Chapter 2
Elementary Electromagnetic Phenomena

All the effects discussed in this text rely on the presence of electric, magnetic or
electro-magnetic fields in the system. It is therefore natural to discuss first the
governing equations and some basic electromagnetic phenomena. With this regard,
“elementary” in the title of this chapter refers to subjects related to beam-wave
interaction and not necessarily to undergraduate-level topics, though we discuss a
few elementary concepts in the first two subsections.

2.1 Maxwell’s Equations

At the foundations for the analysis of all electro-magnetic phenomena are
Maxwell’s equations that relate the electric (E) and magnetic (H) field, the electric
(D) and magnetic (B) inductions with the current (J) and charge (p) densities:

V><E(r,t)—|—QB(r,t)=07 (2.1.1)
ot
0
V x H(r,1) — &D(r,t) = J(r,1), (2.1.2)
V- D(r,1) = p(r,1), (2.1.3)
V -B(r,1) = 0. (2.1.4)

This set of equations determines the electromagnetic field at any point in space
and in time provided that the source terms (p and J), are known. In addition, the
initial and boundary conditions have to be determined together with the constitutive
relations of the medium, i.e., the relation between the inductions (B and D) and the
field components (H and E).
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2.1.1 Constitutive Relations

Matter reacts to the presence of an electromagnetic field and the constitutive
relations characterize this reaction. In general, these relations are non-linear and
they couple all the components of the electromagnetic field. In many of the cases of
interest, the constitutive relations are linear and scalar

B(r,t) = popH(r, 1), (2.1.5)
D(r,t) = go&E(r, 1), (2.1.6)

and in case of a metal Ohm law’s reads
J(r, 1) = oE(r,1); (2.1.7)

here g = 8.85 x 10~!? farad/m and p, = 4n x 10~" henry/m are the vacuum per-
mittivity and permeability respectively. The relative dielectric coefficient ¢, and its
permeability counterpart p, characterize the material. In vacuum, & =1, y, =1
and ¢ = 0, i.e.,

V x E(r,?) +%uOH(r,z) =0, (2.1.8)
V x H(r, 1) — gsoE(r, 1) = J(r, 1), (2.1.9)
V - gE(r,t) = p(r,1), (2.1.10)

V - uoH(r, 1) = 0. (2.1.11)

Assuming that we know the source terms (p and J) it is sufficient to use the first
two equations (2.1.7)—(2.1.8) in conjunction with the charge conservation,

V-J(r,t)+%p(r,t) =0, (2.1.12)

in order to solve the electromagnetic field. This statement can be examined by
applying V - on both (2.1.7) and (2.1.8). Since any vector function V satisfies
V - (V x V) =0, one obtains (2.1.10) from (2.1.7) and (2.1.9) from (2.1.8).

2.1.2 Boundary Conditions

At sharp discontinuities the differential operators are not defined therefore an
integral approach has to be adopted. Alternatively, Maxwell’s equations can be
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solved in each region separately, away of the discontinuity, and the question that
needs to be addressed is the relation between the various field components from
both sides of a discontinuity. Consider two regions (subscripts 1 and 2) separated by
a surface which is locally characterized by its local normal n. The boundary
condition associated with (2.1.1) is deduced from its integral form as

nx (E; —E;)=0. (2.1.13)
Similarly, from the integral form of (2.1.1) we conclude that
nx (H; — Hy) = Js, (2.1.14)
from (2.1.2)
n- (D; —D,) = p,, (2.1.15)
and finally, from the integral form of (2.1.3) we can deduce that
n- (B, —B,)=0. (2.1.16)

Here J; is the surface current density and p; is the surface charge density.

Equation (2.1.12) indicates that the tangential component of the electric field,
at any time, has to be continuous at the transition between two discontinuities.
In a similar way, the tangential component of the magnetic field can be discontinu-
ous only if there is a surface current density (Js) — see (2.1.13). The other two
expressions indicate that any discontinuity in the normal component of the electric
induction is due to surface charge density (p,) and the normal component of the
magnetic induction is always continuous.

Comment 2.1. As in the case of Maxwell’s equations, it is sufficient to use the first
two sets of boundary conditions since the latter two are then automatically satisfied.

Comment 2.2. One outcome of the boundary conditions as formulated above is
that at the surface of an ideal metal (¢ — o) the tangential electric field vanishes.
This is because the electric field is zero in the metal and the tangential electric field
has to be continuous.

2.1.3 Poynting’s Theorem

The energy conservation associated with the electromagnetic field can be deduced
from Maxwell’s equations by multiplying (scalarly) (2.1.1) by H, (2.1.1) by E and
subtracting the latter from the former. In a linear medium, the result reads
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a1 1
V-S+o |seuE E+uuH -H| = -J-E, (2.1.17)
where
S(r,t) = E(r,t) x H(r,?) (2.1.18)

is the instantaneous Poynting vector which represents the energy flux (power per
unit surface) in the vector direction. The second term,

1

1
w(r, 1) = Esoer(r,t) -E(r, 1) + EﬂoﬂrH(l’a 1) - H(r,1), (2.1.19)

represents the instantaneous energy density stored in the electric and magnetic field
respectively. And the right-hand side term in (2.1.16) represents the coupling
between the electromagnetic field and the sources (or sinks) in the system.
Gauss’s theorem can be used to formulate Poynting’s theorem in its integral
form. We integrate over a volume V whose boundary is denoted by a; the result is

d%W(t) — fPaa.s- J V] -E, (2.1.20)

where for a linear medium

W(t) EJ dv BaoarE-E—f—%uou,H-H], (2.1.21)
14

is the total energy stored in the volume V. Explicitly (2.1.19) reveals that the change

in the energy stored in the volume is either due to energy flux flowing through the

surrounding envelope or due to sources in the volume (or both).

One important aspect to emphasize at this stage is that the electromagnetic
power is carried by the field and not by the metallic boundaries; the latter only
guide the energy flow. This is an important observation since subsequently, we
discuss the propagation of electromagnetic waves of hundreds of megawatts and all
this power propagates in vacuum. To illustrate the process let us consider an
elementary electric circuit consisting of a battery, two parallel lossless wires, and
a resistor at the end as illustrated in Fig. 2.1.

u ' -
Fig. 2.1 Energy flowina 2 Hecl lEOCVb SVl R
simple circuit. The power T s ~——
flows in the air and is guided T
= 1=V,/R

by the wires
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Firstly, we examine the Poynting vector term of (2.1.19): the voltage Vy is
determined by the battery whereas the current is determined by the resistor (R)
namely, I = V},/R. Since the distance between the two wires is d, the typical
electric field between the two wires is Vi, /d moreover, the azimuthal magnetic
field generated by one wire at the location of the other is proportional to the current
1. Consequently, the Poynting vector is parallel to the wires and it is proportional
to the product of the two field components S  IV},. The power which propagates
from the battery towards the resistor is proportional to Poynting vector thus as
expected, the power is proportional to IV} or Vﬁ /R. Since there are no time
variations the energy term in Poynting theorem vanishes whereas the second term
in the right-hand side of (2.1.19) can be readily calculated to show that the power
dissipated in the resistor is VZ/R. For further discussion see Chap. 11 in the text
book of Haus and Melcher (1989).

2.1.4 Steady-State Regime

In many cases of interest all the components of the electromagnetic field oscillates
at a single angular frequency (w) thus all components have the following functional
form

F(r,t) =f(r)cos[wt + y(r)]. (2.1.22)
It is convenient to omit the time dependence and represent the function F(r, r)

using a complex notation, namely we introduce the imaginary number j = v/ —1
and utilize the fact that exp(j¢) = cos(¢) + jsin(€) the function F

F(r,1) = 3 (FJexpl i (Fexplion) + F(Fjexpljb(P)lexp(—jon)}.  (2123)

With this notation, it is convenient to define
F(r,m) = f(r)e?™), (2.1.24)
which permits us to use this function instead of F(r,¢) and consequently,
F(r,1) = Re[F(r,w)e"]; (2.1.25)

F(r,) is called the phasor associated with the function F(r,¢). To illustrate the
use of this notation, Maxwell’s equations read
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V x E + joB = 0, (2.1.26)
VxH-joD=1], (2.1.27)
V-D=p, (2.1.28)
V-B=0 (2.1.29)

The main advantage of this notation is now evident since the differential operator
0/ 0t was replaced by a simple algebraic operator jo.

2.1.5 Complex Poynting’s Theorem

The phasor notation, as introduced above, cannot be directly applied to Poynting’s
theorem since all quantities are quadratic in the electromagnetic field. In principle,
we have two options: (1) transform the field components to the time domain and
then substitute in Poynting’s theorem as defined in (2.1.16) — abandoning in the
process the phasor notation. (2) Limit the information to the average energy and
average power — but preserving the phasor notation. Since in the former case there
is no real advantage to the new notation, we next pursue the latter option.
When we consider the product of two oscillating quantities, we have

Ay cos(wt + r,)Az cos(wt + yr,)

= % [A} exp(jwr) + A} exp(—jot)| [ Az exp(jwr) + A} exp(—jor)]  (2.1.30)

the average of the product of these two oscillating functions corresponds to the
non-oscillating term in the expression above i.e.,

oo o 1
1 [A1A5 + A[A;] :§A1A2 cos(Y, — ). (2.1.31)

We use this fact in order to formulate the complex Poynting’s theorem. First
(2.1.25) is multiplied scalarly by the complex conjugate of the magnetic field
phasor (H'). From the product we subtract the complex conjugate of (2.1.26)
multiplied by the electric field; the result reads

~ 1o =
V-8 +2jo[wy —We] = —E- T, (2.1.32)

wherein S = E x H72 is the complex Poynting vector, Wy = ﬁo,urﬁ . H74 is the
average (in time) magnetic energy density and Wg = go&E - E*/4 is the electric
counterpart.
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Energy conversion is associated with the real part of the Poynting vector whereas
the imaginary component is associated with electro-magnetic energy stored in the
system. Throughout the text we omit the bar from the phasor quantities, except if
ambiguities may occur.

2.1.6 Potentials

It is convenient, instead of solving a couple of first order differential equations, to
solve a single second-order differential equation. For this purpose we benefit from
the fact that the divergence of the magnetic induction is zero (V - B = 0) and
introduce the magnetic vector potential A which determines the magnetic induction
through

B=VxA (2.1.33)

By virtue of this definition, the equation V -B =0 becomes an identity.
Substituting this definition in Faraday’s law (2.1.25) we obtain

V x (E +jwA) =0. (2.1.34)
Further using the fact that V x (V®) = 0 we conclude that

E =—jwA - VO, (2.1.35)
wherein @ is the scalar electric potential. Both potentials satisfy, in a Cartesian

coordinate system and in a linear medium (¢, = 1 and ¢, > 1), the non-homogeneous
wave equation:

w2
[Vz + & 6—2} A=—pl, (2.1.36)
and
2
1
[vz +8rw—2]d) ———p, (2.137)
c £0&r

provided that the divergence of the vector function A is chosen to be
V-A+jotd=0. (2.1.38)
c

This is the so-called Lorentz gauge; ¢ = 1/,/ny€o is the phase velocity of a plane
electromagnetic wave in vacuum.
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2.1.7 Edge Effect

In addition to the boundary conditions discussed above in the context of sharp
discontinuity, we need to consider the field and the energy near an edge. It is
demonstrated in what follows that while near an edge, the electric field diverges, the
energy stored is finite.

With this purpose in mind, consider a simple configuration where the radius of
curvature of a realistic edge is much smaller than the characteristic wavelength of
the electromagnetic field in its vicinity (4 >> R). Based on this assumption, the
electric field in the vicinity of an ideal edge (R = 0) as the one schematically
illustrated in Fig. 2.2, is a solution of the Laplace’s equation and further assuming
that the system is infinite in the z-direction, then

2
[l 0,0,19 } 0 (2.1.39)

o or T 2agl” T

is the equation to be solved subject to the zero potential condition on the metallic
walls

d)(r,qb:%) —0 and d)(i',(b:Zn—%) —0. (2.1.40)

Its solution has the form ® ~ Ae"®r" + Be/*%;"_ thus imposing the boundary
conditions namely, ®(r,¢ = «/2) =0 and ®(r,¢p = 2n — o/2) = 0 we conclude
that a non-trivial solution is possible if sin[v(2z — a)] = 0, implying that the radius
of curvature of the field (v) is given by

T

y = n=1,2,3... (2.1.41)

2n — o

and consequently,

() (r,

< ¢ < 2nf%> i A, sin [Zn”fa (qﬁf%)] S (21.42)

N R

Fig. 2.2 In the vicinity of an
ideal edge the curvature of the
electric field is determined by
its angle o
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Fig. 2.3 Contours of
constant potential (n = 1) in
the vicinity of an ideal edge

In order to demonstrate the previous statement, let us consider the first harmonic
(n = 1) illustrated in Fig. 2.3 for o = n/6. The corresponding field components are

00, T . v o x|
E = o _2n—ocA1 Sm{2n—oc (QS_E)} "

1 0@, b b o x
ot el (6]
¢ r d¢ 2n — o 1005271—0{ ¢ 21"

revealing that at the limit » — 0, if & < &, then the electric field diverges. Neverthe-
less, the energy, stored in a volume of radius R and length A,, is finite as can be
deduced from the explicit expression for the stored energy

(2.1.43)

2n—o/2 R
1 1 2n
Wg = A, J do Jdrr [EgOE,? + anEfb] x Ame. (2.1.44)
/2 0

Comment 2.3. A similar approach may be followed to investigate the field distri-
bution in the vicinity of a dielectric edge. In this case the curvature of the field (v) is
determined by both the angle of the edge (o) as well as the dielectric coefficient (,)
and it is a solution of

&-tan (v %) + tan [v (n — %)} =0. (2.1.45)

2.1.8 Reciprocity Theorem

The Lorentz reciprocity theorem is a useful theorem for solution of electromagnetic
problems, since it may be used to deduce a number of fundamental properties of
practical devices. It provides the basis for demonstrating the reciprocal properties of
electronic microwave circuits and for showing that the receiving and transmitting
characteristics of antennas are the same. To derive the theorem, consider a volume
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V bounded by a closed surface A. Let a current source ﬂ in V produce a field E 1 H 1
while a second source J, produces a field E,, H,. Expanding the relation V - (E} X

ﬁz — EZ x H 1) and using Maxwell’s equation it can be shown that

V(E] Xﬁz—égXﬁ]):(VXE])-ﬁQ—(VXﬁZ)'EI
- (V Xﬁz)~ﬁ1 +(V Xﬁ]) 'Ez (2146)
=, -E\+J, - E,.

