2 Mathematical Foundations

Chapter 2 includes notation, definitions, and a number of identities that are
applied subsequently in later Chapters of the text. Emphasized are differ-
ential-geometric aspects of kinematics of finite deformations, linear con-
nections and covariant differentiation, the deformation gradient of contin-
uum mechanics, time derivatives and rate kinematics, theorems of Gauss
and Stokes, and compatibility conditions.

As will be clear in later Chapters, from the standpoint of crystals with
defects, a geometric approach is advantageous for dealing with incompati-
ble material configurations not globally homeomorphic to, i.e., configura-
tions topologically inequivalent to, three-dimensional Euclidean space
(Eckart 1948; Kondo 1949, 1964; Bilby et al. 1955; Truesdell and Noll
1965; Noll 1967; Teodosiu 1967a, b). Detailed descriptions invoking for-
malisms of tensor algebra and tensor calculus on differential manifolds
have been devoted elsewhere to elasticity theory (Marsden and Hughes
1983; Yavari et al. 2006) and general nonlinear continuum mechanics
(Van der Giessen and Kollmann 1996; Stumpf and Hoppe 1997; Clayton et
al. 2005; Epstein and Elzanowski 2007). In many instances, the differen-
tial-geometric approach is favored over conventional Cartesian formula-
tions for the former’s generality in terms of available choices of coordi-
nates (e.g., curvilinear coordinates in the former versus rectangular
coordinates in the latter) and representation of spaces with non-vanishing
curvature (e.g., curved surfaces such as shells). Compact, coordinate-free
(i.e., component-free) representations are possible for many mathematical
expressions and identities, and have become popular among many authors
in recent literature. However, coordinate-based representations are fre-
quently exercised in this text for clarity of presentation and for drawing
comparisons with other treatments from historic and more recent literature.
Hence, the index notation is used often in Chapter 2, especially in the con-
text of geometric objects such as connections, torsion, curvature, and im-
portant properties and mathematical identities for these objects.

Included in Chapter 2 is only that content deemed relevant and neces-
sary for development of theories of material behavior in later Chapters.
Comprehensive supplementary treatment of topics in differential geometry
can be found in historical texts of Eisenhart (1926) and Schouten (1954),
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12 2 Mathematical Foundations

while more modern presentations can be found in monographs of Boothby
(1975) and Kosinski (1993). In-depth descriptions of continuum mechan-
ics in the setting of general curvilinear coordinates and finite deformations
can be found in a number of texts, including those of Truesdell and Toupin
(1960), Eringen (1962), Sedov (1966), Malvern (1969), Wang and Trues-
dell (1973), and Marsden and Hughes (1983).

2.1 Geometric Description of a Deformable Body

Section 2.1 addresses the following topics: terminology of geometric
spaces in the context of continuum mechanics; configurations of a body
subjected to large deformations; manifolds and associated tangent and co-
tangent spaces; coordinate systems; basis vectors and their reciprocal vec-
tors; and metric tensors.

2.1.1 Terminology

The definitions given immediately below are free of notation and hence are
somewhat qualitative. More precise mathematical formulae and supple-
mentary figures follow in Section 2.1.2 and later in Section 2.2.

A configuration denotes a time-dependent realization of a body. A body
is said to consist of a number of material particles, each encompassing a
representative set of atoms or molecules pertinent to the scale of resolution
afforded by the continuum description. A configuration may be actual or
virtual (i.e., real or fictitious). In finite deformation continuum mechanics,
the terms reference, initial, undeformed, or Lagrangian configuration most
often refer to a description of the body at zero time, though broader defini-
tions enabling multiple and evolving reference configurations are possible.
Similarly, the current, spatial, deformed, or Eulerian configuration usually
corresponds to the current instant of time. In the absence of discontinui-
ties, reference and current configurations are holonomic to one another,
implying that current coordinates of a material particle can be written as
single-valued functions of reference coordinates of that particle, and vice-
versa. In contrast, as will be demonstrated in Chapter 3, a virtual interme-
diate, relaxed, or unloaded configuration is often introduced, for example
to describe crystals with distributions of defects or those undergoing large
inelastic deformations. Such an intermediate configuration is anholonomic
when its “coordinates” cannot be prescribed as single-valued functions of
reference or current coordinates of material particles. The term placement
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(Noll 1967; Maugin 1993) has also been used to refer to a configuration of
a deformable body.

A connection is a rank three construct that enables evaluation of the co-
variant derivative of vectors and tensors of higher rank. The covariant de-
rivative operation defines the connection coefficients, also called Christof-
fel symbols of the connection in the context of Riemannian geometry. The
content of this book only deals with linear connections, also called affine
connections. Nonlinear connections can arise in more generalized spaces
such as Finsler spaces (Rund 1959; Bejancu 1990) and are not addressed in
this text.

A metric tensor, or simply a metric, is a rank two covariant tensor that
defines the scalar product of contravariant vectors, and consequently, the
squared length of a vector. A metric tensor that is both symmetric and
positive definite is called a Riemannian metric tensor!; non-Riemannian
metrics are not considered explicitly in this text. Metric tensors perform
other consequential functions, such as raising and lowering of vector and
tensor indices and defining scalar products of higher-order tensors.

A particular configuration can be assigned more than one connection,
just as it can be assigned more than one metric tensor. The pair of {con-
figuration, connection} or triplet of {configuration, connection, metric ten-
sor} can often be classified as one or more of the following five types of
geometric spaces: Euclidean, anholonomic, non-metric, Cartan, and/or
Riemannian.

For a space to be classified as Euclidean or non-Euclidean, it must in-
clude a configuration, a metric tensor, and a connection. A Euclidean
space satisfies three requirements: (i) the torsion tensor of the connection
vanishes, (ii) the covariant derivative of the metric tensor vanishes, and
(iii) the Riemann-Christoffel curvature tensor constructed from the con-
nection coefficients vanishes. A Euclidean n-space permits at each loca-
tion a transformation from local, possibly curvilinear n-dimensional coor-
dinates to a global n-dimensional Cartesian coordinate system. In
continuum mechanics, both the reference and current configurations are
typically viewed as three-dimensional Euclidean spaces, with the motion
acting as a diffeomorphism, i.e., a differentiable homeomorphism, or a dif-
ferentiable one-to-one, invertible mapping, between these two configura-
tions (Stumpf and Hoppe 1997). Notice the distinction between Euclidean

' A non-Riemannian metric tensor need not be positive definite. Such metrics
can arise in more general geometric settings such as Finsler spaces, or for example
Minkowski’s spacetime (Rund 1959; Synge 1960) wherein the determinant of the
metric in 4-space can be negative in sign. A non-symmetric fundamental tensor
was suggested in Einstein’s unified field theory (Einstein 1945; Schouten 1954).
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and Cartesian: a general coordinate system in the former, for example
spherical coordinates in three dimensions, admits a global transformation
to a more specific kind of coordinate system in the latter, i.e., coordinate
axes consisting of three constant orthonormal basis vectors.

An anholonomic space is a configuration associated with a non-
integrable, two-point deformation map. For example, in multiplicative
elastoplasticity theory, since elastic and plastic deformation maps (i.e.,
tangent maps) taken individually are generally non-integrable or an-
holonomic functions of current and reference coordinates, respectively, the
corresponding intermediate configuration is generally anholonomic. Con-
tinuous coordinates on such an anholonomic space do not exist; rather, an-
holonomic coordinates can be regarded as discontinuous, multi-valued
functions of holonomic coordinates of the current or reference configura-
tion. Anholonomicity is related to Cartan’s torsion tensor of a special con-
nection constructed from the non-integrable, two-point deformation map.
Anholonomic coordinates are analyzed at length by Schouten (1954), and
to a lesser extent, by Ericksen (1960).

Designation of a general space as metric or non-metric requires that the
configuration be assigned both a linear connection and a metric tensor; i.e.,
one must examine the triad of {configuration, connection, metric tensor}.
In a non-metric space, the covariant derivative of the metric tensor taken
with respect to the connection is nonzero. On the other hand, in a metric
space the covariant derivative of the metric tensor vanishes identically.

A configuration with a connection admitting a non-vanishing torsion
tensor is labeled a Cartan space, sometimes called a non-symmetric space.
Only the pair {configuration, connection} need be considered to enable la-
beling a space as Cartan or non-Cartan. A space with vanishing torsion is
called a symmetric space.

For a space to be labeled as Riemannian or non-Riemannian, it must in-
clude the pair {configuration, connection}—a metric is not needed for
such a designation as defined herein. A Riemannian space is defined here
as a configuration with connection coefficients whose components yield a
nonzero Riemann-Christoffel curvature tensor’>. A space with non-
vanishing curvature is necessarily non-Euclidean. For example, a global
two-dimensional Cartesian coordinate system cannot be used to parameter-
ize a shell unless the shell is flat. Conversely, a space with vanishing cur-
vature is non-Riemannian and is said to be flat, and the connection in a
non-Riemannian space is said to be integrable.

2 The mathematical field of study traditionally referred to as Riemannian ge-
ometry considers metric spaces with vanishing torsion, but in general non-
vanishing curvature (Eisenhart 1926; Schouten 1954).
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Euclidean spaces by definition exclude the other four types of (non-
Euclidean) spaces: anholonomic, non-metric, Cartan, and Riemannian
spaces. On the other hand, the four types of non-Euclidean spaces are not
mutually exclusive. The above terminology is not always consistent in the
literature (Schouten 1954; Bilby et al. 1955; Kondo 1964; Noll 1967;
Marsden and Hughes 1983; Steinmann 1996; Clayton et al. 2005). How-
ever, definitions given here are deemed as those used either most fre-
quently or most logically for describing kinematics of deformable crystal-
line solids, as will become clear later in Chapter 3.

