2

Coordinate systems

The practical description of dynamical systems involves a variety of coordinates sys-
tems. While the Cartesian coordinates discussed in section 2.1 are probably the most
commonly used, many problems are more easily treated with special coordinate sys-
tems. The differential geometry of curves is studied in section 2.2 and leads to the
concept of path coordinates, treated in section 2.3. Similarly, the differential geome-
try of surfaces is investigated in section 2.4 and leads to the concept of surface coor-
dinates, treated in section 2.5. Finally, the differential geometry of three-dimensional
maps is studied in section 2.6 and leads to orthogonal curvilinear coordinates devel-

oped in section 2.7.

2.1 Cartesian coordinates

The simplest way to represent the location of a
point in three-dimensional space is to make use
of a reference frame, F = (0,7 = (71, 72, 73)].
consisting of an orthonormal basis Z with
its origin and point O, as described in sec-
tion 1.2.2. The time-dependent position vector
of point P is represented by its Cartesian coor-
dinates, 1 (t), x2(t), and z3(t), resolved along
unit vectors, 71, 22, and 73, respectively,

r(t) = x1(t)in + x2(t)i2 + 23(t)23, (2.1)

where t denotes time. Figure 2.1 depicts the sit-

Fig. 2.1. Cartesian coordinate system.

uation: Cartesian coordinate x1 = 77 7 is the projection of the position vector of point
P along unit vector 7;. Similarly, Cartesian coordinates x; and x2 are the projections
of the same position vector along unit vectors 72 and 73, respectively.

The components of the velocity vector are readily obtained by differentiating the
expression for the position vector, eq. (2.1), to find
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v(t) = @1 (t)oy + B2(t)i2 + @3(t)1s = vi(t)n + v2(t)i2 + vs(t)is. (2.2)

The Cartesian components of the velocity vector are simply the time derivatives
of the corresponding Cartesian components of the position vector: vy (t) = @1 (t),
(%) (t) = i‘g (t), and V3 (t) = i’3 (t)

Finally, the acceleration vector is obtained by taking a time derivative of the
velocity vector to find

a(t) = &1(t)n + E2(t)i2 + Z3(t)13 = axr(t)in + az(t)ia + az(t)s. (2.3)

Here again, the Cartesian components of the acceleration vector are simply the
derivatives of the corresponding Cartesian components of the velocity vector, or the
second derivatives of the position components: a1 (t) = 01(t) = &1(t), a2(t) =
1')2 (t) = .fg(t), and ag(t) = @3(t) = i‘3(t).

Cartesian coordinates are simple to manipulate and are the most commonly used
coordinate system in computational applications that deal with problems presenting
arbitrary topologies. On the other hand, several other coordinate systems, such as
those discussed in the rest of this chapter, are often used because they can ease the
solution process for specific problems. In such cases, a specific coordinate system is
used solve a specific problem. For instance, polar coordinates are very efficient to
describe the behavior of a particle constrained to move along a circular path.

2.2 Differential geometry of a curve

This section investigates the differential geometry of a curve, leading to the concept
of path coordinates. Both intrinsic and arbitrary parameterizations will be consid-
ered. Frenet’s triad is defined and its derivatives evaluated.

2.2.1 Intrinsic parameterization

Figure 2.2 depicts a curve, denoted C, in three-
dimensional space. A curve is the locus of the points
generated by a single parameter, such that the posi-
tion vector, Dy of such points can be written as

Py = P,(5), 24

where s is the parameter that generates the curve.
If parameter s is the curvilinear coordinate that
Fig. 2.2. Configuration of a measures length along the curve, it is said to
curve in space. define the intrinsic parameterization or natural
parameterization of the curve.

Frenet’s triad

A differential element of length, ds, along the curve is written as ds? = dpgdpo,

and in follows that (dp, / ds)T (dp,/ds) = 1. The unit tangent vector to the curve is
defined as
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_dp
t= 0. 2.5
ds (2.5)
By construction, this is a unit vector because Ty =1.
Taking a derivative of this relationship with respect to the curvilinear coordinate
leads to 7'd#/ds = 0. Vector d#/ds is normal to the tangent vector. The unit normal
vector to the curve is defined as

dt
n = 2.6
=0 2.6)
where p is the radius of curvature of the curve, such that
1 dt
= . 2.7
L=l @)

The quantity 1/p is the curvature of the curve, and p its radius of curvature. The two
unit vector, ¢ and 71, are said to form the osculating plane of the curve.

An orthonormal triad is now constructed by defining the binormal vector, b, as
the cross product of the tangent by the normal vectors,

b=tn. (2.8)

The unit tangent, normal, and binormal vectors form an orthonormal triad, called
Frenet’s triad, depicted in fig. 2.2.

Derivatives of Frenet’s triad

First, the derivative of the normal vector is resolved in Frenet’s triad as dn/ds =
at + Bn+~b, where a, 3, and v are unknown coefficients. Pre-multiplying this rela-
tionship by 7’ yields 3 = nf'df/ds = 0, because 7 is a unit vector. Pre-multiplying
by tT yields a = tT'dn/ds = —nldt/ds = —1/p, where eq. (2.6) was used. Fi-
nally, pre-multiplying by b7 yields v = b%'dn/ds = 1/7. Combining all these results
yields

=—"1t+ b, (2.9)
ds P T
where 7 is the radius of twist of the curve, defined as
1 —,dn
=57 " (2.10)
T ds

Next, the derivative of the binormal vector is resolved in Frenet’s triad as
db /ds = ot + B+ vl_), where «, 3, and ~y are unknown coefficients. Pre-multiplying
this relationship by b7 yields v = b”db/ds = 0, because b is a unit vector. Pre-
multiplying by 7 yields o = t'db/ds = —b"dt/ds = —b"7/p = 0. Finally, pre-
multiplying by 7’ yields 8 = n”7db/ds = —b"dn/ds = —1/7, where eq. (2.10)
was used. Combining all these results yields

=— n. (2.11)
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It follows that the twist of the curve can also be written as

(2.12)

If the binormal vector has a constant direction at all points along the curve,
dE/ ds = 0, and the curve entirely lies in the plane defined by vectors ¢ and 7, i.e.,
the osculating plane is the same at all points of the curve. The curve is then a planar
curve, and eq. (2.12) implies that 1/7 = 0, i.e., the twist of the curve vanishes.

