by a complex manifold N, then M is a
CR-submanifold of N.

A map f : M1 → M2 between two CR-manifolds is called a CR-map if for every
p ∈ M1 the following holds: (a) the differential d f (p) of f at p maps T c

p (M1) into
T c

f (p)(M2), and (b) d f (p) is complex-linear on T c
p (M1). Two CR-manifolds M1, M2

of the same dimension and the same CR-dimension are called CR-equivalent if
there is a diffeomorphism f from M1 onto M2 which is a CR-map (it follows that
f−1 is a CR-map as well). Any such diffeomorphism is called a CR-isomorphism, or
CR-equivalence. A CR-isomorphism from a CR-manifold M onto itself is called a
CR-automorphism of M. CR-automorphisms of M form a group, which we denote
by Aut(M). A CR-isomorphism between a pair of domains in M is called a local
CR-automorphism of M. An infinitesimal CR-automorphism of M is a vector field
on M whose local flow near every point consists of local CR-automorphisms of M.
Infinitesimal CR-automorphisms form a (possibly infinite-dimensional) Lie algebra
(see Theorem 12.4.2 in [2]).

In the first instance, we are interested in the equivalence problem for
CR-manifolds. This problem can be viewed as a special case of the equivalence
problem for G-structures. Let G ⊂ GL(d,R) be a Lie subgroup. A G-structure on
a d-dimensional manifold M is a subbundle S of the frame bundle F(M) over M
which is a principal G-bundle. Two G-structures S1, S2 on manifolds M1, M2,
respectively, are called equivalent if there is a diffeomorphism f from M1 onto
M2 such that the induced mapping f∗ : F(M1) → F(M2) maps S1 onto S2. Any
such diffeomorphism is called an isomorphism of G-structures. The CR-structure
of a manifold M of CR-dimension n and CR-codimension k (here d = 2n + k) is a
G-structure, where G is the group of all non-degenerate linear transformations of
Cn ⊕Rk that preserve the first component and are complex-linear on it. The notion
of equivalence of such G-structures is then exactly that of CR-structures. For conve-
nience, when speaking about G-structures below, we replace the frame bundle F(M)
by the coframe bundle.

É. Cartan developed a general approach to the equivalence problem for G-
structures (see [18], [65], [67], [97]), which applies, for example, to Riemannian
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and conformal structures. In Section 1.2 we outline a solution to the CR-equivalence
problem for certain classes of CR-manifolds in the spirit of Cartan’s work focussing
on the case of CR-hypersurfaces (for an alternative approach to the equivalence
problem see, e.g. [71]). Namely, we describe some classes of CR-manifolds whose
CR-structures reduce – in the sense defined below – to {e}-structures, or abso-
lute parallelisms, where {e} is the one-element group. An absolute parallelism on
an �-dimensional manifold P is a 1-form σ on P with values in R� such that
for every x ∈ P the linear map σ(x) is an isomorphism from Tx(P) onto R�.
The equivalence problem for absolute parallelisms is reasonably well-understood
(see [97]).

Let C be a collection of manifolds equipped with G-structures. We say that the
G-structures are s-reducible to absolute parallelisms if one can assign every M ∈ C
some principal bundles

Ps πs→ Ps−1 πs−1→ . . .
π4→ P3 π3→ P2 π2→ P1 π1→ M

and an absolute parallelism σ on Ps in such a way that the following holds:

(i) any isomorphism of G-structures f : M1 → M2 for M1,M2 ∈ C can be lifted to a
diffeomorphism F : Ps

1 → Ps
2 satisfying F∗σ2 = σ1, and

(ii) any diffeomorphism F : Ps
1 → Ps

2 satisfying F∗σ2 = σ1 is a lift of an isomor-
phism of the corresponding G-structures f : M1 → M2 for M1,M2 ∈ C.

In the above definition we say that F is a lift of f if

π1
2 ◦ . . .◦π s

2 ◦F = f ◦π1
1 ◦ . . .◦π s

1.

Let M be a CR-manifold. For every p ∈ M consider the complexification
T c

p (M)⊗R C of the complex tangent space at p. Clearly, the complexification can be
represented as the direct sum

T c
p (M)⊗R C = T (1,0)

p (M)⊕T (0,1)
p (M),

where
T (1,0)

p (M) := {X− iJpX : X ∈ T c
p (M)},

T (0,1)
p (M) := {X+ iJpX : X ∈ T c

p (M)}.
(1.2)

The CR-structure on M is called integrable if for any pair of local sections z,z′ of
the bundle T (1,0)(M) the commutator [z,z′] is also a local section of T (1,0)(M). It
is not difficult to see that if M is a submanifold of a complex manifold N and the
CR-structure on M is induced by N, then it is integrable. In this book we consider
only integrable CR-structures.

A C-valued function ϕ on a CR-manifold M is called a CR-function if for any
local section z of T (0,1)(M) we have zϕ ≡ 0. If M is a real submanifold of a complex
manifold N with induced CR-structure, then for any function ψ holomorphic on
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N its restriction ϕ := ψ |M is a CR-function on M. Let M1, M2 be CR-manifolds,
where M2 is a submanifold of CK with induced CR-structure. In this case any map
f : M1 → M2 is given by K component functions. It is straightforward to verify that
f is a CR-map if and only if all its component functions are CR-functions on M1.

An important characteristic of a CR-structure called the Levi form comes from
taking commutators of local sections of T (1,0)(M) and T (0,1)(M). Let p ∈ M,

Z,Z′ ∈ T (1,0)
p (M). Choose local sections z, z′ of T (1,0)(M) near p such that z(p) = Z,

z′(p) = Z′. The Levi form of M at p is the Hermitian form on T (1,0)
p (M) with values

in (Tp(M)/T c
p (M))⊗R C given by

LM(p)(Z,Z′) := i[z,z′](p)(modT c
p (M)⊗R C). (1.3)

For fixed Z and Z′ the right-hand side of the above formula is independent of the
choice of z and z′. We usually treat the Levi form as a Ck-valued Hermitian form

(i.e. a vector of k Hermitian forms) on T (1,0)
p (M), where k is the CR-codimension

of M. As a Ck-valued Hermitian form, the Levi form is defined uniquely up to the
choice of coordinates in Tp(M)/T c

p (M). If M is a CR-hypersurface, we think of its

Levi form at a given point p as a C-valued Hermitian form on T (1,0)
p (M) defined up

to a non-zero real multiple and speak of the signature of the Levi form up to sign.
Let g, g̃ be two Ck-valued Hermitian forms on complex vector spaces V , Ṽ ,

respectively. We say that g and g̃ are equivalent if there exists a complex-linear
isomorphism A : V → Ṽ and B ∈ GL(k,R) such that

g̃(Az,Az) = Bg(z,z)

for all z ∈ V . Clearly, the Levi form LM(p) defines an equivalence class of
Ck-valued Hermitian forms. When we refer to LM(p) as a Ck-valued Hermitian
form, we speak of a representative in this equivalence class.

Let g = (g1, . . . ,gk) be a Ck-valued Hermitian form on Cn. We say that g is non-
degenerate if

(i) the scalar Hermitian forms g1, . . . ,gk are linearly independent over R, and

(ii) g(z,z′) = 0 for all z′ ∈ Cn implies z = 0.

Observe that for a non-degenerate Hermitian form g one has 1 ≤ k ≤ n2. If k = 1 and
g is non-degenerate, we write the signature of g as (l1, l2) with l1 + l2 = n, where l1
and l2 are the numbers of positive and negative eigenvalues of g, respectively.

A CR-manifold M is called Levi non-degenerate if its Levi form at any p ∈ M
is non-degenerate. Everywhere in this book, with the exception of Chapter 9, we
consider only Levi non-degenerate CR-manifolds. Further, we call a CR-manifold
M strongly uniform if LM(p) and LM(q) are equivalent for all p,q ∈ M. Every Levi
non-degenerate CR-hypersurface is strongly uniform.
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For any Ck-valued Hermitian form g on Cn we define a CR-manifold Qg ⊂ Cn+k

of CR-dimension n and CR-codimension k as follows:

Qg := {(z,w) ∈ C
n+k : Imw = g(z,z)}, (1.4)

where z = (z1, . . . ,zn) is a point in Cn and w ∈ Ck. The manifold Qg is often called
the quadric associated to g. The Levi form of Qg at every point is equivalent to g.

If k = 1 and g(z,z) = ||z||2 (where || · || is the Euclidean norm on Cn), the quadric
Qg is CR-equivalent to the unit sphere in Cn+1 with one point removed. Indeed, the
map

(z,w) 
→
(

z
1−w

, i
w+ 1
1−w

)
(1.5)

transforms

Q′
||·||2 :=

{
(z,w) ∈ C

n+1 : ||z||2 + |w|2 = 1
}\ {(0,1)}

into Q||·||2 . More generally, for k = 1 and an arbitrary Hermitian form g on Cn set

Sg :=
{
(z,w) ∈ C

n+1 : g(z,z)+ |w|2 = 1
}

. (1.6)

Map (1.5) transforms

Q′
g := Sg \

{
(z,1) ∈ C

n+1 : g(z,z) = 0
}

into Qg \
{
(z,−i) ∈ C

n+1 : g(z,z) = −1
}

.

Assume now that g is non-degenerate. In this case every local CR-automorphism
of Qg extends to a birational map of Cn+k (see classical papers [1], [90], [99] for
k = 1 and papers [6], [7], [44], [62], [67], [68], [70], [98], [106] for 1 < k ≤ n2). Let
Bir(Qg) denote the set of all such birational extensions. It turns out that Bir(Qg) is a
group (see [62]). For k = 1 every element of Bir(Qg) is a linear-fractional transfor-
mation induced by an automorphism of CPn+1 (see [1], [90], [99]). For 1 < k ≤ n2

some formulas for the elements of Bir(Qg) were given in [37]. It was shown in [62],
[106] that the group Bir(Qg) can be endowed with the structure of a Lie group with
at most countably many connected components and the Lie algebra isomorphic to
the Lie algebra gg of all infinitesimal CR-automorphisms of Qg. Every infinitesi-
mal CR-automorphism of Qg is known to be polynomial (see [106]). We denote
by Bir(Qg)◦ the connected component of Bir(Qg) (with respect to the Lie group
topology) that contains the identity.1 One can show that Bir(Qg)/Bir(Qg)◦ is in fact
finite.

