
Chapter 2

Elementary Electromagnetic Phenomena

All the effects discussed in this text rely on the presence of electric, magnetic or

electro-magnetic fields in the system. It is therefore natural to discuss first the

governing equations and some basic electromagnetic phenomena. With this regard,

“elementary” in the title of this chapter refers to subjects related to beam-wave

interaction and not necessarily to undergraduate-level topics, though we discuss a

few elementary concepts in the first two subsections.

2.1 Maxwell’s Equations

At the foundations for the analysis of all electro-magnetic phenomena are

Maxwell’s equations that relate the electric (E) and magnetic (H) field, the electric

(D) and magnetic (B) inductions with the current (J) and charge (r) densities:

r� Eðr; tÞ þ @

@t
Bðr; tÞ ¼ 0; (2.1.1)

r�Hðr; tÞ � @

@t
Dðr; tÞ ¼ Jðr; tÞ; (2.1.2)

r � Dðr; tÞ ¼ rðr; tÞ; (2.1.3)

r � Bðr; tÞ ¼ 0: (2.1.4)

This set of equations determines the electromagnetic field at any point in space

and in time provided that the source terms (r and J), are known. In addition, the

initial and boundary conditions have to be determined together with the constitutive

relations of the medium, i.e., the relation between the inductions (B and D) and the

field components (H and E).
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2.1.1 Constitutive Relations

Matter reacts to the presence of an electromagnetic field and the constitutive

relations characterize this reaction. In general, these relations are non-linear and

they couple all the components of the electromagnetic field. In many of the cases of

interest, the constitutive relations are linear and scalar

Bðr; tÞ ¼ m0mrHðr; tÞ; (2.1.5)

Dðr; tÞ ¼ e0erEðr; tÞ; (2.1.6)

and in case of a metal Ohm law’s reads

Jðr; tÞ ¼ sEðr; tÞ; (2.1.7)

here e0 ¼ 8:85� 10�12 farad=m and m0 ¼ 4p� 10�7 henry=m are the vacuum per-

mittivity and permeability respectively. The relative dielectric coefficient er and its
permeability counterpart mr characterize the material. In vacuum, er � 1, mr � 1

and s ¼ 0, i.e.,

r� Eðr; tÞ þ @

@t
m0Hðr; tÞ ¼ 0; (2.1.8)

r�Hðr; tÞ � @

@t
e0Eðr; tÞ ¼ Jðr; tÞ; (2.1.9)

r � e0Eðr; tÞ ¼ rðr; tÞ; (2.1.10)

r � m0Hðr; tÞ ¼ 0: (2.1.11)

Assuming that we know the source terms (r and J) it is sufficient to use the first

two equations (2.1.7)–(2.1.8) in conjunction with the charge conservation,

r � Jðr; tÞ þ @

@t
rðr; tÞ ¼ 0; (2.1.12)

in order to solve the electromagnetic field. This statement can be examined by

applying r � on both (2.1.7) and (2.1.8). Since any vector function V satisfies

r � ðr � VÞ � 0, one obtains (2.1.10) from (2.1.7) and (2.1.9) from (2.1.8).

2.1.2 Boundary Conditions

At sharp discontinuities the differential operators are not defined therefore an

integral approach has to be adopted. Alternatively, Maxwell’s equations can be
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solved in each region separately, away of the discontinuity, and the question that

needs to be addressed is the relation between the various field components from

both sides of a discontinuity. Consider two regions (subscripts 1 and 2) separated by

a surface which is locally characterized by its local normal n. The boundary

condition associated with (2.1.1) is deduced from its integral form as

n� ðE1 � E2Þ ¼ 0: (2.1.13)

Similarly, from the integral form of (2.1.1) we conclude that

n� ðH1 �H2Þ ¼ Js; (2.1.14)

from (2.1.2)

n � ðD1 � D2Þ ¼ rs; (2.1.15)

and finally, from the integral form of (2.1.3) we can deduce that

n � ðB1 � B2Þ ¼ 0: (2.1.16)

Here Js is the surface current density and rs is the surface charge density.
Equation (2.1.12) indicates that the tangential component of the electric field,

at any time, has to be continuous at the transition between two discontinuities.

In a similar way, the tangential component of the magnetic field can be discontinu-

ous only if there is a surface current density (Js) – see (2.1.13). The other two

expressions indicate that any discontinuity in the normal component of the electric

induction is due to surface charge density rsð Þ and the normal component of the

magnetic induction is always continuous.

Comment 2.1. As in the case of Maxwell’s equations, it is sufficient to use the first

two sets of boundary conditions since the latter two are then automatically satisfied.

Comment 2.2. One outcome of the boundary conditions as formulated above is

that at the surface of an ideal metal (s ! 1) the tangential electric field vanishes.

This is because the electric field is zero in the metal and the tangential electric field

has to be continuous.

2.1.3 Poynting’s Theorem

The energy conservation associated with the electromagnetic field can be deduced

from Maxwell’s equations by multiplying (scalarly) (2.1.1) by H, (2.1.1) by E and

subtracting the latter from the former. In a linear medium, the result reads
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r � Sþ @

@t

1

2
e0erE � Eþ 1

2
m0mrH �H

� �
¼ �J � E; (2.1.17)

where

Sðr; tÞ � Eðr; tÞ �Hðr; tÞ (2.1.18)

is the instantaneous Poynting vector which represents the energy flux (power per

unit surface) in the vector direction. The second term,

wðr; tÞ � 1

2
e0erEðr; tÞ � Eðr; tÞ þ 1

2
m0mrHðr; tÞ �Hðr; tÞ; (2.1.19)

represents the instantaneous energy density stored in the electric and magnetic field

respectively. And the right-hand side term in (2.1.16) represents the coupling

between the electromagnetic field and the sources (or sinks) in the system.

Gauss’s theorem can be used to formulate Poynting’s theorem in its integral
form. We integrate over a volume V whose boundary is denoted by a; the result is

d

dt
WðtÞ ¼ �tda � S�

ð
v

dVJ � E; (2.1.20)

where for a linear medium

WðtÞ �
ð
V

dV
1

2
e0erE � Eþ 1

2
m0mrH �H

� �
; (2.1.21)

is the total energy stored in the volume V. Explicitly (2.1.19) reveals that the change
in the energy stored in the volume is either due to energy flux flowing through the

surrounding envelope or due to sources in the volume (or both).

One important aspect to emphasize at this stage is that the electromagnetic

power is carried by the field and not by the metallic boundaries; the latter only

guide the energy flow. This is an important observation since subsequently, we

discuss the propagation of electromagnetic waves of hundreds of megawatts and all

this power propagates in vacuum. To illustrate the process let us consider an

elementary electric circuit consisting of a battery, two parallel lossless wires, and

a resistor at the end as illustrated in Fig. 2.1.

I

I

IµH E bV bVS R

I=Vb /R

bV
Iµ µFig. 2.1 Energy flow in a

simple circuit. The power

flows in the air and is guided

by the wires
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Firstly, we examine the Poynting vector term of (2.1.19): the voltage Vb is

determined by the battery whereas the current is determined by the resistor (R)
namely, I ¼ Vb=R. Since the distance between the two wires is d, the typical

electric field between the two wires is Vb=d moreover, the azimuthal magnetic

field generated by one wire at the location of the other is proportional to the current

I. Consequently, the Poynting vector is parallel to the wires and it is proportional

to the product of the two field components S / IVb. The power which propagates

from the battery towards the resistor is proportional to Poynting vector thus as

expected, the power is proportional to IVb or V2
b=R. Since there are no time

variations the energy term in Poynting theorem vanishes whereas the second term

in the right-hand side of (2.1.19) can be readily calculated to show that the power

dissipated in the resistor is V2
b=R. For further discussion see Chap. 11 in the text

book of Haus and Melcher (1989).

2.1.4 Steady-State Regime

In many cases of interest all the components of the electromagnetic field oscillates

at a single angular frequency ðoÞ thus all components have the following functional

form

Fðr; tÞ ¼ f ðrÞ cos½o tþ cðrÞ�: (2.1.22)

It is convenient to omit the time dependence and represent the function Fðr; tÞ
using a complex notation, namely we introduce the imaginary number j � ffiffiffiffiffiffiffi�1

p
and utilize the fact that exp jxð Þ � cosðxÞ þ j sinðxÞ the function F

Fðr; tÞ ¼ 1

2
f ðrÞexp jcðrÞ½ �exp jotð Þ þ f ðrÞexp �jcðrÞ½ �exp �jotð Þf g: (2.1.23)

With this notation, it is convenient to define

�Fðr;oÞ � f ðrÞejcðrÞ; (2.1.24)

which permits us to use this function instead of Fðr; tÞ and consequently,

Fðr; tÞ ¼ Re �Fðr;oÞejot� �
; (2.1.25)

�Fðr;oÞ is called the phasor associated with the function Fðr; tÞ. To illustrate the

use of this notation, Maxwell’s equations read
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r� Eþ joB ¼ 0; (2.1.26)

r�H� joD ¼ J; (2.1.27)

r � D ¼ r; (2.1.28)

r � B ¼ 0: (2.1.29)

The main advantage of this notation is now evident since the differential operator

@=@t was replaced by a simple algebraic operator jo.

2.1.5 Complex Poynting’s Theorem

The phasor notation, as introduced above, cannot be directly applied to Poynting’s

theorem since all quantities are quadratic in the electromagnetic field. In principle,

we have two options: (1) transform the field components to the time domain and

then substitute in Poynting’s theorem as defined in (2.1.16) – abandoning in the

process the phasor notation. (2) Limit the information to the average energy and

average power – but preserving the phasor notation. Since in the former case there

is no real advantage to the new notation, we next pursue the latter option.

When we consider the product of two oscillating quantities, we have

A1 cosðotþ c1ÞA2 cosðotþ c2Þ
¼ 1

4
�A1 expðjotÞ þ �A�

1 expð�jotÞ� �
�A2 expðjotÞ þ �A�

2 expð�jotÞ� �
(2.1.30)

the average of the product of these two oscillating functions corresponds to the

non-oscillating term in the expression above i.e.,

1

4
�A1

�A�
2 þ �A�

1
�A2

� � ¼ 1

2
A1A2 cosðc1 � c2Þ: (2.1.31)

We use this fact in order to formulate the complex Poynting’s theorem. First
(2.1.25) is multiplied scalarly by the complex conjugate of the magnetic field

phasor (H
�
). From the product we subtract the complex conjugate of (2.1.26)

multiplied by the electric field; the result reads

r � Sþ 2jo wM � wE½ � ¼ � 1

2
E � J�; (2.1.32)

wherein S ¼ E�H
�
=2 is the complex Poynting vector, wM ¼ m0mrH �H�

=4 is the

average (in time) magnetic energy density and wE ¼ e0erE � E�
=4 is the electric

counterpart.
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Energy conversion is associated with the real part of the Poynting vector whereas
the imaginary component is associated with electro-magnetic energy stored in the

system. Throughout the text we omit the bar from the phasor quantities, except if

ambiguities may occur.

2.1.6 Potentials

It is convenient, instead of solving a couple of first order differential equations, to

solve a single second-order differential equation. For this purpose we benefit from

the fact that the divergence of the magnetic induction is zero (r � B ¼ 0) and

introduce the magnetic vector potential A which determines the magnetic induction

through

B ¼ r� A (2.1.33)

By virtue of this definition, the equation r � B ¼ 0 becomes an identity.

Substituting this definition in Faraday’s law (2.1.25) we obtain

r� ðEþ joAÞ ¼ 0: (2.1.34)

Further using the fact that r� ðrFÞ � 0 we conclude that

E ¼ �joA�rF; (2.1.35)

wherein F is the scalar electric potential. Both potentials satisfy, in a Cartesian

coordinate system and in a linear medium (mr ¼ 1 and er > 1), the non-homogeneous

wave equation:

r2 þ er
o2

c2

� �
A ¼ �m0J; (2.1.36)

and

r2 þ er
o2

c2

� �
F ¼ � 1

e0er
r; (2.1.37)

provided that the divergence of the vector function A is chosen to be

r � Aþ jo
er
c2

F ¼ 0: (2.1.38)

This is the so-called Lorentz gauge; c � 1=
ffiffiffiffiffiffiffiffiffiffi
m0e0

p
is the phase velocity of a plane

electromagnetic wave in vacuum.
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2.1.7 Edge Effect

In addition to the boundary conditions discussed above in the context of sharp

discontinuity, we need to consider the field and the energy near an edge. It is

demonstrated in what follows that while near an edge, the electric field diverges, the

energy stored is finite.

With this purpose in mind, consider a simple configuration where the radius of

curvature of a realistic edge is much smaller than the characteristic wavelength of

the electromagnetic field in its vicinity ðl � RÞ. Based on this assumption, the

electric field in the vicinity of an ideal edge ðR ¼ 0Þ as the one schematically

illustrated in Fig. 2.2, is a solution of the Laplace’s equation and further assuming

that the system is infinite in the z-direction, then

1

r

@

@r
r
@

@r
þ 1

r2
@2

@f2

� �
F ¼ 0 (2.1.39)

is the equation to be solved subject to the zero potential condition on the metallic

walls

F r;f ¼ a
2

� �
¼ 0 and F r;f ¼ 2p� a

2

� �
¼ 0: (2.1.40)

Its solution has the form F 	 Aejnfrn þ Be�jnfrn; thus imposing the boundary

conditions namely, F r;f ¼ a=2ð Þ ¼ 0 and F r;f ¼ 2p� a=2ð Þ ¼ 0 we conclude

that a non-trivial solution is possible if sin½nð2p� aÞ� ¼ 0; implying that the radius

of curvature of the field nð Þ is given by

n ¼ p
2p� a

n n ¼ 1; 2; 3 . . . (2.1.41)

and consequently,

F r;
a
2

 f 
 2p� a

2

� �
¼
X1
n¼1

An sin
pn

2p� a
f� a

2

� �h i
r

pn
2p�a: (2.1.42)

x

y

αFig. 2.2 In the vicinity of an

ideal edge the curvature of the

electric field is determined by

its angle a
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In order to demonstrate the previous statement, let us consider the first harmonic

n ¼ 1ð Þ illustrated in Fig. 2.3 for a ¼ p=6. The corresponding field components are

Er ¼ � @F1

@r
¼ � p

2p� a
A1 sin

p
2p� a

f� a
2

� �h i
r

p
2p�a�1

Ef ¼ � 1

r

@F1

@f
¼ � p

2p� a
A1 cos

p
2p� a

f� a
2

� �h i
r

p
2p�a�1

(2.1.43)

revealing that at the limit r ! 0, if a< p, then the electric field diverges. Neverthe-
less, the energy, stored in a volume of radius R and length Dz, is finite as can be

deduced from the explicit expression for the stored energy

WE ¼ Dz

ð2p�a=2

a=2

df
ðR
0

drr
1

2
e0E2

r þ
1

2
e0E2

f

� �
/ A2

1R
2p

2p� a
: (2.1.44)

Comment 2.3. A similar approach may be followed to investigate the field distri-

bution in the vicinity of a dielectric edge. In this case the curvature of the field nð Þ is
determined by both the angle of the edge að Þ as well as the dielectric coefficient erð Þ
and it is a solution of

er tan n
a
2

� �
þ tan n p� a

2

� �h i
¼ 0: (2.1.45)

2.1.8 Reciprocity Theorem

The Lorentz reciprocity theorem is a useful theorem for solution of electromagnetic

problems, since it may be used to deduce a number of fundamental properties of

practical devices. It provides the basis for demonstrating the reciprocal properties of

electronic microwave circuits and for showing that the receiving and transmitting

characteristics of antennas are the same. To derive the theorem, consider a volume

a

Fig. 2.3 Contours of

constant potential n ¼ 1ð Þ in
the vicinity of an ideal edge
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V bounded by a closed surface A. Let a current source ~J1 in V produce a field ~E1; ~H1

while a second source~J2 produces a field ~E2; ~H2. Expanding the relation r � ð~E1 �
~H2 � ~E2 � ~H1Þ and using Maxwell’s equation it can be shown that

r � ð~E1 � ~H2 � ~E2 � ~H1Þ ¼ ðr � ~E1Þ � ~H2 � ðr � ~H2Þ � ~E1

� ðr � ~E2Þ � ~H1 þ ðr � ~H1Þ � ~E2

¼ �~J2 � ~E1 þ ~J1 � ~E2:

(2.1.46)

Integrating both sides over the volume V and using Gauss’ theorem

ð
V

r � ð~E1 � ~H2 � ~E2 � ~H1ÞdV ¼tAð~E1 � ~H2 � ~E2 � ~H1Þ �~ndA

¼
ð
V

ð~E2 � ~J1 � ~E1 � ~J2ÞdV;
(2.1.47)

where ~n is the unit outward normal to A.
There are at least two important cases where the surface integral vanishes: in the

first case of radiating fields (to be discussed subsequently) and in the case of quasi-

state fields when E / r�2 and H / r�2. Since the surface of integration is propor-

tional to r2 at the limit r ! 1 the surface integral clearly vanishes, therefore

(2.1.46) reduces to

ð
V

~E1 � ~J2dV ¼
ð
V

~E2 � ~J1dV: (2.1.48)

If ~J1 and ~J2 are infinitesimal current elements this is to say that the variations of the

electric field of the other source are negligible in the region of the source, then

~E1ðr2Þ � ~J2ðr2Þ ¼ ~E2ðr1Þ � ~J1ðr1Þ; (2.1.49)

which states that the field ~E1 produced by ~J1 has a component along ~J2 that is equal
to the component along ~J1 of the field generated by ~J2 when ~J1 and ~J2 have unit

magnitude. The form (2.1.48) is essentially the reciprocity principle used in circuit

analysis except that ~E and ~J are replaced by the voltage V and current I.

