POINT-SET APARTNESS

.. what person can dare say they cannot afford to take time for apartness
—indeed, who can afford not to take time for apartness?

M. Basil Pennington

Synopsis

We first introduce the notion of a (pre-)apartness between points and subsets in
an abstract space X, and derive some elementary properties from our axioms. Each
point-set pre-apartness gives rise to a topology—the apartness topology—on X,
and to several constructively distinct continuity properties, which are explored in
Section 2.3. Limits and the Hausdorff property are discussed in Section 2.4, and
product pre-apartness spaces in Section 2.5. In the final section we discuss the role
of impredicativity in our theory.

2.1 Pre-apartness

Throughout this chapter our basic structure will be an inhabited set X equipped
with an inequality relation #, which in this context can also be called a point-
point apartness. A subset S of X has two natural complementary subsets:

> the logical complement
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20 2. Point-Set Apartness

> and the complement
~S={r € X Vyes (z#y)}.
The properties of # ensure that ~S C —S. For each subset A of X we write
A~ S=AN~S.

For the record we note that although S C ==S and =S U-T C =(SNT),
in neither case can we prove the reverse inclusions constructively; the same
applies with — replaced by ~.

We require our inhabited set X to carry also a special relation, <, between
points = and subsets S. If = > S, we say that z is apart from S. We shall
write down the axioms for < in @ moment; but for convenience we introduce
here the apartness complement

—S={reX:z=xS}

of S, and the notation
A—-S=ANn-5.

As we shall see, in a quasi-metric space (X, p) the apartness complement —S
is the set of those z € X that are bounded away from S.

The following are the axiomatic properties, holding for all x € X and all
subsets A, B of X, that we require of a pre-apartness :

Al 2 <o

A2 —AcC~A

A3 < (AUB) e 2t ANz B
A4 —AC~B=-AC-B.

We then call the pair (X,>t)—or, when the apartness relation is clearly un-
derstood, just the set X itself—a pre-apartness space, and the data defining
the relations # andi< the pre-apartness structure on X. When we want
to emphasise that the pre-apartness is associated with a particular set X, we
sometimes denotel! it by by

Axiom Al says that X = —&. Since —X C ~X (by axiom A2) and
therefore — X C =X = &, we see that @ = —X. As a special case of axiom
A2, we have

Veyex (x> {y}t =z #y).

IThe reader is warned that we apply subscripts with different meanings to an apartness.
For example, if 7 is a topology, then we denote an important related pre-apartness relation
by > In practice, it should be clear whether a subscript attached to the symbol < signifies
a set, a topology, or—in Chapter 3—a quasi-uniform structure.
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Also, A3 is equivalent to
- (AuB)=-AN-B.

Axiom A4 may look a little mysterious, so we pause to show where it comes
from. In the classical theory of proximity spaces [35], the primitive point-set
notion is a binary relation & of proximity, and what we call apartness is the
negation of proximity. One of the conditions that can be imposed on a proximity
is the Lodato property,

(x 0 BAVyep(yd A)) =z A,

where, for example,  § A is shorthand for {x} 6 A. Under classical logic,
since X is the denial of ¢, this last implication is equivalent to

e A= (x> BV3uep(yxA))
and therefore to
(x> ANYy (ytA=y ¢ B)) = x> B.

In the classical theory of nearness, where ~ and — would coincide, this last
statement is just A4 in disguise.
If, in addition to A1-A4, the pre-apartness satisfies

A5 2 A=Vyex (x#yV yaA),

then we call it an apartness, and the space X an apartness space. The value
of the additional axiom Ab is that it provides us with (classically automatic)
alternatives that facilitate many constructive proofs. Nevertheless, it makes
good sense to work without A5 where it is not needed.

The canonical example of a full-blooded apartness space is a quasi-metric
space (X, p) with the pre-apartness defined by

e A JsoVyea (pla,y) >7). (2.1)
In this case, the apartness complement of a subset A of X,

_A = {.I‘ € X EI7‘>0 vyeA (p(xvy) 2 7’)},

is also known as the metric complement of A. It is routine to verify that
has properties A1-A3. For A4, let x <t A and —A C ~B. Choose r > 0 such
that p(z,2z) > rforall z € A. If y € B and p(z,y) < r/2, then for all z € A
we have

p(yvz) > p(a:,z) —p(x,y) > 7’/2, (22)

so y € —A and therefore y € ~B, which is absurd. Hence p (z,y) > r/2 for
all y € B, and therefore = <1 B. This completes the verification of A4. For
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A5 we let 2, A, and 7 be as before. Then for each y € X, either p(z,y) > 0
and therefore & # y, or else p(x,y) < r/2. In the second case, for all z € A
we have (2.2) and therefore y 1 A.

The apartness defined at (2.1) is called the quasi-metric apartness on X,
and X, taken with this apartness, is called a quasi-metric apartness space.
When p is actually a metric, we replace quasi-metric by metric in both places
in the preceding sentence.

Classically, with the law of excluded middle at hand, it is easy to prove that
every pre-apartness space satisfies Ab. Is this the case constructively? First
note that if X is any set with an inequality relation, then

vaXVAcX (x XA E NA)

defines a pre-apartness on X. Now take X = [0, 1] with the usual inequality
relation and the pre-apartness just defined, and take A = (0,1]. Then 0 A.
Given a binary sequence (a;,),,»; with at most one term equal to 1, define

> a

E - cX.
n

n=1

If y # 0, then a,, = 1 for some n; if y 1 A, then a,, = 0 for all n. Thus if
axiom Ab holds in the pre-apartness space X, we can derive LPO.

We conclude from this example that Ab cannot be derived constructively
from A1-A4. On the other hand, since A5 holds in a metric apartness space,
its negation cannot be derived from A1-A4. Thus Ab is constructively inde-
pendent of A1-A4.

In the remaining results of this section, except in some of the examples, we
assume that X is a pre-apartness space, that x,y,z,... are points of X, and
that A,B,... are subsets of X. If we want to specialise to an apartness space,
we shall make it explicit that we are also assuming Ab.

Y

Proposition 2.1.1 If A C B, then —B C —A.

Proof. Since A U B = B, the conclusion follows from A3. m
Proposition 2.1.2 A C ~ — A.

Proof. By A2, —A C ~A; whence AC~~AC~—A. n
Proposition 2.1.3 If~A C ~B, then —A C —B.

Proof. Since —A C ~A, this is a simple application of A4. =

If Y is an inhabited subset of X, we have a natural inequality #y and
point-set relation >y defined for y,y’ € Y and S C Y by

y#Eyy ey#Fy,
Yy S &y S, (2.3)
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where on the right side, # and < are the original inequality and pre-apartness
on X. We say that #y and <y are induced on Y by their counterparts on
X. It is easy to show that <y satisfies A1-A3. If, in addition, it satisfies A4
in the form

Y-ACY~B)=(Y-ACY-DB),

then it is a pre-apartness on Y'; in that case, taken with the induced inequality
and pre-apartness, Y is called a pre-apartness subspace of X; if <y satis-
fies AB, then we call Y an apartness subspace of X. We usually omit the
subscript, and denote the induced inequality and apartness on Y simply by #
and <.

Proposition 2.1.4 Let (X,1<1) be a pre-apartness space satisfying the condi-
tion
Ve yexVscx ((re-SAny¢-=8)=ax#y). (2.4)

Then every inhabited subset of X is a pre-apartness subspace.

Proof. Let Y be an inhabited subset of X, and let A,B be subsets of Y such
that Y —ACY ~B. Ifye BCY,theny¢ X — A, so, by (24), y # x
foreach x € X — A. Thus X — A C X ~ B. By A4 in the space X, we have
X — A C X — B; from which it follows that Y —ACY — B. =

We refer to condition (2.4) as the reverse Kolmogorov property. It is
equivalent to the condition

Vsex (n—S=~-05). (2.5)

If X is an apartness space and Y is an inhabited subset of X, then, since Ab
both implies condition (2.4) and is inherited from xix by <y, it follows, with
reference to Proposition 2.1.4, that Y is also an apartness space.

The following results about double and triple complements may appear
somewhat unattractive to the reader unused to working constructively, but
are occasionally useful.

Although any subset A of a set with an inequality is contained in its double
complement ~ ~A, constructively the double complement looks potentially
larger than the set A itself, and we cannot in general prove that these two sets
are equal. However, it is an easy exercise to prove that

~A=n~ (A=~ (v A) =~~~ A
If Ais a subset of our pre-apartness space X we can say more.
Proposition 2.1.5 - A=—~~A=—~— A.
Proof. Since —A C ~~ — A, we see from A4 that

-AC-—-~—-A (2.6)
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Also, by Proposition 2.1.1,
—~~AC—A (2.7)

On the other hand, since —A C ~ A, we have ~~A C ~ — A and therefore
(again by Proposition 2.1.1)

—~—AC-—-~~A (2.8)

Putting together (2.6)-(2.8), we obtain the desired identities. m

We say that the point z € X is near the set A C X, and we write near(z, A),
if
Vscx (l’ e-S= Hyex (y S A—S))
Although our focus throughout the book is primarily on apartness, nearness will
arise from time to time—notably, to characterise the closure of a set relative
to the pre-apartness, and in our discussions of limits and product apartness
spaces.

Proposition 2.1.6 /f near(z, A) in X, then A is inhabited.

Proof. By Al, z € —&. So if near (x, A), then, by the definition of near, there
exists y in A — &, which equals A. =

Proposition 2.1.7 In the case where X is a metric apartness space, near (z, A)
if and only if AN B(x,r) is inhabited for each r > 0.

Proof. Suppose that near (z, A). Given r > 0, let

S={yeX:plz,y) >r/2}.
Then -
x € =S C B(z,r/2) C B(z,r).

Hence, by definition of the nearness predicate, there exists y € A — 5 C
AN B(z,r).

Now suppose, conversely, that A N B(x,r) is inhabited for each r > 0, and
that @ € —S. Then there exists r > 0 such that p(z,s) > r for each s € S;
whence B(x,r) C —S and therefore A — S is inhabited. Since S is arbitrary,
we conclude that near (z, A). m

Proposition 2.1.8 Ifz € A, then near(z, A).

Proof. For each B with x € —B we have z € A — B. Hence, by definition,
near(z, A). m

Corollary 2.1.9 If x =y, then near(z,{y}).
Proposition 2.1.10 /f near(z, A) and A C B, then near(z, B).
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Proof. This follows directly from the definition of the nearness predicate. m

The next result generalises its predecessor and shows that a pre-apartness
space satisfies the classical Lodato condition (page 21).

Proposition 2.1.11 Suppose that near (x, A), and that near(y, B) for each
y € A. Then near(z, B).

Proof. Let x € —S. Then, by the definition of near, there exists y € A — S.
By hypothesis, near(y, B). Since also y € —S, it follows from the definition
of near that there exists z € B — S. Thus

Vsex (€ =S =J,ex (€ B-29))
—that is, near(z,B). m
Proposition 2.1.12 /f near(z, A), then near(x, AU B) for all B C X.
Proof. Apply Proposition 2.1.10 with B replaced by AUB. =
Proposition 2.1.13 /f near(z, A) and x < B, then near(x, A — B).

Proof. Let z € —S. We need to show that (A — B) — S is inhabited. To this
end, observe that € —B, so by A3, x € — (B U S). Since near (z, A), there
existsy € A—(BUS); but A— (BUS)=(4— B)—S, so we are through.
|

One of the axioms of the classical theory of proximity presented in [35] is
near(xz, AU B) < near(z, A) V near(z, B) . (2.9)

The implication from right to left here is a consequence of Proposition 2.1.12.
To see that the implication from left to right in (2.9) is essentially noncon-
structive, consider the metric apartness space R. Given an increasing binary
sequence (ay),,~; with a1 = 0, define

SE{lzan:O}, Tz{lzanzl}.
n n

Then 0 is near S UT. But if 0 is near S, then a,, = 0 for all n; while if 0 is
near T, then there exists x € T such that |z| < 1/2, so we can find n with
ay, = 1. Thus the left-to-right implication in (2.9) implies LPO.