Note that Qg is a homogeneous manifold since the subgroup Hg ⊂ Bir(Qg) of
CR-automorphisms of the form

(z,w) 
→ (z+ a,w+ 2ig(z,a)+ ig(a,a)+ b),

1 In general, for a topological group G we denote its connected component containing the identity
by G◦.
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with a ∈ Cn, b ∈ Rk, acts transitively on Qg. Therefore, it is important to consider
the subgroup of all elements of Bir(Qg) that are defined and biholomorphic near
a particular point in Qg, say the origin, and preserve it. This subgroup, which we
denote by Bir0(Qg), is closed in Bir(Qg), and Bir(Qg) = Hg ·Bir0(Qg) ·Hg (this
follows, for example, from results of [62]).

Further, let Lin(Qg) ⊂ Bir0(Qg) be the Lie subgroup of linear automorphisms of
Qg. Every element of Lin(Qg) has the form

(z,w) 
→ (Cz,ρw),

with C ∈ GL(n,C) and ρ ∈ GL(k,R) satisfying g(Cz,Cz) ≡ ρg(z,z). It is shown in
[37] that Bir0(Qg) = Lin(Qg) · Bir0(Qg)◦. We call a Levi non-degenerate
CR-manifold M weakly uniform if for any pair of points p,q ∈ M the Lie groups
Lin(QLM(p))◦, Lin(QLM(q))◦ are isomorphic by means of a map that extends to an
isomorphism between Bir0(QLM(p))◦ and Bir0(QLM(q))◦. Clearly, for a Levi non-
degenerate CR-manifold strong uniformity implies weak uniformity.

Existing results on the equivalence problem for CR-structures treat two classes
of Levi non-degenerate manifolds: (i) the strongly uniform Levi non-degenerate
manifolds, and (ii) the weakly uniform manifolds for which, in addition, the groups
Bir0(QLM(p)) are “sufficiently small”, in particular Bir0(QLM(p)) = Lin(QLM(p)).

In [17] (see [67] for a detailed exposition) É. Cartan solved the equivalence prob-
lem for all 3-dimensional Levi non-degenerate CR-hypersurfaces by reducing their
CR-structures to absolute parallelisms (note that this reduction differs from Car-
tan’s approach to general G-structures mentioned earlier – cf. [9]). In 1967 Tanaka
obtained a solution for all Levi non-degenerate strongly uniform manifolds (see
[101]), but his result became widely known only after Chern-Moser’s work [24]
was published in 1974 (see also [9], [10], [11], [23], [66]), where the problem
was solved independently for all Levi non-degenerate CR-hypersurfaces. Although
Tanaka’s pioneering construction is important and applies to very general situa-
tions (which include geometric structures other than CR-structures), his treatment of
CR-hypersurfaces is less detailed and clear – and is certainly less useful in calcula-
tions – than that due to Chern (see [76] for a discussion of this matter).

For example, Tanaka’s construction gives 3-reducibility to absolute parallelisms,
whereas Chern’s construction gives 2-reducibility and in fact even 1-reducibility
(see [9]). The structure group of the single bundle P2 → M that arises in Chern’s
construction is Bir0(Qg), where g is a Hermitian form equivalent to every LM(p),
p ∈ M, and the absolute parallelism σ takes values in the Lie algebra gg (which is
isomorphic to the Lie algebra of Bir(Qg)). The Lie algebra gg is well-understood
for an arbitrary CR-codimension (see [7], [31], [34], [93]). In particular, gg is a
graded Lie algebra: gg = ⊕2

k=−2g
k
g. In Tanaka’s construction, however, the abso-

lute parallelism takes values in a certain prolongation g̃g of ⊕0
k=−2g

k
g. The fact

that g̃g and gg coincide for an arbitrary CR-codimension is not obvious (see [31]).
Further, the absolute parallelism σ from Chern’s construction is in fact a Car-
tan connection (to be defined in Section 1.2). In particular, it changes in a reg-
ular way under the action of the structure group of the bundle P2 (see also
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[9]). Namely, if for a ∈ Bir0(Qg) we denote by La the (left) action of a on P2,
then L∗

aσ = AdBir0(Qg),gg(a)σ , where AdBir0(Qg),gg is the adjoint representation of
Bir0(Qg). It is not clear from [101] (even in the CR-hypersurface case) whether the
sequence of bundles P̃3 → P̃2 → P̃1 → M constructed there can be reduced to a
single bundle and whether the absolute parallelism defined on P̃3 behaves in any
sense like a Cartan connection. [We note, however, that these points were clarified
in Tanaka’s later work [102] (see also [103]), where complete proofs of the results
announced in [100] were presented (see also Tanaka’s earlier work [99], where a
special class of Levi non-degenerate CR-hypersurfaces was considered).]

Being more detailed, Chern’s construction also allows one to investigate in detail
the important curvature form of σ , i.e. the 2-form Σ := dσ − 1/2[σ ,σ ] (this form
is of particular importance to us throughout the book). It also can be used to intro-
duce special invariant curves called chains, which have turned out to be important in
the study of real hypersurfaces in complex manifolds (see, e.g. [107]). Due to these
and other differences between Tanaka’s and Chern’s constructions, we prefer to use
Chern’s approach in our treatment of Levi non-degenerate CR-hypersurfaces later in
the chapter. We also remark here that in a certain more general situation (namely for
Levi non-degenerate partially integrable CR-structures of CR-codimension one)
Cartan connections were constructed in [14] as part of a general approach to pro-
ducing Cartan connections for parabolic geometries (see also [13]). For more details
on the parabolic geometry approach we refer the reader to recent monograph [16].

We finish this introduction with a brief survey of existing results for manifolds
with CRcodimM ≥ 2. Certain Levi non-degenerate weakly uniform CR-structures
of CR-codimension two were considered in [77], [85]. Conditions imposed on the
Levi form in these papers are stronger than non-degeneracy and force the groups
Bir0(QLM(p)) for all p ∈ M to be minimal possible. In particular, they contain only
linear transformations of a special form (in this case gk

LM(p) = 0 for k = 1,2). Fur-

ther, the situation where the groups Bir0(QLM(p)) are small and CRcodimM > 2,
CRdimM > (CRcodimM)2 was treated in [47]. One motivation for considering
manifolds with the Levi form satisfying conditions as in [85] (for CRdimM ≥ 7),
[47], [77] is that these conditions are open, i.e. if they are satisfied at a point p,
then they are also satisfied on a neighborhood of p in M. Moreover, the quadrics
associated to Levi forms as in [85] (for CRdimM ≥ 7) and [77] are dense (in an
appropriate sense) in the space of all Levi non-degenerate quadrics.

Finally, the case CRdimM = CRcodimM = 2 has been studied very exten-
sively in recent years. This is one of only two exceptional cases among all CR-
structures with CRcodimM > 1 in the following sense: typically (in fact always
except for the cases CRdimM = CRcodimM = 2 and (CRdimM)2 = CRcodimM)
generic Levi non-degenerate quadrics have only linear automorphisms (see [36]
and also [7], [85]). However, in the case CRdimM = CRcodimM = 2 Levi non-
degenerate quadrics always have many non-linear automorphisms. Every non-
degenerate C2-valued Hermitian form g = (g1,g2) on C2 is equivalent to one of
the following:
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ghyp(z,z) := (|z1|2 + |z2|2,z1z2 + z2z1),

gell(z,z) := (|z1|2 −|z2|2,z1z2 + z2z1),

gpar(z,z) := (|z1|2,z1z2 + z2z1).

These forms are called hyperbolic, elliptic, and parabolic, respectively. The groups
Bir(Qg)◦, Bir0(Qg)◦ and the Lie algebra gg, where g is one of ghyp, gell, gpar, are quite
large. They were explicitly found in [33] (see also [7], [35], [37]).

A CR-manifold whose Levi form at every point is equivalent to ghyp or gell is
called hyperbolic or elliptic, respectively. Clearly, the conditions of hyperbolic-
ity and ellipticity are open. The equivalence problem for hyperbolic and elliptic
CR-manifolds is of course covered by Tanaka’s construction in [101]. More ex-
plicit reductions of elliptic and hyperbolic CR-structures to absolute parallelisms,
and even to Cartan connections, were obtained in [32], [94], [95]. The rich geometry
of hyperbolic and elliptic CR-manifolds (and their partially integrable generaliza-
tions) was also studied in [12], [15], [38], [39].

1.2 Chern’s Construction

From this moment to the end of Chapter 8 we only consider Levi non-degenerate
CR-hypersurfaces with integrable CR-structure. In the present section we describe
Chern’s construction from [24], which gives 2-reducibility of such CR-structures to
absolute parallelisms. In fact, even 1-reducibility takes places for this construction
(see [9]).

Let M be a Levi non-degenerate CR-hypersurface with an integrable CR-structure
of CR-dimension n. Locally on M the CR-structure is given by 1-forms μ , ηα (here
and below small Greek indices run from 1 to n unless specified otherwise), where μ
is real-valued and vanishes exactly on the complex tangent spaces, ηα are complex-
valued and complex-linear on the complex tangent spaces. The integrability condi-
tion of the CR-structure is then equivalent to the Frobenius condition, which states
that dμ , dηα belong to the differential ideal generated by μ , ηα . Since μ is real-
valued, this condition implies

dμ ≡ ihαβη
α ∧ηβ (modμ) (1.7)

for some functions hαβ satisfying hαβ = hβα . Here and below we use the convention

ηβ := ηβ , hβα := hβα , etc. as well as the usual summation convention for subscripts
and superscripts. At every point the matrix (hαβ ) defines a Hermitian form on Cn

equivalent to the Levi form of M, where α is the row index and β is the column
index (see the footnote on the next two pages).