2.2 Simple Wave Phenomena

In this section, we present solutions of the wave equation for several simple cases.

A few of the examples presented here will be used subsequently to develop models

which in turn enable the investigation of complex structures.
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2.2.1 Simple Propagating Waves

With the source terms, constitutive relations and boundary conditions determined,

one could proceed towards solution of a few simple wave phenomena. For simplic-

ity we consider a scalar function cðrÞ which oscillates at an angular frequency o
(i.e., we assume a steady-state regime of the form exp jo t) and which is a solution of

r2 þ o2

c2

� �
cðrÞ ¼ 0: (2.2.1)

As a first stage, we examine waves propagating in one dimension. In a Cartesian
system ðx; y; zÞ we consider a system in which all variations are only in the z direc-
tion (@=@x 	 0 and @=@y 	 0), and the homogeneous wave equation reads

d2

dz2
þ o2

c2

� �
cðzÞ ¼ 0: (2.2.2)

A second order differential equation, has two solutions:

cðzÞ ¼ Aþ exp �j
o
c
z

� �
þ A� exp j

o
c
z

� �
; (2.2.3)

these represent plane waves since the phase is constant, in the plane defined by

z ¼ const. The first term describes a wave propagating in the z-direction whereas

the second represents a wave propagating in the opposite direction.

In a cylindrical coordinate system (r;f; z), ignoring azimuthal and longitudinal

variations (@2=@f2 	 0 and @2=@z2 	 0), the wave equation reads

1

r

d

dr
r
d

dr
þ o2

c2

� �
cðrÞ ¼ 0: (2.2.4)

Its solution is

cðrÞ ¼ AþH
ð2Þ
0

o
c
r

� �
þ A�H

ð1Þ
0

o
c
r

� �
; (2.2.5)

where H
ð1Þ
0 ðxÞ and Hð2Þ

0 ðxÞ are the zero order Hankel function of the first and second
kind; they are related to Bessel functions of the first and second kind by H

ð1Þ
0 ðxÞ �

J0ðxÞ þ jY0ðxÞ and H
ð2Þ
0 ðxÞ � J0ðxÞ � jY0ðxÞ. As in the previous case, the first term

represents a wave propagating from the axis outwards and the second term

describes a wave propagating inwards. For completeness, we also present the

solution in a spherical coordinate system (r;f; y). Ignoring all angular variations

the wave equation is given by
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1

r

d2

dr2
r þ o2

c2

� �
cðrÞ ¼ 0; (2.2.6)

and its solution is

cðrÞ ¼ Aþ
o
c
r

� ��1

exp �j
o
c
r

� �
þ A�

o
c
r

� ��1

exp j
o
c
r

� �
; (2.2.7)

where the first term represents a spherical wave propagating outwards (from the

center out) whereas the second represents an inward flow.

2.2.2 The Radiation Condition

From the pure mathematical point of view, the two waves in each one of the

solutions of above are a direct result of the fact that the wave equation is a second

order differential equation. However, in absence of obstacles, our daily experience

dictates a wave which propagates from the source outwards; this implies that in

all three cases there are no “advanced” waves i.e., A� � 0. This is one possible

interpretation of the so-called the radiation condition and it can be considered an

additional boundary condition which is a byproduct of the causality constraint

imposed on the solutions of the wave equation.

This formulation relies on the simple solutions presented above; however, the

general trend is valid for solutions that are more complex. In the case of cylindrical
azimuthally non-symmetric waves, the radiation condition implies for a solution

cðr;f; zÞ; that the limit

cðr;f; zÞexp jor=cð Þr1=2
h i

r!1
; (2.2.8)

is finite and it is r independent. In a similar way, for spherical waves described by a
function cðr;f; yÞ, the limit

cðr;f; yÞejðo=cÞrr
h i

r!1
; (2.2.9)

is finite and r independent. While this condition looks straightforward in the

analytic examples presented above, it is not as trivial to impose it in numerical

solvers in particular in a broad frequency range and/or when the mode configuration

cannot be explicitly specified.

Wheeler and Feynman (1945) have used advanced solutions of the wave equation

in order to explain the source of the so-called radiation reaction force. It

is well known that electromagnetic power is emitted by a particle when it is

accelerated. This power is emitted from the particle outwards and comes at the
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expense of its kinetic energy. Since this change in the kinetic energy of the particle

can be conceived as an effective force this is also referred to as the radiation reaction
force.

2.2.3 Evanescent Waves

So far we have presented only waves which vary and propagate in one dimension

(1D), namely solutions of the wave equation either in a Cartesian, cylindrical or

spherical system of coordinate. At this point, the level of complexity is slightly

elevated to include waves that vary in two dimensions. First, consider a Cartesian

coordinate system in which we ignore variations in the y direction. The wave

equation in this case reads

@2

@x2
þ @2

@z2
þ o2

c2

� �
cðx; z;oÞ ¼ 0; (2.2.10)

and its formal solution, assuming a propagating behavior in the z-direction, is given

by

cðx; z;oÞ ¼ exp �jkzð Þ Aþexp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � o2

c2

r
x

 !
þ A�exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � o2

c2

r
x

 !" #
:

(2.2.11)

However in the half-plane defined by x> 0 the solution is

cðx; z;oÞ ¼ Aþexp �jkzð Þexp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � o2

c2

r
x

 !
; (2.2.12)

since otherwise the solution diverges at x ! 1. For jkjc>o the wave decays

exponentially in the x direction. This is an evanescent wave: it propagates in one

direction and decays exponentially in another. In the opposite case, for jkjc<o, the
wave propagates at an angle y ¼ cos�1 kc=oð Þ relative to the z axis.

It is instructive to examine (2.2.12) in the time domain. Assuming zero phase for

Aþ then

cðx> 0; z; tÞ ¼ Aþ cosðo t� kzÞexp �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 � o

c

� �2r
x

" #
: (2.2.13)

Based on this expression it is convenient to introduce the concept of phase velocity:
this is the velocity at which an imaginary observer has to move, in order to measure

a constant phase ðot� kz ¼ constÞ; explicitly, this reads
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vph � o
k
: (2.2.14)

With this definition, we observe that in a two dimensional case, an evanescent wave

is characterized by a phase velocity smaller than c.

2.2.4 Waves of a Moving Charge

Evanescent waves play an important role in the interaction process of particles and

waves. The simplest manifestation of their role is the representation of the spectrum

of a moving charge in the laboratory frame of reference. For this purpose, we

examine now the waves associated with a point charge ðeÞmoving in the z direction
at a constant velocity v0 in vacuum; no boundaries are involved and the system is

azimuthally symmetric (@=@f ¼ 0). The current distribution in this case is given by

Jðr; tÞ ¼ �ev0
1

2pr
dðrÞdðz� v0tÞ1z; (2.2.15)

where 1z is a unit vector in the z direction. This current distribution excites the z
component of the magnetic vector potential that in turn satisfies

1

r

@

@r
r
@

@r
þ @2

@z2
� 1

c2
@2

@t2

� �
Azðr; z; tÞ ¼ �m0Jzðr; z; tÞ; (2.2.16)

its solution is assumed to have the form

Azðr; z; tÞ ¼
ð1
�1

doexp jotð Þ
ð1
�1

dkexp �jkzð Þazðr; k;oÞ; (2.2.17)

where azðr; k;oÞ satisfies

1

r

d

dr
r
d

dr
� G2

� �
azðr; k;oÞ ¼ ev0m0

ð2pÞ2r dðrÞdðo� kv0Þ; (2.2.18)

and G2 ¼ k2 � o2=c2: Off-axis the solution of this equation is

azðr; k;oÞ ¼ Aþðk;oÞK0ðGrÞ; (2.2.19)

where K0ðxÞ is the zero order modified Bessel function of the second kind. In order

to determine the amplitude Aþ there are two ways to proceed: (1) calculate the

azimuthal magnetic field and then impose the boundary conditions at r ¼ 0. An

alternative way is to (2) integrate (2.2.18) from r ¼ 0 to r ¼ d ! 0. At this point we

prefer the latter primarily because this approach will be utilized extensively
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subsequently. For small arguments the modified Bessel function behaves as

K0ðxÞ ’ � lnðxÞ (see Abramowitz and Stegun 1968, p. 375) and consequently,

Aþðk;oÞ ¼ � ev0m0
ð2pÞ2 dðo� kv0Þ: (2.2.20)

Substituting this result in (2.2.17), (2.2.19) we obtain

Azðr; z; tÞ ¼ � em0
ð2pÞ2

ð1
�1

do exp jo t� z

v0

	 
� �
K0

o
c
r
1

gb

	 

; (2.2.21)

where b ¼ v0=c and g ¼ ½1� b2��1=2
. Using the Lorentz gauge one can determine

the scalar electric potential

Fðr; z; tÞ ¼ � e

4pe0

1

v0

1

p

ð1
�1

do exp jo t� z

v0

	 
� �
K0

o
c
r
1

gb

	 

: (2.2.22)

This expression indicates that the field associated with a moving charge is

a superposition of cylindrical evanescent waves (for large arguments the modi-

fied Bessel function decays exponentially following K0ðxÞ ’ exp �xð Þ ffiffiffiffiffiffiffiffiffiffi
p=2x

p
Abramowitz and Stegun 1968, p. 378). There is no electromagnetic average
power emitted by this particle in the radial direction however, this average power

is non-zero in the direction parallel to the particle’s motion – see Exercise 2.2.

When scattered by periodic structures, the evanescent waves can be “converted”

into propagating waves as we shall see when the Smith-Purcell effect will be

discussed in Chap. 5.

2.3 Guided Waves

In all the solutions presented above, no boundaries were involved, while in many of

the topics to be considered, the electromagnetic wave is guided by either a metallic

or dielectric structure. In addition to the injection of electromagnetic power into the

system, metallic/dielectric structures facilitate the storage, the interaction process

itself and ultimately, they allow extraction of the power out of the system.

2.3.1 Transverse Electromagnetic Mode

The simplest mode, which may develop when two metallic surfaces are present, is

the transverse electro-magnetic (TEM) mode. In the first part of this subsection we

consider the way this mode is excited. In conjunction with the electromagnetic field

generated by a moving charge let us consider a radial transmission line consisting
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of two parallel lossless plates; the distance between the plates is denoted by d and it

is much smaller than the (vacuum) wavelength i.e., lð� 2pc=oÞ � d. Subject to
this condition, we ignore the longitudinal variations (@2=@z2 ’ 0 ) therefore, for an

azimuthally symmetric system the wave equation reads

1

r

d

dr
r
d

dr
þ o2

c2

� �
Azðr;oÞ ¼ �m0Jzðr;oÞ: (2.3.1)

An infinitely thin “wire” located on axis carries an oscillatory (o) current, excites
the magnetic vector potential; the corresponding current density is

Jzðr;oÞ ¼ I
1

2pr
dðrÞ: (2.3.2)

Figure 2.4a illustrates schematically the system under consideration. A solution

of the homogeneous wave equation, which satisfies the radiation condition, is

given by

Azðr;oÞ ¼ AþH
ð2Þ
0

o
c
r

� �
; (2.3.3)

and Aþ is determined by the discontinuity at r ¼ 0. Integrating (2.3.1) in the close

vicinity of r ¼ 0,

r
d

dr
Azðr;oÞ

� �
r¼0þ

¼ � m0
2p

I; (2.3.4)

and using the expression for Hankel function for small arguments i.e., H
ð2Þ
0 ðxÞ ’

�j lnðxÞ2=p (Abramowitz and Stegun 1968, p. 360), we obtain Aþ ¼ �jIm0=4.

a

c

b

r
z

2R

a

b
z

xy

d

r
z

Fig. 2.4 (a) Propagation of transverse electro-magnetic (TEM) mode in a radial transmission

linel � d. (b) Propagation of a transverse magnetic (TM) mode in a circular waveguide – see

Sect. 2.3.2. (c) Propagation of transverse electric (TE) mode in rectangular waveguide –

Sect. 2.3.4; the curled arrows represent the direction of propagation of the waves
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The corresponding longitudinal component of the electric field and the azimuthal

counterpart of the magnetic field are

Ezðr;oÞ ¼ �joAzðr;oÞ ¼ �joAþH
ð2Þ
0

o
c
r

� �
;

Hfðr;oÞ ¼ �1

m0

d

dr
Azðr;oÞ ¼ 1

m0

o
c
AþH

ð2Þ
1

o
c
r

� �
: (2.3.5)

With these two components, the radial component of the Poynting vector is

SrðrÞ ¼ � 1

2
EzðrÞH�

fðrÞ; (2.3.6)

and consequently, the total power radiated is

P ¼ Re 2prdSrðrÞ½ � ¼ 1

8

o
c
d

� �
�0I

2: (2.3.7)

In the last expression, we used the asymptotic approximation for large arguments

of Hankel function i.e., H
ð2Þ
0 ðxÞ ’ exp �jxð Þ ffiffiffiffiffiffiffiffiffiffi

2=px
p

(see Abramowitz and Stegun

1968, p. 364). Bearing mind that in steady state the average power dissipated on a

resistor carrying a current I is P ¼ RI2=2, the impedance associated with the

radiation process is

Rrad;TEM � P

I2=2
¼ 1

4
�0

o
c
d

� �
; (2.3.8)

in this expression �0 �
ffiffiffiffiffiffiffiffiffiffiffi
m0=e0

p
is the vacuum impedance of a plane wave. At

9 GHz and for d ¼ 5mm the impedance is 90½O� which is 5 times larger (for

the same parameters) than the radiation impedance in free-space defined as

Rrad ¼ �0 od=cð Þ2=6p 	 18 O½ �. The radiation impedance is a measure, extensively

used in antenna theory, which represents the effect of the surroundings on the

radiation emitted by a source.

2.3.2 Transverse Magnetic Mode

Transverse magnetic (TM) modes can develop in the radial system discussed

previously and their characteristics will be further investigated in Chap. 4, in the

context of periodic structures. Here we review the characteristics of these modes for

a circular cylindrical waveguide of radius R filled with a dielectric material of

relative permittivity er; the relative permeability is taken to unity (mr ¼ 1). We

assume that the walls of the waveguide are made of an ideal conducting material

(s ! 1) therefore, the tangential electric field at the walls vanishes. To this
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configuration, a cylindrical system of coordinates (r;f; z) is attached – see Fig. 2.4b
and the waves are assumed to be excited by an azimuthally symmetric source

therefore we may take @=@f ¼ 0.

The electromagnetic field in the waveguide has two contributions. One is from

the z component of the magnetic vector potential

Azðr; z;oÞ ¼
X1
s¼1

AsJ0 ps
r

R

� �
e�Gsz; (2.3.9)

where

G2
s ¼

p2s
R2

� er
o2

c2
; (2.3.10)

J0ðxÞ is the zero order Bessel function of the first kind and ps are the zeros of

this function (p1 ¼ 2:4048; p2 ¼ 5:52 . . . ). The second, is from the scalar electric

potential F

Fðr; z;oÞ ¼
X1
s¼1

FsJ0 ps
r

R

� �
e�Gsz: (2.3.11)

Lorentz gauge (2.1.38) correlates the two amplitudes, namely

Fs ¼ c2Gs

joer
As: (2.3.12)

In this solution, the waves are assumed to propagate from the source without

obstacles thus no reflected waves were included.