It readily follows from Proposition 2.1.7 that in the context of a metric space,
near (x, A) implies = (x >1 A). This holds in a general pre-apartness space.

Proposition 2.1.14 — (near(z, A) A x> A).
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Proof. Assume that near(z, A) and = >1 A. Then z € —A, and so, by the
definition of near, there exists y € A — A. This contradicts axiom A2. =

We observe that in the metric apartness space R, the statement
Vacr (— (11 A) = near (1, A))
implies the law of excluded middle in the form
-—P =P
Indeed, let P be any proposition satisfying —=—P, and consider the subset
A={zeR:2=0V(z=1AP)}

of R. If 1 >t A, then =P, which contradicts our initial assumption; hence
- (1 A). Butif near (1, A), then there exists € A such that > 0; whence
x=1,1¢€ A, and therefore P holds.

Proposition 2.1.15 /f X is a pre-apartness space with the reverse Kolmogorov
property, and if near(x, A), and y <1 A, then x # y.

Proof. Assume that near(z, A) and y <1 A. Proposition 2.1.14 shows that
x ¢ —A; whence x £y, by (2.4). m

Proposition 2.1.16 /f X satisfies A5 and if = (x # y), then near(z,{y}).

Proof. By A5, for each S with x € —S we have either x # y or else y € -5
the former alternative is ruled out, so we must have y € —S. It follows that

near (x,{y}). m

An immediate consequence of this proposition is

Corollary 2.1.17 If X is an apartness space such that

Vo yex (near(x, {y}) =z =y), (2'10)

then the inequality on X is tight.

A pre-apartness space X is said to be T if

Vayex (@ £y = 25 {y}). (211)

Since the inequality relation is symmetric, a T pre-apartness space has sym-
metric point-point pre-apartness:

Veyex (x> {y} & ya{z}).

Every quasi-metric apartness space is T .
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Proposition 2.1.18 /f X is a Ty pre-apartness space and near (z,{y}) in X,
then = (x # y).

Proof. Assume that  # y; then x 1 {y}, by (2.11). This contradicts Propo-
sition 2.1.14. m

Corollary 2.1.19 /f X is a T apartness space and near(x,{y}) in X, then
near(y, ().

Proof. Apply Propositions 2.1.18 and 2.1.16, noting that — (z # y) if and only
if ~(y#£x). m

Corollary 2.1.20 If X is a Ty pre-apartness space with tight inequality, then
(2.10) holds.

Proof. Apply Proposition 2.1.18. =

Proposition 2.1.21 /f X is a T apartness space, and a,b are points of X
with a # b, then for each © € X either x # a or © # b.

Proof. By (2.11), a v< {b}; whence, by Ab, either x # a or else z > {b}; in
the latter event, A2 shows that z £ 0. =

Proposition 2.1.22 /f X is a Ty apartness space containing two distinct
points, then for each © € X there exists y € X such that x # y.

Proof. Let a,b be points of X with a # b. Then either x # a or x # b, by the
previous proposition.

Proposition 2.1.23 /f X is a Ty pre-apartness space, near (x, A), and © # y,
then there exists z € A such that y # z.

Proof. In this case, z € — {y}, so by the definition of near, there exists z € A
with z < {y}. The desired conclusion follows from A2. m

We end the section by establishing the extensionality of apartness and near-
ness.

Proposition 2.1.24 If X is an apartness space, v <1 A, v = x’, and A = A/,
then ' <1 A’.

Proof. By A5, either  # 2’ or else, as must be the case, ' >1 A. Since
A=A wehaver' € —AC ~A=~A", by A2; whence 2/ 1 A’, by A4. m

Proposition 2.1.25 /f X is an apartness space, near(x, A), x = a’, and A =
A’, then near(z’, A”).

Proof. Let 2/ € —S. Then & € —S, by the previous proposition. Since z is
near A, there exists y € A — S. But A’ = A, soy € A — S. It follows from
our definition of near that near(z’, A’). m
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2.2 Apartness and Topology

We assume that every topological space (X, 7) comes equipped with an in-
equality #. For a point = and a subset A of such a space we define

<y Ae Juer (€U C ~A) (2.12)
and, of course,
near(z,A) & Vpcx (e € —B=3Jyex(y€ A—B)).

Thus = >, A if and only if 2 belongs to (~A)°, the interior of ~A relative to
the topology 7. It is easy to show that i<, satisfies A1-A4 for a pre-apartness—
the topological pre-apartness corresponding to 7. We call X, taken with this
pre-apartness, a topological pre-apartness space, or, if <, also satisfies A5,
a topological apartness space. It is easily shown that if a topological space
(X, 7) has the topological A5 property

then the corresponding pre-apartness satisfies A5. Note that on a quasi-metric
apartness space the pre-apartness corresponding to the quasi-metric topology
coincides with the quasi-metric apartness.

The alert reader may have asked: is a point-set pre-apartness necessarily
symmetric—that is, do we have

Vo yex (x> {y} = yoa {z})?

We give a topological example to show that it is not. Consider the set X =
{0,1} with the discrete equality and inequality, the topology

7={2,{1},{0,1}},

and the corresponding topological pre-apartness <. Since 1 € {1} C ~{0},
we have 1 <, {0}; but since 0 ¢ {1} and {0,1} ¢ ~ {1}, we cannot have
0>, {1}

Occasionally it is helpful to consider the following condition, linking the
inequality and the topology, on a topological space (X, 7):

VoyexVuer (€ UNy ¢U)=a#y). (2.14)

This condition always holds classically for the denial inequality, and is a
constructive consequence of the topological A5 property. Thus it holds if the
space is discrete, and in any quasi-metric space.

Proposition 2.2.1 Let (X,7) be a topological space in which condition (2.14)
holds. Then <, has the reverse Kolmogorov property.
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Proof. Let z € —S and y ¢ —S in X. Then there exists U € 7 such that
x € U C ~S. It follows from this and the definition of <, that U C —S, so
y ¢ U, whence x # y, by (2.14). m

In light of Proposition 2.2.1, we refer to condition (2.14) as the topological
reverse Kolmogorov property (with topological omitted when it is clear that
we are referring to (2.14) rather than its counterpart (2.4) for an apartness
space).

The following proposition will re-appear in Chapter 3.

Proposition 2.2.2 Let (X, 1) be a topological space with the topological re-
verse Kolmogorov property. Then (=5)° = (~S)° for each subset S of X.

Proof. It is trivial that (~S)° C (—5)°. For the reverse inclusion, let = €
(=S)° and y € S. Clearly, y ¢ (=5)°. Since (=5)° € 7, it follows from (2.14)
that  # y. Thus (=S)° C ~S. Since also (=S)° is open, it follows that
(=8)° C (~9)°. =

Proposition 2.2.3 Let (X,7) be a topological space with the topological re-
verse Kolmogorov property, let Y be a subspace of X, and let Ty be the
subspace topology induced on'Y by 7. Then the topological subspace (Y, Ty )
also has the topological reverse Kolmogorov property.

Proof. Let z,y € Y and V € 7y be such that z € V and y ¢ V. By the
definition of 7y, there exists U € 7 such that V =Y NU. If y € U, then
y € YNU =V, a contradiction; hence y ¢ U. Since = € U, it follows from
condition (2.14) in X thatz #y. =

A topological pre-apartness is Ty (as defined at (2.11) on page 26) if and
only if
v:c,yGX ((L’ 7é Yy = 3Ue'r ((E € U/\y € NU))

—in other words, its topology 7 satisfies the classical first axiom of separa-
tion. A quasi-metric space is a T topological apartness space.

Another example of a T apartness space is that associated with a locally
convex space—that is, a vector space X over R or C, together with a family
(pi);c; of seminorms that satisfies the following condition:

Vewex (x #y e Jier (pi(z —y) >0)).

Recall from page 15 that the inequality on a vector space is tight, by definition;
whence we must have

Veyex (x =y & Vier (pi(z —y) =0)).

The family (p;),.; defines the corresponding locally convex topology, in
which the basic open neighbourhoods of = are of the form

{z/ € X :Vier (pi(z —2') <)}
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for some £ > 0 and some inhabited, finitely enumerable subset F' of I. It is
left as an exercise for the reader to show that this topology has the reverse
Kolmogorov property (2.14). To establish A5 for the corresponding topological
pre-apartness <, we argue as follows. Let x 1 A; then there exist ¢ > 0 and
elements i1,...,7,, of I such that

UE{yeX:Zpik(x—y)<g}c ~A.

k=1

Given y € X, we have either >} p;, (x —y) > 0o0r Y/ pi(z—y) <e.
In the first case, p;, (x —y) > 0 for some k and so z # y. In the second
case, y € U C ~A and so, by definition of the pre-apartness, y >t A. This
completes the proof of Ab. It is easy to see that the topological pre-apartness
relation i is T;.

If (X, 7) is a topological space, and Y an inhabited subset of X, then the
subspace topology 7y induced on Y by 7 has an associated pre-apartness
>, . A natural question arises: under what conditions does this pre-apartness
coincide with the restriction of the relation <, to points and subsets of Y'?

Proposition 2.2.4 Let X be a topological space satisfying (2.13), and let 1<,
be the corresponding topological apartness. Let Y be an inhabited subset of
X, let Ty be the subspace topology induced on'Y by T, and let <., be the
corresponding topological apartness on'Y . Then

VyeyVscy (Y >Xry S &y, S).

Proof. Let y € Y C X and S C Y. If y >, S, then there exists U € 7 such
that y € U C X ~ S; whence

yeEYNUCYN(X~S)=Y ~§,

where Y NU € 7y; so y <, S.

Conversely, if y >, S, then there exists V € 7y suchthaty € V C Y ~ S.
By definition of the subspace topology 7y, there exists U € 7 such that
V=Y NU. Hence

yeYNUCY~SCX~S.

Consider any € U and any s € S. By (2.13), either z # s or s € U, in
the latter case, s € YNU, so s € Y ~ S, which is absurd. It follows that
ye U C X ~ S and therefore y <, S. =

Corollary 2.2.5 Let Y be an inhabited subset of a topological space (X, )
that satisfies (2.13). Then the restriction of the relation i, to points and
subsets of Y is an apartness on Y .
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Proof. According to Proposition 2.2.4, the restriction in question is precisely
the apartness induced on Y by the subspace topology 7y. m

Corollary 2.2.6 Let Y be an inhabited subset of a quasi-metric space X.
Then the apartness induced on'Y by the quasi-metric on X coincides with the
apartness induced on'Y by the original quasi-metric apartness on X.

We now introduce an important topology on a given pre-apartness space
(X,>). A subset S of X is said to be nearly open if it can be written as
a union of apartness complements: that is, if there exists a family (4;),.; of
subsets of X such that S = (J,.; —Ai. The empty subset of X is nearly open
(& = —X), X is nearly open (X = —@), and a union of nearly open sets is
nearly open. Since, by a simple induction argument using A3, the intersection
of a finite number of apartness complements is an apartness complement, it
can easily be shown that a finite intersection of nearly open sets is nearly
open. Thus the nearly open sets form a topology—the apartness topology,
denoted by 7..—on X for which the apartness complements form a basis.
It is straightforward to prove that if (X,ix) is an apartness space, then the
corresponding apartness topology satisfies (2.13).