For p ∈ M define Ep as the collection of all covectors θ ∈ T ∗
p (M) such that

T c
p (M) = {Y ∈ Tp(M) : θ (Y ) = 0}. Clearly, all elements in Ep are real non-zero

multiples of each other. Let E be the subbundle of the cotangent bundle of M whose
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fiber over p is Ep. Define θ 0 to be the tautological 1-form on E , that is, for θ ∈ E
and Y ∈ Tθ (E) set

θ 0(θ )(Y ) := θ (dπE(θ )(Y )),

where πE : E → M is the natural projection.
We now fix a non-degenerate Hermitian form on C

n with matrix g = (gαβ ) which
is equivalent to every LM(p), p ∈ M. Identity (1.7) implies that for every θ ∈ E
there exist a real-valued covector θ n+1 and complex-valued covectors θα on Tθ (E)
such that: (a) each θα is a lift of a complex-valued covector on TπE (θ)(M) which is
complex-linear on T c

πE (θ)(M), (b) the covectors θ 0(θ ), Reθα , Imθα , θ n+1 form a

basis of the cotangent space T ∗
θ (E), and (c) the following identity holds:

dθ 0(θ ) = ±igαβθ
α ∧θβ +θ 0(θ )∧θ n+1. (1.8)

For every p ∈ M the fiber Ep has exactly two connected components, and if the
numbers of positive and negative eigenvalues of (gαβ ) are distinct, the signs in the
right-hand side of (1.8) coincide for all θ lying in the same connected component
of Ep and are opposite for θ1 and θ2 lying in different connected components irre-
spectively of the choice of θα , θ n+1. In this situation we define a bundle P1 over
M as follows: for every p ∈ M the fiber P1

p over p is connected and consists of all
elements θ ∈ Ep for which the plus sign occurs in the right-hand side of (1.8); we
also set π1 := πE

∣
∣
P1 . Next, if the numbers of positive and negative eigenvalues of

(gαβ ) are equal, for every θ ∈ E and every choice of the sign in the right-hand side

of (1.8) there are covectors θα , θ n+1 on Tθ (E) satisfying (1.8). In this case we set
P1 := E and π1 := πE .

For θ ∈ P1 we now only consider covectors θα , θ n+1 on Tθ (P1) satisfying
conditions (a), (b) stated above and such that

dθ 0(θ ) = igαβθ
α ∧θβ +θ 0(θ )∧θ n+1. (1.9)

The most general linear transformation of θ 0(θ ), θα , θα , θ n+1 preserving equation
(1.9) and the covector θ 0(θ ) is given by the matrix (acting on the left)

⎛

⎜
⎜
⎜
⎜⎜
⎝

1 0 0 0

vα uαβ 0 0

vα 0 uα
β

0

s igρσuρβ vσ −igρσuσ
β

vρ 1

⎞

⎟
⎟
⎟
⎟⎟
⎠

, (1.10)

where s ∈R, uαβ ,vα ∈C and gαβuαρ uβσ = gρσ . In uαβ and vα the superscripts are used

for indexing the rows and the subscript for indexing the columns.2 Let G1 be the

2 We follow this convention throughout the book whenever reasonable. However, the entries of
the matrices of Hermitian and bilinear forms are indexed by subscripts or superscripts alone, e.g.
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group of matrices of the form (1.10). Clearly, P1 is equipped with a G1-structure
(upon identification of G1 with a subgroup of GL(2n + 2,R)). Our immediate goal
is to reduce this G1-structure to an absolute parallelism.

We define a principal G1-bundle P2 over P1 as follows: for θ ∈ P1 let the
fiber P2

θ over θ be the collection of all covectors (θ 0(θ ),θα ,θ n+1) on Tθ (P1)
satisfying conditions (a), (b), (1.9), and let π2 : P2 →P1 be the natural projection.
Set

ω := [π2]∗ θ 0

and introduce a collection of tautological 1-forms on P2 as follows:

ωα(Θ)(Y ) := θα(dπ2(Θ)(Y )),

ϕ(Θ)(Y ) := θ n+1(dπ2(Θ)(Y )),

where Θ = (θ 0(θ ),θα ,θ n+1) is a point in P2
θ and Y ∈ TΘ (P2). It is clear from

(1.9) that these forms satisfy

dω = igαβω
α ∧ωβ +ω ∧ϕ . (1.11)

Further, the integrability of the CR-structure of M yields that locally on P2 we have

dωα = ωβ ∧ϕα
β +ω ∧ϕα (1.12)

for some 1-forms ϕα
β and ϕα . In what follows we will study consequences of iden-

tities (1.11) and (1.12). Our calculations will be entirely local, and we will impose
conditions that will determine the forms ϕα

β and ϕα (as well as another 1-form ψ
introduced below) uniquely. This will allow us to patch the locally defined forms
ϕα
β , ϕα , ψ into globally defined 1-forms on P2. Together with ω , ωα , ϕ these

globally defined forms will be used to construct an absolute parallelism on P2 with
required properties.

Let (gαβ ) be the matrix inverse to (gαβ ), that is,

gαβgγβ = δ γ
α , gαβgαγ = δ γ

β
.

As is customary in tensor analysis, we use (gαβ ) and (gαβ ) to lower and raise in-
dices, respectively. For quantities that have subscripts as well as a superscript it is
important to know the location where the superscript can be lowered to, and this is
indicated by a dot. Thus, we write ϕα

β · for ϕα
β and ϕβγ for ϕα

β · gαγ , etc.

(gαβ ) and (gαβ ). For the matrix (gαβ ) the first subscript is the row index and the second one is

the column index, whereas for the matrix (gαβ ) the first superscript is the column index and the
second one is the row index. Further, coordinates are indexed by subscripts rather than superscripts
everywhere in the book except Section 1.3. Accordingly, vectors are usually written as rows with
the entries indexed by subscripts. When a matrix is applied to a row-vector on the left, it is meant
that the vector needs to be transposed first.
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Above we assumed the matrix g to be constant, but for all calculations below we
suppose that it is a matrix-valued map on P1. In this case the bundle P2 must be
replaced by a different bundle (see Section 1.3 for a precise construction). Allowing
the matrix g to be variable makes our calculations more general than one needs
just for the purposes of constructing an absolute parallelism on P2, but these more
general calculations will have a further application in Section 1.3.

Differentiation of (1.11) and (1.12) yields, respectively,

i
(

dgαβ −ϕαβ −ϕβα + gαβϕ
)
∧ωα ∧ωβ+

(
−dϕ + iωβ ∧ϕβ + iϕβ ∧ωβ

)
∧ω = 0

(1.13)

and

(
dϕα

β · −ϕγ
β · ∧ϕα

γ· − iωβ ∧ϕα
)
∧ωβ+

(
dϕα −ϕ ∧ϕα −ϕβ ∧ϕα

β ·
)
∧ω = 0.

(1.14)

Lemma 1.1. There exist ϕα
β · that satisfy (1.12) and the conditions

dgαβ −ϕαβ −ϕβα + gαβϕ = 0. (1.15)

Such ϕα
β · are unique up to an additive term in ω .

Proof. It follows from (1.13) that

dgαβ −ϕαβ −ϕβα + gαβϕ = Aαβγω
γ + Bαβγω

γ +Cαβω

for some functions Aαβγ , Bαβγ , Cαβ satisfying

Aαβγ = Aγβα , Bαβγ = Bαγβ . (1.16)

The Hermitian property of gαβ also yields

Aαβγ = Bβαγ , Cαβ = Cβα . (1.17)

Due to (1.16), (1.17) the forms

ϕ̃αβ := ϕαβ + Aαβγω
γ +

1
2

Cαβ

satisfy relations (1.15) and, upon raising indices, relations (1.12). Verification of the
last statement of the lemma is straightforward. ��

From now on we suppose that (1.15) holds. Identity (1.13) then gives

dϕ = iωβ ∧ϕβ + iϕβ ∧ωβ +ω ∧ψ , (1.18)
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where ψ is a real 1-form. The forms ϕα
β ·, ϕ

α , ψ satisfying (1.12), (1.15), (1.18) are
defined up to transformations of the form

ϕα
β · = ϕ̃α

β · + Dα
β ·ω ,

ϕα = ϕ̃α + Dα
β ·ω

β + Eαω ,

ψ = ψ̃ + Tω + i(Eαωα −Eαωα)

(1.19)

for some functions Dα
β ·, Eα , T , where T is real-valued and the following holds:

Dαβ + Dβα = 0. (1.20)

Observe also that one can choose a subset S of
{

Reϕα
β ·, Imϕα

β ·
}

such that for any

Θ ∈ P2 the values at Θ of the forms in the set S∪{
ω , Reωα , Imωα , ϕ , Reϕα ,

Imϕα , ψ
}

constitute a basis of T ∗
Θ (P2).

Let
Πα
β · := dϕα

β · −ϕγ
β · ∧ϕα

γ· . (1.21)

Using (1.15) we obtain

Πβα = gγαdϕγ
β · −ϕγ

β · ∧ϕγα = dϕβα −ϕβα ∧ϕ−ϕαγ ∧ϕγ
β · .

Since
ϕβγ ∧ϕγ

α · = ϕγ
β · ∧ϕαγ ,

it then follows that

Πβα +Παβ = d(ϕβα +ϕαβ )− (ϕβα +ϕαβ )∧ϕ .

