Chapter 2

Geometry of Rigged Hilbert
Spaces

In this chapter we study extensions of symmetric non-densely defined operators in
the triplets H, C # C H_ of rigged Hilbert spaces. The Krasnoselskii formulas
discussed in Section 1.7 are based upon the indirect decomposition (1.33), where
deficiency subspaces and the domain of symmetric operator may be linearly de-
pendent. Introduction of the rigged Hilbert spaces allows us to obtain the direct
decomposition and parameterization for the domain of the adjoint operator. This
direct decomposition is written in terms of the semi-deficiency subspaces and is
an analogue of the von Neumann formulas (1.7) and (1.13) for the case of the
symmetric operator A whose domain is not dense in 7.

2.1 The Riesz-Berezansky operator

In this section we are going to equip our Hilbert space ‘H with spaces H and H_,
called spaces with positive and negative norms, respectively.

We start with a Hilbert space H with inner product (z,y) and norm || ||. Let
‘H . be a dense in H linear set that is a Hilbert space itself with respect to another
inner product (z,y)4 generating the norm || - ||4+. We assume that ||z|| < ||z||+,
(r € Hy), ie., the norm || - ||+ generates a stronger than || - || topology in H 4. The
space H is called the space with positive norm.

Now let H_ be a space dual to Hy. It means that H_ is a space of linear
functionals defined on H, and continuous with respect to || - ||+. By the || - [[= we
denote the norm in H_ that has a form

|(h, w)

Ih||- = sup , heH.
uery |lull+
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The value of a functional f € H_ on a vector u € H is denoted by (u, f). The
space H_ is called a space with negative norm.

Further on in this chapter we will need to consider an embedding operator
o : Hy — H that embeds Hy into H. Since ||of]] < || f|l+ for all f € Hy, then
o € [H4,H]. The adjoint operator o* maps H into H_ and satisfies the condition
le* fll= < |||l for all f € H. Since o is a monomorphism with a (-)-dense range,
then o* is a monomorphism with (—)-dense range. By identifying o* f with f
(f € ") we can consider H embedded in H_ as a (—)-dense set and || f||— < || f]].
Also, the relation

(Ufah):(faa*h)a f€H+7h’€Ha

implies that the value of the functional o*h € H calculated at a vector f € H as
(f,0*h) corresponds to the value (f,h) in the space H.

It follows from the Riesz representation theorem that there exists an isometric
operator R which maps H_ onto H, such that (f,g9) = (f,Rg)+ (Vf € H,
g € H_) and |Rgll+ = |lgl|-. Now we can turn H_ into a Hilbert space by
introducing (f,g)- = (Rf,Rg)+. Thus,

(f,g)—z(f,Rg)Z(Rf,g)Z(Rf,Rg)+, (fugEH—)7 (2 1)

(u,v)y = (u,R"v) = (R u,v) = (R u, R"1)_, (u,v € Hy). '
The operator R (or R~!) will be called the Riesz-Berezansky operator. Applying
the above reasoning, we define a triplet H, C H C H_ to be called the rigged
Hilbert space.

In what follows we use symbols (+), (+), and (—) to indicate the norms || - ||+,
[I-|I, and || || - by which geometrical and topological concepts are defined in H., H,
and H_. When considering continuity or closeness of an operator, we first indicate
the topology of its domain and then the topology of the range. For instance, an
operator B is called (—,-)-continuous, if

Bh
Dom(B) C H—, Ran(B)C H, sup IBA < 00
heDom(B) ||h||—

Similarly, the closure of a set £ using the norms || - ||+, || - ||, and || - || = is denoted

by £(+), L, and L(_), respectively. If £ is a subset from # ., then its orthogonal
complement £ will be a set of those functionals from # _ that annihilate £. Thus,
L+ c H_. Likewise, if £ C H_ then its orthogonal complement £+ C H is a set
of those elements z € H, that annihilate all the functionals from L. If £ C H,
then £+ C H and is defined as a set of elements from A that are (-)-orthogonal
to L.

The following theorem establishes the relationship between the orthogonal
complements of the set L.
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Theorem 2.1.1. 1. If L is a subspace in H, then
L -
() L M, (LnHOE =t (2.2)

2. If L is a subspace in Hy, then
(L) =Lt nH. (2.3)

3. If L is a subspace in H_, then
(LOH)" =Lt (2.4)

Proof. Let f € £, Then there is a sequence of elements {f,} C £ such that
fn o) f. Therefore (h, f,) — (h, f) for any h € H. In particular, if h € LNH,
then (h, f) = 0, and consequently, (h, f) = 0. Thus, £+ N H, < (£ 7))L,

Conversely, let h € (E(_))J-. Then h € Hy and (h, f) = 0 for any f € E(_),
and, in particular, for any f € £. Hence h € £+ and h € £+ NH,.. This proves
the first part of (2.2). The second part is being proved similarly by substituting
L+ for L.

Statements (2.3) and (2.4) can be proved in a similar way. We just note that

one can obtain (2.4) from (2.3) by the respective substitution of £(C H,) for
LE(CH). O

Theorem 2.1.1 can be interpreted as asserting the commutativity of the fol-
lowing diagram:
" —— N

iT lT
R, +——— R_

Here R, R, and R_ are the classes of all (+)-closed, (-)-closed, and (—)-closed
linear manifolds in H, H, and H_, respectively. The horizontal arrows denote
the passage to the orthogonal complement. The short down arrow | denotes in-
tersection with ., and the long down arrow stands for the (—)-closure. The long
up arrow on the left represents (-)-closure whenever the short up arrow 1 on the
right denotes intersection with H.