Proposition 2.2.7 In a topological pre-apartness space every nearly open set
is open.

Proof. Let (X, 7) be a topological pre-apartness space. It suffices to show
that every apartness complement —A in X is open. Let x € —A and choose
U € 7 such that z € U C ~A. Then, by the definition of the apartness in X,
U C —A. Hence —A is open. =

Corollary 2.2.8 Let (X,1) be a pre-apartness space, and let T be the cor-
responding apartness topology. Then the topological pre-apartness structure
corresponding to T coincides with the original pre-apartness structure on X.

Proof. Let <, denote the topological apartness corresponding to 7. If x > S,
then x € =S5 C ~S, where —S is the apartness complement of S relative to
><; since —S is open by Proposition 2.2.7, it follows from the definition of the
topological pre-apartness that = >, S.

Conversely, if x 1. S, then there exists a nearly open set U such that
x € U C ~S, so (by definition of nearly open) there exists V' such that
rz e -V C ~S. It follows from A4 that <1 S. =

Corollary 2.2.8 provides the motivation for the definition (in Section 2.5
below) of the product of two pre-apartness spaces.

Proposition 2.2.9 /f X is a pre-apartness space with the reverse Kolmogorov
property, then the corresponding apartness topology has the topological reverse
Kolmogorov property.
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Proof. Consider z,y € X and U € 7 such that x € U and y ¢ U. There
exists S C X such that © € —S C U. Clearly, y ¢ —S, so, by the reverse
Kolmogorov property in (X,), we have 2 £ y. =

We say that a topological pre-apartness space is topologically consistent
if every open subset of X is nearly open.

Proposition 2.2.10 Every metric apartness space is topologically consistent.

Proof. Let (X, p) be a metric space, and let > be the corresponding metric
apartness, which, as noted earlier, coincides with the topological apartness
corresponding to the metric topology on X. In view of Proposition 2.2.7, it
suffices to prove that every (metrically) open subset S of X is nearly open.
Given x € S, choose r > 0 such that B(x,r) C S. Then z € — ~B(x,r/2) C
B(x,r) C S. It follows that x is an interior point of S in the apartness topology.
Hence S is nearly open. m

Proposition 2.2.11 The following conditions are equivalent on a topologically
consistent topological space (X, T).

(i) (X, 7) has the topological reverse Kolmogorov property (2.14).

(i) (X,<.) has the reverse Kolmogorov property (2.4).

Proof. Since 7 coincides with the apartness topology arising from <., the
desired conclusion follows from Propositions 2.2.1 and 2.2.9. m

Classically, for every open set A of a topological pre-apartness space we have
A = ~~A and therefore, by the definition of the topological pre-apartness,
A = —~A, from which it follows that the space is topologically consistent.
Constructively, although A C — ~A holds for an open set A, we cannot hope to
prove the reverse inclusion even in the presence of (2.14). To see this, consider
the metric subspace

X={0,1—a,2}

of R, where a < 1 and = (a < 0). Let B be the open ball with centre 0 and
radius 1 in X. Then 2 € ~B. On the other hand, if z € ~B and = # 2, then
2 must equal 1 —a, so = (1 —a < 1); whence 1 —a > 1 and therefore a < 0,
a contradiction. It follows that ~B = {2} and hence that —~ B = —{2}.
If —~B C B, then 1 — a, which certainly belongs to — {2}, is in B; whence
1 —a < 1 and therefore a > 0. Thus, although (as observed in the proof
of Proposition 2.2.10) any open ball B in a metric apartness space satisfies
B C — ~B, the proposition

Every open ball B in a metric space satisfies B = — ~B
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entails
Veer (0 (z <0) =2 >0),

a statement equivalent to Markov's principle. In fact, as is shown by an example
which we now present, if every T; topological apartness space with discrete
inequality is topologically consistent, then the law of excluded middle holds.

Let A be the set of odd positive integers, B the set of even positive integers,
and X the space N, taken with the denial inequality. Given a statement P, for
each positive integer n let

U,={0}u{keA:k>n}U{keB:k>nAP}.

The sets U,,, together with the singletons {n} with n € N+, form a countable
basis for a second-countable topology 7 (that is, a topology with a countable
base of open sets) on X. Note that any neighbourhood of 0 in this topology
must contain one of the sets U,,. Since X is discrete, it automatically satisfies
A5; so 7 induces a topological apartness structure on X. Suppose that X
is topologically consistent. Since U; is open, it is nearly open and therefore
there exists V' C X such that 0 € —V C U;. By Proposition 2.2.7, =V is
T-open, so there exists IV such that 0 € Uy C —V. Assume that =—P holds.
If VN{k € B: k> N} is inhabited, then since Uy C —V, we must have =P,
a contradiction. Hence

{keB:k>N}cC-V.

In view of the discreteness of X, we have =V = ~V. On the other hand,
given m € ~V, we have either m = 0 € —V (by our choice of V), or else
m =1, m € {m} C ~V, and therefore m < V, by definition of the topological
pre-apartness. It follows from this and axiom A2 that ~V = —V; whence

{keB:k>N}cC -V CU,

which is possible if and only if P holds. We conclude that if every topological
apartness space is topologically consistent, then the law of excluded middle
holds.

Note that in the foregoing example the space X is T;. Indeed, if n € X and
n # 0, then 0 € U,41 and n € ~U,,41; whereas if mn € X and n >m > 1,
then n € {n},m € {m}, and {n} C ~{m}.

As we shall see in a moment, the following property ensures topological
consistency. We say that a topological space (X, 7), or just the topology 7
itself, is topologically locally decomposable if

VoexVuer (@ €U = Jyer (T€VAX =UU~V)).

This condition holds classically for any topological space with the denial in-
equality: just take V' = U. Every metric space (X, p) is topologically locally
decomposable: for if x € U and U is open in X, then, choosing r > 0 such
that B(z,r) C U, we can take V = B(z,7/2).
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Proposition 2.2.12 A topologically locally decomposable topological preapart-
ness space (X, T) is topologically consistent.

Proof. GivenU € Tandxz € U, find V € T suchthatz € V and X = UU~V.
Thenz e VC ~~V,sox € —~V. Since

-~V Cc~~V U,

it follows that U is a union of apartness complements and so is nearly open.
]

We can see from Proposition 2.2.12 and the foregoing Brouwerian example
that if every topological apartness space is topologically locally decomposable,
then the law of excluded middle holds.

How do we produce a property like topological local decomposability but
applicable to arbitrary pre-apartness spaces? We say that a pre-apartness space
(X, ), or just the pre-apartness < itself, is locally decomposable if

VeexVscx ({L‘ € —-S=3drcx (LL' e-TANX= —SUT))

Local decomposability always holds classically: for if € —S, then, taking
T=~—5, we have X = —SUT; also, by Proposition 2.1.5,

—S=—n~n-8=-T,

so ¢ € —T'. Every metric space (X, p) is locally decomposable: for if z € —S5,
then, choosing r > 0 such that B(z,r) C —S, we can take T'= ~B(x,r/2)
to obtainzx € =T and X = -SUT.

Proposition 2.2.13 A locally decomposable pre-apartness space satisfies A5.

Proof. Let (X,) be locally decomposable, let z € —S, and choose T' such
that x € =T and X = —SUT. For each y € X, eithery € =S ory € T; in
the latter case, x <t {y} by Proposition 2.1.1, and so, by A2, x #y. ®

It will be clear as we develop the subject that local decomposability, which
gives us not only Ab but also stronger alternative conditions to play with, is a
very powerful condition.

Proposition 2.2.14 Let (X,<) be a locally decomposable apartness space,
and T the corresponding apartness topology. Then (X, T) is topologically locally
decomposable.

Proof. Let U € 7 and & € U. Without loss of generality, we may assume
that U = —5 for some S C X. Choosing T C X such that x € —T and
X =-SUT, set V= —T, then x € V. Moreover, for each y € X either
ye —S=U or else

yel C~~"T C~=T=~V.
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Since x and U are arbitrary, we conclude that (X, 7) is topologically locally
decomposable. m

Proposition 2.2.15 The induced pre-apartness on a topologically locally de-
composable topological space is locally decomposable.

Proof. Let (X, 7) be a topologically locally decomposable topological space.
Let >, denote the corresponding topological apartness, and —, the corre-
sponding operation of apartness complementation. Given z € —..5, and noting
that —S is in 7 (by Proposition 2.2.7), construct V' € 7 such that x € V and
X =-SU~V.Let T=~V.Then X = —SUT. Moreover, x € V C ~T,
so x <, T. Since x and S are arbitrary, it follows that (X, ) is locally
decomposable. m

Corollary 2.2.16 Let (X,T) be a topological pre-apartness space. Then the
following conditions are equivalent.

(i) X is topologically locally decomposable.
(i) X is topologically consistent, and (X 1<) is locally decomposable.

Proof. Assuming (i), we see from Proposition 2.2.12 that X is topologically
consistent, and from Proposition 2.2.15 that it is locally decomposable. On
the other hand, if (ii) holds, then Proposition 2.2.14 shows that (X, 7q) is
topologically locally decomposable; so if X is also topologically consistent,
then (i) holds. m

In view of Corollary 2.2.16, for a topologically consistent topological pre-
apartness space there should be no confusion if we use the phrases topologically
locally decomposable and locally decomposable interchangeably.

Nearness now comes into play again, in our discussion of closed sets in the
apartness topology.

Proposition 2.2.17 Let A be a subset of the pre-apartness space X. Then
A={r € X :near(z,A)},
where the bar denotes closure in the apartness topology.

Proof. Let near(z, A), and let U = J,.; —A; be any nearly open set contain-
ing x. Choosing i € I such that z € —A;, we see from Proposition 2.1.13 that
near(z, A — A;). So, by Proposition 2.1.6, there exists y € A — A4, C ANU.
Conversely, if A intersects each nearly open set containing x, then since —B
is nearly open for each B C X, we see immediately from the definition of near
that near(z, A). m

Corollary 2.2.18 A subset A of a pre-apartness space is closed in the apartness
topology if and only if it is nearly closed, in the sense that

A={z e X :near(z,A)}.
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Proposition 2.2.19 For each nearly open subset of a pre-apartness space X
whose apartness topology has the reverse Kolmogorov property, the logical
complement equals the complement and is nearly closed.

Proof. Let A = |J,.; —U; be nearly open, and z € =A. Then near(z, ~A), by
Proposition 2.2.17. For each i € I it follows that if x € —U;, then there exists
z € (1A) = U; C (mA) N A, which is absurd. We conclude that z ¢ —U;;
whence x € ~ — Uj;, by the reverse Kolmogorov property. Thus

T ~—U; =~A.
< ﬂz‘el !
Hence
—“AC-AC~AC-A,
from which the desired conclusions now follow. =
Having established the fundamental results connecting pre-apartness and

topologies, we turn in the next section to an examination of types of continuity
of mappings between pre-apartness spaces.

2.3 Apartness and Continuity

Intuitionistic logic enables us to distinguish between various classically equiva-
lent types of continuity that we now introduce.

Let f: X — Y be a mapping between pre-apartness spaces. We say that f
is

> nearly continuous if
Vaex Vacx (near(z, A) = near(f(z), f(4)));
> continuous if

Veex Vacx (f(z) < f(A) = x> A)

—that is,
fH(=f4) c -4
for each A C X;

> topologically continuous if f~1(S) is nearly open in X for each nearly
open S CY.

It is almost trivial that the composition of continuous functions is continuous,
and that the restriction of a continuous function to a pre-apartness subspace
of its domain is continuous. Analogous remarks hold for nearly continuous
functions and for topologically continuous ones.

