Chapter 2
Quantum Fields

2.1 Relativistic Inner Product

In this Chapter we start a systematic discussion of a quantum theory in external
classical background fields. First, we introduce a specific inner product and define
quantization conditions based on this product.

The method of quantization which we present below is not a substitute for more
profound methods, like the full Hamiltonian analysis or the so-called BRST ap-
proach, but it allows one to arrive faster to the results in the lowest order of the
perturbation theory on non-trivial backgrounds. In this section, we shall be rather
sloppy with a mathematical side of the statements, ignore all the functional anal-
ysis issues, for example, and simply use a finite-dimensional intuition in infinite-
dimensional spaces of fields.

Let ¢ be a non-interacting field on a Lorentzian space-time .# . We call ¢ a dy-
namical variable to distinguish it from the background. It is assumed that ¢ belongs
to a section in a fiber bundle over .#. We further assume that .# is a globally
hyperbolic space-time. The dimensionality n of . is not fixed (n > 2).

Let us choose on .#Z some coordinate system x* = (¢, xk), where k=1,...,d
and d = n — 1. Here, we assume existence of a foliation .# by spatial sections,
so that at least locally the space-time manifold looks as a direct product of a one-
dimensional “time” and a d-dimensional “space”. As we saw (see Sect. 1.6), small
fluctuations ¢ obey linearized equations of motion of the form

P, h)e(t,x* =0, 2.1

where for integer spin fields P (9;, d¢) is a second order hyperbolic type partial dif-
ferential operator. For spin 1/2 fields P (9;, dx) is a first order operator, see (1.74).
Let f1 and f> be a pair of solutions to (2.1). We are going to introduce a so-
called relativistic inner product, (f1, f2), between these solutions. The product is
constructed through a conserved current corresponding to some global symmetry.
Since the inner product and the current must depend on fwo fields instead of one,
we have to double the number of fields in the quadratic form of the action. This is

D. Fursaev, D. Vassilevich, Operators, Geometry and Quanta, 29
Theoretical and Mathematical Physics,
DOI 10.1007/978-94-007-0205-9_2, © Springer Science+Business Media B.V. 2011


http://dx.doi.org/10.1007/978-94-007-0205-9_2

30 2 Quantum Fields

done in the following way. Consider first the case of a complex field and write the
quadratic action which generates the linearized equations (2.1) as

12[¢]=/d"x V=89*Po, (2.2)

where all vector or gauge indexes (if any) are suppressed. An example of a func-
tional which can be brought to this form (after integrating by parts) is the scalar
action (1.68). Although (2.2) is a rather typical form of the quadratic action it is
not universal. In some cases, for instance, for an action of small fluctuations in the
(p¢*)? model, there may also appear (¢*)? and ¢? terms. We shall comment how
to deal with such models in the end of this section.

Next, we go from (2.2) to a sesquilinear form

ILf1. fol= / d"x g fiPf = / d"x JZZLUfE . f) 2.3)

such that Ih[¢] = I[g, ¢]. We assume that the operator P is at least formally
self-adjoint (see Sect. 3.1), therefore the form is Hermitian. The sesquilinear form
I[f1, f>] is linear in the second argument and antilinear in the first. The quantities
I[f1, f21, L(f{", f2) can be considered as a field theory action and a Lagrange den-
sity, respectively. Indeed, one gets for f; the same equations of motions (2.1) by
requiring that variations I[f1, f2] over f; have to vanish. If P is a second order
operator we shall always assume that second derivatives in /[ f1, f>] are eliminated
by integrating by parts and L(f}", f2) contains at most first derivatives of fi and f>.

The functional I[fi, f>] has an obvious global symmetry {fi, f>} — {¢!® f1,
el f>} which implies the existence of a conserved current. To derive this current,
consider an infinitesimal version of the transformations

8o fi = —iafy, So 2=liaf? 2.4

and assume for a moment that the transformation parameter o depends on the co-
ordinates, « — «(x). Then, transformations (2.4) are no longer symmetries of the
action. Nevertheless, the variation of (2.3) vanishes on constant « and, hence, is
proportional to the derivative of «,

Sullfis f2] = — / "% V=g (@) - L1, fo]
_ / d"x J=ga -V, 1. fo] 2.5)

for some current j*. Next, suppose that f; and f; are solutions to the classical field
equations. Then, any infinitesimal variation of the action vanishes, including the one
given in (2.4) with arbitrary local parameter «. In other words, on shell §,1 =0 for
any alpha, and the current j* is conserved

Vuj*(f1, f2) =0. (2.6)

The arguments presented above also provide us with a method to compute the con-
served current. For bosonic theories with actions depending on the first derivatives
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at most, one can easily show, that

. IL(fY, f2) OL(ff, ) . .
B(f, = —— "84 ———" 6 2.7
JH(f1, f)a o h+ o, S 2.7
or
I — _
J (fl,fz)—l< 2 f2 T f1>- (2.8)

These statements are a particular case of what is known as the Noether theo-
rem for global symmetries. We shall also deal with the Noether theorem for local
symmetries in Chap. 8. The current j*(f1, f2) is called the Noether current.

Let us take a space-like hypersurface X in .# and construct the following inner
product between the classical solutions

(fl,f2>=/zd2“ju(f1,fz), (2.9)

which is called the relativistic inner product. The product is linear in the second
argument f; and anti-linear in fi, and is Hermitian, (fi, fo) = (f2, f1)*. Here
dX* = n*dethd®x, n* is a unit future directed vector orthogonal to X, deth dix
is the invariant measure on X. The continuity property (2.6) ensures that the product
(f1, f2) does not depend on local deformations of X.

We call ( f1, f») arelativistic product to distinguish it from another inner product
between sections of the fiber bundles defined in Sect. 1.5. Let us give now a couple
of examples.

Charged Scalar Field For the model described by the action (1.68) we assume
that the gauge field is a background field, and ¢ is dynamical, and obtain

JuCfi, £2) =i(f{' Dy fo — (D f1)* f). (2.10)
The continuity equation (2.6) can be checked directly. It follows from the iden-

tity VA(f Dy f2) = (D* f1))* Dy f1 + f'(D¥ Dy, f2) and Eq. (1.69). The relativistic
product constructed from this current is called the Klein-Gordon product.