If B is an operator in the class [H,H_], then its adjoint operator B* is
defined by the formula (Bf,g) = (f,B*g) (Vf,g € H4). This operator B* acts
from Hy into H_, is bounded, and therefore B* € [H,H_] as well. Thus, the
class [H,H_] is invariant under taking adjoint. The class [H_, H] has a similar
property. The concept of a bounded self-adjoint operator is, therefore, well defined
in both of these classes. For instance, for the class [H,H_] such an operator is
characterized by the quadratic functional (Bf, f) (f € H,) taking real values
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only. If (Bf, f) > 0 for all f € H, then B is called non-negative. For an operator
B € [H4,H_] we introduce a new operator

B = BDom(B), Dom(B)={fecH,:BfcH} (2.5)

This operator B is called a quasi-kernel of the operator B.
For the remainder of this text we will need the following theorem.

Theorem 2.1.2. Let Hy, Ho, and H be Hilbert spaces and let B and C' be operators
in [H1,H] and [Ha, H], respectively. The following conditions are equivalent:

(i) Ran(B) C Ran(C);
(ii) ker(C*) C ker(B*) and

het,hgker(Cc+) |[C*h]] ’

(ili) there exists an operator W € [Hi, Hz] such that B = CW.

Proof. First we show that (i)=-(ii). The first part of condition (ii) can be derived
from (i) by passing to the orthogonal complements. Now let us assume that the
second part of the condition (ii) is not true. Then there exists a sequence of f,, € H
such that ||B*f,|| = oo and ||C* f,|| = 0. By condition (i) for any hy € H; there
is an element ho € Hy such that Bhy = C'hs. We have

(B* fnsh1) = (fn, Bhy) = (fn, Ch2) = (C* fu, h2) — 0.

Therefore, B* f,, converges weakly to zero which contradicts || B* f,,|| — oc.
(ii)=-(iii). To every vector ¢ = C*f € Ran(C*) C Ho we assign a vector
Y € B*f € Ran(B*) C H;. According to condition (ii), the operator ¢» = U’y is
well defined and bounded. We extend U’ onto Ha to an operator U € [Ha, H1] for
which B* = UC™*. Then, B = CU* and we can defined W = U*.
It is very easy to see that (iii)=-(i). O

Remark 2.1.3. Theorem 2.1.2 can be stated equivalently in the form: For every
A, B € [H,H] the following statements are equivalent:

(i) Ran(A4) C Ran(B);
(i) A = BC for some C € [H,H];
(iii) AA* < ABB* for some \ > 0.

In this case there is a unique C' satisfying ||C||*> = inf{ )\ : AA* < ABB*} and
Ran(C') C Ran(B*), in which case ker C' = ker A.

The following three results are based upon Theorem 2.1.2.
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Theorem 2.1.4. Let Hy C H C H_ be a rigged Hilbert space and G be a Hilbert
space. If B € [G,H_] and Ran(B) C H, then B € [G,H|. Moreover, if B € [G, H_]
or B € [G,H] and Ran(B) C H, then B € |G, H4].

Proof. For the embedding operator o defined in the beginning of this section we
have that o* € [H,H_] and Ran(B) C Ran(o). According to Theorem 2.1.2 there
exists an operator W € [G, H] such that B = ¢*W. Since ¢* is an embedding of
H into H_, then B € [G, H]. The proof of the second statement is similar. O

Theorem 2.1.5. Let C € [Hy,H_]. Then C is a monomorphism and C~1 is (—,-)-
continuous if and only if Ran(C*) D H.

Proof. The existence and (—, -)-continuity of operator C~! are equivalent to

o ol

>0
A

i.e., ker(C) = {0} and sup \&,?hhnl‘, < oo. Applying Theorem 2.1.2 we see that the

latter is equivalent to Ran(c*) C Ran(C*) that means % C Ran(C*). O
The following theorem can be proven similarly.

Theorem 2.1.6. Let C' € [H,H_]. Then C is a monomorphism and C~1 is (—, —)-
continuous if and only if Ran(C*) D H.

2.2 Construction of the operator generated rigging

Let now A be a closed symmetric operator whose domain Dom(A) is not assumed

to be dense in H. Setting Dom(A) = Ho, we can consider Aasa densely defined
operator from H into H. Clearly, Dom(A*) is dense in H and Ran(A*) C Ho.
We introduce a new Hilbert space H, = Dom(A*) with inner product

(fag)+ = (fvg) + (A*fa A*g)a (fag € H-l-)a (26)

and then construct the rigged Hilbert space H, C H C H_.
Theorem 2.2.1. Let A be a closed symmetric operator in H. Then

1. The operator A is (-, —)-continuous.

2. If A is an extension of A by (+, —)-continuity to Ho, then the Riesz-Bere-
zansky operator is given by the formula

R =T+ AA* (2.7)

3. RH = Dom(AA*).
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Proof. (1) Since ||A*h|| < ||h|l+, (Yh € Hy), then

. Ag, h g, A*h gl - [|A*h
I s g O
nery Al neny IR+ nery A+
for all g € Dom(A). This yields the (-, —)-continuity of A. Now let A be an exten-

sion of A onto Dom(A) = H, using (-, —)-continuity. We will show that

(Ag, f)=(9,A°f), (g€ Ho, fEHL). (2.8)

Let g € Ho. Then there is a sequence {g,} C Dom(A) such that g, — ¢ in
(-)-metric. Hence Ag,, — Ag in (—)-metric. Letting n — oo in

(Agn, f) = (gn, A" f),

we get (2.8). We should note that (2.8) indicates that A € [Ho,H_] is the adjoint
to A* € [Hy, Ho] operator.