For a mapping between quasi-metric spaces, continuity in our sense turns
out to be equivalent to the standard one from elementary analysis courses.



2.3 Apartness and Continuity 37

Proposition 2.3.1 The following are equivalent conditions on a mapping f :
X — Y between quasi-metric spaces.

(i) f is continuous.

(ii) For each x € X and each € > 0, there exists 6 > 0 such that if ' € X
and p(x,2") < 6, then p(f(x),f(z")) < e.

Proof. Suppose that f is continuous. Given z € X and ¢ > 0, let

A= {1” € X :p(f(x), f(2") > %}

Then f(x) > f(A) inY, so x> Ain X. Pick § > 0 such that p(xz,2') > ¢
for all ' € A If 2/ € X and p(z,2') < 0, then 2/ ¢ A and therefore
p(f(z),f(z")) < e. Thus (i) implies (ii).

Now suppose that (ii) holds, and let f(x) < f(A) in Y. Then there exists
e > 0 such that p(f(x),f(z")) > € for all 2’ € A. Pick 6 > 0 as in (ii).
If 2/ € A and p(z,2') < 6, then p(f(x),f(2')) < &, a contradiction. Hence
p(a,x’) = 6 for each 2’ € A; in other words, x <1 A. Hence (i) implies (i). m

A continuous mapping f of a pre-apartness space into a T pre-apartness
space is strongly extensional: for if f(x) # f(y), we have f(z) > {f(y)};
whence z 1 {y} and therefore, by A2, & # y. Less trivial to establish is the
strong extensionality of nearly continuous mappings.

Proposition 2.3.2 A nearly continuous mapping of an apartness space into a
T, pre-apartness space is strongly extensional.

Proof. Let f : X — Y be nearly continuous, where X is an apartness space
and Y is a T pre-apartness space. Consider z,2’ € X such that f(x) # f(2').
Define

A={zeX:z=aV(z=ad Nz #2)}.

Note that € A. Consider any U C X such that 2’ € —U; by Ab, either
x # x’ and therefore 2’ € A—U, orelse x € —U and so x € A—U. It follows
that near (2, A). Using the near continuity of f, we obtain near(f(x'),f(A)).
Since also f(x) # f(z'), Proposition 2.1.23 shows there exists z € A such
that f(z) # f(z). Then = (2 = z), so we must have z =2’ and z # 2. =

Proposition 2.3.3 The following conditions are equivalent on a mapping f :
X — Y between pre-apartness spaces.

(i) f is nearly continuous.

(i) For each nearly closed subset S of Y, f~1(S) is nearly closed.

(iii) For each subset A of X, f (A) C f(A).
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Proof. Suppose that f is nearly continuous on X, and let S be a nearly
closed subset of Y. If z € f~1(S5), then near (z, f~1(5)), by Proposition
2.2.17, and therefore near(f(x),S). Since S is nearly closed, f(x) € S; whence
x € f71(S). Thus (i) implies (ii).

Now suppose that (ii) holds. Let z € X and A C X be such that near(z, A).
Note that A C f~! (m) So near( f’l(mn by Proposition 2.1.10.
Since, by Corollary 2.2.18, f(A) is nearly closed, so is f~!(f(A)). Hence

z € fi (f( )) so f(z) € f(A) and therefore near(f(x), f(A)), again by
Proposition 2.2.17. Thus (ii) implies (i).
The equivalence of (i) and (iii) is a consequence of Proposition 2.2.17. ®

Proposition 2.3.4 A topologically continuous mapping f : X — Y between
pre-apartness spaces is nearly continuous.

Proof. Consider z € X and A C X such that near(z, A). Let B C Y and
f(z) € —B; then z € f~1(—B). By the topological continuity of f, there
exists a family (A;);c; of subsets of X such that f~'(=B) = J,c; —4:.
Choose iy with 2z € —A;,. Since near(z, A), there exists

yEAAiUCAm<UAi>;

iel
whence

fy) e fANf (U —Ai> C f(A) -

iel
Since B is arbitrary, we conclude that near(f(x), f(4)). =

Corollary 2.3.5 Every topologically continuous mapping of an apartness space
into a Ty pre-apartness space is strongly extensional.

Proof. Apply Propositions 2.3.4 and 2.3.2. =

Proposition 2.3.6 Let X be a pre-apartness space whose apartness topology
has the reverse Kolmogorov property, and let f be a topologically continuous
mapping of X into a pre-apartness space Y. Then f is continuous.

Proof. Given A C X and writing

B=f""(-f(A)),

we see that AN B = @ and, by topological continuity, that B = J,.; —V; for
some family (V;),.; of subsets of X. It follows from Proposition 2.2.19 that
—B = ~B. For each i we therefore have

AC-B=~BC~-YV;
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and therefore
—ViC~~=V; C~A.

Applying A4, we obtain —V; C —A. Hence B C —A, and therefore f is
continuous. ®

In order to obtain a partial converse to Proposition 2.3.6, we introduce the
following weak nested neighbourhoods property for a pre-apartness space
X.

WNN: z€ —-A=3dpcx(x € —BA (B C —A)).

This property is a simple consequence of local decomposability. It captures the
idea that inside every basic neighbourhood of a point, relative to the apartness
topology, there should be a strictly smaller neighbourhood of that point. In
Chapter 3, when we have introduced a notion of apartness between sets, we
shall deal with a stronger nested neighbourhoods property than this weak one.
For our present purpose, though, the latter is certainly adequate.

Proposition 2.3.7 Let X be a pre-apartness space, and Y a pre-apartness
space with the weak nested neighbourhoods property. Then every continuous
function f : X — 'Y s topologically continuous.

Proof. Let S = |J —A; be a nearly open subset of Y, and consider any
icl

x € f71(S). Choose i € I such that f(x) € —A;. By the weak nested

neighbourhoods property, there exists B C Y such that

f(z) e =B C =B C —A,.
It follows from this and the continuity of f that
z € —fHB) C fTH(=B) C fTH(~4i) C fTH(S).

Hence f~1(S) is a union of apartness complements in X and is therefore nearly
open. ®

Propositions 2.3.6 and 2.3.7 now yield

Corollary 2.3.8 Let X be f be a mapping of an apartness space X into a
pre-apartness space Y with the weak nested neighbourhoods property. Then f
is continuous if and only if it is topologically continuous.

We end the section with a general type of topological space that has the
weak nested neighbourhoods property. A pre-apartness space X is said to
be completely regular if for each x € X and each A C X with z 1 A,
there exists a continuous function ¢ : X — [0,1] such that ¢(x) = 0 and
@(A) C {1}. In that case, X is actually an apartness space. Every metric
apartness space is completely regular.
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Proposition 2.3.9 A completely regular apartness space has the weak nested
neighbourhoods property.

Proof. Let X be completely regular, and let x € —A in X. There exists a
continuous function ¢ : X — [0,1] such that ¢(x) = 0 and ¢(A) C {1}. Let
B = ¢~ (4,1]. Since p(¢(x), ¢(y)) > 1/2 for each y € B, the continuity
of ¢ ensures that © € —B. Moreover, for each z € =B we have ¢(z) < 1/2,
so ¢(z) 1 ¢(A) and therefore, again by the continuity of ¢, z € —A. Hence
“BC—-A m

We see from this and Corollary 2.3.8 that for mappings from an apartness
space into a completely regular space, continuity and topological continuity
are equivalent.

The following diagram summarises the main connections between types of
continuity for functions between pre-apartness spaces.

Y WNN
) topologically
continuous .
continuous

\/

X reverse Kolmogorov

2.4 Limits

How do we fit convergence and limits into our framework? We first need to
introduce nets as a generalisation of sequences.

Let © be an inhabited set. By a preorder on ® we mean a binary relation
on © that is both reflexive,

Veen (T 7 7)),

and transitive,
Voyeen (T yAy=2) =2 2).

We call the pair (D, %=)—or, when it is clear which partial order we are dealing
with, © itself—a directed set if for all m,n € D, there exists p € ® such that
p=m and p> n. A net in a set X is a mapping n ~» x,, of such a set D—the
index set—into X, and is normally denoted by (z,,),c5- If f is a mapping
of X into a set Y, then (f(zn)),cp is @ net in Y. A sequence in X is just a
special case of a net in which the index set is the set N 7.
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To each x in a pre-apartness space X there correspond two special nets
defined as follows. Let

D, ={(&U):x€e -UNEe -U},
with equality? defined by
(5; U) = (517 Ul) e (5 = 5/ N=U = _U/) .

Foreachn = (£, U) in ©, define ,, = &. It is easy to see that ©,, is a directed
set under the reverse inclusion preorder defined by

& U)= (€ U)& —-UcC-U,

so that NV = (z,,)
larly,

neo, 15 @ net—the basic neighbourhood net of x. Simi-

D ={U):ze -UNEe-UANE#T)

is a directed set, and V], = (#,),,cp. is a net—the basic punctured neigh-
bourhood net of z. '
For convenience we introduce here a simple but valuable lemma.

Lemma 2.4.1 Let X be a pre-apartness space, x a point of X, U a subset of
X withz € —U, and v = (§,U) .Then

—U={z,:n€Dy,n=v}. (2.15)
If near (z, X ~ {x}), then
—Un~{z}={z,:neD,n=v}. (2.16)
Proof. If n = (z,,V) = v, then 2, € =V C —U. Hence
{zy, :n=v}cC-U.

On the other hand, for each y € —U we have (y,U) = v,s0y € {z,, : n = v}.
Both (2.15) and (2.16) readily follow from this. m

In view of the standard elementary notion of convergence of sequences in a
metric space and of the definition of the apartness topology, it makes sense to
say that a net (x,,), 5 in a pre-apartness space X converges to a limit x in
X if

VUCX (Z‘ e -U= HNe@VnkN(xn S —U)) .
We also say that the net is apartness convergent to x. It follows from Lemma
2.4.1 that the basic neighbourhood net of a point in a pre-apartness space
converges to that point.

2\We do not need to bother with the natural inequality on either ©; or i); so we leave
the definition of this to the reader.
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Proposition 2.4.2 [et X be a pre-apartness space with the weak nested
neighbourhoods property. Then the net s = (x,), .5 converges to x in X
if and only if

Vpeo (x> s(B) = Ineo (BC = {n:ni=N})). (2.17)

Proof. Suppose that s converges to z in X. Let B C ® and z < s(B). By the
weak nested neighbourhoods property, there exists U C X such that z € —U
and =U C —s(B) C —s(B); whence

s(B) C ~n=s(B)C—~=U C ~—U.
Choosing N such that xz,, € —U for all n %= N, we now see that
BcC —{n:nx=N}.

Now suppose, conversely, that (2.17) holds. If z € —U, we apply the weak
nested neighbourhoods property, to obtain V' C X such that x € —V and
-V C —-U. With

B={ne?:x, eV},

we see that x 1 s(B); so there exists N € © such that
BcC ~{n:n»>N}.
Ifnx=N,thenx, € -V C-U. =

A topological space (X, 7) has an associated notion of topological conver-
gence: a net (z,,),cp in X is said to converge topologically to = € X if for
each neighbourhood U of x in X there exists N € © such that z,, € U for
all n = N. Since the px,-nearly open subsets of X are 7-open, we see that if
a net in X converges topologically to a limit x € X, then it converges to z
relative to the topological pre-apartness on X.

Proposition 2.4.3 The following are equivalent conditions on a topological
pre-apartness space (X, 7):

(i) Apartness convergence is equivalent to topological convergence.
(i) Apartness convergence implies topological convergence.
(iii) X is topologically consistent.

Proof. In view of the remark immediately preceding this proposition, it is clear
that (i) and (ii) are equivalent.

