Chapter 2
Topics in Stability

Pura potenza tenne la parte ima;
nel mezzo strinse potenza con atto
tal vime, che giammai non si divima.
34, XXIX, Paradiso A. Dante

The flows that occur in Nature must not only obey the equations of fluid
dynamics, but also be stable. L.D. Landau & E.M. Lifschitz (1959)

2.1 Introduction

In this chapter we introduce some definitions and qualitative methods
useful in the study of nonlinear stability with respect to the initial data
of a basic fluid motion. The aim of the chapter is to recall the energy
and Dirichlet methods used to study distinctive properties of nonlinear
stability for incompressible fluids (parabolic equations) and for elastic bodies
(hyperbolic equations), respectively, and to give an overview of the results
obtained in the book.

The central part of this chapter is a generalization of the Dirichlet
method, achieved using the free work equation, that we call the modified
energy method. Specifically, we will study the asymptotic behavior in time of
perturbations to a basic state, introducing an auxiliary equation called the
free work equation. To give a preview of the two main technical tools we will
use some simple examples.

It is worth emphasizing that our method is intended to be naive and
straightforward, and does not require complicated analysis.

We will first present a short survey of the energy and Dirichlet methods
used to study nonlinear stability of parabolic and hyperbolic systems. We
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54 2 Topics in Stability

recall that in mechanics the energy and Dirichlet methods are used for
incompressible and elastic media, using Eulerian and Lagrangian coordinate
systems, respectively.

Next we will introduce two key tools which will be used in the proofs of
nonlinear stability and the asymptotic decay to steady compressible flows,
which are central to the thesis of this book.

The first tool concerns an extension of the Dirichlet method in the wake
of the work by Arnold, cf. [4]. In order not to obscure the main idea, we
will explain the Dirichlet method by studying the stability of steady flows
particular to inviscid fluids both incompressible and compressible.

The second tool is represented by the free work equation (FWE), and
appears useful for systems of mixed parabolic-hyperbolic type. The FWE
allows the transfer of asymptotic behavior in time characteristic of the
parabolic part to the hyperbolic one.

For pedagogical reasons, in this introductive chapter we limit ourselves
to simple examples; generalizations will be considered in the remaining
chapters.

Section 2.2 Basic definitions of nonlinear stability of steady fluids motions
will be reviewed. The classical “Energy Method” will be employed
to study the nonlinear stability of a steady viscous incompressible
flow.

Section 2.3 The Lagrange—Dirichlet method is outlined, and four applications
are explained. The first two applications are known stability
theorems for the rest state of both inviscid, incompressible fluids
and elastic continua; cf. [2,4]. The second two applications
concern the stability of a basic flow for both inviscid and viscous,
barotropic gases.

Section 2.4 Nonlinear stability and instability theorems to be proved in the
next three chapters are listed.

2.2 Nonlinear Stability

Let us begin with some abstract settings. If we set by Y a scalar Banach
space, then X = [Y]" will denote the vector Banach space given by the
Cartesian product of Y n times. In this section we introduce some definitions
of stability.

Given a steady flow Sy, the physical concept of the stability of Sy is linked to
the concept of observability. Assume, as a qualitative definition of stability,
the following proposition:

The stability of a given motion is its capacity to ‘hold’ (to be observed) in the
presence of the small perturbations present in any physical system.

This definition allows us to introduce the correct definition of stability of a
given steady solution S, to the equations of motion that will be referred to
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as stability of the basic motion Sy. At time t = 0 we perturb the basic motion
Sp, and call §0 = §(O) the perturbed initial data that produce the perturbed
motion S (t). Correspondingly, the perturbation §0 — Sy at initial time
produces the evolution in time of the perturbation S (t) — Sp. The stability
question ask:

Is it possible to control S(t) — S, in a given spatial norm ||.|x, for ¢ €
(0, 00), provided Sy — S is sufficiently small in the same norm ||| x?

Definition 2.2.1 Stability The motion Sy is said stable in the fixed
norm! ||.|x, with respect to initial data if and only if for all numbers
€ > 0, there exists § > 0 such that, for all initial perturbations §0 — Sy having
norm in X less than 6, i.e. ||So — Su||x < 0, the corresponding perturbations
S(t) — Sy in the norm ||.||x, remain less that €, i.e. |S(t) — Sy||x < € for all
time t.

Basic flows that verify Definition 2.2.5 are sometimes called stable in the
mean, but this notation is not generally accepted.

Definition 2.2.2 Asymptotic Stability If perturbations come back to zero
as time goes to infinity,

Jim [15(1) ~ Syl x =0,

we say that the basic motion is asymptotically stable.

Definition 2.2.3 Instability A motion Sy(t) is said to be unstable in the
X —norm if it is not stable; that is, if there exists € > 0, a sequence of initial
data {S;(0)} approaching Sy, and a sequence of times t;, such that ||S;(t) —
Sl x > € for any i € IN.

Under nonlinear stability hypotheses, if we can physically control that at
initial time the norm in X of Sy — S is less than §, then the basic flow .Sy
will also be experimentally observable in the class of perturbed flows having
initial data sufficiently close to Sp.

2.2.1 Abstract Settings

We denote by f a C! vector function defined in the vector Banach space
X, with values in X, f : V. € X — f(V) € X. We study the abstract
autonomous evolution problem

dv
o =V

V(0) = Vp.

(2.2.1)

IThe distance between two motions may be calculated by a measure, instead that by a
norm. This will be not considered here.
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Usually, (2.2.1) represents an evolution law of a physical quantity of the
system S. In our case, V(t, V) represents the motion of S, corresponding
to initial state V. The notation V(¢t) = V(¢;Vh) may also be used. We
assume that system (2.2.1) has existence and uniqueness theorems of global
in time regular solutions in correspondence of large initial data. In general,
the problem of finding explicit solutions to (2.2.1) is very difficult, if not
impossible, to solve. As such, it is worth applying qualitative information,
such as the uniqueness or the asymptotic behavior of a solution in time, in
a given norm ||.||x. We are trying to frame the concept of time control for a
solution (stability) according to a rigorous mathematical formulation. Such
arguments were developed in the second half of the nineteenth century, mainly
by the French mathematician H. Poincare’ (1854-1912), and by the Russian
mathematician A.M. Liapunov (1857-1918). In this section we will study the
direct method developed by Lyapunov. In referring to a direct method, we
mean to describe a mechanism that would allow for the direct deduction of
certain types of qualitative data once external data are given, and without
integrating the equations.

Definition 2.2.4 A value Vi, € X is said to be a critical point of (2.2.1)
if f(Vs) =0.

Note that the existence of critical points infers knowledge of steady
solutions V (t; V) = V.

If there exists a critical point for (2.2.1), then by a simple subtraction we
deduce that the function W (¢, Wp)) = V(t; Vo) =V, € X with Wy =V -V,

solves the problem

T~y W) =w, (222)

where
gW) = (Vo + W) — f(V).

In our case we are directly studying the difference of motions, hence Sy is the
critical point of (2.2.2), and verifies W, (¢t) = W (¢;0) = 0.

Definition 2.2.5 Nonlinear Stability The zero solution Wy(t) = 0 to
(2.2.2) is said to be nonlinearly stable in the X —norm if

Ve>0 3d(e) >0: [|[Wollx <d = [[WEW)|lx <€, Vte (0,00).
(2.2.3)
A solution Wy(t) = 0 to (2.2.2) is said to be unstable in the X —norm if it
is not stable; that is, if there exists € > 0, a sequence of initial data {W;}
approaching zero, and a sequence of times t;, such that |W (t;, W;)||x > € for
any t € IN.

The difference between continuous dependence and stability lies within the
times intervals (0,T) and (0, 00), where control occurs.
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Definition 2.2.6 Nonlinear Fxzponential Stability The solution
Wi(t,0) = 0 to (2.2.2) is said to be mnonlinearly unconditionally stable
in the X —norm if there is control of perturbations in terms of initial data in
the X —mnorm, however large are the perturbations at initial time in the
X—norm.