Spinor Fields Consider the model (1.74). By repeating the computations pre-
sented above and taking care of the order of fields, one arrives at

JuW.¥2) = =iV yu . (2.11)
For the case when the field ¢ is real, instead of (2.2) one has the functional
hle] = %/d"x V=g¢Pey. (2.12)
The corresponding complex Hermitian sesquilinear form is
Wifi. fi=5 [ @ v=gsipe @.13)

(Notice the difference between real and complex field actions in the coefficient
1/2.) The Noether current which is used to construct the relativistic product is given
by (2.8). Examples involving real fields are as follows.
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Vector Fields For the model described by equation of motion (1.76) after the
replacement f; — A;: one finds

Ju(Ar, A2) = i(A]))* Fuy(Az) — i Ay (Fpuv(A1)™. (2.14)

The same product holds for the gauge potential in the Maxwell theory.

Linearized Yang-Mills Theory For the theory described by the linearized equa-
tions (1.79)

Ju(A1, Az) = =2i Tr((A])) TG 1w (A2) — (G (A1) TAY), (2.15)

where the tensor G, is defined in (1.80).
The following useful permutation property of the product can be now inferred
from (2.10), (2.11), (2.14), (2.15):

(fi. o) ==(f5, f)- (2.16)

Here the plus sign in the r.h.s. corresponds to the (non-Grassmann) Dirac fields and
the minus sign stands for scalar and vector fields. The sign, thus, depends on whether
the spin is integer or half-odd-integer. For spinor fields the star operation in (2.16)
can be replaced with the charge conjugation defined in (1.66), see Exercise 2.7.

As we have already mentioned above, not any quadratic action depending on
complex fields can be represented through a sesquilinear form. To overcome this
difficulty one has to introduce independent real fields as real and imaginary parts
of the original complex field, diagonalize the action and then complexify it as we
have just described. As a result, one obtains a conserved current, but the number of
complex degrees of freedom is twice the original one.

2.2 Quantization and Single-Particle Excitations

To set the stage for the quantization we start with anti-linear functionals acting on
classical solutions. Each such functional can be constructed as ¢[ ] = (f, ¢), where
@ is some fixed solution to the classical equations. It is allowed to multiply these
functionals calculated for several solutions with different arguments. In this way,
one obtains multilinear functionals. One can as well define complex conjugated lin-
ear functionals ¢V[f] = (¢, f) = (p[ f])* and introduce ‘real’ functionals which
obey the restriction (@, f) = (¢p*, f). With the help of (2.16) the reality condition
can be written as

e [ f1= %ol f*], (2.17)

where the plus or minus signs correspond to spin 1/2 or spins 0 and 1, respectively.
The star operation for spin 1/2 fields denotes the charge conjugation (1.66). In the
case of spin 1/2 fields, the classical solutions will be considered as commuting (clas-
sical) spinors, while the functionals ¢ will anticommute before the quantization.
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Quantization means that to each classical solution f one puts into a correspon-
dence an operator ¢[ f] and its Hermitian conjugate @[ f]. These operators act
on vector spaces, the so-called Fock spaces discussed below. The operators ¢[ f1],
@T[ f] are operator-valued distributions, an analog of classical functionals defined
above. Thus, they are denoted by the same letter. Like the classical functionals,
ol f1, 7l f1 are, respectively, anti-linear or linear in their arguments. It is also re-
quired that operators preserve symmetry properties of the classical functionals.

The operators are required to obey the following quantization conditions:

LAl e T 1 le = ol file L1 £ 9 [ flel Al =N(fi, f),  (2.18)

where the parameter 7 is the Planck constant. Starting with Sect. 2.6 we shall put
h = 1. For integer spin fields one uses the commutator [,]_ and says that the fields
obey the Bose statistics, for half-odd-integer spins one uses anti commutator [, ]
which implies the Fermi statistics. The quantization condition (2.18) is fully covari-
ant, it does not depend on the choice of coordinates and the Cauchy surface used.
The features of a particular model which is quantized are encoded in the relativistic
product and properties of the classical solutions f.

Classically, the bosonic field functionals commute, while the fermionic ones an-
ticommute. Quantization means that we deform these simple (anti-)commutation
relations by adding a non-zero right hand side to relation (2.18). The Plank constant
h plays the role of a deformation parameter.

One can define Hermitian operators by condition (2.17). These operators corre-
sponds to real fields. Quantization in this case is determined by the same rule (2.18).

As a next step one has to consider the two problems: to find an operator analog
of a local field and to describe elementary field excitations. The second task is mo-
tivated by the fact that a free field theory can be interpreted as a system of infinitely
many oscillators. We have to find a way how to decouple different oscillations and
introduce the corresponding creation and annihilation operators by following the
quantum mechanical example.

To solve the two problems we need a basis which brings the relativistic inner
product to a canonical form. In this section, it is convenient to consider models
where the relativistic product is non-degenerate, i.e. if {fi, f») =0 for all f;, then
f1 = 0. An important example of theories with the degenerate product are gauge
theories. They will be considered in Sect. 2.3.

When the relativistic product is non-degenerate it can be diagonalized by intro-
ducing a basis {f4}, so that (f4, fp) = 2484p. Because of the hermiticity of the
inner product, the eigenvalues A4 are real. By a suitable rescaling one can make
these eigenvalues equal to &=1. This yields a set of modes { fl.(+)  f ;_) } which satis-
fies the following conditions:

(P, f,-(_)) —0. (2.19)
(f[.(i), fj(i)) ==£4;;, for Bose statistics, (2.20)

(f[.(i), fj(i)) =J;j, for Fermi statistics. (2.21)
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Here §;; is the Kronecker symbol if i, j are discrete indices, and it is a delta-function
if i, j take continuous values.

We call fl-(i) the single-particle modes. In the case of Bose fields the relativistic
product is not positive-definite, and the modes £, f() have positive or negative
norm, respectively. In the case of Fermi fields the product is positive, see Exer-
cise 2.7. The division on “4” and “—” modes in this case is related to other prop-
erties, for example, to the sign of the frequency carried by the mode in stationary
or asymptotically stationary space-times, see details in Sect. 2.5. In certain cases
the “—”" spin 1/2 modes can be also defined as charge conjugated “+4” modes, see
below.