Integrating both sides over the volume V and using Gauss’ theorem

JV (E] Xﬁz—Ez Xﬁl)dV: ﬁA(El Xﬁz—ﬁz Xﬁl) - 1dA
Y (2.1.47)
ZJ(Ez'f1 —E;-D)av,

Vv

where 77 is the unit outward normal to A.

There are at least two important cases where the surface integral vanishes: in the
first case of radiating fields (to be discussed subsequently) and in the case of quasi-
state fields when E o 72 and H oc 2. Since the surface of integration is propor-
tional to r? at the limit » — oo the surface integral clearly vanishes, therefore
(2.1.46) reduces to

JEI hdV = J 2 - hdv. (2.1.48)
\% |4

If J; and J, are infinitesimal current elements this is to say that the variations of the
electric field of the other source are negligible in the region of the source, then

— - — -

El(l"z) 'Jz(l"z) = Ez(l"]) ']1 (l"]), (2149)

which states that the field E produced by J) has a component along J, that is equal
to the component along J1 of the field generated by J> when J; and J> have unit
magnitude. The form (2.1.48) is essentially the reciprocity principle used in circuit
analysis except that E and J are replaced by the voltage V and current /.

2.2 Simple Wave Phenomena

In this section, we present solutions of the wave equation for several simple cases.
A few of the examples presented here will be used subsequently to develop models
which in turn enable the investigation of complex structures.
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2.2.1 Simple Propagating Waves

With the source terms, constitutive relations and boundary conditions determined,
one could proceed towards solution of a few simple wave phenomena. For simplic-
ity we consider a scalar function /(r) which oscillates at an angular frequency w
(i.e., we assume a steady-state regime of the form exp jo f) and which is a solution of

[vz + Cﬂ Y(r) =0. (2.2.1)

As a first stage, we examine waves propagating in one dimension. In a Cartesian
system (x, y,z) we consider a system in which all variations are only in the z direc-
tion (0/0x ~ 0 and 0/Jy ~ 0), and the homogeneous wave equation reads

2
[d + ‘”2] Y(z) = 0. 2.2.2)

dz2 2

A second order differential equation, has two solutions:
Y(z) =Aiexp (—192) +A_exp (j 82) ; (2.2.3)
c c

these represent plane waves since the phase is constant, in the plane defined by
z = const. The first term describes a wave propagating in the z-direction whereas
the second represents a wave propagating in the opposite direction.

In a cylindrical coordinate system (7, ¢, z), ignoring azimuthal and longitudinal
variations (9?/9¢* ~ 0 and 9?/dz* ~ 0), the wave equation reads

1d d o?
Faratau=o 29
Its solution is
N @ (@ (1 (@
W(r) = A HS (c;)+A,HO (C r), (2.2.5)

where Hél) (¢) and Héz) (&) are the zero order Hankel function of the first and second

kind; they are related to Bessel functions of the first and second kind by H(()l) (x) =

Jo(x) +jYo(x) and HE)Z) (x) = Jo(x) — jYo(x). As in the previous case, the first term
represents a wave propagating from the axis outwards and the second term
describes a wave propagating inwards. For completeness, we also present the
solution in a spherical coordinate system (r, ¢, 0). Ignoring all angular variations
the wave equation is given by
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1 d° w?
|:; ﬁr ?} lﬁ(l’) =0, (2.2.6)
and its solution is
Y(r)=Ay (9 r) exp (—j 2 r) +A_ (9 r) exp (jg r) , (2.2.7)
c c c c

where the first term represents a spherical wave propagating outwards (from the
center out) whereas the second represents an inward flow.

2.2.2 The Radiation Condition

From the pure mathematical point of view, the two waves in each one of the
solutions of above are a direct result of the fact that the wave equation is a second
order differential equation. However, in absence of obstacles, our daily experience
dictates a wave which propagates from the source outwards; this implies that in
all three cases there are no “advanced” waves i.e., A_ = 0. This is one possible
interpretation of the so-called the radiation condition and it can be considered an
additional boundary condition which is a byproduct of the causality constraint
imposed on the solutions of the wave equation.

This formulation relies on the simple solutions presented above; however, the
general trend is valid for solutions that are more complex. In the case of cylindrical
azimuthally non-symmetric waves, the radiation condition implies for a solution
V(r, ¢,z), that the limit

[l/l(r, (;S,Z)exp(jwr/c)rl/z} N (2.2.8)

F—00

is finite and it is  independent. In a similar way, for spherical waves described by a
function Y (r, ¢, 0), the limit

[tﬁ(n ¢, 0)e/ "”r} : (2.2.9)

r—00

is finite and r independent. While this condition looks straightforward in the
analytic examples presented above, it is not as trivial to impose it in numerical
solvers in particular in a broad frequency range and/or when the mode configuration
cannot be explicitly specified.

Wheeler and Feynman (1945) have used advanced solutions of the wave equation
in order to explain the source of the so-called radiation reaction force. It
is well known that electromagnetic power is emitted by a particle when it is
accelerated. This power is emitted from the particle outwards and comes at the
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expense of its kinetic energy. Since this change in the kinetic energy of the particle
can be conceived as an effective force this is also referred to as the radiation reaction
force.

2.2.3 Evanescent Waves

So far we have presented only waves which vary and propagate in one dimension
(1D), namely solutions of the wave equation either in a Cartesian, cylindrical or
spherical system of coordinate. At this point, the level of complexity is slightly
elevated to include waves that vary in two dimensions. First, consider a Cartesian
coordinate system in which we ignore variations in the y direction. The wave
equation in this case reads

* P o
[8}(2 oz2

— 4 _|_?:| [ﬂ(_x7z’ (U) = 0’ (2210)

and its formal solution, assuming a propagating behavior in the z-direction, is given

by
W(x,z,w) = exp(—jkz) [wap (—\ [ k2 — cco_;x> + A_exp (\ [ k2 — Cg—;)] .

(2.2.11)

However in the half-plane defined by x > 0 the solution is

2
W(x,z,w) = A, exp(—jkz)exp (— K — Cca—zx> , (2.2.12)

since otherwise the solution diverges at x — oo. For |k|c > the wave decays
exponentially in the x direction. This is an evanescent wave: it propagates in one
direction and decays exponentially in another. In the opposite case, for |k|c < w, the
wave propagates at an angle 0 = cos™! (kc/w) relative to the z axis.

It is instructive to examine (2.2.12) in the time domain. Assuming zero phase for
A, then

Y(x>0,z,1) = A, cos(wt — kz)exp l— K — (?) 2x] . (2.2.13)

Based on this expression it is convenient to introduce the concept of phase velocity:
this is the velocity at which an imaginary observer has to move, in order to measure
a constant phase (wt — kz = const); explicitly, this reads
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Vo = (2.2.14)

=g

With this definition, we observe that in a two dimensional case, an evanescent wave
is characterized by a phase velocity smaller than c.

2.2.4 Waves of a Moving Charge

Evanescent waves play an important role in the interaction process of particles and
waves. The simplest manifestation of their role is the representation of the spectrum
of a moving charge in the laboratory frame of reference. For this purpose, we
examine now the waves associated with a point charge (e) moving in the z direction
at a constant velocity vy in vacuum; no boundaries are involved and the system is
azimuthally symmetric (9/0¢ = 0). The current distribution in this case is given by

1
J(r,t) = fevoﬁé(r)é(z —vot)l;, (2.2.15)

where 1, is a unit vector in the z direction. This current distribution excites the z
component of the magnetic vector potential that in turn satisfies

1o o & 1 &
|:; arl 5-’—@ _C_2 W:|AZ(I,Z, t) = —ﬂOJZ(I7Z, l), (2216)

its solution is assumed to have the form

o] o0
A (ryz,1) = J dwexp(jwt)J dkexp(—jkz)a,(r, k, w), (2.2.17)
where a,(r, k,®) satisfies
1d d evoll
. _T?%a = — 2.
L FeLem ]ah(r,k, ) (Zn)zré(r)é(a) kvop), (2.2.18)

and I'? = k2 — »?/c?. Off-axis the solution of this equation is
a.(ryk,w) = Ay (k, )Ko(T'r), (2.2.19)

where Ko (&) is the zero order modified Bessel function of the second kind. In order
to determine the amplitude A, there are two ways to proceed: (1) calculate the
azimuthal magnetic field and then impose the boundary conditions at » = 0. An
alternative way is to (2) integrate (2.2.18) from r = O tor = é — 0. At this point we
prefer the latter primarily because this approach will be utilized extensively
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subsequently. For small arguments the modified Bessel function behaves as
Ko (&) ~ —In(¢) (see Abramowitz and Stegun 1968, p. 375) and consequently,

evolly

(2n)*

Substituting this result in (2.2.17), (2.2.19) we obtain

A(ryz,t) = — (ZZ(;Z Jio dwexp [jw (t - Vio)] Ko (% r #) , (2.2.21)

where f = vo/cand y =[1 — ﬁz]fl/ 2, Using the Lorentz gauge one can determine
the scalar electric potential

e 11(*® z o 1
O(r,z,t) = —— — — d jo(t—— || Kol —7r—). 2.2.22
(r,z,1) dmeg VORJ—M wexp{jw( V0>] 0<Cr“/ﬁ> ( )

This expression indicates that the field associated with a moving charge is
a superposition of cylindrical evanescent waves (for large arguments the modi-
fied Bessel function decays exponentially following Ko(&) ~ exp(—¢&)+/m/2¢
Abramowitz and Stegun 1968, p. 378). There is no electromagnetic average
power emitted by this particle in the radial direction however, this average power
is non-zero in the direction parallel to the particle’s motion — see Exercise 2.2.
When scattered by periodic structures, the evanescent waves can be “converted”
into propagating waves as we shall see when the Smith-Purcell effect will be
discussed in Chap. 5.

Ay (k) = —

8(w — kvp). (2.2.20)

2.3 Guided Waves

In all the solutions presented above, no boundaries were involved, while in many of
the topics to be considered, the electromagnetic wave is guided by either a metallic
or dielectric structure. In addition to the injection of electromagnetic power into the
system, metallic/dielectric structures facilitate the storage, the interaction process
itself and ultimately, they allow extraction of the power out of the system.

2.3.1 Transverse Electromagnetic Mode

The simplest mode, which may develop when two metallic surfaces are present, is
the transverse electro-magnetic (TEM) mode. In the first part of this subsection we
consider the way this mode is excited. In conjunction with the electromagnetic field
generated by a moving charge let us consider a radial transmission line consisting
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of two parallel lossless plates; the distance between the plates is denoted by d and it
is much smaller than the (vacuum) wavelength i.e., A(= 2nc/®) > d. Subject to
this condition, we ignore the longitudinal variations (9% /9z> ~ 0 ) therefore, for an
azimuthally symmetric system the wave equation reads
1d d o ) )
L Clr’(l}"+62:|AZ(’7w) = —upJ.(r, w). (2.3.1)

An infinitely thin “wire” located on axis carries an oscillatory (w) current, excites
the magnetic vector potential; the corresponding current density is

J.(r,w) = ILé(r). (2.3.2)

2nr

Figure 2.4a illustrates schematically the system under consideration. A solution
of the homogeneous wave equation, which satisfies the radiation condition, is
given by

A(r,0) = A, HY (9 r) , (2.3.3)
Cc

and A, is determined by the discontinuity at r = 0. Integrating (2.3.1) in the close
vicinity of r = 0,

d Ho
-—A, =—-= 234
{’ dr oA, w)] ot 2n’ 234)
and using the expression for Hankel function for small arguments i.e., Hff) (x) ~
—jIn(x)2/n (Abramowitz and Stegun 1968, p. 360), we obtain A, = —jlu,/4.

Fig. 2.4 (a) Propagation of transverse electro-magnetic (TEM) mode in a radial transmission
lineA > d. (b) Propagation of a transverse magnetic (TM) mode in a circular waveguide — see
Sect. 2.3.2. (¢) Propagation of transverse electric (TE) mode in rectangular waveguide —
Sect. 2.3.4; the curled arrows represent the direction of propagation of the waves
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The corresponding longitudinal component of the electric field and the azimuthal
counterpart of the magnetic field are

E.(r,o) = —joA.(r,o) = —ij+H(()2) (81*),
c

1 d 1 o (2) w
Hy(r,0) = — “A(r,0)=- 2A.H (—r). (2.3.5)
¢>( ) 1o dr ( ) Ly +1 c

With these two components, the radial component of the Poynting vector is
1 *
S, (r)=- EEZ(r)Hd)(r), (2.3.6)
and consequently, the total power radiated is

P = Re[2nrdS, (r)] = é (% d) Mol 2.3.7)
In the last expression, we used the asymptotic approximation for large arguments
of Hankel function i.e., H(()z) (x) ~ exp(—jx)4/2/7mx (see Abramowitz and Stegun
1968, p. 364). Bearing mind that in steady state the average power dissipated on a
resistor carrying a current / is P = RI*/2, the impedance associated with the
radiation process is

Reag:ten = % = %770 (Za): (2.3.8)
in this expression 1y = \//eo is the vacuum impedance of a plane wave. At
9 GHz and for d = 5mm the impedance is 90[Q] which is 5 times larger (for
the same parameters) than the radiation impedance in free-space defined as
Reaa = no(wd/c)* /6 ~ 18]Q). The radiation impedance is a measure, extensively
used in antenna theory, which represents the effect of the surroundings on the
radiation emitted by a source.

2.3.2 Transverse Magnetic Mode

Transverse magnetic (TM) modes can develop in the radial system discussed
previously and their characteristics will be further investigated in Chap. 4, in the
context of periodic structures. Here we review the characteristics of these modes for
a circular cylindrical waveguide of radius R filled with a dielectric material of
relative permittivity &;; the relative permeability is taken to unity (1, = 1). We
assume that the walls of the waveguide are made of an ideal conducting material
(6 — o0) therefore, the tangential electric field at the walls vanishes. To this
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configuration, a cylindrical system of coordinates (r, ¢, z) is attached — see Fig. 2.4b
and the waves are assumed to be excited by an azimuthally symmetric source
therefore we may take 9/9¢ = 0.