The solution Wy(t,0) = 0 to (2.2.2) is said to be nonlinearly exponen-
tially stable in the X —norm if it is stable and, for any initial datum Wy, it
holds

Tim [V (5 Wo) [ x = 0, W (EWo)llx < cexp™,  resp.

with ¢, B suitable constants, B is the time decay constant.

Notice that stability Definitions 2.2.6 are not intrinsic properties of the
critical point Vi, but rather depend on the norm ||.||x(t) and on the radius &
of the ball in the space X, on the difference Wy between the basic motion V5,
and the initial data V(0); specifically, it is a local statement.

The term ‘unconditional’ means without the condition of smallness for
initial data, however this adjective is not generally accepted.

Definition 2.2.7 The rest state is said to be unstable if it is not nonlinearly
stable.

For the linearized problem associated with (2.2.2), all definitions are
simplified.

Definition 2.2.8 The rest state Sy, is said to be linearly stable in the norm
I - ||x(t) if it is stable in the system obtained by linearizing around zero the
term g(W) at right hand side of (2.2.2). Namely, setting

aw’
dt

= (Vo) W',
if there exists a constant 3 > 0 such that
W' (t; Wo)llx < [[Wollx exp™, vt > 0.

If 3 =0 then we have marginal stability.?

Definition 2.2.9 The rest state Sy is said to be unstable in the norm || -
|| x (t) if there exists a constant 3 > 0 such that

W (t; Wo)llx > [|[Wollx e, Yt > 0.

2Definitions for linear stability are given in the complex plane, employing the eigenvalues
of the linearized operator. Thus the marginal stability involves only the real part of the
eigenvalues. However, boundedness can be proven.
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Notice that the Definitions 2.2.8 and 4.3.4 are independent of the size of
the initial data; namely they are global statements.

Once more we wish to outline that the difference between linear and
nonlinear stability with respect to initial data in classical fluid-dynamics
is due to the size of the distance between the initial data S(0) and Sp, and
to the decay rate of perturbations.

To questions of linear and monlinear stability we require reqularity on
steady and unsteady flows, and such reqularity do depend on external forces.

Below we recall the Linearization Principle. The linearization principle
refers to a theorem proving that stability properties of the exact steady
solution Sy to the nonlinear system, are deduced from those of the system
linearized around Sy, provided that the initial data are sufficiently close to .Sp.
Therefore, if a linearization principle holds for the rest state .Sy, any linearly
stable or unstable S} is also nonlinearly stable or unstable, respectively, for
a class of suitable small initial data.

If a linearization principle holds, then any linearly stable state .S is also
nonlinearly stable. This means that solutions corresponding to initial data in
a sufficiently small neighborhood of 0 remain close to 0 for all time. In reality
we may prescribe large initial data, so let us study what will happen in this
circumstance.

2.2.2 Initial Data Control

In reality, we may prescribe initial data far from the stable state Sj, and
we may wish to study what happens under these circumstances. Previous
definitions of nonlinear stability say nothing about the control of solutions
with finite initial data. Indeed, in nonlinear phenomena with large initial
data, a solution S(¢) may lose its control from initial data, even though
Sy is nonlinearly stable (for small initial perturbations). This situation
occurs frequently, and it constitutes the real discrepancy between linear
and nonlinear stability. To this day it appears that there are no rigorous
definitions for this phenomenon, thus we introduce here two new definitions:

Definition 2.2.10 A perturbation W (t; Wy) to the rest state Sy is said to be
controlled by initial data in the range Ioq /L, if, and only if, for all initial
data Wy satisfying

a < ||WOHy < 2a, (2.2.4)

the solution W (t; Wy) is bounded for all time; that is, there exists a suitable
constant o = a(a) > 0 such that

W (t; Wo)llx(t) <a,  VE>0. (2.2.5)
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Definition 2.2.11 The rest state is said to lose the control of the initial
data if there exists a positive number a and initial data Wy satisfying (2.2.4),
such that the corresponding solution W (t; Wy) is not controlled by the initial
data; that is, whenever given o > 0, there exists T' > 0 such that the solution
W (t; Wy) to problem (2.2.2) with initial data satisfying (2.2.4) satisfies the
iequality

lW (& Wo)l|x (T) > a. (2.2.6)

Definitions 2.2.10, 2.2.11 are meaningful only for nonlinear systems,
because the definition of linear stability is valid for all initial data.

2.2.3 Lyapunov Method

We begin with the abstract settings (2.2.1). Let V4 denote a critical point of
(2.2.1), namely
F(Vy) =0. (2.2.7)

Stability studies the evolution in time of the disturbance
W(t; Vo = Vi) = V(t; Vo) = Vi, W(0; Vo = Vo) = Vo — Vi,
in some prescribed norm |.|x.
Definition 2.2.12 Let W € X be a solution to (2.2.2). A smooth function
F:WeX — FW)eR,

18 said to be a Lyapunov functional for the null solution Wy = 0 in the
abstract space X if:

(1) It is positive definite in the neighborhood of the origin I, i.e.
F(0) =0, FW) > 0, W £ 0, YW € T
(2) It is continuous in the neighborhood of 0 of radius R, i.e.
VR>e>0, 36>0: Wix <d— FW)<eg
(8) It is decreasing along the solution to (2.2.2), i.e.

aFW) _,

YVt 0. 2.2.8
x =0 > (2.2.8)

Theorem 2.2.1 Lyapunov Theorem If there exists a Lyapunov functional
for system (2.2.2), then the zero solution Wy(t;0) = 0 to (2.2.2) is stable in
the X norm.
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Theorem 2.2.2 If there exists a Lyapunov functional for system (2.2.1),
then the stationary solution V (t;V,) = V4 to (2.2.1) is stable.

Remark 2.2.1 For stable motions of fired space X, there exist infinite
Lyapunov functionals. One problem lies in the construction of the most
appropriate Lyapunov functional F.

As such, we will now limit ourselves to describing the energy method which
proposes one choice of a Lyapunov functional. Note that other generalized
energy methods have been proposed to construct more refined Lyapunov
functionals; cf. [37,53].

The stability result given below provides nonlinear stability results in the
class of regular motions.

2.2.4 Energy Method

The energy method takes as a starting point the initial value problem
described in (2.2.2), the “perturbations system.” It deduces Lyapunov
functions by operating on system (2.2.2). A typical operation of this method
is the multiplication of (2.2.2); by a function of W in X, the latter of which
is usually a Hilbert space X = H where (2.2.2) is defined.?

The energy method is customarily used to study the nonlinear stability of
incompressible viscous flows, governed by “generalized” parabolic systems,
see Orr (1842-1912) [87], Reynolds (1842-1912) [124], etc. Notice that the
‘energy method’ generally doesn’t use physical energy.

Let v,p be a solution to the Navier—Stokes unsteady equations in a
fixed domain €2 that satisfies

Ov+v-Vv—-—vAv=—-Vp+f
V-v=0, (x,t) € Q2 x (0,00),
(2.2.9)
V(SC,O) = VO(‘I)v S Qa
V|6Q =Vy,

with f being external force, vy being boundary velocity, and vy the initial
data.

3If W € LP, we could multiply (2.2.2) by |[W|P~2W and integrate over Q to get

d wp
— —da}:/ WP=2W g(W)da.
dt Jo p Q

In the energy method one usually takes p = 2.
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In this case, a critical point of (2.2.9) represents a solution to the Navier—
Stokes steady equations given by

vy - Vv — vAvy, = —Vp, + T
Vovp=0  zeqQ, (2.2.10)
Viloa = Vs,

with the same external force and the same boundary velocity.
Here we wish to study the stability with respect initial data vy =
vy, + ug. Then, the perturbation u = v — vy satisfies the equation

ou+v-Vu—rvAu=—-V(p—p) —u-Vv,
V-u=0, (z,t) € 2 x (0, 00),

u(z,0) = ug(z), =x€Q, (2.2.11)

ulpo = 0.