2.1.2 Manifolds, Coordinates, and Metrics

Denoted by ¥,(£):Z — E’ is a smooth, invertible, time-dependent embed-

ding of a material body & into three-dimensional Euclidean space E’.
The configuration of body # at time ¢ is denoted by B, =y,(%), hence-
forth written simply as B for #>0. Initially, i.e., at £ =0, material parti-
cles ¥ €& are said to occupy reference configuration B, =y,(Z) and are
assigned reference coordinates X* =y, (%) . Particles of material mapped
to current configuration B are assigned spatial coordinates x“ =y (%). A
description of the motion of all material particles is furnished by the con-
tinuous, invertible mapping @ =7y, oy, :B, = B. The o operator denotes
the composition, such that for two functions fand g, (f ¢ g)(X) = f(g(X)).
The inverse obeys f o f~' =i, with i the identity operator. The local mo-
tion for a material particle identified by particular reference coordinates
X" =y (%) is written @, . Restricting the motion so that no two material
particles occupy the same spatial location may limit the domain of ¢(X,?)
to open regions of the body, e.g., when two points at different referential
locations of the boundary of a body may come into contact as a result of
deformation. Mappings y,, %, and ¢ can be applied pointwise or glob-
ally and are not vector fields. For this reason, and since these mappings
may operate without explicit introduction of coordinate basis vectors,
boldface notation is not used to symbolically represent these functions. As
indicated implicitly already and as will be made clear later, contravariant
indices (i.e., indices in the upper position) are appended to such mappings
as needed when coordinate systems are involved.

A point in space occupied by the body in the reference configuration is
denoted by X € B,, while a point in space occupied by the body in the
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current configuration is denoted by x € B. Functions depending on posi-
tion in the reference configuration are denoted by f(X), while functions

depending on position in the current configuration are written f(x). No

distinction is made here between functions depending on material particle,
e.g., a material description f(X) (Malvern 1969), and those depending on

the reference coordinates X of that particle, e.g., a Lagrangian descrip-
tion f(X). Because the reference configuration is embedded in Euclidean
space, a unique vector of coordinates X can always be assigned to each
material particle at X. Similar arguments hold for the spatial description,
since at any given time #, each location x can be assigned a unique vector
of coordinates x. Thus the notation for a function of spatial position, f(x),
is hereafter used interchangeably with f(x).
In indicial notation, time-dependent components of the motion and its
inverse, respectively, are expressed in functional form as
¥ =x'(X,t), X' =X"(x,1). (2.1)

The first of (2.1) implies that spatial coordinates x“ of each material parti-
cle depend upon the choice of point X, or equivalently the material particle
located at that point in the reference configuration, and time 7. The second
of (2.1) assigns a set of reference coordinates X* to a material particle
that occupies spatial location x at time ¢. Spatial coordinates x“ of a mate-
rial particle corresponding to location X will generally change with time as
a result of motion, and spatial locations x occupied by the body at one in-
stance of time may not coincide with those occupied at a different instance.

The manifold concept, in the context of differential geometry, is now
formally introduced (Boothby 1975). An n-manifold is a set 7% such that
for each point P €7 there is a subset % of 7% containing P, and a one-
to-one mapping called a chart or coordinate system from 72 onto an open

set in the n-dimensional space of real numbers R". Multiple charts or co-
ordinate systems may be introduced on (regions of) a given manifold.
Transformations between different coordinate systems over (regions of)
the manifold are assumed to be infinitely differentiable if the manifold is
smooth; i.e., such changes in coordinates are of continuity class C” for
smooth manifolds. A collection of charts covering 7% is called an atlas.
As will be discussed in Section 2.2.4, the chart of a smooth #-manifold can
be embedded in n-dimensional Euclidean space E” if and only if the cur-
vature tensor of its corresponding Levi-Civita connection vanishes.
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Fig. 2.1 Two-dimensional manifold embedded in 3-D Euclidean space

The tangent space of 7% at P is the n-dimensional space of contravari-
ant vectors emanating from P, written as 7,7%# . The collection of base
points P and tangent vectors at all P comprises the tangent bundle 77
(i.e., the tangent bundle is the union of tangent spaces over all points P on
7 ), and the map =, from a tangent vector to its base point is called that

vector’s projection. Inverse mappings 7, comprise sections of the tan-

gent bundle. Similarly, the cotangent space of 7 at P, written as T, 7 , is
the n-dimensional space of covariant vectors—also called covectors, one-
forms, reciprocal vectors, or dual vectors—emanating from P. The cotan-
gent bundle, denoted by 7", is defined analogously to the tangent bun-
dle, i.e., the cotangent bundle is the union of cotangent spaces over mani-
fold 72 . Shown in Fig. 2.1 is a two-dimensional manifold 7 with non-
vanishing curvature embedded in E’, with a point X described by a pair of
coordinates X = (X', X?). Tangent space T, 7 is also shown.

Each time-dependent configuration of a deformable body can be re-
garded as a manifold, with locations of particles of material in that con-
figuration identified in a one-to-one manner with points % of # ; the latter
itself can also be viewed as a manifold since charts of smooth coordinates
(e.g., &%) can, in principle, be introduced to cover &. Referential locations
X and spatial locations x can be associated with base points on correspond-
ing manifolds B, and B, respectively. Tangent spaces to reference and
current manifolds at points X and x are written 7,5, and 7T B, respec-
tively. Body &, configurations B, and B, and tangent spaces 7,5, and

T B are illustrated in Fig. 2.2. Reference and current tangent bundles are
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TB, =y, TyB, and TB=u _,T B, respectively. Analogously, cotan-

XeB, xeB

gent spaces are written as 7, B, and T,B, with T"'B,=u,_, T;B, and

T'B=u_,
rent configurations, respectively.

B .\
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Fig. 2.2 Configurations, mappings, and tangent spaces

T B the corresponding cotangent bundles in reference and cur-

Natural or holonomic basis vectors in reference and current configura-
tions are defined, respectively, by

0 0
G,=——¢€<T1,B,,8,=
A 8XA X0 ga axa

and are tangent to local coordinate curves at X or x; for example, see Fig.
2.1 in which 7% can represent the reference configuration B,. Sometimes

eT.B, (2.2)

the basis vectors in (2.2) are called covariant basis vectors because their
indices occupy lower positions, though this can cause confusion because
these vectors act as the basis for general contravariant vectors. Basis vec-
tors in (2.2) are sometimes written as G, =0,X=X , and g, =0, x=x_,.

Dual or reciprocal bases to (2.2) are written as

G'=dX"eT,B,, g'=dx" T B. (23)
Basis vectors (2.2) and their duals (2.3) satisfy the orthonormality relations
(6'.G,), =55. (g"8,), =9 (2.4)

In (2.4), dual pairings (i.e., scalar product of vector and covector) in refer-
ence and spatial configurations correspond to the respective operations

(. , .)BU :TyB,xT,B, >R and ( , .)B:T(:BXTXB—>R. The dual basis
vectors are sometimes called contravariant basis vectors because their in-

dices occupy upper positions. Also introduced in (2.4), Kronecker delta
symbols satisfy
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2.5)

B

st [1VA=B o _ 1Va=b,
OVA=B, " |0Va#h.

Location of the placeholder (index) denoted by the period is arbitrary in
the special symbols defined in (2.5), but such placeholders are not always
arbitrary for general tensor-valued quantities defined later in this book.
Henceforward, subscripts on scalar product operations as in (2.4) denoting
configuration(s) of arguments in angled brackets are omitted since the ap-
propriate configuration(s) can always be inferred from the arguments.

Summation over repeated indices produces 6% =8¢ =65+ +33 =3.
From (2.2)-(2.4), T, B, is the linear vector space of all contravariant
vectors V=V"G , emanating from point X € B,. Cotangent space T ;BO
is the linear vector space of all one-forms @ =« ,G"* emanating from point
X € B, . In the context of dual products, vectors and one-forms are linear
functions, V:T; B, - R and a:7,B, — R, and correspondingly
(0,VYy=a(V)=aV"'=V'a,=V(a)=(V,a), (2.6)
invoking the symmetry property of the scalar product operation. Similar

arguments hold for vectors and one-forms on respective tangent and co-
tangent spaces referred to current configuration B. Contravariant compo-

nent V" of vector V can be obtained via the scalar product operation as
<V,GA> = <VBGB,GA> =V*?84 =V", where (2.4) has been used.

Let G:(VeT,B,,WeT,B,)—R be a symmetric, positive definite bi-
linear form assigning a real number to any two vectors V and W in 7, B, .
Object G is called a metric tensor, or simply a metric. Since G is symmet-
ric, its components obey G,; =G, , where indices in parentheses are

symmetric: 24, = A, + 4, for arbitrary second-order tensor A. Metric

G maps a contravariant vector V into its associated covariant vector V,,:
V,=GV=(G,G'®G")(V'G,)=V,G", V,=G V" (27
The outer product (also called tensor product) of vectors and/or covectors,
corresponding to a juxtaposition of indices, is denoted by ® and satisfies
the identity (G* ® G*)G, =G"(G",G).
The inverse of the metric tensor G, or simply the inverse metric, maps

covectors @ into associated vectors o :
@' =G'a=(G"G,®G,)(2,G")=a"G,. o' =G"a,. (28
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The standard notational convention of denoting components of G~ with
G" (ie., (G)" =G") s followed henceforth.
On vector space 7, B,, metric tensor G enables evaluation of the inner
product or dot product of vectors:
VeW =(V.GW)=V"G ", (2.9
Covariant component V, of vector V can be obtained via use of the dot
product operation as follows: V+G , =V"G G, =V"G,, =V,. Similarly

to (2.9), the inverse of the metric tensor, i.e., its contravariant form, en-
ables evaluation of the inner product or dot product of covectors:

a-p={0,G'B)=a,G"B,. (2.10)

In the current configuration B, the metric tensor associated with spatial

coordinates x is denoted by g: (veT.B,weT.B)— R, with inverse g~'.

Equations analogous to (2.7)-(2.10) apply for spatial metric g and its in-
verse in the current configuration.