The electromagnetic field in the waveguide has two contributions. One is from
the z component of the magnetic vector potential

(r, 2, @) ZA Jo( ) ) , (2.3.9)

where

1—2 p.\ wz

= e (2.3.10)

Jo(&) is the zero order Bessel function of the first kind and p; are the zeros of
this function (p; = 2.4048,p, = 5.52...). The second, is from the scalar electric
potential ©

O(r, 2, ) ZCDJO( ) . 23.11)

Lorentz gauge (2.1.38) correlates the two amplitudes, namely

=—A;. (2.3.12)

JE;
In this solution, the waves are assumed to propagate from the source without
obstacles thus no reflected waves were included.

The three non-trivial components of the electromagnetic field are: the azimuthal
magnetic field

1 0A, 1 &K, ps A
Hy—— Z=__ AS—Jl( s—)e % (2.3.13)
O o 2R PR
the radial electric field
oD & T py _
E=——=Y A, =y ( ) sz, 23.14
or ; jwe R Psg)¢ ( )

L iAX < ( S>2J ( YR) T (2.3.15)
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With the electromagnetic field determined, the average magnetic and electric
energy per unit length can be calculated. These are given by

1 R

Wwm :Z,uOZﬂ:JO drr|H¢\2 E |As 2173 { Jz(ps)] (Tt )z,
1 R

Wg = ZeoerRJ drr[

2 2
_T c « | Py R 2 —(Te+I5)z
= 5 toér § A, [wz > Rz} { 5Ty +1§] [le(Ps)}e ’

In these expressions the orthogonality of the Bessel functions was used i.e.,

2] (2.3.16)

JR drrJo( ) )J(, (pvr —) - %Rzlf(p‘?)éw. (2.3.17)

In a similar way, we can determine the total average power that flows in the
waveguide:

P =Re dn EH¢]

=,
Z:: P2 [— (ps)}Re{ ~(Ttr3)e 2 F} (2.3.18)

Jowe,

T
Uo

According to this expression, we observe that power is carried along the waveguide
only by the propagating modes namely those which satisfy

2

r2 = ’1;52 oy <0, (2.3.19)

The remainders are below cut-off and they do not carry any (real) power. The
situation is different when reflections are present.

2.3.3 Velocities and Impedances

Energy Velocity. In the context of power-flow presented above it is convenient to
define several parameters that help to characterize the interaction of waves and
electron beams in various configurations. For a relatively narrow band signal, the
energy velocity is a measure of the power flow in the system relative to the total
energy stored per unit length namely,
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_ P
WM+ WE

Ven

(2.3.20)

In a circular cylindrical waveguide with a single propagating mode (s = 1), the
energy velocity reads

1 2
Veg = C—4] & — (’E) . (2.3.21)
& )

From the definition of the energy velocity (2.3.20) it is evident that whenever
more than one mode propagates in the waveguide the energy velocity is dependent
on the relative amplitudes of the various modes. Another point which should be
emphasized since it will be encountered again later in this text is the fact that even if
only one mode propagates and there is a substantial amount of energy stored in
the higher non-propagating modes, the energy velocity will be much slower than
indicated by the expression in (2.3.21).

Phase Velocity. A general definition of this quantity was introduced in Sect. 2.2.3
(2.2.14). In a cylindrical waveguide with no dielectric, the phase velocity is always
larger than ¢. However if & > 1 + (pic/wR)?* the phase velocity is smaller than c. In
fact, for high frequencies (wR/c >> p;) the phase velocity is determined entirely by
the medium: vpn ~ ¢/ /.

Group Velocity. This is a kinematical quantity indicative of the propagation of
a relatively smooth spectrum of waves. To envision the meaning of the group
velocity, imagine that a system is fed by two waves oscillating at adjacent
frequencies w; = o + Aw, w, = w — Aw having the form

f(z,1) = cos(wit — K;z) + cos(wat — K»z), (2.3.22)

where the wave-numbers K| = k + Ak, K, = k — Ak are the corresponding wave-

numbers with k = \/ (w/c)* = (p1/R)*. Explicitly we can now write the expression
in (2.3.22) as

f(z,1) = 2 cos(Awt — Akz) cos(wt — kz). (2.3.23)

Assuming that |Aw| < @, we can consider the first trigonometric function as a
slow varying amplitude. As such, we can ask what has to be the velocity of an
observer in order to experience a constant amplitude i.e., Awot — Akdz = 0; in this

case, the answer will be vy, = %—‘;{’ or at the limit of Aw — O,

ow

Ve = (2.3.24)

If the dielectric coefficient is not frequency dependent, the group velocity of a
propagating TM mode is vg = c*k/we, and it satisfies
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C2

VorVph = P (2.3.25)

o

Although this relation is valid only for uniformly filled waveguide it provides
information about the general trend in the variation of the group velocity as the
(effective) dielectric coefficient changes in partially loaded systems.

Characteristic Impedance. There are several kinds of impedances that can be
defined. Two of which will be defined here and a third one, will be defined in
Chap. 8. The first is basically oriented towards the propagation of the electromag-
netic mode in the structure and this is the characteristic impedance which is the ratio
between the two transverse components of the field, £, and Hy, it reads

E, cl's

Zeh =— = 2.3.26
ch Hqﬁ Ul ( )

0 jwe,”

Interaction Impedance. The second impedance is indicative of the electric field
which a thin pencil or annular beam experiences as it traverses the waveguide. For
this purpose, we define the effective longitudinal electric field in the region where
the electron beam will be injected. For a pencil beam (0 < r < Ry,) this is given by

2 (R
E(2)|* = = L drr|E.(r,z,0)[, (2.3.27)
b

whereas for an annular beam (R, — A/2<r<Ry + A/2) it reads

1 Ry+A/2
2 J drr

EG)P =

E.(r,z, o). (2.3.28)

Ry—A/2

For either one of the cases we define the interaction impedance as

1 2 o 1
Zin == |E Re——. 2.3.2
int 2| (Z)| T P(Z) (2.3.29)

Note that although we are motivated by the presence of a beam of electrons, all
the quantities in the definition of the interaction impedance are “cold” quantities
namely, they do not account for the presence of the beam. It should be pointed out
that the definition introduced here differs from Pierce’s [Pierce (1947)] definition,
Zm = |E |2 /2k*P by the factor k> which was replaced by the inverse of the area
where the wave propagates, 1/nR?. This definition is in particular useful in tapered
structures where the internal radius of the system is kept constant but the other
geometric parameters may vary in space such that the phase velocity varies.

For our particular system the interaction impedance reads

{Pl LTJ?)(Ple/R) + 1 (piR/R) 1

Zint =1 |~ ;
" 0 &r C!)R J%(pl) ﬁen

(2.3.30)
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here fl,, = Ven/c is the normalized energy velocity which in many cases is equal or
close to the group velocity (in this particular case it is equal). One may expect to
achieve maximum efficiency when the longitudinal electric field [E(z)] experienced
by the electron is maximum. Therefore, according to the definition in (2.3.29), from
the point of view of the beam-wave interaction, the purpose should be to design
a structure with the highest interaction impedance. According to (2.3.30) there
are three possibilities: (1) operate at low frequency, which in many cases is not
desirable, (2) have a structure with small radius which might be acceptable or (3)
design a structure with low energy (group) velocity. It should be pointed out that
these three possibilities are interdependent since for example, the energy velocity
depends on both frequency and radius. One possibility to design a low group
velocity structure is to have a small radius.

Interaction Dielectric Coefficient. This quantity is indicative of the total average
electromagnetic energy stored per unit length in terms of the longitudinal compo-
nent of the electric field experienced by a thin annular/pencil beam:

-1
e = W(2) E 80|E(z)2nR2} . (2.3.31)

In our particular case it reads

e w 1° Jz(Pl)
o= |2 PR 1 . 2332
‘ L : ] R(Ro/R) + F(prRofR) (2332

Note that according to the definitions of the interaction impedance (2.3.29) and
the effective dielectric coefficient (2.3.31) their product is inversely proportional to
the energy velocity:

1
Zimgim =T ﬁ_ . (2333)
en

Since the definitions above (2.3.29) and (2.3.31) are general, as long as there is
only one dominant mode in the system, the result in the last expression is also
general.

2.3.4 Transverse Electric Mode

In many cases, electromagnetic power is transferred along a waveguide in the
transverse electric (TE) mode due to its low loss (Ramo et al. 1965, p. 424). In
many devices, power is extracted using rectangular waveguides, therefore we
consider next the characteristics of such a waveguide. In Sect. 2.3.1 we examined
the radiation emitted from a dipole oscillating in azimuthally symmetric radial
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transmission line. In this geometry, the main mode generated was the transverse
electro-magnetic (TEM) mode. In this section, we consider the same problem in a
rectangular waveguide whose wide dimension is @ and the narrow one is b — see
Fig. 2.4c. Variations along the narrow dimension are neglected (0/dy ~ 0). An
infinitesimally thin “wire” (dipole) is located in the center of the waveguide and it
prescribes a current density given by

T, z,0) = 15( - g) 3(2). (2.3.34)

It excites the transverse electric field E, (x, z, ) that satisfies

&’ 9 o .
{@+@+?:|Ey(xyzv w) = jougly(x, z, ), (2.3.35)

subject to the boundary conditions: Ey(x = 0,z,w) =0 and E,(x = a,z,w) = 0.
The solution can be represented as a superposition of trigonometric functions i.e.,

Ey(x,z,0) = Y E,(z,0)sin (%x) : (2.3.36)
n=1
where E,(z, ) satisfies
d 2 o? 2
[@ - (%) n ‘;’—2} Ey(z,0) = joul sin (g n) “5(z) = 10(z). 23.37)
For z > 0 the solution of this equation is
E (z>0)=A,e (2.3.38)
and for z <0

E (z<0)=A_e", (2.3.39)

where I'2 = (nn/a)* — (w/c)*. The transverse electric field has to be continuous at
z = 0 thus

A=A, (2.3.40)

whereas its derivative is discontinuous. The discontinuity is determined by the
Dirac delta function in (2.3.37) therefore by integrating the latter we obtain

d d
LiZE,L(z)L_0+ - |:dZE,,(Z)] =1, (2.3.41)
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hence
-TI,A -T,A_=1,. (2.3.42)

From (2.3.40), (2.3.42) we conclude that the transverse electric field reads

<] n
E,(x,z,0) = — n_o—Tuld sin(—x). (2.3.43)
y(x,2,0) ; T a

As in Sect. 2.3.1 we next calculate the power generated by the current distribution
in (2.3.34). For this purpose the transverse magnetic field is calculated since it
is the only component which contributes to the longitudinal component of the
Poynting vector; H, for z > 0 reads

=TI, I nn
Hy(x,z>0,0) = — t e sin (T, 2.3.44
(x, 2 ) ; o 2rne sin{—-x ( )
Before proceeding note that similar to the transverse magnetic mode, the phase
velocity (for @ > mnc/a and ¢ = 1) is always larger than c. Nevertheless, the
characteristic impedance (in vacuum) of the nth propagating mode,

7 _E, _jwuo
¢hTE = 1 =
X n

(2.3.45)

is always larger than the vacuum impedance (7)), in contrast to the TM mode,
where the characteristic impedance is always smaller than 7.

Now we can focus our attention to the power flow: the average power which
flows in the positive z direction, assuming a single mode above cut-off, is given by

h 211 Lob. (2.3.46)
2\/(@/c)* = (n/a)* “H0

1
P, =—
L) 2

The radiation impedance is determined by the power emitted in both directions
divided by 1|/|* and it reads

P, +P_ wb/c b
Riag TE = +1 =1 / = —Zch,TE- (2.3.47)
L (afc) — 2

At 9 GHz, and for ¢ = 2.5cm, b = 0.5 cm, this impedance is 100 Q which is close
to that calculated in the case of the radial transmission line as calculated in
Sect. 2.3.1.
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2.3.5 TE, TM and Hybrid Modes in a Dielectric Waveguide

Pure TM or TE modes are possible only in a limited set of geometries. In most cases
these modes are coupled and in this section we present a well-known configuration
that supports either TE, TM or hybrid modes — this is the dielectric waveguide. In
its simplest configuration it consists of a dielectric (¢;) fiber of radius R. For
small-diameter rods, the field extends for a considerable distance beyond the
surface, and the axial propagation constant k, is only slightly larger than w/c.
At the limit of an infinite radius k, = w\/_ ¢/c. The field components, omitting
the term exp(—jnqS jpz), are determined in Table 2.1; A? = g,w?/c? — k?* and
= 2 — w?/c?; the prime indicates differentiation with respect to the arguments
of the corresponding Bessel functions.
Imposing of the boundary conditions at » = R leads to the dispersion relation

(2.3.48)

el'u(@)  Ka(b)][Tnl@)  K'u(b) ck. (B +a*)]
_ — |p2 T2

aly,(a) bK,(b)| |aJ,(a) bK,(b) o  a*b?
where a = AR, b = I'R. When n = 0, the right-hand side vanishes, and each factor
on the left-hand side must equal zero. These two terms determine the dispersion of
the axially symmetric TM and TE modes:

) gr]/()(a) - K/O(b)
TM modes : alo(a)  bKo(b) (2.3.49)
TE modes : J'o(a) _ K'o(b) h
" alola) bKo(D)

Based on their definitions, a and b are related by a® 4+ b* = (& — 1)(wR/c)*.
Clearly, pure TM or TE modes are possible only if the field is independent of the
azimuthal coordinate ¢ namely, n = 0. As the radius of the rod increases, the
number of TM and TE modes also increases. All modes with angular dependence
are a combination of a TM and a TE mode, and are classified as hybrid modes.

Table 2.1 Field components in a cylindrical dielectric waveguide

r<R r>R
E. = AJ,(Ar) E. = C,K,(Tr)

jkz / ”U)Ho jk: 4 nopy
E, =—22A,J0", B,J, E. =—C,K', DuK,

A A% T e,

nk, Jouy nk, Joug
Ey = Az 5 Andn + A B,J', Ey = T CoKy — T D,K',
H, = B,J,(Ar) H. = D,K,(Tr)
ik, ik,

H, = nwaA 7, - J Ly H = _nweoc X, —]—D,,K/
A%r A I’r r
j(,l)é, / k: ng() , nk
H( = AnJ Bn]n H C K + = DHK”

' A AN *TT 2
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Comment 2.4. Contrary to metallic waveguide the HE|; mode, for example, has
no low-frequency cutoff.

