Chapter II
Manifolds

We continue to fix the nonarchimedean field (K,| |). But we change our
system of notations insofar as from now on we will denote K-Banach spaces
by letters like E whereas we reserve letters like U and V for open subsets
in a topological space.

7 Charts and Atlases

Let M be a Hausdorff topological space.

Definition. i. A chart for M is a triple (U, p, K™) consisting of an open
subset U C M and a map ¢ : U — K" such that:

(a) ¢(U) is open in K",
(b) ¢ : U = @(U) is a homeomorphism.

ii. Two charts (U1, o1, K™) and (Us, g2, K2) for M are called compati-
ble if both maps
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are locally analytic.

We note that the condition in part ii. of the above definition makes
sense since ¢1(U; N Us) is open in K™. If (U,p, K™) is a chart then the
open subset U is called its domain of definition and the integer n > 0 its
dimension. Usually we omit the vector space K™ from the notation and
simply write (U, ¢) instead of (U, ¢, K™). If = is a point in U then (U, ¢) is
also called a chart around x.

Lemma 7.1. Let (U;, i, K™) for i = 1,2 be two compatible charts for M;
if Uy NUy # O then ny = ng.

Proof. Let x € UyNUsy and put x; := @;(x). We consider the locally analytic
maps
fr=pa0p7 "

ng(U1 ﬁUz) QDQ(U1 ﬂUQ).
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They are differentiable and inverse to each other, and zo = f(x1). Hence,
by the chain rule, the derivatives

D, f

K™ K"

-~
Dazyg

are linear maps inverse to each other. It follows that n; = no. O]

Definition.  i. An atlas for M is a set A = {(Ui, pi, K™)}icr of charts
for M any two of which are compatible and which cover M in the sense

that M = Uie[ Uz

ii. Two atlases A and B for M are called equivalent if AU B also is an
atlas for M.

iii. An atlas A for M is called mazximal if any equivalent atlas B for M
satisfies B C A.

Remark 7.2. i. The equivalence of atlases indeed is an equivalence re-
lation.

ii. In each equivalence class of atlases there is exactly one maximal atlas.

Proof. i. Let A, B, and C be three atlases such that A is equivalent to B and
B is equivalent to C. Then A is equivalent to C if we show that any chart
(U1, ¢1) in A is compatible with any chart (Us,p2) in C. By symmetry it
suffices to show that the map @9 o 901—1 c (U NUz) — w2 (U N U) is
locally analytic in a sufficiently small open neighbourhood of ¢;(x) for any
point x € Uy N Us. Since B covers M we find a chart (V,1)) around z in B.
By assumption (V, ) is compatible with both (U, 1) and (Us, ¢2). Then
©1 (U1 NV NUsy) is an open neighbourhood of ¢;(x) in ¢1(Uy NUsz) on which
the map @90 gol_l is the composite of the two locally analytic maps (o 0t)™!
and 1 o Lpfl. Hence it is locally analytic by Lemma 6.3.

ii. If the given equivalence class consists of the atlases A; for j € J then
A= J;c; A;j is the unique maximal atlas in this class. O

Lemma 7.3. If A is a mazimal atlas for M the domains of definition of all
the charts in A form a basis of the topology of M .

Proof. Let U C M be an open subset. We have to show that U is the union
of the domains of definition of the charts in some subset of A, or equivalently
that for any point z € U we find a chart (U, ¢,) around z in A such that
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U, CU. Since A covers M we at least find a chart (U., ¢l) around z in A.
We put U, := U, NU and ¢, := ¢, |U,. Clearly (U, ¢,) is a chart around
x for M such that U, C U. We claim that (U, ¢,) is compatible with any
chart (V,4) in A. But we do have the locally analytic maps

oy
e (UzNV) YU NV)
oyt
which restrict to the locally analytic maps
Poz !
@z (UzNV) YU NV).
Pzo

Hence B := AU {(U,, pz)} is an atlas equivalent to .A. The maximality of
A then implies that B C A and a fortiori (Uy, ps) € A. O

Definition. An atlas A for M is called n-dimensional if all the charts in
A with nonempty domain of definition have dimension n.

Remark 7.4. Let A be an n-dimensional atlas for M; then any atlas B
equivalent to A is n-dimensional as well.

Proof. Let (V,%) be any chart in B and choose a point z € V. We find a
chart (U, ) in A around z. Since A and B are equivalent these two charts
have to be compatible. It then follows from Lemma 7.1 that both have the
same dimension wu. O

8 Manifolds

Definition. A (locally analytic) manifold (M, A) (over K) is a Hausdorff
topological space M equipped with a maximal atlas A. The manifold is called
n-dimensional (we write dim M = n) if the atlas A is n-dimensional.

By abuse of language we usually speak of a manifold M while considering
A as given implicitly. A chart for M will always mean a chart in A.

Example. K™ will always denote the n-dimensional manifold whose mawi-
mal atlas is equivalent to the atlas {(U,C, K™): U C K™ open}.

Remark 8.1. Let (U, p, K™) be a chart for the manifold M; if V C U is an
open subset then (V, |V, K™) also is a chart for M.
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Proof. This was shown in the course of the proof of Lemma 7.3. O

Let (M, A) be a manifold and U C M be an open subset. Then
Ay = {(V,9, K"y e A:V C U},

by Lemma 7.3, is an atlas for U. We claim that Ay is maximal. Let (Vp, 1)
be a chart for U which is compatible with any chart in Ay. To see that
(Vb, %) € Ay it suffices, by the maximality of A, to show that (Vj, o)
is compatible with any chart (V,4) in A. The Remark 8.1 implies that
(VNU,y|VNU) is a chart in A and hence in Ay, By assumption (Vp, 1) is
compatible with (VNU, 4|V NU). Since VyNV C VNU the compatibility of
(Vo, 1o) with (V1)) follows trivially. The manifold (U, Ay ) is called an open
submanifold of (M, A).

As a nontrivial example of a manifold we discuss the d-dimensional pro-
jective space P4(K) over K. We recall that P4(K) = (K9t1\ {0})/ ~ is the
set of equivalence classes in K91\ {0} for the equivalence relation

(a1,...,aq11) ~ (cay,...,caqyq) for any c € K*.

As usual we write [a; : ... : ag41] for the equivalence class of (a,...,a441).
With respect to the quotient topology from K%+ \ {0} the projective space
P(K) is a Hausdorff topological space. For any 1 < j < d + 1 we have the
open subset

Uj:={la1:...:aq:1] € PYK) : |a;] < |aj| for any 1 <i < d+ 1}

together with the homeomorphism

. .= d
(pj. UJ—>B1<0)QK
aj aj—1 Gj+1 Ad41
[a1 ... age1]— [ —, ..., , e )
aj a; aj a;

The (Uj, ¢;, K?) are charts for P4(K) such that U;U; = P4(K). We claim
that they are pairwise compatible. For 1 < 7 < k < d + 1 the composite

1

(p.i
f V= {:B S Bl(O) : ’xk,ﬂ = 1} - UjﬁUk g0—k> {y S Bl(O) : |yj| = 1}

is given by

. Tl Tj—1 1 Zj Tk—9 Tk Tq
f(xl,...,xd)— ) y 5 geeey s goeay .
Tp—1 Th—1 Tk-1 Tk—1 Tp—-1 Tk-1 Tp-1
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Let a € V be a fixed but arbitrary point and choose a 0 < ¢ < 1. Then
B:(a) C V. We consider the power series

1 1 "
Fi(X):= — X

and

X; ; ifl<i<jork<i<d
r) = [(F ) ISiciorkgisa
(Xic1+ai—1) fj<i<k.
Because of |aj_1| = 1 we have F := (F,...,Fy) € F.(K% K?%). For z €
B.(a) we compute

F ( ) 1 Thk—1 — Q-1 " 1 1 1
(rx—a) = E — = . =
J Ak—1 Ak—1 ar—1 1 + Lh-1"0k—1 Th—1

n>0 ak—1

and then
f(z) = F(z —a).

Hence f is locally analytic. In case j > k the argument is analogous. The
above charts therefore form a d-dimensional atlas for P4(K).

Exercise. Let (M, A) and (N, B) be two manifolds. Then
AxB:={(UxV),oxh, K™"™): (U,p, K™ € A,(V,9, K") € B}

is an atlas for M x N with the product topology. We call M x N equipped
with the equivalent maximal atlas the product manifold of M and N.

Let M be a manifold and E be a K-Banach space.

Definition. A function f : M — E is called locally analytic if fo o™ €
C*™(@(U), E) for any chart (U, p) for M.