The derivatives of Frenet’s triad can be expressed in a compact manner by com-
bining egs. (2.6), (2.9), and (2.11),

4 (7 0 1/p 07 (¢
d ne=|-1/p 0 1/7| 47 (2.13)
b 0 —1/7 0 b

2.2.2 Arbitrary parameterization

The previous section has developed a representation of a curve based on its natural
or intrinsic parameterization. In many instances, however, this parameterization is
difficult to obtain; instead, the curve is defined in terms of a single parameter, 7, that
does not measure length along the curve, see fig. 2.2. The position vector of a point
on the curve is now Py = po(n). The derivatives of the position vector with respect
to parameter 1 will be denoted as

ide 7d2p0 7d3p0 7d4p0
pl - dT] 9 pQ - dT]Q 9 p3 - d’l’]3 9 p4 - d774 .

A similar notation will be used for the tangent and normal vectors,

; e _  d'n
i = .y n; = ..
dn? dn?
The differential element of length along the curve can be written as ds? =

(dp,/dn)™ (dp,/dn) dn*. The ratio of the increment in length along the curve, ds,
to the increment in parameter value, dn, is then

ds
o = P =pr 2.14)

Notation ()" will be used to indicate a derivative with respect to 7, and hence,
d/ds = (-)’/p1. The unit tangent vector to the curve is evaluated with the help

of eq. (2.5) as
Py

b1
Next, the derivative of the tangent vector is found as

f= (2.15)
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T
_ - 1 _ 1
PP Th (py2,)/P1 _ (1 FT)p, =

T f}. 2.16
P p1 2 pl{pZ (tp,) (2.16)

From eq. (2.7), the radius of curvature now becomes

1 dt

1.
p ”ds” p1” 1|

It follows that ||#1]] = t1 = p1/p. For a straight line, the tangent vector has a fixed
direction in space, #; = 0. It follows that for a straight line 1/p = 0, i.e., its radius
of curvature is infinite. The curve’s curvature is found to be

2,2 T, )2
1 \/P1P2 - (pfp,)
- , 2.17)
p V4
Higher-order derivatives of the tangent vector are found in a similar manner
_ 1 _ _
b= [p3 — (#'p, + )t —2(t"p,)t1 |,
and
_ 1 _ _ _
CE (t7p, + 2t p, + t3p))t = 3(t p, + 1 p,)0r — 3(pr2)t2} :
Next, the normal vector defined in eq. (2.6) becomes
i t 1.
(1

For a straight line, £; = 0, and hence, the normal vector is not defined. In fact, any
vector normal to a straight line is a normal vector. The derivative of the normal vector
with respect to 7 then follows as

1 .
=, [t2 — (n"t2)7) . (2.19)

The second-order derivative is then
1

= [t5 — (n7t3 + n{ t2)n — 2(A7 t2)A ] - (2.20)
1

The binormal vector is readily expressed as

1 _
b=tn= iti= " pip, 2.21)

Because the normal vector is not defined for a straight line, the binormal vector is not
defined in that case. In fact, any vector normal to a straight line is a binormal vector.
The derivative of the binormal vector becomes
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b= ("), + Lbip,. (2.22)
p1 b1
Using eq. (2.10), the twist of the curve is found to be

T p1 p?
Finally, introducing eq. (2.22) leads to

1 1 _ - p _
— Ty =— [prfprf — (p]p,)p] | b1

1 p2 T~
= — . 2.23
- P P, P1Py (2.23)
The twist of the curve is closely related to the volume defined by vectors p 1Py and
p,- Note that a straight line has a vanishing twist, 1 /T =0.

Deriv_atives of the binormal vector are more easily expressed as b = t~1ﬁ—|—?ﬁ1 =
tny, and by = t1N1 + the = Nty + tho, where eqgs. (2.18) and (2.19) were used.

Example 2.1. The helix
Figure 2.3 depicts a helix, which is a three-dimensional curve defined by the follow-
ing position vector

py(n) = acosn iy + asinn iz + kn s, (2.24)

where a and k are two parameters defining the shape of the curve. The derivatives
of the position vector are p, = —asinmn 11 + acosn 2 + k 73, Py = —GCOST T —
asinn 12, and P, = asinng 1 — acosi) . The curvature and twist of the helix are
found with the help of eqgs. (2.17) and (2.23), respectively, as

1 a 1 k

p a?+k? T a2+ k?
Note that both curvature and twist are constant along the helix. The unit tangent
vector is evaluated with the help of eq. (2.15) as

1 1
p =
Va2 + k2 Va2 + k2
The ratio between an increment in length along the curve and the increment in
the parameter value is then ds = Va2 + k2 dn, see eq. (2.14). Next, the derivative

of the tangent vector is computed with the help of eq. (2.16) as t; = D, /p1 and the
normal vector then follows as

t= (—asinnz + acosniz + ki3). (2.25)

N = —cosn 1 — sinmn .

Finally, the binormal vector found from eq. (2.21)

= 1 - _ _
b= Va4 [ksinn7 — kcosniz+ ais)].
The derivatives of Frenet’s triad are found with the help of eq. (2.13) as

dt a _ dn a - E - db k

= = — t = — n.
ds (12+l~€2n7 ds a? + k2 —’—a2+k:27 ds a2+k2n
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Fig. 2.3. Configuration of a helix in three-  Fig. 2.4. Configuration of a planar linear spi-
dimensional space. ral.

Example 2.2. The linear spiral
Figure 2.4 depicts a linear spiral, which is a planar curve defined by the following
position vector

Py = af cos 17 + absin b iy, (2.26)

where a is a parameter defining the shape of the curve. The derivatives of
the position vector are p, = a[(cosf —0sin6)r + (sinf + 0 cos0)2], p,
al—(2sinf + O cosf)r; + (2cosh — Osin)is). It is readily verified that p? =
a*(1 +6°), p3 = a*(4 + 0?) and p]p, = a®6. The curvature of the linear spiral
is found with the help of eq. (2.17)

a 2 + 62

p T (L4622

Note that the curvature varies along the spiral. Of course, the twist is zero since
the curve is planar. The unit tangent vector is evaluated with the help of eq. (2.15) as

(cos@ — 0sinb)z; + (sin b + 6 cos 6)za

f=
V1+ 62

Finally, the normal vector becomes

— [2sin6 + O cosb(2 + 6%)] 11 + [2cosf — Osin6(2 + 62)] 22
A+ 02(2 + 62)2 '

n=
Example 2.3. Using polar coordinates to represent curves

Cams play an important role in numerous mechanical systems: cam-follower pairs
typically transform the rotary motion of the cam into a desirable motion of the fol-
lower. Figure 2.5 depicts a typical cam whose outer shape is defined by a curve.
It is convenient to define this curve using the polar coordinate system indicated on
the figure: for each angle «, the distance from point O to point P is denoted r. The
complete curve is then defined by function » = r(«); angle « provides an arbitrary
parameterization of the curve. If 7(«) is a periodic function of angle «, the curve will
be a closed curve, as expected for a cam.
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Fig. 2.5. Configuration of a cam. Fig. 2.6. Curvature distribution for the cam.