The three non-trivial components of the electromagnetic field are: the azimuthal

magnetic field

Hf ¼ �1

m0

@Az

@r
¼ 1

m0

X1
s¼1

As
ps
R
J1 ps

r

R

� �
e�Gsz (2.3.13)

the radial electric field

Er ¼ � @F
@r

¼
X1
s¼1

As
c2Gs

joer

ps
R
J1 ps

r

R

� �
e�Gsz; (2.3.14)

and the longitudinal electric field

Ez ¼ � @F
@z

� joAz ¼
X1
s¼1

As
c2

joer

ps
R

� �2
J0 ps

r

R

� �
e�Gsz (2.3.15)
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With the electromagnetic field determined, the average magnetic and electric

energy per unit length can be calculated. These are given by

WM ¼ 1

4
m02p

ðR
0

drrjHfj2 ¼ p
2m0

X1
s¼1

jAsj2 p
2
s

R2

R2

2
J21ðpsÞ

� �
e�ðGsþG�

s Þz;

WE ¼ 1

4
e0er2p

ðR
0

drr jErj2 þ jEzj2
h i

¼ p
2
e0er

X1
s¼1

jAsj2 c4

o2e2r

p2s
R2

� �
GsG�

s þ
p2s
R2

� �
R2

2
J21ðpsÞ

� �
e�ðGsþG�

s Þz

(2.3.16)

In these expressions the orthogonality of the Bessel functions was used i.e.,

ðR
0

drrJ0 ps
r

R

� �
J0 ps0

r

R

� �
¼ 1

2
R2J21ðpsÞds;s0 : (2.3.17)

In a similar way, we can determine the total average power that flows in the

waveguide:

P ¼ Re 2p
ðR
0

drr
1

2
ErH

�
f

� �

¼ p
m0

X1
s¼1

jAsj2 p
2
s

R2

R2

2
J21ðpsÞ

� �
Re e� GSþG�

Sð Þz c2Gs

joer

� �
: (2.3.18)

According to this expression, we observe that power is carried along the waveguide

only by the propagating modes namely those which satisfy

G2
s ¼

p2s
R2

� er
o2

c2
< 0: (2.3.19)

The remainders are below cut-off and they do not carry any (real) power. The

situation is different when reflections are present.

2.3.3 Velocities and Impedances

Energy Velocity. In the context of power-flow presented above it is convenient to

define several parameters that help to characterize the interaction of waves and

electron beams in various configurations. For a relatively narrow band signal, the

energy velocity is a measure of the power flow in the system relative to the total

energy stored per unit length namely,
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ven ¼ P

WM þWE

: (2.3.20)

In a circular cylindrical waveguide with a single propagating mode (s ¼ 1), the

energy velocity reads

ven ¼ c
1

er

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
er � p1c

oR

� �2r
: (2.3.21)

From the definition of the energy velocity (2.3.20) it is evident that whenever

more than one mode propagates in the waveguide the energy velocity is dependent

on the relative amplitudes of the various modes. Another point which should be

emphasized since it will be encountered again later in this text is the fact that even if

only one mode propagates and there is a substantial amount of energy stored in

the higher non-propagating modes, the energy velocity will be much slower than

indicated by the expression in (2.3.21).

Phase Velocity. A general definition of this quantity was introduced in Sect. 2.2.3

(2.2.14). In a cylindrical waveguide with no dielectric, the phase velocity is always

larger than c. However if er > 1þ ðp1c=oRÞ2 the phase velocity is smaller than c. In
fact, for high frequencies (oR=c � p1) the phase velocity is determined entirely by

the medium: vph 	 c=
ffiffiffiffi
er

p
.

Group Velocity. This is a kinematical quantity indicative of the propagation of

a relatively smooth spectrum of waves. To envision the meaning of the group

velocity, imagine that a system is fed by two waves oscillating at adjacent

frequencies o1 ¼ oþ Do, o2 ¼ o� Do having the form

f ðz; tÞ ¼ cosðo1t� K1zÞ þ cosðo2t� K2zÞ; (2.3.22)

where the wave-numbers K1 ¼ k þ Dk, K2 ¼ k � Dk are the corresponding wave-

numbers with k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðo=cÞ2 � ðp1=RÞ2

q
. Explicitly we can now write the expression

in (2.3.22) as

f ðz; tÞ ¼ 2 cosðDot� DkzÞ cosðot� kzÞ: (2.3.23)

Assuming that jDoj � o, we can consider the first trigonometric function as a

slow varying amplitude. As such, we can ask what has to be the velocity of an

observer in order to experience a constant amplitude i.e., Dodt� Dkdz ¼ 0; in this

case, the answer will be vgr � Do
Dk or at the limit of Do ! 0,

vgr � @o
@k

: (2.3.24)

If the dielectric coefficient is not frequency dependent, the group velocity of a

propagating TM mode is vgr ¼ c2k=oer and it satisfies
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vgrvph ¼ c2

er
: (2.3.25)

Although this relation is valid only for uniformly filled waveguide it provides

information about the general trend in the variation of the group velocity as the

(effective) dielectric coefficient changes in partially loaded systems.

Characteristic Impedance. There are several kinds of impedances that can be

defined. Two of which will be defined here and a third one, will be defined in

Chap. 8. The first is basically oriented towards the propagation of the electromag-

netic mode in the structure and this is the characteristic impedance which is the ratio

between the two transverse components of the field, Er and Hf, it reads

Zch � Er

Hf
¼ �0

cGs

joer
: (2.3.26)

Interaction Impedance. The second impedance is indicative of the electric field

which a thin pencil or annular beam experiences as it traverses the waveguide. For

this purpose, we define the effective longitudinal electric field in the region where

the electron beam will be injected. For a pencil beam (0 
 r 
 Rb) this is given by

jEðzÞj2 � 2

R2
b

ðRb

0

drrjEzðr; z;oÞj2; (2.3.27)

whereas for an annular beam (Rb � D=2brbRb þ D=2) it reads

jEðzÞj2 � 1

DRb

ðRbþD=2

Rb�D=2
drrjEzðr; z;oÞj2: (2.3.28)

For either one of the cases we define the interaction impedance as

Zint � 1

2
jEðzÞj2pR2 1

PðzÞ : (2.3.29)

Note that although we are motivated by the presence of a beam of electrons, all

the quantities in the definition of the interaction impedance are “cold” quantities

namely, they do not account for the presence of the beam. It should be pointed out

that the definition introduced here differs from Pierce’s [Pierce (1947)] definition,

Zint ¼ jEj2=2k2P by the factor k2 which was replaced by the inverse of the area

where the wave propagates, 1=pR2. This definition is in particular useful in tapered

structures where the internal radius of the system is kept constant but the other

geometric parameters may vary in space such that the phase velocity varies.

For our particular system the interaction impedance reads

Zint ¼ �0
p1
er

c

oR

� �2
J20ðp1Rb=RÞ þ J21ðp1Rb=RÞ

J21ðp1Þ
1

ben
; (2.3.30)
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here ben ¼ ven=c is the normalized energy velocity which in many cases is equal or

close to the group velocity (in this particular case it is equal). One may expect to

achieve maximum efficiency when the longitudinal electric field ½EðzÞ� experienced
by the electron is maximum. Therefore, according to the definition in (2.3.29), from

the point of view of the beam-wave interaction, the purpose should be to design

a structure with the highest interaction impedance. According to (2.3.30) there

are three possibilities: (1) operate at low frequency, which in many cases is not

desirable, (2) have a structure with small radius which might be acceptable or (3)

design a structure with low energy (group) velocity. It should be pointed out that

these three possibilities are interdependent since for example, the energy velocity

depends on both frequency and radius. One possibility to design a low group

velocity structure is to have a small radius.

Interaction Dielectric Coefficient. This quantity is indicative of the total average
electromagnetic energy stored per unit length in terms of the longitudinal compo-

nent of the electric field experienced by a thin annular/pencil beam:

eint � WðzÞ 1

2
e0jEðzÞj2pR2

� ��1

: (2.3.31)

In our particular case it reads

eint ¼ er
p1

o
c
R

� �2
J21ðp1Þ

J20ðp1Rb=RÞ þ J21ðp1Rb=RÞ
: (2.3.32)

Note that according to the definitions of the interaction impedance (2.3.29) and

the effective dielectric coefficient (2.3.31) their product is inversely proportional to

the energy velocity:

Zinteint ¼ �0
1

ben
: (2.3.33)

Since the definitions above (2.3.29) and (2.3.31) are general, as long as there is

only one dominant mode in the system, the result in the last expression is also

general.

2.3.4 Transverse Electric Mode

In many cases, electromagnetic power is transferred along a waveguide in the

transverse electric (TE) mode due to its low loss (Ramo et al. 1965, p. 424). In

many devices, power is extracted using rectangular waveguides, therefore we

consider next the characteristics of such a waveguide. In Sect. 2.3.1 we examined

the radiation emitted from a dipole oscillating in azimuthally symmetric radial
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transmission line. In this geometry, the main mode generated was the transverse

electro-magnetic (TEM) mode. In this section, we consider the same problem in a

rectangular waveguide whose wide dimension is a and the narrow one is b – see

Fig. 2.4c. Variations along the narrow dimension are neglected (@=@y 	 0). An

infinitesimally thin “wire” (dipole) is located in the center of the waveguide and it

prescribes a current density given by

Jyðx; z;oÞ ¼ Id x� a

2

� �
dðzÞ: (2.3.34)

It excites the transverse electric field Eyðx; z;oÞ that satisfies

@2

@x2
þ @2

@z2
þ o2

c2

� �
Eyðx; z;oÞ ¼ jom0Jyðx; z;oÞ; (2.3.35)

subject to the boundary conditions: Eyðx ¼ 0; z;oÞ ¼ 0 and Eyðx ¼ a; z;oÞ ¼ 0.

The solution can be represented as a superposition of trigonometric functions i.e.,

Eyðx; z;oÞ ¼
X1
n¼1

Enðz;oÞ sin pn
a
x

� �
; (2.3.36)

where Enðz;oÞ satisfies

d2

dz2
� pn

a

� �2
þ o2

c2

� �
Enðz;oÞ ¼ jom0I sin

p
2
n

� � 2
a
dðzÞ � IndðzÞ: (2.3.37)

For z> 0 the solution of this equation is

Enðz> 0Þ ¼ Aþe�Gnz; (2.3.38)

and for z< 0

Enðz< 0Þ ¼ A�eGnz; (2.3.39)

where G2
n ¼ ðpn=aÞ2 � ðo=cÞ2. The transverse electric field has to be continuous at

z ¼ 0 thus

Aþ ¼ A�; (2.3.40)

whereas its derivative is discontinuous. The discontinuity is determined by the

Dirac delta function in (2.3.37) therefore by integrating the latter we obtain

d

dz
EnðzÞ

� �
z¼0þ

� d

dz
EnðzÞ

� �
z¼0�

¼ In; (2.3.41)
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hence

� GnAþ � GnA� ¼ In: (2.3.42)

From (2.3.40), (2.3.42) we conclude that the transverse electric field reads

Eyðx; z;oÞ ¼ �
X1
n¼1

In
2Gn

e�Gnjzj sin
pn
a
x

� �
: (2.3.43)

As in Sect. 2.3.1 we next calculate the power generated by the current distribution

in (2.3.34). For this purpose the transverse magnetic field is calculated since it

is the only component which contributes to the longitudinal component of the

Poynting vector; Hx for z> 0 reads

Hxðx; z> 0;oÞ ¼ �
X1
n¼1

Gn

jom0

In
2Gn

e�Gnz sin
pn
a
x

� �
: (2.3.44)

Before proceeding note that similar to the transverse magnetic mode, the phase

velocity (for o> pnc=a and er ¼ 1) is always larger than c. Nevertheless, the
characteristic impedance (in vacuum) of the nth propagating mode,

Zch;TE � Ey

Hx
¼ jom0

Gn
(2.3.45)

is always larger than the vacuum impedance (�0), in contrast to the TM mode,

where the characteristic impedance is always smaller than �0.
Now we can focus our attention to the power flow: the average power which

flows in the positive z direction, assuming a single mode above cut-off, is given by

Pþ ¼ 1

2

I1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðo=cÞ2 � ðp=aÞ2

q I�1
2om0

1

2
ab: (2.3.46)

The radiation impedance is determined by the power emitted in both directions

divided by 1
2
jIj2 and it reads

Rrad;TE � Pþ þ P�
1

2
jIj2

¼ �0
ob=cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðoa=cÞ2 � p2
q ¼ b

a
Zch;TE: (2.3.47)

At 9 GHz, and for a ¼ 2:5 cm, b ¼ 0:5 cm, this impedance is 100O which is close

to that calculated in the case of the radial transmission line as calculated in

Sect. 2.3.1.
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2.3.5 TE, TM and Hybrid Modes in a Dielectric Waveguide

Pure TM or TE modes are possible only in a limited set of geometries. In most cases

these modes are coupled and in this section we present a well-known configuration

that supports either TE, TM or hybrid modes – this is the dielectric waveguide. In

its simplest configuration it consists of a dielectric (er) fiber of radius R. For
small-diameter rods, the field extends for a considerable distance beyond the

surface, and the axial propagation constant kz is only slightly larger than o=c.
At the limit of an infinite radius kz ¼ o

ffiffiffiffi
er

p
=c. The field components, omitting

the term exp �jnf� jbzð Þ, are determined in Table 2.1; L2 ¼ ero2=c2 � k2z and

G2 ¼ k2z � o2=c2; the prime indicates differentiation with respect to the arguments

of the corresponding Bessel functions.

Imposing of the boundary conditions at r ¼ R leads to the dispersion relation

eJ0nðaÞ
aJnðaÞ �

K0
nðbÞ

bKnðbÞ
� �

J0nðaÞ
aJnðaÞ þ

K0
nðbÞ

bKnðbÞ
� �

¼ n
ckz
o

ðb2 þ a2Þ
a2b2

� �2
(2.3.48)

where a ¼ LR; b ¼ GR. When n ¼ 0, the right-hand side vanishes, and each factor

on the left-hand side must equal zero. These two terms determine the dispersion of

the axially symmetric TM and TE modes:

TM modes :
erJ00ðaÞ
aJ0ðaÞ ¼ K0

0ðbÞ
bK0ðbÞ

TE modes :
J00ðaÞ
aJ0ðaÞ ¼ � K0

0ðbÞ
bK0ðbÞ :

(2.3.49)

Based on their definitions, a and b are related by a2 þ b2 ¼ er � 1ð Þ oR=cð Þ2:
Clearly, pure TM or TE modes are possible only if the field is independent of the

azimuthal coordinate f namely, n ¼ 0. As the radius of the rod increases, the

number of TM and TE modes also increases. All modes with angular dependence

are a combination of a TM and a TE mode, and are classified as hybrid modes.

Table 2.1 Field components in a cylindrical dielectric waveguide

r<R r>R

Ez ¼ AnJnðLrÞ
Er ¼ � jkz

L
AnJ

0
n � nom0

L2r
BnJn

Ef ¼ � nkz

L2r
AnJn þ jom0

L
BnJ

0
n

Hz ¼ BnJnðLrÞ
Hr ¼ noe

L2r
AnJn � jkz

L
BnJ

0
n

Hf ¼ � joe
L

AnJ
0
n � nkz

L2r
BnJn

Ez ¼ CnKnðGrÞ
Er ¼ jkz

G
CnK

0
n þ nom0

G2r
DnKn

Ef ¼ � nkz

G2r
CnKn � jom0

G
DnK

0
n

Hz ¼ DnKnðGrÞ
Hr ¼ � noe0

G2r
CnKn � jkz

G
DnK

0
n

Hf ¼ joe0
G

CnK
0
n þ nkz

G2r
DnKn
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Comment 2.4. Contrary to metallic waveguide the HE11 mode, for example, has

no low-frequency cutoff.

2.4 Green’s Scalar Theorem

Green’s function is a useful tool for calculation of electromagnetic field generated

by a distributed source (particles) subject to the boundary conditions imposed by

the structure. The logic behind the method presented below is the following: instead

of solving for an arbitrary source we solve for a point source and by virtue of the

linearity of Maxwell’s equations, the field at a given location is a superposition of

all the point sources that constitute the real source.