Remark 8.2. i. Ewvery locally analytic function f : M — E is contin-
UOUS.

ii. Let B be any atlas consisting of charts for M; a function f : M —
E is locally analytic if and only if f oo~ € C*®(p(U),E) for any
(U, p) € B.
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The set
C* (M, E) := all locally analytic functions f: M — FE

is a K-vector space with respect to pointwise addition and scalar multipli-
cation. It is easy to see that a list of properties 1)-6) completely analogous
to the one given in Sect. 6 holds true. In a later section we will come back
to a more detailed study of this vector space.

Let now M and N be two manifolds. The following result is immediate.

Lemma 8.3. For a map g : M — N the following assertions are equiva-
lent:

i. g is continuous and o g € C*(g=1(V), K™) for any chart (V,v, K™)
for N;

ii. for any point x € M there exist a chart (U,p, K™) for M around x
and a chart (V,1, K™) for N around g(z) such that g(U) C V and
bogop te CM(p(U), KM).

Definition. A map g : M — N s called locally analytic if the equivalent
conditions in Lemma 8.3 are satisfied.

Lemma 8.4. i. If g: M — N is a locally analytic map and E is a
K -Banach space then

C*(N,E) — C*(M, E)
fr—fog

is a well defined K -linear map.

ii. With L £, M L5 N also go f: L — N is a locally analytic map of
manifolds.

Proof. This follows from Lemma 6.3. O

Examples 8.5. 1) For any open submanifold U of M the inclusion map
C . .
U — M is locally analytic.

2) Let g: M — N be a locally analytic map; for any open submanifold
V C N the induced map g~1(V) 25V is locally analytic.
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3) The two projection maps
pry: MXN—M and prg:MxN-—N
are locally analytic.

4) For any pair of locally analytic maps g : L — M and f : L — N
the map

(9, f): L — M x N
z— (g(x), f(2))

1s locally analytic.

For the remainder of this section we will discuss a certain technical but
useful topological property of manifolds. First let X be an arbitrary Haus-
dorff topological space. We recall:

~ Let X = ;¢ Ui and X = ;¢ V; be two open coverings of X. The
second one is called a refinement of the first if for any j € J there is
an ¢ € I such that V; C U;.

— An open covering X = J;c;U; of X is called locally finite if every
point € X has an open neighbourhood U, such that the set {i € I :
U, NU; # 0} is finite.

— The space X is called paracompact, resp. strictly paracompact, if any
open covering of X can be refined into an open covering which is locally
finite, resp. which consists of pairwise disjoint open subsets.

Remark 8.6. i. Any ultrametric space X is strictly paracompact.
ii. Any compact space X is paracompact.
Proof. i. This follows from Lemma 1.4. ii. This is trivial. ]
Proposition 8.7. For a manifold M the following conditions are equivalent:
i. M 1is paracompact;
ii. M is strictly paracompact;

iii. the topology of M can be defined by a metric which satisfies the strict
triangle inequality.
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Proof. The implication iii. = ii. is Lemma 1.4, and the implication ii. =
i. is trivial.

i. = ii. We suppose that M is paracompact. From general topology we
recall the following property of paracompact Hausdorff spaces (cf. [B-GT]
Chap. IX §4.4 Cor. 2). Let A C U C M be subsets with A closed and U
open. Then there is another open subset V' C M such that

ACV CVCU.

Step 1: We show that the open and closed subsets of M form a basis of
the topology. Given a point x in an open subset U C M we have to find an
open and closed subset W C M such that x € W C U. By Lemma 7.3 we
may assume that U is the domain of definition of a chart (U, ¢, K™) for M.
As recalled above there is an open neighbourhood V' C M of x such that
V C U. We then have the vertical homeomorphisms

c c c

[
90(;) = 90(‘:) = so(z;%m

Since ¢(V') is open in K™ there is a ball B := B.(p(z)) C ¢(V) around
¢(z). We put W := ¢~ 1(B) C V. Clearly z € W C U. The ball B is open
and hence B is open in V and M. But the ball B also is closed in K™. Hence
W is closed in V and therefore in M. This finishes step 1.

Let now M = |J;c; U; be a fixed but arbitrary open covering. By Lem-
ma 7.3 we may assume, after refinement, that any U; is the domain of defi-
nition of some chart for M. By the first step and Remark 8.1 we may even
assume, after a further refinement, that each U; is open and closed in M and
is the domain of definition of some chart for M. In particular, each U; has
the topology of an ultrametric space. By assumption we may pick a locally
finite refinement (V}),cs of (Us)ier. So we have the locally finite open cover-
ing M = UjeJ Vj, and for each j € J there is an i(j) € I such that V; C Uy(;).

Step 2: We construct a covering M = Uje 7 W; by open and closed
subsets W; C M such that W; C V; for any j € J. For this purpose we
equip J with a well-order < (recall that this is a total order on J with the
property that each nonempty subset of J has a minimal element—by the
axiom of choice such a well-order always exists). We now use transfinite
induction to find open and closed subsets W; C M such that
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(a) W; CV;  forany j e J, and

(b) M = (Ujgk w;) U (Uj>k Vj) forany k€ J.

We fix a k € J and suppose that the W; for j < k are constructed already.

Claim: M = (Uj<k: WJ) U (szk V}')'
Let = € M. Since the covering (V;); is locally finite the set

{jedizeVi={i < <jr}

is finite. If j, > k then z € V;, C U5, V). If jr < k then z ¢ Vj for
any j > j, and the induction hypothesis (property (b) for j.) implies z €
Uj<;. Wi € U, W;. This establishes the claim.

We see that the closed subset

()]

W C Vi C Uiy

Claim: Let (X, d) be an ultrametric space; for any subsets A C U C X
with A closed and U open there exists an open and closed subset V C X
such that

of M satisfies

ACV CU.
For any subset D C X and any x € X we put

d(z,D) := yléllf) d(z,y).

The strict triangle inequality implies that the function d(., D) on X is con-
tinuous and that

D(e) :={r € X :d(z,D) =€},
for any € > 0, is open in X. Moreover, D(0) = D. The closed subsets A

and B := X \ U of X satisfy AN B = (). By the continuity of the functions
d(.,A) and d(., B) the subset

Vi={re X :d(z,A) <d(z,B)}

therefore is open in X and satisfies A C V C U. Similarly V' := {x € X :
d(x,A) > d(z,B)} is open in X. It follows that V' as the complement in X
of the open subset V' U ({U.-¢(A(¢) N B(e))) is closed. This establishes the
claim.
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We apply this claim to W C Vi, C Uy, and obtain an open and closed
subset Wy C Uj()y such that W C Wy, C Vi, With Uy also Wy is open
and closed in M. As W C W, the index k has the property (b). It remains
to show that the W; for j € J actually cover M. Let x € M. As argued
before the set {j € J : z € V;} = {ji < --- < j.} is finite. Then = ¢ V;
for any j > j,.. The property (b) for the index j, therefore implies that
z € U;<;, Wj. This finishes step 2.

Step 3: At this point we have constructed a locally finite refinement
(Wj)jes of our initial covering which consists of open and closed subsets
W; C M.

Claim: W; = UjeL W;, for any subset L C J, is open and closed in M.

Obviously W] is open. To see that its complement M \ W] is open as
well let © € M \ W be any point. In particular, x ¢ W; for any j € L.
Since the covering (W}); is locally finite we find an open neighbourhood
Uz C M of x such that the set {j € L : UyNW; # 0} = {j1,..., s} is finite.
Then U, \ (Wj, U---UWj,) is an open neighbourhood of x in M \ W} . This
establishes the claim.

We finally define a new index set P by

P := all nonempty finite subsets of J,

and for any L € P we put

Wi = (ﬂwj) \( U Wj) = (ﬂWj> \ WL
JjeL jeJ\L jEL

Clearly any Wy, is contained in some W;. By the above claim each W7y, is

open and closed in M. To check that

M= Jw
LeP
holds true let x € M be any point. Then x € Wy, for the finite set L :=
{7 € J : x € W;}. Moreover, the W}, are pairwise disjoint: Let L # Lo
be two different indices in P. By symmetry we may assume that there is a
j e Ly \LQ. Then WLl C Wj and WL2 CcCM \ Wj. It follows that (WL)LEP
is a refinement of our initial covering by pairwise disjoint open subsets. This
proves that M is strictly paracompact.

ii. = iii. We start with an open covering of M by domains of definition
of charts for M. By assumption we may refine it into a covering M = | J,;c; Us
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by pairwise disjoint open subsets. According to Remark 8.1 each U; also is
the domain of definition of some chart for M. In particular, the topology of
U; can be defined by a metric d which satisfies the strict triangle inequality.
We put
di(z,y)
di(z,y) = —— 12— for any z,y € Us.