Supposing that (ii) holds, consider a 7-open set U and any = € U. Let
(Zn),ep, be the basic neighbourhood net of z, which converges to x relative
to the apartness < associated with 7. By (ii), this net converges topologically
to x, so there exists N = (£,V) € ©, such that x,, € U for all n = N.
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For each y € —V we have (y,V) = N, by definition of the reverse inclusion

preorder; so y = x(, v) € U. Hence z € =V C U. It follows that U is a union

of apartness complements and is therefore nearly open. Hence (ii) implies (iii).
The proof that (iii) implies (ii) is left as an exercise. ®

Recall that when we refer to the closure A of a subset A of a pre-apartness
space X, we mean the closure of A with respect to the apartness topology on
X.

Proposition 2.4.4 The closure of a subset A of a pre-apartness space X
consists of all points of X that are limits of nets in A.

Proof. If (z,)nco is a net in A converging to an element = of X, then, clearly,
near (z,{x, : n € D})

and therefore near (z, A); whence z € A, by Proposition 2.2.17.
Conversely, given = in A, let

D={(y,U):xe -UNyec A-U}.

Then D is directed by the usual reverse inclusion preorder =. Let (y,)neo be
the net in A defined by the mapping (y,U) ~ y, and let U C X be such that
x € —=U. Since near (z, A) (by Proposition 2.2.17), there exists y € A—U; let
ng = (y,U) € ©. For each n = (y,,,V) in © with n = ng we have z € -V
and y, € A—V C =V C —U. Thus (yn),cp convergesto z. m

Since it is possible for a net in a pre-apartness space to have more than
one limit, it is reasonable to look for a characterisation of those pre-apartness
spaces in which a convergent net has a unique limit. With an eye on classical
topology, we say that a topological space (X, ), or just its topology 7, is
(topologically) Hausdorff if the following condition holds:

For all xyy in X with x # y, there exist U,V in T such that
reUyeV,and U C ~V.

On the other hand, we say that a pre-apartness space (X,1x), or just its pre-
apartness i<, is (apartness) Hausdorff if it satisfies the following condition:

For all xz,y € X with © # y, there exist U,V C X such that
re-Uye—-V,and -U C~-V,

In that case, =V C ~ —U.
Note that for an apartness to be Hausdorff, it suffices that the following
hold:

If z,y € X and x # y, then there exist U,V C X such that
re-Uye—-V,and -UN-V =0.
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For if we have such U and V, then for all s € —U and t € —V/, either s # ¢
or s € =V, by Ab; but the latter is ruled out, since —U N =V = &. Hence
-Uc~-V.

It should be clear that a pre-apartness is Hausdorff if and only if the corre-
sponding apartness topology is Hausdorff.

Proposition 2.4.5 Let (X,7) be a topological space. If X is topologically
Hausdorff, then >, is Hausdorff. Conversely, if >, is Hausdorff and X is
topologically consistent, then X is topologically Hausdorff.

Proof. Suppose first that X is topologically Hausdorff, and consider points
z,y € X with  # y. Pick open subsets A, B of X with z € A,y € B, and
A C ~B.Sincex € AC ~~A, we have x € —.~A, where —, denotes the
apartness complement corresponding to <. Similarly, y € —.~B. Moreover,

—~B C —AC~A,

SO
—~AC =y =7 ~BC ~—, ~B.

Hence < is Hausdorff.

Now suppose, conversely, that < is Hausdorff. The remark preceding this
proposition shows that the apartness topology corresponding to <, is Haus-
dorff. It follows that if (X, 7) is topologically consistent, then it is topologically
Hausdorff. m

Proposition 2.4.6 A Hausdorff pre-apartness space is T}.

Proof. Let X be a Hausdorff pre-apartness space, and let z,y be points of X
with z # y. There exist U,V C X suchthatz € —-U C~—V andy € —V.
Applying A4, we see that —U C — — V, so & 1 —V. Since {y} C =V, it
follows that z <t {y}. m

Classically, being Hausdorff is equivalent to having the unique limits prop-
erty,

ULP: If (x,),cq Is a net converging to limits x and y in X, then x = y.

From a constructive viewpoint, the unique limits property appears rather weak.
To introduce a stronger constructive property, we say that a point y in X is
eventually bounded away from a net (), .o in X if there exists ng € ©
such that

ne

ye—{z,:n=ng}.
We now state the strong unique limits property (classically equivalent to
the unique limits property),

SULP: If (zn),cp is a netin X that converges to a limit x, and if x #y
in X, then (), Is eventually bounded away from y.
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It is straightforward to show that in the presence of a tight inequality, SULP
implies ULP.

Not surprisingly (in view of classical topology), the Hausdorff condition is
linked to our two types of uniqueness of limits.

Proposition 2.4.7 A pre-apartness space is Hausdorff if and only if it has the
strong unique limits property.

Proof. Let X be a pre-apartness space. Assume first that X is Hausdorff, let
(Tn),cp be a net converging to a limit x in X, and let  # y in X. Choose
U,V such thatx € —U,y € =V, and —U C ~ — V. There exists ng such that
x, € —U for all n = ng. Then

yG—VCN—UCN{%ﬁn?nOL
so, by A4,

ye—{zp:ni=np}.

Hence SULP holds in X.

Now suppose, conversely, that X has the strong unique limits property. Let
x,y be points of X with x # y. Since the net N, converges to z, SULP
ensures that there exists ng = (£,U) € D, such that

ye —{x, :n€Dy, ni=np}.
By the definition of ®, and Lemma 2.4.1,
x€-U={x,:n€D,, ni=no}.

It follows that y € — — U C ~ — U. Hence X is Hausdorff. m

From this proposition and a remark just before it, we obtain

Corollary 2.4.8 A Hausdorff pre-apartness space with tight inequality has the
unique limits property.

Corollary 2.4.8 has a noteworthy converse.

Proposition 2.4.9 In an apartness space with the unique limits property the
inequality is tight.

Proof. Let X be such an apartness space, and let x,y be points of X with
= (2 # y). Using this last property and A5, we see that

Viex (x e U ye -U).

It readily follows that the net A/, converges to both = and y; whence, by ULP,
r=y. &

It is worth taking a little time out of the main development to show that
the connections established in the preceding three results are the best possible
within our constructive framework. We begin by showing that Hausdorff/SULP
is not enough to establish tightness.
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Proposition 2.4.10 /f every apartness space that has the strong unique limits
property (or, equivalently, is Hausdorff) has tight inequality, then the law of
excluded middle holds.

Proof. Let P be any statement such that =—P holds, and take X = {0, 1,2}
with equality satisfying
0=1<P

and inequality given by
0#2, 1#2, and (0#£ 1< —P).
Define a point-set pre-apartness > on X by
T A sz e~A

We show that < is, in fact, an apartness. Consider all possible cases that arise
when z € —A. If =0, then 0 € ~A. It follows that A C {2} : forif y € A,
then either y = 1 or y = 2; in the former case, 0 # 1 (since 0 € ~A) and
therefore =P holds, which contradicts our hypotheses. Since 1 # 2, we have
1 € ~ A; since also 0 # 2, we conclude that

Vyex 0#FyVye~A=—-A4A).

The case z = 1 is similar, and the case x = 2 is even easier to handle.

We claim that X is a Hausdorff apartness space and hence, by Proposition
2.4.7, has the strong unique limits property. If x # y, then without loss of
generality, either x = 0 and y = 2, or else z = 1 and y = 2. Taking, for
illustration, the former case, we have

0€{0,1} = ~{2} = — {2},
2€ {2} =~{0} = - {0},

and
~{2} = ~~{0}.
Thus there exist U = {2} and V = {0} such that 0 € —U, 2 € -V, and
-Uc~-V.
Finally, if the inequality on X is tight, then as = (0 # 1), we have 0 = 1 and
therefore P. m

Next we aim to show that even for a locally decomposable® apartness space,
the unique limits property does not entail being Hausdorff. For the proof we
introduce a strange lemma and a general construction. The lemma may seem
obvious, but we need it in order to avoid the axiom of choice.

3The reader should by now have realised that local decomposability is more than handy
for tidying up loose ends in cases like this; but one should beware of putting too much trust
in it, since there are situations for which even local decomposability is not strong enough to
enable us to recover constructively the full form of a classical theorem about apartness.
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Lemma 2.4.11 Let C be a class of subsets of a set X, and let (S;),.; be a
family of subsets of X such that for each i, if S; is inhabited, then it is a union

ofsetsinC. If S = UieISi is inhabited, then it is also a union of sets in C.
Proof. It is straightforward to verify that

S=J{UeC: FexTics (€U C Si)},
which gives exactly what we want. m

Let X be a set with an inequality # that is cotransitive, in the sense that

vx,yeX(x#yﬁszX(x#zvz#y))'

We say that a subset S of X is cofinite if it is the complement of a finitely
enumerable subset. If X has at least two distinct points, then we define the
cofinite topology on X to be

Teof ={S C X : S5 # @ = S is a union of cofinite sets} .
To see that this is a topology, first pick distinct points x,y of X. By cotransi-

tivity,
X =n~A{z}U~{y},

so X € Teof. Also, by ex falso quodlibet, & € T.o¢. The unions axiom for a
topology is an immediate consequence of Lemma 2.4.11 with C = 7. To
verify the intersections axiom, let (A;),c; and (B;),; be families of finitely
enumerable subsets of X, and consider the elements

S = U Z' _U]€] j

of Teor. We have

- (U i) Ue5)
:U U ~A; N ~B;)
:U U ~(A; UBy),

where each of the sets A; U B; is finitely enumerable. Hence SNT' € 7.

Proposition 2.4.12 If every locally decomposable, T apartness space that
contains two distinct points and has the unique limits property is Hausdorff,
then Markov's principle holds.

Proof. We take a specific case of the foregoing construction. Let (a,), -, be
a decreasing binary sequence such that

alzl/\—\Vn(anzl).
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Take
XE{O}U{%:W,:LQ,&...}

with the discrete equality and inequality, let 7 be the cofinite topology on X,
and let 01 be the corresponding pre-apartness. To show that X is topologically
locally decomposable and hence (by Corollary 2.2.16 and Proposition 2.2.13)
an apartness space, consider z € X and U € 7 with € U. Since X contains
two distinct points, we may assume that U = ~ A for some finitely enumerable
(and hence, in this case, finite) set A C X; without loss of generality we may
assume that A is inhabited. Consider first the case x = 0, in which

@#AC{l:nl,Q,Z%,...}.
n

Let
K—max{k: % GA} (2.18)

and - an a
V:{O}U{?:k>K}:~{?:kz<K}.

Then V is a neighbourhood of 0. For each y € X, either y = 0 € U or
else y = 1/k for some k with a; = 1. In the latter case, if k¥ > K, then
y € ~A = U; whereas if £ < K, then y € ~V. This deals with the case
2 = 0. Now consider the case where © = 1/m for some m with a,, = 1. If
am+1 = 0, then X is finite and hence topologically locally decomposable; so
we may assume that a,,+1 = 1. Since  # 1/ (m + 1), we may further assume
that 1/(m +1) € A. Thus K > m, where K is defined as at (2.18). Set

Wz{%’“:(k>KAak:1)vk:m}
—~(foyu{SEim£r<K}).

Then W is a neighbourhood of z. For each y € X, either y = 0 and hence y €
~W, or else y = ay/k for some k with ap, = 1. If k > K, theny € ~A = U,
if k=m,theny=x €U, ifm#k <K, theny € ~W. Thus, taking all the
various cases together, we see that the pre-apartness space X is topologically
locally decomposable.