Multiplying (2.2.11); by u and integrating over €2, we deduce the following
energy equation

d [ |u?

— r = —V/ |Vu|2d$—/ u-Vvyuder, te (0,00). (2.2.12)

From (2.2.12) one can easily prove a continuous dependence theorem for
suitable regularity classes of solutions. In general nothing can be said about
the stability of the stationary solution v;, of (2.2.11), except that unsteady
perturbations u(z, t) do depend on the size of v;,. Furthermore, it is clear that
a candidate Lyapunov functional F(u) coincides with the spatial L?—norm
of u. |Ju||zz will become a Lyapunov functional for system (2.2.11) if

- V/ |Vul?dz — / u- Vvyudz <0. (2.2.13)
Q Q

Drawback v # 0 To prove stability one must prove that the right hand
side of (2.2.12) is less than zero. To this end, we notice that the second
integral at Lh.s. of (2.2.13) A := — [ u - Vv; - udz, has no definite sign.
Hence one requires the dissipative term D := —v [, |[Vu|*dx be larger than A.
This in turn requires that v # 0, thus the fluid must be viscous. Under this
assumption, in order to control the term A, we require that the basic motion
vy and the domain be such that there exists a constant ¢ = ¢(£, vy) such
that

’/ u-Vvy - ud:c‘ < c [ |Vul*dz, Yu e J1(9Q).
Q Q

Finally, to prove stability it is enough to assume that ¢ < v.
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2.3 Lagrange—Dirichlet Method

The Lagrange—Dirichlet method considers the abstract initial value problem
(2.2.1), and constructs Lyapunov functionals by using direct physical balance
laws (in particular conservation laws).

The Lagrange—Dirichlet method is customarily used to study nonlinear
stability of the rest state of elastic and thermodynamic systems; cf. [24]. For
the stability study one computes the first and second variation of the total
energy. More generally, the Lagrange—Dirichlet Method states that those V}
which are the minima of total energy are stable steady states.

Nonlinear stability has been investigated by Dirichlet using general
conservation laws.

2.3.1 Hyperbolic First Order Systems

Arnold [4] has extended the Dirichlet method to study the nonlinear
stability of potentially non-smooth steady solutions of two-dimensional Euler
equations; for incompressible fluids in symmetric bounded domains, see also
[127]. He used as a Lyapunov functional a linear combination of conservation
laws, first integrals, due to the symmetry of the problem. Using as prototype a
functional &£, the basic idea was to look for conditions ensuring the vanishing
of the first variation of £ and the positivity of its second variation. We will
give an outline of the stability theorem proved by Arnold for a class of steady
solutions to Euler equations.

Consider a two-dimensional domain €2, bounded by two smooth, fixed,
closed, non-intersecting curves Cy, C4, or the internal and external bound-
aries, respectively. Let us denote by (x,y) the independent space variables in
the plane 7 containing €2, and by k a direction orthogonal to 7.

For the local angular velocity we set

w = curlv - k = 0;vy — Oyvy,

where (vg, vy) denotes the components of v along .
Let the velocity vy, pp and the pressure be a steady solution of Euler
equations to the Boundary Value Problem (BVP)

vy - Vv = —Vpy,
V.vy, =0, in €;
(2.3.1)

Vb'nci:U»L‘,

/ vids = 0, i=0,1.
C;
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Denoted by v the stream function v, = Vip, x k, it is well known, cf. [65],
Sect. 10 in Chap. 1, that any function of Ay = 0 is constant through the
paths of fluid particles. Furthermore, by the motion equation (2.3.1); we also
know that

Vp - Vwb = Vi/)b x k- VAi/)b =0. (232)
The parallelism between V), x VA, and k, combined with (2.3.2) implies

Viby, x VA, = 0.

The parallelism between the gradients of ¥y, and of Ay, if VA, # 0, infers
a functional dependence between these two functions, expressed by

U = R(Aty). (2.3.3)

Therefore, all basic flows must satisfy (2.3.3).
Let v, p be solutions to the incompressible Euler unsteady equations,
namely let v, p solve the Initial Boundary Value Problem (IBVP)
Ov+v-Vv=—-Vp;
V-v=0;
(2.3.4)
v(x,0) = vo;
v-nlg, = v, i=0,1.
Let dl be the infinitesimal element of the line tangent to oriented curves Cj,

i = 1,2. It is not difficult to show that the modified energy functional £(v)
remains constant along the motion

2
E(v) = %/ v2dzdy+/ & (w)dxdy + Zai/ v - dl, (2.3.5)
Q Q = Jo

where ® : R — R is any smooth function with a; real numbers.
Set u = v —vy. Then, as possible Lyapunov functional we may choose

Fu) = E(v) — E(va). (2.3.6)

Choice of ®. For functionals ® in (2.3.5), we take any function having a
derivative coinciding with
() = R(()-

It’s worth checking under which conditions F becomes a Lyapunov functional.
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Let J and J; denote the subspaces of L2(Q2) and W12(Q), respectively, of
solenoidal vector fields. Conditions on the first and second variations of F
are given by (2.3.6),

SF (W)l =0,  Vpe
SF()el* >0,  Veel, (2.3.7)

and ensure that F is a right Lyapunov functional.

Conditions (2.3.7) are conditions on the basic motion . Therefore, we
are lead to select the stable steady flows v}, in the set of functions that satisfy
(2.3.7).

The second variation introduces the norm, called the natural norm in
which the perturbation is controlled. In this case, the natural norm with
which to study the problem of stability is

el = [

u2dmdy+/ N(w)w?dzdy,
Q

Q

with @ between w;, and w. Finally, the hypotheses on R ensuring 62€ is positive
definitely ensure that F is a good Lyapunov function.

2.3.2 Second Order ODE

We wish to explore the Dirichlet method by studying the solutions x =
x(t, xo, o) of an ordinary second order system

d2
2% = f(z) — hz, (2.3.8)
x(0) = xo, %x(O) = @y.

In (2.3.8) h is a positive constant, and sometime we have set 4 = &. Let

be a critical point of f that satisfies f(x) = 0. This leads to the knowledge
of an equilibrium solution (¢, xp,0) = x3 for (2.3.8).
The energy equation is written as

d _ .9
EE(:E) = —hi”, (2.3.9)

with
E(x) = 5:1: — F(x), —F(x) =: F'(z) = f(x). (2.3.10)



2.3 Lagrange—Dirichlet Method 65

Therefore, for y = x — xzp, y = & we see that
Fly,9) =E(@p +y) — E(p)

becomes a Lyapunov functional once (xp,0) is a minimum for £. A sufficient
condition then is that the Hessian §2F(zp,0) defines a positive definite
quadratic form. Since the Hessian of F is in diagonal form, it is enough
to compute the two eigenvalues 07F(zp,0), 92F(xp,0). The derivative
02 F (x,0) is given by 1/2, and is always positive. The derivative 92F (zy,0)
is —f’(xp), hence we must assume that —f'(zp) > 0, that is f/(zp) < 0.