Obviously we have d;(z,y) = d;(y,x) and d;(z,y) = 0 if and only if v = y.
To see that d; satisfies the strict triangle inequality we compute

) max(di(e.).di(0.)
B 1+ di(z,z) = 14+ max(dj(z,y),d(y, 2))

. di(z,y) di(y, z)
T T () 1+ d(y, 2)

= max(d;(z,y),d;(y, z)).

di(z, z)

Here we have used the simple fact that ¢ > s > 0 implies t(1 +s) =t +ts >
s+ st = s(1+t) and hence 1L+t > ﬁ For trivial reasons we have d; < d}.
On the other hand

and hence, for 0 <e <1,

di(z,y) <e if di(z,y) <

N ™

This shows that the metrics d; and d; define the same topology on U;. We
note that
di(z,y) <1 for any x,y € U;.

We now define
d: M x M — RZO

(z,9) *—>{

di(z,y) if x,y € U; for some i € I,

1 otherwise.
This is a metric on d. The strict triangle equality
d(z, z) < max(d(z,y),d(y, z))

only needs justification if not all three points lie in the same subset U;. But
then the right hand side is > 1 whereas the left hand side is < 1. We claim
that this metric d defines the topology of M. First consider any ball B.(z)



56 II  Manifolds

with respect to d in M. If ¢ > 1 then B.(x) = M, and if ¢ < 1 then B.(z) is
open in some U;. Hence B (x) is open in M. Vice versa let V' C M be any
open subset and let x € V. We choose an i € I such that x € U;. Then VNU;
is an open neighbourhood of = in U;. Hence, for some 0 < ¢ < 1, the ball
B.(z) with respect to d (or equivalently d;) is contained in VNU; C V. O

Corollary 8.8. Open submanifolds and product manifolds of paracompact
manifolds are paracompact.

9 The Tangent Space

Let M be a manifold, and fix a point a € M. We consider pairs (¢, v) where
— ¢= (U,p, K™) is a chart for M around a and
- ve K™

Two such pairs (¢,v) and (¢/,v") are called equivalent if we have

/

D<p(a) (‘pl © 3071)(1)) =v.
It follows from the chain rule that this indeed defines an equivalence relation.

Definition. A tangent vector of M at the point a is an equivalence class
[c,v] of pairs (c,v) as above.

We define
T, (M) := set of all tangent vectors of M at a.

Lemma 9.1. Let ¢ = (U, p, K™) and ¢ = (U',¢', K™) be two charts for M
around a; we then have:

i. The map

0, K™ =5 T, (M)

v — [c, ]
1s bijective.

ii. 96_,1 00,: K™ — K™ is a K-linear isomorphism.
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Proof. (We recall from Lemma 7.1 that the dimensions of two charts around
the same point necessarily coincide.) i. Surjectivity follows from

[C//’ UH] = [Cv Dgo”(a) (90 © 90//71)(7//)]'

If [¢,v] = [¢,v] then v/ = Dy (¢ 0@~")(v) = v. This proves the injectivity.
ii. From [¢,v] = [¢/, Dy(q) (¢’ 0 ¢~ 1) (v)] we deduce that

0;1 0f.= Dap(a)((p/ ° (pil)'
]

The set T,(M), by Lemma 9.1.i., has precisely one structure of a topo-
logical K-vector space such that the map 6. is a K-linear homeomorphism.
Because of Lemma 9.1.ii. this structure is independent of the choice of the
chart ¢ around a.

Definition. The K-vector space T, (M) is called the tangent space of M at
the point a.

Remark. The manifold M has dimension m if and only if dimg To(M) =m
for any a € M.

Let g : M — N be alocally analytic map of manifolds. By Lemma 8.3.ii.
we find charts ¢ = (U, p, K™) for M around a and ¢ = (V,¢, K™) for N
around g(a) such that g(U) C V. The composite

96_1 Dcp(a)(d}ogogo_l)

K" e,

Km

To(g) : Ta(M) (N)

g(a)

is a continuous K-linear map. We claim that 7,(g) does not depend on
the particular choice of charts. Let ¢/ = (U, ¢') and & = (V',4’) be other
charts around a and g(a), respectively. Using the identity in the proof of
Lemma 9.1.ii. as well as the chain rule we compute

0z 0 Dyay(ogop ) ob, !
= 0z 0 Dy(g(a)) (¥’ 0¥ ™") 0 Dyay( 0 go o™ ') 0 Doy (¢’ 0 o) 0 61
=0y o0 Dp,(a)(qj/ ogo gol_l) o 9;,1.

Definition. T,(g) is called the tangent map of g at the point a.

Remark. T, (idys) = id7, (ar)-
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Lemma 9.2. For any locally analytic maps of manifolds L N ML N
we have

To(go f) =Trwy(g) o Ta(f)  foranya € L.

Proof. This is an easy consequence of the chain rule. O

Proposition 9.3. (Local invertibility) Let g : M — N be a locally analytic

map of manifolds, and suppose that To(g) : To(M) — Tye)(N) is bijective
for some a € M; then there are open neighbourhoods U C M ofa andV C N
of g(a) such that g restricts to a locally analytic isomorphism

g:U =V
of open submanifolds.

Proof. By Lemma 8.3.ii. we find charts ¢ = (U’, ¢, K™) for M around a and
¢ = (V',4¢,K™) for N around g(a) such that g(U") C V'. We consider the
locally analytic function

! g P
o(U) —U = V' — (V') C K"
By assumption the derivative

D(p(a)(d} 0go 90_1) = 051 OTa(g) 00,

is bijective. Prop. 6.4 therefore implies the existence of open neighbourhoods
Wo C o(U’) of p(a) and Wy C (V') of 1(g(a)) such that

Yogop LWy — W,
is a locally analytic isomorphism. Hence
g:U :=¢ Y(Wy) =V =4 (W)

is a locally analytic isomorphism as well (observe the subsequent exercise).
O

Exercise. Let (U,p, K™) be a chart for the manifold M; then ¢ : U =
o(U) is a locally analytic isomorphism between the open submanifolds U of
M and p(U) of K™.
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Let M be a manifold, F be a K-Banach space, f € C*"(M, E), and a €
M.If c = (U,¢, K™) is a chart for M around a then fop~! € C3(p(U), E).
Hence

an(a) (fO@_l)

—1
dof : Ty(M) L K™ E

[C’ U] — Dcp(a)(f o 90_1)(1))

is a continuous K-linear map. If ¢ = (U’, ¢/, K™) is another chart around
a then

Dgo(a)(f © 90_1) © 90_1 = Dap(a)(f 0 30_1) © Dgo(a)(sol © 90_1)_1 °© 921
=Dy (fo' oo

This shows that d, f does not depend on the choice of the chart c.
Definition. d,f is called the derivative of f in the point a.

Remark 9.4. For E = K" viewed as a manifold and for the chart cg =
(K",id, E) for E we have

Ta(f) =0c 0daf.
Obviously the map

C*™(M,E) — L(T,(M), E)
fr—dd.f

is K-linear.
Lemma 9.5. (Product rule)

i. Letu : BE1 x Ey — E be a continuous bilinear map between K -Banach
spaces; if fi € C*™(M, E;) fori= 1,2 then u(fi, f2) € C**(M, E) and

da(u(f1, 2)) = w(fi(a), dafo) + u(dafy, fa(a))  for any a € M.
ii. For ge C*"(M,K) and f € C**(M, E) we have

da(gf) = g(a) - dof + dag - f(a) for any a € M.
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Proof. i. It is a straightforward consequence of Prop. 5.2 that the function
u(f1, f2) is locally analytic (compare the property 5) of the list in Sect. 6).
Let ¢ = (U, ) be a chart of M around a. Using the product rule in Re-
mark 4.1.iv. we compute

do(u(f1, f2))([¢, v]) = Dyay(ulfi, f2) o o~ ")(v)
= Dyy(u(froe™", fa007 1)) (v)
= u(f1 097 (p(a)), Dyp(a)(f20 9~ 1)(v))
+ u(Dy(a)(fro o) (v), fao o (p(a)))
= u(fi(a), daf2([c,v])) + u(dafi([c,v]), f2(a)).

ii. This is a special case of the first assertion. O

Let ¢ = (U, p, K™) be a chart for M. On the one hand, by definition, we
have d,¢ = 0! for any a € U; in particular

dop : Ty(M) — K™

is a K-linear isomorphism. On the other hand viewing ¢ = (¢1,...,¢m) as
a tuple of locally analytic functions ¢; : U — K we have

dop = (da1, - -+ daPm)-

This means that {dap;}1<i<m is a K-basis of the dual vector space T,(M)'.