Vectors Py Py and P, NOW become

P, = rCy €1 + 18, €3, (2.27a)
p, = (r'Co —1S4) &1 + (1'Se +7C,) é2, (2.27b)
p, = (r"Cq — 21" So — 1Cy) €1 + (1" Sy + 21" Cy, — 184) €2, (2.27¢)

where the notation (-)’ indicates a derivative with respect to «, S, = sina, and
C, = cosa. It then follows that p? = 72 +7/? and p3 = (" —r)? +47'2. The various
properties of the curve can then be evaluated; for instance, eqgs. (2.15) and (2.17) yield
the tangent vector and curvature along the curve, respectively.

The curve depicted in fig. 2.5 is defined by the following equation, () = 1.0+
0.5 cos o + 0.15 cos 2cv and fig. 2.6 shows the curvature distribution as a function of
angle .

Figure 2.5 shows the unit tangent vector, #, at point P of the curve and defines
angles 3 = (&1,t) and v = (&, t); note that ¥ = 3 — . The unit tangent vector can
now be written as t = Cpe1+Sgex =p L /p1, where the second equality follows from
eq. (2.15). Pre-multiplying this relationship by €] and &3 yields p;Cs = 7' Cp—75,
and p1.Sg = 'Sy + rC,, respectively. Solving these two equations for r and ' and
using elementary trigonometric identities then leads to

r=p1sin(f — a) = p1S,, (2.28a)
' =prcos(B — ) = pC,y, (2.28b)

where S, = sin~, and C, = cos~y. The quotient of these two equations then yields

the following relationship

dov = tan- " (2.29)
'

The derivative of the unit tangent vector with respect to the curvilinear coordinate
along the curve is d¢/ds = (—S,é; + Cyé2)d3/ds, and the curvature is then 1/p =

|d3/ds|. If the curve is convex, which is generally the case for cams, angle 3 is a
monotonically increasing function of s, and hence, 1/p = df/ds. The chain rule
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for derivatives implies d§ = (1/p)(ds/da)(da/dr)dr and introducing egs. (2.14),
(2.28a), and (2.29) then yields

dr
dg = . (2.30)
pCy
It is left to the reader to verify that eq. (2.30) yields an alternative, simplified
expression for the curvature of the cam

1 ) 12 ! 2
e 2.31)
P b1
Finally, an increment in angle y can be expressed as dy = d — da and introducing
egs. (2.30) and (2.29) yields

dy = ( L tam) dr. (2.32)
pCy r

2.3 Path coordinates

Consider a particle moving along a curve such that its position, s(t), is a given func-
tion of time. The velocity vector, v, of the particle is then

dp, dp,ds
0 0
= = = vt, 2.33
YTt T dsdt 239
where v = ds/dt is the speed of the particle, Clearly, the velocity vector of the
particle is along the tangent to the curve.
Next, the particle acceleration vector, a, becomes

dv dov- dtds - v?_
a dtt+vds da = vt + pn. (2.34)

a =

The acceleration vector is contained in the osculating plane, and can be written as
a = ait + anf, where a; and a, are the tangential and normal components of
acceleration, respectively. The tangential component of acceleration, a; = v, simply
measures the change in particle speed. The normal component, a,, = v?/p, is always
directed towards the center of curvature since v? /p is a positive number. This normal
acceleration is clearly related to the curvature of the path; in fact, when the path is a
straight line, 1/p = 0, and the normal acceleration vanishes.

2.3.1 Problems

Problem 2.1. Prove identity
Prove that 1/p = p2/p3 | sin a, where ps = lIp, |l and « is the angle between vectors p, and

P,
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Problem 2.2. Study of a curve

Consider the following spatial curve: p, = a(n+sinn)u + a(1+ cos n)7z + a(1 — cosn)s,
where a > 0 is a given parameter. (/) Find the tangent, normal, and binormal vectors for this
curve. (2) Determine the curvature, radius of curvature, and twist of the curve. Is this a planar
curve? Is the tangent vector defined at all points of the curve?

Problem 2.3. Study of a curve

Consider the following spatial curve: p = p(cosan)(cosn)u + p(cos an)(sinn)iz +
p(sin an)is, where p > 0 and « are given parameters. (1) Find the tangent, normal, and
binormal vectors for this curve. (2) Determine the curvature, radius of curvature, and twist of
the curve.

Problem 2.4. Short questions

(1) A particle of mass m is sliding along a planar curve. Find the component of the particle’s
acceleration vector along the binormal vector of Frenet’s triad. (2) A particle of mass m is
sliding along a three-dimensional curve. Find the component of the particle’s acceleration
vector along the binormal vector of Frenet’s triad. (3) State the criterion used to ascertain
whether a curve is planar or three-dimensional.

Problem 2.5. Study of a curve defined in polar coordinates

The outer surface of a cam is specified by the following curve defined in polar coordinates,
r(a) = 1.0 — 0.5 cos & + 0.18 cos 2cv. (1) Plot the curve. (2) Plot the curvature distribution
for a € [0, 27].

2.4 Differential geometry of a surface

This section investigates the differential geometry of surfaces, leading to the concept
of surface coordinates. The differential geometry of surfaces is more complex than
that of curves. The first and second metric tensors of surfaces are introduced first, and
the analysis of the curvature of surfaces leads to the concept of lines of curvatures and
associated principal radii of curvature. Finally, the base vectors and their derivatives
are evaluated, leading to Gauss’ and Weingarten’s formulz.

