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Abstract A model that predicts minimal length and thickness of all ceramic two 

model allows the estimation of minimal length and thickness where the conditions 

the consideration of the piezoelectric and non-piezoelectric layers in the layered 
cantilever. A piezoelectric material is lead zirconate titanate and a non-piezoelectric 
material is boron carbide. Different conditions, such as von Mises criterion and 

section of the cantilever. 

1. Introduction 

agent detection [1–4]. One type of the sensors available for temperature, 

signals further analyzed for the detection. 
The piezoelectric microcantilever sensor consists of a piezoelectric layer 

bonded to a non-piezoelectric layer [5]. The adsorption of a target agent 
onto the piezoelectric material causes a change in the cantilever’s mass, 

of piezoelectric microcantilever sensors is determined by the resonance 
frequency shift f  per mass change m  which depends on the effective 
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layer cantilever sensors for chemical and biological detection is proposed. The 

Mohr’s strength theory are considered to find a safe stress level in the clamped cross-

for the safe cantilever operation are satisfied. Two materials have been chosen for 

diagnoses, environmental surveillance, and pathogen and biological/chemical 

which transduces the recognition event from its surface into electrical 

Biological and chemical sensors have a wide-range of applications in medical 

which in turn causes a shift in the resonance frequency [6, 7]. The sensitivity 

surface stress, and mass detection is a piezoelectric microcantilever sensor, 

Keywords: cantilever; ceramic; sensor; sensitivity; piezoelectric 

mailto:nil2903@gmail.com
mailto:@gmail.com


M. LUGOVY 14 

elastic modulus, effective density of the cantilever and cantilever dimensions 
(length l , width w ). mf  /  will increase with decreasing cantilever 
dimensions and density, and with increasing elastic modulus [5]. 

Lead zirconate titanate (PZT) is a material’s choice for the piezoelectric 
layer of microcantilever (E = 61 GPa,   = 7.5 g/cm3 [5]). For the non-
piezoelectric layer, a stainless steel (E = 200 – 250 GPa,  3

is frequently used [4]. However, if the non-piezoelectric ceramic layer in 
the microcantilever layered structure could be replaced with a material of 

boron carbide ( E  = 483 GPa,   = 2.52 g/cm3 [8, 9]).  
Generally all ceramic cantilevers are more sensitive than steel based 

levers have also other 

with traditional steel-

resistance to cyclic 

stability in aggressive 
media. 

the microcantilever 
sensor will increase 

4  

becomes thinner, at a given applied voltage, the strain mismatch between 

certain critical value, a deterioration of the service properties, due to 
appearance of the irreversible strain in the piezoelectric layer, or even a 

limits for the safe cantilever operation are important to be determined. 

considered. 
The goal of this work is to evaluate the lower dimensional limit of a two 

layer microcantilever sensor, where a piezoelectric layer is made of lead 

Figure 1. Relative sensitivity of the cantilevers with the 
same dimensions. 

significantly be increased. One of such stiff and light-weight materials is 

cantilevers (Fig. 1). For example, boron carbide-based cantilever has the 

 = 7.7 – 8 g/cm ) 

The sensitivity of 

based cantilevers.

higher elastic modulus and lower density, the sensitivity of the sensor could 

sensitivity about 7 times higher than steel based one. All ceramic canti-

They have a higher 

loading and a higher 

advantages compared 

complete failure of the sensor will occur. Therefore, the lower dimensional 

[5]. However, when such a decrease of dimensions happens, another factor 

piezo- and non-piezoelectric layer becomes larger and larger, which could 

[10]. However, the lower limit of the cantilever size has not been 

lead to a rise in the residual stresses. When the residual stresses reach a 

Static analysis for multi-layered piezoelectric cantilevers were developed in 

comes into play which needs to be considered. When the piezoelectric layer 

when its dimensions decrease. As the dimensions of a cantilever are 
reduced by a factor of  , the sensitivity  is enhanced by a factor of 
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zirconate titanate ceramic, and a non-piezoelectric layer is made of boron 
carbide, which is capable to exhibit high sensitivity and good service 
properties. The evaluation is made by a simplified analytical model based 
on von Mises criterion and Mohr’s strength theory.  