Let 5
@) ).c.c

denote the corresponding dual basis of T, (M), i. e.,

0
dawi<<8—%> (a)) = 0i; for any a € U

where d;; is the Kronecker symbol. For any f € C* (M, E) we define the
functions

0f‘
a(pi.U—>E

= a(())
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Lemma 9.6. % € C*™(U,E) for any 1 <i<m, and
- 0
daf:Zdacpi-%(a) for any a € U.
i=1 i
Proof. We have

g«;: (@) = Dya)(fo ™) o 90_1<(8ii> (a)>
= Dya)(fop™)(e)

where eq, ..., e, denotes the standard basis of K™. Hence aa—g_ is the com-
posite
Dy (fop™! D—D(e;
U -2 o(U) 2oDalfop™) | L(K™ E) DD o

The function in the middle is locally analytic by Prop. 6.1. Clearly, D —
D(e;) is a continuous K-linear map. Hence the composite of the right two
maps is locally analytic by the property 6) in Sect. 6. That the full composite

% is locally analytic now follows from Lemma 8.4.i. Let
Pi

m

t=> ¢ <8%i> (a) € T,(M)

i=1

be an arbitrary vector. By the definition of the dual basis we have ¢; =
dapi(t). We now compute

-Srar((2)0) S o

In a next step we want to show that the disjoint union

= U Ta(M)

aeM

in a natural way is a manifold again. We introduce the projection map

par: T(M) — M
t—a if t € T,(M).

Hence T,(M) = p;/ (a).
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Consider any chart ¢ = (U, ¢, K™) for M. By Lemma 9.1.i. the map

TC:UXKm;p;j(U)

(a,v) — [e,v] viewed in To(M)
is bijective. Hence the composite
-1 id
o1yt (U) == U x K™ 225 K™ x K™ = K™
is a bijection onto an open subset in K?™. The idea is that

cr = (pjle(U)a Pes K2m)

should be a chart for the manifold T'(M) yet to be constructed. Clearly we
have

T(M)= ] py(0).
c=(U,p)
Let ¢ = (V,4, K™) be another chart for M such that U NV # (. The
composed map

-1

m c — — — ¢'& m
Pp(UNV)x K™ 2 pr NUNV) = p3 J(U) Npy (V) 2 p(UNV) x K
is given by

(8) (z,v) — (o~ (z), Dalv 0 9~ 1) (v)).

The first component 1)o@ ~! of this map is locally analytic on o(UNV) since
M is a manifold. The second component can be viewed as the composite

e(UNV)x K™ — LK™ K™) x K™ — K™

(z,v) — (Da(pop™),v)
(u,v) —  u(v).

The left function is locally analytic by Prop. 6.1. The right bilinear map is
continuous. Hence the composite is locally analytic by Lemma 9.5.i. This
shows that, once ¢y and ép are recognized as charts for T'(M) with respect
to a topology yet to be defined, they in fact are compatible, and hence that
the set {cp : ¢ a chart for M} is an atlas for T'(M).

We have shown in particular that the composed map

—1

(9) UNV)x K™ p (UNV) == (UNV) x K™

is a homeomorphism.
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Definition. A subset X C T(M) is called open if 71 (X Npy; (U)) is open
in U x K™ for any chart ¢ = (U, p, K™) for M.

This defines the finest topology on T'(M) which makes all composed
maps

U x K™ 2 pr NU) =5 T(M)
continuous.

Lemma 9.7. i. The map 70 : U x K™ — pa (U) is a homeomorphism
with respect to the subspace topology induced by T'(M) on ij(U).

ii. The map ppys 1S continuous.
iii. The topological space T'(M) is Hausdorff.

Proof. i. The continuity of 7. holds by construction. Let Y C U x K™
be an open subset. We will show that 7.(Y) is open in T(M), i. e., that
7 Y7 (Y) npy (V) is open in V x K™ for any chart é = (V,1, K™) for M.
We may of course assume that U NV # () so that n = m. Clearly the subset
YN((UNV)x K™)isopenin (UNV) x K™. By (9) the subset

T (e (Y N ((UNV) x K™) = 721 (1e(Y) Npy (UNV))

C

— 7 7 (Y) Ny (U) Nyt (V)
— Tgl(TC(Y) OPJT/}(V))

is open in (U NV) x K™ and therefore in V' x K™.

ii. The above reasoning for Y = U x K™ shows that 7.(Y) = p,/(U) is
open in T'(M) where U is the domain of definition of any chart for M. It
then follows from Lemma 7.3 that pys is continuous.

iii. Let s and ¢ be two different points in T'(M). Case 1: We have pys(s) #
pa(t). Since M is Hausdorff we find open neighbourhoods U C M of pjs(s)
and V' C M of pas(t) such that UNV = . By ii. then p;; (U) and py/} (V) are
open neighbourhoods of s and t, respectively, such that pﬁ(U) N pJT/Il(V) =
Py (UNV) = 0. Case 2: We have a := py(s) = par(t). We choose a chart
c= (U,p, K™) for M around a. The two points s and ¢ lie in the open (by
ii.) subset p,; (U) of T(M). But by i. the subspace p;; (U) is homeomorphic,
via the map 7, to the Hausdorff space U x K™. Hence p]@l(U ) is Hausdorff
and s and ¢t can be separated by open neighbourhoods in p]T/[l(U ) and a
fortiori in T'(M). O
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The Lemma 9.7 in particular says that ¢y indeed is a chart for T'(M).
Altogether we now have established that {cr : ¢ a chart for M} is an atlas
for T'(M). We always view T'(M) as a manifold with respect to the equivalent
maximal atlas.

Definition. The manifold T'(M) is called the tangent bundle of M.
Remark. If M is m-dimensional then T(M) is 2m-dimensional.
Lemma 9.8. The map pys : T(M) — M s locally analytic.

Proof. Let ¢ = (U, ¢, K™) be a chart for M. It suffices to contemplate the
commutative diagram

N

K™.
O

Let g : M — N be a locally analytic map of manifolds. We define the
map
T(g): T(M)— T(N)

by
T(9)|Ta(M) :=T,(9) for any a € M.

In particular, the diagram

() 22 1)
p]\/fl \LPN
M—Y N

is commutative.

Proposition 9.9. i. The map T(g) is locally analytic.

ii. For any locally analytic maps of manifolds L g, M - N we have

T(go f)=T(g) o T(f).
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Proof. i. We choose charts ¢ = (U, ¢, K™) for M and ¢ = (V, ¢, K™) for N
such that g(U) C V. The composite

T(g) 1

m Zl — ¢6
pU) x K gD—WDMI(U) —py (V)

— (V) x K"
is given by
(z,v) = (Yo g o™ (z), Du(y 0 g oo~ H)(v)).

It is locally analytic by the same argument as for (8).
ii. This is a restatement of Lemma 9.2. ]

The following is left to the reader as an exercise.

Remark 9.10. i. IfU C M is an open submanifold then T(C) induces
an isomorphism between T(U) and the open submanifold py; (U).

ii. For any two manifolds M and N the map
T(pry) x T(pry) : T(M x N) — T(M) x T(N)
s an isomorphism of manifolds.

Now let M be a manifold and E be a K-Banach space. For any f €
C*" (M, E) we define

df : T(M) — E
t— dpM(t)f(t)'
Lemma 9.11. We have df € C**(T'(M), E).

Proof. Let ¢ = (U, p, K") be a chart for M. The composed map

—1
o(U) x K™ 2 p () L
is given by
(2,v) = Dy(f o™ ")(v)
and hence is locally analytic by the same argument as for (8). O

Lemma 9.12. Let g : M — N be a locally analytic map of manifolds; for
any f € C**(N, E) we have

d(fog)=df oT(g).
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Proof. This is a consequence of the chain rule. O
Exercise. The map
d:C*"(M,E) — C*™(T(M), E)
fr—df
1s K -linear.

Remark 9.13. If K has characteristic zero then a function f € C*"(M, E)
is locally constant if and only if df = 0.

Proof. Let ¢ = (U, ) be any chart for M. As can be seen from the proof of
Lemma 9.11 we have df|p,; (U) = 0 if and only if D,(f o ¢™!) = 0 for any
r € (U). By Remark 6.2 the latter is equivalent to f o =1 being locally
constant on ¢(U) which, of course, is the same as f being locally constant
on U. O

Definition. Let U C M be an open subset; a vector field & on U is a locally
analytic map § : U — T(M) which satisfies ppr o & = idy.

We define
(U, T(M)) := set of all vector fields on U.
It follows from Remark 9.10.i. that
LU, T(M))=TU,T)).

Suppose that U is the domain of definition of some chart ¢ = (U, p, K™) for
M. Because of the commutative diagram

PAU) 2 p(U) x K
2 AHW@

U
the map
C (U, K™) =5 T(U, T(M))
fr—¢&s(a) = ¢ (((a), f(a) = 7e(a, f(a))

is bijective. The left hand side is a K-vector space. On the right hand side
this vector space structure corresponds to the pointwise addition and scalar
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multiplication of maps which makes sense since each T, (M) is a K-vector
space. The latter we can define on any open subset U C M. For any c € K
and £,n € I'(U,T(M)) we define

(c-&)(a) :=c-&(a) and  (E+n)(a) := &(a) +n(a).