To give an asymptotic result, we first observe that £ = y. Thus we
multiply (2.3.8) times y = x — xp, recalling that x; is a critical point. So we
find the free work equation

2
jt( yy + hT) —9* = (f(:cb +y) - f(wb)) y=f(o+7y°  (23.11)
where 7 is a point between y and 0. The hypothesis f/(x,) < 0, together
with the regularity of solutions, implies that there exists a neighborhood of
xp in which f/(z) < 0. Notice that by applying the Taylor expansion to the
variable x with initial point x; up to the second order, and recalling that
is a critical point, if F'(xp) = f(xp) = 0, we obtain

1. 1. 1,
E(w) = Ew) = 597 = (Fl@) = Fla)) = 5% = 5/ @y*. (23.12)
Multiplying (2.3.11) by an arbitrary positive constant € and adding (2.3.9),

one obtains p
ZE(t) = ~(h— O + e ['(m + T

where we have introduced the modified energy

1 1 h oy

E= 592*§f/(50b +7)y* +eyy+e SV

It is trivial to check that there exists a b such that

E(t) < —(y* +9?). (2.3.13)

c-l»—l

Furthermore we observe that, for f/(Z) < 0, it is h—+/h? —4f/(T) < 0, hence

condition
(h—\/h?—4f'(T)) < 2e < (h+/h? —4f'(T)),
is satisfied for
0 <2e < (h++/h?—4f (7)),
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namely for e sufficiently small. Under this assumption the modified energy E
is always a positive definite quadratic form in the variables y, y. Moreover,
it holds d

SE(t) = —a* (P + 1), (2:314)

where
a® = min{(h —¢), —e f'(xp +7)}.
Hence (2.3.13) in (2.3.14) yields the following modified energy differential
inequality p
EIE(lt) < —d®bE(t), (2.3.15)
which integrated infers

E(t) < E(0)exp ",

If f’(xp) < 0, then nonlinear stability holds and asymptotic decay has
been proved.

Analogous calculations have been developed for elastic media; cf. [2,24,
106,108]. In particular, we note that the method is applicable to hyperbolic
systems.

Question:

Is the Dirichlet method applicable to coupled hyperbolic-parabolic equations?
In particular, where the rest state of a compressible fluid is asymptotically
stable? In the following chapters we shall give a partial answer to this
question. Below we apply the Dirichlet method to compressible fluids,
studying two model problems.

2.3.3 Stability of Barotropic Inviscid Fluids vy, # 0

Here we give an example of natural norms in which the perturbation is
controlled by initial data, for all times, for zero viscosity and non-zero basic
velocity.

We recall that the nonsteady flows of a barotropic inviscid fluid in a
bounded domain are governed by the compressible Euler equations.
The unknown velocity v and density p are governed by the following initial
boundary value problem in a bounded fixed domain 2:

Op+ V- (pv) =0, (2.3.16)
p(Ov + v -Vv) =—=Vp(p) + pVU, (z,t) € Q x(0,T),
v(x,0) = vo(z), p(x,0) = po(z),z € Q,

| ooty =1, v-nlag = 0.
Q
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If the pressure p(p) is a convex function of p, system (2.3.16) is strictly
hyperbolic.

Set € Q, © = (x,y, z), and denote by v;, pp the steady solution to the
system (2.3.16). We give sufficient conditions for nonlinear stability of steady
potential flows, with respect to three dimensional perturbations. We work in
Eulerian coordinates.

We study nonlinear stability of the steady flow of a barotropic inviscid
fluid, governed by the compressible FEuler equations. Begin by recalling
the Boundary Value Problem governing steady flows

V- (ppve) =0,
(pvy - V) v, = —Vp(pp) + pof, r e, (2.3.17)
. = d = M >
veom| 0, /Q po(x) d P20,

where n is the normal to the boundary, and p = p(p,). As we know, the rest
state S, = {v =0, pp = pp(z)} exists only when forces f are positional and
derived from a uniform potential f = VU. Indeed in this case, the rest state
is the exact solution to (2.3.17), with pp implicitly given by

Pb o/
/ ]Ls)ds =U+eg, / ppdz = M. (2.3.18)
Q

S

Notice that the constant ¢ is given by the condition that the total mass is
prescribed (2.3.17),, and therefore (2.3.18) may furnish a complex value for
the density. In order to have real positive solutions p, (densities), we are led
to assume the following:

Hypotheses on the basic flow (pp,vy)

(i) The flow (pp, vp) satisfies the boundary problem (2.3.17).
(ii) The velocity vy, is potential.
(iii) The momentum pyvy is potential

PbVy = VX.

Assumptions (i) and (ii) allow us to write (for regular flows) Bernoulli
(1700-1782) equation
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where @ is the enthalpy; cf. (1.5.24). We define
L o
E(vy, pp) = pb(§Vb + @(pp) — U)dx.
Q

We rewrite (1.7.7) for inviscid fluids and find

d 1 P
p(—|V|2 +/ ZL?ds)d:z: = f/ p(p)v - ndS +/ pv - VUdz.
2 s o9 Q

dt Jo
(2.3.20)

In this case, the total energy is given by

E(v,p) = /Q {%pvz’ +p¥(p) — pU(z)}dz,

wip) = [ s

where U is the Helmholtz free energy; cf. (1.5.25). Now, set

(2.3.21)

u =V —Vyp, g = P — Py,

Solutions vy, 4+ u, pp + o to (2.3.16) satisfy the side condition

/odmzo.
Q

F(u,0) = E(vi, +u,pp +0) — E(Vp, py)

The Lyapunov functional is

N /Q {%(pb +o)(vo+w? + (s +0)(U(ps +0) ~Ul@)}de g 5 99,
*/ {%vag + pu(@(pp) — Ul(x)) }dz.
Q

We notice that the time derivative of E(vy, pp) is zero, thus from (2.3.19)
we get

(B0 = ewnm) = 5 [ (5o =)+ (o) — o0 bz 0.

dt
(2.3.23)
We have now proven that F(u, o) is a good Lyapunov functional.
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Applying the Taylor (1685-1731) polynomial formula, with initial
point (v, pp), we get:

.7'—(11, 0) = E(vb +u, pp + 0) - g(vbvpb)
= E(vy +u,pp + 1) — E(vy, pp) + E(ve, pp) — E(Vi, pb) (2.3.24)

= SE(v )0 + 38 E@ ) o+ [ (¥(on) = Do)

where v, p is a point between (v, pp) and (v, p).
Since the antiderivatives are defined up to a constant, the definitions of
v, and ¢ yield

[ oo~ 2z = [ o [ (M dsa (2.3.25)

—/Qpb(l%JrC) da :/Qp(pb)df”rcM-

The left hand side of (2.3.25) vanishes for ¢ suitable

Jo plpy)dz
o

If such a choice is made for ¢, the function F reduces to
1
F(u,0) =S6E(vy, pp)[u, o] + 552E(v,p)[u, o]?. (2.3.26)

Let’a now compute the first and second order variations of E taking as our
initial point (v, pp). We get

MM%MM=A%
1 5, 19%(p%(p))

1
~6*B(v, p)[u, 0] :/ 3
5 (¥, p)[u, o]“dz 9{2“‘ 3 p2? ‘(Eﬁ)

[p(v2 — Vi) +p¥(p) - p<1>(pb)] odx + /Q PpVy - udz,

PbsVh
2 —
oo+ vy - ua}dx.

(2.3.27)

Concerning the first integral in the first variation of F from the basic state,
we notice that,

aap { (v® = vi) + p¥(p)) — /@(pb)} o P’ (pp) + (U (pp) — (ps))
_plpy) [P p(s) p'(s),  plew) [ d /p(s _ _
_p_bb_|_/ S_2d3_/ Tdg_p—bb—/ g(T)dS—const—C.

(2.3.28)
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Finally, [, Codzr = 0 because [,odz = 0, thus the first integral in §E is
Zero.

Concerning the second integral in the first variation of E, using the
Helmholtz decomposition for u, u = w+ V¢, with w solenoidal and with
zero normal component at the boundary, recalling the second hypothesis (ii)
together with the boundary conditions and (2.3.17),, we get

/pbvb-ud:p:/pbvb~(w+V§)d:1::/Vx-wd:zr+/pbvb-V§d:c:0.
Q Q Q Q

Thus, the first variation of E is zero at (v, pp). Now, we need to calculate
the second order variation of E given by (2.3.27),. We recall that the point
(Vb, pp) is a minimum for the Helmhotz free energy, and therefore it holds

that
*(p¥(p))
0p?

which infers by continuity that it remains positive for all values of Ir (v, ps),
for R suitably small, and we can deduce

*(p¥(p))
0p?