Any solution to field equations (2.1) can be uniquely represented as a linear com-
bination of fi(H and fj(*),

FO=YafP @+ dif @, (2.22)
i J

where ¢; and d; are some complex numbers which can be determined with the help
of the normalization conditions (2.19)-(2.21), ¢; = (fl.(+), fldj= :F(fj(f), f). If
i and j take continuous values the sums in (2.22) correspond to integrals.

Local field operators can be defined by analogy with (2.22). First one introduces
the operators

a=olf1, b =F0lr 71, (2.23)

called the annihilation and creation operators, respectively. In the definition of bj'
the minus sign corresponds to the Bose statistics, the plus sign is for the Fermi
statistics. By using (2.22), (2.23) and the assumption that fl.(i) is a complete set of
modes the operator functionals ¢[ f] can be represented as

plf1=Y ciai+ Y _d;b}. (2.24)
i J
The local operator of a quantized field is then defined as

o)=Y aif @+ bl (2.25)
i j

This formula together with (2.24) allows one to write the operator functionals in
the form, ¢[ f]1= (f, ¢), where the local operator (2.25) appears as an argument in
the product. The important feature of the quantized field operator ¢(x) is thatitis a
formal solution to the field equations (2.1). Due to this property, Eq. (2.25) is a key
formula for computing quantum averages.

The creation and annihilation operators (2.23) solve the problem of an oscilla-
tor representation of a free field theory. Indeed, by using (2.18) and normalization
conditions (2.19)—(2.21) one arrives at the following commutation relations:

[ai, a;r]:l: = hd;j, [bi, b;r]:t = hd;; (2.26)
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(commutators between a; and b; vanish). Apart from a different meaning of the
indices i and j, these commutators are identical to those appearing in quantum
mechanics of harmonic oscillator.

Formal polynomials of creation and annihilation operators modulo relation (2.26)
form an associative algebra. It can be represented by linear operators acting on the
Fock space, which can be introduced in the following way. First, one takes a special
vector |0) such that

a;|0) = b;|0) =0, (2.27)
for all annihilation operators. It is called the vacuum vector or the ground state.
Other vectors which constitute a basis in the Fock space are obtained by acting on
|0) by all possible monomials of the creation operators,

ity ik i dp) = Cipocigjredy @)™ @)™ BT)™ (0] )"710), (2.28)

1

where Cjy it ;... jp are normalization coefficients. These states describe fields ex-
citations with a fixed number of quanta.

There can be infinitely many different ways to specify field excitations and to
choose a set of single-particle modes fl.(i). This also implies that the ground state is
not universal. The ground state with respect to one set of quanta may look as a state
containing quanta defined in a different way. Indices i and j describe quantum num-
bers such as, for example, spin of the quanta and the momentum in a certain frame
of reference. Thus, the choice of modes is determined by physical characteristics
of the systems which are measured. The different sets of creation and annihilation
operators are related to each other by unitary transformations called the Bogoliubov
transformations, see Exercise 2.2.

At the end of this section a comment on quantum theory of real fields is in order.
The equations of motion for real fields are invariant with respect to the complex
conjugation or the charge conjugation (as in case of spin 1/2 fields). By taking into
account (2.16) and conditions (2.19)—(2.21) one can conclude that ( f j(_))* =f j(+).
Since the corresponding operators are Hermitian, Eqs. (2.17) and (2.23) show that
operators a; and b; coincide and just one set of these operators, say a; and a;r , is
used in this case.

2.3 Comments on Gauge Fields

Consider now theories with a degenerate relativistic inner product. The degener-
acy means that there are classical solutions & for which the product with any other
solution f vanishes identically, (f,&) = 0. Such a situation happens in theories
where gauge fields are dynamical variables and we call £ gauge modes. The ex-
amples are the Maxwell and Yang-Mills models (the model (1.75) for M =0 and
the model (1.77), respectively). In both models the classical action and equations of
motion are invariant with respect to the gauge transformations ¢ f = &. For Yang-
Mills fields and other fields with non-linear dynamics this property applies to small
perturbations which are described by linear equations.
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The gauge modes are unphysical degrees of freedom because they do not con-
tribute to physical quantities. In contrast, one can define physical modes as solutions
f with a non-vanishing norm ( f, f) # 0. Modes related by a gauge transformation,
f and f: = f 4 &, are physically equivalent. One says that they belong the same
orbit of the gauge group.

Consider classical functionals introduced in Sect. 2.2. In the case of gauge theo-
ries, let us require that ¢[ f] acts on a set of all physical modes and does not vanish
identically on this set. By their definition, the functionals ¢[ f] are gauge invariant,
o[ f1= ol fe], thus, one can also say that they are defined on the orbits of the gauge
group.

When going to quantum theory one replaces classical functionals with operator
functionals @[ f] also acting on the orbits. Introduction of the gauge invariant oper-
ators is justified because the r.h.s. of the commutation relations (2.18) is gauge in-
variant. Such quantization approach can be called “quantization in physical modes”.

Instead of working with an orbit it is more convenient to choose one of its rep-
resentatives, a particular mode by requiring that the mode obeys certain conditions.
This is called a gauge fixing procedure. The fact that gauge conditions eliminate the
gauge freedom implies that their solutions intersect each orbit of the gauge group
in exactly one point. Generically, such conditions cannot be chosen globally on the
whole space of the fields, but, since we are working with small fluctuations only, it
is not a problem.

Let us illustrate the method by using a pure Maxwell theory. The gauge modes
here have the simple form, &, = 9,1, where the gauge parameter A is a sufficiently
smooth function. For any potential A, there is a gauge parameter A such that after
the corresponding transformation the potential satisfies the so-called Lorentz con-
dition V* A, = 0. This condition does not eliminate the gauge freedom completely
because it is invariant under the transformations where the gauge parameter is a
solution to equation V2 = 0. This extra freedom is fixed by requiring that some
components of the potential are vanishing, for example, that Ao = 0 (on classical
solutions). This means that the number of physical degrees of freedom of a photon
in n dimensions is n — 2. For a theory in Minkowski space-time the above conditions
can be written as Ag = 8’ A; = 0. This confirms the fact that the physical degrees of
a photon are two polarizations orthogonal to the spatial momentum.