2.4 Green’s Scalar Theorem

Green’s function is a useful tool for calculation of electromagnetic field generated
by a distributed source (particles) subject to the boundary conditions imposed by
the structure. The logic behind the method presented below is the following: instead
of solving for an arbitrary source we solve for a point source and by virtue of the
linearity of Maxwell’s equations, the field at a given location is a superposition of
all the point sources that constitute the real source.

Let us assume that we have to solve the non-homogeneous wave equation:

[Vz + ?—22] Y(r) = —s(r), (2.4.1)

where s(r) is an arbitrary source which is assumed to be known. Instead of solving
this equation let us assume for the moment that we know how to solve a simpler
problem namely,

2 wz / /
Vv +c—2 G(r|r') = —o(r — 1), (2.4.2)

where the coefficient of the Dirac delta function on the right-hand side was chosen
such that the result of the integration over the entire space is unity. We can then
multiply (2.4.1) by G(r|r’) and (2.4.2) by (r’), subtract the two results to obtain

Gr[r )Wy (r') =y (X )V2G(r|r') = =G(r|r)s(r)) + Y (r)o(r —1').  (2.4.3)

Integrating over the entire and using Gauss’ theorem, we get
W(r) = J AV'Grlr)s(r') + $Paa’ - (Gl )Ty () — (VG 2.4.4)
14

b is a surface integral which encloses the volume V. This is the scalar Green’s
theorem. In free space Green'’s theorem reads

Y(r) = L dV'G(r|r")s(r"). (24.5)

Next, we employ Green’s theorem for the calculation of the Cerenkov effect in
two cases: firstly, in a boundless system and secondly in a waveguide.
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2.4.1 Cerenkov Radiation in the Boundless Case

Let us examine the electromagnetic field generated by a charge (e) as it moves in
gas a medium which is characterized by a dielectric coefficient larger than unity,
& > 1; its velocity is v. For simplicity sake, it will be assumed that the dielectric
coefficient is frequency-independent.

A current density described by the same expression as in (2.2.15) drives the
system and for an azimuthally symmetric medium the wave equation is

1o o 0 1 o?
; 5] 5—’—@ — 8rc—2 w:|AZ(I7Z, l) = —M()JZ(V,Z, f), (246)

the other two components of the magnetic vector potential are zero and the electric

scalar potential can be determined using Lorentz gauge. The time Fourier transform
of the magnetic vector potential is defined by
00 .

A(r,z,t) = J dwe™A,(r,z,®), 2.4.7)

—00

where A, (r, z, ) satisfies

10 0 * o
ror o o T 2]Az(”z’w) = — ol (r, 2, 0), (2.4.8)

and the time Fourier transform of the current density in (2.2.15) is

J(r,z,0) = —ﬁé(i‘)@xp(—j%z). (2.4.9)

Green’s function associated with this problem is a solution of

10 6 0* »? -1
9 o 3 a5t e 2} G(r,z|r',Z) = %(5(1‘ —1)o(z—7) (2.4.10)
which can be represented by
G(r,zlr',Z) = J dkgi (r|r') exp|—jk(z — 2], (24.11)
—00
and g, (r|r') satisfies
1d d 1
e N o N —— 5(r — 71 2.4.12
{ dr’di ]gk( ) (2n)2r (r=r), ( )
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where
w2
=k —&—. (2.4.13)
c
The solution of this equation for r >’ >0 is
g(rlr <r)=F1(rKo(Tr), (2.4.14)
and for 7/ > r > 0 it reads
gr(r<r'lr) = Fo(r)Ip(Tr). (2.4.15)
The function g;(r|') has to be continuous at r = 1’ i.e.,
F1 (l‘/)Ko(rl‘/) = Fz(l‘/)Io(FI‘/), (2416)

whereas its derivative is discontinuous at the same location. To determine the
discontinuity we integrate (2.4.12)

d . d 1
[rag(rl )]r_r% - [rag(z | )L_ﬂ_o =G (2.4.17)
hence
— r/Fl (}‘/)rKl (Fr’) — I‘/Fz(l’/)rll (l"r’) = — ! 5. (2418)
(2m)

From (2.4.16), (2.4.18) and using the fact that Ko(&)I; (&) + K (&)Io(&) = 1/¢
(see Abramowitz and Stegun 1968, p. 375) we finally obtain

(2.4.19)

() = 1 {IO(Fr)KO(Fr') for 0<r<r <oo,

(27r)2 Ko(Tr)Ip(Tr') for 0<r <r<oo.

This expression together with (2.4.11) determine Green’s function in a boundless
space.

With this function, Green’s theorem (2.4.5) and the current density as given in
(2.4.9), we can determine the magnetic vector potential. It reads

e w _ .
Ay z,0) = — (2Z())2 Ko (Cr B2 - nZ) exp(ﬁ;z), (2.4.20)

where n = /e, is the refractive index of the medium. If we examine this solution
far away from the source and use the asymptotic value for large arguments
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{(w/c)rh/ B —n? > 1} of the modified Bessel function, the magnetic vector

potential reads

A, (r,z,m) o exp <—9r g2 — nz)exp(—jgz). (2.4.21)
c v

If n is smaller than 1/ the field decays exponentially in the radial direction since,
as in vacuum, this is an evanescent wave.

When the velocity of the particle, v = fic, is larger than the phase velocity of a
plane wave in the medium (c/n) i.e., f>1/n, the expression above represents
a propagating wave — this is called Cerenkov radiation. The emitted wave is not
parallel to the electron’s trajectory but it propagates at an angle 6 relative to this
direction (z axis) given by

1
ke = Zncos) =L = (2.4.22)
¢ cp

This determines what it is known as the Cerenkov radiation angle, 6,

0, = cos™! <%) (2.4.23)

Since the phase velocity of the wave is smaller than that of the particle, clearly,
the radiation lags behind the particle. This fact will become evident in the next
subsection. However, before proceeding, it is important to make a comment
regarding Cerenkov radiation emitted by a single particle and an ensemble of N
electrons: by virtue of the linearity of Maxwell’s equation the total field is a
superposition of the contributions of all electrons. For wavelengths significantly
longer than the bunch-length, the various contributions add up coherently and since
the power is proportional to the square of the field, the emitted power is propor-
tional to the square of the number of electrons (P o< N 2) _ this is also referred to as
coherent radiation. For wavelengths shorter than the bunch, the average field
vanishes therefore, the total power is a product of the power emitted by a single
electron and the number of electrons. The proof is left to the reader and the details
are phrased as an Exercise 2.7 at the end of this chapter.

2.4.2 Cerenkov Radiation in a Cylindrical Waveguide

In this subsection we consider the electromagnetic field associated with the sym-
metric transverse magnetic (TM) mode in a dielectric filled waveguide. As in the
previous subsection, the source of this field is a particle moving at a velocity v,
however, the main difference is that the solution has a constraint since on the
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waveguide’s wall (r = R) the tangential electric field vanishes. Therefore, we
calculate Green’s function subject to the condition G(r =R,z|r',Z) =0. We
assume a solution of the form

o0

G(r,z|t',Z) = Z Gs(z|r',2) o (ps I%)’ (2.4.24)

s=1

substitute in (2.4.10) and use the orthogonality of the Bessel functions we find that

r! 1
GS(Z|’J’ Z/) =1l (Ps E) Tgs(2|2,), (2.4.25)
ER Jl(ps)
where g(z|7') satisfies
d_2_1_2 (I’)——ié( -7 (2.4.26)
A CA L e a

and I'? = p?/R? — ¢, /c?. For z> 7' the solution of (2.4.26) is
gs(z7) = Ae ), (2.4.27)
and for z < 7’ the solution is
gs(z7) = A_ehs 7). (2.4.28)
Green’s function is continuous at z = 7’ i.e.,
A, =A_, (2.4.29)

and its first derivative is discontinuous. The discontinuity is determined by
integrating (2.4.26) fromz =7 —0toz =27 +0i.e,

el

Substituting the two solutions introduced above, and using (2.4.29) we obtain

d , L L
- {&gs(zlz )L_Z/_O =5 (2.4.30)

z=7/+0

1
gs(z|7) = T, exp(—T|z — 7). (24.31)

Finally, the explicit expression for the Green’s function corresponding to azimuth-
ally symmetric TM modes in a circular waveguide is given by
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i Jo(psr/R)Io(ps’ /R) 1

1
= SRRe)

G(r,zlr',Z) = exp(—Tlz —7)). (2.4.32)

In this expression, we tacitly assumed that & >0 and Iy is non-zero.
With Green’s function established, we can calculate the magnetic vector poten-
tial generated by the current distribution described in (2.4.9); the result is

R o0
A(r,z,0) = ZRMOJ dr/r'J dZG(r, 2|, 2).(¥, )
0 o
_ el ) Jo(psi'/R) 2 e—j(m/v)z- (2433)

82 1 2 2792
T SRR T T

It will be instructive to examine this expression in the time domain; the Fourier
transform is

2 otz
JO(Ps”/R J e](u(t z/v)
A (r,z,t do——, 2.4.34
(r,z,0) = 2713280R2 n2ﬁ2 Z Bps) - w? + Q2 ¢ )
where
o2 B
Q= (’E) 572 (2.4.35)
R/ 1-n2p

Equivalently, this result may be interpreted as the interception of the disper-
sion relation — k2 — (ps/R)* + &(w/c)* = 0 and the “beam-line” k. = w/v. With
this definition, the problem has been now simplified to the evaluation of the
integral

00 e/wr
FS(T:I—Z/V)EJ d(Um, (2.4.36)
—0 .

which in turn is equivalent to the solution of the following differential equation

2
[;2 QZ} (1) = —2718(1). (2.4.37)

Case I: If the particle’s velocity is slower than the phase velocity of a plane wave in
the medium (nf8 < 1) then Q2 > 0 and the solution for 7 > 0 is

Fy(t>0)=A, e ™7, (2.4.38)
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or
Fy(t<0) =A_e%", (2.4.39)

As previously, in the case of Green’s function, F(t) has to be continuous at T = 0
and its derivative is discontinuous:

d d
<aFS(r))TO+ - <5Fs(r)>fo = 2. (2.4.40)

When the velocity of the particle is smaller than ¢/n (i.e., nff < 1) the character-
istic frequency €); is real, therefore

Fy(t) = = e 0, (2.4.41)
and consequently,
2 o0
Jo(pst/R) _q i
A.(r,z,1) = ¢ b Z o(psr/ )e Qle=z/v], (2.4.42)

_27T8()R2 1— ﬁ2n2 s—1 J%(ps)gs

This expression represents a discrete superposition of evanescent modes
attached to the particle.

Case II: If the particle’s velocity is faster than the phase velocity of a plane wave
in the medium (nf> 1) then Q> <0. In this case the waves are slower than the
particle and there is no electromagnetic field in front of the particle i.e.,

Fi(1<0)=0. (2.4.43)
By virtue of the continuity at 1 = 0 we have for T >0
Fs(1>0) = A, sin(|Qq]1). (2.4.44)
Substituting these two expressions in (2.4.40) we obtain

21

Fs(1) = oy

sin(|Qy]0)h(c), (2.4.45)

and the magnetic vector potential reads

PP I Y )

(2.4.46)
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where h(¢) is the Heaviside step function. This expression indicates that when
the velocity of the particle is larger than ¢/n, there is a discrete superposition of
propagating waves traveling behind the particle. Furthermore, all the waves have
the same phase velocity which is identical with the velocity of the particle, v. It is
important to bear in mind that this result was obtained after tacitly assuming that &,
is frequency independent which generally is not the case, therefore the summation
is limited to a finite number of modes. The modes which contribute are determined
by the Cerenkov condition n(w = Q) > 1.

After we established the magnetic vector potential, let us now calculate the
average power which trails behind the particle. Firstly, the azimuthal magnetic field
is given by

Hy(r,z,t) = i)g/‘z(’% )
1 Psy (7Y si 2 , (2.4.47)
R (rr ) sinfl2ui (v =) (=)
where
; A : (2.4.48)

T ek 27— 1 B ()]

Secondly, the radial electric field is determined by the electric scalar potential,
which in turn is calculated using the Lorentz gauge, and it reads

E,.(F,Z,f) = _gq)(rvz I)
2

¢ Ps r . z z
v 2 g1 \Pog) sin[ (=0 v

s=1

(2.4.49)

With these expressions, we can calculate the average electromagnetic power
trailing the particle. It is given by

e?fec 1 1
P = . 2.4.50
S off 1 2 Fip) 2450

Note that for ultra relativistic particle (f — 1) the power is independent of the
particle’s energy. In order to have a measure of the radiation emitted consider a very
small bunch of N ~ 10'! electrons injected in a waveguide whose radius is 9.2 mm.
The waveguide is filled with a material whose dielectric coefficient is ¢, = 2.6 and
all electrons have the same energy 450 keV. If we were able to keep their velocity
constant, then 23 MW of power at 11.4 GHz (first mode, s = 1) will trail the bunch.
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Further examining this expression we note that the average power is quadratic with
the frequency i.e.,

2 2
P=Y P = (Ve) I (2.451)
s=1 27'[808rﬁ6 s=1 D’SJI (ps)]

In addition, based on the definition of the Fourier transform of the current
density in (2.4.9), we conclude that the current which this macro-particle excites
in the s'th mode is I; = eNQ,/2n. With this expression, the radiation impedance of
the first mode (s = 1) is

P1 4n

Rci = =" :
Snp eGP

(2.4.52)

For a relativistic particle, § ~ 1, a dielectric medium ¢ = 2.6 the radiation
impedance corresponding to the first mode is ~ 1,200 Q which is one order of
magnitude larger than that of a dipole in free space or between two plates. Note
that this impedance is independent of the geometry of the waveguide and for an
ultra-relativistic particle it is independent of the particle’s energy.