Differentiating (1.15) we obtain

Πβα +Παβ = gβαdϕ . (1.22)

Let
Γα
β · := Πα

β · − iωβ ∧ϕα + iϕβ ∧ωα + iδα
β (ϕσ ∧ωσ ). (1.23)

It follows from (1.14), (1.18), (1.22), (1.23) that

Γα
β · ∧ωβ ≡ 0, Γβα +Γαβ ≡ 0 (modω). (1.24)

Lemma 1.2. We have

Γβα ≡ Sβγασωγ ∧ωσ (modω),

where the functions Sβγασ have the following symmetry properties:

Sβγασ = Sγβασ = Sγβσα = Sασβγ . (1.25)
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Proof. From the first set of equations in (1.24) we see

Γβα ≡ χβαγ ∧ωγ (modω),

where χβαγ are 1-forms. Hence, the second set of equations in (1.24) yields

χβαγ ∧ωγ + χαβγ ∧ωγ ≡ 0 (modω),

and therefore
χβαγ ∧ωγ ≡ Sβγασωγ ∧ωσ (modω)

for some functions Sβγασ . Symmetry properties (1.25) follow immediately from
(1.24). ��

We will now impose conditions on the functions Sβγασ from Lemma 1.2 to elim-
inate the remaining freedom in the choice of ϕα

β · (see (1.19)).

Lemma 1.3. The functions Dα
β · are uniquely determined by the conditions

Sρσ := Sααρ ·σ = 0. (1.26)

Proof. We need to understand how the functions Sγαρ ·σ change when a transforma-
tion of the form (1.19) is performed. Set

S := Sαα ·, D := Dα
α · .

Since gαβ , Sαβ are Hermitian (see (1.25)) and Dαβ are skew-Hermitian (see (1.20)),
it follows that S is real-valued and D is imaginary-valued. Indicating the new func-
tions by tildas, we find

S̃γαρ ·σ = Sγαρ ·σ − i
(
Dγ
α ·gρσ + Dγ

ρ ·gασ − δ γ
ρDσα − δ γ

αDσρ
)
.

Then we obtain

S̃ρσ = Sρσ − i
(
gρσD+ Dρσ − (n + 1)Dσρ

)
.

To finish the proof of the lemma, we need to show that there exist uniquely de-
fined Dα

β · satisfying (1.20) and such that

gρσD+(n + 2)Dρσ = −iSρσ . (1.27)

Contracting (1.27) we get

D = − i
2(n + 1)

S.

Substituting this back into (1.27) yields

Dρσ =
1

n + 2

(
−iSρσ +

i
2(n + 1)

Sgρσ

)
. (1.28)
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It is immediately verified that the functions Dρσ given by formulas (1.28) satisfy
(1.20) and (1.27). ��
From now on we assume that conditions (1.26) are satisfied, thus ϕα

β · are uniquely
defined.

Further, Lemma 1.2 yields

Γα
β · = Sαβρ ·σω

ρ ∧ωσ +λα
β · ∧ω , (1.29)

where λα
β · are 1-forms. It follows from (1.14), (1.21), (1.23), (1.29) that

dϕα −ϕ ∧ϕα −ϕβ ∧ϕα
β · −λα

β · ∧ωβ = κα ∧ω , (1.30)

where κα are also 1-forms. From (1.24), (1.25), (1.29) we get

λβα +λαβ + gβαψ ≡ 0 (modω). (1.31)

We now differentiate (1.29) retaining only the terms that involve ωρ ∧ωσ . In do-
ing so we use the following formulas, which are immediately obtained from (1.12),
(1.15), (1.30):

dωα = −ωβ ∧ϕαβ +ωα ∧ϕ +ω ∧ϕα ,

dϕα = ϕαβ ∧ϕβ +λβα ∧ωβ +κα ∧ω .

(1.32)

Identities (1.11) (1.12), (1.21), (1.23), (1.29), (1.30), (1.32) then yield

dSαβρ ·σ −Sαγρ ·σϕ
γ
β · −Sαβγ·σϕ

γ
ρ · + Sγβρ ·σϕ

α
γ· −Sαβρ ·γϕ

γ
σ ≡

i(λα
β ·gρσ +λα

ρ ·gβσ − δα
β λσρ − δα

ρ λσβ ) (modω ,ωγ ,ωγ),

and by contraction we get

dSρσ −Sγσϕ
γ
ρ · −Sργϕ

γ
σ · ≡ i(λβ

β ·gρσ +λρσ − (n + 1)λσρ) (modω ,ωγ ,ωγ).

Now (1.26) and (1.31) imply

λρσ ≡−1
2

gρσψ (modω ,ωγ ,ωγ ).

Hence,

λρσ ≡−1
2

gρσψ +Vρσβωβ +Wρσβω
β (modω) (1.33)

for some functions Vρσβ , Wρσβ . Substituting this expression into (1.31) we obtain

Vρσβ +Wσρβ = 0. (1.34)

It now follows from (1.29) that
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Φα
β · := Γα

β · +
1
2
δα
β ψ ∧ω = Sαβρ ·σω

ρ ∧ωσ +Vα
β ·ρω

ρ ∧ω−Vα
·βσω

σ ∧ω . (1.35)

Therefore, substitution of Γ α
β · − iϕβ ∧ωα − iδα

β (ϕσ ∧ωσ ) into (1.14) implies

Φα := dϕα −ϕ ∧ϕα −ϕβ ∧ϕα
β · +

1
2
ψ ∧ωα =

−Vα
β ·γω

β ∧ωγ +Vα
·βσω

β ∧ωσ +να ∧ω ,

(1.36)

where να are 1-forms.

Formulas (1.35) yield that under transformation (1.19) with Dα
β · = 0 the functions

Vα
β ·ρ change as follows:

Ṽα
β ·ρ = Vα

β ·ρ + i

(
δα
ρ Eβ +

1
2
δα
β Eρ

)
.

Contracting we obtain

Ṽ ρ
β ·ρ = V ρ

β ·ρ + i

(
n +

1
2

)
Eβ .

This calculation leads to the following lemma.

Lemma 1.4. The functions Eβ are uniquely determined by the conditions

V ρ
β ·ρ = 0. (1.37)

From now on we assume that conditions (1.37) are satisfied, thus ϕα are uniquely
defined.

Next, we differentiate identity (1.18). Using (1.11), (1.12), (1.31), (1.32), (1.36),
we get

ω ∧ (−dψ +ϕ ∧ψ + 2iϕβ ∧ϕβ − iωβ ∧νβ − iνβ ∧ωβ ) = 0.

Therefore, we have

Ψ := dψ−ϕ ∧ψ−2iϕβ ∧ϕβ = −iωβ ∧νβ − iνβ ∧ωβ + ξ ∧ω , (1.38)

where ξ is a 1-form.

We now differentiate (1.36) retaining only the terms that involve ωρ ∧ωσ . Using
identities (1.11), (1.12), (1.18), (1.21), (1.23), (1.35), (1.36), (1.38), we obtain

dVα
·ρσ −Vα

·βσϕ
β
ρ · +Vβ

·ρσϕ
α
β · −Vα

·ργϕ
γ
σ · −Vα

·ρσϕ ≡

Sαβρ ·σϕ
β + igρσνα +

i
2
δα
ρ νσ (modω ,ωγ ,ωγ ).

(1.39)

Conditions (1.37) are equivalent to
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Vα
·ρσgρσ = 0.

Differentiating these identities and using (1.15), (1.25), (1.26), (1.37), (1.39), we
obtain

να ≡ 0 (modω ,ωγ ,ωγ).

Hence, we have

να ≡ Pα
β ·ω

β + Qα
β ·ω

β (modω) (1.40)

for some functions Pα
β ·, Qα

β ·. Substitution of (1.40) into (1.36) now yields

Φα = −Vα
β ·γω

β ∧ωγ +Vα
·βσω

β ∧ωσ + Pα
β ·ω

β ∧ω + Qα
β ·ω

β ∧ω . (1.41)

Further, substituting (1.40) into (1.38) and absorbing into ξ the indeterminacy of να
in ω , we obtain

Ψ = iQαβωα ∧ωβ − iQαβω
α ∧ωβ − iP̂αβω

α ∧ωβ + ξ ∧ω , (1.42)

where
P̂αβ := Pαβ + Pβα . (1.43)

Formulas (1.36), (1.41) imply that under transformation (1.19) with Dα
β · = 0 and

Eα = 0 the functions Pα
β · change as follows:

P̃α
β · = Pα

β ·+
1
2
δα
β T,

which gives

P̃α
α · = Pα

α · +
n
2

T. (1.44)

On the other hand, from (1.43) we see

P̂α
α · = 2RePα

α ·,

and therefore (1.44) yields
̂̃P
α
α · = P̂α

α ·+ nT.

This leads us to the following lemma.

Lemma 1.5. The function T is uniquely determined by the condition

P̂α
α · = 0. (1.45)

With condition (1.45) satisfied, the form ψ is uniquely defined. Thus, the locally de-
fined forms ϕα

β ·, ϕ
α , ψ give rise to 1-forms (which we denote by the same respective

symbols) defined on all of P2.
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We will now finalize our formula for Ψ . We differentiate (1.42) retaining only
the terms that involveωρ ∧ωσ . Using identities (1.11), (1.12), (1.18), (1.32), (1.33),
(1.34), (1.36), (1.38), (1.42), we obtain

dP̂ρσ − P̂βσϕ
β
ρ · − P̂ργϕ

γ
σ · − P̂ρσϕ ≡

2Vβ
·ρσϕβ + 2Vβσρϕβ −gρσξ (modω ,ωγ ,ωγ ).

(1.46)

Clearly, condition (1.45) can be written as follows:

P̂αβgαβ = 0.

Differentiating this identity and using (1.15), (1.37), (1.45), (1.46), we get

ξ ≡ 0 (modω ,ωγ ,ωγ).

SinceΨ is real-valued, we can write (1.42) in the form

Ψ = iQαβωα ∧ωβ − iQαβω
α ∧ωβ − iP̂αβω

α ∧ωβ+

Rαωα ∧ω + Rαωα ∧ω
(1.47)

for some functions Rα .

Remark 1.1. For n = 1 all formulas derived above reduce to those given by É. Cartan
in [17].