Once the gauge is fixed and physical modes are chosen one can proceed as in
Sect. 2.2. In particular one can introduce (gauge invariant) creation and annihilation
operators by Eq. (2.23), require decomposition (2.24), and finally define local field
operators (2.25) in the given gauge.

In the rest of the book this procedure will be implied but not actually used. One
just needs spectra of physical modes to calculate corresponding spectral functions,
see Chap. 7, and show that calculation of physical quantities does not depend on
the choice of the gauge conditions. “Quantization in physical modes” can be re-
lated to standard methods and attributes of quantum gauge theories, such as the
Faddeev-Popov quantization etc., which are more convenient in interacting theo-
ries. We shall briefly comment on this in Sect. 7.8. More intuition on gauge models
can be acquired from Exercises 2.6, 2.9, 2.10.
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2.4 Canonical Quantization

In quantum mechanics one imposes canonical commutation relations
lg,x]1=ih (2.29)

between the canonical coordinates g and their respective momenta 7. The general
scheme of quantization of free fields introduced above is equivalent to canonical
quantization. The canonical momenta 7 are defined by the variational derivative
8L

8¢ (x)
of the Lagrangian .. Here ¢ denotes the time derivative and, therefore, the defini-
tion of the momenta depends on the choice of the coordinate system. If ¢ is a time
coordinate the Lagrangian in this system is defined as the density of the classical
action, I = [dt Z.

Let us demonstrate equivalence of the two quantization procedures for the scalar
field model (1.68) in Minkowski space-time. For a complex scalar field there are two
sets of canonical coordinates and conjugate momenta, ¢, ¥ =¢* and ¢, 7" = ¢.
Let us fix an inertial frame of reference with the coordinates x* = (¢, X) and choose
Y as a constant time hypersurface ¢ = const. On X

(f1, LYy =i(fi, ) —i(f1, f), (2.31)

where (f1, f2) is an inner product in the Hilbert space LZon X

7(x) = (2.30)

(f1, f) = /ddx 1) (). (2.32)
From (2.31) one gets

o(f) =i(fi, §) —i(fir @) =i (fi, 77) — i (fi, 9). (2.33)

It should be emphasized that fi (¢, x) and fk (t,x) at t fixed represent indeppndent
variables, the Cauchy data for the solutions fi(x). If one chooses f| = fo =0,
Egs. (2.18) and (2.33) imply the commutation rules

[(f1.9), (f5, M) =ih(fi, o) and [p(X),7(y)]=ihs(x—y), (2.34)

which coincide with (2.29). In the same way one gets other commutators between
canonical variables.

In Minkowski space it is easy to construct normalized “modes” fl.(i). One of
such examples is the so-called plane waves

1
V2wp (2712

f;g_) (x) = (flg'H (x))*. The vector p € R? is the momentum of the mode, wp =
(p? +m?)/? is the energy. It can be checked, that (2.35) are properly normalized,

R = e~opiipy, (235)

(fE 1) =+8( — k). (2.36)
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The operators

at@=—(fi".0").  bTE=—(f"9) (2.37)

are creation operators for particles and anti-particles with fixed energies and mo-
menta.

In the solutions (2.35), a transition from one inertial frame to another generates
a covariant transformation of quantities (wp, p) as components of a four vector p*.
This means that (2.35) is a universal set of modes (plane waves) for all inertial ob-
servers. This also implies that for all such observers the vacuum state |0) is unique.

2.5 Quantum Theory on Stationary Backgrounds

Suppose that external classical background fields are stationary, i.e., there is a coor-
dinate system x* = (¢, x) where the background fields do not depend on the time
coordinate ¢. In this case the energy of an isolated system is conserved. There are
two definitions of the energy which can be found in the literature. One is determined
in terms of the stress-energy tensor (1.22),

E:/ Tt"dx”, (2.38)
)

where t# is the Killing vector field which generates translations along the time coor-
dinate ¢. The integral is taken over a space-like surface X (which can be chosen as a
surface of constant time). Another definition of the energy is known as the canonical
energy or the Hamiltonian,

H= Zfd x¢,—_—L (2.39)

where L is the Lagrangian of the system and ¢; is a set of dynamical variables
together with its time derivatives ¢; = 9;¢;. Definition (2.39) implies that the La-
grangian does not contain time derivatives higher than the first order. It can be shown
[122] that £ and H differ by a surface term which vanishes under the suitable
boundary conditions, see an example in Exercise 2.11.

If the background is stationary the classical canonical energy H|[ f] computed for
a solution f to the equation of motion (2.1) can be represented as

H[f]= %((f, A+ . (2.40)

For theories with a real (Hermitian) fields one finds

H[f]= %(f, ). (2.41)

We leave the proof of these statements in different models for Exercise 2.8.
An important property of the theory on a stationary background is that the time
variable is separated. As a consequence, one can introduce a special set of solutions
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to (2.1) which are the eigenfunctions of the operator i d;,
id ) (x) = 0 £ (x). (2.42)

We assume that a)gi) > 0. Thus, “4” and “—" modes are eigenfunctions of i,

with positive or negative eigenvalues, respectively. The numbers a)fi) determine the
spectrum of single-particle excitations and are called the single-particle energies.

The spectrum of single-particle energies is determined by an eigenvalue problem
which follows from (2.1). For integer spin fields the operator P (d;, dx) is a second
order partial differential operator. For these fields (2.1) is reduced to

(Pow” + Piw+ P) fo(x¥) =0, (2.43)

where Py is a k-th order differential operator. For spin 1/2 fields the problem like
(2.43) is obtained by taking the square of the Dirac equation (1.74). The operators
Py do not commute between each other in general. Equation (2.43) is a non-linear
spectral problem which is discussed in Chap. 6.

The normalization constant in the relativistic product is chosen such that the en-
ergies of elementary field excitations (described by fi(i)) coincide with frequencies
of the modes. To see this for complex fields, we first use (2.40) and (2.42) to get

HIf 1= 20 (£, £5). (2.44)

Then the cases of Bose and Fermi statistics are considered separately.