Obviously the result are again maps 7 : U — T'(M) satisfying paso 7 = idy.
But since U can be covered by domains of definition of charts for M the
above discussion actually implies that these maps are locally analytic again.
We see that

(U, T(M)) is a K-vector space.

We have the bilinear map
(M, T(M)) x C**(M,E) — C*(M, E)
(& f) ¥ De(f) :==df o &.

Lemma 9.14. Let u: E1 X Eo — E be a continuous bilinear map between
K -Banach spaces; for any & € T(M,T(M)) and f; € C**(M, E;) we have

De(u(f1, f2)) = u(De(f1), f2) + u(fi, De(f2))-
Proof. This follows from the product rule in Lemma 9.5.i. OJ
Corollary 9.15. For any vector field § € T'(M,T(M)) the map
D¢ : C*"(M,K) — C*™(M, K)
18 a derivation, i. e.:
(a) D¢ is K-linear,

(b) De(fg) = De(f)g + fDelg) for any f,g € C**(M, K).

Proposition 9.16. Suppose that M is paracompact; then for any derivation
D on C* (M, K) there is a unique vector field & on M such that D = Dg.

The proof requires some preparation. In the following we always assume
M to be paracompact. At first we fix a point a € M. A K-linear map
A:C*™(M,K) — K will be called an a-derivation if

A(fg) = A(f)gla) + f(@)Alg)  for any f,g € C(M, K).
The a-derivations form a K-vector subspace
Der, (M, K)
of the dual vector space C*"(M, K)*.
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Lemma 9.17. Suppose that M is paracompact, and let A be an a-derivation;
if f € C*™(M, K) is constant in a neighbourhood of the point a then A(f) =
0.

Proof. Case 1: We assume that f vanishes in the neighbourhood U C M
of a. By Prop. 8.7 we may assume that U is open and closed in M. Then

the function
(z) 1 ifxgU,
x) =
g 0 ifxelU
lies in C*"(M, K) and satisfies gf = f. It follows that

A(f) = Algf) = Alg)f(a) + g(a)A(f) = 0.

Case 2: We assume that f is constant on M with value c. Let 15, denote
the constant function with value one on M. Then f = c¢l;; and hence

A(f) = cA(ly) = cA(lylar) = cA(la) + eA(lar) = 2¢A(1py) = 2A(f)

which means A(f) = 0.
Case 3: In general we write

f=rfla)ly+(f = fla)lu)
and use the K-linearity of A together with the first two cases. O

As a consequence of the product rule Lemma 9.5.ii. we have the K-linear
map

T,(M) — Dery,(M, K)

(10)
t— Ay(f) :=daf(2).
Proposition 9.18. If M is paracompact then (10) is an isomorphism.

Proof. We fix a chart ¢ = (U, ¢, K™) for M around a point a and write
© = (¥1,---,%9m). Since M is paracompact we may assume by Prop. 8.7
that U is open and closed in M. Then each ¢; extends by zero to a function
it € C*(M, K). In the discussion before Lemma 9.6 we had seen that

dop = (dag01,. . .,dagpm) ;Ta(M) =, K™

is an isomorphism, and we had introduced the K-basis t; := 8%% (a) of To(M).
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Injectivity: Let t € T,(M) such that A;(f) = 0 for any f € C*"(M, K).
In particular

0= Ai(pi) = dair(t) = daipi(t) for any 1 <7 < m.

This means d,p(t) = 0 and hence t = 0.

Surjectivity: From the injectivity which we just have established we de-
duce that the Ay, are linearly independent in Der, (M, K). It therefore suf-
fices to write an arbitrarily given A € Der, (M, K) as a linear combination
of the Ay,. In fact, we claim that

m

A= ZA(@i!) : Ati

=1

holds true. Let f € C* (M, K). We find an open and closed neighbour-
hood V' C U of a such that ¢(V) = B.(p(a)) and a power series F(X) =
Y0 CaX® € Fo(K™; K) such that

f(2) = Flp(x) - p(a))  for any a € V.

We may write

m

f@) =) calo(@) = p()® = fla) + Y _(vilx) = pi(a))gi(x)

i=1

for any x € V where the g; € C**(V, K) are appropriate functions satisfying
gi(a) = ¢; (recall that ¢ = (0,...,1,...,0)). From the proof of Prop. 6.1 we

know that OF
Dcp(a)(f o (p_l)(ei) = 8—)(2(0) =G

where eq, ..., e, denotes, as usual, the standard basis of K™. We therefore
obtain

gi(a) = ¢; = Do) (f o o™ ")(es) = daf (Bc(er)).
By the construction of the ¢; we have 6.(e;) = t;. It follows that
gi(a) = dq f(t:).

On the other hand we extend each g; by zero to a function g; € C**(M, K).
The function

f=> (i —gila))ga
=1
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is constant (with value f(a)) in a neighbourhood of a. Using Lemma 9.17
we compute

s

1:1

|
.MS

.
Il
—

Apa — ¢i(a))gi(a)

(‘Pz')' af( )

Il

.
Il
—_

Alpn) - Ay (f).

Il
\'Ms

T
I

Since f was arbitrary this establishes our claim. O

Proof of Proposition 9.16: First of all we note that the relation between
derivations and a-derivations on C*"(M, K) is given by the formula

(11) De(f)(a) = df (§(a)) = daf(§(a)) = Ag(a) (f)-

Therefore, if D¢ = 0 then Ag,) = 0 for any a € M. The Prop. 9.18 then
implies that {(a) = 0 for any a € M, i. e., that £ = 0. This shows that the
& in our assertion is unique if it exists. For the existence we first fix a point
a € M and consider the a-derivation A(f) := D(f)(a). By Prop. 9.18 there
is a tangent vector {(a) € To(M) such that A = Ag ). For varying a € M
this gives a map £ : M — T'(M) which satisfies pps 0§ = idjs. It remains to
show that ¢ is locally analytic, since D = D¢ then is a formal consequence
of (11). So let ¢ = (U, ¢, K™) be a chart for M. In the proof of Prop. 9.18
we have seen that

D(f)(a) = D(pa)(a) - Dy (e (f)-
=1
It follows that
g(a) = Z D(@i!)(a) : gc(ei) = 96((D(901!)(a)7 ) D(me!)(a)))'
=1

Using the commutative diagram

v—(a,v)

K" ——————UxK™

eci% ﬁl‘l’c

Pyt (U)

N
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we rewrite this as

§(a) = 7e(a, (D(pw)(a); - .., D(em)(a))).

This means that under the identification discussed after the definition of
vector fields we have

€|U = éf with f = (D(@l!)7 ey D(me')) € Can(U7 Km)
Hence ¢ is locally analytic. O

Lemma 9.19. For any derivations B,C,D : C**(M,K) — C*"(M, K) we
have:

i. [B,C]:=BoC —C o B again is a derivation;
ii. [, ] s K-bilinear;
iii. [B,B] =0 and [B,C] = —[C, BJ;
iv. (Jacobi identity) [[B,C], D] + [[C, D], B] + [[D, B],C] = 0.
Proof. These are straightforward completely formal computations. O

Definition. A K-vector space g together with a K-bilinear map

[,]:gxg—4g

which is antisymmetric (i. e., [z,z] = 0 for any z € g) and satisfies the
Jacobi identity is called a Lie algebra over K.

If M is paracompact then, using Prop. 9.16 and Lemma 9.19, we may
define the Lie product [¢,n] of two vector fields £,n € T'(M,T(M)) by the
requirement that

Dien) = Dg o Dy — Dy o Dg
holds true. This makes I'(M,T'(M)) into a Lie algebra over K.
Proposition 9.20. Suppose that M is paracompact, and let £ be a K-

Banach space and §,m € T (M, T(M)) be two vector fields; on C** (M, E) we
then have

Di¢yy = D¢ o Dy — Dy o De.
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Proof. Let f € C* (M, E). We have to show equality of the functions

Dy (f) = df o [, 7]

and

This, of course, can be done after restriction to the domain of definition U
of any chart ¢ = (U, ¢, K™) for M. Since M is paracompact we furthermore
need only to consider charts for which U is open and closed in M. Let
© = (p1,...,9m) and denote, as before, by @; € C*"(M, K) the extension
by zero of ;. We now make use of the following identifications. If 7 denotes
the restriction to U of any of the vector fields &, 7, and [, 7] then, as discussed
after the definition of vector fields, we have a commutative diagram

Pyt (U) —Z—p(U) x K™

?T me(w(x))
U - p(U)

with g» € C**((U), K™). On the other hand, as noticed already in the proof
of Lemma 9.11, we have, for any function ? € C**(U, E), the commutative
diagram

E

V (@,0)— Dy (Pop~ 1) (v)

pa (U) o o(U) x K™,

These identifications reduce us to proving the equality of the following two
functions of x € (U) given by

(12) Da(f o™ )(gje.n ()

and

(13) Dy(df omo ™) (ge(x)) — Daoldf 0 £ 0 o) (gy(x))
= D (D.(f o0~ ) (gn(.))) (ge(x)) — Da(D.(f ™) (g¢(.))) (g (2)),
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respectively. By viewing D.(fo¢™1), resp. g,(.) and ge(.), as functions from
o(U) into L(K™, E), resp. into K™, we may apply the product rule Re-
mark 4.1.iv. for the continuous bilinear map

LK™ E)x K™ — E

(1, 0) — u(v)
to both summands in the last expression for (13) and rewrite it as

(14) = [Du(D-(f o 0™ ))(ge(@))(gn()) + Da(f © 0™ ")[Dagn(ge())]
~ [Da(D-(f 0 0™ ") (gn(@))(9(2)) = Da(f © 0 ™")[Dage (gn(@))]-

To simplify this further we establish the following general
Claim: For any open subset V. C K™, any point x € V, any vectors v =
(V1y ..oy Um) and w = (w1, ..., wy) in K™, and any function h € C**(V, E)
we have
Dy (D.h(v))(w) = Dy(D.h(w))(v).
(Note that the function D.h(v) is the composite

y—Dyh u—u(v)
—_—

1% L(K™ E) E.)