From (2.4), (2.9), and (2.10), it is implied that matrix components of

metric tensors and their inverses in reference and current configurations
are given, respectively, by

G,;=G,G,, G*=G"G"; (2.11)
8 =88 8" =8"g . (2.12)

Metrics and their inverses are related, by definition, as follows:
GGy =0¢, 878, =61 (2.13)

Relationships between basis vectors and their reciprocal vectors are
G'=G"G,,G,=G,G", g"=g"g,, g, =g,8". (214
In addition to their role in scalar product operations, metric tensors (or
their inverses) may be used to lower (or raise) indices of tensors of arbi-
trarily higher order. For example, let A =A4""G,®G, be a generic con-
travariant tensor of order two. The fully covariant representation of A is
A,=G,.G,AG"'®G" =4,G'®G”. (2.15)
When considering multiple configurations, it often becomes necessary
to express components of vectors or tensors introduced in one configura-
tion, with one set of coordinates, with respect to bases in another configu-
ration with a different set of coordinates. For example, a vector V defined
in a parallel manner on 7, B, and 7 B is written (Eringen 1962)

V=V'G,(X)=Vg,(x). (2.16)

Taking the inner product with dual basis vectors in each configuration, it
follows that
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Vr=r'(G,.G")=r"(g,.G")=V"gl. g,=g/G,;: @17
r'=v(g,.g)=r"(G,.g" )=V, G,=gig,; (2.13)

where mixed-variant components of shifters, examples of two-point ten-
sors, are defined as

gl X)=(G"g,)=g/, g4 (x,X)=(g".G,)=g;. (219
Similarly, fully covariant and fully contravariant components of shifter
tensors are, respectively,

2., (6,X)=G g, =g, g (x,X)=G"g" = g". (2.20)
From (2.14), it follows that components of the shifters are raised and low-
ered by components of metric tensors of the corresponding configuration:

8 4a :gabg.bA :GABg_I: :gahGABng‘ (2.21)
Moreover, summation over one set of indices leads to the identities
8,8 =5, 8185 =04. (2.22)

It follows that det(g?)=1/ det(gi):\/det(gab)/ det(G,;) , where det is

the usual determinant of a second-order tensor. Shifters can also be used
to express components of vectors and tensors introduced in one frame of
coordinates with respect to a different coordinate frame in the same con-
figuration via parallel transport (Toupin 1956; Ericksen 1960). Differen-

tiation indices cannot usually be shifted; e.g., generally 0, # g0, .

Components of metric tensors on Euclidean spaces can be defined
equivalently in terms of transformations to Cartesian coordinates and the

dot product of vectors. For example, let X* denote general curvilinear
coordinates on B,, and let Z* =Z"(X) denote Cartesian coordinates on
B, . Since tangent vectors to Z* are orthonormal by definition,
& o _o0z°0z°( @ o \_ 0z°oz”
U ox! Xt ax”t ax® (azc oz> j S ox’ ox?
with O, covariant Kronecker delta symbols. From (2.23), the determi-

Op> (2.23)

nant of the matrix of metric tensor components is always non-negative:
det(G,,) =[det(0Z" /0X”)]’ >0 . Similarly for the inverse metric tensor,

det(G*)=1/det(G,,) =[det(6X*/0Z")]’ >0. The metric tensor (or its

inverse) may have zero determinant along certain singular points or curves
(e.g., at R=0 in cylindrical or spherical coordinates) but is non-singular
over any volume (Malvern 1969). In Cartesian space, the metric is simply
G,, =0 ,;, and distinction between covariant and contravariant indices is

not necessary. Analogously for a shifter, components can be computed via
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- _oZ %z _Z %= s o4
Su oo ax o \azr et ) oxiae o (3

where x“ and z° =z“(x) denote curvilinear and Cartesian coordinates, re-
spectively, in spatial configuration B, and J,, reduces to Kronecker’s

8 o odz° azb( 0 0 j_E)ZB oz’

delta when coincident Cartesian coordinate frames for Z* and z* are pre-
scribed, respectively, in reference and current configurations.

Generally non-vanishing components of metric tensors for several com-
mon three-dimensional coordinate systems are listed in Table 2.1. Metric
tensor components listed in Table 2.1 can be applied towards representa-
tions in either of the reference or current configurations.

Table 2.1 Metric tensors for common three-dimensional coordinate systems

Coordinate system Non-vanishing components of G,
Cartesian: (X', X°,X°) > (X.Y,Z) Gy =Gy, =G, =1
Cylindrical: (X', X*,X*)— (R,0,7) Gu=G, =1, G, =R’

X =RcosO, Y=Rsin0, Z=27

R>0, Oe(—n,x]

Spherical: (X', X*,X°)— (R,0,p) Gw=1,G,=R*, G, =Rsin’0
X =Rsinfcosg, Y = Rsin@sing, Z = Rcosd

R>0, 0€(0,7], pe(-m,7]

2.2 Linear Connections

The following topics are addressed in Section 2.2: the definition of a ge-
neric linear connection, its covariant derivative, and connection coeffi-
cients; torsion and curvature of a connection; identities from differential
geometry describing properties of the connection and its torsion and curva-
ture; and a special kind of connection called the Levi-Civita connection.

2.2.1 The Covariant Derivative and Connection Coefficients

A linear connection, also often called an affine connection, on a manifold
B, induces an operation V that assigns to two vector fields V,W eTB, a
third vector field V, W e TB,, called the covariant derivative of W along
V, such that
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(1) VW is linear in both V and W;
(i) VW = fV W for scalar function f’ (2.25)

(i) Vy (S W)= [V,W+(V,Df )W

The derivative of fis Df, and in coordinates the derivative of f'in the direc-
tion of Vis (V,Df)=V"f,=V"3,f=V"0f/0X". The covariant deriva-
tive of W along V is written in indicial notation as

VyW=WPo W'+l VEWNG, =(VEWy + TV WG, (2.26)
where the notation (.) ,=0,(.)=0(.)/0X ? is used interchangeably
throughout this text for partial coordinate differentiation. The n’ coeffi-
cients of the connection in n-dimensional space are written /7. Connec-

tion coefficients do not follow conventional coordinate transformation
laws for third-order tensors. Consider a coordinate transformation

X' — X*. Since vector field VW of (2.26) transforms conventionally
under a change of basis as (Schouten 1954)

ow

(v, w)' =vF—_ o + Cvewe

R B . A o B c
_pp X" 0 [WCaX J+F£V36X )

ox’t ox® axec oxt ox©
)< L oX? ox¢
=V |\ W |+ A= Vewe
8XB( GXC] P ax" ox©

Y‘)

—— +
ox*® ox°¢ Cox? ox¢  ax?® ax¢
X' s ow GX”( L, OX* ax® ax©

c A B c -
5 OWC 0X ( L OXP ox o ox* JI} P @)

— — + — —
ox*  ox? ax'\ " ax? ax? ax¢
ax* o 6XC}I73W@

+ —== ==
o0X°© ox® ox©

_o0X 4 75 6WA
ax*\ ax?
transformation formulae for the connection coefficients are deduced as

+r VBW J
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piOXTOXTOX! L, Xt o ax‘
axtaxcaxt " ax“ ax’® ax¢
CoaxtoxC(ext ., o ox’
CoxPaxClox' " axPax< )
with the second equality in (2.28) following readily from the identity
(8C)? ;’66X C), = (é‘é,),Z§ =0. Furthermore, the covariant derivative of a

(2.28)

vector field, VW(X), isa {}} tensor field, expressed in components as
VW(X)=0@ W+ iW)G, ®G*
=W+ 3G, ®G”.

An affine connection on tangent bundle 7B, enables parallel transport

(2.29)

of vectors across different tangent spaces in 7B,. A vector is said to un-
dergo parallel transport with respect to a connection with covariant deriva-
tive V along paths for which its covariant derivative vanishes. For exam-
ple, a vector W is considered to be parallel along a curve Ai(¢) if
V,W=0, where V=0,/0t is tangent to the curve parameterized by t.
A vector W is then parallel transported along A if it is extended to a paral-
lel vector field W(¢) for all values of z.

The covariant derivative is applied to covector fields and to tensor fields
of higher order as follows (Schouten 1954):

VA" o= Ay
+F}\}:ARB.,AFG“.M n ‘”+1—~].\,/£AA“.ERGWM (2.30)

R 4A.F R fA.F
_FNGA RH..M _"'_FNMA G..LR>

where the index of covariant differentiation is a subscript immediately fol-
lowing the V -operator. Notice that the first covariant index of the con-
nection coefficients corresponds to that of the differentiation. The covari-
ant derivative of an absolute or true scalar function is defined in the same
way as its ordinary partial derivative: V, 4=0,4=4,. Hence the co-
variant derivative of a constant scalar vanishes identically. Another useful
identity is VN5§ = é‘.;,N + 1—']'\‘,25; _F&idé‘ = é‘.g,N + F}\}; _F}\'/g = 5;,N =0.
From the linearity property of the connection, the covariant derivative of a

sum of objects is equal to the sum of the covariant derivatives of these ob-
jects. Covariant differentiation obeys the product rule of Leibniz; e.g.,

V.V W=V v w?+Ww*?V V*. Analogous to terminology for parallel
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transport of vectors, a tensor is said to be parallel transported along a curve
if its covariant derivative vanishes as the tensor is dragged along the curve.