Let us assume that we have to solve the non-homogeneous wave equation:

r2 þ o2

c2

� �
cðrÞ ¼ �sðrÞ; (2.4.1)

where sðrÞ is an arbitrary source which is assumed to be known. Instead of solving

this equation let us assume for the moment that we know how to solve a simpler

problem namely,

r2 þ o2

c2

� �
Gðrjr0Þ ¼ �dðr� r0Þ; (2.4.2)

where the coefficient of the Dirac delta function on the right-hand side was chosen

such that the result of the integration over the entire space is unity. We can then

multiply (2.4.1) by Gðrjr0Þ and (2.4.2) by cðr0Þ, subtract the two results to obtain

Gðrjr0Þr2cðr0Þ � cðr0Þr2Gðrjr0Þ ¼ �Gðrjr0Þsðr0Þ þ cðr0Þdðr� r0Þ: (2.4.3)

Integrating over the entire and using Gauss’ theorem, we get

cðrÞ ¼
ð
V

dV0Gðrjr0Þsðr0Þ þtda0 � Gðrjr0Þr0cðr0Þ � cðr0Þr0Gðrjr0Þ½ �; (2.4.4)

t is a surface integral which encloses the volume V. This is the scalar Green’s

theorem. In free space Green’s theorem reads

cðrÞ ¼
ð
V

dV0Gðrjr0Þsðr0Þ: (2.4.5)

Next, we employ Green’s theorem for the calculation of the Cerenkov effect in

two cases: firstly, in a boundless system and secondly in a waveguide.
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2.4.1 Cerenkov Radiation in the Boundless Case

Let us examine the electromagnetic field generated by a charge ðeÞ as it moves in

gas a medium which is characterized by a dielectric coefficient larger than unity,

er > 1; its velocity is v. For simplicity sake, it will be assumed that the dielectric

coefficient is frequency-independent.

A current density described by the same expression as in (2.2.15) drives the

system and for an azimuthally symmetric medium the wave equation is

1

r

@

@r
r
@

@r
þ @2

@z2
� er

1

c2
@2

@t2

� �
Azðr; z; tÞ ¼ �m0Jzðr; z; tÞ; (2.4.6)

the other two components of the magnetic vector potential are zero and the electric

scalar potential can be determined using Lorentz gauge. The time Fourier transform

of the magnetic vector potential is defined by

Azðr; z; tÞ ¼
ð1
�1

doejotAzðr; z;oÞ; (2.4.7)

where Azðr; z;oÞ satisfies

1

r

@

@r
r
@

@r
þ @2

@z2
þ er

o2

c2

� �
Azðr; z;oÞ ¼ �m0Jzðr; z;oÞ; (2.4.8)

and the time Fourier transform of the current density in (2.2.15) is

Jzðr; z;oÞ ¼ � e

ð2pÞ2r dðrÞexp �j
o
v
z

� �
: (2.4.9)

Green’s function associated with this problem is a solution of

1

r

@

@r
r
@

@r
þ @2

@z2
þ er

o2

c2

� �
Gðr; zjr0; z0Þ ¼ �1

2pr
dðr � r0Þdðz� z0Þ (2.4.10)

which can be represented by

Gðr; zjr0; z0Þ ¼
ð1
�1

dkgkðrjr0Þ exp �jk z� z0ð Þ½ �; (2.4.11)

and gkðrjr0Þ satisfies

1

r

d

dr
r
d

dr
� G2

� �
gkðrjr0Þ ¼ � 1

ð2pÞ2r dðr � r0Þ; (2.4.12)

2.4 Green’s Scalar Theorem 49



where

G2 ¼ k2 � er
o2

c2
: (2.4.13)

The solution of this equation for r> r0 > 0 is

gkðrjr0 < rÞ ¼ F1ðr0ÞK0ðGrÞ; (2.4.14)

and for r0 > r> 0 it reads

gkðr< r0jr0Þ ¼ F2ðr0ÞI0ðGrÞ: (2.4.15)

The function gkðrjr0Þ has to be continuous at r ¼ r0 i.e.,

F1ðr0ÞK0ðGr0Þ ¼ F2ðr0ÞI0ðGr0Þ; (2.4.16)

whereas its derivative is discontinuous at the same location. To determine the

discontinuity we integrate (2.4.12)

r
d

dr
gðrjr0Þ

� �
r¼r0þ0

� r
d

dr
gðrjr0Þ

� �
r¼r0�0

¼ � 1

ð2pÞ2 ; (2.4.17)

hence

� r0F1ðr0ÞGK1ðGr0Þ � r0F2ðr0ÞGI1ðGr0Þ ¼ � 1

ð2pÞ2 : (2.4.18)

From (2.4.16), (2.4.18) and using the fact that K0ðxÞI1ðxÞ þ K1ðxÞI0ðxÞ ¼ 1=x
(see Abramowitz and Stegun 1968, p. 375) we finally obtain

gkðrjr0Þ ¼ 1

ð2pÞ2
I0ðGrÞK0ðGr0Þ for 0 
 r 
 r0 <1;
K0ðGrÞI0ðGr0Þ for 0 
 r0 
 r<1:

�
(2.4.19)

This expression together with (2.4.11) determine Green’s function in a boundless

space.

With this function, Green’s theorem (2.4.5) and the current density as given in

(2.4.9), we can determine the magnetic vector potential. It reads

Azðr; z;oÞ ¼ � em0
ð2pÞ2 K0

o
c
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b�2 � n2

q	 

exp �j

o
v
z

� �
; (2.4.20)

where n � ffiffiffiffi
er

p
is the refractive index of the medium. If we examine this solution

far away from the source and use the asymptotic value for large arguments
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ðo=cÞrj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b�2 � n2

p
j � 1

h i
of the modified Bessel function, the magnetic vector

potential reads

Azðr; z;oÞ / exp �o
c
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b�2 � n2

q	 

exp �j

o
v
z

� �
: (2.4.21)

If n is smaller than 1=b the field decays exponentially in the radial direction since,

as in vacuum, this is an evanescent wave.
When the velocity of the particle, v ¼ bc, is larger than the phase velocity of a

plane wave in the medium (c=n) i.e., b> 1=n, the expression above represents

a propagating wave – this is called Cerenkov radiation. The emitted wave is not

parallel to the electron’s trajectory but it propagates at an angle y relative to this

direction (z axis) given by

kz ¼ o
c
n cos y ¼ o

c

1

b
(2.4.22)

This determines what it is known as the Cerenkov radiation angle, yc

yc ¼ cos�1 1

nb

	 

: (2.4.23)

Since the phase velocity of the wave is smaller than that of the particle, clearly,

the radiation lags behind the particle. This fact will become evident in the next

subsection. However, before proceeding, it is important to make a comment

regarding Cerenkov radiation emitted by a single particle and an ensemble of N
electrons: by virtue of the linearity of Maxwell’s equation the total field is a

superposition of the contributions of all electrons. For wavelengths significantly

longer than the bunch-length, the various contributions add up coherently and since
the power is proportional to the square of the field, the emitted power is propor-

tional to the square of the number of electrons (P / N2) – this is also referred to as

coherent radiation. For wavelengths shorter than the bunch, the average field

vanishes therefore, the total power is a product of the power emitted by a single

electron and the number of electrons. The proof is left to the reader and the details

are phrased as an Exercise 2.7 at the end of this chapter.

2.4.2 Cerenkov Radiation in a Cylindrical Waveguide

In this subsection we consider the electromagnetic field associated with the sym-

metric transverse magnetic (TM) mode in a dielectric filled waveguide. As in the

previous subsection, the source of this field is a particle moving at a velocity v,

however, the main difference is that the solution has a constraint since on the
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waveguide’s wall ðr ¼ RÞ the tangential electric field vanishes. Therefore, we

calculate Green’s function subject to the condition Gðr ¼ R; zjr0; z0Þ ¼ 0. We

assume a solution of the form

Gðr; zjr0; z0Þ ¼
X1
s¼1

Gsðzjr0; z0ÞJ0 ps
r

R

� �
; (2.4.24)

substitute in (2.4.10) and use the orthogonality of the Bessel functions we find that

Gsðzjr0; z0Þ ¼ J0 ps
r0

R

	 

1

1

2
R2J21ðpsÞ

gsðzjz0Þ; (2.4.25)

where gsðzjz0Þ satisfies

d2

dz2
� G2

s

� �
gsðzjz0Þ ¼ � 1

2p
dðz� z0Þ; (2.4.26)

and G2
s ¼ p2s=R

2 � ero2=c2: For z> z0 the solution of (2.4.26) is

gsðzjz0Þ ¼ Aþe�Gsðz�z0Þ; (2.4.27)

and for z< z0 the solution is

gsðzjz0Þ ¼ A�eGsðz�z0Þ: (2.4.28)

Green’s function is continuous at z ¼ z0 i.e.,

Aþ ¼ A�; (2.4.29)

and its first derivative is discontinuous. The discontinuity is determined by

integrating (2.4.26) from z ¼ z0 � 0 to z ¼ z0 þ 0 i.e.,

d

dz
gsðzjz0Þ

� �
z¼z0þ0

� d

dz
gsðzjz0Þ

� �
z¼z0�0

¼ � 1

2p
: (2.4.30)

Substituting the two solutions introduced above, and using (2.4.29) we obtain

gsðzjz0Þ ¼ 1

4pGs
exp �Gs z� z0j jð Þ: (2.4.31)

Finally, the explicit expression for the Green’s function corresponding to azimuth-

ally symmetric TM modes in a circular waveguide is given by
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Gðr; zjr0; z0Þ ¼
X1
s¼1

J0ðpsr=RÞJ0ðpsr0=RÞ
1

2
R2J21ðpsÞ

1

4pGs
exp �Gs z� z0j jð Þ: (2.4.32)

In this expression, we tacitly assumed that o> 0 and Gs is non-zero.

With Green’s function established, we can calculate the magnetic vector poten-

tial generated by the current distribution described in (2.4.9); the result is

Azðr; z;oÞ ¼ 2pm0

ðR
0

dr0r0
ð1
�1

dz0Gðr; zjr0; z0ÞJzðr0; z0Þ

¼ � em0
8p2

X1
s¼1

J0ðpsr=RÞ
1

2
R2J21ðpsÞ

2

G2
s þ o2=v2

e�jðo=vÞz:
(2.4.33)

It will be instructive to examine this expression in the time domain; the Fourier

transform is

Azðr; z; tÞ ¼ � e

2p2e0R2

b2

1� n2b2
X1
s¼1

J0ðpsr=RÞ
J21ðpsÞ

ð1
�1

do
ejoðt�z=vÞ

o2 þ O2
s

; (2.4.34)

where

O2
s ¼

psc

R

� �2 b2

1� n2b2
: (2.4.35)

Equivalently, this result may be interpreted as the interception of the disper-

sion relation � k2z � ps=Rð Þ2 þ er o=cð Þ2 ¼ 0 and the “beam-line” kz ¼ o=v. With

this definition, the problem has been now simplified to the evaluation of the

integral

Fsðt ¼ t� z=vÞ �
ð1
�1

do
ejot

o2 þ O2
s

; (2.4.36)

which in turn is equivalent to the solution of the following differential equation

d2

dt2
� O2

s

� �
FsðtÞ ¼ �2pdðtÞ: (2.4.37)

Case I: If the particle’s velocity is slower than the phase velocity of a plane wave in
the medium (nb< 1) then O2

s > 0 and the solution for t> 0 is

Fsðt> 0Þ ¼ Aþe�Ost; (2.4.38)
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or

Fsðt< 0Þ ¼ A�eOst: (2.4.39)

As previously, in the case of Green’s function, FsðtÞ has to be continuous at t ¼ 0

and its derivative is discontinuous:

d

dt
FsðtÞ

	 

t¼0þ

� d

dt
FsðtÞ

	 

t¼0�

¼ �2p: (2.4.40)

When the velocity of the particle is smaller than c=n (i.e., nb< 1) the character-

istic frequency Os is real, therefore

FsðtÞ ¼ p
Os

e�Osjtj; (2.4.41)

and consequently,

Azðr; z; tÞ ¼ � e

2pe0R2

b2

1� b2n2
X1
s¼1

J0ðpsr=RÞ
J21ðpsÞOs

e�Osjt�z=vj: (2.4.42)

This expression represents a discrete superposition of evanescent modes

attached to the particle.

Case II: If the particle’s velocity is faster than the phase velocity of a plane wave
in the medium ðnb> 1Þ then O2

s < 0. In this case the waves are slower than the

particle and there is no electromagnetic field in front of the particle i.e.,

Fsðt< 0Þ ¼ 0: (2.4.43)

By virtue of the continuity at t ¼ 0 we have for t> 0

Fsðt> 0Þ ¼ Aþ sin jOsjtð Þ: (2.4.44)

Substituting these two expressions in (2.4.40) we obtain

FsðtÞ ¼ � 2p
jOsj sin jOsjtð ÞhðtÞ; (2.4.45)

and the magnetic vector potential reads

Azðr; z; tÞ ¼ � e

pe0R2

b2

n2b2 � 1

X
s¼1

J0ðpsr=RÞ
J21ðpsÞjOsj

sin jOsj t� z

v

� �h i
h t� z

v

� �
;

(2.4.46)
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where hðxÞ is the Heaviside step function. This expression indicates that when

the velocity of the particle is larger than c=n, there is a discrete superposition of

propagating waves traveling behind the particle. Furthermore, all the waves have

the same phase velocity which is identical with the velocity of the particle, v. It is

important to bear in mind that this result was obtained after tacitly assuming that er
is frequency independent which generally is not the case, therefore the summation

is limited to a finite number of modes. The modes which contribute are determined

by the Cerenkov condition nðo ¼ OsÞb> 1.

After we established the magnetic vector potential, let us now calculate the

average power which trails behind the particle. Firstly, the azimuthal magnetic field

is given by

Hfðr; z; tÞ ¼ �1

m0

@

@r
Azðr; z; tÞ

¼ 1

m0

X
s¼1

As
ps
R
J1 ps

r

R

� �
sin jOsj t� z

v

� �h i
h t� z

v

� �
;

(2.4.47)

where

As ¼ � e

pe0R2

b2

n2b2 � 1

1

J21ðpsÞjOsj
: (2.4.48)

Secondly, the radial electric field is determined by the electric scalar potential,

which in turn is calculated using the Lorentz gauge, and it reads

Erðr; z; tÞ ¼ � @

@r
Fðr; z; tÞ

¼ c2

erv

X
s¼1

As
ps
R
J1 ps

r

R

� �
sin jOsj t� z

v

� �h i
h t� z

v

� �
:

(2.4.49)

With these expressions, we can calculate the average electromagnetic power

trailing the particle. It is given by

P ¼ e2bc
2pe0erR2

1

erb
2 � 1

X
s

1

J21ðpsÞ
: (2.4.50)

Note that for ultra relativistic particle (b ! 1) the power is independent of the

particle’s energy. In order to have a measure of the radiation emitted consider a very

small bunch of N 	 1011 electrons injected in a waveguide whose radius is 9.2 mm.

The waveguide is filled with a material whose dielectric coefficient is er ¼ 2:6 and

all electrons have the same energy 450 keV. If we were able to keep their velocity

constant, then 23 MW of power at 11.4 GHz (first mode, s ¼ 1) will trail the bunch.
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Further examining this expression we note that the average power is quadratic with

the frequency i.e.,

P �
X
s¼1

Ps ¼ ðNeÞ2
2pe0erbc

X
s¼1

jOsj2
½psJ1ðpsÞ�2

: (2.4.51)

In addition, based on the definition of the Fourier transform of the current

density in (2.4.9), we conclude that the current which this macro-particle excites

in the s0th mode is Is ¼ eNOs=2p. With this expression, the radiation impedance of

the first mode (s ¼ 1) is

RC;1 ¼ P1

1

2
jI1j2

¼ �0
4p

erb p1J1ðp1Þ½ �2 : (2.4.52)

For a relativistic particle, b ’ 1, a dielectric medium er ¼ 2:6 the radiation

impedance corresponding to the first mode is ’ 1;200O which is one order of

magnitude larger than that of a dipole in free space or between two plates. Note

that this impedance is independent of the geometry of the waveguide and for an

ultra-relativistic particle it is independent of the particle’s energy.