We expand h around the point x into a power series

h(y) = H(y — ).

By the proof of Prop. 6.1 we then have

m

D) = Y vy~ )

i=1

and
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Applying this claim to (14) we see that the expression for the function
(13) simplifies to

Du(f 0 0™ )[Dagy(9e(w)) — Dage(gn(x))].

Comparing this with (12) we are reduced to showing that the identity

(15) Jien) (%) = Dagn(ge(x)) — Dage(gy(z))

holds true in C*"(p(U), K™). But in case £ = K our assertion and the
whole computation above holds by construction. In particular we have

Dy(ir0 0 ") (e () = Da(0it © 0~ ) [Dagy(ge(x)) — Dage(gn())]

for any 1 <4 < m. Since

Dy(paop™): K" — K

(V1. vy V) — 05
the identity (15) follows immediately. O

Remarks 9.21. i. The identity (15) shows that C*(V,K™), for any
open subset V. C K™, is a Lie algebra with respect to

[f:91(x) := Dz f(g(x)) — Deg(f(x)).

ii. The identity (15) can be made into a definition of which one then can
show that it is compatible with any change of charts for M. In this
way a Lie product [§,n] can be obtained and Prop. 9.20 can be proved
even for manifolds which are not paracompact.

10 The Topological Vector Space C*"(M, E), Part 1

Throughout this section M is a paracompact manifold and F is a K-Banach
space. Following [Fea] we will show that C**(M, E) in a natural way is a
topological vector space.

To motivate the later construction we first consider a fixed function
f € C*™(M,E). Since, by Prop. 8.7, M is strictly paracompact we find a
family of charts (Uj, p;, K™7), for j € J, for M such that the U; are pairwise
disjoint and M = UjeJ U;. According to Remark 8.2.ii. the function f is
locally analytic if and only if all f o cpj_l t@;(U;) — E, for j € J, are
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locally analytic. For each ¢;(U;) we find balls B, ,(7;,) € K™ and power
series F, € F., ,(K™; E) such that

(16) 0;i(U;) = Be, (@)

and
fop; (x)=Fju(x—=j,)  forany x e B, (x;,).

By Lemma 1.4 the covering (16) can be refined into a covering by pair-
wise disjoint balls Bs,  (yj.a). Consider a fixed a. We find a v such that
Bs; . (Yj.a) € Be;, (7),). In fact we then have

Bmin((sj,a,aj,y)(yjya) - B5j,a (yj,a) - BEj,u (373',1/) - B€j,u (yjua)'

Hence we may assume that J;, < €;,. Using Cor. 5.5 we may change Fj},

into a power series I, € Fs, ,(K™; E) such that
fog;!(x) = Fjalr —yja)  forany z € By, (yj.a)-

We put Uj o = gpj_l(Bgm (Yj.a)). The (Uj.a, ¢j, K™) again are charts for M
such that the Uj, cover M and are pairwise disjoint.
Resume: Given f € C* (M, E) there is a family of charts (Us, p;, K™),
fori e I, for M together with real numbers €; > 0 such that:

(a) M = ;e Ui, and the U; are pairwise disjoint;

(b) @i(Ui) = Be, (i) for one (or any) x; € p;(U;);

(c) there is a power series F; € F,(K™; E) with

fopHx) = Fi(z — ;) for any x € p;(U;).

We note that by Cor. 5.5 the existence of F; as well as its norm || Fj]|c,
is independent of the choice of the point ;.

Let (c,e) be a pair consisting of a chart ¢ = (U, p, K™) for M and a
real number € > 0 such that ¢(U) = B.(a) for one (or any) a € p(U). As a
consequence of the identity theorem for power series Cor. 5.8 the K-linear
map

F(K™ FE) — C*"(U, E)
F— F(p(.) - a)
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is injective. Let F(..)(E) denote its image. It is a K-Banach space with
respect to the norm

Il =1Flle i f()=F(e()—a).

By Cor. 5.5 the pair (F(..)(E),|| [|) is independent of the choice of the point
a.

Definition. An index for M is a family T = {(c;,&;)}icr of charts ¢; =
(Ui, iy K™) for M and real numbers e; > 0 such that the above conditions
(a) and (b) are satisfied.

For any index Z for M we have
F7(E) = H]:(Ci,éi)(E) - H Cc*™(U;, E) = C*(M, E).
icl il
Our above resume says that

C* (M, E) U]—"I

where Z runs over all indices for M. Hence C*"(M, E) is a union of direct
products of Banach spaces. This is the starting point for the construction of
a topology on C*"(M, E).

But first we have to discuss the inclusion relations between the subspaces
Fr(E) for varying I. Let T = {(c; = (Us, 5, K™), &) bier and J = {(d; =
(Vi 4, K™),05)}jes be two indices for M.

Definition. The index T is called finer than the index J if for any i € 1
there is a j € J such that:

(ii) there is an a € ¢;(U;) and a power series F; j € F, (K™ K™) with
1Fij = Fijj(0)lle; < &5 and

;o gp;l(x) =Fj(x —a) for any x € ¢;(U;).

We observe that if the condition (ii) holds for one point a € ;(U;) then
it holds for any other point b € ¢;(U;) as well. This follows from Cor. 5.5
which implies that G; ;(X) := F; j(X +b—a) € F,,(K™; K™) with

;o (pi_l(a:) =G, j(r—b) for any x € ¢;(U;)
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and
1Gij — Gij(0)[le, = [[(Fij — Fij(0))(X +b—a) + F;;(0) — Gi;j(0)],
< maX(II( i — Fig(0)(X +b—a)le,,d5)
= max(||F;; — F;;(0)]l;, 65)

=9;.
Lemma 10.1. If 7 is finer than J then we have F7(E) C Fr(E).

Proof. Let f € F7(E). We have to show that f|U; € .7-" ) (B) forany i € I.
In the following we fix an ¢ € I. We have ¢;(U;) = ( ). By assumption
we find a j € J and an F; j; € F.,(K™; K") such that

- U; €V,

~ IFij = Fij(0)|l;, < 65, and

— ;o (x) = Fij(x — a) for any = € ¢;(U;).
We put

bi= ;0 (a) = Fi;(0) € ¢5(V)).
Since f € F7(E) we also find a G; € Fs, (K"/; E) such that
foui (y) =Giy—0b)  for any y € ¢;(V;) = Bs, (b).
As a consequence of Prop. 5.4 then the power series
F; :=Gjo (F;; — F;;(0) € F.,(K™; E)

exists and satisfies

Fy(z —a) = Gj(Fij(x —a) =b) = foy; (09 (x) = fow; (2)
for any = € ¢;(U;). O

The relation of being finer only is a preorder. If the index 7 is finer than
the index J and J is finer than Z one cannot conclude that Z = 7. But it
does follow that F7(E) = F7(F) which is sufficient for our purposes.