Bose Statistics  If the normalization condition (2.20) is satisfied, Eq. (2.44) yields
HIfFP1=0®. (2.45)

This equation implies that H[ ] > 0, which may not be the case in general. In static
space-times (when the Killing field # is orthogonal to constant time hypersurfaces)
one can guarantee positivity of H for systems whose stress-energy tensor satisfies
the so-called weak energy condition [156]. The condition requires that 7),,u*u" > 0
for any time-like vector u*.

The energy operator is constructed from its classical analog H when classical
fields are replaced with corresponding operators. Substitution of (2.25) in (2.40) and
using commutation relations (2.26) yields the quantum Hamiltonian in the following
form:

)+ =)+
H:Za)i a; ai+ij bTbj + Eo. (2.46)
i J
The constant Ej in the r.h.s. of (2.46) is given by an infinite series
h b )
E0=§Zwi +EZ‘“J . (2.47)
i J

The result, as expected, is equivalent to the energy of an infinite number of har-

monic oscillators. In field theory, the series (2.47) diverge and require a regulariza-
tion (a cutoff) at large frequencies a);i). One finds with the help of (2.27) that the
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ground state is the eigenvector of the energy operator, H|0) = E|0). For this reason
Ey is called the energy of zero-point fluctuations or the vacuum energy. The vacuum
energy will be a special subject of Chap. 9.

Hermitian Bose fields are considered in the same way. In this case there is a
single sort of creation and annihilation operators, say al.+ ,a; and the single type of

frequencies, w; = a)l+ = w; . Therefore,
H= Za)ia?‘ai + Eo, (2.48)
i
Ep=23 (2.49)
0 A i
l

To get (2.48) one has to use Eq. (2.41) for the energy.

Fermi Statistics  If the normalization condition (2.21) is satisfied, it follows from
(2.44) that

HIfP=+0™®. (2.50)

Thus, the classical energy is negative for modes with negative frequencies. On the
quantum level contributions of negative and positive frequency modes to the en-
ergy have equal forms and signs because of Fermi statistics. When one uses anti-
commutation relations (2.26) the energy operator looks as follows:

H=Y oPafa+) o bb;+ Eo. (2.51)
- :

J
I h
(+) =)
R SN a5
i J

The negative constant Ej is the vacuum energy.

Relation to Classical Mechanics =~ We finish this section with the following com-
ment. The relativistic product (2.9) is a structure which appears already in the clas-
sical mechanics for a finite number of degrees of freedom. Consider a system of N
variables g () whose evolution is described by the Hamilton equations. One can
find the corresponding canonical momenta pi(¢) and define the following symplec-
tic form [224]:
N
Qq1, p1i g2, p2) =i Y (@) pax() — pra()g2i(®)), (2.53)
k=1
where (g; k, pi.x) are solutions to the Hamilton equations for the given system. One
can show that 9;2(q1, p1; g2, p2) = 0 and check that the canonical energy com-
puted on a solution g () can be written as [224]

Hlgl=i(q.3:q). (2.54)
Thus, (2.53) is an analog of product (2.9), while (2.54) is an analog of (2.40).
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2.6 Green’s Functions
In this section we introduce a number of the so-called two-point Green’s functions.

Consider as an example a scalar field ¢ in the Minkowski space-time. The equation
of motion is, see (1.69),

(—0,8" + m?)p(x) =0. (2.55)

With the help of local field operators (2.25) one can define the following functions:
GT(x, x") = (0lp(x)e™ (x")]0), (2.56)
G~ (x,x) = (Olg™ () (x)]0), (2.57)
iG(x,x")=[px), ot (=Gt (x,x") = G~ (x,x"), (2.58)
GV, x) = Olp()p* () + ¢t (NpI0) = G (x, ) + G~ (x, ), (2.59)
iGF(x,x)=0(0 —1)G (x,x)+0(1 —1t)G (x,x)), (2.60)
Gr(x,x)=—-0@ —t)G(x,x), (2.61)
Galx,x)=0(t' —)G(x,x)). (2.62)

Here 6(x) is a step function, 6(x) = 1 for x > 0 and 6 (x) = 0 for x < 0. The names
of the functions are the following: Gt and G~ are the Wightman functions, G is the
Pauli-Jordan function, GW is the Hadamard function, G F is the Feynman function
(or the Feynman propagator), G g, G 4 are retarded and advanced Green’s functions,
respectively.

Since the field operators obey (2.55) the Green’s functions are solutions to similar
homogeneous or inhomogeneous equations. For instance, it follows from (2.58) that

(=0,0" +m*)G(x,x") =0, (2.63)

where the differential operator acts either on the argument x or x’. The same equa-
tion holds for G—, G, and GV For the Feynman function one finds

(—0,0" +m*)Gr(x,x") =8"(x —x), (2.64)

where §™ (x — x’) = 8(t — t')8(x — X/). To get the r.h.s. of (2.64) one has to take
into account canonical commutation relation (2.34), see Exercise 2.12.

Equations (2.25), (2.26) can be used to rewrite the Green’s function in terms of
single-particle modes. For instance, for the Wightman and the Pauli-Jordan func-
tions one gets

G (x,x) = Olp)eT ()10 =Y £ (P, (2.65)

G (x,x") = (0lpT (Ne)I0) = > (£ N £ (o), (2.66)
J

G, x) =Y PO @) =Y @ T W, 267
i J

1

Other Green’s functions can be expressed similarly.
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The same representations, (2.65)—(2.67), hold for theories in arbitrary back-
ground fields. The Green’s functions (except for the Pauli-Jordan function which
is determined by the commutator) depend on the choice of the vacuum state.

By using (2.65)—(2.67) one can show that the Green’s functions above have sin-
gularities on the light cone (x — x")*(x — x'),, = 0. There may be singularities of
different types: power or logarithmic singularities, delta-function-like singularities
or discontinuities.