>0,
(vi,pp)

(@.5) > Oa (ﬂa ﬁ) S IR(Vbapb)'
u,p

If v, is not too large as compared to basic density*

_ . 0%pv
esssupal | < essinf o onsen P12 0) g

P

(2.3.27), is equivalent to the L? norm of perturbations u and o. Finally,
integrating (2.3.23) in time yields

/Q{lpu%r%@z(p\l’(ﬁ))

2 0p?

a(llallze + llolz2) < 0* + 91 uo hda

(w,p)

_ 15 19%(po¥(po))
’/Q{zpoqur 27 02

which delivers control of perturbations u and ¢ in the L? norm, for all times
t>0.

o2+ - uoao}dx, (2.3.29)

(w0,p0)

4For isothermal flows it is enough to assume
esssupq|Vy| < k,

where k = R«0, and Ry is the universal gas constant.
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2.3.4 Isothermal Viscous Fluids vy, = 0

In this subsection we use the energy method in an unorthodox manner to find
the behavior in time of the difference between the energies F(t) of the non
steady motion and Ej of the rest state. We observe that FE(t) — Ej, dominates
the spatial L2-norm of the difference of two solutions (p, v), (ps, v3). Next, to
get the decay to zero in time, we apply the free work equation, which furnishes
dissipative terms for the perturbation in the density. This will be achieved
by using suitable test functions whose existence is ensured by Lemma 3.7.5.
Let us consider the system

Otp+u-Vp=—pV-u,

poru+pu-Vu— pAu— A+ pu)VV -u = —kVp, (z,t) € 2 x (0,T),

u(m,O) = uo(:v), ,D(JE,O) = PO(x)v x €,

ulog = 0, / pdz = M, (2.3.30)
Q

with & = R.0, a positive constant. System (2.3.30) describes isothermal
fluids moving in the absence of external force. It is easy to verify that v, = 0,
pp = M /| is a solution to (2.3.30). Furthermore, it is also standard to verify
that the energy equation holds

d u?
= — 4+ kplnpld Du(t) =0, 2.3.31
dt{/902+pnp}:r+u (t) =0 (2.3.31)

with
wDy(t) = / {()\ + ) (V -u)?dr + p|V ul?| de.
Q

Notice that (2.3.31) can be equally rewritten in the following form
d
E]—‘(u, o)+ uDy(t) =0. (2.3.32)

where F is the energy of perturbations u, o:

u? 2 o2
F(u,o) = / p—+kplnp—kplnp,—k(p—pp) pdx = / (p_ + k—_) dz,
Q { 2 } Q 2 2p

with p between p and py. It follows from the definition and from (2.3.32) that
F is a Lyapunov functional, hence the rest state is stable.

Remark 2.3.1 The stability in the mean continues to hold for inviscid fluids,
for example if p = 0. In fact, F is a Lyapunov functional despite the viscosity
term.
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For f and g, two vector functions in dual spaces, we use the notation (f, g) to
denote the integral over €2 of the scalar product between these two functions.

Let p > 0; we wish to analyze the asymptotic behavior of a perturbation
in time. To this end we construct a dissipative term for o.

We recall that in (2.3.2) to get asymptotic decay we have multiplied the
equation (2.3.8), that coincides with the equation of perturbation, times the
free displacement x(t) — x; obtaining the free work equation (2.3.11). Here,
in order to provide a dissipative term for the perturbation ¢ = p — p,, we
also construct a free work equation where now the free displacement is given
by a suitable test function V.

Let us multiply (2.3.30) by an auxiliary function V, having a dimension
of displacement “free displacement,” and integrate over 2. We obtain the
free work equation

i o, V) +Ek(Vo, V) =1, 2.3.33
dt

with
I:(pu,@tVJru-VV)—(/\Jru)(V-u,V-V) fu(v w, vV V).
We call equation (2.3.33) the free work equation because it equates
the time derivative of (pu,V) to an appropriate work. Notice that the
displacement V is a free vector field to be suitably chosen.
Given ¢ as smooth function o = o(z,t), now we can choose the

displacement V as a solution to the boundary value problem; cf. Lemma
3.7.5 of Chap. 3,

V-V =g, (x,t) € Q x (0,00),
Voo = 0. (2.3.34)

We note that, since fQ odx = 0, the compatibility condition is satisfied.
Furthermore, for solutions to (2.3.34) there exist constants ¢’ ¢, ¢, such
that the following estimates hold, cf. (3.7.4) Lemma 3.7.5 of Chap. 3,

[VIlLz < cllollze,
IVV]|r2 < €lo]|re, (2.3.35)
10:V |22 < e[ Vul| 2.

Notice that (2.3.34) furnishes the free work equation

d
—a(pu,V) + k|lo||3: = —T. (2.3.36)

Equation (2.3.36) appears in the form of the time derivative of a term, having
the dimensions of the integral in time of an energy, plus a dissipative term
for o that equals the functional Z having the dimension of a work.
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If we multiply (2.3.33) by —v, where v is an arbitrary positive constant
having the dimension of inverse of time 1/sec, and add it to the energy
equation (2.3.31), we can deduce, as an alternative Lyapunov functional F,
the modified energy E

g

u? 2
E = { /Q > + k2_ﬁ —vpu- V}da:. (2.3.37)

that satisfies the modified energy equation

dE
i —v||Vul||?.dz — vk|o||3: — vI = —D — VI. (2.3.38)
Employing (2.3.35), it is trivial to verify that the modified energy function
(2.3.37) becomes equivalent to a norm of perturbations for v sufficiently small

ma(||ullfzdz + [|oll72) < E < mo(|ulZzde + o]Z2).

We now use the Dirichlet generalized method, and analyze Z, which for
small v as well as for regular solutions, constitutes a positive quadratic form
in the L? norm of perturbations u, o. From the estimates enjoyed by V, it
follows that

2
1Z] < c(IVull 2 lloflzz + [[Vullz2),

where ¢ = ¢(u, 0, pp). Hence the term
DAwZ:/(MVMW+Q+MXV1ﬁ)m+VWﬂ§—wZ
Q

is a positive definite quadratic form in the L? norm in the perturbations u, o.
It follows that for v small enough, using the Poincaré inequality, it is possible
to prove that there exists a constant 8 > 0 such that

D > GE.

Substituting this information in (2.3.38) we deduce the differential inequality

for the modified energy

dE
— +FE<0
dt+6 -7

that implies exponential decay to zero of the L? norm of the perturbations
u, 0. The decay constant depends upon the value of v thus in general is very
small.

Open problem 7o extend the method to study the stability of a general
steady flow.
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2.4 Main Theorems

Here we list the main theorems proved in next three chapters:

(a) The first set of theorems will be proven in Chap.3. They concern the
steady flows .Sy, of barotropic viscous fluids filling a domain €2, with a rigid
boundary. Once the basic flow S}, is given, there are proven theorems of
uniqueness of S, in the class of steady motions, stability and asymptotic
stability of Sy in a suitable regularity class of solutions.

(b) The second set of theorems will be proven in Chap.4. They concern
the rest state of a horizontal layer of isothermal viscous fluids filling a
periodicity cell €2, which has as bottom a rigid flat surface, and above
a free boundary. There are proven uniqueness theorems for the rest
state Sp in the class of steady motions, stability, and asymptotic stability
theorems of Sp in a suitable regularity class of solutions. Next, for fluids
having a free boundary below the rigid flat surface, we introduce the
concept of initial data control, thus proving one instability theorem, and
one theorem relative the loss of initial data control.

(¢) The third set of theorems will be proven in Chap. 5. They concern the
rest state of a horizontal layer of polytropic viscous fluids in a periodicity
cell 2 between rigid flat horizontal boundaries, heated from below.