2.2.2 Torsion and Curvature

The torsion tensor T of a connection is defined by the operation

2T(V,W)=V ,W-V V[V, W], (2.31)
where the Lie bracket of vector fields V and W on 7B, is
[V.W]=(V*w; -w"V3;)G,. (2.32)
From (2.26), (2.31), and (2.32), the torsion tensor is
Tzf['éAC]GB ®G®G,, (2.33)

where pairs of indices in square brackets are anti-symmetric, e.g., for a
second-rank tensor 24 5= Agp — Ay A connection is torsion-free when

its torsion tensor vanishes, or equivalently, when its connection coeffi-
cients are symmetric in covariant indices. The torsion tensor of a linear
connection on a manifold is often called Cartan’s torsion, by association
with geometer E. Cartan (Cartan 1922). A connection with vanishing tor-
sion is said to be symmetric. Sometimes twice the quantity in (2.31) and
(2.33) is used as the definition of the torsion (Marsden and Hughes 1983;
Clayton et al. 2004a, b, 2005, 2006, 2008). One may verify that the tor-

sion transforms like a true tensor of order {12} under a change of

holonomic coordinate basis, by direct substitution of (2.33) into (2.28).
The Riemann-Christoffel curvature tensor associated with a linear con-

nection with covariant derivative V, R: TyB, xT,B,xT,B,xT,B, >R,
isa {13} tensor with component representation
.4 A A Al E A E
RBCD :rCD,B _FBD,C +FBEFCD _FCEFBD

=20, + 20 Lo,

[B% Clp [BIE[" c]p>

(2.34)

where indices in vertical bars are excluded from the anti-symmetry opera-
tion. Order and placement of indices used in the definition of R vary
among authors (Schouten 1954; Fosdick 1966; Marsden and Hughes 1983;
Clayton et al. 2005); conventions adopted in this book for the Riemann-
Christoffel curvature tensor and quantities derived from it follow those of
Schouten (1954) and Minagawa (1979). The Riemann-Christoffel curva-

ture tensor transforms like a true tensor of order {;} under a change of

holonomic coordinates (Schouten 1954). From definition (2.34), R is al-



26 2 Mathematical Foundations

ways anti-symmetric in the first two covariant indices. Definitions, in in-
dicial components, of several quantities constructed from the Riemann-
Christoffel curvature tensor include its fully covariant version
Rycps = Régp Gy (2.35)
called simply the curvature tensor by Eringen (1962) and the Riemann ten-
sor by Fosdick (1966), though again the placement of indices varies among
authors. Components of the Ricci curvature are
R., =R, . (2.36)
Recalling that n is the dimensionality of the space, scalar curvature x is
defined as
1 1
k=——R,G" =
n(n—1) n(n—1)
with R the trace of the Ricci curvature. For n=2, R of (2.37) is equiva-
lent to the Gaussian curvature. Finally, Einstein’s tensor 0 has compo-
nents

R, (2.37)

40" = " Pg"F R (2.38)
where components of the permutation tensor £ are introduced formally
later in (2.64).

The skew second covariant derivatives of a contravariant vector V and
covariant vector o can be expressed as (Schouten 1954)

CDEF >

1
V[BVC]VA :ER;?DVD -T;2v v, (2.39)
1
V[BVC]aD = _ERECADO‘A ~TV e, (2.40)
Skew differential operator V[ Y ] obeys the product rule of Leibniz, e.g.,
Vi,V (Vay)=a, Vi,V V' + Vv,V a, . (2.41)

2.2.3 Identities for the Connection Coefficients and Curvature

Coefficients of an arbitrary linear connection can be written in the form
(Schouten 1954)

1
Fig ={ie}+ T3 =T + Toe 4 S (MG + M, = M3, (242)

where for a symmetric, three times differentiable, and invertible but oth-
erwise arbitrary second-rank tensor with components G,, and inverse

components G** , the quantities
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1
{};C} =EGAD (Geps +Gype = Gep) (2.43)

are called Christoffel symbols® of the tensor G,,. Christoffel symbols in
(2.43) are symmetric in covariant indices. Also in (2.42), the third-order
object

Mt =G*"M,., =-G""V ,G,, =G, V,G", (2.44)
with the final equality following from identity V,(G.,G"")=V 6L =0.
The covariant derivative of G, is, from (2.30) and coefficients in (2.42),

VG = Gpe 4 _F}igGDc _FQLC)GBD ==M . (2.45)
Symmetry conditions M ,,. =M A(BC) follow immediately from conditions
G, =G,,. When V ,G,.=0, or equivalently when M ,,. =0, the con-
nection is said to be metric with respect to G,,. In that case, covariant
differentiation via V and raising (or lowering) of indices via G** (or
G ;) or commute. In general, G,, of (2.43)-(2.45) need not be the metric

tensor used to define scalar products of vectors. However, when the con-
nection of (2.42) is metric, and when G, is in fact the metric tensor of the

space with connection (2.42), then G, is called the fundamental tensor of

the space (Schouten 1954). In the particular case of Riemannian geometry,

by definition the connection is simultaneously symmetric (7} =0) and
metric (M, =0), leading to

o= {'{é} (Riemannian geometry). (2.46)

Returning now to the general case in (2.42) with possibly non-vanishing

torsion and non-metric connection, the Riemann-Christoffel curvature ten-
sor of (2.34) exhibits the following properties (Schouten 1954):

R(";é)D =0, (2.47)

Risen) =2V Tiny = 4T T » (2.48)
Ryen) = VM pep + Tis M e (2.49)
V[ERES]D = ZYEL‘I;RE]/ILD’ (2.50)

where anti-symmetry over three indices is expressed as
6A[ABC] = AABC + ABCA + Ay — ABAC - ACBA - AACB . (2.51)

3 In tensor analysis, {:;é

} are often labeled Christoffel symbols of the second
kind, and [sc.4]= G, {B[(’} are often labeled Christoffel symbols of the first kind.
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Relation (2.50) is often called Bianchi’s identity. For a symmetric connec-
tion the right sides of (2.48) and (2.50) vanish, and for a metric connection
the right side of (2.49) vanishes. For a Riemannian connection of the type
(2.46) that is both symmetric and metric,

R(BC)DA =0, R[BCD]A =0, RBC(DA) =0, Ryeps = Rppe (2.52)

and the number of independent components of R is n°(n* —1)/12, for ex-
ample one independent component for a two-dimensional space and six
independent components for a three-dimensional space. In Riemannian
geometry, the Ricci tensor of (2.36) and Einstein’s tensor of (2.38) are
both symmetric and satisfy
1 1

0,=R, —ERGAB , V,04=V, [RCBGAC —ERﬁgj =0. (2.53)
A space with connection for which the covariant derivative of the Ricci
tensor of (2.36) vanishes, i.e., for which V R, =0, is called a Ricci
space. A space in Riemannian geometry—that is a symmetric space with
connection and metric in which (2.46) applies—in which the Ricci curva-
ture and metric differ only by a scalar factor as

Rep =2RGp = (1—1)kGp (2.54)
n

is called an Einstein space. From vanishing of the right side of Bianchi’s
identity (2.50) for a symmetric space, it follows that the scalar curvature of
an Einstein space is constant, i.e., V ,& =0 (Schouten 1954).

2.2.4 The Levi-Civita Connection

For a smooth manifold B, with metric tensor G =(G ,*G,)G" ® G”,
there is a unique affine connection with the covariant derivative operator

G G G

V on B, that is torsion-free (T =0) and metric (VG =0), i.e., for which
parallel transport preserves the dot products of vectors. It is called the
Levi-Civita connection (Marsden and Hughes 1983). The Levi-Civita
connection is a particular example of (2.46) and hence is often called the
Riemannian connection (Hou and Hou 1997). In this book the term Levi-
Civita connection is reserved for the particular Riemannian connection

G
whose curvature tensor vanishes as discussed below. Coefficients of V
are defined as

G
G*" (GBD,C + GCD,B - GBC,D) = F“szla . (2-55)
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Superscript G (or G) of the Levi-Civita connection and its corresponding
covariant derivative or gradient operator is not subject to the summation
convention. The Riemann-Christoffel curvature tensor formed by inserting
Christoffel symbols of Levi-Civita connection (2.55) into definition (2.34)

G
is denoted by R. This curvature tensor can be expressed completely in
terms of metric G and its first and second partial derivatives with respect

G
to coordinates X“. A space B, with metric G and having R =0 is called

G
flat. One may show (Schouten 1954) that R =0 if and only if one may as-
sign parallel orthonormal coordinate basis vectors at each point X € B,

such that G,; - J,,. Thus, the curvature tensor vanishes identically and

G
the space is flat when B, is Euclidean. In fact, R =0 are compatibility

G
conditions for the existence of connection coefficients /. derived from

a Euclidean metric tensor G via (2.55) (Schouten 1954; Ciarlet 1998).
Henceforward in this book, space B, with metric G and associated con-

nection (2.55) is always assumed Euclidean, meaning that IG{ =0 by defini-
tion. Thus, the notation IG“ 4 is used to denote components of {';‘C} of
(2.46) when G,, =G G, and when the Riemann Christoffel curvature
tensor formed from {‘;‘C} vanishes. On the other hand, on a curved sur-

face—for example a two-dimensional shell parameterized by a pair of co-
ordinates X :7 — R’ embedded in E’ such as shown in Fig. 2.1—the

single independent component of the curvature from {;‘C} does not vanish.

In terms of Levi-Civita connection (2.55), partial coordinate derivatives
of natural basis vectors and dual basis vectors are

G G
G’fB =-IG", G, =I G, =Gy, (2.56)
and partial derivatives of components of the metric tensor are
G G
Gpe= (GA’GB),C = FNCDBGAD + FE[A?GBD . (2.57)

Viewed another way, (2.56) and (2.57) imply that the basis vectors, dual
basis vectors, and metric tensor are all parallel (i.e., have vanishing covari-
ant derivatives) with respect to the Levi-Civita connection. Since the cur-
vature and torsion of the connection (2.55) vanish by definition, (2.39) im-

G G
plies that skew second covariant derivatives vanish, i.e., VsV V"' =0
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for a vector field with components ¥*(X). From the second of (2.56),

G

covariant differentiation do not always commute. From the first of (2.4)
and the second of (2.56), referential Christoffel symbols of (2.55) can also

G G G
be computed as ngz]"g’j&f,:l"gﬁ<GD,Gc>=<G GC>.

G
=0. However, in general 6[ Y V*#0, meaning that partial and

[4.8] ]

A,B>

In the context of geometrically nonlinear continuum mechanics, (2.55)-
(2.57) may be formulated in spatial configuration B by replacing refer-

ence coordinates X* with current coordinates x“, replacing reference
metric G with spatial metric g, and replacing reference configuration basis
(co)vectors with current configuration basis (co)vectors. Christoffel sym-

2
bols of the second kind for covariant derivative operator V on B are

¢ a 1 ad ¢ a
I3 =—8" (8rac t &ear = 8red) =1 he» (2.58)

2
8 2

and the curvature tensor derived from /7. using (2.34) is denoted by R.