The condition that Ag € H for some g € Ho implies g € Dom(A).. Indeed,
it follows from (2.8) that for an arbitrary f € Hi we have g € Dom(A**) and

Ag = A**g. Since A = A** we have that g € Dom(A).
(2) For any g, f € Hy,

(R7'9, f) = (9. )+ = (9, ) + (A"g, A" )
= (9, /) + (AA%g, f) = (I + AA%)g, ),
which implies (2.7).
(3) Obviously, for g € Dom(AA*) R~1g = (I + AA*)g € H. Conversely, if
g € Hy, RT lg € H. Then AA*g = R~'g — g € H. As we have shown above

A*g € Dom(A) and thus g € Dom(AA*). So, the conditions g € Dom(AA*) and
R~1g € H are equivalent. O

Theorem 2.2.2. Let f € Ho and A be an extension of A by (-, —)-continuity to H.
Then Af belongs to H if and only if f € Dom(A).

Proof. The sufficiency part is obvious because Af = Af € H for f € Dom(A).
Assume that for a g € Hy = Dom(A*), (A*g, f) = (g, Af). Since A is closed and
A** = A, we have that f € Dom(A) and Af = Af. O

2.3 Direct decomposition and an analogue of the first
von Neumann’s formula

We call an operator A regular, if PA is a closed operator in Hg. Here P is an
orthogonal projection in H onto Ho = Dom(A). Obviously, any densely defined
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closed symmetric operator is regular. For a regular operator A we construct a
rigged Hilbert space H1 C ‘H C H_ using the technique from the previous section.
If A is densely defined, then by the first von Neumann formula (1.7) we have

HJr = DOIII(A) + ‘ﬁ,\ + ‘)’t;. (29)

This decomposition is (+)-orthogonal for A = +i. When the domain of A is not
dense in H, Theorem 1.7.1 implies an indirect decomposition

Hy = Dom(A) + Ny + Nj, (2.10)

where Dom(A), 91y, and 915 may be linearly dependent (see Theorem 1.7.4). Now
we are going to derive an analogue of the first von Neumann’s formula that has
a direct decomposition of the involved linear manifolds. Define two subspaces of

H+Z
. (+)
D* :=H,NHy, D:=Dom(A) . (2.11)

Clearly, D is the domain of the closure of a densely defined in Ho symmetric
operator PA and D* = Dom((PA)*). Hence
D* = D+M+MN;, ImA#0,

where 9} and N5 are defined by (1.23). If A is regular, then D = Dom(A).
According to Theorem 2.1.1 the orthogonal complement of the subspace D* is

E(i) where

L=HOH. (2.12)

This makes B
m=re” (2.13)

a (+)-orthogonal complement of D*. Thus we have
Hy =D+ M + N5 + 0, (ImA # 0). (2.14)

This is a generalization of the first von Neumann’s formula. For A = +i we obtain
the (4)-orthogonal decomposition

Hi=DaN N, oN (2.15)

Let
M=NM &N, &N, (2.16)

and let F (C H_) be the (-)-orthogonal complement of Dom(A) (C H,), i.e.,
F = {90 EH_:(p,f)=0 forall fe Dom(A)}. (2.17)

It is clear that

F=R'M=RIMaeR N, (2.18)
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and the last decomposition is (—)-orthogonal.

Here and below by Png we denote the orthogonal projection in H4 onto a
subspace G of H ;. Respectively, Pg would represent the orthogonal projection in
‘H onto a subspace G of H.

Theorem 2.3.1. 1. The operator A*| N is symmetric in H and A* c D.

2. The operator A*+il maps N (+, -)-isometrically on B 1;, where By is defined
n (1.22).

3. The operator B given by the relations

Dom(B) = Dom(A) &N, B= AP* + APy, (2.19)

Dom(A)

is closed, densely defined and symmetric in H, and

Dom(B*) = Dom(B) & W, @ N, B* = APy ot AP (2.20)

Proof. (1) Let g € Dom(A) and f € 9. Then
0=(9,/)+= (9. /) + (Ag A" f) = (g, /) + (PAg, A" ) = (9, f) + (Ag, A" ).

Hence, o .
(Ag, A" f) = (9,—Pf), Vg € Dom(A).