We now assume that the matrix g = (gαβ ) is constant and define a Hermitian

form H g on Cn+2 with matrix
(
H g

lm

)
l,m=0,...,n+1 by setting

H g
αβ

:= gαβ , H g
0n+1

:= − i
2
, H g

n+10
:=

i
2
, (1.48)

and letting the remaining matrix entries to be zero. Let SU±
H g be the group of ma-

trices A ∈ SL(n+2,C) such that AH gA∗ = ±H g. The choice AH gA∗ = −H g is
only possible if the numbers of positive and negative eigenvalues of the form g coin-
cide, in which case the group SU±

H g has exactly two connected components. If the
numbers of positive and negative eigenvalues of g are distinct, SU±

H g is connected.
Let PSU±

H g := SU±
H g /Z , where Z is the center of SU±

H g . We denote by H1 the
subgroup of

(
SU±

H g

)◦
that consists of all matrices

⎛

⎜
⎝

t 0 0

tα tαβ · 0

τ τβ t

⎞

⎟
⎠ , (1.49)

where |t| = 1 and the following holds:
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(i) tα = −2it∑
βγ

tαβ ·gβγτγ ,

(ii) t2 det(tαβ ·) = 1,

(iii) ∑
ρ ,σ

tαρ ·t
β
σ ·gρσ = gαβ ,

(iv) ∑
ρ ,σ

gρσ τρτσ +
i
2
(τt − τt−1) = 0.

(1.50)

Let χ : H1 → G1 be the homomorphism that assigns matrix (1.10), with

vα = it∑
β

tβgαβ ,

(uαβ ·) = t
[
(tαβ ·)

T
]−1

,

s = 4Re(τt−1),

to matrix (1.49). The homomorphism χ is onto and its kernel coincides with Z .
Hence, G1 is isomorphic to H1/Z ⊂ PSU±

H g , and we denote by χ1 the isomorphism
between H1/Z and G1 induced by χ .

The Lie algebra suH g of SU±
H g consists of all matrices A ∈ sl(n + 2,C) such

that AH g + H gA∗ = 0. We now define an suH g-valued absolute parallelism
σ = (σm

l )l,m=0,...,n+1 on P2 by the formulas

σ0
0 := − 1

n + 2
(ϕα

α · +ϕ) , σ0
α := ωα , σ0

n+1 := 2ω ,

σα
0 := −iϕα , σα

β := ϕβ
α · + δβ

α σ0
0 , σα

n+1 := 2iωα ,

σn+1
0 := −1

4
ψ , σn+1

α :=
1
2
ϕα , σn+1

n+1 := −σ0
0 .

(1.51)

It is easy to observe that σ defines an isomorphism between TΘ (P2) and suH g for
everyΘ ∈ P2 (see (1.15)).

Consider the following form called the curvature form of σ :

Σ := dσ − 1
2
[σ ,σ ] = dσ −σ ∧σ . (1.52)

This is an suH g-valued 2-form with

Σ = (Σm
l )l,m=0,...,n+1, Σm

l := dσm
l −σm

k ∧σ k
l .

It is often referred to as the CR-curvature form of M. The components Σ0
α , Σ0

n+1,
Σα

n+1 are called the torsion of σ . Conditions (1.11), (1.12), (1.18) yield that the
torsion of σ in fact vanishes. Further, a straightforward calculation shows
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Σ0
0 = − 1

n + 2
Φα
α ·,

Σα
0 = −iΦα , Σα

β = Φβ
α · − 1

n + 2
δβ
α Φ

γ
γ·,

Σn+1
0 = −1

4
Ψ , Σn+1

α =
1
2
Φα , Σn+1

n+1 = −Σ0
0 .

(1.53)

For any 2-form Ω on P2 in ωα , ωα , ω such that

Ω ≡ aαβω
α ∧ωβ + terms quadratic in ωγ , ωγ (modω)

set
TrΩ := aαα · .

Then conditions (1.26), (1.37), (1.45) can be restated, respectively, as follows:

(i) TrΣα
β = 0, TrΣ0

0 = 0,

(ii) TrΣα
0 = 0, TrΣn+1

α = 0,

(iii) TrΣn+1
0 = 0,

and their totality can be summarized by the equation

TrΣ = 0. (1.54)

It follows from Chern’s construction described above that the absolute parallelism
σ defined in (1.51) is uniquely determined by the vanishing of its torsion and by
condition (1.54).

To describe further properties of σ , we need a general definition. Let R be a Lie
group with Lie algebra r and S a closed subgroup of R with Lie algebra s⊂ r acting
by diffeomorphisms on a manifold P such that dimP = dimR. For every element
s ∈ s denote by Xs the fundamental vector field arising from the one-parameter sub-
group {exp(ts), t ∈ R} of S, i.e.

Xs(x) :=
d

dt

(
exp(−ts)x

)∣
∣
∣
t=0

, x ∈ P.

A Cartan connection of type R/S on the manifold P is an r-valued absolute paral-
lelism ρ on P such that

(i) ρ(x)(Xs(x)) = s for all s ∈ s and x ∈ P , and

(ii) L∗
aρ = AdS,r(a)ρ for all a ∈ S,

where La denotes the action of a on P and AdS,r is the adjoint representation of S.
A straightforward calculation shows that, upon identification of the group G1

with the group H1/Z ⊂ PSU±
H g by means of the isomorphism χ1, the absolute

parallelism σ is in fact a Cartan connection of type PSU±
H g /G1 on the bundle

P2 → P1. Thus, we have proved the following theorem.



20 1 Invariants of CR-Hypersurfaces

Theorem 1.1. [24] If g is a non-degenerate Hermitian form on Cn and Cg the col-
lection of CR-hypersurfaces of CR-dimension n whose Levi form at every point is
equivalent to g, then the CR-structures of the manifolds in Cg are 2-reducible to
absolute parallelisms. For M ∈ Cg the absolute parallelism σ on P2 → P1 → M
establishes an isomorphisms between TΘ (P2) and the Lie algebra suH g at every
point Θ ∈ P2. Furthermore, σ is a Cartan connection on P2 → P1 and is deter-
mined by the vanishing of the torsion and curvature condition (1.54).

As was noted by S. Webster (see the Appendix to [24]), there are further sym-
metries for the functions occurring in formulas (1.35), (1.41), (1.47), which give
expansions of the components of the CR-curvature form Σ with respect to ωα , ωα ,
ω . The additional symmetries follow from the Bianchi identities, which one obtains
by differentiating equation (1.52). Namely, differentiation of (1.52) yields

dΣ = σ ∧Σ −Σ ∧σ ,

which in terms of components is written as follows:

dΣm
l = σm

k ∧Σ k
l −Σm

k ∧σ k
l . (1.55)

Webster shows that the Bianchi identities imply

Vα
α ·β = 0, Vαβγ = Vγβα , Qαβ = Qβα , Pαβ = Pβα . (1.56)

Hence, (1.41) and (1.47) become, respectively,

Φα = Vα
·βσω

β ∧ωσ + Pα
β ·ω

β ∧ω + Qα
β ·ω

β ∧ω ,

Ψ = −2iPαβω
α ∧ωβ + Rαωα ∧ω + Rαωα ∧ω .

(1.57)

Identities (1.26), (1.35), (1.37), (1.56) yield Φα
α · = 0. Thus, (1.53) implies

Σ0
0 = 0, Σn+1

n+1 = 0, Σα
β = Φβ

α · . (1.58)

In addition, from (1.56) we see

P̂α
α · = 2RePα

α · = 2Pα
α · ,

and therefore condition (1.45) is equivalent to

Pα
α · = 0. (1.59)

For a non-degenerate C-valued Hermitian form g on Cn consider the quadric Qg

associated to g (see (1.4)). We will now give an explicit description of the group
Bir(Qg). Consider CPn+1 with homogeneous coordinates Z = (ζ0 : ζ1 : . . . : ζn+1)
and realize Cn+1 in CPn+1 as the set of points (1 : z1 : . . . : zn : w). Let Qg be the
closure of Qg in CP

n+1. Clearly, we have
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Qg =
{
Z ∈ CP

n+1 : H g(Z,Z) = 0
}

, (1.60)

where Z :=(ζ0,ζ1, . . . ,ζn+1) and H g is the Hermitian form defined in (1.48), that is,
H g(Z,Z) = g(ζ ,ζ )+ i/2(ζn+1ζ 0−ζ0ζ n+1) with ζ := (ζ1, . . . ,ζn). We consider Qg

with the CR-structure induced by CPn+1. If g is sign-definite, Qg is CR-equivalent to
the unit sphere in C

n+1. In general, Qg is CR-equivalent to the closure Sg in CP
n+1

of the hypersurface Sg defined in (1.6). Indeed, we have

Sg =
{
Z ∈ CP

n+1 : g(ζ ,ζ )+ |ζn+1|2 −|ζ0|2 = 0
}

,

and the map
Z 
→ (ζ0 − ζn+1 : ζ1 : . . . : ζn : i(ζ0 + ζn+1)) (1.61)

transforms Sg into Qg (observe that the restriction of map (1.61) to C
n+1 \ {w = 1}

coincides with map (1.5)).