It is instructive to give explicit expressions for Green’s functions for a mass-
less scalar field in a four-dimensional Minkowski space-time. The modes are de-
fined by (2.35) with d = 3 and m = 0. Due to translation invariance of the
Minkowski space-time the Green’s functions depend on the difference of the argu-
ments, G(x,x") = G(0, x’ —x) = G(x’ — x). A straightforward computation yields
for the Wightman functions, see Exercise 2.16,

1
4r2s?
where x = (¢, Xx), §2 = s2(x) = —12 + x? is the invariant interval between x and 0,
and e(t) = 6(t) — 0(—t) is the sign function. With the help of (2.58), (2.59), (2.60),

and (2.68) one gets the following expressions for the Pauli-Jordan, the Hadamard,
and the Feynman functions:

GT(x)= + ﬁe(l)a(sz), (2.68)

G(x)= Lg(r)a(sz), (2.69)
2
My —
GVx) = 722 (2.70)
i 1,

The Pauli-Jordan function (2.69) vanishes outside s = 0. For massive fields it van-
ishes under weaker conditions, if the interval is space-like, s>(x) > 0. This means
that the field operators in causally disconnected points commute. Such a property
holds in general, see Exercise 2.18.

2.7 Computation of Averages

The two-point Green’s functions play an important role in physical applications.
They are used in perturbation methods in quantum theories of interacting fields, see
discussion in Sect. 7.7. Here we describe how the Green’s functions can be used to
find expectation values of operators corresponding to physical observables.

As an example, consider the vacuum expectation value for the stress-energy ten-
sor of the scalar field discussed in the previous section. The classical stress-energy
tensor in this model is, see (1.70),

Ty = 28,0* 309 — Nuu(3:9*3% @ +m>p* ). (2.72)
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In quantum theory the stress-energy tensor becomes an operator which is obtained
from (2.72) by replacing classical fields with the corresponding operators. The vac-
uum average (0]7},,]0) suffers from divergences which appear in the averages of
products of field at coinciding points, like in (0] (x)@(x)|0). Such averages are re-
lated to the Wightman function (2.56) which, as we have seen already, is singular
when its arguments coincide.

To deal with the divergences one uses the so-called point-splitting method. For
example, the regularized average of the stress-energy tensor can be defined as

(01T} (0)]0) = xl/ii)nx(0|2au(p+(x/)8vg0(x) — N (BT ()37 (x)
+m*et (x)p(x))|0). (2.73)

Here x and x’ are close points, such that x — x’ is not light-like. This expression can
be also written in terms of the Wightman function

(01T v (x)10) = xl,iglx[%,ﬂau — (95,07 +mHIG (¥, x), (2.74)

where 9, = 9/dx" and 9), = 3/3(x")*. In the limit x" = x the singularities of the
Wightman function result in singularities of the average (2.73). The singular terms,
however, can be separated from the finite ones and subtracted. The physical justifi-
cation for this operation, which is called a renormalization, is explained in Sect. 7.5.
The example of computation based on formula (2.74) is given in Exercise 9.1 to
Chap. 9.

For non-interacting fields the point-splitting method is quite general. Consider a
local classical quantity & which is, like the stress-energy tensor or gauge currents,
a quadratic polynomial of the field variables ¢ and its derivatives up to the second
order. It can be written as a coincidence limit

O(x) = lim Dap(x, x)p* (x)p” (x), (2.75)

where D4 (x, x) is a bi-differential operator, A and B are field indices. In quantum
theory the average value of the observable & is determined by using (2.75)

(0(0) = lim Dag(x, x) (@ (1)g" (), (2.76)

where, as before, the correlator ((pA (x)goB (x)) can be expressed in terms of a two-
point Green’s function. The physical quantity is obtained from (2.75) after subtract-
ing the divergent parts. The operator D4 g (x, x") corresponding to a given & may be
non-unique. It is not a problem if different definitions after subtracting divergences
yield the same result.

There is an alternative method of computing the averages of operators which is
based on using the effective action and is our main interest. We shall return to this
issue in Chap. 7.



44 2 Quantum Fields
2.8 Quasinormal Modes

In constructing a quantum theory along the lines of previous sections one may en-
counter solutions to wave equations (2.1) which look similar to the single-particle
modes but have nothing to do with quantum excitations. One type of such modes
has a vanishing norm. This may happen because the modes have zero frequency or
they are related to pure gauge degrees of freedom, see Exercise 2.6.

In this section we describe another type of classical solutions, the so-called quasi-
normal modes. Although these modes have complex frequencies and are not normal-
izable they carry important information about physical properties of the system. As
an example we consider a two-dimensional scalar field model with the wave equa-
tion

(82 — 82+ V(x)e(t, x) =0. 2.77)

It is assumed that —0co < x < oo and the “background field” is described by a “po-
tential” V (x). We suppose that V (x) is a smooth bounded function with a compact
support, such that V(x) =0 if |[x| > b > 0.

The spectrum of single-particle energies related to eigenvalues of the operator
—8% + V has a continuous part, and it is the only part if V(x) > 0. How can com-
plex frequency modes appear in this problem? Suppose that a solution to (2.77)
is determined at some initial moment, say at t = 0, by the Cauchy data, ¢(0, x),
3:¢(0, x), which have a compact support. The quasinormal modes appear when one
studies asymptotic of ¢ at late times.

Let us start with construction of a general solution to (2.77). We use the Laplace
transform

x (A, x) =/ e Mo(t,x)dt, (2.78)
0

which enables us to represent the solution in the integral form

1
(p(t,x)zﬁfcemx(k,x)dk. (2.79)

The contour C in the complex plane goes parallel to the imaginary axis such that
N A =a > 0. The function x (A, x) is defined through a one-dimensional problem

(2 =82+ V)X (k. x) = j (. x) (2.80)
with a “source” determined by the Cauchy data,
J, x)=09;¢(0, x) + 2p(0, x). (2.81)

To get (2.80) from (2.77) one has to start with the Laplace transform of 8,2g0 and
integrate by parts

o0
/ e Mot x)dt =22 x (b, x) — j (X, X). (2.82)
0
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The solution to (2.80) can be written with the help of a Green’s function G, (x, y)

x (&, x) =/ dy G;.(x, y)j (A, y), (2.83)

()»2—33+V(x))G;L(x,y)=8(x—y). (2.84)

The differential operator in (2.84) does not depend on time. We shall describe a
method how to construct G, (x, y) in a way which differs from the procedure ap-
plicable to time-dependent Green’s functions (2.65)—(2.67). Consider the homoge-
neous equation

(W2 =82+ V ) f(rx)=0. (2.85)

A pair of independent solutions to (2.85), fk, can be determined by their asymptotic
behavior at x — +o00. Because V (x) =0 for |x| > b one can choose the following
asymptotics

fi,x)~e™™ x> b, (2.86)
HOx) ~et™ x < —b. (2.87)
The Wronskian of the system

1
W) = E(fz/()hx)f] (k%) = f{(h, %) 2 (A, X)), (2.88)

does not depend on the coordinate x and is not vanishing on independent solutions,
W (1) # 0. One can check (see Exercise 2.21) that a solution to (2.84) can be written
as

&.(x, )
Galx.y) = :
HMEITE T (2.89)
8.(x,y) =0(x —y) fi(h, x) f2(A, y) +0(y — x) f1 (&, ¥) f2(A, x).