There are proven uniqueness theorems of the rest state S in the class
of steady motions, stability and asymptotic stability theorems of Sp, in a
suitable regularity class of solutions.

Remark 2.4.1 In cases (b) and (c), in order to simplify the problem, we
have considered the infinite horizontal plane as union of rectangular cells
periodic in two horizontal directions.

All the proofs employ the “free work equation” FWE, which is one essential
tool of the book.

2.4.1 Case (a) Barotropic Fluid, Rigid Boundary

We study the following initial boundary value problem IBVP

dp+V-(pv) =0,

POV + (pv-V)v==Vp+ A+ p)VV -v + pAv + pf, (z,t) € Q x (0,T),
v(z,0) = vo(z), p(z,0) = po(z), T € Q,

v]sa(z,t) = w(z,t), x € 09,

Jar =M, p>0,

(2.4.1)
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where w is the velocity of the point of boundary, M the total mass of the
fluid, and we have assumed

p=p(p), n>0, (20 + 3X) > 0.

Associated to (2.4.1), we consider the Boundary Value Problem

V- (pyvy) =0,
peve - V)ve = =Vp(pp) + A+ W)VV - vo + plve +pof, 2 €Q, 9 4 9

Vb‘ IW($)7 /pde?:M, pb207
09 o

with p = p(p) a smooth function.

(a1) Rest State

As we know, the rest state exists only when external forces derive from a
uniform potential f = VU, and w = 0. Indeed, in this case, the rest state
v =0, pp = pp(x) is the exact solution to (2.4.2), with p, implicitly given by

P )
/ CACFR / pydz = M. (2.4.3)
s 0

For the steady case, in order to have real positive solutions p;, (densities),
we are lead to assume

Hypothesis R The force is such that there exists a positive real solution
to (2.4.3).

Our uniqueness result will hold for large potential forces satisfying only
Hypothesis R.

If p'(p) > 0, we may introduce the Orlicz (1903-1990) space L, ()
with the following convex function

)l (s)

o(x) = (o — ) / ds,

po(z) S

in L1 (Q)

Theorem 2.4.1 Uniqueness of the Rest State in the Class of Steady
Solutions. Let f = VU € HY(Q) satisfies Hypothesis R and w = 0, then
the rest state vy, = 0, pp = pp(x), with py implicitly given by (2.4.3), is unique
in the class of solutions v, p, to (2.4.2) where v € H}(Q), and p — py belongs
to L¢(Q).

The proof of this theorem is achieved by absurdum procedure, with the help
of the FWE.
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In order to state our stability theorems we introduce the class of
generalized unsteady solutions (u(x, t), p(x, t)) in W

W = L*® (0,00; L*(Q)) N L* (0,00; WH?(2)) x L (0,00; C*(Q)) . (2.4.4)

Roughly speaking, we prove that in bounded domains €2 the L?-norm of any
'regular’ perturbation (u, o) to the unique basic rest state S, decays to zero
as t — oo, at an exponential rate.

We begin by deriving an energy equation that represents the energy
conservation law of unsteady motions v(z,t) = u(x,t) and p(z,t) =
pv(x) + o(z,t) Dirichlet method. In doing this we shall pay attention on
the perturbation terms u(z,t) and o(z,t).

Theorem 2.4.2 Energy Equation. Let f = VU € L*(0,00; H=Y(Q)), and
let u=v, p=pp+ 0 solve the Initial Boundary Value Problem (2.4.1) with
(u,p) € W. Then, the energy equation holds

a |Bu+ Eq| + pDu(t) =0, (2.4.5)

dt
1
E.(t) = —/ pu? dz;
2 Jo

E,(t) = /Qp(/p Z%dsf U) dzx = %/ﬂ Z@02(1:17;
p Dy (t) = /Q [(/\Jru)(v ~u)?dx + plV uﬂ de.

We give now the asymptotic result.

Theorem 2.4.3 Nonlinear Exponential Stability. Let f = VU €
L%(0,00; H7X(Q)), then the rest state vi, = 0, pp = pp(z), with py given
implicitly by (2.4.3), is exponentially stable in the class of motions u = v,
p = pp + o; solutions to Initial Boundary Value Problem (2.4.1) with
(u,0) € W.

(a2) Non-potential Forces

Let us define the regularity class where uniqueness is proved

V={(v,p) € L*(Q) n W"3(Q) x (L>=(Q) n Wh>(Q)) :
infp'(p1) =:mq >0, infp >0},
Vo = {(vs, pp) € (L*(Q) N WH2(Q)) x (L=(Q) N WH>(Q));
vy - Vv, € L*(Q);  infp/(py) =: my > 0}.
Notice that V, C V. We remark that it is reasonable to make assumptions on

vy, because it is a given known motion, in this case reqularity properties need
only be verified, not proved.
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Theorem 2.4.4 Uniqueness of Steady Flows. Let f€ L°(0,00; L3(Q)),
and let (vp, pp) € Vi be a given solution to the Boundary Value Problem
(2.4.2). Then if ||flls and constants cy, c1, c2, C1, Ca, defined by (3.3.16),
(3.3.24), satisfy (3.3.18), (3.3.27), (3.3.31), (v, pp) is the unique solution
to Boundary Value Problem (2.4.2) in the reqularity class of solutions with
(v,p) € V.

In order to prove stability theorems within the presence of small non-
potential forces we now define the following regularity classes:
Perturbed unsteady flows

W = {(v,p) € L=(0,00; L*(2)) N L*(0, 00; WH2(2)) x L*(0, 00; W>(2));
inf p’(p) > 0; inf p > 0; Op € L>(0, 00; L=(12)),
Vv € L¥(0,00; LA(Q))}.
Basic steady flows
Vo = {v, pp € L2(Q) N WH2(Q)) x WH°(Q);
vy - Vv, € L3(Q);  infp/(py) = my > 0}.
Assume there exists a steady solution vy, pp to (2.4.2) in the regularity class
Vb, then it is derived an energy inequality, which provides an energy stability

result. Next, employing the FWE, it is proved the exponential decay of
suitable norms of perturbations to zero.

Theorem 2.4.5 Energy Equation. Let f € L>(0,00;L3(Q)), and
(Vb,pp) € Vp. Let v.= vy +u, p = py, + o, solve the Initial Boundary
Value Problem (2.4.1) with (v,p) € W. Then, the following energy equation
holds true

4 [Eu + Eg} + 1 Du(t) = I, (2.4.6)

dt

1 /(= 2
E.(t) = —/ pu® de, E,(t) :/ L (p>0—dx,

2 Ja Q 2

{()\—l—u)(v ‘u)?dx + p|vV u|2} dz,
b

Il(t)z/ u-bdw—/Mou-Vpdx

Q Q P

/(= /
—/ {MV-’% +@(6t+va) -p(p)
al p 2 Pop

=
)
g
=
I
S

}02 dx,

b=—ppu-Vuo,+o( f— v-V ).
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Theorem 2.4.6 Nonlinear Exponential Stability. Let f € L°°(0,o0;
L3()), and let (vp,pp) € Vo be a given solution to the Boundary Value
Problem (2.4.2) with w = 0. If ||flls and constants cy, c¢1, c2, C1, Ca,
Cs, defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31),
then (vp, pp) is exponentially stable with respect to motions in the reqularity
class W.

(a3) Non Zero Boundary Data

Let us suppose that f € L°°(0, 00; L3(R2)), w € L>(0, 00; H'/2(99)), and let
w # 0.

Theorem 2.4.7 Uniqueness in the Class of Steady Flow Let f €
L>®(0,00; L3(2)), w € L>=(0, 00; H/2(9Q)), and let (vy, p») € Sy be a given
solution to Boundary Value Problem (2.4.2). Then if ||fils and constants co,
c1, c2, C1, Cy, Cs, defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27),
(3.3.31) thus (v, pp) is the unique solution to Boundary Value Problem
(2.4.2) in the regularity class of solutions with (v,p) € V.