2.4.3 Coherent Cerenkov Radiation

Once we established the radiation from a single bunch, it is possible to proceed and

investigate a distribution of electrons rather than a point-charge. For an ensemble of

electrons the field components are

Hf ¼ 1

m0

X
s¼1

As
ps
R
J1 ps

r

R

� �
J0 ps

ri
R

� �
sin jOsj t� z� zi

v

� �h i
h t� z� zi

v

� �D E
i

Er ¼ c2

erv

X
s¼1

As
ps
R
J1 ps

r

R

� �
J0 ps

ri
R

� �
sin jOsj t� z� zi

v

� �h i
h t� z� zi

v

� �D E
i

As ¼ � eN

pe0R2

b2

n2b2 � 1

1

J21ðpsÞjOsj
:

(2.4.53)

wherein ::::h i represents the ensemble average; Nis the total number of electrons in

the bunch. For simplicity sake, we assume that the electrons are uniformly

distributed in the radial direction ð0< r<RbÞ and the transverse and longitudinal

distributions are independent thus
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Hf ¼ 1

m0

X
s¼1

As
ps
R
J1 ps

r

R

� �
sin jOsj t� z� zi

v

� �h i
h t� z� zi

v

� �D E
i

Er ¼ c2

erv

X
s¼1

As
ps
R
J1 ps

r

R

� �
sin jOsj t� z� zi

v

� �h i
h t� z� zi

v

� �D E
i

As ¼ � eN

pe0R2

b2

n2b2 � 1

1

J21ðpsÞjOsj
2J1 psRb=Rð Þ

psRb=Rð Þ : (2.4.54)

Defining z ¼ vt� z, the power emitted is given by

P zð Þ ¼ eNð Þ2
pe0erR2

v

n2b2 � 1

X
s

2J1 psRb=Rð Þ
psRb=Rð ÞJ1 psð Þ

� �2
sin

jOsj
v

zþ zið Þ
� �

h zþ zið Þ
� 
2

i

(2.4.55)

In case of a single bunch of length D, the trailing power is

Pav

eNð Þ2v
2pe0R2

¼ 1=er
erb

2 � 1

X
s

2J1 psRb=Rð Þ
psRb=Rð ÞJ1 psð Þ sinc

ps
2

D=Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

 !" #2
(2.4.56)

Figure 2.5 illustrates the normalized spectrum as expressed above as a function

of s; note that it decreases rapidly thus the convergence is expected to be quick.

Analysis of the maximum average power trailing behind the bunch reveals that

Pav

eNð Þ2v
2pe0R2

’
2=er

erb
2 � 1

c1 þ c2
Rb

R

	 
2
þ c3 þ c4

ffiffiffiffiffi
Rb

R

r !
D
R

	 
2
1

erb
2 � 1

(2.4.57)
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Fig. 2.5 Normalized

spectrum of Cerenkov

radiation emitted by a finite

size azimuthally symmetric

bunch in a dielectric filled

waveguide of radius R. Only

the first 10 modes are shown
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is an excellent approximation. In this expression c1 ’ 0:0048, c2 ’ 1:747,
c3 ’ 0:259 and c4 ’ 1:271; 0:005<Rb=R< 0:2 and 0:1<D=R< 10. For a quanti-

tative comparison, Fig. 2.6 shows the exact and the approximate average power

generated by a finite size bunch. Some other interesting features are formulated as

an Exercise 2.8 at the end of this chapter. In particular, one may investigate ways to

suppress the coherent radiation.
Taking the same number of electrons ðNÞ but splitting them into a train of

bunches ðMÞ the discrete spectrum excited in the waveguide undergoes an addi-

tional selection associated with the bunches spacing. As in the single bunch case,

the bunches are identical in size (radius Rb and length D) their spacing is L.
A similar approach as above, results into the following expression for the average

power trailing behind the train

Pav

eNð Þ2v
2pe0R2

¼ 1=er
erb

2 � 1

X
s

2J1 ps
Rb

R

	 


ps
Rb

R
J1 psð Þ

sinc
psD=2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

 ! sinc
psL=2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p M

 !

sinc
psL=2Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p
 !

2
66664

3
77775

2

:

(2.4.58)

The last term, sinc2 uMð Þ=sinc2ðuÞ, is responsible to the selection associated with
the train configuration. If u is not an integer number of p (off resonance condition),

then the term is proportional toM�2 implying that the total power is reduced by this

factor and there is no advantage in splitting the bunch into a train of bunches.

However, if we can ensure resonance namely, for a given s the bunch spacing is

chosen such that u � OsL=2v ¼ pn, it is possible to generate a total average power

that is of the same order of magnitude as if all the electrons were forming a single

bunch. In order to reveal this selection associated with the train’s configuration it is

convenient to normalize the average power to the case of a single bunch ðM ¼ 1Þ –
this is illustrated in Fig. 2.7.
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When scanning the normalized power there are many possible values of Lthat
facilitate power levels of the order of that generated when all the electrons form a

single bunch. In the example illustrated in Fig. 2.7, the spacing choice has taken

into consideration the fact that for s � 1, psþ1 � ps 	 p. This fact facilitates:

us¼4 ¼ 3p, us¼9 ¼ 7p, us¼14 ¼ 11p . . .. which is reflected in the following plot

(Fig. 2.8) of the spectrum of the first 20 modes.

It is evident that at resonance the spectrum is identical to that of a single

bunch and in parallel, the spectrum of the off resonance frequencies is significantly

suppressed. Note that there is no significant difference between the case M ¼ 10

and M ¼ 100. For a different choice of bunch-spacing, at resonance, it is pos-

sible to have one or at least a few resonant peaks and still to get a substantial

fraction of the power generated by a single bunch. The reader is referred to

Exercise 2.9 in order to examine additional options associated with the choice of

parameters.
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2.4.4 Cerenkov Force

In the previous subsection we examined the radiation trailing one or more bunches

moving in a dielectric medium with a velocity larger than the phase velocity of a

plane wave in the material. Obviously, this emitted energy comes at the expense of

its kinetic energy. In other words, the particle is decelerated. It is the goal of this

subsection to examine this decelerating force in detail. With this purpose in mind

we consider a simple model consisting of a charge �eð Þ moving at a constant

velocity vð Þ in a vacuum channel of radius R surrounded by a dielectric medium er.
The evanescent waves attached to the charged particle impinge upon the disconti-

nuity at r ¼ R and they are partially reflected and partially transmitted. It is the

reflected wave which acts back on the electron decelerating it; the corresponding

current density is described by (2.2.15) whereas its time Fourier transform by

(2.4.9). Correspondingly, this current density generates a magnetic vector potential

determined by

Azðr<R; z;oÞ ¼ 2pm0

ð1
�1

dz0
ðR
0

dr0r0Gðr; zjr0; z0ÞJzðr0; z0;oÞ

þ
ð1
�1

dkrðkÞe�jkzI0ðGrÞ; (2.4.59)

and

Azðr>R; z;oÞ ¼
ð1
�1

dktðkÞe�jkzK0ðLrÞ; (2.4.60)

where G2 ¼ k2 � ðo=cÞ2, L2 ¼ k2 � erðo=cÞ2, Gðr0; z0jr; zÞ is the boundless

Green’s function as defined in (2.4.11), (2.4.19) but for vacuum i.e.,

Gðr0; z0jr; zÞ ¼ 1

ð2pÞ2
ð1
�1

dke�jkðz�z0Þ I0ðGrÞK0ðGr0Þ r< r0;
K0ðGrÞI0ðGr0Þ r0 < r:

�
(2.4.61)

The amplitudes r and t represent the reflected and transmitted waves corre-

spondingly. In order to determine these amplitudes we have to impose the boundary

conditions at r ¼ R. For this purpose, it is convenient to write the solution of the

magnetic vector potential off-axis as

Azð0< r<R; z;oÞ ¼
ð1
�1

dke�jkz rðkÞI0ðGrÞ þ aðkÞK0ðGrÞ½ �; (2.4.62)

where

aðkÞ ¼ � em0
ð2pÞ2 d k � o

v

� �
: (2.4.63)
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From the continuity of the longitudinal electric field (Ez) we conclude that

c2

jo
o2

c2
� k2

� �
rðkÞI0ðGRÞ þ aðkÞK0ðGRÞ½ � ¼ c2

joer
er
o2

c2
� k2

� �
tðkÞK0ðLRÞ:

(2.4.64)

In a similar way the continuity of the azimuthal magnetic field implies

G rðkÞI1ðGRÞ � aðkÞK1ðGRÞ½ � ¼ �LtðkÞK1ðGRÞ: (2.4.65)

At this stage, we introduce the (normalized) impedances ratio

z � 1

er
L
G

K0ðLRÞ
K1ðLRÞ ; (2.4.66)

by whose means the amplitudes of the reflected waves are given by

r ¼ a
zK1ðGRÞ � K0ðGRÞ
zI1ðGRÞ þ I0ðGRÞ : (2.4.67)

On axis, the only non-zero field is the longitudinal electric field and only the waves

“reflected” from the radial discontinuity contribute to the force that acts on the

particle, therefore

Ezðr ¼ 0; z ¼ v0t; tÞ ¼
ð1
�1

dodk
c2

jo
o2

c2
� k2

� �
rðo; kÞejðo�kvÞt: (2.4.68)

Substituting the explicit expression for r and using the integral over the Dirac

delta function [see (2.4.63)] and defining x ¼ oR=cbg, we obtain

Ezðr ¼ 0; z ¼ v0t; tÞ ¼ �je

ð2pÞ2e0R2

ð1
�1

dxx
zðxÞK1ðjxjÞ � K0ðjxjÞ
zðxÞI1ðjxjÞ þ I0ðjxjÞ : (2.4.69)

At this point, it is convenient to define the normalized field that acts on the

particle as

E � Ezðr ¼ 0; z ¼ vt; tÞ e

4pe0R2

	 
�1

¼ 2

p

ð1
0

dxxRe
1

j

zðxÞK1ðjxjÞ � K0ðjxjÞ
zðxÞI1ðjxjÞ þ I0ðjxjÞ

� �
:

(2.4.70)

Clearly, from this representation we observe that, for a non-zero force to act on

the particle, the impedance ratio z has to be complex since the argument of the

modified Bessel functions is real.
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We can make one step further and simplify this expression by defining

zðxÞ � jzðxÞjejcðxÞ; (2.4.71)

and using K0ðxÞI1ðxÞ þ K1ðxÞI0ðxÞ ¼ 1=x, we obtain

E ¼ 2

p

ð1
0

dx
jzðxÞj sincðxÞ

I20ðxÞ þ jzðxÞj2I21ðxÞ þ 2jzðxÞjI0ðxÞI1ðxÞ coscðxÞ
: (2.4.72)

In order to evaluate this integral for a dielectric medium and a particle whose

velocity bc is larger than c=
ffiffiffiffi
er

p
, we go back to (2.4.66) which now reads

zðxÞ ¼ j
g
er

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1

q K0 jxg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p� �

K1 jxg
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p� � ; (2.4.73)

and it can be further simplified if we assume that the main contribution occurs for

large arguments of the Bessel function (i.e., g � 1) thus

zðxÞ ’ j
g
er

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1

q
: (2.4.74)

Since subject to this approximation c ¼ p=2 and jzj is constant we can evaluate E,

E ¼ 2

p

ð1
0

dx
jzj

I20ðxÞ þ jzj2I21ðxÞ
; (2.4.75)

for two regimes: firstly when jzj � 1 i.e., g � 1, the contribution to the integral is

primarily from small values of x thus

E ’ 2

p

ð1
0

dx
jzj

1þ jzj2x2=4 ’ 4

p

ð1
0

du
1

1þ u2
’ 2 (2.4.76)

At the other extreme (jzj � 1) the normalized impedance has to be re-calculated

and the result is

E ’ g2ðerb2 � 1Þ
er

ð1
0

dx
x

I20ðxÞ
’ 1:263

g2ðerb2 � 1Þ
er

; (2.4.77)

and we can summarize

E ’
0 for b< 1=

ffiffiffiffi
er

p
;

1:263g2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

=er for g � er=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

;

2 for g � er=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

:

8<
: (2.4.78)
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It is interesting to note that for ultra-relativistic electrons the decelerating Cerenkov

force reaches an asymptotic value which is independent of g and the dielectric

coefficient; it is given by E ¼ �e=2pe0R2. In addition, we observe that the

normalized impedance ðzÞ determines the force.

2.4.5 Ohm Force

If in the Cerenkov case the charged particle has to exceed a certain velocity in order

to generate radiation and therefore to experience a decelerating force, in the case of

a lossy medium, the moving electron experiences a decelerating force starting from

a vanishingly low speed. This is because it excites currents in the surrounding walls

and as a result, power is dissipated – which is equivalent to the emitted power in the

Cerenkov case. The source of this power is the J � E [see (2.1.16)] term which infers

the existence of a decelerating force acting on the electron. In order to evaluate this

force we use the same formulation as in the previous subsection only that in this

case, the dielectric coefficient is complex and it is given by

er ¼ 1� j
s
e0o

; (2.4.79)

where s is the (finite) conductivity of the surrounding medium. It is convenient to

use the same notation as above, therefore the normalized impedance z from (2.4.74)

is replaced by

z ’ 1

1� j�s=x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jðgbÞ2 �s

x

r
: (2.4.80)

In this expression �s � s�0R=gb which for typical metals and R ~ 1 cm is of the

order of 108=gb thus for any practical purpose �s � 1 hence

z ’ gb

ffiffiffi
x

�s

r
exp j

3p
4

	 

: (2.4.81)

Note that the phase of the normalized impedance is c ¼ 3p=4. Substituting
this expression in (2.4.72) and defining the characteristic angular frequency

o0 � 2c=RðgbÞ3 as well as the skin-depth d ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=sm0o0

p
, we obtain

E ¼ 2

p

ffiffiffi
2

p

2

d
R

ð1
0

dx

ffiffiffi
x

p

I20ðxÞ þ xI21ðxÞ
d2

R2
�

ffiffiffiffiffi
2x

p
I0ðxÞI1ðxÞ d

R

(2.4.82)

which can be evaluated analytically for two extreme regimes: in the first case

the (normalized) momentum of the particle is much smaller than the normalized
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conductivity term i.e., the skin-depth is much smaller than the radius of the tunnel

d2 � R2 in which case

E ’ 2

p

ffiffiffi
2

p

2

d
R

ð1
0

dx

ffiffiffi
x

p
I20ðxÞ

’ 0:54
d
R
: (2.4.83)

The second case corresponds to a highly relativistic particle i.e., ðgbÞ3 � s�0R
or d2 � R2 implying that the main contribution to the integral is from the small

values of x which justifies the expansion of the modified Bessel functions in Taylor

series. Redefining y2 � ðxgbÞ3=4s�0R we have

E ’ 4
ffiffiffi
2

p

3p

ð1
0

dy
1

1þ y2 � y
ffiffiffi
2

p ’ 2: (2.4.84)

In fact a best fit to the exact expression in (2.4.82) reveals that

E ’ 0:54
d
R
þ 2

d2

R2

	 

1þ d2

R2

	 
 6
10

" #�10
6

(2.4.85)

is an excellent approximation – the integrated 0< d=R< 20ð Þ relative error is less
than 0.02% . Clearly, as in the Cerenkov case, for ultra-relativistic particles ðg3 �
s�0R or d � RÞ the decelerating force is independent of g and of the material’s

characteristics. However, the critical g for operating in this regime is much higher

comparing to the Cerenkov case.

The characteristic angular frequency o0ð Þ is low for relativistic electrons and

consequently, the skin-depth is much larger than the radius and all the bulk material

“participates” in the deceleration process. On the other hand, if the frequency is

high, then the skin-depth is small (comparing to the radius) and only a thin layer

dissipates power, therefore the loss is proportional to d.
Finally, imagine an interesting situation whereby the conductivity of the mate-

rial is negative, this is to say that the medium is active, then the phase in (2.4.81) is

c ¼ 5p=4 and the force is accelerating which means that energy can be transferred

from the medium to the electron. We will further elaborate this topic in Chap. 8 in

the context of advanced acceleration concepts.

2.5 Finite Length Effects

In all the effects discussed so far, we assumed an infinite system with no reflected

waves. In this section, we consider several systems and phenomena associated with

reflected waves. When both forward and backward propagating waves coexist,

there is a frequency selection associated with the interference of the two. Another

byproduct of reflections is tunneling of the field in a region where the wave is below

64 2 Elementary Electromagnetic Phenomena



cutoff. We also examine the radiation generated by a particle as it traverses a

geometric discontinuity in a waveguide. We conclude with the evaluation of a

wake field generated by a particle in a cavity.

2.5.1 Impedance Discontinuities

In most cases of interest, the waveguide is not uniform and as a result, more than

one wave occurs. In order to illustrate the effect of discontinuities we consider next

the following problem: a cylindrical waveguide of radius R but, instead of being

uniformly filled with one dielectric material, there are three different dielectrics in

three different regions

erðzÞ ¼
e1 for �1< z< 0;
e2 for 0 
 z 
 d;
e3 for d< z<1;

8<
: (2.5.1)

as illustrated in Fig. 2.9.