Consequently, A*f e Dom(A*) Hy and (A*)Qf = —Pf. On the other hand,
since Ran(A*) C Ho, we get A*f € D*, i.e., A*IN C D*.
Let 1, f € M. Then

(0, A" )4 = (0, A" f) + (A", (A")2 f) = (0, A" f) + (A", = Pf)
In particular, if ¢ € 9N, then ¢ is (+)-orthogonal to A*f € D*. This implies that
(4, A"f) = (A", f),  VpeM, Vfem

Therefore, the operator A* s symmetric.
Now let v € M, f € M. Then

Thus, A*M is (4)-orthogonal to 9%, and ON'_,. It follows from (2.15) that A*DN c D.
(2) Using the symmetric property of A*[‘ﬁ for 1 € M we get

I(A* £iD)pll* = [ A" + [¢1* = ¢l
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This implies that (A* +iI)[9% is an (+, -)-isometry. Letting f € H, and g €

Dom(A) we have

((A* +inf (A+iDg) = (4 f, Ag) +i(f, Ag) — (A" £.9) + (f.9)
= (A*f,PAg) + (f.9) = (f,9)+-

In particular, if f € 91, then ((A* +il)f, (A + iI)g) = 0 and hence

(A* +i)9m C M.
Now we will show that for any ¢ € £,
Pip = —i(A* +il)R¢, (2.21)
where R is the Riesz-Berezansky operator and

1Pigll =[]l (2.22)

Here and below
Py = Py, .

Since R¢ € RE C M, (A* + iI)R¢p € M;. On the other hand, by Theorem 2.2.1,
we have R¢p € Dom(AA*) and

6= (I +AA"Ro = [(A +il)A* — i(A* +4D)| R
= (A+il)A*R¢ — i(A* +il)R¢,

0 ¢ + i(A* +iI)R¢ € M_;. This proves (2.21). The latter also implies via (2.1)
that
1Pl = [I(A+iD)Rol| = [Rolly = ¢l (& € £).

Thus, the operator (A* +4I) maps a linear (+)-dense in 9 set REL (+, -)-isomet-
rically onto P; £ = ‘B;. That is why

(A* + i) = B,

Similarly we can show the same for (A* —iI). Also
Poi¢=i(A" —il)Ro,  ||P-ig| = 9], (¢€9), (2.23)

so that [|Fo|| = [|P-i¢].

(3) Let the operator B be given by (2.19). If a vector h € H is orthogonal to
Dom(B), then h € £ and (h, f) =0 for all f € 91. From definition (2.13) of 91 we
get

0= (h,Rh) = ||h]]>.
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Therefore, h = 0 and Dom(B) is dense in . .
Since A*[ 9 is symmetric in H, the operator B is also symmetric in H. The
relations (A* +iI)9 = By, yield

(B +il)Dom(B) = (A £ iI)Dom(A) ® B;.

Hence, the linear manifolds (B 4 iI)Dom(B) are closed in . It follows that the
operator B is closed, and

# & ((B+ilDom(B)) = 9,

Thus, semi-deficiency subspace 9, ; of the operator A coincides with the deficiency

subspace of B corresponding to the number +i. In accordance with the first von
Neumann formula for B* we get (2.20). O

Notice that the operator B is a symmetric extension of the operator A and
B is self-adjoint if and only if the semi-deficiency indices of A are zero.

Corollary 2.3.2. The operator A* +il maps N, &N with (+)-metric homeomor-
phically onto the subspace MNy; with either (-)- or (+)-metric. Moreover,

(A* £i)9M = Ny,
Proof. Indeed, using (1.23) we get
(A* £i) (M, ®N) = W4+ (A* £il)MN = N, 4B = Nuy.
(4, -)-continuity of (A* +4I) follows from
| A*h % k]| < ARl + ] < 2Rl he Hey.

Let ¢ € My, ®MN, ie,, ¢ = ¢+ ¢, where ¢ € Ny, and ¥ € N. Then ||¢[]2 =
el + [|¥|%. Further,

(A* £il)p = 2ip + (A* £il)y,
and the terms +2ip € M,; and (A*+il)p € B, are (-)-orthogonal. Consequently,

[(A* £ iD)gl* = 4llell® + (A" £iD)p|* = 2]l @l3 + 913 = 16113,
which implies the continuity of the inverse mapping. 0

We should note that the operator A* + I maps M=, to zero and acts like
+2¢I on M,,. Therefore, it maps M onto MNy,, the mapping is one-to-one, and
mutually (+, +)-continuous on N, & N.

Following Section 1.6 we use (1.26) to introduce an isometric exclusion op-
erator V =V : B; — B_; defined by the formula

VP f=P_f, fekl, Pii=Pn,,. (2.24)
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Its closure V maps B; isometrically onto B_;. It follows from (2.21) and (2.23)
that
V(A* +il)Rf = —(A* —i)Rf,  (fe€£),
and hence . )
V(A* +i)Rf = —(A* —il)Rf,

for all f € 2(7). Thus
V(A* +il)p = —(A* —il)p, Y eN.

Theorem 2.3.3. The operator P;J} 18 a bijection and a homeomorphism of MNi; with
the (-)-metric onto (M, ® N) with the (+)-metric.

Proof. Let ¢ € ;. Then ¢ = ¢ + ¢, where ¢ € N, and Y € B;. According
to Theorem 2.3.1, there exists such an element h € 91 that A*h + th = 1 and
4] = ||h||+. Since A*h € Dom(A), then Pyh¢ = ih, and hence, Pyhd = ¢ + ih.
Thus Pyl (M) = N, & M.