Configuration B with connection (2.58) and metric g is always assumed a

g
Euclidean space. Since the set {B, /;, g, } constitutes a Euclidean

space, torsion and curvature tensors formed from (2.58) vanish identically.
Analogs of (2.56) and (2.57) in the current configuration are

g ) g .

g =-1,¢.8,=1,8=8. (2.59)
g g

Sure = (8,°8,) . =L 538 + 1080 (2.60)

g g
and V[V V?=0 for a spatial vector field with components V“(x).
From the symmetry properties evident in (2.58), 8o = 0. From the sec-

ond of (2.4) and the second of (2.59), spatial Christoffel symbols of (2.58)
8 g g

can also be computed as /7= 115 = F',J'Z<gd,g”> = <ga,b,g”> :

In terms of transformation formulae to Cartesian coordinates introduced
in (2.23) and (2.24), coefficients in (2.55) and (2.58) satisfy

]Gﬁ_,A _oz? oxt s, 07z &
oxtoxC ezl M axtaxt oz
Levi-Civita connection coefficients for cylindrical and spherical coordinate

systems are listed in Table 2.2, where the superscript G has been dropped
for brevity.

(2.61)
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Since metric tensor components G,, =0, =constant in Cartesian co-
ordinates, Christoffel symbols obtained from G,, all vanish by (2.55) in
Cartesian coordinates. So long as basis vectors G, are spatially constant
(but not necessarily orthogonal), Christoffel symbols formed from

G
G,; =G G, vanish identically, and covariant differentiation via V4 and

partial differentiation via 0, =0/0X" are equivalent operations.

Table 2.2 Connection coefficients for common coordinate systems

Coordinate system Nonzero components of 77

Cartesian: (X', X, X°) - (X,Y,2) None

Cylindrical: (X',X*,X°)— (R,0,2) rib=r;2=1R, I;f=-R
X =RcosO, Y=Rsin@, Z=27

Spherical: (X', X, X*) > (R,0,9) Fhg=Ti=Tw=T%=1/R,

X =Rsinfcosg, Y =Rsinfsing, Z = Rcosd I;f=-R, I =—Rsin@
R )

O _
r,, = sin@coséd ,

Iy =1T,;=cotd

2.3 Notation, Differential Operators, and Other Identities

To avoid frequent writing of the gradient operator for covariant deriva-
tives, the following compact notation is used henceforward for covariant
differentiation with respect to associated Levi-Civita connections with co-
efficients in (2.55) and (2.58):

G
Vv A(X)AMHL.‘M = AA“.HI.NM;N > (2.62)

g h h
Vo B(x)“m im B i..m;n ® (263)
where A(X) and B(x) are tensors of arbitrary order referred to reference
and current coordinate systems, respectively. From (2.55)-(2.60), it fol-
lows that G/, =0, G, =0, G, =0, g5, =0, g, =0,and g, =0.
Contravariant and covariant components of third rank permutation ten-
sors on configurations B, and B, respectively, are defined by

e =YGe"™ | &, =Ge e ; (2.64)
gﬂbﬁ' = —\l/geabe ’ gabc = \/geabc 5 (265)
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where henceforth the standard abbreviated notation G =det G =det(G,,)
and g =detg=det(g,,) is used for determinants of metric tensors. Recall
also the compact notation used in this text for reciprocals of square roots:
7\1/5 =1/ \/6 and ’\'/E =1/ \/g . Permutation symbols, also often called
Levi-Civita symbols, satisfy
0 when any two indices are equal
e =e,,. = +1 for ABC =123, 231, 312 (2.66)
—1for ABC =132, 213, 321;

0 when any two indices are equal
e =e, = +1 for abc =123, 231, 312 (2.67)
—1for abc =132,213, 321.

Permutation tensors and symbols in (2.64)-(2.67) are anti-symmetric in all
pairs and triplets of indices, e.g., ¢ = gl*#I° = g8 = JABCT _ (l45C) (e
fer to (2.51)). Covariant derivatives of permutation tensors in (2.64) and
(2.65) with respect to Levi-Civita connections vanish since G, =0 and
g, =0 (Malvern 1969). However, in general, G, #0 and g, #0 since
G(X) and g(x) are not invariant under general changes of coordinates
and hence are not absolute scalars. Identities for symbols of (2.66) are
tabulated in Table 2.3. Analogous identities apply for spatial symbols e
and e, of (2.67) and for the permutation tensors of (2.64) and (2.65).

Table 2.3 Identities for permutation symbols

Identity Identity
or st o
ane PR e, =585 5056
e ey = det 5.0 5.5 5_F ape — 9pYE EYD
c c c
5y Op Oy
e, = 25; eABCeABC = 25.141 =6

Several mathematical operations are now introduced in reference coor-
dinates. Analogous definitions apply for spatial coordinates. The trace of
a second-order tensor A is defined as summation over its mixed-variant in-
dices:

trA=4,=4"G,,=4,G". (2.68)
The transpose is identified as a horizontal switch of indices:
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AZB =4,

A 0

(A")*" =4, (2.69)
The gradient of a scalar function f'is equivalent to its partial or covariant
derivative:

G
Vi=fG'=f,G". (2.70)
From (2.56) and (2.62), the gradient of a contravariant vector field V is
G
vv=yv, ®G” =(VAGA),B ®G”
=V3G,+V"'G,,)®G”’

G (2.71)
A B A .C B
=V3G,®G" +V'I';,G.®G
G
=V +V I ;0G,®9G" =V;G,®G".
The divergence of a contravariant vector field V satisfies
G G
<v,v> —trVV :<\{A,GA>
(2.72)

=((r"G,).,.6")=V1 =G (Nar") .
The final equality in (2.72) follows from the identity (Eringen 1962)
G G
(nG) =1 =173 (2.73)
The curl of a covariant vector field a satisfies
G .
Vxa=G"x(a,G") , =G"xG ay =" a.,G,, (2.74)
where the vector cross product of two contravariant or covariant vectors,
respectively, is
VxW=¢, VWG, axp=e"a,B.G,. (2.75)
Since the Levi-Civita connection is symmetric, the covariant derivative in

(2.74) can be replaced with a partial derivative:

G
ABC . ABC ABC . A _ _ABC __A4BC
e ey =8 ey = I, ="y =& O0z0.. (2.76)

The Laplacian of a scalar function f'is computed in general curvilinear co-
ordinates as

Vifo (G 1,)=G" ()= xl/E(ﬁGABJ{A )73 R

A number of other identities can be derived immediately from defini-
tions in (2.68)-(2.77). For example,

G G
<V,V>< a> ="y =", =0, (2.78)
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G G
vafngBc_ﬁCBGA :gABCﬁ(CB)

G,=0. (2.79)
Many others can be found in books on vector calculus, electromagnetism
(Stratton 1941; Jackson 1999), or continuum mechanics (Malvern 1969).

Two mathematical operations for second- and higher-order tensors are
defined next: the generalized dual product and the double-dot product.
These operations will become particularly useful in Chapter 4 (and in sub-
sequent Chapters) for defining energetic quantities in the context of the
continuum thermodynamics of deformable bodies. The generalized dual
product written for rank two tensors extends (2.4) to second-order tensors,
providing a scalar product of two such quantities. For example,

(AB)=4"B,, {VAeTBxTB.BeTB,xT;B,|, (2.80)
(a.b)=a"h,, {VacT BxT,Bbel BxT B}, (2.81)
(C.D)=C'D; {VCeT BxT;B, DeTB,xTB}.  (2.82)

In (2.82), C and D are examples of two-point tensors. The double-dot
product, denoted by boldface colon :, implies summation over two sets of
adjacent indices of second- and higher-order tensors. As with the general-
ized dual product, the double-dot product may be applied to quantities de-
fined on the tangent and/or cotangent spaces of one or more configura-
tions, i.e., two-point tensors. For example,

A:B=A"B, (VAeTBxT B .BeTBxT B}, (2.83)
atb=a"b, {VacT BxT BbeT BxT B}, (2.84)
C:D=C“D,, {VCeT BxT B, DT BxT B}, (2.8
E:F=E"'F,g,®g,{VEeT, BxT, BxT, BxT, B.F T BxT B} (2.86)

Notice from (2.86) that when tensors of rank greater than two are involved,
the double-dot product operation does not yield a scalar as the result. In
situations where there is no chance for confusion, e.g., scalar products of
mixed contravariant-covariant pairs along the lines of (2.82), the dual
product and double-dot product notations may be used interchangeably. In
terms of the trace operation of (2.68),

(A.B)=tr(AB)=tr(A'B"), A:B=tr(AB")=tr(A"B).  (2.87)



2.4 Physical Components 35

2.4 Physical Components

Components of vectors and tensors expressed in general curvilinear coor-
dinates generally do not all exhibit the same dimensional units. In general
curvilinear systems, basis vectors need not be dimensionless. Physical
components of these objects can be introduced so that all components ex-
hibit the same dimensions, and so that all basis vectors are dimensionless
and of unit length. Developments that follow in Section 2.4 are expressed
with respect to the reference configuration; analogous expressions apply
for spatial coordinates.

Physical components are referred to dimensionless basis vectors E , ob-

tained by normalizing basis vectors of a general curvilinear coordinate sys-
tem by their lengths:

G
E-—"4 __G G, . 2.88
A (GA.GA)I/Z A A4 ( )

where underlined indices are not subject to the summation convention. An
arbitrary vector V €T, B, can be written as

vV=vG,=v'[G,E,=V"E,, (2.89)

where contravariant physical components of V are

yW=yJG,, . (2.90)

Covariant components satisfy
V,=G V" =G 3G, V" (2.91)

Physical components of a tensor of higher order can be defined by consid-
ering the way the tensor represents phenomena in physics; however, trans-
formation formulae for higher-order tensors from general curvilinear com-
ponents to physical components often involve lengthy manipulations
(Malvern 1969). Listed next are useful expressions for general orthogonal
curvilinear coordinates, cylindrical coordinates, and spherical coordinates.
Other kinds of curvilinear coordinate systems—elliptic, parabolic, bipolar,
spheroidal, paraboloidal, and ellipsoidal—are addressed by Stratton
(1941).