We now confirm that the cofinite topology is T;. To this end, let = # y
in X. Either one of the points = and y is 0 or else both are nonzero. If, for
example, = 0, then y = 1/n for some n with a,, = 1. Writing

UE{O}U{%:k>n}:~{%:k<n},

we see that
UertandzeU C ~{y}. (2.19)
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So we are left with the case where z = 1/m and y = 1/n, with a,, = a, = 1.
In this case, without loss of generality taking m > n, we obtain (2.19) by
defining
ag
UE{O}U{?Z]GZTTL}.

Next, we prove that X has the unique limits property. Suppose that (7)., 5
is a net in X that converges to both x and y. Suppose also that « # y. For each
n, if a, = 0, then X is finite and so has the unique limits property; whence
x = y, a contradiction. Thus a,, = 1 for all n, which is also a contradiction.
We conclude that = (z # y); since we are dealing with a discrete inequality, it
follows that = = y.

Finally, noting that 0 # 1, suppose there exist U,V C X such that 0 €
—U,1 € =V, and —=U N =V = @. Pick finitely enumerable sets A,B C X
suchthat 0 e ~AC —U and 1 € ~B C —V. Let

1
NEmaX{TLZEAUB}.
n

If aAN+1 = 1, then

e~AN~BC-UnN-V,

N+1
a contradiction; hence an41 = 0. Recalling from page 43 the remark about
the Hausdorff property in an apartness space, we see that if X is Hausdorff,
then there exists IV such that a,, =0 foralln > N. =

Having dealt with the convergence of nets, we now turn to the convergence
of functions. Let X,Y be pre-apartness spaces, x a point of X such that
near (z,~ {x}), and f a mapping of ~{z} into Y. We say that y € Y is a
limit of f at z, or a limit of f(¢) as ¢ tends to z, if the net f(N) converges
to y in Y. We then write

fit) > yast— x.
In the case where the limit of f(N) is unique, we also write

te:}cl,ntlex f(t) -y
or just
lim f(t) = y.

t—x

Proposition 2.4.13 Let X and Y be pre-apartness spaces, x a point of X
such that near (z,~{x}), y a point of Y, and [ a mapping of ~{xz} into Y.
Then the following conditions are equivalent:

(i) y is a limit of f at x.
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(II) Vvey (y € —-V=3ycx(xe-UA f(—U N N{{L‘}) C —V))

Proof. Let y € —V C Y. Suppose that y is a limit of f at x; then there exists
ng € D’ such that f(z,) € =V for all n = ngy. Writing ng = (£,U), we have
x € —U; moreover, by Lemma 2.4.1,

{zn:n=not=-UnN~{zx}.

It follows that
f(=UN~{z}) Cc -V. (2.20)

Thus (i) implies (ii).

Conversely, assume (ii). With y and V' as before, choose U C X such that
x € —U and (2.20) holds. Since near (z, ~ {x}), there exists £ € —U N~ {z}.
Let v = (¢,U) € D). By Lemma 2.4.1,

-Unn~{x}={z,:nedD, , nx=v}.

It follows from (2.20) that f(z,) € —V for all n = v. Hence y is a limit of f
atzr. m

Proposition 2.4.14 Let XY ,Z be pre-apartness spaces such that Z has the
weak nested neighbourhoods property. Let x € X and y € Y, let f be a
mapping of ~{x} intoY, and let g be a mapping of Y into Z. Suppose that
y is a limit of f at x, and that g is continuous at y. Then g(y) is a limit of
go f atx.

Proof. Let g(y) € —W C Z. Using WNN, choose A C Z such that g(y) €
—A and ~A C —W. Then, by continuity, y € —g~'(A) C Y, so, by Propo-
sition 2.4.13, there exists U C X such that x € —U and f(-U N~{z}) C
—g~1(A). Since near (z,~ {x}), there exists £ € —U such that £ # x. Then
ng = (§,U) belongs to @/; also, by Lemma 2.4.1, for each n > ng in
D! we have x, € —U N ~{x} and therefore f(z,) € —g~'(A); whence
(go f)(zn) ¢ A and therefore (go f)(xz,) € —W. m

Proposition 2.4.15 Let X,Y be pre-apartness spaces, v € X,y € Y, and f
a mapping of ~{x} intoY such that y is a limit of f at x. Then f preserves
the convergence of nets at x : that is, for each net (), o in ~{x} that
converges to x in X, the net (f(,)), cn converges toy.

Proof. Let (7,),.5 be a net in ~{x} that converges to = in X, and let
y € =V C Y. By Proposition 2.4.13, there exists U C X such that x € —U
and f(-UnN~{z}) C —=V. Choose ng in © such that x,, € —U for all n = ng
in ©. For such n we have z,, € —U N~ {x} and therefore f(z,) € —V. =

Proposition 2.4.16 Let X,Y be pre-apartness spaces, [ a topologically con-
tinuous mapping of X intoY, and (x,), .o a net that converges to a limit x
in X. Then the net (f(x,)),cp convergesinY to f(x).
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Proof. Let f(z) € =V in Y; then f~1(=V) is nearly open in V. Pick U C X
such that z € —U C f~1(=V). There exists ng € D such that x,, € —U, and
therefore f(x,) € =V, foralln =ny. m

Corollary 2.4.17 Let X be an apartness space, Y a pre-apartness space with
the weak nested neighbourhoods property, f : X — Y a continuous mapping,
and (xy,), .o a net that converges to a limit z in X. Then the net (f(x,))
converges in'Y to f(x).

neo

Proof. Apply Corollary 2.3.8 and Proposition 2.4.16. =

Limits will re-appear in Chapter 3, in the context of complete pre-apartness
spaces.

2.5 Product Pre-apartness Spaces

Let X; and X5 be pre-apartness spaces, let X = X; x X3, and recall our
convention that, for example, x denotes the element (z1, 2:5) of X. We define
the relation > between points and subsets of X as follows:

X< A& 3U1CX13U2CX2 (X e —U; x —Usy C NA), (221)

where for £ = 1,2 the set —Uj is the apartness complement of Uy in the
pre-apartness space Xj.

Proposition 2.5.1 The relation <1 defined at (2.21) is a pre-apartness on
X = X1 X XQ.

Proof. For each x € X, since
X€X1XX2:—@X—®:N®,

we see that x 1 &. It is clear from (2.21) that —A C ~A in (X,). If
x> AU B in X, then there exist U, C X} such that

xe€-U x-UyC~(AUB)=~AN~DB,

so x > A and x < B. If, conversely, x i A and x <1 B, then there exist
Ui,Vi. C X} such that

XG—U1><—U2CNA,
xe -V x -V, C~B,

and therefore

X € (—Ul N —Vl) X (—U2 N —‘/2) C ~AN~B.
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Referring to A3 in the space X}, we now see that
X € —(U1UV1) X 7(U2U‘/2) CN(AUB).

Hence x 1 AU B. This completes the verification of A3 in X.

Finally, if —Uy x —Us C ~A, then the definition (2.21) shows that —U; X
—Uy C —A; soif also —A C ~B, then —U; x —Uy C ~B and therefore
—U; x —Uy C —B. It follows from this that A4 holds in X. m

We call the pre-apartness defined at (2.21) the product pre-apartness on
X. Equipped with the usual inequality (see page 10) and the foregoing pre-
apartness structure, X is known as the product of the pre-apartness spaces
X7 and X5. The corresponding nearness on X is then given by

near(x,A) © Vpcx (x>0 B = 3yeca (y <1 B)).

Our next aim is to show that some of the most important properties hold in
the product pre-apartness space if and only if they hold in each of its factors. We
first prove two key lemmas, for which we note that (as is easily demonstrated)
if Ax C Xk, then

~Ap X Xo =~ (A x Xo)

and
Xl XNAQZN(Xl XAQ).

Lemma 2.5.2 Let X = X, x Xy be the product of two pre-apartness spaces,
and/etAk C Xk (k = 1,2) Then —Al XX2 = — (Al X XQ) andX1 X—A2 =
— (Xl X AQ)

Proof. Since —A; x X9 = —A; x —& and
—A; x X5 C ~A; x Xy :N(Al XXQ),
the definition of the product apartness shows that —A; x Xo C —(A; x X5).

Conversely, given (z1,x2) in — (A; x X2), we can find subsets Uy, of X} such
that

(371,5(}2) € —U; x —Usy C N(A1 X Xg) =~A; x Xy

and therefore 1 € —U; C ~Aj. It now follows from A4 in the space X, that
1 > Ay, Thus — (47 x X2) C —A; x X5. The other part of the lemma is
proved similarly. m

Lemma 2.5.3 If X}, is a pre-apartness space and Uy, C X, (k =1,2), then

*Ul X 7U2 = — ((Ul X XQ) U (Xl X Ug))
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Proof. By Lemma 2.5.2 and A3,

—U; x —Us = (—Ul X Xg) n (X1 X —Uz)
—(U1 X XQ) n— (Xl X Uz)
= — ((Ul X XQ) U (Xl X UQ)),

as we required. m

Proposition 2.5.4 The product pre-apartness space X = X1 X Xy satisfies
A5 if and only if both X; and X5 satisfy Ab5.

Proof. Suppose first that X satisfies A5, fix x5 € X5, and let 21 a1 Ay in X;.
Then, by Lemma 2.5.2,

(1‘171’2) c —Al X X2 = — (Al X XQ),

so (z1,22) > A x Xo in X. Applying A5 in X, for each € X; we have
either (x1,x2) # (x,z2) and therefore x1 # x, or else (z,x2) 1 Ay X X,
In the latter case, by Lemma 2.5.2, (z,29) € —A; X X3; so x € —A;, and
therefore x > Aq, in X1. This completes the proof of Ab in the pre-apartness
space X1. The proof for X5 is similar.

Now suppose, conversely, that A5 holds in both X; and X,. Let x x A
in X1 X Xa, and choose sets U, C X}, such that x € —U; x —Uy C ~A;
then xj, € —Uy. Consider any y € X. Applying A5 in the pre-apartness space
X1, we have either x; # y; or y; € —U;. Since x # y in the first case, we
may assume that y; € —U;. Likewise, we may assume that y5 € —U,. Hence
y € —U; x —Uy C ~A and therefore y 1 A. This completes the verification
of A5 in the space X. m

Proposition 2.5.5 The product pre-apartness space X = X1 x Xo is Ty if
and only if both X, and X, are T;.

Proof. Suppose that X is Ty, fix o € X5, and let & # y in X;. Then
(z,22) # (y,x2) in X; so, by the Ty property in X, (x,x2) < {(y,22)} and
there exist U C X} such that

(x,29) € =Uy x =Us C ~{(y,z2)} .

It follows that 2 € —U; and —U; x {z2} C ~{(y,x2)}; thus z € —U; C
~{y}, and therefore x < {y}, by A4 in X;. Hence X7, and similarly X5, is a
T pre-apartness space.

Now suppose, conversely, that both X; and X5 are T pre-apartness spaces.
Let x # y in X. Then either xy # y; or else x5 # yo. Taking, for example, the
first alternative and applying the T property in X7, we see that 1 > {y };
whence x € — {11} x Xa C ~{y}. It follows that x < {y}. Hence the T4
property holds for X. m
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Proposition 2.5.6 The product X = X, x Xo of two pre-apartness spaces is
locally decomposable if and only if both X1 and Xs are locally decomposable.

Proof. Suppose first that X is locally decomposable. In order to prove that
X1 is locally decomposable, let z; € —U; C Xy, and pick z5 € X5. Then
(note Lemma 2.5.2)

X = (l‘l,IQ) € -U; x Xy = 7(U1 X XQ)
Hence, by the local decomposability of X, there exists 7' C X such that
Xx€-TAVyex(ye—(U1 xXo)VyeT).

