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10.4 The Fréchet Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 653
10.5 Global Linearization of Smooth Maps and the Tangent

Bundle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 654
10.6 The Global Chain Rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 657
10.7 The Transformation of Temperature Fields . . . . . . . . . . . . . . . 657

11. Velocity Vector Fields on the Euclidean Manifold E
3 . . . . . 659

11.1 The Transformation of Velocity Vector Fields . . . . . . . . . . . . . 661
11.2 The Lie Derivative of an Electric Field along the Flow

of Fluid Particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 663
11.2.1 The Lie Derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 663
11.2.2 Conservation Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 663
11.2.3 The Lie Algebra of Velocity Vector Fields . . . . . . . . . 664

12. Covector Fields and Cartan’s Exterior Differential –
the Beauty of Differential Forms . . . . . . . . . . . . . . . . . . . . . . . . . 665
12.1 Ariadne’s Thread . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 666

12.1.1 One Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 666
12.1.2 Two Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 670
12.1.3 Three Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 677
12.1.4 Integration over Manifolds . . . . . . . . . . . . . . . . . . . . . . 681
12.1.5 Integration over Singular Chains . . . . . . . . . . . . . . . . . 684

12.2 Applications to Physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 685
12.2.1 Single-Valued Potentials and Gauge Transformations 685
12.2.2 Multi-Valued Potentials and Riemann Surfaces . . . . . 687
12.2.3 The Electrostatic Coulomb Force and the Dirac Delta

Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 690
12.2.4 The Magic Green’s Function and the Dirac Delta

Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 691



XXVI Contents

12.2.5 Conservation of Heat Energy – the Paradigm
of Conservation Laws in Physics . . . . . . . . . . . . . . . . . 695

12.2.6 The Classical Predecessors of the Yang–Mills
Equations in Gauge Theory (Fluid Dynamics and
Electrodynamics) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 698

12.2.7 Thermodynamics and the Pfaff Problem . . . . . . . . . . 698
12.2.8 Classical Mechanics and Symplectic Geometry . . . . . 700
12.2.9 The Universality of Differential Forms . . . . . . . . . . . . 700
12.2.10 Cartan’s Covariant Differential and the Four

Fundamental Interactions in Nature . . . . . . . . . . . . . . 700
12.3 Cartan’s Algebra of Alternating Differential Forms . . . . . . . . 701

12.3.1 The Geometric Approach . . . . . . . . . . . . . . . . . . . . . . . 701
12.3.2 The Grassmann Bundle . . . . . . . . . . . . . . . . . . . . . . . . . 704
12.3.3 The Tensor Bundle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 705
12.3.4 The Transformation of Covector Fields . . . . . . . . . . . 705

12.4 Cartan’s Exterior Differential . . . . . . . . . . . . . . . . . . . . . . . . . . . 706
12.4.1 Invariant Definition via the Lie Algebra of Velocity

Vector Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 707
12.4.2 The Supersymmetric Leibniz Rule . . . . . . . . . . . . . . . . 709
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12.9.3 The Poincaré–Cartan Integral Invariant . . . . . . . . . . . 749
12.9.4 Energy Conservation and the Liouville Integral

Invariant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 749
12.9.5 Jacobi’s Canonical Transformations, Lie’s Contact

Geometry, and Symplectic Geometry . . . . . . . . . . . . . 750
12.9.6 Hilbert’s Invariant Integral . . . . . . . . . . . . . . . . . . . . . . 753
12.9.7 Jacobi’s Integration Method . . . . . . . . . . . . . . . . . . . . . 753
12.9.8 Legendre Transformation . . . . . . . . . . . . . . . . . . . . . . . . 754
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