Furthermore,

18113 > 1 Pmells = lleld + IR15 = 2lel® + [10l* > lell* + o)1 = I8l

implies the conclusion of the theorem for 91;. The proof of the theorem for 91_; is
similar. O

Let us now denote by Pm+ , the orthogonal projection operator from H . onto
M. We introduce a new inner product (-, -); defined by

(fs91 = (f,9)+ + (Po [, Pyt g)+ (2.25)
for all f,g € H,. The obvious inequality

IFIE < 11T < 201115

shows that the norms || - ||+ and || - [|1 are topologically equivalent. It is easy to
see that the spaces Dom(A), 9, N, N are (1)-orthogonal. We write 90t for the
Hilbert space MM = N, & N, @ N with inner product (f, g)1. We denote by H41q
the space Hy with norm || - ||1, and by R the corresponding Riesz-Berezansky
operator related to the triplet Hy; C H C H_;. Both operators R and R act
according to Fig. 2.1 below.
One can also see that
1

2

Note also that the operators 2~ 2 P;}z [0M; and 2~ 2 PD; [ 9t_; mentioned in Theorem
2.3.3 are (-, 1)-isometries from M, and MN_; onto N, BN and N, &N, respectively.
It follows from the proof of Theorem 2.3.1 that the explicit expression for PD; R
is of the form

R=RIMI+ P, R=(1-_PHR. (2.26)

Pho = iz‘(2P9J{,i_ + P (AT i) e, ¢ € Ny (2.27)
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H CHCH- Hi1 CHCH
\/ Y\/

R R

Figure 2.1: Operators R and R

2.4 Regular and singular symmetric operators

At the beginning of Section 2.3 we introduced the definition of a regular operator
A. In this section we will provide a criteria for an operator A to be regular. It was
shown in Corollary 1.5.5 that for all A (Im A # 0) the manifolds B are either all
closed or all non-closed. We will show that operator Ais regular in the first case
and is called singular in the second.

Theorem 2.4.1. The following statements are equivalent for a closed symmetric
operator A:

(1) The manifolds B are (-)-closed for all X (ImX # 0).

£ s (—)-closed.
N is (-)-closed.
(7) Dom(B*) = Dom(A*), where B is defined by (2.19).

Proof. The equivalence (1) <= (3) is already proved (see Theorem 1.5.4 and
Corollary 1.5.5). The equivalence (2) <= (3) follows from the definition of (+)-
norm.

(2) = (4) follows from the Closed Graph Theorem and the inequality || f]| <
[|f1l+, f € H4. Since A is closed we get (4)= (2).

(1) <= (5). Because of (2.22) the operator P, = Py, maps the set £
isometrically onto the set 9B;. Thus (—)-closure of £ is equivalent to the (-)-closure
of %z

(5) <= (6). Since || f|2 = (Rf, f) = |Rf||Z for f € H_, and hence ||f|% <
IRFIISI for f € M, we get

YA fII- <[IfIl forall feL and forsome ve&(0,1)
= IRAI Z RS+

(2)
(3)
(4) A is (+,-)-bounded.
(5)
(6)

Comparing (2.15) with (2.19) and (2.20) we get that the equivalence (2) and (7)
holds true. g
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This theorem immediately implies the following independently sufficient con-
ditions for a closed symmetric operator A to be regular:

e Dom(A) has a finite codimension (dim £ < 00);
e £ C H,y, where £ is defined in (2.12).
Proposition 2.4.2. If A is a reqular symmetric operator, then the direct decompo-
sition
H=Ho+N
holds.

Proof. Since A is regular, by Theorem 2.4.1 and Theorem 1.5.4 the linear manifold
B, is (-)-closed and ©(L,B;) < 1. Now from Lemma 1.5.1 we get the equality

Pe'B; = L.

On the other hand, from Theorem 2.3.1 we have that B; = (A* +iI)MN. Hence,
Po(A* +4iI)M = £. But A*N C Dom(A) C Ho. Therefore,

Pet = L.

Taking into account that 91N Hy = {0} and H = Ho & £, we get the equality
H = Ho+MN. O

A closed symmetric operator A is said to be an O-operator if both its semi-
deficiency indices equal zero. For such an operator 9t = 1.

Theorem 2.4.3. A closed symmetric operator Aisa reqular O-operator if and only
if F C H, where F is of the form (2.17).

The proof easily follows from the definition of a regular O-operator.

2.5 Closed symmetric extensions

Let A be a closed symmetric extension of a symmetric operator A. Then

(Af,9) = (f, Ag), (Vf,g € Dom(A)),

and, in particular

(Af,9) = (/. Ag) = (f,PAg),  (¥f € Dom(A), g € Dom(A)).
It follows then that g € Dom(A*) and PAg = A*g, and thus Dom(A) C #, and
PAf = A*f, f € Dom(A), (2.28)

where P is an orthogonal projection operator in 4 onto Ho = Dom(A). The next
theorem is an immediate consequence of (2.28) and the Closed Graph Theorem.
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Theorem 2.5.1. For a closed symmetric extension A of an operator A the following
conditions are equivalent:

(1) The set Dom(A) is (+)-closed.
(2) The operator A is (+,-)-bounded.
(3) The operator A*| Dom(A) is (-, -)-closed.
Moreover, under the conditions (1)—(3) the operator A is reqular.

A closed symmetric extension A of a closed symmetric operator A satisfying
the conditions (1)—(3) of Theorem 2.5.1 is called a regular symmetric extension.