2.4.3 Coherent Cerenkov Radiation

Once we established the radiation from a single bunch, it is possible to proceed and
investigate a distribution of electrons rather than a point-charge. For an ensemble of
electrons the field components are

1 Ps r iy . z—z; z—z;
Ho =, LA o) Qo) sim 201 (=) [ =7))
¢ #o;‘Rlp‘R OP‘RSIH|‘\ v v ;

c? Ds r T zZ—z z—z;
b= 3 o) o sl

srv; ‘R psR <0 pSR sin €] v v >>z

_eN P 1
T megR? n2p* —1 1 (py)|Q]

(2.4.53)

wherein (....) represents the ensemble average; Nis the total number of electrons in
the bunch. For simplicity sake, we assume that the electrons are uniformly
distributed in the radial direction (0 <r <R},) and the transverse and longitudinal
distributions are independent thus
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o=, A o )52 -5 )
£ yoatnog) [l - 5),

T

2
A—_ N B I 2h(psRo/R) (2.4.54)

meoR? 22 — 1 1 (po)|Q|  (PsR»/R)

Defining { = vt — z, the power emitted is given by

B (eN)2 v 2J1(psR»/R) 2 €] , ’
PO = neoeR? n2f* — 1 Z: [(PsRh/R)Jl (Ps)] <S [ @+ Zl)}h(c - Zl)>,~
(2.4.55)
In case of a single bunch of length A, the trailing power is
2
Py /& 2J1(psRp/R) . s A/R
_ A 2.4.56
Ny af -1 Z l(pxRb/R)Jm) e (2 o 1> (2430

2neR?

Figure 2.5 illustrates the normalized spectrum as expressed above as a function
of s; note that it decreases rapidly thus the convergence is expected to be quick.
Analysis of the maximum average power trailing behind the bunch reveals that

2/e
Pav Srﬁz —1
> 5 3 (2.4.57)
(eN) v Rb Rb A 1
o ()T
meoR R R J\R) ¢p —1
10’
g=2,y>>1

10°F R./R=0.1,4/R=0.5

2N
- .
e \
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Fig. 2.6 Normalized average 102
power of Cerenkov radiation
emitted by a finite size ;
azimuthally symmetric bunch N 10
in a dielectric filled g Approx.
waveguide of radius R as a e 10° R,/R=0.17
function of the length of the 3
bunch. For the exact N . &=2
expression the first 100 modes g 107+ p=1
have been used. The S
als < .
expression developed reveals 102 L
an excellent upper value
approximation
10° =
107 10° 10

Aa/R

is an excellent approximation. In this expression c¢; ~ 0.0048, ¢, ~ 1.747,
¢3 >~ 0.259 and ¢4 ~ 1.271; 0.005 <R, /R < 0.2 and 0.1 < A/R < 10. For a quanti-
tative comparison, Fig. 2.6 shows the exact and the approximate average power
generated by a finite size bunch. Some other interesting features are formulated as
an Exercise 2.8 at the end of this chapter. In particular, one may investigate ways to
suppress the coherent radiation.

Taking the same number of electrons (N) but splitting them into a train of
bunches (M) the discrete spectrum excited in the waveguide undergoes an addi-
tional selection associated with the bunches spacing. As in the single bunch case,
the bunches are identical in size (radius R, and length A) their spacing is L.
A similar approach as above, results into the following expression for the average
power trailing behind the train

Ry sinc [ 2Lt L/2R M
Pa 1/e; h (ps R) _( pAJ2R Vel —1
- Z Sic

(eN)v  ef>—1
2megR?

Ry AT
Pl ANV G (LR
Vep —1

(2.4.58)

The last term, sinc?(uM) /sinc?(u), is responsible to the selection associated with
the train configuration. If u is not an integer number of 7 (off resonance condition),
then the term is proportional to M2 implying that the total power is reduced by this
factor and there is no advantage in splitting the bunch into a train of bunches.
However, if we can ensure resonance namely, for a given s the bunch spacing is
chosen such that u = Q,L/2v = 7n, it is possible to generate a total average power
that is of the same order of magnitude as if all the electrons were forming a single
bunch. In order to reveal this selection associated with the train’s configuration it is
convenient to normalize the average power to the case of a single bunch (M = 1) —
this is illustrated in Fig. 2.7.
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Fig. 2.7 The power 10°
normalized to the M = [ case
as a function of the number of
bunches in the train. Off
resonance (L/R = 0.5,1.4),
the average power is roughly
proportional to M2, At
resonance (L/R = 1.6) the
power becomes virtually
independent of the number of 3
bunches and for large M, this 107
normalized power is of order L/R=0.5
of unity
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When scanning the normalized power there are many possible values of Lthat
facilitate power levels of the order of that generated when all the electrons form a
single bunch. In the example illustrated in Fig. 2.7, the spacing choice has taken
into consideration the fact that for s > 1, p,.1 — ps ~ m. This fact facilitates:
Us—g = 3T, U9 =T, us—14 = 11z .... which is reflected in the following plot
(Fig. 2.8) of the spectrum of the first 20 modes.

It is evident that at resonance the spectrum is identical to that of a single
bunch and in parallel, the spectrum of the off resonance frequencies is significantly
suppressed. Note that there is no significant difference between the case M = 10
and M = 100. For a different choice of bunch-spacing, at resonance, it is pos-
sible to have one or at least a few resonant peaks and still to get a substantial
fraction of the power generated by a single bunch. The reader is referred to
Exercise 2.9 in order to examine additional options associated with the choice of
parameters.
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2.44 Cerenkov Force

In the previous subsection we examined the radiation trailing one or more bunches
moving in a dielectric medium with a velocity larger than the phase velocity of a
plane wave in the material. Obviously, this emitted energy comes at the expense of
its kinetic energy. In other words, the particle is decelerated. It is the goal of this
subsection to examine this decelerating force in detail. With this purpose in mind
we consider a simple model consisting of a charge (—e) moving at a constant
velocity (v) in a vacuum channel of radius R surrounded by a dielectric medium &;.
The evanescent waves attached to the charged particle impinge upon the disconti-
nuity at 7 = R and they are partially reflected and partially transmitted. It is the
reflected wave which acts back on the electron decelerating it; the corresponding
current density is described by (2.2.15) whereas its time Fourier transform by
(2.4.9). Correspondingly, this current density generates a magnetic vector potential
determined by

00 R
A.(r<R,z,w) = Znuoj dz/J dr'r'G(r,z|r', 2 ).(F 2, o)

—00 0
+ J dkp(k)e 7 1y(Tr), (2.4.59)
and
A.(r>R,z,0) = J dkt(k)e Ko (Ar), (2.4.60)

where T2 =42 — (w/c)?, A*> =k —&(w/c)®, G(7,7|r,z) is the boundless
Green’s function as defined in (2.4.11), (2.4.19) but for vacuum i.e.,
(> ey | (THKo(TH) r<iv’

ro _ jk(z=2') ) 10 0 ’ 2.4.61

G(r',Z|r, 2) ) J_oc dke {KO(FI')IO(FF’) Y (2.4.61)

The amplitudes p and 7 represent the reflected and transmitted waves corre-
spondingly. In order to determine these amplitudes we have to impose the boundary
conditions at r = R. For this purpose, it is convenient to write the solution of the
magnetic vector potential off-axis as

A0<r<R,z0) = ro dke % [p(k)To (Tr) + (k) Ko (7)), (2.4.62)
where
__ _@
(k) = o 5<k V). (2.4.63)
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From the continuity of the longitudinal electric field (E,) we conclude that

2 [0? 2 o,
— |5 —k k)Io(TR k)Ko(IT'R)] = r— — k7| T(k)Ko(AR).
| e pwn s awrarr = £ o % - 2 |wimatar)
(2.4.64)
In a similar way the continuity of the azimuthal magnetic field implies
Ip(k)[;(TR) — a(k)K{(T'R)] = —At(k)K;(I'R). (2.4.65)
At this stage, we introduce the (normalized) impedances ratio
1 A Ko(AR)
=__ V7 2.4.66
C el K] (AR) ’ ( )
by whose means the amplitudes of the reflected waves are given by
Ki(T'R) — Ko(I'R

= 0o .
{1 (TR) + 1o(I'R)

On axis, the only non-zero field is the longitudinal electric field and only the waves
“reflected” from the radial discontinuity contribute to the force that acts on the
particle, therefore

2 [w? A
dordk - [— — kﬂ p(w, k)@, (2.4.68)
J

00

Ez(r:O,z:vot,t):J 5
c

—00

Substituting the explicit expression for p and using the integral over the Dirac
delta function [see (2.4.63)] and defining x = wR/cfy, we obtain

E.(r=0,z =vwt, 1) =

—Je J"O COOK () — Ko([x])

_ . 4.6
ek o P L () () - Y

At this point, it is convenient to define the normalized field that acts on the
particle as

-1
= Ez(r = O,Z = VI, t) (ﬁ)
0.

22 [ e} £~ Kol

0

(2.4.70)

T J SO (fxl) + To(lx])

Clearly, from this representation we observe that, for a non-zero force to act on
the particle, the impedance ratio { has to be complex since the argument of the
modified Bessel functions is real.
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We can make one step further and simplify this expression by defining
L) = L), 2.4.71)
and using Ko (x)I; (x) + K; (x)Ip(x) = 1/x, we obtain

g:%dex : i - C(x)|smlﬁ(X) .
o T50x) + LT (x) + 2[L () [To ()1 (x) cos ¥ (x)

(2.4.72)

In order to evaluate this integral for a dielectric medium and a particle whose
velocity fic is larger than ¢/ /&, we go back to (2.4.66) which now reads

oy Ko(jxy e’ — 1)
{(x) =i af? — 1K1 (jxy e 1), (2.4.73)

and it can be further simplified if we assume that the main contribution occurs for
large arguments of the Bessel function (i.e., y > 1) thus

{(x) ~ jgr\/erﬁz 1 (2.4.74)

Since subject to this approximation yy = 7/2 and |{| is constant we can evaluate &,

2 (* I{]
g2 a1 2475
T Jo I(Z)(x) + |C|ZI%(x) ( )

for two regimes: firstly when |{| > 1 i.e., y >> 1, the contribution to the integral is
primarily from small values of x thus

N 4 (> 1
g:-J de‘zg—J du—— ~2 (2.476)
T)o 1+[{x/4 m)o l+u

At the other extreme (|| < 1) the normalized impedance has to be re-calculated
and the result is

W20 B2 _ 00 2(e B2 _
eV ef = 1) J Y el D (2.4.77)

dy———
&r o B &r

and we can summarize

0 for B<1/\/e,
£~ 12632\ e > — /e, for 3 < e/ ep® — 1, (2.4.78)
2 for p> e/\ep> — 1.
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It is interesting to note that for ultra-relativistic electrons the decelerating Cerenkov
force reaches an asymptotic value which is independent of y and the dielectric
coefficient; it is given by E = —e/2meoR%. In addition, we observe that the
normalized impedance ({) determines the force.

2.4.5 Ohm Force

If in the Cerenkov case the charged particle has to exceed a certain velocity in order
to generate radiation and therefore to experience a decelerating force, in the case of
a lossy medium, the moving electron experiences a decelerating force starting from
a vanishingly low speed. This is because it excites currents in the surrounding walls
and as a result, power is dissipated — which is equivalent to the emitted power in the
Cerenkov case. The source of this power is the J - E [see (2.1.16)] term which infers
the existence of a decelerating force acting on the electron. In order to evaluate this
force we use the same formulation as in the previous subsection only that in this
case, the dielectric coefficient is complex and it is given by
o

G=1—j—, (2.4.79)
Eo

where ¢ is the (finite) conductivity of the surrounding medium. It is convenient to
use the same notation as above, therefore the normalized impedance { from (2.4.74)
is replaced by

¢ 1+j(B)? g (2.4.80)

=1 —jo/x

In this expression ¢ = onyR /7 which for typical metals and R ~ 1 cm is of the
order of 10%/yf thus for any practical purpose & > 1 hence

3
{ ~ yﬁ\/é exp (]T”). (2.4.81)

Note that the phase of the normalized impedance is ¥ = 3m/4. Substituting
this expression in (2.4.72) and defining the characteristic angular frequency
wo = 2¢/R(yP)’ as well as the skin-depth & = /2/oywo, we obtain

Tel -

£ = dx (2.4.82)

SEEN

0

2
"R ) - VI ()

which can be evaluated analytically for two extreme regimes: in the first case
the (normalized) momentum of the particle is much smaller than the normalized
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conductivity term i.e., the skin-depth is much smaller than the radius of the tunnel
8% < R? in which case

Vi 5
dx ~ 0.54—. 2.4.83
2w 'k (2483

The second case corresponds to a highly relativistic particle i.e., (yﬁ)3 > angR
or &> > R? implying that the main contribution to the integral is from the small
values of x which justifies the expansion of the modified Bessel functions in Taylor
series. Redefining y* = (x7f)’ /401,R we have

E~=
T

2 2o
2 R,

442 (* 1
E~ V2 J dy ~ 2. (2.4.84)
3n Jo T14y2—yV/2
In fact a best fit to the exact expression in (2.4.82) reveals that
58 2\
E~1054—-+2—]]1 — 2.4.85
< R R2> + (R2> ( )

is an excellent approximation — the integrated (0 < J/R < 20) relative error is less
than 0.02% . Clearly, as in the Cerenkov case, for ultra-relativistic particles (y* >
aneR oro > R) the decelerating force is independent of y and of the material’s
characteristics. However, the critical y for operating in this regime is much higher
comparing to the Cerenkov case.

The characteristic angular frequency (wo) is low for relativistic electrons and
consequently, the skin-depth is much larger than the radius and all the bulk material
“participates” in the deceleration process. On the other hand, if the frequency is
high, then the skin-depth is small (comparing to the radius) and only a thin layer
dissipates power, therefore the loss is proportional to 9.

Finally, imagine an interesting situation whereby the conductivity of the mate-
rial is negative, this is to say that the medium is active, then the phase in (2.4.81) is
W = 57n/4 and the force is accelerating which means that energy can be transferred
from the medium to the electron. We will further elaborate this topic in Chap. 8 in
the context of advanced acceleration concepts.

2.5 Finite Length Effects

In all the effects discussed so far, we assumed an infinite system with no reflected
waves. In this section, we consider several systems and phenomena associated with
reflected waves. When both forward and backward propagating waves coexist,
there is a frequency selection associated with the interference of the two. Another
byproduct of reflections is tunneling of the field in a region where the wave is below
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cutoff. We also examine the radiation generated by a particle as it traverses a
geometric discontinuity in a waveguide. We conclude with the evaluation of a
wake field generated by a particle in a cavity.

2.5.1 Impedance Discontinuities

In most cases of interest, the waveguide is not uniform and as a result, more than
one wave occurs. In order to illustrate the effect of discontinuities we consider next
the following problem: a cylindrical waveguide of radius R but, instead of being
uniformly filled with one dielectric material, there are three different dielectrics in
three different regions

g for —o0<z<O,
&(z) =4 & for 0<:z<d, 2.5.1)
g for d<z<oo,

as illustrated in Fig. 2.9.