Lemma 10.2. For any two indices J1 and Jo for M there is a third index
I for M which is finer than J1 and Js.
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Proof. Let Ji = {((Ui, pi, K™),€i) Yier and Jo2 = {((V}, ¢, K™7),8;)}jer-
We have the covering
M=]JU;nV;
,J
by pairwise disjoint open subsets. For any pair (i,j) € I x J the function

Yot 1 oi(UiNV;) — K™

is locally analytic. Hence we may cover ¢;(U; N'V;) by a family of balls
Bijk = Bg, . (ai k) such that

— Bijkr < min(e;, d;5), and
— there is a power series I jx € Fp, ,, (K" K™7) with
Y0t (x) = Fijk(x—aijr) for any x € B; j 1.
Using the fact that
1 E5 gk — Fijk(0)[la < %IlFi,j,k — Fijk(0)]lg,,, forany 0 <a<p;k

together with Cor. 5.5 we may, after possibly decreasing the 3; ;, assume
in addition that

After a possible further refinement based on Lemma 1.4 (compare the argu-
ment for the resume at the beginning of this section) we finally achieve that
the B; ;1 are pairwise disjoint. We put

Wik =@ (Bijk)

and obtain the index Z := {((W; j &, wi, K™), Bi j i) }i.j.k for M. By construc-

. . . _ - )
tion 7 is finer than [J>. Moreover, observing that ¢;o; L. ©i(Wi k) — K™
is the inclusion map and that ; j, < ; we see that 7 is finer than [J; for
trivial reasons. O

Given any index Z for M we consider Fz(E) = [[;c; Fe;e,)(£) from
now on as a topological K-vector space with respect to the product topol-
ogy of the Banach space topologies on the F, ..(E). Obviously Fz(E) is
Hausdorff. But it is not a Banach space if I is infinite. Suppose that the
topology of F7(FE) can be defined by a norm. The corresponding unit ball
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B;(0) is open. By the definition of the product topology there exist finitely
many indices i1, ...,%, € I such that

H f(CmEi)(E) X {O} X X {0} - B1(0).

T4yl

As a vector subspace the left hand side then necessarily is contained in any
ball B.(0) for e > 0. The intersection of the latter being equal to {0} it
follows that I is finite.

Lemma 10.3. If Z is finer than J then the inclusion map F7(E) £,
Fz(E) is continuous.

Proof. For any i € I there exists, by assumption, a j(i) € J such that the
conditions (i) and (ii) in the definition of “finer” are satisfied. The inclusion
map in question can be viewed as the map

H]:(dj,éj)(E) - H"T(Ci,si)(E>
j %

(f3)i — (fi0)|Ui)i-
Hence it suffices to show that each individual restriction map

]:(dm)ﬁj(i))(E) — Fleren (E)

is continuous. But we even know from Prop. 5.4 that the operator norm of
this map is < 1. O

We point out that, for Z finer than 7, the topology of F7(FE) in general
is strictly finer than the subspace topology induced by Fr(FE).

In the present situation there is a certain universal procedure to construct
from the topologies on all the F7(FE) a topology on their union C**(M, E) =
U7 Fz(E). Since this construction takes place within the class of locally
convex topologies we first need to review this concept in the next section.

11 Locally Convex K-Vector Spaces

This section serves only as a brief introduction to the subject. The reader
who is interested in more details is referred to [NFA]. Let E be any K-vector
space.

Definition. A (nonarchimedean) seminorm on E is a function q : E — R
such that for any v,w € E and any a € K we have:
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(i) g(av) = [a] - q(v),
(i) g(v+w) < max(q(v), g(w)).
It follows immediately that a seminorm ¢ also satisfies:
(i) ¢(0) = 0] - ¢(0) = 0;
(iv) q(v) = max(q(v),q(-v)) = ¢(v — v) = q(0) = 0 for any v € E;

(v) q(v +w) = max(q(v),q(w)) for any v,w € E such that ¢(v) # q(w)
(compare the proof of Lemma 1.1);

(vi) —q(v —w) < q(v) — q(w) < q(v — w) for any v,w € E.

Let (gi)ier be a family of seminorms on E. We consider the coarsest
topology on E such that:

(1) All maps ¢; : E — R, for i € I, are continuous,
(2) all translation maps v+ .: E — E, for v € E, are continuous.

It is called the topology defined by (q;)icr. For any finitely many ¢, , ..., g,
and any w € E and € > 0 we define

B(qiy, -y qi;w) i ={veEE:q. (v—w),...,q. (v—w) <c}
The following properties are obvious:
(a‘) BE(Qilu cee ,qir;w) = BE(QZuw) n---N BE(Qir; ’Uj),

(b) B€1 (qh;wl) N BE2 (qi2;w2> = Uw Bmin(ahaz)(%'l:qw;w) where w runs
over all points in the left hand side;

(C) Bs(qi17~- . 7qir;w) =w +Ba<Qi17' 7q’Lr70>7
(d) a-B(ir,- -+ qip;w) = Bige(is» - - -, ¢i; aw) for any a € K.

Lemma 11.1. The subsets B:(qiy,- - -, qi,;w) form a basis for the topology
on E defined by (q;)icr-

Proof. The B:(¢i,,---,qi,.;w), by (a) and (b), do form a basis for a (unique)
topology 7’ on E. On the other hand let 7 denote the topology defined by
(¢i)icr.- We first show that 7/ C 7. By (a), (c), and (2) it suffices to check
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that B.(¢;;0) € 7 for any i € I and € > 0. As a consequence of (1) and (2)
we certainly have that

By (giw):={ve E:qv—w)<dteT
for any w € F and 0 > 0. But using (ii) we see that

Be(¢i;0) = B- (¢;;0)U | ) B (g5 w).

qi(w)=¢

To conclude that actually 7’ = 7 holds true it now suffices to show that 7’
satisfies (1) and (2). The continuity property (2) follows immediately from
(c). To establish (1) for 7/ we have to show that ¢; *((a, 8)) € 7" for any
i € I and any open interval (a, 3) C R. Because of (iv) we may assume that
B8>0.Letw € qi_l((a,ﬂ)) be any point. Case 1: We have ¢;(w) > 0. Choose
any 0 < € < g;(w). It then follows from (v) that B.(g;;w) C ¢; ' (gi(w)) C
qi_l((oa,ﬂ)). Case 2: We have ¢;(w) = 0. Choose any 0 < ¢ < 3. We obtain
Be(gi;w) € ¢;'([0,¢]) € ¢; *((a, B)) since necessarily o < 0 in this case. [

Lemma 11.2. F is a topological K -vector space, i. e., addition and scalar
multiplication are continuous, with respect to the topology defined by (q;)icr-

Proof. Using Lemma 11.1 this easily follows from the following inclusions:
= Be(qiys -+ @ipsw1) + Be(Giys -+ @3 w2) € Be(Giys - - -5 iy w1 + w2);

— Bs(a) - Bigj-1(qiys - - -5 Gir5w) € Be(giys - - -5 Gip; aw) provided § < |a|
and ¢ - max(g;, (w), ..., g, (w)) < &

m.
- B&(O) : Bs(qu' <oy Qi ;W

) € B:(qiys---,4,;0) provided 6 < 1 and 9 -
max(g;, (w),...,q, (w)) <e.

The details are left to the reader as an exercise. O

Exercise. The topology on E defined by (q;)icr is Hausdorff if and only if
for any vector 0 # v € E there is an index i € I such that ¢;(v) # 0.

Definition. A topology on a K-vector space E is called locally convex if it
can be defined by a family of seminorms. A locally convexr K -vector space is
a K-vector space equipped with a locally convex topology.

Obviously any normed K-vector space and in particular any K-Banach
space is locally convex.
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Remark 11.3. Let {E;} ey be a family of locally convex K -vector spaces;
then the product topology on E = HjGJ E; is locally conver.

Proof. Let (gj;); be a family of seminorms which defines the locally convex
topology on Ej. Moreover, let pr; : £ — FEj; denote the projection maps.
Using Lemma 11.1 one checks that the family of seminorms (g;; o pr;);
defines the product topology on E. O

Exercise 11.4. Let {E;}jcy be a family of locally convex K-vector spaces
and let E := HjeJ E; with the product topology; for any continuous semi-
norm q on E there is a unique minimal finite subset J, C J such that

q< 11 ij{O}x---x{O}> = {0}.

J€JI\Jq

For our purposes the following construction is of particular relevance.
Let E be a any K-vector space, and suppose that there is given a family
{E}}je of vector subspaces E; C E each of which is equipped with a locally
convex topology.

Lemma 11.5. There is a unique finest locally convex topology T on E such

that all the inclusion maps Ej; =, E, for j € J, are continuous.

Proof. Let @ be the set of all seminorms ¢ on E such that g|E}; is continuous
for any j € J, and let 7 be the topology on E defined by Q. It follows

immediately from Lemma 11.1 that all the inclusion maps FE; =, (E,T)
are continuous. On the other hand, let 7’ be any topology on E defined
by a family of seminorms (¢;);cr such that Ej =, (E,T') is continuous for
any j € J. Obviously we then have (¢;)ier € @. This implies, using again
Lemma 11.1, that 7/ C 7. O

The topology 7 on FE in the above Lemma is called the locally convez
final topology with respect to the family {£;},cs. Suppose that the family
{E;} e has the additional properties:

- E= UjeJEj%

— the set J is partially ordered by < such that for any two ji,jo € J
there is a j € J such that j; < j and j2 < 7;

. . . . c
— whenever j; < jp we have Ej; C Ej, and the inclusion map E;, — Ej,
is continuous.
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In this case the locally convex K-vector space (F,7) is called the locally
convez inductive limit of the family {E;};e.