2. Model Development 

2.1. MODEL ASSUMPTIONS 

A schematic presentation of a micro-
cantilever sensor with defined dimensions 
of the piezoelectric and non-piezoelectric 

deflection state of the microcantilever is 

will be used for the analysis with no 
intermediate deflections between zero and 
maximum deformation being considered. 

cantilever with a defined horizon line. 

are used for the estimation of the lower 
limit of the sensor dimensions which  
are still feasible for the reliable sensor 
operation. The main assumptions of the 
model are summarized as follows: 

1. Only stress distribution in the clamped 
cross-section of a cantilever is consi-
dered, as it is the most critical one.  

2. A cantilever is allowed to expand and 
compress without any constraints 
along a y-direction perpendicular to 

the stress component in this direction 
to be equal to zero. 

3. The clamped cross-section of the 
cantilever is assumed to be a plane and it has a rectangular shape for all 
deformations (Fig. 2a). Therefore, the stress components along a z-
direction perpendicular to the longitudinal axis of the cantilever and 
parallel to the layers do not change. 

Figure 2. Schematic presentations of 
cantilever: (a) geometric parameters; 
(b) state of maximum deflection;  
(c) orientation of cantilever. 
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layers is shown in Fig. 2a. The maximum 

schematically shown in Fig. 2b, which 

Figure 2c presents an orientation of the 

These parameters presented in Fig. 2a–c 

the layers (Fig. 2a) which results in 
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4. Only a cantilever with a maximum deflection maxf  will be evaluated. 
We name it “a static problem” (Fig. 2b).  

5. Only the upper estimate of deflection maxf  of the cantilever free end is 
considered.  

6. The cantilever is analyzed only for the case where the z-axis is parallel 
to the horizon plane (Fig. 2c).  

7. The mismatch of the coefficients of thermal expansion between the two 
layers of the cantilever at room temperature is not considered.  

8. Shear stresses in a clamped cross-section of the cantilever are neglected 
since they are substantially smaller than normal stresses analyzed. 

9. The interface between two layers is suggested to be indestructible and 
two layers are bonded rigidly (without sliding).  

A simple model which would take into account different parameters of 
the successful sensor operation is developed which allows the estimation of 
the minimal dimensions without reaching the critical stress level in the 
sensor’s layers. The model applicability is determined by the deflection 
criterion: 

 
    ahf /max ,    (1) 

 
where  

maxf

a  is a prescribed value less than one (0.1 in this work).  
The ultimate state of the cantilever can be achieved when at least one 

of two criteria are fulfilled. The first criterion is applicable to a failure of 
the non-piezoelectric layer and a second criterion is applicable to the 
appearance of irreversible strain in the piezoelectric layer. The challenge is 
to determine the conditions to avoid the ultimate state of the cantilever. 

The failure of the non-piezoelectric layer will not occur, according to 
Mohr’s strength theory [11], when the following condition is met:  

 
        M ,                                              (2) 

 
where the effective stress M  is 

             ,,min(),,max( 111111 zyxzyxM 







and 

 is the maximum deflection of the cantilever free end (Fig. 2b), 
h  is the total thickness of cantilever (Fig. 2a), and 

) ,              (3) 
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  is the tensile strength of the non-piezoelectric material.   can be also 
evaluated as its bending strength.  

  is the strength of non-piezoelectric material under compression,  

1x , 1y , 1z  are normal stress components in directions x, y, z, 
respectively, acting in the non-piezoelectric layer.  

The cantilever will also reach its ultimate state when the irreversible 
strain in the piezoelectric layer appears. The irreversible strain is a result of 
the ferroelastic domain switching under loading of the piezoelectric material 
at certain stress levels [12]. The safe stress level which will not result in the 
appearance of the irreversible deformation can be evaluated using von 
Mises criterion [13]:  

 
0 i ,                            (4) 

 
where  
 

2
22

2
22

2
22 )()()(

2
1

xzzyyxi               (5) 

 
is the stress intensity, where shear stresses are neglected in our 
consideration,  

0  is the stress at the appearance of the irreversible strain in the 
piezoelectric material,  

2x , 2y , 2z  are normal stress components in directions x, y, z, 
respectively, acting in the piezoelectric layer. 

2.2. MODEL EQUATIONS 

To determine the model applicability using deflection criterion Eq. (1) the 
maximum deflection maxf  of the free end of cantilever should be estimated. 
The upper estimate of bending deflection of the free end can be made from 
the assumption that maximum curvature of the cantilever (at clamped end) 

 









2

sin2 2
max

x

x

lk

k
f .               (6) 

where  

remains constant along the whole length of the cantilever: 
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kx is the cantilever curvature at a clamped end in the x-y plane. Expression 
(6) overestimates the deflection but results in the most reliable evaluation of 
the model’s applicability. 