It can be shown that the Laplace transform x (X, x), see (2.78), is uniquely de-
termined for i A > 0 by (2.83), (2.89) and is a bounded function provided that the
Cauchy data (the “source” j (A, x)) have a compact support.

The way how one can determine the late time behavior of the solution ¢(z, x)
provided that its initial perturbation is localized in a finite region is the following.
Consider representation (2.79) and use (2.83), (2.88) to get

1o Y)
go(t,x):E[ dyfcdxe“%m\,y). (2.90)

Because ¢t > 0 one can add to the contour C a semicircle lying in left half of the
complex plane. Then integration in (2.90) is equivalent to integration over a closed
contour and can be performed by using the Cauchy theorem. If W (1) have complex
zeros Ax (M Ax < 0) the contour integral in (2.90) acquires contributions from the
residues of 1/ W (L) at Ax. At late ¢ the main contribution to (2.90) is determined by
the pole Ao with the smallest real part |9 Ag|. Therefore, at late ¢

(1, x) = ™0y (x), 2.91)

where ¢ (x) is some function.
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It can be shown that for positive potentials V (x) with a compact support the
Wronskian always has a countable number of zeros. The idea behind finding these
zeros is quite simple. If W (1) = 0 the corresponding solutions, fi (A, x), are not in-
dependent. Suppose that for a certain complex value A (R A > 0) the wave equation
(2.77) allows for a solution, f (A, x), which has both asymptotics, f (A, x) ~ eT*x
at x — Foo. It then follows from (2.86), (2.87) that A is one of the zeros of the
Wronskian.

Such solutions f (A, x) are called the quasinormal modes. The complex num-
bers A which are the zeros of the Wronskian are called the quasinormal spectrum.
The ringing frequencies of a bell, which can be heard, are related to the quasinor-
mal spectrum. The inverse of [N A¢| yields the lifetime of the main overtone which
decays the last.

Let us emphasize once again that quasinormal frequencies despite their physical
importance are not eigenvalues of the operator —8)% + V because the corresponding
modes are not normalizable.

2.9 Literature Remarks

Commutation relation (2.18) of free fields on a gravitational background has been
used by a number of authors, see e.g. a pioneering paper by Chernikov and Tagirov
on quantum theory in de Sitter space-time [65]. An alternative way would be to
postulate, by following DeWitt [77], the local commutation relations as

[p(x), T (N =iG(x,x"),

where G (x, x’) is the Pauli-Jordan function which can be defined in classical theory
by Eq. (2.67). This scheme of quantization is manifestly covariant and is equivalent
to (2.18) on globally hyperbolic space-times.

A quantization procedure of fields of different spins in Minkowski space-time
along with properties and singularity structure of Green’s functions is described in
detail in the classical book by Bogoliubov and Shirkov [40]. Among the modern
monographs on quantum field theory we mention the book by Peskin and Schroeder
[205] and the book by Weinberg [253].

Quantization of gauge theories and constrained dynamics is presented in many
books, see e.g. [108, 137]. We should note that a method of “quantization in physical
modes” discussed in Sect. 2.3 may fail on some curved backgrounds, see e.g. [105,
242]. Although what is described in Sect. 2.3 and later in Sect. 7.8 is enough to
demonstrate applications of the spectral theory to different problems with quantum
gauge fields.

Quasinormal modes encode important characteristics of frequencies and life-
times of gravitational waves emitted at late stages by a black hole after its per-
turbation, see more on this subject in the book by S. Chandrasekhar [62]. A recent
review of quasinormal modes of stars and black holes can be found in [171, 173].
Possible role of quasinormal modes in quantum gravity theory is discussed in [160].
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There are several reasons why we do not discuss in this book higher-spin fields
(spins 3/2, 2 and etc.). The main reason is that we study here the Lagrangian field
theories while a problem of a Lagrangian formulation for higher spin fields is open
in general and details in its resolution are still missing. Classical free Lagrangian
higher spin field theories in Minkowski space-time were formulated in the middle
of 70th of the last century. However, coupling of these fields to arbitrary exter-
nal backgrounds or interaction among higher spin fields faces the problem of con-
sistency. A consistent interacting massless spin 2 field theory is general relativity,
non-contradictory interacting massless spin 3/2 and 2 fields enter in supergravity.
At present, there exists Lagrangian formulation for massless and massive arbitrary
higher spin fields in anti de Sitter (AdS) space-time. Besides, spin 3/2 and 2 field
Lagrangian formulation exists in the Einstein space. As for general higher spin in-
teraction, it seems that Lagrangian formulation should include an infinite tower of
all higher spin fields (like in string theory) and it is not so clear how to quantize
such theories. The higher spin fields in the AdS space can be quantized by standard
methods and, in principle, the mathematical techniques which are considered in this
book can be applied to study an effective action in this case. As far as we know, such
a consideration has never been carried out in general, besides spin 3/2 and 2 fields.

Recommended Exercises are 2.5, 2.6, 2.8, 2.10, 2.16.

2.10 Exercises

Exercise 2.1 Prove that the integral Q = |, 5 dXH j, on a hypersurface X does not
change under smooth local transformations X if V#j, = 0.

Exercise 2.2 Consider the following linear combination of single-particle modes
(£)
£

1

FO = O+ A, 29
k p

F7 =2 e 57+ 085, 1 293)
k p

+ +
where al.(k ) and ,Bi(p ) are some complex numbers.

1) Find relations between a,.(ki) and ,Bl.(pi ) which guarantee that fi(i) form another
set of single-particle modes which satisfy (2.19)—(2.21).