We define an action of the group SU±
H g on CPn+1 by assigning a matrix

A ∈ SU±
H g the holomorphic automorphism of CPn+1 given by Z 
→ [

AT
]−1

Z.
Clearly, every such automorphism preserves Qg, thus its restriction to Qg is a
CR-automorphism of Qg. The kernel of this action is the center Z of SU±

H g , hence
the group PSU±

H g acts on Qg effectively and transitively by CR-automorphisms.
One can show that every local automorphism of Qg extends to a CR-automorphism
of Qg induced by this action. This continuation result goes back to Poincaré for
the case n = 1 (see [90]). It was obtained by Tanaka in [99] for arbitrary n ≥ 1
and g for all local CR-automorphisms of Qg that can be holomorphically continued
to a neighborhood in Cn+1 of a domain in Qg (see also [1]). In fact, every local
CR-automorphism of Qg admits a local holomorphic continuation required by
Tanaka’s result. Indeed, let f : V → V ′ be a CR-isomorphism between domains V
and V ′ in Qg. If the form g is indefinite, the existence of a holomorphic continuation
of f to a neighborhood of V in Cn+1 follows from a well-known fact that appears
as Theorem 3.3.2 in [22] (see references therein for details). If the form g is sign-
definite, a continuation of f to a neighborhood of V is provided by [88]. [Note that
the existence of a local holomorphic continuation also follows from Theorem 3.1
of [3].] Thus, the group Bir(Qg) endowed with the compact-open topology arising
from its action on Qg admits the structure of a Lie group isomorphic to PSU±

H g .
It can be shown that the Lie algebra of Bir(Qg) with respect to this structure is
isomorphic to the Lie algebra of infinitesimal CR-automorphisms of Qg. As a Lie
group, Bir(Qg) acts on Qg transitively by CR-automorphisms. Clearly, Bir(Qg) is
connected if the numbers of positive and negative eigenvalues of g are distinct and
has exactly two connected components otherwise. From now on we identify the
group Bir(Qg) with PSU±

H g and its Lie algebra with suH g . [We note in passing
that the effect of continuation of local CR-automorphisms and, more generally, lo-
cally defined CR-isomorphisms to globally defined maps for manifolds other than
Qg has been observed by many authors (see, e.g. [62], [69], [78], [86], [89], [107]).
A related continuation result for global CR-automorphisms in the case where the
Hermitian form g is degenerate was obtained in [63].]
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Let H := Bir0(Qg) and H0 be the subgroup of SU±
H g that consists of all matrices

of the form ⎛

⎜
⎝

t 0 0

tα tαβ · 0

τ τβ ±t−1

⎞

⎟
⎠ ,

where conditions (1.50) are replaced by the conditions

(i) tα = ∓2it∑
βγ

tαβ ·gβγτγ ,

(ii) ±tt−1 det(tαβ ·) = 1,

(iii) ∑
ρ ,σ

tαρ ·t
β
σ ·gρσ = ±gαβ ,

(iv) ∑
ρ ,σ

gρστρτσ ± i
2
(τt−1 − τt−1) = 0,

with the bottom choice of the sign only possible if the numbers of positive and neg-
ative eigenvalues of the form g are equal. Clearly, H1 is the codimension one sub-
group of H0 given by the top choice of the sign and the condition |t|= 1 (see (1.49),
(1.50)). It is straightforward to check that the isomorphism PSU±

H g →Bir(Qg) iden-
tifies the subgroup H0/Z with H, thus the group G1 � H1/Z can be viewed as a
codimension one subgroup of H.

It was shown in [9] that the manifold P2 constructed above is in fact a principal
H-bundle over M with the projection π := π1 ◦π2 and, upon identification of H and
H0/Z , the parallelism σ is a Cartan connection of type PSU±

H g /H on the bundle
P2 → M. Thus, the following variant of Theorem 1.1 holds.

Theorem 1.2. [9], [24] The CR-structures of the manifolds from Cg are 1-reducible
to absolute parallelisms. For M ∈ Cg the absolute parallelism σ on P2 → M estab-
lishes an isomorphisms between TΘ (P2) and the Lie algebra suH g at every point
Θ ∈ P2. Furthermore, σ is a Cartan connection on P2 → M and is determined by
the vanishing of the torsion and curvature condition (1.54).

Inspection of Chern’s construction yields that for the manifold Qg the bundle

P2 → Qg is the bundle Bir(Qg)
πg→ Bir(Qg)/H, where the quotient Bir(Qg)/H is

identified with the Bir(Qg)-homogeneous manifold Qg in the usual way and πg is
the quotient map. In this case the Cartan connection σ is the Maurer-Cartan form
σBir(Qg) on the group Bir(Qg).

Recall that the Maurer-Cartan form σR on a Lie group R is the right-invariant
1-form with values in the Lie algebra r of R such that σR(e) : r → r is the identity
map. The Maurer-Cartan form satisfies the Maurer-Cartan equation

dσR − 1
2
[σR,σR] = 0

and under the left multiplication La by a ∈ R transforms as follows:
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L∗
aσR = AdR,r(a)σR.

The Maurer-Cartan equation implies that the CR-curvature form of Qg van-
ishes. Conversely, suppose that the CR-curvature form of a manifold M ∈ Cg is
zero. Then for every point Θ ∈ P2 there is a neighborhood U of Θ , a neighbor-
hood V of the identity in Bir(Qg), and a diffeomorphism F : U → V such that

F∗
(
σBir(Qg)

∣
∣
V

)
= σ

∣
∣
U . By Theorem 1.2 the diffeomorphism F is a lift of a CR-

isomorphism f : π(U) → πQg(V ). Therefore, every point of M has a neighborhood
CR-equivalent to an open subset of Qg.

A CR-hypersurface M ∈ Cg is called spherical if it is locally CR-equivalent to
Qg, i.e. if every point in M has a neighborhood CR-equivalent to an open sub-
set of Qg. If the signature of the non-degenerate Hermitian form g is (k,n − k)
for some 0 ≤ k ≤ n, and M is locally CR-equivalent to Qg, we also say that M is
(k,n − k)-spherical. It is usually assumed, without loss of generality, that
n ≤ 2k. [We will generalize the above definition of sphericity to the Levi degen-
erate case in Section 9.1. Until then we only consider Levi non-degenerate CR-
hypersurfaces.] Further, a CR-hypersurface with vanishing CR-curvature form is
called CR-flat. We summarize the content of the preceding paragraph as follows.

Corollary 1.1. A CR-hypersurface is spherical if and only if it is CR-flat.

In this book we study spherical CR-hypersurfaces. Corollary 1.1 and formulas
(1.53), (1.58) yield that such CR-hypersurfaces are characterized by the conditions

Φβ
α · = 0, Φα = 0, Ψ = 0,

or, equivalently, by the conditions

Sβαρ ·σ = 0, V β
α ·ρ = 0, Pα

β · = 0, Qα
β · = 0, Rβ = 0. (1.62)

Due to the transformation law

L∗
aσ = AdH,suH g (a)σ , a ∈ H,

where La is the (left) action of a on the bundle P2 → M, the CR-curvature form Σ
transforms in a similar way

L∗
aΣ = AdH,suH g (a)Σ . (1.63)

Transformation law (1.63) implies that conditions (1.62) hold everywhere on P2 if
for every p ∈ M there is a local section ΓW of P2 over a neighborhood W of p in M
such that these conditions hold on the submanifold ΓW (W ) of P2.

Throughout the book we only consider real hypersurfaces in complex manifolds
with induced CR-structure, and our next step is to write sphericity conditions (1.62)
on a certain local section of P2 defined in terms of a local defining function of the
hypersurface (cf. [76], Section 5).
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1.3 Chern’s Invariants on Section of Bundle P2 → M

Let M be a Levi non-degenerate CR-hypersurface with an integrable CR-structure
of CR-dimension n. Fix a Hermitian form on Cn with matrix g which is equivalent to
every LM(p), p ∈ M, and consider the fiber bundle P1 over M and the tautological
1-form θ 0 on P1 as constructed in Section 1.2. Let W be an open subset of M and
U := [π1]−1(W ). Further, let G = (Gαβ ) be a matrix-valued map on U such that
for every θ ∈ U the value G (θ ) is the matrix of a Hermitian form whose signature
coincides with that of the Hermitian form defined by g. Then for every θ ∈U there
exist a real-valued covector θ n+1 and complex-valued covectors θα on Tθ (P1)
such that: (a) each θα is a lift of a complex-valued covector on Tπ1(θ)(M) which is

complex-linear on T c
π1(θ)(M), (b) the covectors θ 0(θ ), Reθα , Imθα , θ n+1 form a

basis of the cotangent space T ∗
θ (P1), and (c) the following identity holds:

dθ 0(θ ) = iGαβ (θ )θα ∧θβ +θ 0(θ )∧θ n+1. (1.64)

The most general linear transformation of θ 0(θ ), θα , θα , θ n+1 preserving equation
(1.64) and the covector θ 0(θ ) is given by the matrix (acting on the left)

⎛

⎜
⎜⎜
⎜
⎜
⎝

1 0 0 0

vα uαβ 0 0

vα 0 uα
β

0

s iGρσ (θ )uρβ vσ −iGρσ (θ )uσ
β

vρ 1

⎞

⎟
⎟⎟
⎟
⎟
⎠

,

where s ∈ R, uαβ ,vα ∈ C and Gαβ (θ )uαρ uβσ = Gρσ (θ ).
For θ ∈ U let P2

θ ,G be the collection of all covectors (θ 0(θ ),θα ,θ n+1) on

Tθ (P1) satisfying conditions (a), (b), (c) above. The sets P2
θ ,G , θ ∈ U , form a

fiber bundle over U , which we denote by P2
G . Let π2

G : P2
G →U be the projection

(θ 0(θ ),θα ,θ n+1) 
→ θ . For every point θ0 ∈U there is a neighborhood U0 of θ0 in
U such that the open sets [π2

G ]−1(U0) and [π2]−1(U0) are diffeomorphic, with the
fiber P2

θ ,G mapped onto the fiber P2
θ for every θ ∈U0 as follows:

F : (θ 0(θ ),θα ,θ n+1) 
→ (θ 0(θ ),C α
β (θ )θβ ,θ n+1),

where C α
β are complex-valued functions on U0 and the matrix (C α

β ) is everywhere
non-degenerate. Next, set

ωG := [π2
G ]∗ θ 0

and introduce a collection of tautological 1-forms on P2
G as follows:

ωα
G (Θ)(Y ) := θα(dπ2

G (Θ)(Y )),

ϕG (Θ)(Y ) := θ n+1(dπ2
G (Θ)(Y )),
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where Θ = (θ 0(θ ),θα ,θ n+1) is a point in P2
θ ,G and Y ∈ TΘ (P2

G ). Identity (1.64)
implies

dωG = i
(
[π2

G ]∗Gαβ

)
ωα

G ∧ωβ
G +ωG ∧ϕG .