Let us recall some aspects of the theory of extensions of closed symmetric
operators A with non-dense domain developed in Chapter 1. Once again we denote
the exclusion operator (2.24) by V. Following Section 1.6 we call an isometric
operator U (Dom(U) = Dom(U) C M;, Ran(U) C 9_;) an admissible operator if
Ux = Vz only for x = 0. The general form of a closed symmetric extension A of
an operator A follows from (1.33) and is given by formulas

Dom(A) = Dom(A). + Ran(I — U),
Alg+o—Uyp) =Ag+i(e+Uyp), (2.29)

g € Dom(A4), ¢ € Dom(U),

where U is an admissible operator.

The operator A is self-adjoint if and only if Dom(U) = 9M; and Ran(U) =
M _;. Also, if ¢ € B, then ¢ — Vi € Dom(A). Conversely, if ¢ — 1 € Dom(A),
where p € My, ¥ € N_;, then ¢ € B;, and ¥ = Vi € B_;. Hence, in particular,
for admissible U the equality = Ux holds only for x = 0. Thus, the operator
I — U is injective and (-, +)-continuous.

Now we are going to prove an auxiliary result of a general geometrical nature.
First let us recall the notion of the minimal angle «(L, M) between subspaces £
and M of a Hilbert space H:

cosa(L,M):=  sup |(z,y)] (2.30)
ezt

Definition (2.30) yields the equalities
cosa(L,M) = ||PI M|| = ||Pm]| L]l (2.31)

where P, and Py are orthogonal projections onto £ and M, respectively.

Lemma 2.5.2. Let L1 be a subspace of a Hilbert space H and Lo be a linear manifold
in H that is a range of a bounded operator T mapping a Banach space into H. Let
also Pg, be an orthogonal projection from H onto L1 and PL% =1—Pg,. Then
the following statements are equivalent:

(1) L1 N Ly ={0} and the linear set L1 + L2 is closed.
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(2) L1 N Ly ={0} and the linear set Py1 L is closed.
(3) Lo is closed and the minimal angle between spaces L1 and Loy is positive.
(4) Lo is closed and Pp1[ Ly is a homeomorphism.

Proof. (1) < (2). Tt is clear that
L1+ Ly =L@ Pl

and hence, the linear manifolds £; + £, and PL% Lo are closed simultaneously.
(1) < (3). Assume that Lo = T'Ly, where Ly is a Banach space, T : Lo — H
is bounded and injective. Consider a Banach space M = £ x Ly with the norm

|| <fvg> ||M = ||f||£1 + ||g||£m f € Elv g e LO-

Then the mapping Z : M — L£;+L5 given by

Z(f,9)=f+Tg

is continuous and bijective. Applying the Banach inverse mapping theorem, we get
that Lo = Z (0 x Lo) is closed in H. Let us show that the minimal angle between
L1 and L is positive, i.e., cosa(Ly, L2) < 1. Since Ly is closed, £1 N Ly = {0},
and Pﬁf Lo is closed, from Banach’s inverse mapping theorem we get that there
exists a constant v € (0,1) such that

[Pehl| = llhl| for all ke Lo. (2.32)

It follows that || Pz, | L2|| < 1. This means « (L1, L2) > 0. Thus (1)=(3).
Now suppose that (3) holds. Due to (2.31) we have

cosa(Lq,L2) <1 <= (2.32).

Therefore, the operator Pﬁf | Lo is a homeomorphism. Taking into account the
relation
IS +hl1? = |If + P, hl* + (| Perhl?, f € L1, b€ Lo,

we get that £14Ls is closed. So, (3) <= (4) and (3)=(1). O

Now let A be a closed symmetric operator and A be its closed symmetric ex-
tension with the corresponding admissible isometric operator U. Applying Lemma
2.5.2to H = H,, £1 = Dom(A), and L3 = Dom(U) and taking into account that
Dom(U) is the range of a (-, +)-continuous operator I — U, we obtain the following

theorem:
Theorem 2.5.3. The following statements are equivalent:

(1) A is a regular symmetric extension of A (that is, Dom(A) is a (+)-closed
set).
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(2) Py (Ran(I —U)) is a (+)-closed set.

(3) Ran(I — U) is (+)-closed, and the minimal angle between Dom(A) and
Ran(I — U) is positive (with respect to the (+)-metric).

(4) Ran(I —U) is (+)-closed, and Py;| Ran(I — U) is a homeomorphism.

We note that under the conditions of Theorem 2.5.3 there is a constant ¢ > 0
such that

lg+¢—Ugpll+ >cllol, (Vg€ Dom(A), Yo € Dom(U)). (2.33)

Indeed, the positivity of the minimal angle between Dom(A) and Dom(U) implies

that orthoprojection on Dom(U) parallel to Dom(A) is (+)-continuous, i.e.,

alle =Ugll+ <llg+ ¢ = Ugp|l+,

for some ¢; > 0. On the other hand, it follows from the Closed Graph Theorem
that

lp =Uell+ = e2liell, (¢ € Dom(U)),
for some co > 0. This proves (2.33).

Theorem 2.5.4. If A is a regular symmetric extension of a regular closed symmetric
operator A, then there is a constant ¢ > 0 such that

Ve —Uell+ = cllell, Ve e B;NDom(U), (2.34)

where V is of the form (2.24). The converse is valid if Dom(U) D B, in particular,
for self-adjoint A.