2.4.1 The first metric tensor of a surface

Figure 2.7 depicts a surface, denoted S, in three-dimensional space. A surface is the
locus of the points generated by two parameters, 71 and 72, such that the position
vector, p,, of such points can be written as

Py = Do(m,m2). (2.35)

If 2 is kept constant, 2 = c2, p, = p, (71, c2) defines a curve embedded into the
surface; such curve is called an “n; curve.” Figure 2.7 shows a grid of such curves
for various values of co. Similarly, “ny curves” can be defined, corresponding to
Py = 1)0((:17 72); a grid of 72 curves obtained for different constant ¢; is also shown
on the figure. In general, parameters 77; and 72 do not measure length along these
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embedded curves, and hence, they do not define intrinsic parameterizations of the
curves.
The surface base vectors are defined as follows

5‘p0

0 2.36
o (2.36)

a = y Qo =
and are shown in fig. 2.7. Clearly, vectors a; and a, are tangent to the 7; and 7
curves that intersect at point P, respectively.

Consequently, they lie in the plane tan-
gent to the surface at this point. Since 71
and 72 do not form an intrinsic parameter-
ization, vectors a; and a, are not unit tan-
gent vectors. Furthermore, these two vec-
tors are not, in general, orthogonal to each
other.

The first metric tensor of the surface, A,
is defined as

ZTangent
plane

T T

aya; aya a1l @12

A= 1T ! 1T 2 = , (2.37) Fig. 2.7. The base vectors of a surface.
a2 a1 (12 a2 aio a9

and its determinant is denoted a = det(A). A differential element of length on the

surface is found as

ds® = dp! dp, = (ai dm1 + a3 dna) (a;dm + aydp) = dn" Adn.  (2.38)

where dn” = {dnl, dno } Clearly, the first metric tensor is closely related to length
measurements on the surface.
Because the base vectors define the plane tangent to the surface, the unit vector,
n, normal to the surface is readily found as
61 Ao Zil (22}

n = = . 2.39
"= awa = Va (239)

The area of a differential element of the surface then becomes

da = ||aray dmdne| = ||@1as]|| dnidne = Va dnrdns. (2.40)

2.4.2 Curve on a surface

Figure 2.8 depicts a curve, C, entirely contained within surface S. Let the curve
be defined by its intrinsic parameter, s, the curvilinear variable along curve C. The
tangent vector, 7, to curve C is defined by eq. (2.5). This unit tangent vector clearly
lies in the plane tangent to S, and hence, it can be resolved along the base vectors,
E: )\1&1 + )\2(12.

Because £ is a unit vector, it follows that
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Te=2T"Ax=1, (2.41)
where AT = {)\1, )\2}. On the other hand, eq. (2.38) can be recast as
dnT d
n A m_
ds ds

Because egs. (2.41) and (2.42) must be identical
for all curves on the surface,
dn

A= (2.43)

1. (2.42)

This result is expected since ds is an increment
of length along C, and ¢ is tangent to C. Angles
61 = (t,a,) and 03 = (¢, a,) can be obtained by
expanding the dot products t*'a; and t” a,, respec-
tively, to find

Fig. 2.8. A curve, C, entirely

contained within surface, S
Va1 cos 6 — AN
/22 cos 02

(2.44)

2.4.3 The second metric tensor of a surface

Consider once again a curve, C, entirely contained within surface S, as depicted in
fig. 2.8. The unit tangent vector clearly lies in the plane tangent to the surface, but
the curvature vector d¢/ds will have components in and out of this tangent plane,

dt
ds

where k,, is the normal curvature, 14 the geodesic curvature, and p a unit vector
belonging to the plane tangent to S. The normal curvature can be evaluated as

= KnTl + KgP, (2.45)

dt dn dpTdn
_T T 0
: _ , 24
" " ds t ds ds? (2.46)

where the normality condition, tT7 = 0, was used. The numerator can be written as

—dpgdﬁ = — (a?dm + aQTdng) (
on
= — |:aT n

187]1

Oa

_ AT v
[ 8771

on on
dm + d
Om n on2 772>

on on on
d 2 4 T d 2 4 ( T + T >d d :| ,
T a3 s Up ay s as m 11dn2

O dnj + <ﬁT Oay | or 8a2> dmdnz] :
3772 1

dn% +al O on

where the orthogonality conditions, i”'a; = 0 and i¥'a, = 0, were used to obtain
the last equality.
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The second metric tensor of the surface is defined as

2
,Taa1 _T aa1 —Ta pO —T 62p0
n n n g N
B=| 9m  9m|_ Ot OmOn | _ |bu b 2.47
oa oa 62 62 bio b ) ( . )
pT V%2 5T Y92 a7 p, AT 2 12 022
Om O 010Nz on3

and its determinant is denoted b = det(B). The second equality shows that the
second metric tensor is a symmetric tensor. It follows that —dponﬁ = dn” Bdn, and
the normal curvature, eq. (2.46), becomes

dnTBdn  dnT _dp T
ds? ds ds A BA (2.48)

Kn

2.4.4 Analysis of curvatures

Figure 2.9 shows a plane, P, containing the normal,
7, to surface S. Let curve C,, be at the intersection
of plane P and surface S. Because curve C,, is a
planar curve, its curvature vector is in plane P.
Next, let plane P rotate about 7. For each new
orientation of the plane, a new curve, C,,, is gener-
ated with its own normal curvature k,,. The follow-
ing problem will be investigated: what is the orien-
tation of plane P that maximizes the normal cur-
vature k,? In mathematical terms, the maximum
value of k,, = ATB)\is sought, under the normal-
ity constraint, ATAN=1. Fig. 2.9. Intersection of surface,

This constrained maximization problem will be ~ S» With plane, P, that contains the
solved with the help of Lagrange’s multiplier tech-  Mormal to the surface.
nique

max [ATBA —uATAN - 1),
e

where p is the Lagrange multiplier used to enforce the constraint. The solution of
this problem implies (B — pA)A = 0, and the normality condition A" A\ = 1.
Pre-multiplying this equation by AT yields the physical interpretation of the La-
grange multiplier: AT BXA — u ATAX = 0 or, in view of the normality constraint,

w = M'BX = k,, Hence, Lagrange’s multiplier can be interpreted as the normal
curvature itself.