2.4.1 General Orthogonal Coordinates

General orthogonal coordinates are defined by the requirement that at each

point X, the coordinate curves X passing through X are mutually or-
thogonal. This requirement results in a diagonal metric tensor
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G =G .G, =) 74=5 (2.92)
TR0 VA#B. '
Thus
dXedX =dX"G ,dX" =G, (dX') + G, (dX*)’ + G,,(dX*)*,  (2.93)
G, =1/G*, (2.94)
G=G,G,G,, G'=G"G”G”. (2.95)
Non-vanishing Christoffel symbols are
G 1 G G G
FABA:_FGAA,B: Iyp=T4=0nGy),, [i=0nG,),, (2.96)
BB
and otherwise
G
Iift=0A=B=C). (2.97)

In contravariant physical components of orthogonal coordinates, the gradi-
ent and Laplacian of a scalar function f(X) and the divergence and curl

of a vector field V(X) are, respectively (Eringen 1962)
Vf= JG, 1.E, +/G,, f,E, +3[G,, [ E,, (2.98)
V£ =G (GGG 1),
+ (GGG 1)+ (GG G 1) |,
<§,V> =G| (GG "), + (JOuG V), + (GG ), |, 2.100)
VxV = /GnG, |G, - (G ™), |k,

+ 7\1/ G;;,G,, |:(\/G711V<1> ),3 - (@V<3>),1 :| E, (2.101)
+ 7\]‘ GG, |:(\/G722V<2> ),1 - (\/G7HV<1>),2 :| E,.

(2.99)

2.4.2 Cylindrical Coordinates

Cylindrical coordinates (X',X*,X’)—(R,0,Z) are a particular kind of
orthogonal curvilinear coordinates. Transformation formulae to Cartesian
coordinates and metric tensor components are listed in Table 2.1, and
Christoffel symbols are listed in Table 2.2. In particular, a squared incre-
ment of distance is
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dXedX =dX "G ,dX" =G, (dR) + G, (d0) + G, (dZ)
=(dR)’ + R*(d0)’ +(dZ)’.

In physical components of cylindrical coordinates, the gradient and Lapla-
cian of a scalar f(X) and the divergence and curl of a vector field V(X)

are, respectively,

(2.102)

G
VI =1rEg +R71f,9E9 +fE;, (2.103)
G
Vif= R [+ R fo+ [0 (2.104)
G
<V5V> =R'RV) z +R WV, g4V, 4, (2.105)

%XV = [R_IVZ’H _Va,z:|ER +[VR,Z - VZ,R:|E9
+R™ |:(RV.9),R _VR,H}EZ‘

By convention, indices of physical components of a vector in cylindrical
coordinates are written in the subscript position, with angled brackets on

indices omitted: V! = = Vas y —pto = V,,and yi —pta = v,.

(2.106)

2.4.3 Spherical Coordinates

Spherical coordinates (X',X*,X’)— (R,0,p) are a second particular

kind of orthogonal curvilinear coordinates. Transformation formulae to
Cartesian coordinates and metric tensor components are listed in Table 2.1;
Christoffel symbols are listed in Tables 2.2. In particular, a squared in-
crement of distance is

dXedX =dX "G ,dX" = G, (dR)* + G,,(d0)’ + Gw(al(o)2
=(dR)’ + R*(d0)’ + R*sin’O(d p)’.

In physical components of spherical coordinates, the gradient and Lapla-

cian of a scalar f(X) and the divergence and curl of a vector field V(X)

are computed, respectively, as follows:

G
V= E+R f,E, +(Rsing)" f E,, (2.108)

(2.107)

%zf =R (szR )t (R*sin 0)’1(fﬂ sin@) , + (Rsin 6’)’2f (2.109)

o2

<§,V> =R*(RV,) x +(Rsin0) ' (V,sin0) ,+V,, ], (2.110)
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G
VxV =(Rsin0)"'[(V,sin0), -V, , |E,
+ R [(sin0) 'V, —(RV,), |E, (2.111)

+RI[(RV,) =V, JE,.
By convention, indices of physical components of a vector in spherical co-
ordinates are written in the subscript position, with angled brackets on in-
dices omitted: V' =y =y, y® =y —y and vy =y = v,.

2.5 The Deformation Gradient

The deformation gradient is a fundamental descriptor of kinematics of de-
formable bodies, and is of particular importance in the context of nonlinear
solid mechanics. In Section 2.5, the definition and interpretation of the de-
formation gradient are provided, followed by definitions and identities for
key quantities derived from the deformation gradient.

2.5.1 Fundamentals

Recall from Section 2.1.2 that motion from the reference configuration to
the current configuration of a deformable body is denoted by continuous,

invertible, one-to-one function @ =7y, 0y, :B,— B. The deformation
gradient field is defined as the tangent of ¢, mapping vectors in 7B, to
vectors in 7B, or locally at material point X, F(X)=T¢, :T,B, > T.B.
A visual interpretation is provided in Fig. 2.2. When coordinate systems

a

x“ and X“ are introduced on B, and B, respectively, such that
x* =@"(X",t), then deformation gradient F can be written as

op°
ox*!
In components, the deformation gradient is often written* Fj(X,7)=x",.

F=Fig ®G"= g ®G"'eT BxT,B,. (2.112)

At any particular time ¢, spatial coordinates x“ occupied by the body are
assumed one-to-one functions of X* and (usually) differential of class C”
(r>1) with respect to X*. Also at any time ¢, reference locations occu-
pied by the body with coordinates X* are assumed one-to-one and of

* Partial differentiation proceeds as 0,(-)=() ,=(),0,x" =() x", =0,()F}.
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class C" with respect to spatial coordinates x“. Thus det(x,)=0. If

=0 across certain singular surfaces within an otherwise “smooth” body,
then F may be discontinuous across such surfaces. Because it is referred
to (possibly) distinct coordinate systems in different configurations, F is
said to be a two-point tensor or double tensor (Ericksen 1960) whose com-
ponents each transform like those of a vector (upper index) or covector
(lower index) under transformations of only one set of coordinates. The

deformation gradient operates on an arbitrary vector V=V"G, € T, B, as
FV=Fig ®G"'(V'G,)
(2.113)
=F/’g,(G",G,)=FV'g, eT.B,
where the first of (2.4) has been used. From (2.113) it is clear why the de-
formation gradient is called a tangent map: F maps a reference vector V
that is a linear combination of tangent basis vectors at a point X on the ref-
erence configuration to a spatial vector FV that is a linear combination of
tangent basis vectors at a point x on the current configuration.
The deformation gradient provides the first-order approximation of the
length and direction of a differential line element dx € 7 B mapped to the

current configuration from its referential representation dXe7,B,. For
example, a Taylor-like series expansion can be written (Toupin 1964)

dx’ =x“(X")-x"(X)
1

=X x| XA x| XXX s 2114)
Al 2ol 31y
i Fli Flpe

with dX* =X'" — X" an infinitesimal vector between reference points X

and X'. Section D.1 of Appendix D contains a complete tensor derivation
of (2.114), to second order in dX. To first order in dX,

dx=FdX, dx" = FjdX" =x’ dX" . (2.115)
In (2.114), the total covariant derivative of the deformation gradient, i.e.,
the second-order position gradient, obeys (Eringen 1962; Toupin 1964)
G g
Xy =F4y=F', —T S Fe+ T F\F,
‘AB A:B A,B . BA*T .C . bc™ AT B (21 16)
= x.(,lAB _Fbix.(,lc + FZZXfofB'
The total covariant derivative of a generic two-point or double tensor of
arbitrary order, A(X,x), is defined as (Ericksen 1960; Eringen 1962)

4.C a.c 4.C a.c A.C a..c k
(ADA.,F ZL/)K = (ADA.,F ZL/)K + (ADA.,F Z“.Cf);kFK

(2.117)
= (Ay 5 D = (4D ) xh.
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Partial covariant derivatives of A are found by applying the usual rules of
covariant differentiation in (2.30) to only one index. For example,

Ay = Aoy~ 5AL, Ay = A0+ 24, Q118)
In (2.116), regarding x“, = x“,(X) leads to inclusion of only one second-
order partial derivative in the total covariant derivative of F (Eringen 1962;
Toupin 1964), though in general F¢, =F¢,F '} #0. From the chain
rule, F¢,=F F) and F4, = F4,F™'® (Ericksen 1960). Third-order po-
sition gradient x‘,. can be computed by taking the total covariant deriva-
tive of F, via another iteration of (2.117). Partial covariant derivatives
of two-point shifter tensors vanish: g7,=0, g%,=0, g%, =0, and
g4 =0 (Toupin 1956; Ericksen 1960). For example, g%, =G"+g,, =0.
Then from (2.117), total covariant derivatives of shifters must vanish:
gt =0, g%,=0,g%, =0,and g’ =0. Thus it follows that partial co-

variant differentiation and total covariant differentiation both commute
with shifting, raising, and lowering of indices.

The dual map F~ of the two-point tensor F is defined by
(Fo,V)=(0,FV) V aeT BV eT,B,. (2.119)
From the properties of the mapping ¢, deformation gradient tensor F is
non-singular, and its inverse satisfies
F'F=1,, Xx, =6;; FF'=1,x" X}, =6;;  (2.120)
where 1, =64G,®G” and 1=5g, ®g" are identity tensors on B, and
B . In components, the inverse F ' (x,) = X, , and partial differentiation
0,()=0,()F . The dual and inverse commute: F*'=F"" =F" . In
components, the dual, inverse, and dual-inverse of F are, respectively,

F =F“G"'®g, T B,xT.B, (2.121)
F'=F'"'G,®g"eT,B,xT B, (2.122)
F ' =F 'g"®G, el BxT,B,. (2.123)

The transpose map F’ between metric vector spaces (7, B,,G) and
,g) is define the operation
(T.B.g) is defined by the operati
(F'w)V=weFV)VweTl.BVeT,B,. (2.124)

Upon inspection of (2.119) and (2.124), the relationship between the trans-
pose and dual maps is apparent:



2.5 The Deformation Gradient 41

F' =G 'F'g. (2.125)

Notice that the transpose map depends on the metric tensors of each con-

figuration, while the dual map is defined independently of the metric in ei-

ther configuration. In index notation, the dual map corresponds to a hori-

zontal switch of indices, while the transpose corresponds to a diagonal
switch. In coordinates, transpose and inverse-transpose maps are written

F' =G"F,’g, G, ®g" T B,xT.B, (2.126)

F'=g"F" )G, g, ®G" eT.BxTB,. (2.127)

Two specific kinds of coordinate representation of the motion (and
hence the deformation gradient) are common: convected coordinate repre-
sentations and Cartesian coordinate representations.