Proof. For ¢ € B; N Dom(U) we have

Vo-Up=—(p—=Vp)+(p—Up).

Since —(¢ — V) € Dom(A), then Theorem 2.5.3 yields (2.34).
Conversely, let Dom(U) D 9B; and for all ¢ € B;

Ve =Ugll+ = dllell,
for some ¢ > 0. We will show that Py Dom(U) is (+)-closed. Let

)
Pi(gn — Ugn) — 0,

for g, = g, + g, (g, € N, gl € B;). Then

(+)
g, + P (gn — Ugn) — 0.

It was shown in Theorem 2.3.3 that
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Therefore, Py (gn — Ugn) C M@ N, ie., the elements g/, and Py (g/ — Ugy,) are

(4)-orthogonal. Hence, g/, o) 0, and thus Py (g1 — Ugy) o,

Furthermore,
~Ugn =9n —Vgn+Vg, —Ug,.
Since the vector g/ — Vg € Dom(A) is (+)-orthogonal to 92, then

(+)
)

P (Vgl —Ugp) — 0.

According to Theorem 2.3.3 we have Vg!! — Ug! L 0. Tt follows from (2.34)

that g/ oy, Therefore, gy, 0 which implies that Py, (Dom(U)) is (+)-closed.
Then, by Theorem 2.5.3, A is a regular closed symmetric extension of the operator
A. O

In the case of a regular closed symmetric operator A we can describe its
symmetric (in particular, self-adjoint) extensions in terms other than those in
Chapter 1. The following theorem gives a characterization of the regular extensions
for a regular closed symmetric operator A.

Theorem 2.5.5.

I. For each closed symmetric extension A of a reqular operator A there exists
a (1)-isometric (see formula (2.25) for the definition of (1)-metric) operator
U =U(A) on My with the properties:

(a) Dom(U) is (+)-closed and belongs to N ® N, Ran(Ud) C NN ,;
(b) Uy = only for ¢ =0, and
Dom(A) = Dom(A) @ (I — U)Dom(U),

Ag+ (I —UN)) = Ag + A*(I — U)W + i(AA* + )P (I + Uy,
(2.35)
where g € Dom(A), 1 € Dom(U).

Conversely, for each (1)-isometric operator U with the properties (a) and (b)
the operator A defined by (2.35) is a closed symmetric extension of A.

II. The extension A is reqular if and only if the manifold Ran(I—U) is (1)-closed.

III. The operator A is self-adjoint if and only if Dom(U) = N & N, Ran(Uf) =
NN,

Proof. Let A be a regular closed symmetric operator and A be its closed symmetric
extension whose domain is defined by (2.29) via the corresponding operator U.
Besides, Dom(A) admits (+)-orthogonal decomposition

Dom(A) = Dom(A) @ Py (Ran(I — U)).
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We introduce a new operator U = U(A) by the formula

UPo = PhUgp, ¢ € Dom(U). (2.36)
Therefore,

Dom(U) = Py;Dom(U) C N & N,

Ran(U) = Py (Ran(U)) C Ma N,
It follows from Theorem 2.3.3 that Dom(lf) is (+)-closed and thus the definition
(2.36) makes sense. Since the operator 2™ 2 Pi1 My is a (-, 1)-isometry and U is a

(+,-)-isometry, the operator U is isometric with respect to || - || metric, i.e., (1,1)-
isometry. Let us assume that ¢t = ¢ for some 1) € Dom (). Then Pyl o— P Up =

0 for some ¢ € Dom(U). This implies that ¢o—Up € Dom(A). Consequently, ¢ = 0
and ¥ = 0.
From (2.27) we get the parametric expression for U
b = (2P, + PY)(A" +il)

. . peDom(U). (237
Up = —i(2P5, + P)(A* —il)"Ug "7 om(U) (2:37)

It follows that
p = —i(A" +il)(3 P, + Py )vo

U —i(A —in(1PL + P , 1 € Dom(lf). (2.38)

Hence, )
o—Up=1—Up fiA*Pm+(I+Z/l)1/),

i(p+Up) =i(I +U)p+ A* Py (I —U)p.
Let g € Dom(A), ¢ € Dom(U). Then
Alg+ (I - U))) = Ag+i(I + U)e.
Therefore
Alg+ (I =UW)) = Alg +iA* PRI+ U + ¢ —Uyg)

= Ag+iAAPLT+UW +i(I+U)p

= Ag+iAA*PLT + U +i(I + Uy + A* Py (I — Ui

=Ag+ A*(I — U +i(AA* + T) P (I +U)y.

Conversely, let U be a (1,1)-isometry in the subspace 9 with (1)-closed domain
Dom(U) C M@ N, and Ran(Uf) C N N, such that Uy = ¢ only for ¢ = 0.

—1i

Let the operator A be defined by (2.35). Then A is an extension of A and by
direct calculations one can check that A is symmetric. Relations (2.38) define
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(+,)-isometry U with Dom(U) = Dom(U) C 9; and Ran(U) C M_; such that
(2.36) and consequently (2.29) hold.

It remains to show that U is an admissible operator. Suppose Uy = Vi for
some ¢ € B;NDom(U). Since the element ¢ — V¢ € Dom(A) is (4)-orthogonal to
M, then Pyl = Py Vi and thus Pl,Up = Py, and U(Pyh ) = Pyjp. Therefore,
P;}t(p:()andgo:(). O

Theorem 2.5.6. A regular closed symmetric operator A has a reqular self-adjoint
extension if and only if its semi-deficiency indices are equal.