Let
V1 E{§€X1 : (f,d?g) ET}.

It will suffice to show that 7 € —V; and X; = —U; U V. Since x € —T,
we can find Wj, C X such that x € —W; x =Wy C ~T'. For any z € —W;
and v € V; we have (z,23) € —W; x =Wy C ~T and (v,22) € T; whence
x # v. Thus —W;C ~Vj. Since &1 € —W7, it follows from A4 in X; that
x1 € —Vi, as required. On the other hand, given x in Xy, we have either
(z,29) € —(Uy x X3) and therefore (by Lemma 2.5.2) z € —Uj, or else
(z,22) € T and so xz € V. Thus X5, and similarly X5, is locally decomposable.

Now suppose, conversely, that each X}, is locally decomposable. Consider
x € X and S C X such that x € —S. Choose U; C X; and Uy C X5 such
that x € —U; x —Uy C ~S. Since x;, € —Uy, there exists V}, C X}, such that

xr € —Vi AN Vaex, (Z‘G —UpVze Vk).

Let
TE(Vl XXQ)U(Xl X‘/g)

Then x € =V} x =V, C =T, by Lemma 2.5.3. On the other hand, for each
& € X, either & € —U; and & € —Us, in which case £ € —S; or else we have
either & € Vi or & € Vo, and so € € T'; thus X = —SUT. Hence X is locally
decomposable. m

Proposition 2.5.7 The product X = X x X5 of two pre-apartness spaces is
Hausdorff if and only if both X, and Xo are Hausdorff.

Proof. Suppose that X is Hausdorff, fix zo € X, and let x # y in X;.
Then (z,22) # (y,z2) in X; so there exist U,V C X such that (z,z2) €
—U,(y,z2) € =V, and =U C ~ — V. By definition of the product pre-
apartness, there exist Uy, C X and V}, C X}, such that (z,20) € —U; x—Us C
~U and (y,x2) € —=V3 x =V C ~V. Then & € —U; and y € —V;. Moreover,

—le{Z‘Q}C—Ul X—UQC—UCN—VCN(—Vl X{l‘g}),

so —U; C ~ —Vi. Hence X7, and similarly X5, is Hausdorff.
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Now suppose, conversely, that both X7 and X5 are Hausdorff. Let x # y in
X. Then either x1 # y; or else x5 # yo. Taking, for example, the alternative
x1 # y1 and applying the Hausdorff property in X, we obtain Uy,V; C X3
such that z; € —Uy,y1 € — Vi, and —U; C ~ — Vj. Then, by Lemma 2.5.2
and the comment preceding it,

Xe_leXQC(N_‘/l)XXQ
ZN(—Vl XXQ):N—(leXQ).

Since (again by Lemma 2.5.2) y € — (V5 x X3), we conclude that X is Haus-
dorff. m

Classically, for the product proximity structure on X we have near(x, A) if
and only if = (x 1 A), which is equivalent to the condition

VU1CX1VU2CX2 (X € -U; x -U; = ay (y c (*Ul X 7U2) n A)) . (222)
Constructively, we have

Proposition 2.5.8 Let X = X; x X5 be a product of two pre-apartness
spaces, let x be a point of X, and let A be a subset of X. Then x is near A
if and only if condition (2.22) holds.

Proof. Suppose that near (x, A), and consider sets U, C X}, such that x €
—U; x —Us. By Lemma 2.5.3,

X € — ((Ul X XQ) U (Xl X Ug)),
so there exists y in
A— ((Ul X Xg) U (Xl X U2)) .

Again applying Lemma 2.5.3, we see that this last set equals (—U; x —Uz)NA.

Conversely, suppose that (2.22) holds, and consider any subset B of X such
that x <t B. There exist sets U, C X}, such that x € —U; x —Uy; C ~B.
Then —U; x —Uy; C —B, so

A—BD(-Up x =Us)NA,
which, by our hypothesis (2.22), is inhabited. Hence
Vecx (xxB=3,(y€ A—B))
—that is, near(x, A). =

The following is another way of looking constructively at the classical equiv-
alence of near (x, A) and = (x 1 A).
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Proposition 2.5.9 Let X = X; x Xy be the product of two pre-apartness
spaces, let x € X, and let A C X. Suppose that the following condition holds:

(*) There exist Vi C Xy and Vo C X, such that x € —V; x =V4 and
AC (Vl XXQ)U(Xl X va)

Then x <1 A. Conversely, if the spaces X1, Xo are locally decomposable and
x 41 A, then condition (*) holds.

Proof. First assume (*) and construct V;,V% with the stated properties. We
have
Vi x =V C ~V] x ~Vs

= (~V1 X XQ) N (Xl X N‘/Q)

= N(Vl X XQ) ﬁN(Xl X ‘/2)

=~ (Vi x Xo) U (Xy x Va)).
Hence

xe -V x-VoC~A

and therefore x <1 A.
Now assume, conversely, that the spaces X7,X5 are locally decomposable
and that x <t A. Choose U, C X}. such that

x € —U; x —Uy; C ~A.

For each k, use the local decomposability of X to find Vi, C X} such that
xr € =V and X, = —U, UV}. Then

AC(V1><X2)U(X1><V2)

For if (a1,a2) € A, then either a; € —U; and ay € —Us, which is impossible,
or else, as must be the case, a1 € V; or as € V5. Thus (*) holds. m

We now look at the continuity of mappings into and out of product spaces. It
is natural to begin with the continuity of the projection mappings on a product
pre-apartness space. For this we need

Proposition 2.5.10 Let X = X, x Xy be a product of pre-apartness spaces,
and let Ay, C Xj, (k=1,2). Then Ay x Ay is nearly open in X if and only if,
for each k, Ay is nearly open in Xj.

Proof. Suppose first that A; x Ay is nearly open in X, and let x € A1 x As.
Then there exists S C X such that x € —S C A; x A,y. Construct U, C X,
such that x € —U; x —Uy; C ~8S; then

x € —U; x —Uy C -5 C Ay x Ao,

so x1 € —U; C Ay and x5 € —U; C As. It readily follows that Ay is nearly
open in Xy.
The converse is a straightforward application of Lemma 2.5.3. =
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Corollary 2.5.11 Let X = X; x Xy be a product of pre-apartness spaces.
Then the apartness topology on X is the product of the apartness topologies
on X1 and XQ.

Proposition 2.5.12 Let X = X x Xy be a product of pre-apartness spaces.
Then for each k, the projection mapping pr;, : X — Xy, is topologically con-
tinuous. If the apartness topology on X has the reverse Kolmogorov property,
then pr,, is continuous.

Proof. If U C Xy, then
prit(~U) = -Ux Xy = -U x —2,

which, by Proposition 2.5.10, is nearly open in X. Hence pr;, and similarly
pry, is topologically continuous. For the second conclusion, we need only apply
Proposition 2.3.6. m

Proposition 2.5.13 Let X = X, x Xy be the product of two pre-apartness
spaces, let s = (Xp),co be anetin X, and let { € X. Then s converges to {
in X if and only if, for k € {1,2}, the net pr;, o s converges to &, in Xj,.

Proof. Only if follows from Propositions 2.5.12 and 2.4.16. To prove if, sup-
pose that, for k € {1,2}, the net prj, o s converges in X}, to &. Let £ € —U
in X, and construct U, C X} such that £ € —U; x —Us; C —U. Then
& € —Uy, so there exists ny € D such that pry(x,,) € —Uj for all n = ny.
Compute N € ® such that N = n; and N = ny. Then for all n = N we have
X, € —U; Xx —=Uy C —U. Hence s converges in X to (. ®

Proposition 2.5.14 Let X = X, x Xy be a product of pre-apartness spaces,
and f a continuous mapping of X into a pre-apartness space Y. Then for
each o € Xy the mapping x ~ f(x,x2) is continuous on X1, and for each
x1 € X, the mapping x ~~ f (x1,) is continuous on Xs.

Proof. Fixing xo in X5, define g(x) = f(z,22). Let x € X; and A C X3
satisfy g(x) < g(A)—that is,

f(@,m2) b2 f(A X {22}).

Since f is continuous, we have (z,xz2) <t A x {x2}, so there exist U, C X},
such that
(:L’,l‘g) € —U; x —Uy C~ (A X {I’Q})

Hence x € —U; C ~A, and therefore z 1 A, by A4 in X;. Thus g is
continuous. A similar argument shows that  ~ f (z1,2) is continuous on X»
for each 1 € X1. m

The foregoing results enable us now to show that the product of two locally
decomposable apartness structures has a desirable categorical property.
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Proposition 2.5.15 Let X = X, x X5 be the product of two locally decom-
posable apartness spaces, and [ a mapping of a pre-apartness space Y into
X. Then f is continuous if and only if pry, o f is continuous for each k.

Proof. Assume that pr, o f is continuous for each k. Let y € Y and T C Y
satisfy f(y) > f(T"). By Propositions 2.5.6 and 2.5.9, there exist V3 C X; and
Vo C X such that f(y) € —V;4 x =V, and

f(T) C (‘/1 X XQ) U (Xl X ‘/2) .
Setting

L= "1 (F(T)N (Vi x X3)),
Ty= 71 (/(T)N (X1 x Va)),

we have T' C Ty U Ts. Moreover, for each k, prj, o f(T)) C Vi, so
pri o f(y) € =Vi C —pry o f(Tk).

Our continuity hypothesis now ensures that y € =77 N =T, C —T.
The converse is simple, in view of Proposition 2.5.12. =

Since A5, and hence the reverse Kolmogorov property, is a consequence
of local decomposability, why did we not simply require that every apartness
space be locally decomposable? We could have done this, but we chose not
to in order to base our development on the weakest possible principles, with
the application of stronger ones, such as A5 or local decomposability, clearly
signalled when it is needed. Nevertheless, local decomposability will play a
significant part in what follows in Chapter 3—namely, the theory of apartness
between sets.

The insomniac reader will have noticed that, although we have discussed
the flow of several properties between a product space and its factors, we have
not said anything in this connection about the reverse Kolmogorov property.

Proposition 2.5.16 /f the product X = X x X5 of two pre-apartness spaces
has the reverse Kolmogorov property, then so do the spaces X},. Conversely,
if one of the spaces X}, has the property A5 and both have the reverse Kol-
mogorov property, then X has the reverse Kolmogorov property.

Proof. Suppose that X has the reverse Kolmogorov property. Consider =,y €
X1 and U C X suchthatx € —U and y ¢ —U. Fix b € X5. Then, by Lemma
2.5.2,

(l‘,b) € -Ux Xy = —(U X Xg)

On the other hand, if (y,b) € —(U x X3), then y € —U, a contradiction;
so (y,b) ¢ —(U x X5) and therefore, by the reverse Kolmogorov property in
X, (x,b) # (y,b). It now follows from the definition of the inequality on the
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product space that x # y in X;. Thus X7, and similarly X5, has the reverse
Kolmogorov property.

Now suppose that both X; and X5 have the reverse Kolmogorov property
and that X7 is an apartness space. Let x € —S and y ¢ —S in X. Pick
U, C Xj such that x € —U; x —Uy C ~S. Since z1 € —Uq, by A5 in X we
have either y; # 1 or y; € —Uj. In the latter case, since y ¢ —U; x —Us,
we have yo ¢ —Us; but zo € —Us, so, by the reverse Kolmogorov property in
Xy, o2 # yo. Thus in either case, x # y. A similar argument covers the case
where X5 has the property Ab. m

The remarkable thing here is that, in the second part of Proposition 2.5.16,
we cannot drop with impunity the hypothesis that one of the factor spaces X}
has the property Ab; if we do so for even two-point spaces X}, then we get
entangled with the weak disjunctive version of Markov's principle (MP,,):

If (an),, is a binary sequence for which it is impossible that all
terms equal 0, then

_\vn (agn = 0) vV —\Vn (agn_l = 0) . (223)

This statement is a simple consequence of Markov's principle.
Lemma 2.5.17 The following are equivalent.
(i) MPy,.
(it) If x1,xo are real numbers such that
(1 =0A22=0), (2.24)

then
ﬁ(l‘l :0)\/ﬁ(x2:0).