2) Find a transformation from creation and annihilation operators determined by
modes fi(i) to creation and annihilation operators determined by modes fi(i)
(this transformation is called the Bogoliubov transformation after N.N. Bogoli-
ubov who introduced it in the theories of superfluidity and superconductivity).

3) Calculate the number of particles of the new sort in the vacuum state (2.27).
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Exercise 2.3 Consider free scalar field model (1.69) in a general gravitational and
gauge background. Prove that the general quantization scheme presented in Sect. 2.1
coincides with the canonical quantization.

Exercise 2.4 Consider a theory of free quantum fields on a globally hyperbolic
space-time .Z . Prove that the quantization condition (2.18) implies that

[p(x1), T (x2)]+ =0 (2.94)

when points x| and x, are on a Cauchy surface ¥. By the definition of ¥ (see
Sect. 1.6) such points are casually independent.

Exercise 2.5 Consider a vector field action
1
I[A, g]l= -3 / d"x /—g(VyA V'A¥ + R, AHAY + MZAMA“), (2.95)

where R, is the Ricci-tensor of the background metric. What is the difference
between this model and model (1.75)? Why quantization of (2.95) yields a theory
with unphysical properties?

Exercise 2.6 What is the difference between the massive and massless vector mod-
els (1.75)? Note that the massless model is the Maxwell theory in a vacuum. Identify
physical degrees of freedom in the Maxwell theory.

Exercise 2.7 Prove that the norm (¥, ¥) of c-number valued (non-Grassmann)
spinor fields defined on a smooth space-like hypersurface by (2.9), (2.11) is pos-
itive. Prove the following property:

(Ui, ¥3) = (Y2, ¥1), (2.96)

where ¢ denotes a charge conjugated spinor, see (1.66). If | and ¥, are Grass-
mann fields, a minus sign appears in the equation above.

Exercise 2.8 Derive formulae (2.40), (2.41) for the canonical energy in station-
ary backgrounds for models of scalar (1.68), spinor (1.73), vector (1.75), and non-
Abelian gauge fields (1.79).

Exercise 2.9 Let w; be the spectrum of single-particle energies in a field model on
a stationary background. One can define a spectral function

where f(x) is some smooth function which decays fast enough to ensure conver-
gence of the series. One of the examples of the spectral function is the regularized
vacuum energy, see (2.47), where f(x) =x/2 (f(x) =0 for x > a where a is a
regularization parameter). Other examples are studied below.

Find a relation between the spectral functions of the vector models (1.75) and
(2.95). Consider both massive and massless cases.
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Exercise 2.10 Consider a theory of linear order perturbations A, of a SU(N) gauge
field over the background field B, where B, is a static solution to Yang-Mills
equations (1.78). The equations for the perturbations are (1.79).

By analogy with the Maxwell theory, see Exercise 2.6, study the single-particle
spectrum w; of the perturbations in the Lorentz-like gauge [D*, A,] = 0. Find a
representation of the spectral function (2.97) in this gauge in terms of the spectral
functions of some unconstrained fields.

Exercise 2.11 Consider a model of a real scalar field with the so-called non-
minimal coupling between the field and the curvature scalar

1
I=—3 / d"x /g3 9d,0 + m*@* + ER@?). (2.98)

By using definitions (2.38), (2.39) calculate the energy and the Hamiltonian for this
model on a static background. Find the difference between the two quantities and
show that it is reduced to a surface term.

Exercise 2.12 Prove the equation
(=8, 0" +m*)Gp(x,x)=8"(x —x)
for the scalar Feynman function in Minkowski spacetime, see Sect. 2.6.
Exercise 2.13 Consider a massless field on a circle, i.e. field in two-dimensional

space-time which obeys the periodic condition in spatial coordinate, ¢ (¢, x + 1) =
@(t, x). Prove that the Wightman function for this model has the form

| .
GO =~ |:1n<—4 sin % sin %) n %a(u + v)j|, (2.99)

where a =2n/l, x* = (t,x),u=t —x,v=t+x and Jt =€ > 0.

Exercise 2.14 Get the following expression for the Wightman function of the mass-
less two-dimensional field on an interval of the length /:

GtxH, (x"H) = 1 In

2.100
4 ( )

cosaAt —cosa(x +x')
cosaAt —cosa(x —x') |’

where a = /1l and At =+ —t, 3t’ > 0. The boundary condition for the field is
@, 1) =9(,0)=0.

Exercise 2.15 By using explicit expressions for the Wightman functions (2.99),
(2.100) derive canonical commutation relation for the massless scalar field on a
circle and on an interval.

Exercise 2.16 Prove expressions (2.68) for the Wightman functions of a massless
scalar field in four-dimensional Minkowski space-time.
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Exercise 2.17 Consider a massive scalar field in four-dimensional Minkowski
space-time. Show that the Feynman, advanced and retarded Green’s functions can
be defined in the so-called momentum representation

e—i px

4(0 )—Lfd“ B (2.101)
= r | P e m? '

where each of these functions is specified by a prescription how to pass the poles
in the denominator. The following notations are used in (2.101): p is a four-
dimensional momentum, p = (po, p), px = —pot + px, p> = —p(z) +p>.

Find also analogous prescription for the Wightman and Pauli-Jordan functions.

Exercise 2.18 By using results of Exercise 2.17 demonstrate the Lorentz invariance
of Green’s functions.

Exercise 2.19 Consider the Cauchy problem
(9,0 +mP)p(x) =0, 2.102)

P(X)]i=0 = 1(x), () |i=0 = p2(x). (2.103)

Show that a solution to (2.102), (2.103) can be written with the help of the Pauli-
Jordan function,

o(x) = / dy[3, G(x, Ml =001 () — G, Mooz (] (2.104)

Exercise 2.20 By using the point-splitting method, see (2.76), define the average
value of the electric current for scalar and spinor field models (1.68), (1.73) in
Minkowski spacetime. For the classical current use the definition (1.71).

Exercise 2.21 Consider Eq. (2.84) for a one-dimensional Green’s function G (x, y).
Let fx(A, x) be two independent solutions to the homogeneous equation (2.85) and
W (L) be their Wronskian (2.88). Demonstrate that the Green’s function can be
written as

1
Gx,y)= m(é’(x =1 x) ok, y) +0(x —y) ik, y) f2(A, x)). (2.105)
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