A wave is launched from z ! �1 towards the discontinuity at z ¼ 0. For

simplicity we assume that this wave is composed of a single mode (TM01 i.e.,

s ¼ 1). The z component of the magnetic vector in the first region (�1< z< 0) is

given by

Azðr;�1< z< 0;oÞ ¼ Aine
�Gð1Þ

1
z þ Are

Gð1Þ
1
z

h i
J0 p1

r

R

� �
; (2.5.2)

where Ain is the amplitude of the incoming wave and Ar is the amplitude of the

reflected wave; Gð1Þ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1=RÞ2 � e1ðo=cÞ2

q
. Between the two discontinuities at

0< z< d the solution has a similar form

Azðr; 0 
 z 
 d;oÞ ¼ Aþe�Gð2Þ
1
z þ A�eG

ð2Þ
1
z

h i
J0 p1

r

R

� �
; (2.5.3)

where Gð2Þ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1=RÞ2 � e2ðo=cÞ2

q
In the third region, there is no reflected wave

therefore

Azðr; d< z<1;oÞ ¼ Ate
�Gð3Þ

1
ðz�dÞJ0 p1

r

R

� �
; (2.5.4)

A+

A
z=0 z=d

-

321

1 t

e e e
r

Fig. 2.9 Schematics of the

system used to examine the

reflected waves resulting

from characteristic

impedance discontinuities
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and as above Gð3Þ
1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1=RÞ2 � e3ðo=cÞ2

q
; At is the amplitude of the transmitted

wave. The four as yet unknown amplitudes Ar, At, Aþ and A� are determined by

imposing the boundary conditions at z ¼ 0; d. Continuity of Er at z ¼ 0 implies

Z1 Ain � Ar
� � ¼ Z2 Aþ � A�ð Þ; (2.5.5)

Z1 and Z2 are the characteristic impedances (2.3.26) in the first and second

regions respectively. In a similar way the continuity of Hf implies

Ain þ Ar ¼ Aþ þ A�: (2.5.6)

An additional set of equations is found imposing the continuity of the same

components at z ¼ d:

Z2½Aþe�c � A�ec� ¼ Z3At; (2.5.7)

and

Aþe�c þ A�ec ¼ At; (2.5.8)

where c � Gð2Þ
1 d. From (2.5.5)–(2.5.8) the reflection (r) and transmission (t)

coefficients are determined base on the radial electric field and are given by

r � Z1Ar

Z1Ain

¼ sinhðcÞðZ1Z3 � Z2
2Þ þ coshðcÞðZ1Z2 � Z2Z3Þ

sinhðcÞðZ1Z3 þ Z2
2Þ þ coshðcÞðZ1Z2 þ Z2Z3Þ ;

t � Z3At

Z1Ain

¼ Z3
Z1

2Z1Z2
sinhðcÞðZ1Z3 þ Z2

2Þ þ coshðcÞðZ1Z2 þ Z2Z3Þ :
(2.5.9)

After we have established the amplitudes of the magnetic vector potential it is

possible to determine the electromagnetic field in each one of the regions, thus we

can investigate the power flow in the system. Using Poynting’s theorem the power

conservation implies that

ReðZ1Þ Ainj j2 � jArj2
h i

¼ ReðZ3ÞjAtj2: (2.5.10)

This expression relates the power in the first region to that in the third. It does not

depend explicitly on the second region; if, for example, in the third region the wave

is below cutoff, the characteristic impedance is imaginary and the right-hand side is

zero. Consequently, the absolute value of the reflection coefficient is unity, regard-

less of what happens in the second region. On the other hand, if in regions 1 and 3

the wave is above cutoff, and in region 2 the wave is below cutoff, we still expect

power to be transferred. However, the transmission coefficient decays exponen-

tially with c ¼ Gð2Þ
1 d
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t 	 4Z3Z2
ðZ1Z3 þ Z2

2Þ þ Z2ðZ1 þ Z3Þ e
�c: (2.5.11)

In spite of the discontinuities there can be frequencies at which the reflection

coefficient (r) is zero if we design the structure such that

Z1Z3 ¼ Z2
2 and c ¼ jp=2; (2.5.12)

as one can conclude by examining the numerator of r. The expression in (2.5.12)

defines the conditions for the so-called quarter-l transformer. Figure 2.10 shows a

typical picture of the transmission coefficient. Note that the peaks in the transmis-

sion correspond to constructive interference of the two waves in the central section;

the valleys correspond to destructive interference of the same waves. Zero

reflections also occur when

Z1 ¼ Z3 and c ¼ jp: (2.5.13)

If in the first and third region the wave’s frequency is below cutoff but in
the middle region a wave can propagate, then the system will determine a set of

discrete frequencies at which the wave can bounce between the two sections. These

eigen-frequencies are determined by the geometric parameters and the dielectric

coefficients. We can calculate these frequencies from the poles of the transmission

or reflection coefficient, namely from the condition that its denominator is zero:

sinhðcÞðZ1Z3 þ Z2
2Þ þ Z2 coshðcÞðZ1 þ Z3Þ ¼ 0: (2.5.14)

Equivalently, one can write equations (2.5.5)–(2.5.8) in a matrix form, set the

input term to zero (Ain ¼ 0) and look for the non-trivial solution by requiring that

8 9 10 11 12
-10

-8

-6

-4

-2

0

f (GHz)

=

3=

13

3

(d
B

)
t

e

e

Fig. 2.10 Transmission coefficient as a function of the frequency for two cases: the upper trace

represents a situation in which the dielectric coefficient in the third region equals that in the first,

therefore at certain frequencies all the power is transferred – see (2.5.13). In the lower trace the two

are different and the relation in (2.5.12) is not satisfied, therefore always a fraction of the energy is

reflected

2.5 Finite Length Effects 67



the determinant of the matrix is zero – the result is identical with (2.5.14). The

reader is encouraged to determine Green’s function of the configuration described

in this section – see Exercise 2.10.

2.5.2 Geometric Discontinuity

Another source of reflected waves is a geometric discontinuity. In a sense these

can be conceived as impedance discontinuities but of a more complex character

since geometric variations couple between the different modes in the waveguide.

The simplest configuration which can be considered quasi-analytically consists of

a waveguide of radius R1 and another of radius R2 <R1; the discontinuity occurs

at z ¼ 0 as illustrated in Fig. 2.11. A detailed analysis when a single mode impinges

upon a discontinuity was reported in the literature e.g., Mittra and Lee (1971) or

Lewin (1975).

Step I: We examine first the case when the source term is in the left-hand side
(z< 0), therefore Green’s function in the left-hand side has two components

Gðz< 0; rjz0 < 0; r0Þ ¼
X1
s¼1

J0ðpsr=R1ÞJ0ðpsr0=R1Þ
1

2
R2
1J

2
1ðpsÞ

expð�Gð1Þ
s jz� z0jÞ

4pGð1Þ
s

þ
X1
s¼1

rsðr0; z0 < 0ÞJ0 ps
r

R1

	 

exp Gð1Þ

s z
� �

; (2.5.15)

the non-homogeneous solution, which corresponds to an infinite waveguide

and the homogeneous solution which is due to the discontinuity; Gð1Þ
s ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðps=R1Þ2 � ðo=cÞ2
q

. In the right-hand side (z> 0),

Gðz> 0; rjz0 < 0; r0Þ ¼
X1
s¼1

tsðr0; z0 < 0ÞJ0 ps
r

R2

	 

exp �Gð2Þ

s z
� �

; (2.5.16)

1R R2

1R R2

Fig. 2.11 Green’s function

calculation for one

discontinuity in the geometry

of a waveguide. In the upper

figure the source is in the left

and in the lower it is in the

right
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where Gð2Þ
s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðps=R2Þ2 � ðo=cÞ2

q
. Continuity of the radial electric field at z ¼ 0

entails

@2

@z@r
Gðr; z¼ 0�jr0; z0 < 0Þ ¼

@2

@z@r
Gðr; z¼ 0þjr0; z0 < 0Þ for 0 
 r<R2;

0 for R1 � r � R2

8<
:

(2.5.17)

In order to determine the amplitudes rs and ts the last equation is multiplied

by J1ðpsr=R1Þ, the product is integrated from 0 to R1 and using the orthogonality

of the Bessel function [similar to (2.3.17) but for first order Bessel function] we

obtain

gð1Þs ðr0; z0Þ � rsðr0; z0Þ ¼
X1
s¼1

Zs;stsðr0; z0Þ; (2.5.18)

where

gð1Þs ðr0; z0Þ ¼ J0ðpsr0=R1Þ
1

2
R2
1J

2
1ðpsÞ

exp Gð1Þ
s z0

� �
4pGð1Þ

s

; (2.5.19)

and

Zs;s � Gð2Þ
s

Gð1Þ
s

ps
ps

R1

R2

1

J21ðpsÞ
2

R2
1

ðR2

0

drrJ1 ps
r

R1

	 

J1 ps

r

R2

	 

: (2.5.20)

Continuity of the azimuthal magnetic field in the domain 0< r<R2 implies

@

@r
Gðr; z ¼ 0þjr0; z0 < 0Þ ¼ @

@r
Gðr; z ¼ 0�jr0; z0 < 0Þ: (2.5.21)

As above, we use the fact that in the domain of interest, J1ðpsr=R2Þ form a

complete orthogonal set of functions hence

tsðr0; z0Þ ¼
X1
s¼1

Ys;s gð1Þs ðr0; z0Þ þ rsðr0; z0Þ
h i

; (2.5.22)

where

Ys;s � 2

R1
2

ðR2

0

drrJ1 ps
r

R1

	 

J1 ps

r

R2

	 

: (2.5.23)

The integral in both expressions for Z and Y can be calculated analytically

(Abramowitz and Stegun 1968, p. 484) and it is given by
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ð1
0

dxxJ1ðpnxÞJ1ðpmuxÞ ¼
1

2
J21ðpnÞ for pn ¼ pmu

pmu p2n � p2mu
2

� ��1
J1ðpnÞJ0ðpmuÞ otherwise:

8<
:

(2.5.24)

From (2.5.18), (2.5.22) one can determine the amplitudes of the reflected

and transmitted waves. Adopting a vector notation, i.e., rsðr0; z0 < 0Þ ! Rð�Þ,
tsðr0; z0 < 0Þ ! Tð�Þ and g

ð1Þ
s ðr0; z0 < 0Þ ! gð1Þ, these amplitudes can be formally

written as

Rð�Þ ¼ I þ ZYð Þ�1 I � ZYð Þgð1Þ (2.5.25)

and

Tð�Þ ¼ Y I þ I þ ZYð Þ�1 I � ZYð Þ
h i

gð1Þ: (2.5.26)

Step II: In a similar way, if the source is in the right-hand side ðz0 > 0Þ then

Green’s function in the left-hand side can be written as

Gðz< 0; rjz0 > 0; r0Þ ¼
X1
s¼1

rsðr0; z0 > 0ÞJ0 ps
r

R1

	 

exp Gð1Þ

s z
� �

; (2.5.27)

and

Gðz> 0; rjz0 > 0; r0Þ ¼
X1
s¼1

J0ðpsr=R2ÞJ0ðpsr0=R2Þ
1

2
R2
2J

2
1ðpsÞ

exp �Gð2Þ
s jz� z0j� �

4pGð2Þ
s

þ
X1
s¼1

tsðr0; z0 > 0ÞJ0 ps
r

R2

	 

exp �Gð2Þ

s z
� �

:

(2.5.28)

Continuity of Er at z ¼ 0 implies

rsðr0; z0Þ ¼
X1
s¼1

Zs;s gð2Þs ðr0; z0Þ � tsðr0; z0Þ
h i

; (2.5.29)

where

gð2Þs ðr0; z0Þ ¼ J0ðpsr0=R2Þ
1

2
R2
2J

2
1ðpsÞ

exp �Gð2Þ
s z0

� �
4pGð2Þ

s

; (2.5.30)

and the continuity of Hf can be simplified to read
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tsðr0; z0Þ þ gð2Þs ðr0; z0Þ ¼
X1
s¼1

Ys;srsðr0; z0Þ: (2.5.31)

Again, adopting a vector notation tsðr0; z0 > 0Þ ! TðþÞ, gð2Þs ðr0; z0 < 0Þ ! gð2Þ and
rsðr0; z0 > 0Þ ! RðþÞ we can write for the reflected and transmitted waves the

following expressions

TðþÞ ¼ � I þ YZð Þ�1 I � YZð Þgð2Þ; (2.5.32)

and

RðþÞ ¼ Z I þ I þ YZð Þ�1 I � YZð Þ
h i

gð2Þ: (2.5.33)

With Green’s function established, we calculate now the energy emitted by a

particle with a charge e as it traverses the discontinuity. Assuming a constant

velocity v0, the current distribution is given by (2.4.9) and the electric field which

acts on the particle due to the discontinuity is given by

Ezðr; z;oÞ ¼ ev0
joe0

o2

c2
þ @2

@z2

� � ð1
�1

dz0Gðr; zj0; z0Þexp �j
o
v0

z0
	 


: (2.5.34)

With this field component we can examine the total power transferred by the

particle i.e.,

PðtÞ ¼ �2p
ð1
�1

dz

ðRðzÞ
0

drrJzðr; z; tÞEzðr; z; tÞ; (2.5.35)

and also the total energy defined by

W ¼
ð1
�1

dtPðtÞ; (2.5.36)

which explicitly reads

W ¼ � e2v0
2pe0R2

1

ð1
�1

do
1

jo

X1
s¼1

p2s

ð0
�1

dz0exp �j
o
v0

z0
	 


rsð0; z0Þ

�
ð0
�1

dt exp t joþ Gð1Þ
s v0

� �h i

� e2v0
2pe0R2

2

ð1
�1

do
1

jo

X1
s¼1

p2s

ð1
0

dz0exp �j
o
v0

z0
	 


tsð0; z0Þ

�
ð1
0

dt exp t joþ Gð1Þ
s v0

� �h i
(2.5.37)
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According to (2.5.25), (2.5.32) and the definitions of gð1Þ and gð2Þ, we can write

rsð0; z0 < 0Þ �
X
s0

as;s0exp Gð1Þ
s0 z

0
� �

(2.5.38)

and

tsð0; z0 > 0Þ �
X
s0

ws;s0exp �Gð2Þ
s0 z

0
� �

: (2.5.39)

Consequently, the expression for the total energy reads

W ¼ e2v20
2pe0R2

1

ð1
�1

do
1

jo

X1
s;s0¼1

p2s
as;s0

jo� v0G
ð1Þ
s0

1

joþ v0Gð1Þ
s

� e2v20
2pe0R2

2

ð1
�1

do
1

jo

X1
s;s0¼1

p2s
ws;s0

joþ v0G
ð2Þ
s0

1

jo� v0Gð2Þ
s

:

(2.5.40)

The matrices a and w are frequency dependent, therefore numerical methods

have to be invoked in order to have a quantitative answer regarding the energy

transfer. Nevertheless, the spectrum can be readily derived from these two

expressions. The first term represents the energy emitted when the particle moves

in the left-hand side and the second corresponds to the energy emitted when it

moves in the right one. It should be pointed out that each one of the terms has two

contributions: a fraction of the energy propagates to the left and the remainder to the

right. In the next subsection we present a simpler configuration which allows one to

trace analytically the way the electromagnetic field develops in time in the case of

reflections. We recommend the reader to solve Exercise 2.11 at the end of the

chapter in order to assess the emitted spectrum.

Before concluding, one question needs to be addressed. In principle, the number

of modes required to represent the field exactly is infinite, but practically only a

finite number of terms is taken into consideration because of the need to invert the

matrices numerically. The question is what should be the number of Bessel

harmonics necessary for the representation of a discontinuity as the one presented

above and what is the error associated with the truncation. In order to answer this

question, let us consider a simple function

f ðrÞ ¼ 1 for 0 
 r<R2;
0 for R2 < r 
 R1;

�
(2.5.41)

as illustrated in Fig. 2.12.

This function can also be represented by a superposition of Bessel functions:

f ðrÞ ¼
X1
s¼1

fsJ0 ps
r

R1

	 

; (2.5.42)
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where

fs ¼ 2
R2

R1

J1ðpsR2=R1Þ
psJ

2
1ðpsÞ

; (2.5.43)

here we used the fact that the integral

ðx
0

dxxJ0ðxÞ ¼ xJ1ðxÞ; (2.5.44)

can be evaluated analytically (Abramowitz and Stegun 1968, p. 484). We now

define the relative error made when representing the function only with a finite

number of Bessel harmonics as the

ErrorðNÞ �

Ð R1

0
drr f ðrÞ �PN

s¼1

fsJ0ðpsr=R1Þ
� �2
Ð R1

0
drrf 2ðrÞ

: (2.5.45)

Using (2.5.43), (2.5.44) the last relation can be simplified to read

ErrorðNÞ ¼ 1� 4
XN
s¼1

J1ðpsR2=R1Þ
psJ1ðpsÞ

� �2
: (2.5.46)

Figure 2.13 illustrates this error. Taking a single mode the normalized error is 36%
for R2=R1 ¼ 0:5 and it drops to 2% for 20 modes. However, even with 20 modes the

error can be significantly higher if the radii ratio is small and it is more than 15% for

f(r)

1

R1R2 r

Fig. 2.12 Step function used

to model the effect of

truncation in a Bessel series

representation
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0Fig. 2.13 Numerical error as

a function of the number of

terms
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N ¼ 20 and R2=R1 ’ 0:1 – see Fig. 2.14. These facts become crucial when an

accurate solution with multiple discontinuities is necessary.