To find the conditions to avoid the ultimate state of the cantilever, the 
stress distribution in the clamped cross-section of the cantilever should be 
determined. The stress component xi directed along x axis (perpendicular 
to the cross-section plane) in the i-th layer, obtained from a hypothesis of 
plane sections [14] is as follows 

 
))0(()( ziixixxixi ykEy   ,              (7) 

 

where 21 i

i
i

E
E


  (i = 1, 2),  

E1, 1  and E2, 2  are elastic modulus and Poisson’s ratio of non-
piezoelectric and piezoelectric layers respectively,  

)0(x  is the total strain component oriented along the x axis in the clamped 
cross-section at y = 0,  

xi  and zi  (i = 1, 2) are the components of strain which are not 
connected with stress. 011  zx   in the non-piezoelectric layer 
(thermal strains are neglected in our consideration). 2x  and 2z  are 
piezoelectric strains in piezoelectric layer. Most PZT films exhibit 
piezoelectric coefficients d31 = −58 pm/V and d33 = 190–250 pm/V [15]. 
Components of piezoelectric strain oriented along x and y axes are 

 

2

31
22 h

Ud
zx   ,               (8) 

2

33
2 h

Ud
y  ,               (9) 

 
respectively, where  
U is the electric voltage applied to the piezoelectric layer, and 

2h  is the thickness of the piezoelectric layer.  
The cantilever is allowed to expand and compress without any 

constraints along the y axis which results in 0yi . A stress component 
directed along the z axis in a clamped cross-section in the i-th layer can be 
determined from the condition 0z , where z  is the total strain oriented 
along the z axis and a hypothesis of plane sections as follows: 
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]))0(([)( zixixxiizi ykEy   .           (10) 

The curvature xk  and the strain )0(x  can be found from equilibrium 
conditions for the cantilever, since only the static problem is analyzed. We 
have two equilibrium conditions. The first condition is a force balance and 
the second condition is a moment balance, and both are equal to zero in the 
clamped cross-section. These two conditions are determined by the system 
of two linear equations: 
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where  

)( yxi  is determined by Eq. (7), 

y0 = 0,  
y1 = h1,  
y2 = h1 + h2 = h,  
h1, h2 are the thicknesses of non-piezoelectric and piezoelectric layers, 

)(2
)(

2211

2
1

2
2

2
11

hEhE

hhEhE
yc 


  is the coordinate of the neutral axis in the 

clamped cross-section of the cantilever derived from a balance of static 
moments of the cross-section, 

lqF xx )0(  is the longitudinal force in the cantilever clamped end,  

2
)0(

2lq
M y  is the bending moment in the clamped cross-section,  

 sinhgwq effx   (which can be obtained from the expression for a 
gravitational force hdxgwgdmdP eff  acting on an elementary volume 
whdx  taking into account the angle

 coshgwq effy  , 

h

hh
eff

2211  
  is the effective density of the cantilever, 

(11) 

w is the cantilever width (Fig. 2a),  

respectively (Fig. 2a).  

l is the cantilever length (Fig. 2a).  

) (Fig. 2c), 
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1  and 2  are densities of the non-piezoelectric and piezoelectric layers, 
respectively, 
g is the gravitational acceleration, 

 
 

The solution of system of the two linear equations (11) is 
 

2
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where  
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Knowing the curvature xk  and the strain )0(x  we can evaluate the 
applicability of the model and determine a stress distribution in the clamped 
cross-section of the cantilever in order to find the safe conditions of the 
cantilever operation. 

3. Results and Discussion 

The effective stress and stress intensity in the clamped end of the cantilever 
have been calculated using Eqs. (7)–(10), (12), and (13). The maximum 
bending deflection of the cantilever free end has been estimated using Eq. (6). 
The following geometric considerations have been taken into account for 
the calculations: l/w = 2.6, h1/h = 0.5, and   = 0 (Fig. 2). The constant ratio 
l/h = 16.25 was used for the calculation of critical parameters as a function 
of the cantilever’s length. The cantilever length was taken as 65 m when 

  is the angle between x axis and the horizon plane (Fig. 2c). 
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the effect of hl /  and hh /1  on critical parameters was estimated. While the 

maximum bending deflection of the cantilever free end do not depend on 

mfn  /  (the resonance frequency shift per unit loaded mass) [5]: 
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where 
2
n  is the dimensionless nth-mode eigenvalue, 
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  

is the effective elastic modulus, and r1 = h1/h and r2 = h2/h. 