For one kind of representation in convected coordinates, basis vectors of
the spatial frame are updated with the motion in such a way that numerical
values of the coordinates of a material particle in reference and spatial de-
scriptions always coincide:

Y (X.)=5"X", Fi=5", F=g,(x)®G"(X).  (2.128)
Alternatively, convected coordinates can be expressed in terms of spatial
basis vectors fixed in time and updated reference basis vectors, again re-
sulting in coincident numerical values of coordinates of a material particle:

X (X =8'X", Fy=6%, F=g,0®G'(X,n).  (2.129)
Because basis vectors for spatial and reference coordinates, respectively, in
(2.128) and (2.129) evolve with time, associated metric tensors will also
change with time as the body deforms. Convected coordinates of types
(2.128) and (2.129) will not be used henceforward in this book for describ-
ing the relationship between reference and spatial coordinates of a material
particle. Definition (2.112)—which is applicable in general curvilinear
coordinates—is used this book, but it is henceforth restricted to non-
deforming, inertial coordinate systems on B, and B, thus ruling out use of
convected coordinates. Accordingly, natural basis vectors and metric ten-
sors do not depend explicitly on time: in the reference configuration
G,=G,X), G'=G"(X), and hence G,, =G, (X). Likewise in the
current configuration, g, =g, (x), g‘=¢g(x), and g, =g, (x). Thus in
the remainder of this book, holonomic basis vectors can change with posi-
tion (X or x) as is the case for curvilinear coordinates, but the origin of
each coordinate system for X* and x“ remains fixed in both time and
space.

The presentation of kinematics of deformable bodies simplifies consid-
erably in Cartesian coordinates, also often called rectangular coordinates,
rectilinear coordinates, or flat coordinates. If coincident Cartesian coordi-
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nate axes’ are specified with e, =G , =35"g_, ¢’ =G" =6"¢g", G,, =5,

g,=0,, g =05% and g?=5", then (2.112) becomes, quite simply,
F=Fje, ®e". (2.130)

Occasionally Cartesian representation (2.130) is used in this book, again

assuming that the orientation of each basis vector remains fixed in time.
Restriction of validity of a corresponding expression to Cartesian coordi-

nates will be stated explicitly. In (2.130), notice F =&,x", # X%, =67.
Push-forward and pull-back operations are now defined. The push for-
ward of a scalar f:B, — R is defined by ¢.f = fo@™'. The pull-back of

ascalar h: B — R is defined by ¢ h=hogp. The push-forward o,V of a
vector VeT,B,, the pull-back ¢'w of a vector weT B, the push-
forward ¢.a of a covector a7, ;BO , and the pull-back ¢'B of a covector

Be T:B are defined by

o.V=Tp,(V)ep ' =FVop'eTB, (2.131)
o'w=(Tp,)" (W)op=F'wopeT,B,, (2.132)
0.0=(Tp,) (0)op" =F acp' eT’B, (2.133)
9 B=(Tpy) (B)op=FBopeT;B,. (2.134)

By extension, the push-forward to the current configuration of arbitrary
tensor A of rank {j\vl} referred to the reference configuration is defined as

PA(W,,. W, B By)=A(F'w,.F'w, F'B, FB,)

VwelB B el B
Similarly, the pull-back from the spatial configuration of arbitrary tensor b

(2.135)

of order { v } to the reference configuration is defined as

ob(V,.V, . a,.a,)=b(FV, . FV, Fa,  F a
( 1 Mo N) ( 1 *M 1 N) (2.136)
VvV eTl,B, acl,B,.
Composition with ¢ and ¢ for respective push-forward and pull-back
operations in (2.131)-(2.134) is often implied rather than written explicitly
and is omitted henceforth when there is no chance of confusion.

> This is a stricter requirement than non-coincident Cartesian coordinates,
wherein the metric tensors reduce to Kronecker delta symbols, but the shifters rep-
resent rigid rotations independent of location.
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Since reference and current configurations are embedded in Euclidean
space, it is possible to introduce, for each material particle, a displacement
function u with spatial components (Eringen 1962)

u=x"-X"+£&, (2.137)
where x“ are spatial components of the vector from the origin of a fixed
Cartesian coordinate frame to the particle in the deformed body,
X =g X" are spatial components of the vector from the origin of a dif-
ferent fixed Cartesian coordinate frame to the same particle in the unde-
formed body, and &£“ are spatial components of the vector extending from

the origin of the Cartesian frame in the reference configuration to the ori-
gin of the Cartesian frame in the current configuration. Using shifters and
metric tensors of Section 2.1.2,

u'=glu =g"u, =G"u,. (2.138)
Since £ are components of a constant vector, deformation gradient com-
ponents F(X,t) can be represented as (Toupin 1956; Suhubi and Eringen
1964)
Fi=xi, =" +X"=&)  =W’g}) ,+(X"g%) , — (& g%) .,
=@ X - EDg + (X i - E)(g' G, ) (2.139)

=y, +354)8%-
Similarly, components of the inverse deformation gradient, £~ (x,7), can
be expressed as
F=X=(5, ~u})g;. (2.140)
It is emphasized that the deformation gradient and its inverse cannot be

represented by (2.139) and (2.140) when reference and current configura-
tions are non-Euclidean spaces, in which case (2.137) does not apply.

2.5.2 Derived Kinematic Quantities and Identities

The Jacobian determinant of F provides the relationship between a differ-
ential reference volume element dV =/GdX'dX*dX’ c B, and its de-

formed counterpart in the current configuration dv=[gdx'dx’dx* c B:

JdV =dv. (2.141)
In coordinates (Truesdell and Toupin 1960; Eringen 1962; Marsden and
Hughes 1983; Dluzewski 1996), the Jacobian determinate is computed as
follows:



44 2 Mathematical Foundations

J=te, 6" F FL S =1 [g]Ge, e YL F
16 1 6 (2.142)
= delF\[g /G = dei(x",)|[dei(g,, ) /4ei(G,,),

where (2.64) and (2.65) have been used. For the inverse deformations,
6J "' =", FUFF'C = /G/gdetF'. From (2.64)-(2.67) and
Table 2.3, it follows that permutation tensors map between configurations
via e =J"e" FF'FS and ¢, =J&,, F ' F' F'.  Jacobian

J(X,t), unlike detF, is an absolute scalar, invariant under coordinate

ABC

transformations (Marsden and Hughes 1983). Since volume v remains
positive and bounded, 0<.J <oo. When there is no deformation, e.g.,

when a body undergoes only rigid translation, then F=1=g"%g ®G",
and in that case J =./g/G det(g?,) =1 follows from (2.142).

The following identity applies for the derivative of the determinant of a
non-singular, second-order matrix A (Ericksen 1960; Thurston 1974):
O(detA)

= A" detA . (2.143)
04} ~”‘
Applying (2.143) to J and J' produces the following identities:
-1
v _ JF ', —anlA =J'Fy, (2.144)
OF S OF T, '

as can be verified directly via inspection of (2.142). The total covariant
derivative of the second of (2.144), using (2.73) and the chain rule (see the
full derivation in Section D.2 of Appendix D), is

G
@1 1oF ™), = (' F), =g (Jg I Fy)  ~ I FEr S FT,

L . (2.145)
=JF Aa[xAB_xA,BA:':()'

Analogously, the divergence of the first of (2.144) produces the identity

g
@J/0F%),, =(JF), =IGWGIF) ,~J2=0.  (2.146)
Relations (2.145) and (2.146) are often called Piola identities. Using the
definition of the determinant and (2.139), the Jacobian satisfies

J =g/ G det(g",)det| uj, + 575 | = det| u} + 5} |

(2.147)
slad +(1/2)] @) —ujul, |

¢ Recall that for two generic, non-singular square matrices A and B the follow-
ing identities apply: det(AB) = (det A)(detB) and det(A™') = (detA)™".
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Terms of order three in referential displacement gradients are omitted in
the final approximation in (2.147).
Let oriented differential area elements referred to configurations B, and
B be labeled NdS and nds, respectively, where unit normal covariant
vectors NeT,B, and neT B. These area elements are related by the
transformation formula
nds = Jo.NdS, n,ds=JF "N ,dS=JF "N dS . (2.148)
Relation (2.148) is called Nanson’s formula (Malvern 1969) and represents
the Piola transformation between differential forms NdS and nds (Mars-

den and Hughes 1983). Let nds=¢, di’dx” =¢, dx" ndx®/2 and
N,dS =& ,.dXPdX ) =¢ ,.dX® AdXC /2, where for two rank-one ob-
jects, the wedge product satisfies (a A )" =a’ Ap* =a’'p’ -a’p*.
Schouten (1954) calls dx“ A dx” an infinitesimal bivector. From the above
definitions of oriented differential area elements and the properties of the
permutation tensor in Table 2.3, it follows that dx‘ Adx" =&““n.ds and
dX* ndX"® =" N_.dS . Notice that dx* and dx” are treated as compo-
nents of distinct vectors in the definition of the area element; otherwise the
dyad dx“dx” would be symmetric. Notice also that the oriented area ele-
ment nds=¢, di’dx" = ¢, dx’dx° .