The condition for maximum normal curvature can now be written as (B —
knA)X = 0. This set of homogeneous algebraic equations admits the trivial solu-
tion A = 0, but this solution violates the normality constraint. Non-trivial solutions
correspond to the eigenpairs of the generalized eigenproblem B A = k, A \. Be-
cause A and B are symmetric and A is positive-definite, the eigenvalues are always
real, and mutually orthogonal eigenvectors can be constructed.
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The eigenvalues are the solution of the quadratic equation det(B — k, A) = 0,
or

b
K2 = 26mbin + =0, (2.49)
a

where K, = (a11b22 + a20b11 — 2a12b12)/2a. The solutions of this quadratic equa-
tion are called the principal curvatures

kLRIl = Kk, + /K2, — b/a. (2.50)

n’ n
The mean curvature is defined as

1 11 b b1 — 2a12b
- K T Ky a11boz +azbin — 2a12 12 2.51)
2 2a

and the Gaussian curvature as 5
whth =7 (2.52)

When b/a > 0, the principal curvatures have the same sign, corresponding to
a convex shape; when b/a < 0, the principal curvatures are of opposite sign,
corresponding to a saddle shape; finally, when b/a = 0, one of the principal
curvatures is zero, the surface S has zero curvature in one of the principal curvature
directions.

2.4.5 Lines of curvature

A line of curvature of a surface is defined as a curve whose tangent vector always
points along the principal curvature directions of the surface. Consider now a set
of coordinates, n; and 7)2, such that a12 = bio = 0. It follows that a = aq1a99,
b = b11beg and K, = (b11/a11 + bag/az2)/2. The principal curvatures then simply

become
Kl = b“, W17 = 022 (2.53)
aii a22
On the other hand, in view of eq. (2.41), n; or 1y curves are characterized by
AT = {1/y/a11,0} or A" = {0,1/,/as2}, respectively. Their normal curvature
then follows from eq. (2.48) as k,, = b11/a11 and k,, = baa/as9, respectively. It is
now clear that when a;5 = b1 = 0, the 77 and 75 curves are indeed the lines of
curvatures. It is customary to introduce the principal radii of curvature, Ry and R,
defined as
; bn 1 17 boo 1

K. = K = = N 2.54
az R (254)

n = ’ n
ann Iy

2.4.6 Derivatives of the base vectors

At this point, the discussion will focus exclusively on surface parameterizations
defining lines of curvatures. In this case, vectors a;, a, and 7 form a set of mu-
tually orthogonal vectors, although the first two are not necessarily unit vectors. An
orthonormal triad can be constructed as follows



2.4 Differential geometry of a surface 45
ay

eyl

Qg

~ lagll?

€1

€2 €3 =M. (2.55)
To interpret the meaning of these unit vectors, the chain rule for derivatives is

used to write

apo . apo d81 d$1 _

a; = = €1,

Om — Ospdmp dmp

where s; is the arc length measured along the 7; curve. Because (')po /0s1 = e is
the unit tangent vector to the 77 curve, see eq. (2.5), it follows that

dsy dso
=h = =hy= . 2.56
laf=ho= 4, > Mol =ho= 3 (2.56)
Notation h; = ||a|| was introduced to simplify the writing. Clearly, h; is a scale

factor, the ratio of the infinitesimal increment in length, ds;, to the infinitesimal
increment in parameter 7, dn;, along the curve.
It is interesting to compute the derivatives of the base vectors. To that effect, the
following expression is considered
Pp,  da,  Day, d(hie) _ I(haer)

Omone  Omx  Om on om

Expanding the derivatives leads to
Ohy _ oey Oho _ 0és
h = h . 2.57
O €1+ o Om €z + 28771 (2.57)
Pre-multiplying this relationship by &} yields the following identity
_p0éy 1 ohy

€ = .
! 3771 ho 3772

To obtain this result, the orthogonality of the base vectors, élTég = 0, was used;
furthermore, élTaél /On2 = 0, since €; is a unit vector. In terms of intrinsic parame-
terization, this expression becomes

_n0eés T+ 0€1 1 0hy 1
T T
2.58
‘1 881 2 881 h1 652 117 ( )
where T is the first radius of twist of the surface.
Next, eq. (2.57) is pre-multiplied &2 to yield
oe oe 1 0h 1
A e 2 = (2.59)

2 882 - A 882 - hQ 651 B TQ7

where 75 is the second radius of twist of the surface. Since the parameterization

defines lines of curvatures, b1 = 0, and eq. (2.47) then implies
on oe on
_T on _ ’r_LT €2 -0, _7 on

z _ a7 oeq
2 (981 881

‘1 ({982 (982 =0
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The definitions of the diagonal terms, b, and bao, of the second metric tensor,
eq. (2.47), lead to

T on o 77T861 . 1 T on . 77T862 _ 1

e =N e =N
1 881 881 R1 ’ 2 082 882 RQ’

where the principal radii of curvature, Ry and Ro, were defined in eq. (2.54).
The derivatives of the surface base vector €; can be resolved in the following
manner
oe;
881
where the unknown coefficients ¢y, c2, and c3 are readily found by pre-multiplying
the above relationship by élT, EZT, and 7T to find

= ci1e; + caeqy + c31, (2.60)

oey 1 1
=—_¢ n. 2.61
881 T1 ez + R1 " ( )

A similar development leads to

ey 1
= _ és. 2.62
0sy Ty (2.62)
The derivatives of the surface base vector é; are found in a similar manner
oe 1 oe 1 1
2 g “2__ e+ T a (2.63)

(981 - T1 en 882 T2 ! RQ

These results are known as Gauss’ formulce.
Proceeding in a similar fashion, the derivatives of the normal vector are resolved
in the following manner
on 1 on 1
= — €1 = — €9. 2.64
881 Rl ’ 882 RQ ( )
These results are known as Weingarten’s formulce.
Gauss’ and Weingarten’s formula can be combined to yield the derivatives of the
base vectors in a compact manner as

9 €1 0 —1/T1 1/R1_ el
€2 p = 1/T1 0 0 €2 7, (2.65a)
951 | ~1/R, 0 0 | (n
s [& ) /Ty 0 1 (e
D5y EP =|-1/Ta 0 1/Ry éﬁg . (2.65b)
7 | 0 —1/Ry 0 | [ n

These equations should be compared to the derivatives of Frenet’s triad, eq. (2.13).
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Example 2.4. The spherical surface
The spherical surface in three-dimensional space depicted in fig. 2.10 is defined
by following position vector p, = R (sin 7 cosnz 21 + sin sinne % + cosmi 23),
where R is the radius of the sphere. The surface base vectors are readily eval-
uated as a; = apo/am = R(cosm cosne 71 + cosny sinmng 7o — sinny 73), and
ay = 8p0/8772 = R(—sinn sinng 71 + sinmny cosns 72).