As in Section 1.2, starting with the forms ωG , ωα
G , ϕG we can construct 1-forms

ϕα
β ·,G , ϕα

G , ψG and 2-forms Φα
β ·,G , Φα

G , ΨG on P2
G (recall that in our calculations

in Section 1.2 we allowed (gαβ ) to be a matrix-valued map). A straightforward

calculation yields that on [π2
G ]−1(U0) we have

ωG = F ∗ω ,

ωα
G = Dα

β F ∗ωβ ,

ϕG = F ∗ϕ ,

ϕα
β ·,G = −dDα

γ ·C γ
β +Dα

γ C ν
β F ∗ϕγ

ν· ,

ϕα
G = Dα

β F ∗ϕβ ,

ψG = F ∗ψ

and
Sαβρ ·σ ,G = Dα

γ C ν
β C μ

ρ C η
σ F ∗Sγνμ·η ,

Vα
β ·ρ ,G = Dα

γ C ν
β C

μ
ρ F ∗V γ

ν·μ ,

Pα
β ·,G = Dα

γ C ν
β F ∗Pγ

ν· ,

Qα
β ·,G = Dα

γ C η
β

F ∗Qγ
η· ,

Rα ,G = C γ
α F ∗Rγ ,

(1.65)

where (Dα
β ) is the matrix inverse to (C α

β ) and Sαβρ ·σ,G , Vα
β ·ρ ,G , Pα

β ·,G , Qα
β ·,G , Rα ,G

are the corresponding functions in the expansions of the forms Φα
β ·,G , Φα

G ,ΨG with

respect to the forms ωG , ωρ
G , ωρ

G .
Let γU,G : U → P2

G be a section of P2
G and γW a local section of P1 over

W . Formulas (1.65) imply that if the functions Sαβρ ·σ,G , Vα
β ·ρ ,G , Pα

β ·,G , Qα
β ·,G , Rα ,G

vanish on the submanifold (γU,G ◦γW )(W ) of P2
G , then conditions (1.62) hold on the

submanifold ΓW (W ) of P2, where ΓW := F ◦ γU,G ◦ γW is a section of the bundle
P2 → M over the set W . [Here we assume for simplicity that F is defined on
all of [π2

G ]−1(U). To be absolutely precise, one must consider for every θ0 ∈ U a
neighborhood U0 as above.]

Suppose now that M is an immersed Levi non-degenerate real hypersurface in
a complex manifold N of dimension n + 1 with n ≥ 1. Fix p ∈ M and consider
a neighborhood M′ of p in M which is locally closed in N.3 Then there exist a
neighborhood W of p in N, holomorphic coordinates z0, z = (z1, . . . ,zn) in W , and

3 We say that an immersed submanifold S of a manifold R is locally closed if the immersion
ι : S → R, ι(x) := x, is a locally proper map, or, equivalently, if S is a closed submanifold of an
open submanifold of R. We say that S is closed in R if ι is a proper map.
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a real-valued function r(z0,z0,z,z) on W such that the set W := M′ ∩W coincides
with the set {r = 0} and r0 := ∂ r/∂ z0 �= 0 on W (note that r0 := ∂ r/∂ z0 �= 0 on W
as well since r0 = r0).4

The CR-structure of M, being induced by N, is given on W by setting

μ = i∂ r
∣
∣
∣
W

:= i

(
∂ r

∂ zβ
dzβ + r0dz0

)∣
∣
∣
W

,

ηα = dzα
∣∣
∣
W

(1.66)

(cf. the beginning of Section 1.2). Then on W we have

dμ = ihαβdzα ∧dzβ + μ ∧φ , (1.67)

with
hαβ = −rαβ + r−1

0 rαr0β + r−1
0

rβ r0α −|r0|−2r00rαrβ ,

φ := −r−1
0

r0γdzγ − r−1
0 r0γdzγ + |r0|−2r00

(
rγdzγ + rγdzγ

) (1.68)

(cf. (1.7)), where we use the following notation:

rα :=
∂ r
∂ zα

, rβ :=
∂ r

∂ zβ
, rαβ :=

∂ 2r

∂ zα∂ zβ
, etc.

Clearly, for every q ∈W the Levi form of M at q is equivalent to the Hermitian form
with the matrix h(q) := (hαβ (q)).

We now choose a matrix g such that the Hermitian form defined by g has the
same signature as the Hermitian form defined by h(q) for every q ∈ W . Then the
fiber of the bundle P1 over q is {uμ(q) : u > 0} in the case where the numbers of
positive and negative eigenvalues of g are distinct and {uμ(q) : u ∈ R∗} otherwise.
For the form θ 0 on U = [π1]−1(W ) we have

dθ 0 = iu
(
[π1]∗ hαβ

)
[π1]∗ dzα ∧ [π1]∗ dzβ +θ 0 ∧

(
−du

u
+[π1]∗ φ

)
.

We now let Gαβ = u[π1]∗ hαβ on U and choose the section γU,G as follows:

γU,G (uμ(q)) =
(
θ 0(uμ(q)),

(
[π1]∗ dzα

)
(uμ(q)),−du

u
+([π1]∗ φ)(uμ(q))

)
.

Next, choose the section γW by setting u = 1, i.e. γW (q) = μ(q). Our goal is to
compute the forms ωG , ωα

G , ϕG , ϕα
β ·,G , ϕα

G , ψG and the functions Sαβρ ·σ,G , Vα
β ·ρ ,G ,

Pα
β ·,G , Qα

β ·,G , Rα ,G on the submanifold W := (γU,G ◦ γW )(W ) of P2
G . In fact, we

4 For notational convenience, in this section we index coordinates by superscripts rather than sub-
scripts. We will return to indexing coordinates by subscripts in Chapter 2.
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compute the push-forwards of these quantities to W under the diffeomorphism
π1 ◦π2

G

∣
∣
W

: W →W .
Clearly, on W we have

ωG = [π2
G ]∗

(
[π1]∗ μ

)
,

ωα
G = [π2

G ]∗
(
[π1]∗ dzα

)
,

ϕG = [π2
G ]∗

(
[π1]∗ φ

)
,

thus the push-forwards of ωG

∣
∣
W

, ωα
G

∣
∣
W

, ϕG

∣
∣
W

from W to W are μ , dzα , φ , respec-
tively.

Differentiating (1.67) we obtain

i(dhαβ + hαβφ)∧dzα ∧dzβ − μ ∧dφ = 0.

Hence,
dhαβ + hαβφ = aαβγdzγ + aβαγdzγ + cαβμ ,

dφ = icαβdzα ∧dzβ + μ ∧ζ (1)
(1.69)

for some 1-form ζ (1) and functions aαβγ , cαβ satisfying

aαβγ = aγβα , cαβ = cβα .

With μ given in (1.66) and hαβ , φ given in (1.68), the functions aαβγ , cαβ and the

form ζ (1) are completely determined by formulas (1.69) if we assume that ζ (1) is
a linear combination of dzα and dzα . These quantities involve partial derivatives of
the function r up to order 3.

Everywhere below indices are lowered by means of the matrix h = (hαβ ) and

raised by means of its inverse (hαβ ), where hαβhγβ = δ γ
α , hαβhαγ = δ γ

β
. Set

φα (1)
β · := aαβ ·γdzγ +

1
2

cαβ ·μ , φα (1) :=
1
2

cαβ ·dzβ . (1.70)

Identities (1.69) imply

dzβ ∧φα (1)
β · + μ ∧φα (1) = 0,

dhαβ + hαβφ −φ (1)
αβ

−φ (1)
βα

= 0,

dφ = idzβ ∧φβ (1) + iφ (1)
β

∧dzβ + μ ∧ζ (1).

(1.71)

On the other hand, let 1-forms φα
β ·, φ

α , ζ be the push-forwards of ϕα
β ·,G

∣∣
W

,

ϕα
G

∣
∣
W

, ψG

∣
∣
W

from W to W , respectively. It follows from identities (1.12), (1.15),
(1.18) applied to the forms ωG , ωα

G , ϕG , ϕα
β ·,G , ϕα

G , ψG that φα
β ·, φ

α , ζ satisfy
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dzβ ∧φα
β · + μ ∧φα = 0,

dhαβ + hαβφ −φαβ −φβα = 0,

dφ = idzβ ∧φβ + iφβ ∧dzβ + μ ∧ζ .

(1.72)

It is straightforward to see from (1.71), (1.72) that φα
β ·, φ

α , ζ are related to φα (1)
β · ,

φα (1), ζ (1) as follows:

φα (1)
β · = φα

β · + dα
β ·μ ,

φα (1) = φα + dα
β ·dzβ + eαμ ,

ζ (1) = ζ + tμ+ i(eαdzα − eαdzα ),

(1.73)

where dα
β ·, eα , t are functions on W , t is real-valued and the following holds:

dαβ + dβα = 0. (1.74)

We will now find dα
β ·, eα , t from conditions (1.26), (1.37), (1.59).

Identities (1.35) imply

dφα
β · −φγ

β · ∧φα
γ· − idzβ ∧φα+

iφβ ∧dzα + iδα
β (φσ ∧dzσ ) ≡ S α

βγ·σdzγ ∧dzσ (modμ),
(1.75)

where S α
βγ·σ are the push-forwards of the functions Sαβγ·σ ,G

∣∣
W

from W to W . It
follows from (1.67), (1.73), (1.75) that

dφα (1)
β · −φγ (1)

β · ∧φα (1)
γ· − idzβ ∧φα (1)+

iφ (1)
β ∧dzα + iδα

β

(
φ (1)
σ ∧dzσ

)
≡ S

α (1)
βγ·σ dzγ ∧dzσ (modμ),

(1.76)

where
S

α (1)
βγ·σ := S α

βγ·σ + i(dα
β ·hγσ + dα

γ hβσ − δα
γ dσβ − δα

β dσγ ). (1.77)

Note that with φα (1)
β · , φα (1) given by (1.70), where aαβγ , cαβ are found from (1.69),

the functions S
α (1)
βγ·σ are completely determined by formulas (1.76) and involve par-

tial derivatives of r up to order 4.
Define

S
(1)
γσ := S

α (1)
αγ·σ , S (1) := S

γ (1)
γ· . (1.78)

Contracting (1.77) and using conditions (1.26) we obtain

hγσd + dγσ − (n + 1)dσγ = −iS (1)
γσ , (1.79)

where d := dα
α · . Identities (1.74) and (1.79) imply
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hγσd +(n + 2)dγσ = −iS (1)
γσ . (1.80)

Contracting (1.80) we get

d = − i
2(n + 1)

S (1).