Theorem 2.4.8 Nonlinear Exponential Stability Let f € L°°(0,o0;
L3(Q)), w € L>®(0,00; H/2(0%)), and let (vy,pp) € Vy a given solution
to (2.4.2). Let ||flls and constants cg, c1, ca, C1, Ca, Cs, defined by (3.3.16),
(3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then (wvy, pp) is asymptotically
stable with regards to motions in the reqularity class W.

(a4) Domains Exterior to a Fixed Bounded Body C

Consider the Initial Boundary Value Problem IBVP

Oip + V- (pv) =0,
Ot(pv)+V(pv® v)=—=Vp(p) + AVV - v + 2uV - D(v) + pf, (z,t) € Q2 x (0,7,

v]ge =0, Jim v=0 Jim p = poc,
(2.4.7)
with p = p(p).
Consider the Boundary Value Problem BVP
V- (pv) =0,
Vipve v) = =Vp+ AVV v +2uV - D(v) + pf, T €, (24.8)
v|ge =0, lim v=20 lim p = peo,

with p = p(p).
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Theorem 2.4.9 Uniqueness of the Rest State in the Class of Steady
Solutions. Let f€ L>(0,00; L3(Q)), and let (vy, py) € Vi be a given solution
to (2.4.8). Assume ||flls and constants co, c1, ca, C1, C2, Cs, defined by
(3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the solution
(vp, pp) € Vb to (2.4.8) is unique in the regularity class of steady solutions
mn V.

Notice that for compressible fluids moving in exterior domains, despite
the incompressible case, it is still possible to prove exponential stability. Of
course, this requires severe hypotheses of regularity on the density p € L3/2,
that in turn intuitively require that the mass of gas is not too large. We give
the proof for isothermal fluids; different state equations for pressure is an
open problem.

Theorem 2.4.10 Stability Let f € L>(0,00; L*(Q)), and let (v, pp) € Vs
be a given solution to (2.4.8). If ||flls and constants cg, c1, c2, C1, Cs, Cs,
defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the
solution (v, pp) € Vb to (2.4.8) is stable in the regularity class of unsteady
solutions W.

Theorem 2.4.11 Nonlinear Exponential Stability Let the gas be perfect,
i.e. let p(p) = kp. Let f € L°(0,00; L*(Q)), and let (vp,pp) € Vb be a
given solution to (2.4.8). Assume ||flls and constants co, c1, ca, C1, Ca, Cs,
defined by (3.3.16), (3.3.24), satisfy (3.3.18), (3.3.27) and (3.3.31), then the
solution (vp, pp) € Vp to (2.4.8) is asymptotically stable in the regqularity class
of unsteady solutions W.

With the term “phase change” we mean a barotropic fluid whose pressure,
for some intervals of density p, becomes a decreasing function of p.

(as) Instability of Rest State in a Phase Change

Hypothesis of instability (HI):
Before dealing with instability questions, let us observe that for given
pressure, it is possible to construct more density fields such that the pressure
has constant value; cf. footnote in Sect. 3.6.

Let us assume that:

(a) there exists more than one equilibrium configuration, i.e. the condition

p(p) = ¢, when c¢ is fixed, is satisfied by several values of p, say p;,
i = 1,...,N, corresponding to the same given mass M and different
volumes V.

(b) in at least one equilibrium configuration, say p1, it holds

02 p¥
6P2 p1

<0. (2.4.9)
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In this case, we shall prove the following theorem:

Theorem 2.4.12 Instability Assume the second order derivative of the
Helmholtz free energy per unit of volume pW(p) satisfies the hypothesis
of instability (2.4.9), then the equilibrium position S at py is unstable.

2.4.2 Case (b) Isothermal Fluid, Deformable
Boundary

For problems with deformable boundaries we prove a uniqueness theorem of
steady fluid motions occurring in a rectangular section of the horizontal layer
¥, having the rigid bottom below and a free upper surface. The problem
is described in Cartesian coordinates by z = ((x); k is upward oriented,
directed toward the free surface. We suppose that the domain occupied by
the fluid is given by the cartesian representation Q; = {x = (2/,2) : 2/ € &,
0 < z < ((2/,¢t)}, remarking that such a representation is possible only
when we exclude the formation of reversal flows. For the sake of simplicity
we assume periodicity conditions at lateral walls. We use the notation V’ =
(81, 82), diV/’U,/ = 81u1 + 8211,2.
Given the system

pt+ V- (pv) =
p(Vi+v-Vv)=—-kVp+ V. uS(v)+pVU, (z,t) € Q% (0,T),
G (2 t) (2, ¢(2',1),1),

—kpn 4+ pS(v) = aH({)n — pen, on Ty,

v (@, 0,)) (2.4.10)
v (2, 2,0) = ( z),
p(a',2,0) =po(a’2), ¢(2',0) =¢o (),

poda= [ pode= [ plat)d,
Qp Qo Q

uS(v) =2uD + AV - vL

0)
0)
M

Here, H((¢) is the double mean curvature to I';, and it holds
V'¢
HE) = div | ——=),
©) = ()

and n denotes the exterior unit normal vector at the point of free surface I'y,

(=V'¢.1),  G=y1+|V/(]? n=gn

n=

( ¢, —02¢,1) =

Ql
Ql —
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We assume here that the initial density pg, and height (y, are everywhere
positive. We state the following

Initial Free Boundary Value Problem

Given a periodicity cell X, external potential forces with potential U, and
uniform external pressure p,, initial data (v, po, (o), and total mass M, find
the triple of functions (v(z/, z,t), p(2/, z,t), (', t)) defined in 4, ¢ € (0, c0)
for a solution to system (2.4.10).

To (2.4.10) we associate the steady system

V- (pu) =0
plu-Viu—pAu— A+ p)VV - -u=—-Vp+ pVU + pf,
u-n=_0,
pS(w)n — pn = (—pe + £H(C))n, (2.4.11)
u(z',0) =0,

/QC p(z)dz = M.

We also study the boundary value problem below.
Free Boundary Value Problem

Given a periodicity cell X, external potential forces with potential U,
uniform external pressure p., and total mass M, find the triple of functions

(v(z',z), p(a, 2), ((x')) defined in (Q% X E) for a solution to system (2.4.11).

(b1) Uniqueness of Rest State

The first theorem is concerned with the uniqueness of the rest state of an
isothermal fluid under gravity action, in the class of steady weak solutions

(Vb(‘rl’ Z)a pb(x/’ Z)a Cb(l'/)) € Vb
Vo = L3(Q) x W,/2(Q) x W,"H(3) N L®(%),

where § means periodicity in the horizontal directions.

Assume that the rigid side of a layer is below the fluid, and that the gravity
force U = —gz, with z upward oriented, is acting.

In the rectangle Q, = X x (0, h) there exists at least the rest state Sy, with

Sb:{vbzo,pb:p*exp(—%),hzgln(l—i—p]j;)},

and p, given in (4.4); cf. [6].
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We now state the uniqueness theorem of Sp in the class of three-
dimensional steady regular solutions to the boundary value problem (2.4.10),
corresponding to the same force g, the same total mass M, the same
periodicity ¥, and to the same external pressure p..

In order to present the main result we introduce the following regularity
classes for steady (u(z’, ), p(2’, 2), {(2’)), and unsteady (u(z’, z,t), p(a’, 2, t),
¢(2’,t)) solutions

Y =W,%(Q) x C(Q) x W, () N L®().

W = L2(0, 00; W;(€2)) x CJ(Q x (0,00)) x L®(0, 00; W,"' ().
We prove the following uniqueness theorem.
Theorem 2.4.13 Uniqueness of the Rest State in the Class of
Steady Solutions. The rest state Sy is the unique solution to the system

(2.4.11) in the class of steady solutions (u,p,() to the system (2.4.11)
belonging to V, corresponding to the same external data.