Table 1.  
TABLE 1. Parameters of layers used in the calculation. 

 Elastic 
modulus 

iE , GPa 

Poisson 
ratio i  

Density 
i , g/cm3 

Strength 
 , MPa 

Yield point 
0 , MPa 

B4C layer 483 0.16 2.52 300 - 
PZT layer 61 0.25 7.5 300 10 

The dependence of the dimensionless parameters M/+, i/0 and 
fmax/ah as a function of the cantilever’s length in the clamped cross-section 
of the cantilever, with an applied voltage of 5 V on the piezoelectric layer 
are shown in Fig. 3. The ultimate state of the cantilever is shown by the 
dashed line. The ultimate state will be achieved when one of two 
characteristic parameters M and i approaches its own limit, i.e. M = + 
and i = 0. The fmax/ah parameter determines the applicability of the model 
used in the current work. The fmax/ah is approaching its limit at much 
smaller cantilever lengths than that of i (Fig. 3), which means that the 
model is indeed applicable in the area where i reaches its critical value 0, 
and the cantilever reaches its ultimate state.  
 
 
 
 
 

 

 

 

effective stress and stress intensity in the cantilever’s clamped end and the 

stress, stress intensity, and maximum bending deflection are presented in 

the l/w ratio, this ratio is used to determine the sensitivity of the cantilever 

The properties of the materials used for the calculation of the effective 
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As one can see from Fig. 3, 
there is a similar trend for all 
three parameters (M/+, i/0, 
and fmax/ah). For example, all 
three parameters plotted as a 
function of the cantilever length 
exhibit a minimum. Such depen-
dencies are determined by two 
major factors affecting the 
stresses in the clamped end of the 
cantilever. The first factor is a 
piezoelectric strain. If l/h and 

hh /1  ratios are constant, the 
contribution of the piezoelectric 
strain becomes more and more 
significant when the length of the 
cantilever decreases because of 
the decrease of the piezoelectric 
layer thickness. The second factor 
affecting the stresses in the 
clamped end of the cantilever  
is its own weight, which is 
proportional to its length.  

Thus, the smallest geometric 
dimensions of the cantilever which 
are safe for reliable operation are 
those with the level of the 
stresses in the clamped end of 
the cantilever lower than the 
corresponding ultimate stress. It 
is important to notice that the first 
criterion, which is fulfilled as the length of the cantilever decreases, is i = 0 
in the piezoelectric layer. It is also clear that the most dangerous points in 
the clamped cross-section are those which are located at the interface 
between layers. Thus, the intersection point between i/0|y = 0.5h = f(l) 
curve and the dashed line is to the right of the intersection of the dashed line 
with i/0|y = h = f(l). The failure of the non-piezoelectric layer (criterion M 
= +) can be achieved at a much smaller length of the cantilever. Therefore, 
the most detrimental parameter of the safe operation of the cantilever is 
i/0 in the clamped cross-section of the piezoelectric layer at the interface 
between layers.  

 

Figure 3. Dependence of cantilever 
parameters on its length at 5 V. 

Figure 4. Dependence of stress intensity 
parameter on cantilever length. 
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The effect of the applied voltage to the piezoelectric layer on the stress 
intensity in the clamped cross-section of the piezoelectric layer in two 
points, where y = h and y = 0.5h is shown in Fig. 4. The critical stress 
intensity with decreasing length is always achieved first at the interface 
between layers, e.g. when y = 0.5h for all voltages used in the calculations. 
The increase of the applied voltage U significantly influences the stress 
intensity causing an increase in the critical length of the cantilever, where 
the condition of the safe stress intensity is still maintained. Thus, the 
increase of the applied voltage by an order of two, from 0.15 to 15 V, leads 
to the increase of the critical length of the cantilever by two orders of 
magnitude, from ~1.9 to 190 m.  

Dependences of dimensionless parameters M/+, i/0 and fmax/ah on 
the hl /  ratio in the cantilever’s clamped cross-section with an applied 
voltage of 5 V on the piezoelectric layer are shown in Fig. 5, which are 

approach and exceed the critical level equal to zero as the hl /  ratio 
increases, e.g. if the cantilever’s 
thickness decreases but the length 
remains constant. The most important 

i 0

other parameter, when hl /  ratio is 
the smallest. 

hl /  ratio on the dimensionless 
stress intensity in the clamped 
cross-section of the piezoelectric 
layer is presented in Fig. 6. The 

of i/0 parameter, meaning that the 
appearance of the ireversible strain 
is facilitated by the increase in applied voltage. At the given voltage the 

layer. Therefore, for a given voltage and cantilever’s length the ultimate 
cantilever’s thickness exists below which the cantilever’s operation 
becomes unsafe and non-reliable. For example, the ultimate thickness is 
equal to 3.87 m at the applied voltage of 5 V and 65 m of the cantilever’s 
length. 