A wave is launched from z — —oo towards the discontinuity at z = 0. For
simplicity we assume that this wave is composed of a single mode (TMy, i.e.,
s = 1). The z component of the magnetic vector in the first region ( — oo <z < 0) is
given by

A(r, —00<z<0,0) = [Ame—Fﬁ"z n Apefﬁ”ﬂ T (pl ]%) (2.5.2)

where Aj, is the amplitude of the incoming wave and A, is the amplitude of the

reflected wave; F<11> = \/(pl/R)2 — & (w/c)*. Between the two discontinuities at

0 < z < d the solution has a similar form

A(r0<z<d,w)= [A+e’r(|2)z +A_er(12)"} To (p1 1%) (2.5.3)

where 1"52) = \/ (p1/R)* — &x(w/c)* In the third region, there is no reflected wave
therefore

. -
A(rd <z<o00,0) = Ae 11 ), <p1 1%) (2.5.4)
. . 1 A, T
Fig. 2.9 Schematics of the VW~ MW\~ NN~
system used to examine the & & &
reflected waves resulting pﬁl\/\f\f‘ Aﬁ]\l\l\f‘
from characteristic =

impedance discontinuities z=0 z=d
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and as above l“f) = \/ (p1/R)* — e3(w/c)*; A, is the amplitude of the transmitted
wave. The four as yet unknown amplitudes A,, A;, A, and A_ are determined by
imposing the boundary conditions at z = 0, d. Continuity of E, at z = 0 implies

Zi(Ain — Ay) =Z5(Ay — AL); (2.5.5)

Z, and Z, are the characteristic impedances (2.3.26) in the first and second
regions respectively. In a similar way the continuity of H implies

An+A,=A, +A_. (2.5.6)

An additional set of equations is found imposing the continuity of the same
components at z = d:

ZAe™V —A eV = Z3A,, (2.5.7)
and
Ae™V +A el =A4A,, (2.5.8)

where = ng)d. From (2.5.5)-(2.5.8) the reflection (p) and transmission (t)
coefficients are determined base on the radial electric field and are given by

Z1A,  sinh()(Z1Z3 — Z3) + cosh(Y)(Z1Z, — Z,Z3)
Z\Ain  sinh()(Z,Z3 + Z3) + cosh(Y)(Z1Z, + Z273)’

_ LA, 73 27,7,

"= ZiAn  Zi sinh(V)(Z1Zs + 22) + cosh(Y) (Z1Za + Z22Z3)

p
(2.5.9)

After we have established the amplitudes of the magnetic vector potential it is
possible to determine the electromagnetic field in each one of the regions, thus we
can investigate the power flow in the system. Using Poynting’s theorem the power
conservation implies that

Re(Z)) [|Am|2 - |Ap|2} — Re(Z3)[A. - (2.5.10)

This expression relates the power in the first region to that in the third. It does not
depend explicitly on the second region; if, for example, in the third region the wave
is below cutoff, the characteristic impedance is imaginary and the right-hand side is
zero. Consequently, the absolute value of the reflection coefficient is unity, regard-
less of what happens in the second region. On the other hand, if in regions 1 and 3
the wave is above cutoff, and in region 2 the wave is below cutoff, we still expect
power to be transferred. However, the transmission coefficient decays exponen-
tially with = T'P'd
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T~ 42522 e V. (2.5.11)
(Z1Z3 + Z3) + Z2(Z1 + Z3)

In spite of the discontinuities there can be frequencies at which the reflection
coefficient (p) is zero if we design the structure such that

712y =27 and  =jn/2, (2.5.12)

as one can conclude by examining the numerator of p. The expression in (2.5.12)
defines the conditions for the so-called quarter-/. transformer. Figure 2.10 shows a
typical picture of the transmission coefficient. Note that the peaks in the transmis-
sion correspond to constructive interference of the two waves in the central section;
the valleys correspond to destructive interference of the same waves. Zero
reflections also occur when

Zy =273 and  =jm. (2.5.13)

If in the first and third region the wave’s frequency is below cutoff but in
the middle region a wave can propagate, then the system will determine a set of
discrete frequencies at which the wave can bounce between the two sections. These
eigen-frequencies are determined by the geometric parameters and the dielectric
coefficients. We can calculate these frequencies from the poles of the transmission
or reflection coefficient, namely from the condition that its denominator is zero:

sinh()(Z1Zs + Z2) + Z, cosh()(Z, + Z3) = 0. (2.5.14)

Equivalently, one can write equations (2.5.5)—(2.5.8) in a matrix form, set the
input term to zero (Aj, = 0) and look for the non-trivial solution by requiring that

| 7| (@B)

f (GHz)

Fig. 2.10 Transmission coefficient as a function of the frequency for two cases: the upper trace
represents a situation in which the dielectric coefficient in the third region equals that in the first,
therefore at certain frequencies all the power is transferred — see (2.5.13). In the lower trace the two
are different and the relation in (2.5.12) is not satisfied, therefore always a fraction of the energy is
reflected
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the determinant of the matrix is zero — the result is identical with (2.5.14). The
reader is encouraged to determine Green’s function of the configuration described
in this section — see Exercise 2.10.

2.5.2 Geometric Discontinuity

Another source of reflected waves is a geometric discontinuity. In a sense these
can be conceived as impedance discontinuities but of a more complex character
since geometric variations couple between the different modes in the waveguide.
The simplest configuration which can be considered quasi-analytically consists of
a waveguide of radius R; and another of radius R, < R;; the discontinuity occurs
at z = 0 as illustrated in Fig. 2.11. A detailed analysis when a single mode impinges
upon a discontinuity was reported in the literature e.g., Mittra and Lee (1971) or
Lewin (1975).

Step I: We examine first the case when the source term is in the left-hand side
(z < 0), therefore Green’s function in the left-hand side has two components

o~ Jo(ps F/RI)JO(PJ JR1) exp(—T{"|z = 7))
SR T 4l

+ Zpb 2 <0)Jp (pSR > exp(l"gl)z), (2.5.15)

G(z<0,r|Z <0,/) =

the non-homogeneous solution, which corresponds to an infinite waveguide
and the homogeneous solution which is due to the discontinuity; T'{D =

\/(ps/Rl (w/c)?. In the right-hand side (z > 0),

G(z>0,r|Z <0,/") = Zré .7 <0) JO<pAR )exp(—r§2>z), (2.5.16)

Fig. 2.11 Green’s function
calculation for one

discontinuity in the geometry 3
. W\
of a waveguide. In the upper R s
P HZ
figure the source is in the left AAF-@ARfY

and in the lower it is in the

right o ew
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where T2 \/ (ps/R2)* — (w/c¢)*. Continuity of the radial electric field at z = 0
entails

2

2 RPN
aaAG(’/,7ZZ()—|’,/’Z/<O): %G(}’,Z—O ‘I ,Z <0) for OSF<R2,
= 0 for Rlzrsz
(2.5.17)

In order to determine the amplitudes p, and 7, the last equation is multiplied
by Ji(psr/R1), the product is integrated from O to R; and using the orthogonality
of the Bessel function [similar to (2.3.17) but for first order Bessel function] we
obtain

g (", 2) = p(r',7) ZZMra r,2) (2.5.18)
where
Jo(ps' /R iy
¢, 2) i)(p ' /Ry) exz(rv(l) )7 (2.5.19)
ERZJ%(PS) s
and
r' p, Ry 1 2 JRZ ( ) ( )
Zig=—"2-— — 5 — drrly ( ps i po . (2.5.20)
7T ps R R(py) RY Pk )\ R

Continuity of the azimuthal magnetic field in the domain 0 < r <R, implies

0
—G(r,z =07/, <0)

3 = ﬁG(r, z=07],7<0). (2.5.21)
1

or

As above, we use the fact that in the domain of interest, J;(psr/R,) form a
complete orthogonal set of functions hence

Z Yo [gs )+ (' )} ; (2.5.22)

where

2 Ry r
Yos =— drrly ( ps Jil po—=— ). 2.5.23
Rlzj n1<pR)1(p R2> ( )

The integral in both expressions for Z and Y can be calculated analytically
(Abramowitz and Stegun 1968, p. 484) and it is given by
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1 3 f -
JO dcdy (pné)jl (Pmlfif) =<2 1(]711) Or  pn = Pml

pmtt[p2 — p2u?] -1, (Pu)Jo(pmut)  otherwise.
(2.5.24)

From (2.5.18), (2.5.22) one can determine the amplitudes of the reflected
and transmitted waves. Adopting a vector notation, i.e., p,(r',z <0) — R(7,

7,(r', 7 <0) — T and gﬁ“(r’,z’ <0) — g, these amplitudes can be formally
written as

RO = (1+2v) (1 — zv)gV (2.5.25)
and
TO =y [14 (1 +20) 7 (1 - 21)|g". (2.5.26)

Step II: In a similar way, if the source is in the right-hand side (Z >0) then
Green’s function in the left-hand side can be written as

00
G(z<0,r|Z>0,/) = g pv(r’,z’>O)J0<pXL>exp(F£1)z), (2.5.27)
‘ R

s=1

and

> /R>)] ' IR —T@; -
G(Z>O,r|z’>0,r'):z o(psr/R2)Yo(ps”/ z)exp( sz Z|)

T SRRe) 4T
2 ‘ (2.5.28)
+ Z Ts(r/7 7> O)JO (pA RL> exp (_FEZ)Z) )
s=1 2
Continuity of E, at z = 0 implies
p ()= Zs [géz) (r.2) = 1o(r, z/)} : (2.5.29)
o=1
where
Jo(par’ /Ry) exp(—T )7
87 (",7) = f(p /Ry) oL 2) : (2.5.30)

O
2 s

and the continuity of Hy can be simplified to read



2.5 Finite Length Effects 71

() + gD, 7) = Z Yos0,(r', 7). (2.5.31)
s=1

Again, adopting a vector notation 7,(r’,z > 0) — T, g§2> (r',7 <0) — g? and

p,(¥',7>0) — R we can write for the reflected and transmitted waves the
following expressions

T = —(1+v2) ' (1 — YZ)g?, (25.32)

and
RY =zZ|1+ U +Yv2) ' (1 -12)|g?. (2.5.33)

With Green’s function established, we calculate now the energy emitted by a
particle with a charge e as it traverses the discontinuity. Assuming a constant
velocity vy, the current distribution is given by (2.4.9) and the electric field which
acts on the particle due to the discontinuity is given by

2 2 00
E.(r,z,m) = Yo [w_ + 0 ] J dZG(r, z|0,7 )exp (—jgz’) (2.5.34)
Vo

T e | 2 2
Jjowey | 2 0722 ) _o

With this field component we can examine the total power transferred by the
particle i.e.,

00 R(z)
P(t) = —ZnJ dzJ driJ,(ryz,0)E.(r,z,1), (2.5.35)
0

—00

and also the total energy defined by

W = rc diP(t), (2.5.36)

—00

which explicitly reads

vy [© 1 & 0 w
W=— do— 2 dz/ —j—27")p, (0,7
Dol LO o= ZPJ ZeXp( JVOZ>pS( ,7)

2 00 [ee] o0
eV 1 2 , RONS ,
— dw— d —j— (0,
ZESOR% Jiw wja) E p‘YJ zexp< jvoz)r( 7')

x J:O drexp [r (ja) n rg”vo)} (2.5.37)
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According to (2.5.25), (2.5.32) and the definitions of g(") and g®, we can write

(0,7 <0) Zoc”/exp< D7) (2.5.38)
and

40,2 >0) Zmexp< ry ) (2.5.39)

Consequently, the expression for the total energy reads

vy [ IS~ o oy 1
= e R? s Ds M r®
TTE. 1 J s,5'=1 Jw — VOFS’ Jw + Vo s
A A 1 (2.5.40)
v J 1 7 Lss
2meoR3 Jjo &2 jo + vl jo —voI'?)

The matrices « and y are frequency dependent, therefore numerical methods
have to be invoked in order to have a quantitative answer regarding the energy
transfer. Nevertheless, the spectrum can be readily derived from these two
expressions. The first term represents the energy emitted when the particle moves
in the left-hand side and the second corresponds to the energy emitted when it
moves in the right one. It should be pointed out that each one of the terms has two
contributions: a fraction of the energy propagates to the left and the remainder to the
right. In the next subsection we present a simpler configuration which allows one to
trace analytically the way the electromagnetic field develops in time in the case of
reflections. We recommend the reader to solve Exercise 2.11 at the end of the
chapter in order to assess the emitted spectrum.

Before concluding, one question needs to be addressed. In principle, the number
of modes required to represent the field exactly is infinite, but practically only a
finite number of terms is taken into consideration because of the need to invert the
matrices numerically. The question is what should be the number of Bessel
harmonics necessary for the representation of a discontinuity as the one presented
above and what is the error associated with the truncation. In order to answer this
question, let us consider a simple function

1 for 0<r<R,,
f(r)={ <r<ks

0 for R, <r <Ry, (2.5.41)

as illustrated in Fig. 2.12.
This function can also be represented by a superposition of Bessel functions:

) = vaJo( ) RL> (2.5.42)
s=1 1
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Fig. 2.12 Step function used f(r)
to model the effect of
truncation in a Bessel series 1
representation
A, R, r
where
Ry Ji(psR2/R
fi=222 l(pézz/ ), (2.5.43)
R, DsJ1 (ps)
here we used the fact that the integral
"X
RESACESE) (2.5.44)
0

can be evaluated analytically (Abramowitz and Stegun 1968, p. 484). We now
define the relative error made when representing the function only with a finite
number of Bessel harmonics as the

N 2
15 drr [f(r) - szlmow/m}
o drif?(r)

Error(N) = (2.5.45)

Using (2.5.43), (2.5.44) the last relation can be simplified to read

Error(N) = 1 — 4 Z [Jl @SR(;/];I)} (2.5.46)

Figure 2.13 illustrates this error. Taking a single mode the normalized error is 36%
for Ry /Ry = 0.5 and it drops to 2% for 20 modes. However, even with 20 modes the
error can be significantly higher if the radii ratio is small and it is more than 15% for

40
0 R./R,= 0.5
__30f
Q\‘i
s 201
S
=
oy %
10F o,
%000
Fig. 2.13 Numerical error as 0 700090000
a function of the number of 0 5 10 15 20

terms N
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Fig. 2.14 Truncation error as 20
a function of the radius ratio N=20
for a constant number of
Bessel harmonics

10|

Error (%)

0
00 02 04 06 08 1.0
R./R,

N =20 and R, /Ry ~ 0.1 — see Fig. 2.14. These facts become crucial when an
accurate solution with multiple discontinuities is necessary.