Proof. Assuming MP,,, let x1,x2 be real numbers such that (2.24) holds.
Compute an increasing binary sequence (\y),,~, such that

1
)\n =0= max{|x1| ) |I2|} < E7

A= 1= At = max{|z1], |za]} > %H
We may assume that Ay = 0. If A, =0 or \,,_1 = 1, set as,, = asp—1 = 0.
If A\, = 1= \,_1, pick k € {1,2} such that |xx| > 1/(n + 1); if &k = 1,
set asp, = 0,a9,_1 = 1; and if &k = 2, set as, = 1,a0,_1 = 0. Consider
the resulting sequence (an)n>1. If a, = 0 for all n, then \,, = 0 for all
n, so 1 = 0 = x5, which contradicts (2.24). Thus we can apply MP,,, to
obtain (2.23). If the first alternative in (2.23) holds, suppose that x5 = 0. If
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Ak =1 — Ag_1, then we must have |z1| > 1/ (k + 1) and az, =0 for all n, a
contradiction. Hence \,, = 0 for all n, a further contradiction, from which we
conclude that = (xz2 = 0). Likewise, if the second alternative in (2.23) holds,
then = (21 = 0). Thus (i) implies (ii).

To prove the converse, assume (i) and consider any binary sequence (a,),,-,
with not all terms equal to 0. The real numbers

T = i 27n0,2n7 To = i 27710,2”_1 (225)

n=1 n=1

satisfy (2.24). Hence either =(z1 = 0) or =(x2 = 0), from which we obtain
(2.23). m

By the denial topology on an inhabited set X we mean the topology 7’ for
which the logical complements of subsets of X form a base of open sets.

Proposition 2.5.18 The following statement is equivalent to MP,,:

(1)  For each pair (x1,x2) of real numbers, if X}, = {0, xx} is given the denial
inequality and topology, then the product topological space X1 x X5 has
the reverse Kolmogorov property.

Proof. Assuming (1), let 21,22 be real numbers such that (2.24) holds, and
let X = {0,2%} be given the denial inequality and topology. Define

Up={reXp:~(x=ua)}.

Then 2, € ~Uy, so (z1,22) belongs to the open subset —=U; x —U; of the
product topological space X = X; x X3. On the other hand, if (0,0) €
~U; x =Uy, then == (0 = x1) and == (0 = x3), which implies that

ﬁﬁ(fL’l:O/\{L‘QZO),

a contradiction. Thus (0,0) ¢ —U; x —Us. Since X has the reverse Kolmogorov
property, it follows that (x1,z2) # (0, 0); whence

(21 =0)V (22 = 0).

Thus () implies statement (ii) of Lemma 2.5.17 and therefore, by that lemma,
MP,,.

Now suppose, conversely, that MP,, holds. Let 21,22 € R, let X;, = {0,z }
be given the denial inequality and topology, and let X = X; x X5 be the
corresponding product topological space. Consider £, € X and an open set
U C X such that £ € U and i ¢ U. We want to prove that £ # 7 in X—in
other words, that there exists k € {1, 2} such that = (&, = ;). Construct sets
U C Xy such that £ € ~Uy x =Uy C U; then n ¢ =U; x —Us. Hence

(&G —m=0A&E—n=0);
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so, by Lemma 2.5.17, there exists k € {1,2} such that = (§; — nx = 0) and
therefore = (£, = nx). Hence & # n in X, and we have proved that MP,,
implies (). m

For any inhabited set with the denial inequality, the pre-apartness induced
by the denial topology 7}, is just the denial pre-apartness, given by

x> S ez e s,
and the space (X, 7’) is topologically consistent.

Corollary 2.5.19 MP,, is equivalent to the statement: For each pair (x1,x2)
of real numbers, if X, = {0,xy} is given the denial inequality and pre-
apartness, then the product pre-apartness space has the reverse Kolmogorov
property.

Proof. This follows from Propositions 2.5.18 and 2.2.11, with reference to the
remark immediately preceding this corollary. m

2.6  Concluding Remarks on Impredicativity

There is one serious issue that needs to be addressed before we conclude this
chapter: namely, the quantification over subsets of X in the definition of the
expression near (x, A). Such quantification appears to allow impredicativity,
a notion viewed with horror by many of the pioneers of constructivism. In-
deed, Beeson ([6], page 19) and others have suspected that the power set
axiom—implicit in a second-order theory like ours as it stands—is inherently
nonconstructive; to quote Myhill [72],

Power set seems especially nonconstructive and impredicative ... it does
not involve ... putting together or taking apart sets that one has already
constructed but rather selecting, out of the totality of all sets, all those
that stand in the relation of inclusion to a given set.

Is it, then, the case that our theory really does depend on the full power-set
axiom? The answer, we believe, is a firm “no”.

To justify this belief, we first note that the quantification in our definition
of near (x, A) takes place, not over all subsets of X, but over subsets of X
that are apart from x:

near (z,A) & Vscx (xS = Jyeca(yaS)).

Therefore, in order to avoid impredicativity, we need only that for each = in X
the set of all subsets of X that are apart from x be well defined constructively.
This can be accomplished by prescribing, for each inhabited set X with an
inequality relation, a suitable family A (X) of subsets to which, and to no
others, the relation <1 may be applied. Such a family would need to satisfy at
least (and maybe only) the following conditions:
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o {2} € A(X) for each z € X.
e Finite unions of sets in A (X) belong to A (X).

e Foranymap f : X — Y between sets with inequality relations, if S € A (X),
then f(S) € A(Y).

e Forany map f : X — Y between sets with inequality relations, if T € A (Y),
then f~1(T) € A(X).

e Any interval belongs to A (R).

We would then impose upon the relation < the requirement that x 1 A only
if A e A(X). So, for example, axiom A4 would then be written more carefully
as

VAGA(X)VBG.A(X) (—AC ~B=—-AC —B) .

Another way of dealing with the spectre of impredicativity is based on the
observation that some authors—for example Myhill [72]—while rejecting the
power-set axiom, are prepared to accept that the set R¥ of strongly extensional
mappings from a set X (with an inequality) to R is constructively well defined.
With this in mind, we could adopt the following procedure. First, introduce
the axioms A1-Ab for the apartness on X and define the notion of continuity
of a mapping between apartness spaces. Next, having defined the canonical
apartness on R, introduce an extra axiom which entails that all apartness
spaces are completely regular. Then near (z, A) translates as

Viepo,1x ((f is continuous A f (z) = 0 A f (A) C {1})
= Jyea (f(y) <1)),

where the universal quantification is taken over a genuine set of mappings.

The disadvantage of the approach suggested in the preceding paragraph is
that it confines us to completely regular spaces. On the other hand, complete
regularity applies widely in the classical theory of proximity spaces [75], and,
as is easily shown, implies local decomposability in our theory.

There is yet another way in which we might avoid impredicativity: namely,
by working with an informal notion of well-constructed subset of X, intended
to capture the idea of a subset of X built up from some basic collection of
subsets by purely predicative means. Our definition of near (x, A) would then
be re-cast as

Vg ((S is a well-constructed subset of X Az S) =3, (y e A—-29)).

This idea is not as imprecise as may at first appear: there is a constructive
formalisation of Morse set theory [14] with a universal class (not a set) U, in
which objects appear to be constructed predicatively if and only if they can
be proved to belong to U. In the framework of that set theory, we could solve
our impredicativity problem by introducing the following extra axiom for an
apartness relation on X:
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AD zxS=(zeXANSCXASeU).

As a last word on impredicativity, we add that, in practice, nearness does
not have much of a role to play in our theory; it is apartness that carries
the significant computational information about points and sets. Thus little
might be lost were we to exclude nearness from our constructive deliberations
altogether.

Notes on Chapter 2

The relation between pre-apartness spaces and those that also satisfy A5 is
analogous to that between groups in general and abelian groups.

If Y is an inhabited subset of a pre-apartness space X, then classically the
relation >ty always satisfies A4. For if A B CY andY — A CY ~ B, then
for any x € X — A we have either x € Y — A or x ¢ Y; in either case this
entails £ € X ~ B. Thus X — A C X ~ B, and therefore, by A4 in X,
X—-ACX—B;whenceY —ACY ~ B.

In the case where ~A and —A coincide, we can prove classically, by contra-
position, that if = (z > A), then near (z, A). For if —near (z, A), then there
exists S C X suchthatz € —S and A—S = &; whencez € —S C -A = ~A,
and therefore, by A4, x 1 A. Referring to Proposition 2.1.14, we see that in
this case, near (2, A) if and only if = (z > A).

The reverse Kolmogorov property was introduced by Ishihara, who gave it the
label T(;f. It looks rather like a reversal of the standard Kolmogorov property for
a topological space—hence its name. For more on that and other properties
of an inequality on pre-apartness and related spaces, see [48]. If every pre-
apartness space with the reverse Kolmogorov property has the property A5,
then we can prove WLPO. To see this, equip X = [0, 1] with the denial
inequality and pre-apartness. Then X has the reverse Kolmogorov property.
Let (as),~, be any binary sequence, let

o0
y= Z 27 "a, € X,
n=1

and let S = (0,1]. Then 0 € —S; but if we have either 0 # y or y < S, then
=y (an, =0) VV, (a, =0).

Among the many merits of local decomposability are these: in its presence,
continuity and topological continuity coalesce, a topological apartness space is
topologically consistent, and, according to Proposition 2.5.15, product apart-
ness spaces have precisely the categorical property that one would wish for.

We are grateful to Jeremy Clarke for the example showing that if every T4
topological apartness space is topologically consistent, then the law of excluded
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middle holds. In the absence of topological consistency, there is an interesting
range of topologies that can lie between a given one and its related apartness
topology [59].

Proposition 2.2.12 and the comments preceding it give us another proof that
every metric space (X, p) is topologically consistent.

It is an interesting exercise to show that even in the apartness space R we
cannot prove that, in every case, the union of two nearly closed sets is nearly
closed.

We do not know whether Proposition 2.3.7 holds without the hypothesis
that Y have the weak nested neighbourhoods property (it certainly does under
classical logic).

The classical theory of nets requires a partial order where we use a preorder.
A partial order is a preorder R with the additional property of antisymmetry:

Vaou (tRy NyRx) =z =1y).

If we used a partial order in our constructive theory of nets, we would run into
difficulties which the classical theory avoids by applications of the axiom of
choice.

A Kripke model based on that on pages 137-138 of [24] shows that MP,,
is independent of BISH.

In the first part of the proof of Proposition 2.5.18 we used the logical theorem

—|—\P/\ﬂ—\Q:>—\—\(P/\Q)’

which the reader is invited to prove informally.

When we began the investigations that eventually led us to apartness spaces,
we worked with primitive notions of both nearness and apartness [28]; to a large
extent, those ideas have been superseded by our current theory of apartness,
based on a relatively succinct set of axioms.

We have not attempted a rigorous justification of the statement that, in
constructive Morse set theory, objects are constructed impredicatively if and
only if they belong to the universe U, but we have little doubt that such a
proof could be produced after a tedious examination of the many cases that
would arise.

Hedin [51] has discussed means of developing a purely predicative theory of
apartness within Martin-Lof type theory.
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