Substituting this back into (1.80) yields

dγσ =
i

n + 2

(
−S

(1)
γσ +

1
2(n + 1)

S (1)hγσ

)
. (1.81)

Formulas (1.81) determine the functions dα
β · in terms of partial derivatives of r up to

order 4, and we set
φα (2) := φα (1) −dα

β ·dzβ . (1.82)

Next, identities (1.35) imply

dφα
β · −φγ

β · ∧φα
γ· − idzβ ∧φα + iφβ ∧dzα + iδα

β (φσ ∧dzσ )+

1
2
δα
β ζ ∧μ = S α

βγ·σdzγ ∧dzσ +V α
β ·γdzγ ∧μ−V α

·βσdzσ ∧μ ,
(1.83)

where V α
β ·γ are the push-forwards of the functions Vα

β ·γ,G
∣∣
W

from W to W . It follows
from (1.73), (1.82), (1.83) that

dφα
β · −φγ

β · ∧φα
γ· − idzβ ∧φα (2) + iφ (2)

β ∧dzα + iδα
β

(
φ (2)
σ ∧dzσ

)
+

1
2
δα
β ζ

(1)∧μ = S α
βγ·σdzγ ∧dzσ +V

α (1)
β ·γ dzγ ∧μ−V

α (1)
·βσ dzσ ∧μ ,

(1.84)

where

V
α (1)
β ·γ := V α

β ·γ − i

(
δα
γ eβ +

1
2
δα
β eγ

)
. (1.85)

Note that with ζ (1) found from (1.69), φα
β · given by

φα
β · = aαβ ·γdzγ +

(
1
2

cαβ · −dα
β ·

)
μ , (1.86)

φα (2) given by (1.82), φα (1) given by (1.70), where aαβγ , cαβ are found from (1.69)

and dα
β · are found from (1.81), the functions V

α (1)
β ·γ are completely determined by

formulas (1.84) and involve partial derivatives of r up to order 5. Contracting (1.85)
and using conditions (1.37) we obtain

eβ =
2i

2n + 1
V

α (1)
β ·α . (1.87)

Formulas (1.87) determine the functions eα in terms of partial derivatives of r up to
order 5, and we set
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ζ (2) := ζ (1)− i
(

eαdzα − eαdzα
)

. (1.88)

Further, identities (1.36), (1.57) imply

dφα −φ ∧φα −φβ ∧φα
β · +

1
2
ζ ∧dzα =

V α
·βσdzβ ∧dzσ +Pα

β ·dzβ ∧μ +Qα
β ·dzβ ∧μ ,

(1.89)

where Pα
β · and Qα

β · are the push-forwards of the functions Pα
β ·,G

∣∣
W

and Qα
β ·,G

∣∣
W

from W to W , respectively. It follows from (1.73), (1.88), (1.89) that

dφα −φ ∧φα −φβ ∧φα
β · +

1
2
ζ (2) ∧dzα =

V α
·βσdzβ ∧dzσ +P

α (1)
β · dzβ ∧μ +Qα

β ·dzβ ∧μ ,

(1.90)

where

P
α (1)
β · := Pα

β · −
1
2
δα
β t. (1.91)

Note that with φ given in (1.68), φα
β · given by (1.86), φα given by

φα =
(

1
2

cαβ · −dα
β ·

)
dzβ − eαμ , (1.92)

ζ (2) given by (1.88), where aαβγ , cαβ , ζ (1) are found from (1.69), dα
β · are found from

(1.81), and eα are found from (1.87), the functions P
α (1)
β · and Qα

β · are completely

determined by formulas (1.90) and involve partial derivatives of r up to order 6.
Contracting (1.91) and using condition (1.59) we obtain

t = −2
n
P

α (1)
α · . (1.93)

Formula (1.93) determines the function t in terms of partial derivatives of r up to
order 6, and ζ is given by

ζ = ζ (1) − i
(

eαdzα − eαdzα
)
− tμ . (1.94)

Finally, identities (1.38), (1.57) imply

dζ −φ ∧ζ −2iφβ ∧φβ = −2iPαβdzα ∧dzβ +Rαdzα ∧μ +Rαdzα ∧μ , (1.95)

where Rα are the push-forwards of the functions Rα ,G

∣
∣
W

from W to W . Since the
forms φα

β ·, φ
α , ζ have now been determined, identities (1.83), (1.89), (1.95) can be

used to find the functions S α
βγ·σ , V α

β ·γ , Pα
β ·, Qα

β ·, Rα in terms of partial derivatives
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of r up to order 7. More precisely, S α
βγ·σ are determined by the partial derivatives

of order 4, V α
β ·γ by the partial derivatives of order 5, Pα

β · and Qα
β · by the partial

derivatives of order 6, and Rα by the partial derivatives of order 7.
The discussion at the end of Section 1.2 and transformation law (1.65) now yield

that the system of equations

S α
βγ·σ = 0, V α

β ·γ = 0, Pα
β · = 0, Qα

β · = 0, Rα = 0 (1.96)

is equivalent to the sphericity of the locally closed portion W of the real hypersurface
M. System (1.96) involves partial derivatives of r up to order 7 and is hard to deal
with in general. However, for special classes of hypersurfaces it can be simplified
and becomes a rather useful tool for identifying spherical hypersurfaces. In this book
we consider hypersurfaces of such a kind.

1.4 Umbilicity

Before we turn to special classes of hypersurfaces, we will show that system (1.96)
can be simplified to some extent in general. To describe this simplification, we in-
troduce the notion of umbilic point in a Levi non-degenerate CR-hypersurface M
of CR-dimension n. For n ≥ 2 a point p ∈ M is called umbilic if all functions Sαβγ·σ
vanish on the fiber π−1(p) of the bundle P2 → M. For n = 1 conditions (1.26),
(1.37), (1.59) become

S1
11·1 = 0, V 1

1·1 = 0, P1
1· = 0, (1.97)

respectively, and for n = 1 we call a point p ∈ M umbilic if Q1
1· vanishes on the fiber

π−1(p). Due to transformation law (1.63), it is sufficient to require in the definition
of umbilicity that Sαβγ·σ and Q1

1· vanish only at some point of the fiber π−1(p) for
n ≥ 2 and n = 1, respectively.

We will now prove the following useful proposition.

Proposition 1.1. [9] A Levi non-degenerate CR-hypersurface M is spherical if and
only if every point of M is umbilic.

Proof. If M is spherical, then its every point is umbilic due to conditions (1.62).
Conversely, assume that every point of M is umbilic. To show that conditions (1.62)
hold on P2, we use the Bianchi identities (see (1.55)).

First, suppose n = 1. Due to (1.35), (1.53), (1.57), (1.58), (1.97), all components
of the curvature form Σ are equal to zero except possibly for

Σ2
0 = −1

4
Ψ = −1

4

(
R1ω1 ∧ω + R1ω

1 ∧ω
)

.

From identities (1.55) for m = 1, l = 0 and (1.51) we see
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ω1 ∧Ψ = 0,

which implies
R1ω1 ∧ω1 ∧ω = 0.

Hence R1 = 0, and therefore Σ = 0 as required.
Now, suppose n ≥ 2. In this case due to (1.35) we have

Φβ
α · = V β

α ·ρωρ ∧ω−Vβ
·ασω

σ ∧ω . (1.98)

Further, from identities (1.55) for m = α , l = β and (1.51), (1.53), (1.57), (1.58) we
obtain

dΦβ
α =∑

γ
σα
γ ∧Φβ

γ + iωα ∧
(

V β
·γσω

γ ∧ωσ + Pβ
γ·ωγ ∧ω + Qβ

γ·ω
γ ∧ω

)
+

i
(
Vαγρωγ ∧ωρ + Pγαωγ ∧ω + Qγαωγ ∧ω

)∧ωβ −∑
γ
Φγ
α ∧σγ

β .
(1.99)

Considering in identities (1.99) the terms not involving ω and using (1.11), (1.98),
we get V β

α ·ρ = 0. Hence, (1.99) yields

ωα ∧
(

Pβ
γ·ωγ ∧ω + Qβ

γ·ω
γ ∧ω

)
+

(
Pγαωγ ∧ω + Qγαωγ ∧ω

)
∧ωβ = 0,

which implies Pβ
γ· = 0 and Qβ

γ· = 0. Thus, all components of the curvature form Σ
are equal to zero except possibly for

Σn+1
0 = −1

4
Ψ = −1

4

(
Rαωα ∧ω + Rαωα ∧ω

)
.

From identities (1.55) for m = β , l = 0 and (1.51) we see

ωβ ∧Ψ = 0.

Hence Rα = 0, and therefore Σ = 0 as required. ��
Due to Proposition 1.1 and transformation laws (1.63), (1.65), system of equa-

tions (1.96), which characterizes the sphericity of a locally closed portion of an
immersed real hypersurface in a complex (n + 1)-dimensional manifold, can be re-
placed by the system of equations

S α
βγ·σ = 0 (1.100)

for n ≥ 2 and by the single equation

Q1
1· = 0 (1.101)

for n = 1. System (1.100) involves partial derivatives of r up to order 4, whereas
equation (1.101) involves partial derivatives of r up to order 6.
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We also remark that in the real-analytic case the sphericity condition can be ex-
pressed in terms of a so-called complex defining function (see [83], [84]). In this
case, analogously to (1.100), (1.101), sphericity is equivalent to a system of equa-
tions involving partial derivatives up to order 4 for n ≥ 2 and to a single equation
involving partial derivatives up to order 6 for n = 1 .
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