2.5.3 Wake-Field in a Cavity

In order to examine transient phenomena associated with reflected waves we

calculate the electromagnetic energy in a cavity as a single point-charge traverses

the structure. Consider a lossless cylindrical cavity of radius R and length d.
A charged particle ðeÞ moves along the axis at a constant velocity v0. Conse-

quently, the longitudinal component of the current density is the only non-zero

term, thus

Jzðr; tÞ ¼ �ev0
1

2pr
dðrÞdðz� v0tÞ: (2.5.47)

It excites the longitudinal magnetic vector potential Azðr; tÞ, which for an azimuth-

ally symmetric system, satisfies

1

r

@

@r
r
1

@r
þ @2

@z2
� 1

c2
@2

@t2

� �
Azðr; z; tÞ ¼ �m0Jzðr; z; tÞ: (2.5.48)

In this section, we consider only the internal problem, ignoring the electromag-

netic phenomena outside the cavity. The boundary conditions on the internal walls

of the cavity impose Ezðr ¼ R; z; tÞ ¼ 0, Erðr; z ¼ 0; tÞ ¼ 0 and Erðr; z ¼ d; tÞ ¼ 0

therefore, the magnetic vector potential reads

Azðr; z; tÞ ¼
X1

s¼1;n¼0

As;nðtÞJ0 ps
r

R

� �
cos

pn
d
z

� �
: (2.5.49)

Using the orthogonality of the trigonometric and Bessel functions, we find that the

amplitude As;nðtÞ satisfies

N=20
20

10

0
0.0 0.2 0.4 0.6 0.8 1.0

R1R2 /

E
rr

or
 (

%
)

Fig. 2.14 Truncation error as

a function of the radius ratio

for a constant number of

Bessel harmonics
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d2

dt2
þ O2

s;n

� �
As;nðtÞ ¼ � ev0

2pe0

1

1

2
R2J21ðpsÞ

1

gnd
cos

pn
d
v0t

� �
hðtÞ � h t� v0

d

� �h i
;

(2.5.50)

where

gn ¼ 1 for n ¼ 0;
0:5 otherwise;

�
(2.5.51)

and

Os;n ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ps
R

� �2
þ pn

d

� �2r
; (2.5.52)

are the eigen-frequencies of the cavity. Before the particle enters the cavity (t< 0),

no field exists, therefore

As;nðt< 0Þ ¼ 0: (2.5.53)

For the time the particle is in the cavity namely, 0< t< d=v0, the solution of

(2.5.50) consists of the homogeneous and the excitation term:

As;n 0< t<
d

v0

	 

¼ B1 cosðOs;ntÞ þ B2 sinðOs;ntÞ þ as;n cosðontÞ; (2.5.54)

where

as;n ¼ � ev0
2pe0

1

1

2
R2J21ðpsÞ

1

gnd

1

O2
s;n � o2

n

; (2.5.55)

and

on ¼ pn
d
v0: (2.5.56)

Since both the magnetic and the electric field are zero at t ¼ 0, the function

As;nðtÞ and its first derivative are zero at t ¼ 0 hence

B1 þ as;n ¼ 0; (2.5.57)

and

B2 ¼ 0: (2.5.58)
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Consequently, the amplitude of the magnetic vector potential ½As;nðtÞ� reads

As;nðtÞ ¼ as;n cosðontÞ � cosðOs;ntÞ
� �

: (2.5.59)

Beyond t ¼ d=v0, the particle is out of the structure thus the source term in

(2.5.50) is zero and the solution reads

As;n t>
d

v0

	 

¼ C1 cos Os;n t� d

v0

	 
� �
þ C2 sin Os;n t� d

v0

	 
� �
: (2.5.60)

As in the previous case, at t ¼ d=v0 both As;nðt> d=v0Þ and its derivative, have to

be continuous:

as;n ð�1Þn � cos Os;n
d

v0

	 
� �
¼ C1; (2.5.61)

and

as;nOs;n sin Os;n
d

v0

	 

¼ C2Os;n: (2.5.62)

For this time-period, the explicit expression for the magnetic vector potential is

As;n t>
d

v0

	 

¼ as;n ð�1Þn � cos Os;n

d

v0

	 
� �
cos Os;n t� d

v0

	 
� �

þas;n sin Os;n
d

v0

	 

sin Os;n t� d

v0

	 
� �
; (2.5.63)

The expressions in (2.5.53), (2.5.59), (2.5.63) describe the magnetic vector

potential in the cavity at all times. Figure 2.15 illustrates schematically this

solution.

During the period the electron spends in the cavity, there are two frequencies

which are excited: the eigen-frequency of the cavity Os;n and the “resonances”

associated with the motion of the particle, on. The latter set corresponds to the case

when the phase velocity, vph ¼ o=k, equals the velocity L=R. Since the boundary

conditions impose k ¼ pn=d and the resonance implies

v0 ¼ vph ¼ c
o
c

d

pn

	 

; (2.5.64)

thus we can immediately deduce the resonance frequencies on as given in (2.5.56).

Now that the magnetic vector potential has been determined, we consider the

effect of the field generated in the cavity on the moving particle. The relevant

component is the longitudinal one
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Az r; z; 0< t<
d

v0

	 

¼

X
s¼1;n¼0

as;nJ0 ps
r

R

� �
cos

pn
d
z

� �
cos ontð Þ � cosðOs;ntÞ
� �

:

(2.5.65)

Note that we omitted the upper limit in the double summation since in practice,

the actual dimensions of the particle, which so far was considered infinitesimally

small, determines this limit. In order to quantify this statement we realize that the

summation is over all eigenmodes which have a wavenumber much longer than

the particle’s dimension i.e., Os;nDz=c< 1 and psRb=R< 1wherein Dz is the bunch

length whereas Rb represents its radius.

According to Maxwell’s equations, the longitudinal electric field is

e0
@

@t
Ezðr; tÞ ¼ �Jzðr; tÞ þ 1

r

@

@r
rHfðr; tÞ: (2.5.66)

Furthermore, the field that acts on the particle does not include the self-field,
therefore we omit the current density term. Using the expression for the magnetic

vector potential (2.1.32), we have

Ezðr; tÞ ¼ �c2
ð
dt
1

r

@

@r
r
@

@r
Azðr; tÞ; (2.5.67)

or explicitly,

Ez r; z;0< t<
d

v0

	 

¼
X

s¼1;n¼0

as;n
cps
R

� �2
J0

psr

R

� �
cos

pn
d
z

� � sinðontÞ
on

� sinðOs;ntÞ
Os;n

� �
:

(2.5.68)
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Fig. 2.15 Schematics of the

field distribution generated by

a particle as it traverse a

cavity. Prior to its entrance,

no field exists in the cavity.

When in the cavity the field

has two contributions:

directly from the source (non-

homogeneous) and reflections

from the walls

(homogeneous). After the

particle leaves the cavity only

the homogeneous

contribution remains
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In a lossless and closed cavity the total power flow is zero, therefore Poynting’s

theorem in its integral form reads

dW

dt
¼ �2p

ðR
0

drr

ðd
0

dzEzðr; z; tÞJzðr; z; tÞ: (2.5.69)

Thus substituting the current density (2.5.47) we obtain

W ¼ ev0

ðd=v0
0

dtEzðr; z ¼ v0t; tÞ; (2.5.70)

which has the following explicit form

W ¼ ev0
X

s¼1;n¼0

as;n
cps
R

� �2 ðd=v0
0

dt cosðontÞ sinðontÞ
on

� sinðOs;ntÞ
Os;n

� �
: (2.5.71)

We can evaluate analytically the time integral in this expression. As can be

readily deduced, the first term represents the non-homogeneous part of the solution
and its contribution is identically zero whereas the second’s reads

W ¼ �ev0
X

s¼1;n¼0

as;n
cps
R

� �2 1� ð�1Þn cosðOs;nd=v0Þ
O2

s;n � o2
n

: (2.5.72)

Substituting the explicit expression for as;n we have

�W � W
e2

4pe0d

	 
�1

¼
X

s¼1;n¼0

2ps
J1ðpsÞ
	 
2

1

gn

� 1

½p2s þ ðpnR=dgÞ�2 1� ð�1Þn cos Os;n

v0
d

	 
� �
: (2.5.73)

Figure 2.16 illustrates the normalized energy excited by a 10 MeV in the first

frequencies o< 10O1;0. In this range the spectrum is virtually independent of the

particles energy g � 1ð Þ

�Ws;nðg � 1Þ ¼ 2

J1ðpsÞps

	 
2
1

gn
1� ð�1Þn cosOs;n

c
d

	 

: (2.5.74)

The impact of the homogeneous solution (reflections) on the interaction with

electrons will be discussed in detail in Chap. 4 in the context of high power

traveling wave tubes. Recently, Sotnikov et al. (2009) recognized that the homoge-

neous solution (quenching wave) may be of the same order of magnitude as the

wake generated in high-gradient dielectric wakefield accelerator.
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2.6 Scattered Waves Phenomena

As an electromagnetic wave impinges upon an obstacle, it is scattered. This

reflected energy can be harnessed for interaction with charged particles or for

measurement purposes. In this section, we consider several cases chosen due to

their relative simplicity.

2.6.1 Plane Wave Scattered by a Dielectric Cylinder

As a starting point, let us consider a plane wave that propagates in the x direction
and it impinges upon a dielectric (ecyl) cylinder of radius R whose axis is parallel to

the magnetic field component of the incident wave

H incð Þ
z ðxÞ ¼ H0 exp �j

o
c

ffiffiffiffiffiffi
ebg

p
x

� �
; (2.6.1)

tacitly assuming a steady state regime exp jotð Þ and the background medium is

characterized by a dielectric coefficient ebg – see Fig. 2.17. Based on the generating
Bessel function (Abramowitz and Stegun 1968, p. 361)

exp
1

2
u v� 1

v

	 
� �
¼
X1
n¼�1

vnJnðuÞ (2.6.2)

this incident component may be written in cylindrical coordinates x ¼ r cosfð Þ as
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Fig. 2.16 Normalized energy

deposited by a 10 MeV point

charge in the first modes

o< 10O1;0

� �
of a cylindrical

cavity

2.6 Scattered Waves Phenomena 79



H incð Þ
z r;fð Þ ¼ H0 exp �j

o
c

ffiffiffiffiffiffi
ebg

p
r cosf

� �

¼ H0

X1
n¼�1

exp jn f� p
2

� �h i
Jn

o
c

ffiffiffiffiffiffi
ebg

p
r

� �
:

(2.6.3)

The presence of the cylinder alters the electromagnetic field thus the secondary field

is given by

H secð Þ
z r;fð Þ ¼ H0

X1
n¼�1

exp jn f� p
2

� �h i tnJn
o
c

ffiffiffiffiffiffiffi
ecyl

p
r

� �
r 
 R

rnH
ð2Þ
n

o
c

ffiffiffiffiffiffi
ebg

p
r

� �
r � R

8><
>: (2.6.4)

For imposing the boundary conditions, it is necessary to specify the azimuthal

electric field

E
incð Þ
f r;fð Þ ¼ �0H0

X1
n¼�1

exp jn f� p
2

� �h i jffiffiffiffiffiffi
ebg

p _Jn
o
c

ffiffiffiffiffiffi
ebg

p
r

� �

E
secð Þ
f r;fð Þ ¼ �0H0

X1
n¼�1

exp jn f� p
2

� �h i tn
jffiffiffiffiffiffiffi
ecyl

p _Jn
o
c

ffiffiffiffiffiffiffi
ecyl

p
r

� �
r 
 R

rn
jffiffiffiffiffiffi
ebg

p _H
ð2Þ
n

o
c

ffiffiffiffiffiffi
ebg

p
r

� �
r>R

8>>><
>>>:

(2.6.5)

Continuity of the two components facilitate to determine the amplitudes

rn ¼
b_JnðbÞ_JnðaÞ � a_JnðbÞJnðaÞ

a_JnðbÞHð2Þ
n ðaÞ � bJnðbÞ _Hð2Þ

n ðaÞ
;

tn ¼ b
_JnðaÞHð2Þ

n ðaÞ � JnðaÞ _Hð2Þ
n ðaÞ

a_JnðbÞHð2Þ
n ðaÞ � bJnðbÞ _Hð2Þ

n ðaÞ

(2.6.6)

where a ¼ ffiffiffiffiffiffi
ebg

p
oR=c and b ¼ ffiffiffiffiffiffiffi

ecyl
p

oR=c. With the amplitudes established, two

measures need to be considered. The first is the extent the cylinder scatters the wave

bg

y

x

e

cyl

R
e

Fig. 2.17 A plane wave

scattered by a dielectric

cylinder
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namely, the scattering cross-section. For this purpose we determine the total power

scattered in the cylindrical envelope of radius r � R and height Dz

Pscatt ¼ Dzr

ð2p
0

dfRe
1

2
E

secð Þ
f r;fð Þ H secð Þ

z r;fð Þ
h i�� �

¼ Dz2pr
�0 H0j j2
2
ffiffiffiffiffiffi
ebg

p
 ! X1

n¼�1
rnj j2Re j Hð2Þ

n

o
c

ffiffiffiffiffiffi
ebg

p
r

� �h i�
_H
ð2Þ

n

o
c

ffiffiffiffiffiffi
ebg

p
r

� �� �

¼ Dz2p
�0 H0j j2
2ebg

 !
2

p o
c

X1
n¼�1

rnj j2: ð2:6:7Þ

The scattering cross section is defined by the ratio of the scattered power and the

impinging energy flux, Sx ¼ 1
2

�0ffiffiffiffi
ebg

p H0j j2,

sscatt � Pscatt

Sx
¼ 2RDzð Þ 2

a

X1
n¼�1

rnj j2: (2.6.8)

Figure 2.18 illustrates the normalized cross-section �s ¼ sscatt=2RDzð Þ as a function
of the frequency.

It reveals the evident resonant character of the cross-section: for a dielectric

coefficient ecyl ¼ 3:3 and using N ¼ 100 azimuthal harmonics, the cross section is

almost 4 for R ’ 0:4l0 and close to unity if the radius is R ’ 0:72l0. Moreover, if

due to dielectric loss, part of the reflected power is absorbed, the effective cross-

section is systematically smaller than the lossless case.

The opposite is the case if the medium is active, as illustrated in Fig. 2.19. Since

multiple reflections in the cylinder may enhance significantly the scattered power,

the cross-section may be larger. In the figure the range between 0:9<R=l0 < 1:2
has been magnified, and for the specific parameters, the normalized cross section at
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Fig. 2.18 Normalized cross

section as a function of the

radius normalized to the

wavelength in vacuum.

Comparing to the lossless

case, the cross section in case

of a lossy cylinder is

systematically smaller since

part of the power is absorbed.

As a rough estimate �slossy 	
�slossless exp �2p R=l0ð Þ½ffiffiffiffiffiffiffi
ecyl

p
tan d�
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R ’ 1:1l0 has dropped from 3.1 to 2.5 due to the dielectric loss but it has increased

by almost a factor of four �s 	 12 in case of an active medium – corresponding to

about 11 internal reflections.

The second measure of interest is the screening factor, which is indicative of the
extent the cylinder reduces/magnifies the electromagnetic energy in its center. This

factor may be defined as the ratio of the electromagnetic energy densities at the

point of interest with and without the cylinder namely,

S � 10 log
w

trð Þ
E r ¼ 0ð Þ þ w

trð Þ
M r ¼ 0ð Þ

w
incð Þ
E r ¼ 0ð Þ þ w

incð Þ
M r ¼ 0ð Þ

" #
¼ 10 log t0j j2 þ t1j j2

� �
(2.6.9)

For the parameters mentioned above, the screening factor is illustrated in

Fig. 2.20 and evidently, the fiber tends to focus the electromagnetic energy.

As may be expected, this focusing is suppressed by lossy material and it is amplified
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by active medium. In addition, we observe that lossy or gain medium do not alter

the resonant pattern (peaks) associated with azimuthally propagating modes.