2.5.3 Wake-Field in a Cavity

In order to examine transient phenomena associated with reflected waves we
calculate the electromagnetic energy in a cavity as a single point-charge traverses
the structure. Consider a /ossless cylindrical cavity of radius R and length d.
A charged particle (¢) moves along the axis at a constant velocity vo. Conse-
quently, the longitudinal component of the current density is the only non-zero
term, thus

{1, 1) = —evo 36115z — vo). (2.5.47)

It excites the longitudinal magnetic vector potential A, (r, ¢), which for an azimuth-
ally symmetric system, satisfies

1o 1 & 108
;EraJr@fc—zw A, (r,z,t) = —poJ.(r, z,1). (2.5.48)

In this section, we consider only the internal problem, ignoring the electromag-
netic phenomena outside the cavity. The boundary conditions on the internal walls
of the cavity impose E.(r =R, z,t) =0, E,(r,z=0,t) =0and E,(r,z =d,1) =0
therefore, the magnetic vector potential reads

A,z 1) = i As_,n(t)Jo(pS;—é) cos<@z). (2.5.49)

Using the orthogonality of the trigonometric and Bessel functions, we find that the
amplitude A; ,(¢) satisfies
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d2 evo 1 1 m v
ar Q2 Ant:——i_ ™ N —nli— Yo
[dtz + S,n} sa(f) 2rzo 1R2J2 ond cos( Vo ) [ (1) ( d)},
2 1(ps)
(2.5.50)
where
1 for n=0,
n = {0.5 otherwise, (2.5.51)
and

Q,, = cy/ (%)2 v (%)2, (25.52)

are the eigen-frequencies of the cavity. Before the particle enters the cavity (1 < 0),
no field exists, therefore

Agn(1<0) =0. (2.5.53)

For the time the particle is in the cavity namely, 0 <t < d/vy, the solution of
(2.5.50) consists of the homogeneous and the excitation term:

d
Agn (0 <t< ;0> = By cos(Q ut) + By sin(Q; 1) + 015 cOs(wpt), (2.5.54)

where
hyp = — 26;;’0 i 12 g% o 1_w2, (2.5.55)
ST (p) &1 = ]
and
On = %vo. (2.5.56)

Since both the magnetic and the electric field are zero at t = 0, the function
A (1) and its first derivative are zero at t = 0 hence

By +a,, = O, (2.5.57)

and

|
e

B, (2.5.58)
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Consequently, the amplitude of the magnetic vector potential [A;,(f)] reads
Agn(t) = o5 [cos(a}nt) — COS(QS‘nt)]. (2.5.59)

Beyond ¢ = d/v, the particle is out of the structure thus the source term in
(2.5.50) is zero and the solution reads

Agn (t > i) = (Cjcos {QM <t — i)} + C, sin [Qm (l — i)} . (2.5.60)
Vo Vo ’ Vo

As in the previous case, at t = d /vy both A;,(t >d/vo) and its derivative, have to
be continuous:

d
(XSJ! |:(_1)ﬂ — Cos (Qs,n_ >:| - Cl, (2561)
Vo
and
. d
ax.an.n sSin Qs.n_ - CzQ_w,. (2562)
' ’ Vo

For this time-period, the explicit expression for the magnetic vector potential is

Aspn (t > d) = Us.n |:(_1)n — COs (Qs,n d>:| Cos |:Qs,n <t - d>:|
' Vo Vo Vo
0L, Sin (Qm i) sin [QM (t — i)] , (2.5.63)
' Vo ) Vo

The expressions in (2.5.53), (2.5.59), (2.5.63) describe the magnetic vector
potential in the cavity at all times. Figure 2.15 illustrates schematically this
solution.

During the period the electron spends in the cavity, there are two frequencies
which are excited: the eigen-frequency of the cavity €, and the “resonances”
associated with the motion of the particle, ®,. The latter set corresponds to the case
when the phase velocity, vpn = w/k, equals the velocity L/R. Since the boundary
conditions impose k = nn/d and the resonance implies

Vo = Vpn = c<9 i), (2.5.64)

c n

thus we can immediately deduce the resonance frequencies w,, as given in (2.5.56).

Now that the magnetic vector potential has been determined, we consider the
effect of the field generated in the cavity on the moving particle. The relevant
component is the longitudinal one
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Fig. 2.15 Schematics of the o d ——

field distribution generated by Vo R

a particle as it traverse a g I

cavity. Prior to its entrance, - r L

no field exists in the cavity. 7

When in the cavity the field

has two contributions: d

directly from the source (non- R I Yo <Ny

homogeneous) and reflections A Q:"u"u“* ;

from the walls JW-> L,

(homogeneous). After the z

particle leaves the cavity only o d ———

the homogeneous R v,

contribution remains I <y :’O
S rLE

A, (r,z7 0<r< j;) = Z ocs,nJ()( S%) cos (% z) [cos(w,,t) — cos(th)].

s=1,n=0
(2.5.65)

Note that we omitted the upper limit in the double summation since in practice,
the actual dimensions of the particle, which so far was considered infinitesimally
small, determines this limit. In order to quantify this statement we realize that the
summation is over all eigenmodes which have a wavenumber much longer than
the particle’s dimension i.e., Q;,A./c < 1 and psRy,/R < 1wherein A, is the bunch
length whereas R, represents its radius.

According to Maxwell’s equations, the longitudinal electric field is

o 10
0.5 E=(,0) = =J.(v,0) -~ = rHy(r. 1), (2.5.66)

Furthermore, the field that acts on the particle does not include the self-field,
therefore we omit the current density term. Using the expression for the magnetic
vector potential (2.1.32), we have

E.(r,1) = Jdr}— g”gf‘z(”% (2.5.67)

or explicitly,

E, (r,z,0< l<%]0) = S:;:Oaw (CP ) Jo( - ) cos (7%12> {sinc(oa:nt) B Singj:n[) '
(2.5.68)
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In a lossless and closed cavity the total power flow is zero, therefore Poynting’s
theorem in its integral form reads

dW R d
— = —27‘EJ drrJ dzE.(r,z,0)).(r, z,1). (2.5.69)
dr 0 0

Thus substituting the current density (2.5.47) we obtain

d/Vo
W= €V0J dtE.(r,z = vot, 1), (2.5.70)
0

which has the following explicit form

2
W = evy Z s (%) J

s=1,n=0 0

d/vo

sin(wy?) 3 sin(Q 41)

2.5.71
Wy Qs,n ( 37 )

dtcos(wy,t) [

We can evaluate analytically the time integral in this expression. As can be
readily deduced, the first term represents the non-homogeneous part of the solution
and its contribution is identically zero whereas the second’s reads

cps\e 1 — (—1)" cos(Q,,d /o)
W= —evo %o n (—) , : . (2.5.72)
s:lth::O R Qs,n - CO%

Substituting the explicit expression for oy, we have

&2 >_1 ( 2ps )2 1
w = —
(47[8061 s:lz,n::o Jl (P;) 8n

x m [1 — (=1)"cos (gio d)} (2.5.73)

Figure 2.16 illustrates the normalized energy excited by a 10 MeV in the first
frequencies w < 10Q; . In this range the spectrum is virtually independent of the
particles energy (y > 1)

w

X/ 2 g 1 n Qs,n
Wea(y > 1) = (]1 (px)ps) o (1 — (=1 cos7d>. (2.5.74)

The impact of the homogeneous solution (reflections) on the interaction with
electrons will be discussed in detail in Chap. 4 in the context of high power
traveling wave tubes. Recently, Sotnikov et al. (2009) recognized that the homoge-
neous solution (quenching wave) may be of the same order of magnitude as the
wake generated in high-gradient dielectric wakefield accelerator.
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Fig. 2.16 Normalized energy 107
deposited by a 10 MeV point R/d=0.5
charge in the first modes o E=10Mev
(a) <10Q;) of a cylindrical > 1000 o o
cavity o o o o
lfl o @o o] o Q
o o)
g 0 T o
IS fo) (e}
g o]
] 2
< 107 o)
(o]
1 0-3 L L L L
0 2 4 6 8 10
/42, ,

2.6 Scattered Waves Phenomena

As an electromagnetic wave impinges upon an obstacle, it is scattered. This
reflected energy can be harnessed for interaction with charged particles or for
measurement purposes. In this section, we consider several cases chosen due to
their relative simplicity.

2.6.1 Plane Wave Scattered by a Dielectric Cylinder

As a starting point, let us consider a plane wave that propagates in the x direction
and it impinges upon a dielectric (&) cylinder of radius R whose axis is parallel to
the magnetic field component of the incident wave

H_Einc) (x) =Hp exp(—j% sng>; (2.6.1)

tacitly assuming a steady state regime exp(jot) and the background medium is
characterized by a dielectric coefficient &ps — see Fig. 2.17. Based on the generating
Bessel function (Abramowitz and Stegun 1968, p. 361)

exp Eu (v — %)} = Z V', (u) (2.6.2)

n=-—00

this incident component may be written in cylindrical coordinates (x = r cos ¢) as
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Fig. 2.17 A plane wave y
scattered by a dielectric
cylinder

————————

o,

w, 1]
°

Hﬁinc) (r,¢) =Hp exp(fj9 \/Ebgl" COS (j))
c
00 (2.6.3)

=Hy ,,:Zx exp {jn ((]5 — g)} T, (? sbgr) .

The presence of the cylinder alters the electromagnetic field thus the secondary field
is given by

00 - Todn (9 scylr) r<R
HE(r,¢) =Hy > exp {,n(¢> — —)} ¢ (2.6.4)
= 2 H? (9 : ) >R
n=-00 Pn c bbgr rz

n

For imposing the boundary conditions, it is necessary to specify the azimuthal
electric field

inc - . T ] - /)
£ i 3 oln(9 )] (2
T, Ljn (% ecylr) r<R

B =i Y- ewin(e-3)]3 VP
H

w
n=—0o0 — o . R
ol () >
(2.6.5)
Continuity of the two components facilitate to determine the amplitudes
) - bl (b)i,(a) — al,(b)T,(a)
" al, (b)HP () — bY, (b)) (a) 66
-, @ (@ ~3(@H,” () -
al, () (@) - b1,(0)1, (@)

where a = /gy WR Jc and b =, /eyt OR /c. With the amplitudes established, two
measures need to be considered. The first is the extent the cylinder scatters the wave



2.6 Scattered Waves Phenomena 81

namely, the scattering cross-section. For this purpose we determine the total power
scattered in the cylindrical envelope of radius » > R and height A,

21 *
Pscall = AZI’ JO CZ¢RG{%EE;€C)(F7 ¢) |:I_I§sec)(r7 ¢)} }
. 3 77 * . (2) w
= A2m O ,,Z_:OQ‘ 0, Re{ [ ( sbgr)] Hn (z sbgr)}
— A2n 7702|Z° = Z 10,2 (2.6.7)

The scattering cross section is defined by the ratio of the scattered power and the

impinging energy flux, S, =1 =
bg

P?Cﬂtt _
S«

(2RA.) Z 1.l (2.6.8)

n=—00

Oscatt =

Figure 2.18 illustrates the normalized cross-section (6 = 6cae/2RA,;) as a function
of the frequency.

It reveals the evident resonant character of the cross-section: for a dielectric
coefficient &y = 3.3 and using N = 100 azimuthal harmonics, the cross section is
almost 4 for R ~ 0.4/ and close to unity if the radius is R ~ 0.72/¢. Moreover, if
due to dielectric loss, part of the reflected power is absorbed, the effective cross-
section is systematically smaller than the lossless case.

The opposite is the case if the medium is active, as illustrated in Fig. 2.19. Since
multiple reflections in the cylinder may enhance significantly the scattered power,
the cross-section may be larger. In the figure the range between 0.9 <R/1y < 1.2
has been magnified, and for the specific parameters, the normalized cross section at

Jossless ™

\ N=100

Fig. 2.18 Normalized cross
section as a function of the
radius normalized to the
wavelength in vacuum.
Comparing to the lossless
case, the cross section in case
of a lossy cylinder is
systematically smaller since
part of the power is absorbed. | |
:As a rough estimate Gjogy ~ 0 0 1 P) 3
Olossless exp[—Zn (R/}O)

/%yl tan 0] R

o

tan5=0.01

Normalized Cross Section
N
T
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Fig. 2.19 Normalized cross 15
section as a function of the £,=3.3
radius normalized to the N=100
wavelength in vacuum —

focusing in the range

0.9 <R/l <1.2.1f the
medium is active, the cross
section can be significantly
larger comparing to the
lossless case

10+~
"tans"=-0.01

lossless

Normalized Cross Section

tan5=0.0 1/

0 1 1
0.9 1.0 1.1 1.2
R2,
Fig. 2.20 Screening factor as 15
a function of the radius &y =3.3
pormalized to the wavglength "tans"=-0.01 N=100
in vacuum. If the medium is 5
active, the cross section can ?(é 10+
be significantly larger w
. o))
comparing to the lossless case RS
c
S e
S °r lossless  tans=0.01
0 | 1 1
0.0 0.5 1.0 1.5 2.0
R2,

R ~ 1.14¢ has dropped from 3.1 to 2.5 due to the dielectric loss but it has increased
by almost a factor of four ¢ ~ 12 in case of an active medium — corresponding to
about 11 internal reflections.

The second measure of interest is the screening factor, which is indicative of the
extent the cylinder reduces/magnifies the electromagnetic energy in its center. This
factor may be defined as the ratio of the electromagnetic energy densities at the
point of interest with and without the cylinder namely,

(tr) -0 (tr) -0
S =10log vz/iﬁc)(r )+ Wl(‘fncgr )
wp (r=0)+wy, (r=0)

- 1010g(|fo|2 + \rl|2) 2.6.9)

For the parameters mentioned above, the screening factor is illustrated in
Fig. 2.20 and evidently, the fiber tends to focus the electromagnetic energy.
As may be expected, this focusing is suppressed by lossy material and it is amplified
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by active medium. In addition, we observe that lossy or gain medium do not alter
the resonant pattern (peaks) associated with azimuthally propagating modes.