(b2) Stability of Rest State

We begin by deriving an energy equation that represents the difference
between the energy equations of the non-steady motion and of the rest,
respectively. Such a method is also known as Dirichlet method.

Theorem 2.4.14 Energy Equation. Let u, p = pp + o, ( = h + 1 solve
(2.4.10) with (u,p,¢) € W. Then, the following energy equation holds

d
= |ButEo+ E§:| 4 uDy(t) =0, (2.4.12)
1 2
Eu(t) =35 pu dxv
2 Ja,

Eo(t) =k [ {plnp—nps) (o= )} do.
En:n/z(\/wfl)dz’nLkM
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It remains to prove exponential decay to the rest state for the L? norm
of solutions to the full system (2.4.10), under the action of large potential
forces without smallness conditions on initial data. To this end, we
use again the FWE.

Theorem 2.4.15 Nonlinear Exponential Stability. Assume that there
exist solutions to (2.4.10) u(a’, z,t), p(¢’, z,t), {(a',t) in the regularity class
W, corresponding to initial data

U.O(J/'/,Z), po(x/az) :pb($/32)+00(x/32)’ Co(l'/) :h+770(55/)

Then, for any data (ug, po,no) in L*(Qo) x C°(Qo) x WL°(X), the rest state
Sy is exponentially stable in the energy norm in the class of solutions in V.

(bs) Instability

Before giving our result, we introduce the non-dimensional characteristic
number

Gr = 9P (2.4.13)

KR

with p. = goM/(k[%]).

Theorem 2.4.16 Assume that for all § > 0, there exists at least one initial
data vy, oo, no with ||(ug,c0,m0)|ly < 9, such that the initial energy Ey is
negative,

¢
0 < —Ep= k// (pb(z) —pb(h))dzdz/ (2.4.14)
X Jh
— kM - m/ (\/1 + Vo2 — 1) o' — By — sy,
3

then the rest state Sy is nonlinearly unstable. More precisely, there exists an
€ > 0 such that for all § > 0 there ezists an initial value (ug, po = pp+00, (o =
h+mno) € WH2(Qg) x WH°(X) less than 0, and there exists T > 0 such that
the solution (u,p = pp + 0,{ = h+n) of the problem (2.4.10) satisfies the
iequality

(w0, m)lx (T) > e. (2.4.15)

(ba) Loss of Initial Data Control

To deal with full nonlinear instability problems, we give the following



84 2 Topics in Stability

Definition 2.4.1 The rest state is said to lose the control from initial
data if there exists a positive large number a and there exists a perturbation
(ug, 00,m0) to initial data satisfying

a < (a0, 00,n0)|ly < 2a, (2.4.16)

such that the corresponding perturbation (u(z,t),o(x,t),n(z,t)) is not con-
trolled by the initial data. That s, given o > 0, there exists T > 0 such
that the perturbation (u,o,n) with initial data satisfying (2.4.16) satisfies the
imequality

1w, 0,)llx(T) : = [[a(T)wr2@qp) + o (D)l L20r) + Hn(T)IIWLoo(z() > a-)
2.4.17

Next we construct a solution (u(zx,t),o(x,t),n(a’,t)) that though linearly
stable, is not controlled by initial data when the data set is larger than a
computable constant A.

Theorem 2.4.17 We assume that the linear stability hypothesis:
Gr <1 (2.4.18)

holds; cf. see Sect. 4.3.1. We may construct initial values (ug,00,m0) €
Wh2(Qo) x Co(Qo) x WHo(X) sufficiently small such that the value of initial
energy Ey is negative.

Following upon Theorem 2.4.16 we may prove:

Theorem 2.4.18 Loss of Initial Data Control of Solution There exists
a positive large number a, such that the solution (u(x,t),o(x,t),n(x,t)),
corresponding to initial data (v, o9, n0) satisfying (2.4.16), is not controlled
by the initial data. That is, however fired o > 0, there exists initial
data (u§,o®,ng) satisfying (2.4.16), and an instant T > 0 such that
the perturbation (u®,c%,n%) corresponding to problem (2.4.10) satisfies the
iequality

[(u®, o n*)|x(T*) > a. (2.4.19)

We conjecture that all proofs and considerations of this subsection continue
to hold in the case of an infinite layer. We leave it as an open problem.
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2.4.3 Case (c) Polytropic Fluid, Rigid Boundary
Let us consider the initial boundary value problem
pt+ V- (pu) =0,

p(Ut+U'V)U):V'T7pgk, (w7t)€QX(07T)7

pcu(O¢ +u-VO) = xAB — R.pOV - u + 2uS(u)? + A\(V - u)?, (z,t) € Q x (0,T),
u(z’,0,t) = u(z’, h,t) =0, O(x’,0,t) = O + Bh, O(x',h) = Oy,

u(m’,z,O) = 110(1",2), 6(1',7270) = @0(1,72)7 (1,72) €Xx (07h)7
/p:M.
Q

where T = —pI + 2uD(u) + AV - ul is the stress tensor, p = R.p©O is the

pressure, R, the universal gas constant, p is the shear viscosity, A the bulk

viscosity, D(u) = (Vu+V7Tu)/2 is the rate-of-strain tensor, ¢, is the specific

heat at constant volume, and x is the coefficient of thermal conductivity.
We also give the system

(2.4.20)

V- (pu) =0,
p(u-Viu—pAu— A+ p)VV-u = —Vp— pgVz + pf, z € Q,

pco(Or +u-VO) = xAO — R.pOV - u+ 2uS(u)? + AV -u)?, z€Q,
u(z’,0,t) = u(x’, h,t) =0, (2.4.21)

e(wlvh) = ehv G(x’,O,t) = eh +6h7 (mlvz) €¥x (07 h)7

/p:M.
Q

In order to present the results we introduce the following regularity classes

/

V= {(p(@',2) u(@',2), 0(')) € CP(Q) x WH(@) x W (@) }.
W = {p(x’,z,t),u(x',z,t),@(w’,z,t)
€ CY(92 x (0,00)) x L2(0, 003 W,"2(2)) x LQ(O,oo;Wﬁl’2(Q)}.

A non-linear stability result for heat conducting fluids in exterior domain
has been proven in cf. [111].
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Theorem 2.4.19 Uniqueness in the Class of Steady Flow The rest
state Sy is the unique steady solution to system (2.4.21) in the class of
motions V, corresponding to the same data, provided temperature gradient
1s sufficiently small.

Theorem 2.4.20 Nonlinear Exponential Stability Let the conditions
(5.3.25) be verified. Then the rest state Sy is asymptotically stable for solutions
to system (2.4.20) in the class W, corresponding to the same data.

2.5 Bibliographical Notes

Stability results, compressible fluids: The stability of compressible fluids is
a challenging problem related to the study of the structure of linearized
problems, which in turn depends upon the basic flow. In the case of parallel
fluid flows, it has been studied in cf. [61].

Concerning the existence of regular solutions close to the rest state, there
have been existence theorems since 1981 under assumptions of viscosity
coefficients, cf. [90,91,95], and without restrictions on the coefficients, cf.
[13,56,69-72,130, 146].

Since 1986, several stability results have been proven; cf. [50,94,147], we
quote also [72,96,97,103,104,140]. Where bounded and unbounded domains
with rigid, compact boundaries and strictly positive, bounded densities are
considered. In these papers, stability of steady flows is proven for barotropic
gases, either under large potential forces, or under small non-potential ones.
Concerning unbounded domains, we cite [102] for isothermal fluids with
density bounded from below, and for isothermal fluids with nonnegative
density, uniqueness theorems have been proved; cf.[93,99].

The method of the free work inequality appears to be useful as a new hint
in the study of nonlinear asymptotic stability; a similar method has been
introduced in the theory of elasticity by Abeyaratne and Knowles, cf. [2].
Concerning the stability and instability results proved with the free work
inequality, we quote the papers by the author in cf. [104-109]. The stability
proofs are formal, if initial data are large.
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