Figure 5. Dependence of cantilever 
parameters on the ratio l/h at 5 V. 
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reaches the critical value before any 

non-piezoelectric layers than that at the free surface of the piezoelectric 
stress intensity is always higher at the interface between piezoelectric and 

The effect of the applied voltage

presented as straight lines in the bilogarithmic scale. All three parameters 

to the piezoelectric layer and the 

parameter is again  /  since it 

higher voltage results in larger values 
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Dependences of dimensionless 
parameters on relative thickness 

thickness divided by total thick-

cantilever’s clamped cross-section 

Fig. 7. Only stress intensity riches 
values higher than critical level. 
Lower voltage results in higher 

piezoelectric layer and, in such a 

One can show that increasing 
the stress level 0 , when the 

up in a piezoelectric material (for 
example, by pre-polarization [15]), 
decreases the ultimate cantilever 
size. For example, increasing 0  
by a factor of 3 results in an 
ultimate length of 0.65 m.  
This corresponds to a cantilever 
sensitivity of about 51024 Hz/kg 
according to Eq. (14). If a 
detectable frequency shift is 10 Hz, 
the minimum detectable mass in 
this case is  about  1810−24 kg, 
which is approximately the mass of 
6 atoms of mercury. The calcul-
ations of cantilever sensitivity using (14) have also shown that, if the 
sensitivity of the steel-based microcantilever is taken as 1, the replacement 
of steel with B4C ceramics will increase the sensitivity by a factor of about 
seven. 

 
 
 
 

Figure 6. Dependence of stress intensity 
parameter on the ratio l/h. 
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Figure 7. Dependence of cantilever 
parameters on the ratio h1/h at 5 V. 

of the non-piezoelectric layer (its 

for voltage of 5 V are shown in 

critical relative thickness of the non-

ness of the cantilever) in the 

way, lower relative thickness of 

irreversible deformation will show 

the piezoelectric layer (Fig. 8). 
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4. Conclusions 

As a result of our study, a model has 
been developed which allows an 
estimation of the dimensional limits of 
the two layer microcantilever sensors. 
The model applicability for all 
considered cantilever lengths has been 
verified using the maximum deflection 
criterion proposed in this work. 

It was shown for cantilever 
parameters used for the calculation 
that von Mises criterion places more 
serious restrictions on the cantilever 
length compared to the Mohr’s theory 

stress distribution in the clamped cross-section of cantilever does not 
depend on the cantilever’s width. 

It was shown that the stress intensity in the clamped cross-section has 
different trends as a function of the cantilever length. Thus, for small length 
range, the stress intensity is increasing as length is decreasing, but for the 
larger lengths, the stress intensity is increasing as the length is increasing. 
The stress intensity has a minimum at some intermediate value of the 

plots obtained for all applied voltage values. The first range is for the small 

the opposite range, where the lengths are large, the piezoelectric strain will 
have minor effects on the stress intensity in comparison with the self weight 
of the cantilever. In the length’s interval between these two ranges, where 
there is a minimum of the stress intensity, the piezoelectric strain and the 
effect of the self weight are comparable. 

The critical minimal cantilever length could be found when other 
conditions, such as applied voltage, material parameters, and the thickness 

increases. Thus, at a certain critical cantilever length, the appearance of 
irreversible strain will result in unsafe cantilever operation. For a given 
applied voltage and cantilever’s length the ultimate cantilever’s thickness 
exists below which the cantilever’s operation becomes unsafe and non-

Figure 8. Dependence of stress intensity 
parameter on the ratio h1/h. 

conditionally split into three different ranges, which can be found in the 

ultimate thickness. At a given voltage, the stress intensity is always higher at 

ratio of the two layers, are held constant. When the length of the cantilever 

reliable as well. The higher voltage results in increased values of the 

decreases, the irreversible strain in the piezoelectric layer at a given voltage 

length. The dependence of stress intensity on the cantilever length can be 

of strength, therefore it should be satisfied first. In the proposed model, a 

cantilever lengths, where the effect of the self weight is negligibly small. In 
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layer. 
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