2.6.2 Evanescent Waves Scattered by a Dielectric Cylinder

In many cases of interest, waves attached to moving charges are scattered by
various obstacles and these radiating modes may be used for the characterization
of bunches of electrons as well as of the obstacle. We now exploit the relatively
simple configuration of the dielectric cylinder in order to examine the scattering of
evanescent waves attached to a charged line (Q/A;) moving with a velocity v at a
height 7 > R — see Fig. 2.21. Near the cylinder the incident field is given by

(inc) __ 9 wofe—Sy el _
H" (x,y <h,t) ey J dwexp [j(y(t V) -~ (h—y)
= A J dw exp(jor) n;w Ju(r,m,v)exp(jng)
. 1 R o |
Tn(ryo,v) = . J d¢ exp [—]nqb —j?rcosqb — V_V(h — rsmqﬁ)}
(2.6.10)
Similar to the approach from the above,
HE (r, 1) = — Q J dw exp(jor)
: T 47A,
- " 2.6.11)
00 ()], (; SCyll) 7
X Z exp(jn¢) o
n=—o0 pp(w)H? (— sbgr) r>R
¢

Fig. 2.21 Evanescent waves
attached to a moving charged-
line are scattered by a
cylinder
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and
0 | N

(inc) H 3
Ed) = _47IAZ J dw eXP(]wl ]wbobbg HZOO 8) Jn r,w V) exp(]n¢)

(sec) 0 J —1
E~ =——— | doexp(jot

4nA, (J )Jﬂ)go (2.6.12)
—00

1 .

—Tn (9 vV 8cyl)Jn (9 Scylr) r<R
00 . Ecyl C &
3 exptins)]

()

w . w

— —\/ H, (7 ) >R
Ebg P (C 8bg> c Sbe h=

Thus imposing the boundary conditions we obtain the reflection and transmis-
sion coefficients

- bJ,(b)3, — al,(b)3,
"l (HP (@) - b, () (@)
o (2.6.13)
o bH®? (a)J, — bH,” (a)J,
"l (b)H (@) - b3, (a)

wherein jn(R,a),v) = [RO,J,(r,,V)|,_p/a, a=w/egR/c, b= /ecuR/c.
With the field established, it is possible to determine the emitted energy during
the passage of the charged-line near the cylinder

—00

W:J~oo dtp(t) Jd¢J th(SeC)< b, ) Z(qec)( (b’)
-r (2.6.14)

Q2
:27r80A J a— Z \,0,,

which enables us to write the following expression for the normalized spectrum
aw 1
= = E 2.6.15
da — Q* da a lpal’ ( )

2mepA;

it should be pointed out that it has been assumed that the charged-line moves in
vacuum thus, &, = 1. If the single line charge is replaced by train of M micro-
bunches of length A and thickness A ; with a spacing L between each two micro-
bunches then the normalized spectrum is
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1 alL
. 2 _M__
A) o (2 ﬁR> ) hcz<1aM>

— sin
sinc? Lal 278 R
28R

R
Note that the total amount of charge remains Q. For simplicity sake, we assume
for what follows that 8cy1 — oo namely, the field does not penetrate in the cylinder
therefore p, = —J,/H? (a) and also that the bunch is ultra-relativistic (y — oo) or
if to be more accurate, ¢4- 4% « 1. Since the last two transverse geometric

> y R ’v R
parameters % ,% are expected to be at the most of the order of unity, the previous
condition limits the spectrum of our approximation to a < a., = 0.01y. Another

implication is a significantly simpler expression for

Z 1.7 sm(:2(1

n=—00

’Q\Q

(2.6.16)

s

. 1 .
I, = 20 | 5m J dopexp(—jngp — jacos p)| = J,(a) exp(—jng) (2.6.17)

which finally implies
sinc? %Ea

: 2(1 A )

nc —a | ——

aw 2 & i2(a)
da l‘ 2 @)

n=—oo " n

sinc? (M a)
1A 2R
~ 1.345[1 — exp(—2.5a)]sinc? <2 Ra) 2?5
sinc?( = —a
2R

Evidently, the first term represents the contribution of the ideal line-charge whereas
the two trailing terms represent the single bunch size effect and the multiple
bunches impact respectively.

Before concluding this subsection, two comments are in place. First, the config-
uration considered above illustrates the coupling between the evanescent waves
attached to the moving charged-line and the propagating waves scattered by
cylinder. Due to the resemblance to regular diffraction, the emerging waves are
also referred to as diffraction radiation. Second, we need to provide an alternative
interpretation of the emitted spectral density as manifested in (2.6.16). From the
way it has been developed, it obviously characterizes the radiative contribution far
away from the charged-line. Based on Poynting theorem, the source of this radia-
tion is the effect of the secondary field on the charged-line
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W= J dtP(t) = J dtA, J dx J dyE™) (x,y, 0)J . (x,y,1)

0 o0 (2.6.19)
R}
=-0 J dx J dwexp(;;x) Eisec)(x, h; )
—00 —00
Using the normalization employed above we get
aw m |1
- i w
> _z = d ('— )E““) i 2.6.20
da 4= "R | o)A J eexp (/- x )X (x, b ) (2.6.20)

which clearly reveals that the spectral density of the emitted energy is proportional
to the spatial Fourier transform of the electric field as experienced by the charged-
line. It can be readily checked that the square brackets have units of ohm-meter and
consequently, the normalized spectral density equals the, so called, (normalized)
longitudinal impedance experienced in this case by the charged-line.

2.6.3 Evanescent Waves Scattered by a Metallic Wedge

Diffraction radiation is commonly employed by the particle accelerator community
for characterizing the location and to some extent the shape of a charged bunch.
This is generally done with thin metallic foils. A model for describing the system, as
in the cylinder case, consists of a charged-line (Q/A;) moving at a constant velocity
v at a height / above the tip of an ideal wedge (2m — o < ¢ <2m — oy) — see
Fig. 2.22. In the frequency domain, the magnetic field is a solution of

19 0 1 9 o? oJ,

oot ?&+CT:| H.(r, ¢, ) = [a_y] P rsing (2.6.21)
X=rcos¢
vt
- NAS\SJ

,
a7 Z ’1%
Fig. 2.22 Evanescent waves }\S‘Sy

attached to a moving charged-
line are scattered by a wedge
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Obviously the radial electric field is zero on both sides of the wedge therefore
it is natural to employ the orthogonality of the corresponding azimuthal eigen-
functions namely,

o0

H.(r,¢,0) = ZHn(r) cos[nm(¢p +o1) /(21 — op + o11)], (2.6.22)
n=0
to get
1d d vV o oo
;Era_r_z—’_c_JHn(r) S(’)_;m J dd’ [v(¢ +01)]
“x
| (2.6.23)
with v = nn/(2n — o 4 o1). The source term may be simplified
X X 2n—a
Salr) = ZnQAZ ; 2n —(;:)—l— o r ¢ exp( v eos ¢)
o
x sin[v(¢p + 1) cos ¢ 6(y — h) (2.6.24)

Next, we define ¢, = arcsin(h/r) and take advantage of the Dirac delta function

oy 1) = =2

Wherein u(x) denotes the Heaviside step function thus

[0(¢ = ¢o) + (¢ — 7+ ¢o)] (2.6.25)

Sa(r) = 2;;% gvn Znuiroc_z jl_)a 112 { Xp( V2 — hz) sin[v(pg + o1)]

- exp(—j;\/r — h2) sin[v(m — ¢ + ocl)]}. (2.6.26)

For a solution of (2.6.23) we employ the corresponding Green’s function

1, (9 r') H$2> (9 r) r>r
T c c

G,(r,/)=j= (2.6.27)
) 2 H‘(,z) (9 r') 1, (9 r) r<r
¢ ¢
and can formally determine the magnetic field
H,(r,¢,t) = Jda) Z cos[v(¢ + )] 2ReX exp(jowr) Jdr' ¥ Gy (r,r")S, (")
n=0
0

(2.6.28)
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With this field component established we may proceed and evaluate the radiated
energy at r — 00

2m—0lp
W= Ar J er dEy(r, &, OH.(r, §.1)

—o
—00

2

- T ar'r'J, (% r') Sa(r')

0

=ny2n (g) (2m — o + o1)A2 J dw f:g,,

0 n=0

N

(2.6.29)

Defining Q= wh/c, W =W[Q?/2(2r — oy + al)eoAz]_] and ¢=r/h the
normalized spectral density is given by

Q . .
ﬂ:gm TdéVJv(Qf) exp(;E 62—1>s1n[v(arcsm(1/f)+fx1)]

Q@ a&|) e _exp(_j%\/gz?)sm[v<n_arcsin<1/«:>+m>]
(2.6.30)

2

or finally, after defining & = 1/ siny/ we obtain

Q Q
_ o |2 v, (> exp (j— cot lﬁ) sin[v(y 4 o1)]
fl‘:)/ - é Z J dy taily ’ Q

=10 —exp (_J? cot x//) sin[v(m — W + o))

(2.6.31)

2

Several observations are in place now that we have an explicit expression for the
energy’s spectral density. First, note that if the velocity is reversed v.— —v, this is
equivalent to taking the complex conjugate of the term in the curled brackets, the
spectral density is invariant. At the limit of very low frequencies, the spectral
density emitted by a relativistic bunch (ff ~ 1) is inversely proportional to the
frequency as can be concluded from Fig. 2.23 where we plot this quantity as a
function of the normalized frequency(Q2). It should be pointed out that the first
twenty harmonics were considered and for fast convergence, the integration was
performed in the range ¢ <y < /2 — ¢ where ¢ = 0.00057. As reference, we also
present the first two harmonics (n = 1,2).

Examining the same quantity as a function of the normalized momentum of the
bunch we conclude that — see Fig. 2.24 — for yf <1 the spectral density is
proportional to f* (for Q = 1) however, this dependence is strongly dependent on
the normalized frequency. For example, for Q = 0.2 the spectral density is propor-

tional to y8 [1 + (yﬁ/15)4] i
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Fig. 2.23 Contribution of the
first 20 harmonics to the
normalized spectral density as
a function of the normalized
frequency; o = 7/6,

op =7/4 and § = 1. The
dashed line clearly reveals
that this quantity is inversely
proportionnal to the
frequency for Q < 1. As
reference the first two
harmonics are also presented

Normalized Spectral Density
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Fig. 2.24 Contribution of the first 20 harmonics to the normalized spectral density as a function of
the normalized momentum; oy = 72/6, ap = 7/4 and Q = 1. For a relativistic bunch each har-
monic reaches it asymptotic value at a different momentum. As reference, the first two harmonics
are also plotted. For Q = 1 the dashed line clearly reveals that the spectral density is proportional
to f*; this dependence may be quite different at other frequencies

Although only the » = 1 and n = 2 harmonics are illustrated, we found that all
harmonics reach an asymptotic value. In fact, this conclusion can be readily deduced
from the fact that the energy spectral density depends on /5 and the latter approaches
unity at high kinetic energy. The bending point depends both on the normalized
frequency the geometry of the wedge as well as on the harmonic’s index.

Exercises
2.1 Determine the boundary condition associated with charge conservation.
How it relates to (2.1.12)—(2.1.15)?
2.2 In the context of Sect. 2.2.4, calculate the electromagnetic field

associated with the moving charge (2.2.21)—(2.2.22). Calculate the
(continued)
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Poynting vector associated with this field. With this result, calculate the
total power. Is there a force acting on the moving particle?

Show that the power radiated in free space by the current distribution in
(2.3.2) is given by P = nyl*(wd/c)* /127

By virtue of the superposition principle, show that in case of multiple
“wires” carrying currents /, located at (x,, y,) between the two plates of
a radial transmission line the magnetic vector potential is given by

_ 1 o|@ 2 2
4= 30, bt |25+ -3

Calculate the energy velocity (Sect. 2.3.3) assuming two modes TMg;
and TM,, above cut-off. Plot the energy velocity as a function of the
ratio of the two modes 0.3 < p = |A¢; /Apz| < 3.0.

Calculate the radiation impedance of the TMy; in a circular waveguide
of radius R. Assume a current distribution

J(r,z,0) = IAJ (p1r/R)o(2)p1 /2nrR.

The expression that determines the magnetic vector potential of N
electrons moving in a dielectric medium ¢; at a velocity v

N
el o [c? R}
A(r,z,0) = — (271(;2 Ko <:l‘ = 8r> ZGXP [—J;(Z - Zi)}
=1

Assuming that the electrons are uniformly distributed |z;|<A/2, calcu-
late the power emitted by this bunch. Show that the power emitted in the
range A > A is proportional to N2. What happens in the range 4 < A?
Repeat the exercise for a Gaussian distribution.

In Sect. 2.4 we have demonstrated that

25, (psRy/R) . (ps A/R )]2

Py /e
(eN)zv_erBZ—IZ PRs /R \2 a1

N

2megR?

Determine the condition(s) necessary to suppress the radiation excited
in specific mode(s). Can you ensure zero power in many modes? Hint:
for large values of s, ps11 — ps ~ 7.

Draw the normalized average power (2.4.58) for M = 100 normalized
to M = 1 as a function of L/R as in Fig. 2.7. Show that for specific
values of L/R, this quantity is of order of unity. Analyze the spectrum in

a few of these cases.
(continued)
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2.10 Calculate Green’s function associated with the system described in

2.11

Sect. 2.5.1. Begin with case when the source is located to the left of
the discontinuity and continue by solving the problem when the source
is between the discontinuities. Can you deduce the Green’s function for
the third case, when the source is after the third discontinuity, from the
first one. For the second case (point-source between the discontinuities)
can you design the system such that the source emits zero power?
Based on (2.5.40), analyze the spectrum of the emitted radiation as a
point-charge traverses a geometric discontinuity. Keep the ratio of the
number of modes in each region proportional to the radii ratio.

2.12 Based on the formulation of the wake generated by a point charge in a

loss-less cavity (Sect. 2.5.3), determine the spectrum of train of N point
charges generated in the same cavity. Assume that the spacing between
two adjacent charges is L.

2.13 Repeat the steps in Sect. 2.6.1 for the orthogonal polarization,

E. =F, exp(—j% sng).

2.14 Analyze the normalized spectrum density in (2.6.16) as a function of the

various parameters.

2.15 Plot the contour of constant far-field emitted energy density from a

wedge (Sect. 2.6.3) for several values of the kinetic energy; oy = 1/6,
op =74, Q=1and y =2, 11, 21, 31.

2.16 Extend (2.6.31) to the case of a train of M micro-bunches of spacing L

and the length of each one is A, whereas the thickness is A,.
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