The first metric tensor of the sphere now becomes

R? 0
A= [O R2Sin2m} :

Clearly, hy = R, ho = Rsinny, and /a = R2sin n1. The normal vector is then
evaluated with the help of eq. (2.39), to find

_ aia . _ . . _ _
n= HN 2|| = SIN 7)1 COS 72?1 + SIN 7)1 SIN7)222 + COS 1113.
a1Qoy

Fig. 2.10. Spherical surface configuration. Fig. 2.11. Parabolic surface of revolution.

The second metric tensor of the spherical surface now follows from eq. (2.47)
—R 0
B = .2 .
0 —Rsin"m

Note that since a1 = 0 and b1 = 0, the coordinates used here are lines of curvature
for the spherical surface. The orthonormal triad to the surface is

€1 = COS 1)1 COSM2 71 + cOs 7y Sinng 72 — sin N3,

€2 = —sinny 71 + cos N2 12,

. = sinn; cosne 71 + sinny sinny 72 + cosny 3.
These expressions are readily inverted to find

71 = COS7)1 COST2 €1 — SiN 12 € + sinny cosns N,

7o = cOs 1y sinng €1 + cosny €2 + sinn; sinny 7,

E;:ZA*SH1U1614FCOSU171
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The mean curvature, eq. (2.51), and Gaussian curvature, eq. (2.52), are

1 R Rsin? 1 ;g RZsin®n 1
— — = — KK = = .
2 R?  R2sin’n, R> """ Risin?ny  R?
Finally, the principal curvatures, eq. (2.53), become

I 1 11 1

Rm =

Ky = — R Ky = — R
As expected, the principal radii of curvature 21 = Ry = —R are equal to the radius
of sphere. The twists of the surface now follow from egs. (2.58) and (2.59)
1 1 0Oh 1 1 0Oh 3
— L, _ 2 cosim (2.66)
T1 hlhg 87]2 T2 hl h2 6771 Rsin m

2.4.7 Problems

Problem 2.6. The parabola of revolution

Figure 2.11 depicts a parabolic surface of revolution. It is defined by the following position
vector p = 1 cos ¢ 71 + rsin¢ 72 + ar’zs, where 7 > 0and 0 < ¢ < 2. The following
notation was used 71 = 7 and 172 = ¢. (1) Find the first and second metric tensors of the
surface. (2) Find the orthonormal triad €1, €2, and 7. (3) Find the mean curvature, the Gaussian
curvature, and the principal radii of curvature of the surface. (4) Find the twists of the surface.

Problem 2.7. Jacobian of the transformation

Consider two parameterizations of a surface defined by coordinates (11, 72) and (11, 72). Show
that the base vectors in the two parameterizations are related as follows a; = Ji1a; + Ji2a,
and a, = J21a; + Jaz2a,, where J is the Jacobian of the coordinate transformation

8771 67]2

_ Ji1 Ji2 _ | 9m Om
J= |:J21 J22:| B 6771 6772
Ong On2

If A and B are the first and second metric tensors in coordinate system (71, 72) and A and
B the corresponding quantities in coordinate system ()1, 7)2), show that A= JAJT and
B=JBJ".
Problem 2.8. Finding the line of curvature system
Using the notations defined in problem 2.7, let (11, 72) be a known coordinate system and
(71, 72) the unknown line of curvature system. Find the Jacobian of the coordinate transfor-
mation that will bring (11, n2) to the desired line of curvature system (7)1, 7j2). Show that the
principal radii of curvature are
1 b+ v (2b12 + vb22) 1 b+ a(2b12 + aba2)
Ry ain +v(2a12 +ya2)’ Ro a1 + a(2a12 + aazs)’

Hint: write the Jacobian as

I
=[]
and compute the coefficients o and ~y so as to enforce a12 = b1z = 0. The solution of the
problemis o = Co /[A/(1+ay)] and v = —C, /[A/(1+ay)] where Co, = a22b12—b22a12,

CA/ = a11b12—b11a12, A= a11b22—b11a22, and A/(l—FO&’y) = A/Q:‘:\/(A/Q)2 + C’QC’W.



2.6 Differential geometry of a three-dimensional mapping 49

2.5 Surface coordinates

A particle is moving on a surface and its position is given by the lines of curvature
coordinates, 71 (¢) and 72(¢). The velocity vector is computed with the help of the
chain rule for derivatives

dp0 op 0

P

0 . 0 . PR— Pa—

— — . 2.67
1t - 9 1771 9172772 = S1€1 52€2 ( )

v

Note the close similarity between this expression and that obtained for path coordi-
nates, eq. (2.33). The velocity vector is in the plane tangent to the surface, and the
speed of the particle is v = /52 + $3.

Next, the acceleration vector is computed as

a = 5161 + .élél + 5262 + 5252

... (Oer, oey . . (Oez, oey .
= S1€1 + S2€9 + S1 + So | + S2 + S92 ] .

51 51
881 832 881 882

Introducing Gauss’ formulae, eq. (2.61) to (2.63), then yields

. . 2 . . .2 2 2
" 8152 S\ o 8152 S1\ = 81 §5 0\ _
= - - . (2.68
a <51+ T T2)€1+<82+ T T1)62+<R1+R2)n ( )

Note here again the similarity between this expression and that obtained for path
coordinates, eq. (2.34). The acceleration component along the normal to the surface
is related to the principal radii of curvatures, Ry and Ro. For a curve, the radius of
curvature is always positive, see eq. (2.7), whereas for a surface, the radii of curva-
tures could be positive or negative, see eq. (2.54). Hence, the normal component of
acceleration is not necessarily oriented along the normal to the surface.

The components of acceleration in the plane tangent to the surface are related
to the second time derivative of the intrinsic parameters, as expected. Additional
terms, however, associated with the surface radii of twist also appear. Clearly, the
acceleration of a particle moving on the surface is affected by the surface radii of
curvature and twist; the particle “feels” the curvatures and twists of the surface as it
moves.