2.6.2 Evanescent Waves Scattered by a Dielectric Cylinder

In many cases of interest, waves attached to moving charges are scattered by

various obstacles and these radiating modes may be used for the characterization

of bunches of electrons as well as of the obstacle. We now exploit the relatively

simple configuration of the dielectric cylinder in order to examine the scattering of

evanescent waves attached to a charged line Q=Dzð Þ moving with a velocity v at a

height h>R – see Fig. 2.21. Near the cylinder the incident field is given by

H incð Þ
z x; y< h; tð Þ ¼ � Q

4pDz

ð1
�1

do exp jo t� x

v

� �
� oj j

gv
h� yð Þ

� �

¼ � Q

4pDz

ð1
�1

do exp jotð Þ
X1
n¼�1

In r;o; vð Þ exp jnfð Þ

In r;o; vð Þ � 1

2p

ðp
�p

df exp �jnf� j
o
c
r cosf� oj j

gv
h� r sinfð Þ

� �

(2.6.10)

Similar to the approach from the above,

H secð Þ
z r;f; tð Þ ¼ � Q

4pDz

ð1
�1

do exp jotð Þ

�
X1
n¼�1

exp jnfð Þ
tn oð ÞJn o

c

ffiffiffiffiffiffiffi
ecyl

p
r

� �
r 
 R

rn oð ÞHð2Þ
n

o
c

ffiffiffiffiffiffi
ebg

p
r

� �
r � R

8><
>:

(2.6.11)
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Fig. 2.21 Evanescent waves

attached to a moving charged-

line are scattered by a

cylinder
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and

E
incð Þ
f ¼ � Q

4pDz

ð1
�1

do exp jotð Þ �1

joe0ebg

X1
n¼�1

@rIn r;o; vð Þ exp jnfð Þ

E
secð Þ
f ¼ � Q

4pDz

ð1
�1

do exp jotð Þ �1

joe0

�
X1
n¼�1
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1

ecyl
tn

o
c

ffiffiffiffiffiffiffi
ecyl

p� �
_Jn

o
c

ffiffiffiffiffiffiffi
ecyl

p
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� �
r 
 R

1

ebg
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o
c

ffiffiffiffiffiffi
ebg

p� �
_Hn

ð2Þ o
c

ffiffiffiffiffiffi
ebg

p
r

� �
r � R

8>>><
>>>:

(2.6.12)

Thus imposing the boundary conditions we obtain the reflection and transmis-

sion coefficients

rn ¼
bJnðbÞ _In � a_JnðbÞIn

a_JnðbÞHð2Þ
n ðaÞ � bJnðbÞ _Hð2Þ

n ðaÞ
;

tn ¼ bHð2Þ
n ðaÞ _In � b _H

ð2Þ
n ðaÞIn

a_JnðbÞHð2Þ
n ðaÞ � bJnðbÞ _Hð2Þ

n ðaÞ

(2.6.13)

wherein _In R;o; vð Þ � R@rIn r;o; vð Þ½ �r¼R=a, a ¼ o
ffiffiffiffiffiffi
ebg

p
R=c, b ¼ o

ffiffiffiffiffiffiffi
ecyl

p
R=c.

With the field established, it is possible to determine the emitted energy during

the passage of the charged-line near the cylinder

W ¼
ð1
�1

dtPðtÞ ¼ Dzr

ðp
�p

df
ð1
�1

dt E
secð Þ
f r;f; tð ÞH secð Þ

z r;f; tð Þ

¼ Q2

2pe0Dz

ð1
�1

da
1

a

X1
n¼�1

rnj j2
(2.6.14)

which enables us to write the following expression for the normalized spectrum

d �W

da
� 1

Q2

2pe0Dz

dW

da
¼ 2

a

X1
n¼�1

rnj j2; (2.6.15)

it should be pointed out that it has been assumed that the charged-line moves in

vacuum thus, ebg ¼ 1. If the single line charge is replaced by train of M micro-

bunches of length Dk and thickness D?with a spacing L between each two micro-

bunches then the normalized spectrum is
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d �W

da
¼ 2

a

X1
n¼�1

rnj j2 sinc2
1

2

a

b
Dk
R

	 
 sinc2
1

2
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b
L
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sinc2
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b
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R

	 
2
664
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775 :

(2.6.16)

Note that the total amount of charge remains Q. For simplicity sake, we assume

for what follows that ecyl ! 1 namely, the field does not penetrate in the cylinder

therefore rn ¼ � _In= _H
ð2Þ
n ðaÞ and also that the bunch is ultra-relativistic (g ! 1) or

if to be more accurate, a
g
D?
R ; ag

h
R � 1. Since the last two transverse geometric

parameters D?
R ; hR are expected to be at the most of the order of unity, the previous

condition limits the spectrum of our approximation to a< aco � 0:01g. Another
implication is a significantly simpler expression for

_In � d

da

1

2p

ðp
�p

df exp �jnf� ja cosfð Þ
2
4

3
5 ¼ _JnðaÞ exp �jn

p
2

� �
(2.6.17)

which finally implies

d �W

da
¼ 2
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n¼�1

_J
2

nðaÞ
J2nðaÞ þ Y2

nðaÞ

" #
sinc2
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2
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R
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’ 1:345 1� exp �2:5að Þ½ �sinc2 1

2
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R
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 sinc2
M

2

L

R
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sinc2
1

2

L

R
a

	 
 :

(2.6.18)

Evidently, the first term represents the contribution of the ideal line-charge whereas

the two trailing terms represent the single bunch size effect and the multiple

bunches impact respectively.

Before concluding this subsection, two comments are in place. First, the config-

uration considered above illustrates the coupling between the evanescent waves

attached to the moving charged-line and the propagating waves scattered by

cylinder. Due to the resemblance to regular diffraction, the emerging waves are

also referred to as diffraction radiation. Second, we need to provide an alternative

interpretation of the emitted spectral density as manifested in (2.6.16). From the

way it has been developed, it obviously characterizes the radiative contribution far

away from the charged-line. Based on Poynting theorem, the source of this radia-

tion is the effect of the secondary field on the charged-line
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W ¼
ð1

�1
dtPðtÞ ¼

ð1
�1

dtDz

ð1
�1

dx

ð1
�1

dyE secð Þ
x x; y; tð ÞJx x; y; tð Þ

¼ �Q

ð1
�1

dx

ð1
�1

do exp j
o
v
x

� �
E secð Þ
x x; h;oð Þ

(2.6.19)

Using the normalization employed above we get

d �W

da
¼ �Zk � � 2p

R�0

1

Q=Dz

ð1
�1

dx exp j
o
v
x

� �
E secð Þ
x x; h;oð Þ

2
4

3
5 (2.6.20)

which clearly reveals that the spectral density of the emitted energy is proportional

to the spatial Fourier transform of the electric field as experienced by the charged-
line. It can be readily checked that the square brackets have units of ohm-meter and

consequently, the normalized spectral density equals the, so called, (normalized)

longitudinal impedance experienced in this case by the charged-line.

2.6.3 Evanescent Waves Scattered by a Metallic Wedge

Diffraction radiation is commonly employed by the particle accelerator community

for characterizing the location and to some extent the shape of a charged bunch.

This is generally done with thin metallic foils. A model for describing the system, as

in the cylinder case, consists of a charged-line Q=Dzð Þmoving at a constant velocity

v at a height h above the tip of an ideal wedge ð2p� a2 <f< 2p� a1Þ – see

Fig. 2.22. In the frequency domain, the magnetic field is a solution of

1

r

@

@r
r
@

@r
þ 1

r2
@2

@f2
þ o2

c2

� �
Hzðr;f;oÞ ¼ @Jx

@y

� �
y¼rsinf

x¼rcosf

(2.6.21)
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Fig. 2.22 Evanescent waves

attached to a moving charged-

line are scattered by a wedge
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Obviously the radial electric field is zero on both sides of the wedge therefore

it is natural to employ the orthogonality of the corresponding azimuthal eigen-

functions namely,

Hz r;f;oð Þ ¼
X1
n¼0

HnðrÞ cos np fþ a1ð Þ= 2p� a2 þ a1ð Þ½ �; (2.6.22)

to get

1

r

d

dr
r
d

dr
� n2

r2
þo2

c2

� �
HnðrÞ ¼ SnðrÞ � 1

gn

1

2p� a2 þ a1

ð2p�a2

�a1

df
@Jx
@y

cos n fþ a1ð Þ½ �

(2.6.23)

with n ¼ np= 2p� a2 þ a1ð Þ. The source term may be simplified

SnðrÞ ¼ Q

2pDz

1

gn

�nð Þ
2p� a2 þ a1

1

r

ð2p�a2

�a1

df exp j
o
v
r cosf

� �

� sin n fþ a1ð Þ½ � cosfd y� hð Þ (2.6.24)

Next, we define f0 ¼ arcsin h=rð Þ and take advantage of the Dirac delta function

d y� hð Þ ¼ u r � hð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � h2

p d f� f0ð Þ þ d f� pþ f0ð Þ½ � (2.6.25)

Wherein uðxÞ denotes the Heaviside step function thus

SnðrÞ ¼ �Q

2pDz

n
gn

u r � hð Þ
2p� a2 þ a1

1

r2
exp j

o
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 � h2

p� �
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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sin n p� f0 þ a1ð Þ½ �

o
: (2.6.26)

For a solution of (2.6.23) we employ the corresponding Green’s function

Gn r; r0ð Þ ¼ j
p
2

Jn
o
c
r0

� �
Hð2Þ

n
o
c
r

� �
r> r0

Hð2Þ
n

o
c
r0

� �
Jn

o
c
r

� �
r< r0

8><
>: (2.6.27)

and can formally determine the magnetic field

Hz r;f; tð Þ ¼
ð1
0

do
X1
n¼0

cos n fþ a1ð Þ½ � 2Re exp jotð Þ
ð1
0

dr0 r0 Gn r; r0ð ÞSn r0ð Þ
8<
:

9=
;

(2.6.28)
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With this field component established we may proceed and evaluate the radiated
energy at r ! 1

W ¼ Dzr

ð1
�1

dt

ð2p�a2

�a1
dfEf r;f; tð ÞHz r;f; tð Þ

¼ �02p
p
2

� �
2p� a2 þ a1ð ÞDz2

ð1
0

do
X1
n¼0

gn
1
o
c

ð1
0

dr0 r0 Jn
o
c
r0

� �
Sn r0ð Þ

������
������
2

(2.6.29)

Defining O ¼ oh=c, �W ¼ W Q2=2 2p� a2 þ a1ð Þe0Dz½ ��1
and x ¼ r=h the

normalized spectral density is given by

d �W

dO
¼ 2

O

X1
n¼1

ð1
1

dx
nJn Oxð Þ

x

exp j
O
b

ffiffiffiffiffiffiffiffiffiffiffiffi
x2�1

q	 
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O
b

ffiffiffiffiffiffiffiffiffiffiffiffi
x2�1

q	 

sin n p�arcsin 1=xð Þþa1ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

���������

���������
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(2.6.30)

or finally, after defining x ¼ 1= sinc we obtain

d �W

dO
¼ 2

O

X1
n¼1

ðp=2
0

dc
nJn

O
sinc

	 

tanc

exp j
O
b
cotc

	 

sin n cþ a1ð Þ½ �

� exp �j
O
b
cotc

	 

sin n p� cþ a1ð Þ½ �

8>>><
>>>:

9>>>=
>>>;

���������

���������

2

:

(2.6.31)

Several observations are in place now that we have an explicit expression for the

energy’s spectral density. First, note that if the velocity is reversed v ! �v, this is

equivalent to taking the complex conjugate of the term in the curled brackets, the

spectral density is invariant. At the limit of very low frequencies, the spectral

density emitted by a relativistic bunch b 	 1ð Þ is inversely proportional to the
frequency as can be concluded from Fig. 2.23 where we plot this quantity as a

function of the normalized frequency Oð Þ. It should be pointed out that the first

twenty harmonics were considered and for fast convergence, the integration was

performed in the range e<c< p=2� e where e ¼ 0:0005p. As reference, we also
present the first two harmonics n ¼ 1; 2ð Þ.

Examining the same quantity as a function of the normalized momentum of the

bunch we conclude that – see Fig. 2.24 – for gb< 1 the spectral density is

proportional to b4 (for O ¼ 1) however, this dependence is strongly dependent on

the normalized frequency. For example, for O ¼ 0:2 the spectral density is propor-

tional to gb 1þ gb=15ð Þ4
h i�1=4

.
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Although only the n ¼ 1 and n ¼ 2 harmonics are illustrated, we found that all

harmonics reach an asymptotic value. In fact, this conclusion can be readily deduced

from the fact that the energy spectral density depends on b and the latter approaches

unity at high kinetic energy. The bending point depends both on the normalized

frequency the geometry of the wedge as well as on the harmonic’s index.

Exercises

2.1 Determine the boundary condition associated with charge conservation.

How it relates to (2.1.12)–(2.1.15)?

2.2 In the context of Sect. 2.2.4, calculate the electromagnetic field

associated with the moving charge (2.2.21)–(2.2.22). Calculate the
(continued)
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Poynting vector associated with this field. With this result, calculate the

total power. Is there a force acting on the moving particle?

2.3 Show that the power radiated in free space by the current distribution in

(2.3.2) is given by P ¼ �0I
2 od=cð Þ2=12p.

2.4 By virtue of the superposition principle, show that in case of multiple

“wires” carrying currents In located at xn; ynð Þ between the two plates of
a radial transmission line the magnetic vector potential is given by

Az ¼
X

n
In
1

4j
H

ð2Þ
0

o
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x� xnð Þ2 þ y� ynð Þ2

q� �

2.5 Calculate the energy velocity (Sect. 2.3.3) assuming two modes TM01

and TM02 above cut-off. Plot the energy velocity as a function of the

ratio of the two modes 0:3< r ¼ jA01=A02j< 3:0.
2.6 Calculate the radiation impedance of the TM01 in a circular waveguide

of radius R. Assume a current distribution

Jrðr; z;oÞ ¼ IDzJ1ðp1r=RÞdðzÞp1=2prR:

2.7 The expression that determines the magnetic vector potential of N
electrons moving in a dielectric medium er at a velocity v

Azðr; z;oÞ ¼ � em0
ð2pÞ2 K0

o
c
r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

v2
� er

r !XN
i¼1

exp �j
o
v

z� zið Þ
h i

Assuming that the electrons are uniformly distributed zij jbD=2, calcu-
late the power emitted by this bunch. Show that the power emitted in the

range l>D is proportional to N2. What happens in the range l<D?
Repeat the exercise for a Gaussian distribution.

2.8 In Sect. 2.4 we have demonstrated that

Pav

eNð Þ2v
2pe0R2

¼ 1=er
erb

2 � 1

X
s

2J1 psRb=Rð Þ
psRb=Rð ÞJ1 psð Þ sinc

ps
2

D=Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
erb

2 � 1
p

 !" #2

Determine the condition(s) necessary to suppress the radiation excited

in specific mode(s). Can you ensure zero power in many modes? Hint:

for large values of s, psþ1 � ps 	 p.
2.9 Draw the normalized average power (2.4.58) for M ¼ 100 normalized

to M ¼ 1 as a function of L=R as in Fig. 2.7. Show that for specific

values of L=R, this quantity is of order of unity. Analyze the spectrum in

a few of these cases.
(continued)
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2.10 Calculate Green’s function associated with the system described in

Sect. 2.5.1. Begin with case when the source is located to the left of

the discontinuity and continue by solving the problem when the source

is between the discontinuities. Can you deduce the Green’s function for

the third case, when the source is after the third discontinuity, from the

first one. For the second case (point-source between the discontinuities)

can you design the system such that the source emits zero power?

2.11 Based on (2.5.40), analyze the spectrum of the emitted radiation as a

point-charge traverses a geometric discontinuity. Keep the ratio of the

number of modes in each region proportional to the radii ratio.

2.12 Based on the formulation of the wake generated by a point charge in a

loss-less cavity (Sect. 2.5.3), determine the spectrum of train of N point

charges generated in the same cavity. Assume that the spacing between

two adjacent charges is L.
2.13 Repeat the steps in Sect. 2.6.1 for the orthogonal polarization,

Ez ¼ E0 exp �j oc
ffiffiffiffiffiffi
ebg

p
x

� �
.

2.14 Analyze the normalized spectrum density in (2.6.16) as a function of the

various parameters.

2.15 Plot the contour of constant far-field emitted energy density from a

wedge (Sect. 2.6.3) for several values of the kinetic energy; a1 ¼ p=6,
a2 ¼ p=4 ; O ¼ 1 and g ¼ 2; 11; 21; 31.

2.16 Extend (2.6.31) to the case of a train of M micro-bunches of spacing L
and the length of each one is Dx whereas the thickness is Dy.
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