Proof. Let A be a regular self-adjoint extension of A. Then by Theorem 2.5.5 the
corresponding operator U = U(A) maps N & M, (1)-isometrically onto N & MN’_,.
Hence it is clear that the dimensions dim 9’ ; and dim 9%, are the same and the
semi-deficiency indices of A are equal.

Conversely, suppose dim9’ ,=dim ;. It is not hard to construct a (1)-
isometry U in 9% that maps 91 & 91 onto N & M., with number 1 as a regular
point. For example, we can take U [0 to be arbitrary (1)-isometric operator with
the range 9, and set Uh = eh, h € N, where |¢| = 1, € # 1. Then the corre-
sponding operator A will become a regular self-adjoint extension of the operator

A. O

Theorem 2.5.7. Let A be a regular self-adjoint extension of a regular symmetric
operator A. The following statements are valid:

1. the operator PA] (Dom(A) NHyg) is self-adjoint in Ho;

2. 4f U € M, MN_;] is an admissible operator that determines A by formulas
(2.29) and if ~
N, = {(p eNn,, (U — I)(P € H0}7 (239)

then

Proof. Let us set
N = (A —4l)" L.

Then N? € N;. Indeed, if f € £ and g € M_; = (A +il)Dom(A), then
(9, (A=iD)7 f) = (A+il) g, f) = (A+il)"'g, f) =0,

Since A is a regular self-adjoint extension of A, then the operator A is (+,)-
bounded and therefore the resolvent (A — iI)~! has the estimate

allfll A=) ]l < el fIl forall fe#,

with ¢ > 0. Therefore MY is a subspace in Hy (and simultaneously in H).
Let 91; be defined by (2.39). We are going to prove that

N @ N; = MN;, (2.41)
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where the sum is (-)-orthogonal. By (2.29) we have
(A+i)(U—-DNp=—ip—iUp+iUp —ip=—2ip, ¢eMN,,

and hence )
M+Uy%:f%W—D¢

This yields the equivalence relations
(U-DpeHy <= (A+il) 'p L & <= ¢ LN,

and thus the decomposition (2.41) holds true. Thus, it is proved that

Dom(A) NHo = Dom(A)+(U — I)N,.

Suppose the vector 1 € Hy is (-)-orthogonal to (PA + iI)(Dom(A) N Hp). Then
€ M. NNY. Since NY € Dom(A), we get that 1 € Dom(A) and (see (2.28))
PAyp = A*1p = irh. Because PA| (Dom(A) NHy is symmetric, we get that ¢ = 0.
This means (PA+iI)(Dom(A)NHy) is dense in Hg. Similarly it can be proved that
(PA—iI)(Dom(A)NH,) is dense in Hp. Thus the operator (PA+il)(Dom(A)NH,)
is essentially self-adjoint in Hg. On the other hand, since A is a regular extension,
Theorem 2.5.1 yields that the set Dom(A) N Hg is (+)-closed. Consequently, the
operator (PA + iI)(Dom(A) N Hyp) is (+)-closed and hence is self-adjoint in H,.
The first statement is proved.

Since for all ¢ € Ny, (U + 1) = (U — I)¢ + 2¢, then (U + I)¢ € Dom(A)
implies ¢ € Dom(A). But then PA$ = A*¢ = iP¢ and thus P(A —il)¢ = 0 or
equivalently (A —il)¢ € £. Therefore, ¢ = 0 and hence Dom(A) N (U 4 I)N; = 0.
It is easy to see that (U + I)MY C Dom(A).

According to (2.10) Dom(A*) = Dom(A) + 9% + 9 _;. Let

f=g9+¢+1,

where g € Dom(A4), ¢ € M;, and ¢ € N_;. Then
1 1
=9+, U-DU Y =p)+ U+ DU o +¢) =+ U+,

where 2 = g+ J(U = I)(U "¢ — ¢) and y = J(U 4+ I)(U ‘¢ + ¢). This implies
that Dom(A*) C Dom(A) + (U + I)M;. Since the inverse inclusion is obvious, we

conclude that .
Dom(A*) = Dom(A) + (U + I)N,. (2.42)

Combining (2.42), Dom(A) N (U +1)M; = 0, and (U + I)NY € Dom(A) we obtain
Dom(A*) = Dom(A) + (U 4+ I)MN,.

This completes the proof of statement 2. O
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Theorem 2.5.8. Let A be a regular O-operator. Then all its regular self-adjoint
extensions are of the form

Dom(A) =Hy, A=AP iyt (A* + (AA* +1)71S) Py,

(A

where S is an arbitrary (4)-self-adjoint and (+)-bounded operator in N.

Proof. We apply Theorem 2.5.5 for the case 9, = 9", = {0}. Then there is a
one-to-one correspondence between all (1)-unitary operators U in 91 having the
number 1 as a regular point and all regular self-adjoint extensions A of A, which
take the form (2.35). Let

S=i(l+U)I-U)""
Then S € [91,M], S = S5*, and (2.35) can be re-written as

Dom(A) = Dom(A) N =H,, A= APgom(A) + (A + (AA*+D7'S)PE. O
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