2.6 Differential geometry of a three-dimensional mapping

This section investigates the differential geometry of mappings of the three-
dimensional space onto itself. The differential geometry of such mappings is more
complex than that of curves or surfaces. For simplicity, the analysis focuses on or-
thogonal mappings, leading to the definition of the curvatures of the coordinate sys-
tem and orthogonal curvilinear coordinates. Two orthogonal curvilinear coordinate
systems of great practical importance, the cylindrical and spherical coordinate sys-
tems are reviewed.
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2.6.1 Arbitrary parameterization

Consider the following mapping of the three-dimensional space onto itself in terms
of three parameters, 11, 12, and 73,

Po (s m2,m3) = @1(n1, 72, m3) 00 + 22(11, 72, m3)02 + T3 (11, M2, 1373 (2.69)

This relationship defines a mapping between the parameters and the Cartesian coor-
dinates

w1 =w1(n1,m2,Mm3), T2 = x2(m,m2,m3), 23 = x3(N1,7M2,73)- (2.70)

Let 12 and 13 be constants whereas 77 only is allowed to vary: a general curve in
three-dimensional space is generated. The analysis of section 2.2 would readily apply
to this curve, called an “n; curve.” Similarly, 72 and 73 curves could be defined.

Next, let 77 be a constant, whereas 72 and 13 are allowed to vary: a general
surface in three-dimensional space is generated. The analysis of section 2.4 would
readily apply to this surface, called an “n; surface.” Here again, 12 and 73 surfaces
could be similarly defined.

A point in space with parameters (7)1, 72,73 ) is at the intersection of three 71, 72,
and n3 curves, or at the intersection of three 71, 12, and 73 surfaces. Furthermore, an
71 curve forms the intersection of 7y and 73 surfaces.

The inverse mapping defines the parameters as functions of the Cartesian coor-
dinates

m =z, 22,23), N2 =mn2z1,22,23), n3=n3(x1,T2,23). (2.71)

It is assumed here that eqs. (2.70) and (2.71) define a one to one mapping, which
implies that the Jacobian of the transformation,

(91’1 8.1‘1 8,’1)1

On Oy O
i Dar 9

o om0
s Oz o

O Onz Ons

, (2.72)

has a non vanishing determinant at all points in space. Next, the base vectors associ-
ated with the parameters are defined as

Ip dp dp
=0 =_0 =_0, 2.7
K= on 27 oy 957 oy (2.73)

For an arbitrary parameterization, the base vectors will not be unit vectors, nor will
they be mutually orthogonal.

Consider the example of the cylindrical coordinate system defined by the follow-
ing parameterization
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r1 =rcosf, xo =rsinf, x3 = z,

where r > 0 and 0 < 6 < 27. The following notation was used: n; = r, o = 6 and
ns = z. The inverse mapping is readily found as
r=4/2? + 23, 0 = tan™! xQ, Z = 3.
T
Figure 2.12 depicts this mapping; clearly, the fa-
miliar polar coordinates are used in the (71, %2) plane
and z is the distance point P is above this plane. The
Jacobian of the transformation becomes

cosf —rsinf 0
J=|sinf rcosfO0]. :
0 0 1

Note that det J = r, and hence, vanishes at r = 0. Fig. 2.12. The cylindrical coor-
Indeed, cylindrical coordinates are not defined at the  ginate system.
origin since when r = 0, any angle § maps to the
same point, the origin.

The base vectors of this coordinate system are g | = cos 071 +sinf 7o, 9, =
—rsin® 71 + rcosf 13, and g, = 3. Note that g, is a unit vector, since ||g, || = 1,
but 9, is not,

9, || = r. Also note that for cylindrical coordinates, 9593 = gfg3 =
gng = 0, the base vectors are mutually orthogonal, as shown in fig. 2.12.

2.6.2 Orthogonal parameterization

When the base vectors associated with the parameterization are mutually orthogo-
nal, the parameters define an orthogonal parameterization of the three-dimensional
space. The rest of this section will be restricted to such parameterization. In this case,
it is advantageous to define a set of orthonormal vectors
S gl % 5 g 5 g % e

1 2 3
To interpret the meaning of these unit vectors, the chain rule for derivatives is used
to write

_ 6]90 _ apo d81 o d81

91 o 8771 o 881 d7]1 A d771 ’
where s; is the arc length measured along the 7; curve. Because 8p0 /0s1 = e is
the unit tangent to the 7; curve, see eq. (2.5), it follows that

(2.75)

d81 d82 d83
=h = =hy = =hg = . 2.76
lgf=h1= g, ol =h2= o lggll =hs =\~ (2.76)
Notation hy = ||g,|| is introduced to simplify the notation. Clearly, hy is a scale

factor, the ratio of the infinitesimal increment in length, ds;, to the infinitesimal
increment in parameter 7, d7;, along the curve.
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2.6.3 Derivatives of the base vectors

Here again, the derivatives of the base vectors will be evaluated. To that effect, the
following expression is considered

&p, 99, 99, O(he) O(hgea)
= = = = ) 2.77)
o2 o2 om e om
Expanding the derivatives leads to
ah] _ 5'51 ahg _ 862
h = h . 2.78
o ony T an 2T oy, (278)

Pre-multiplying this relationship by 7 yields the following identity

oe 1 0h
er 7 L (2.79)
87]1 ha 8772
To obtain this result, the orthogonality of the base vectors, élTég = 0, was used; fur-
thermore, €] 9e1 /Onz = 0, since € is a unit vector. Next, eq. (2.78) is pre-multiplied
e?’ to yield

€ € 1 Oh
groen _ _groe_ 10 (2.80)
oo Oz hiOm
Finally, pre-multiplication by &2 leads to
! 861 _ 852
hy ek =hyel 7. 2.81
163 8772 2 €3 87]1 ( )
Since e dey /Ony = —ed de3/On, this result can be manipulated as follows
_r0e1 _n0es hiho _0€1
hiej, =-—hsyey  ° =-— o 2.82
Les o2 2 om h3 “ on3 (282)

where identity (2.81) was used with a permutation of the indices. Using the same
identities once again leads to