Lemma 11.6. A K-linear map f : £ — E into any locally conver K -
vector space E is continuous (with respect to T ) if and only if the restrictions
fIE;, for any j € J, are continuous.

Proof. 1t is trivial that with f all restrictions f|E; are continuous. Let us
therefore assume vice versa that all f|E; are continuous. Let (G;)icr be a
family of seminorms which defines the topology of E. Then all seminorms
q; == g;o f, for i € I, lie in the set of seminorms ) which defines the topology
T of E. It follows that

f_l(BE(qim <o ﬂjm f(’lU)) = Bé‘(qila R 7qir;w)
is open in F. Because of Lemma 11.1 this means that f is continuous. [

Lemma 11.7. Let {E;}jes be a family of locally conver K-vector spaces
and let E := HjeJ E; with the product topology; suppose that each E; has
the locally convex final topology with respect to a family of locally convex
K -vector spaces {Ej j}rer; and that E; = Uy, Ejr; for any k = (kj); € I ==
HjeJ I; we put By, := HjeJ E; i;; with the product topology; then the topology
of E is the locally convez final topology with respect to the family {Ey}rer.

Proof. By the proof of Lemma 11.5 the locally convex topology of Ej is
defined by the set Q; of all seminorms ¢ such that ¢|E; ;. is continuous for any
k € I;. Let pr; : E — Ej denote the projection maps. By Remark 11.3 the
topology of E is defined by the set of seminorms Q) := Ujej{qoprj tqg€Q;}
For any g € Q; and any k£ € I we have the commutative diagram

c

By E
qopr;
pr; \L pr;
B, ——— B — 2R,

Hence the restriction of any seminorm in ) to any Ej is continuous. This
means that the locally convex final topology on E with respect to the family
{E})}i is finer than the product topology. Vice versa, let ¢ be any seminorm
on E such that g|Ej, for any k € I, is continuous. We have to show that ¢ is
continuous. By Exercise 11.4 we find, for any k € I, a unique minimal finite
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subset J, € J such that the restriction ¢|E}, factorizes into

\ je‘]q k El7kj

In particular, ¢|E jk; 7 0 for any j € Jy p. We claim that the set

Jg = U Jok

kel

is finite. We define ¢ = (¢;); € I in the following way. If j € J, we choose
a k € I such that j € J,; and we put ¢; := kj;; in particular, q|E~7gj =
q\Ej,kj # 0. For j € J\ J; we pick any ¢; € I;. By construction we have
Jq € Jy g so that J, necessarily is finite. This means that the seminorm ¢ on
FE factorizes into

pr
E e, Ei
N
R
It follows that
q(v) < max (¢|Ej5) o prj(v) for any v € E.
J€Jq

Since each ¢|Ej is continuous by assumption we conclude that ¢ is continu-
ous. O

12 The Topological Vector Space C?"(M, E), Part 2

As in Sect. 10 we let M be a paracompact manifold and FE be a K-Banach
space. We have seen that

C* (M, E) U]:z

where 7 runs over all indices for M. Each F7(F) by Remark 11.3 is locally
convex as a product of Banach spaces. By Lemmas 10.1-10.3 we may and
always will view C?" (M, E) as the locally convex inductive limit of the family
{Fz(E)}z (where Z < J if J is finer than 7). All our earlier constructions
involving C*"(M, E) are compatible with this topology. In the following we
briefly discuss the most important ones.
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Proposition 12.1. For any a € M the evaluation map

§a: C*™(M,E) — E
fr— f(a)

1S continuous.

Proof. Tt suffices, by Lemma 11.6, to show that the restriction d,|F7(F) is
continuous for any index Z for M. Let Z = {(¢; = (U;, i, K™), ;) bier-
There is a unique i € I such that a € U;. Then ¢;(U;) = B, (pi(a)), and we
have the commutative diagram

Fz(E) E
prl F—F(0)
FraeB) =g s Ta B E).

The left vertical projection map clearly is continuous. The lower horizontal
map is a topological isomorphism by construction. By Remark 5.1 the right
vertical evaluation map is continuous of operator norm < 1. [

Corollary 12.2. The locally convex vector space C** (M, E) is Hausdorff.

Proof. Let f # g be two different functions in C**(M, E'). We find a point
a € M such that f(a) # g(a). Since FE is Hausdorff there are open neighbour-
hoods Vy of f(a) and V; of g(a) in E such that V; NV, = (. Using Prop. 12.1
we see that Uy := d, 1(Vy) and U, := 6, 1(V,) are open neighbourhoods of f
and g, respectively, in C*"(M, E) such that Uy N U, = 0. O

Remark 12.3. With M also its tangent bundle T(M) is paracompact.

Proof. Since M is strictly paracompact by Prop. 8.7 we find a family of
charts {¢; = (U, i, K™)}icr for M such that the U; are pairwise disjoint
and M = J,;U;. Then the ¢;7 = (pX/}(Ui),goi,ci,K2mi) form a family of
charts for T'(M) such that T'(M) is the disjoint union of the open subsets
pa (Ui). Bach py/(U;) being homeomorphic to an open subset in K™ car-
ries the topology of an ultrametric space. The construction in the proof of
implication ii. = iii. in Prop. 8.7 then shows that the topology of T'(M) can
be defined by a metric which satisfies the strict triangle inequality. Hence
T (M) is paracompact by Lemma 1.4. O
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Proposition 12.4. i. The map d : C**(M,E) — C*(T'(M),E) is
continuous.

ii. For any locally analytic map of paracompact manifolds g : M — N
the map

C*™(N, E) — C*™(M, E)
fr—1fog
1S continuous.

. For any vector field & on M the map D¢ : C*"(M,E) — C**(M, E)
1S continuous.

Proof. i. By Lemma 11.6 we have to show that d|Fz(F) is continuous for
any index Z = {(¢; = (Ui, pi, K™), ;) }ier for M. Let f € Fr(E). We have

the commutative diagrams

/ T(I v)—=Dz(fop, )(’U)
‘ Pic;

pX/}(UZ) i 'i x K™
le l
Ui ~ sz(Uz

(cf. the proof of Lemma 9.11). We also have power series F; € F.. (K™ E)
such that

fo <pi_1(a:) = Fi(z — a;) for any = € ¢;(U;) = Be,(a;).

From the proof of Prop. 6.1 we recall the formula

m;

Da(f o)) = D v —a)

7j=1

for any = € ¢;(U;) and any v = (vy,...,vn,;) € K™:. We now cover K™ by
pairwise disjoint balls B, (wl(;)) where w( )= (wl(j)l, e w,(;)mi) runs over an
appropriate family of vectors in K™, and we put

m;

N OF.
Gir(X1seeos Xy Vi Yo o= S (1/j+w,§f§)aXf .
j=1 J

(K E).
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Then A
df o 7k (w,v) = Du(f 0 97 1)(v) = Giple — aiyv — w)

for any (z,v) € ¢;(U;) x B, (w (Z)) = Bei(ai,w,(f)). This means that df €
F7(E) CC*™T(M),E) for the index

T = {((¢;0 (Be, (as, w,(:))), Picor K2, €0) Y-

In other words we have the commutative diagram

Con (M, E) Can(T(M), E)
F1(E) F7(E).

Since the vertical inclusion maps are continuous by construction this reduces
us to showing the continuity of the lower horizontal map Fz(E) — F7(E).
But this easily follows from the inequalities

]
<ma <1 6'7 PRI gy.mz ) HEH&

3 (3

G,

ii. We only sketch the argument and leave the details to the reader. Let
Z = {((Ui, pi, K™),€i) }ier be an index for N. We refine the covering M =
U, 9~ 1(U;) into a covering M = Uje 7 V; which underlies an appropriate
index J = {((V},v¢;,K™),0;)}jes and such that, for any ¢ € I and j €
J with V; € ¢g7(U;), there is a power series G;; € Fs,(K™i; K™) with
1Gij — Gij(0)]ls; < ei and

p;jo0go 1[);1(:3) =G (x — aj) for any = € ¢;(V;) = By, (a;).

In this situation we have the commutative diagram

o (N, E) 7% cen(pp, B)
Fz(E) F7(E)

where the lower horizontal arrow in terms of power series is given by the
maps

Fei(K™; E) — Fs, (K™ E)
Fr— Fo(Gi; —Gi;(0))
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whose continuity was established in Prop. 5.4.
iii. follows from i. and ii. ]

Proposition 12.5. For any covering M = |J;c; U; by pairwise disjoint open
subsets U; we have
c*(M,E) =[] ¢*(U, E)
i€l
as topological vector spaces.

Proof. Using Lemma 10.2 one checks that in the construction of C**(M, E)
as a locally convex inductive limit it suffices to consider indices for M whose
underlying covering of M refines the given covering M = |J, U;. Then the
assertion is a formal consequence of Lemma 11.7. O
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