- 0e; hiha +0és _r0es - 0€1
hy €r = el =hy el = —hy el .
Lo ona hs ' Ons to o2 tes ona
This result clearly implies
oe
_T 1
e =0. (2.83)
3 an2
The derivatives of the base vector can be resolved as
oey _ _ _
= c1€1 + co€a + c3€3,
8771

where the unknown coefficients c;, co, and c3 are found by pre-multiplying this ex-
pression by €1, é2, and és, respectively, and using identities (2.79), (2.80) and (2.83)
to find
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oty 1 0hy_ 1 0hy_

= — €y — es.
om ha Onp hs Ons3
Proceeding in a similar manner, the derivatives of base vector &; with respect to 72
and 73 are found as
oeq 1 Ohsy _ oey 1 Ohs _
= €92, = €3.
Oy hy Om ons  h1 Om

Similar expression are readily found for the derivatives of the unit base vectors éx
and e3 through index permutations and are summarized as

P €1 [ 0 1/R13 71/R12_ €1

95 12 (= -1/Ri3 0 0 €y, (2.84a)
51 es L 1/R12 0 0 | Les

D) €1 [0 1/Ra3 0 €1

P € p = |—1/Ro3 0 1/Ro e, (2.84b)
52 es L 0 *1/R21 0 ] €3

9 €1 [ 0 0 —1/R32_ €1

ds €2 p = 0 0 1/R31 € 7, (2.84c¢)
> les | 1/R32 —1/Rs 1 Les

where the curvatures of the system were defined as

1 1 0hy 1 1 0hy
= =— 2.85
R12 hl 8537 R13 hl 852 ’ ( a)
1 1 Ohy 1 1 Ohy
- _ = 2.85b
Rzl hz 853’ R23 hz 851 ’ ( )
1 _ 1 Ohs 1 _ 1 Ohs (2.85¢)

R31 hs dsy’  Rsa  hz sy’

2.7 Orthogonal curvilinear coordinates

Consider a particle moving in three-dimension space. The position of this particle
can be defined by eq. (2.69) in terms of an orthogonal parameterization of space.
These parameter define a set of orthogonal curvilinear coordinates for the particle.
The velocity vector is computed with the help of the chain rule for derivatives

Ip Ip Ip
0 O . 0 . 0 . PR— P P—
v = = $1+ S9 + $3 = $1€1 + Sa€2 + S3€3. 2.86
dt 05, 1 T 95,2 T g, S8 T 101 Saf2 F 8aly (2.86)
The expression for the acceleration vector will involve term in §1€; and §1é1,
and similar terms for the other two indices. The latter term is further expanded using
the chain rule for derivatives, and expressing the derivatives of the base vectors using
egs. (2.84) then yields
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a= [81 —83/Ras+ $3/Rs2 — $152/R13 + $153/R2] &1
+ [82 + $1/R13 — §3/Ra1 + $182/ Rog — $283/Ro1| €2 (2.837)
+ [85 — 81/ Raa + 83/ Ro1 — 5183/ Raa + 3283/ Ra1] €s.

Note here again the similarity between this expression and that obtained for path or
surface coordinates, eqs. (2.34) or (2.68), respectively. The acceleration components
in each direction involve the second time derivative of the intrinsic parameters, as
expected. Additional terms, however, associated with the radii of curvature of the
curvilinear coordinate system also appear.

2.7.1 Cylindrical coordinates

The cylindrical coordinate system, depicted in fig. 2.13, is an orthogonal curvilinear
coordinate system defined as follows

D, =rcosf i +rsinf i + 213, (2.88)

where 7 > 0 and 0 < 6 < 27. The following notation was used: 171 = r, 172 = 6, and
13 = z. Note that if z = 0, the cylindrical coordinate system reduces to coordinates
r and 6 in plane (71, 72) and are then often called polar coordinates.

Fig. 2.13. The cylindrical coordinate system. Fig. 2.14. The spherical coordinate system.

The following summarizes important formule in cylindrical coordinates. The
scale factors are hy = 1, ho = r, and hg = 1. The curvatures of the cylindrical
coordinate system all vanish, except that Ra3 = r. The base vectors expressed in
terms of the Cartesian system are

é1 = cosf7; +sinf iy, (2.89a)
€y = —sinf 73 + cosf 1z, (2.89b)
€3 = 73. (2.89¢c)
The time derivatives of the based vectors resolved along this triad are
&= 0é, (2.90a)
&= —fé, (2.90b)

é3= 0. (2.90c)
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Finally, the position, velocity, and acceleration vectors, resolved along the base vec-
tors of the cylindrical coordinate system are

p, =T +z e, (2.91a)
v=ré +710é+ 3 es, (2.91b)
a = (i —r0%) e, + (rf + 2/0) &5 + % &s. (2.91¢)

respectively.

2.7.2 Spherical coordinates

The spherical coordinate system, depicted in fig. 2.14, is an orthogonal curvilinear
coordinate system defined as follows

P, =rsin¢cosf 71 + rsin ¢ sin b 75 + r cos ¢ i3, (2.92)

wherer > 0,0 < ¢ < m,and 0 < 0 < 27. The following notation was used: ; = r,
N2 = ¢, and n3 = 0.

The following summarizes important formule in spherical coordinates. The scale
factors are hy = 1, ho = r, and hg = rsin¢. The curvatures of the spherical
coordinate system all vanish, except that Re3 = 7, R3; = rtan ¢ and Rgs = —r.

The base vectors expressed in terms of the Cartesian system are

€1 = singcosf iy + sin¢sinf o + cos ¢ i3, (2.93a)
€y = cos¢cosf iy + cospsinb 1o — sin ¢ 73, (2.93b)
€3 = — sinf 71 + cosf 5. (2.93¢)

The time derivatives of the based vectors resolved along this triad are

&= ¢és+0singes, (2.94a)
éy=—de1+0cosoes, (2.94b)
€3 = —é(sin ¢ €1 + cos g ). (2.94c¢)

Finally, the position, velocity, and acceleration vectors, resolved along the base vec-
tors of the spherical coordinate system are

p, =T €1, (2.95a)
v ="7& +roéy+rosing s, (2.95b)
a = (i —r¢? —ré?sin’ @) &1 + (r¢ + 2i¢ — r62 sin ¢ cos ¢) &,

+ (rf sin ¢ + 270 sin ¢ + 2r$f cos ¢) és. (2.95¢)
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