Decomposition of the deformation gradient into the product of two ten-
sors—a rotation and a symmetric positive definite tensor called a stretch
tensor—is always possible since F is non-singular. This separation into
stretch and rotation is called the polar decomposition and is written as

F=RU=VR, (2.149)
where rotation R:7,B, - T B is a proper orthogonal two-point tensor,
i.e., R" =R’ and R has positive Jacobian determinant of unit magnitude:

R'R=1,, RR" =1, ¢, ¢ R"R",R’. =6. (2.150)

Right stretch tensor U:7, B, = T, B, and left stretch tensor V:7.B —>T B
satisfy the following symmetry conditions:

GABU,ZE‘ = GCBU,i ) gabV(}:) = gcbe' (2.151)

The stretch tensors in (2.151) are determined uniquely by the polar de-

composition of F, and are related to the right and left Cauchy-Green de-
formation tensors, C and B respectively, as

C=F'F=U’, B=FF' =V’ (2.152)
Since detR =,/G/g >0 by convention (2.150), J =detU=detV >0.
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The covariant version of C is the pull-back of spatial metric g, and the
contravariant version of B is the push-forward of reference metric G™':

C:¢*(g) » Cup :Fzgang :C(AB); (2.153)

B=¢.(G"), B* =F'G"F, =B, (2.154)

The tensors defined in (2.153) and (2.154) are clearly symmetric. From

(2.115) and (2.153), C assigns, to first order, the length of an infinitesimal
line element after deformation:

|dx| =|FdX| = /(dX,CdX) . (2.155)
Furthermore, the right Cauchy-Green strain tensor
1 1
E:E(C_G)’ EAB:E(CAB—GAB):E(AB), (2.156)

provides a relationship for the difference in squared lengths of deformed
and undeformed line elements as

dxsdx — dX+dX = 2(dX,EdX). (2.157)
A number of other finite strain measures not described here may be con-
structed from F or its inverse (Malvern 1969; Marsden and Hughes 1983).
Notice that it is customary to represent the rotation R of (2.149) and
(2.150) as a two-point tensor. If instead R is referred exclusively to refer-
ence coordinates, for example, then a shifter must be introduced into the
deformation gradient, e.g., F4=R.U  =g%RU =g4R.(C")S,.

More kinematic identities emerge from straightforward differentiation’:

E
Cur _pepy, Lo 50, L Lscon. sy
0g., OF¢ 0C, 2
The following identity is derived from (2.143) and the symmetry of C:
NARtC) _ 134 getC = 142 detC. (2.159)
0C 5

Then because detC =det(C)=det(G"“Fig,,Fy)=(g/G)(detF)’ =J?,
o _, o _1 oJ> 19(detC)

0E, oC, JoC, J oC, (2.160)
=JC =JF g F Y =X g X5

oF oF ™",
7 Additionally, from (2.120), 8F_fA =-F4F) and 8T”b S R
b B
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2.5.3 Linearization

It is instructive to consider the small deformation, i.e., geometrically linear
or infinitesimal, kinematic description often applied in engineering prac-
tice. In the usual linear theory, displacements and displacement gradients
are assumed small so that configurations B, and B nearly coincide, and the
same coordinate system is used in both configurations. Thus the shifter
degenerates to g =J, and partial coordinate differentiation with respect

to either configuration is nearly the same operation, e.g., 0,(.)~570,(.).

Since there is only one coordinate system, lower case indices are used in
this book for representation of mathematical objects the linear theory, by
default. Covariant differentiation with respect to the Levi-Civita connec-

tion is represented by é, Christoffel symbols by ; w(x), and metric by
2., (x). In Euclidean space, spatial and reference coordinates are related
in the linear theory by the vector addition rule

x=X+u, (2.161)
where u is the displacement vector. Components of the right Cauchy-
Green strain tensor E(X,#) of (2.156) are related to spatial covariant de-
rivatives of u(x,?) as (Eringen 1962)

2FME yF," =u,, +u,, —ulu (2.162)

ateb
Components of the infinitesimal strain tensor €(x,¢) (also called the linear
or small strain tensor) are defined as

1
Eap = Uy =E(u‘“b tu,,), (2.163)

and clearly differ from those of finite strain tensor E by terms of order two
in displacement gradients. Such terms are assumed negligibly small with
respect to the displacement gradient itself in the linear theory. Volume
changes in the linear theory are computed after omitting terms of orders
two and higher in displacement gradients in (2.147) as

g g
Jalvul =1+ t(Vu), J' =1-u’ =1-te(Vu).  (2.164)

The skew rotation tensor € is also introduced in the linear theory:
g

O =t = Uy = L gt = U4 (2.165)
which itself can be reduced to a vector w via the axial transformation
1 1
W =——e"Q =——&"u, ., 2, =—¢c, W . (2.166)

2 2 [b,c] ? ab
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Tensor €, when acting on differential element dx, produces the relative
displacement Qdx =w xdx , where (wxdx) =g, w'dx. When all com-

abe
ponents of € are small compared to one radian, this relative displacement
represents a true rotation, and in Cartesian coordinates, R=1+Q is the
corresponding rotation tensor appearing in (2.149).

2.6 Velocities and Time Differentiation

Material velocity V(.X,¢) and spatial velocity v(x,¢) satisfy the following
definitions in direct and indicial notation, respectively:

ox 0¢° 0
v V(X t)=—@" (X, t)=v'(p(X,1),t); (2.167
5= e V(X0 =0 (K) = (pX00): 2167

X
v, =Veg v (x1) =V (9" (x.0).1). (2.168)

Recall the notation x=¢@(X,t) and X = ¢ '(x,t) from Sections 2.1.2 and

2.5.1. Subscript ¢ in the first of (2.168) denotes a spatial field quantity at a
particular (fixed) time ¢z. Notice that components of both velocity fields are
referred to spatial coordinates. In each definition, the material particle at X
is held constant during time differentiation, meaning that velocity is the
time rate of change of position of a given material particle. The composi-
tion operation in (2.168) is often implicitly assumed rather than written
explicitly, and is omitted later in the text when no confusion arises.

2.6.1 The Material Time Derivative

The material time derivative measures the rate of change of a quantity as-
sociated with given a material particle at X. Because spatial position x of a
given particle may change with time, the material time derivative and the
partial time derivative of a function expressed in terms of spatial position x
can differ. The material time derivative of a differentiable scalar function f
of time ¢ and spatial position x is defined as

- a _o|
’t == 4+ —
Set)=", ol o
A A e (2.169)
ot|, ox"|, ot |,
of “
== + [,
ot |, Sa¥
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where the partial time derivative is taken with spatial coordinates x (i.e.,
position x) held constant, and the intrinsic derivative that accounts for con-
vective changes of scalar function fresulting from the velocity field is

L f = = (), = = v 2.170)

It follows that for differentiable functions fand g, d(f +g)/di=f+g

and d(fg)/dt= fg+ f¢&. The material time derivative is applied in an
analogous way to vectors and tensors of higher order as, for example,

/ a afa a / a..c afa(
[ (%)= o I 1 (xt) = 2 :

The material time derivative of a time-dependent function of position in
the reference configuration, with all indices referred to reference coordi-
nates®, by definition equals its partial time derivative:

. b y of !
f(X,t):a—/; , fH(XL)= gt

One application of (2.171) for a spatial vector is the spatial acceleration:

+ a...c

PT A A VY

X

v

LSS (Xt) = (2.172)

ov g
a(x,t)=a‘g =v=—-/| +V,v
(v.1)=a'g, 2.
o’ b
= +(v \%
Py Xga (v,2)
ov’ . R
=] & +[(v'g,), g1V g,] (2.173)
ava C C g ..a
= y xga—i-[v_)bgc—i-v Fbcgajvb
@ g
T (e

8 For a function f of reference position with one or more indices referred to spa-
tial coordinates, letting D/ Dt denote the partial derivative with both X and g
constant, the material time derivative is defined by (Truesdell and Toupin 1960)

. D A.Ca.c g g
A4..C a..c D..F d..[ wa pA.C k..c k .C a.c b
D..F d.,./‘(Xﬂt) = T""(r + _de DA...F k.../‘_"'jV .

bkJD.F d.f T
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On the other hand, the material acceleration, i.c., the material time deriva-
tive of material velocity (2.167) referred to spatial coordinates, satisfies

A(X,t)zA“ga :6_V :M
al, e |,
= aV ga J,-VaM
o |, a |,
(2.174)
ove o
=7 & +V 8o 5/
t X t X
:[aV +1g“',ijCV”]ga,
o |,

noting that (oV*“/ 8Z)| L =@/ 6t)|x +v.‘,’bvb from (2.167). Expressed as
material time derivatives, contravariant velocity components are written as
VaX,t)=v'(x,t)=x“(X,t) and contravariant acceleration components
are written as 4“(X,t)=a"(x,t) =X"(X,1).

Using (2.118) and (2.171), the material time derivative of the deforma-
tion gradient F=Fig, ® G" =x",g, ® G" of (2.112), an example of a
two-point tensor, is calculated in components as follows (Eringen 1962):

.. OF'| SF oF"
FZ — A + A — A +Fj.bvb
| e a0
OF < .
i (e
o |, (2.175)
o g g
= D~A +CEFV =V + T FY’
. . g .

8
=( +F;;:vb]F_; —ViF

The spatial velocity gradient tensor L(x,?), i.e., the covariant spatial de-
rivative of the velocity vector v(x,?), is

L=v,®g" =vig, ®g’ =FF ",
Ly, =vy = (i), = FiF ;.
Noting that d(F{F'})/dt =d(5;)/dt =0, the material time derivative of

the inverse deformation gradient satisfies (F')! =—F (L’ =—X ("),

(2.176)
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The covariant derivative of a metric tensor with respect to its Levi-
Civita connection always vanishes identically; thus the material time de-
rivative of spatial metric tensor with components g, (x) vanishes:

. 0 : . og” :
g, (%) =% +g,7' =0, ¢"(x)= g +g%v=0. (2.177)
t ' t ’

x x

Furthermore, G ,(X)=(8G ,/ 8t)|  =0. Thus, raising or lowering of in-

dices commutes with material time differentiation in either configuration.

2.6.2 The Lie Derivative

The Lie derivative of a differentiable but otherwise arbitrary function
f(x,t) on spatial manifold B taken with respect to the velocity field

v(x,t) of (2.168) is computed by
d =«
L f=o. b((p f)} (2.178)

where go* and ¢, denote pull-back and push-forward operations with re-

spect to the motion. The notation d/dt denotes a material time derivative,
as implied already by (2.169). In this text, particular Lie derivative (2.178)
is considered exclusively. However, more general definitions of Lie de-
rivatives taken with respect to time-dependent vector fields, e.g., fields o-
ther than velocity v, exist (Schouten 1954; Marsden and Hughes 1983).
Lie derivatives are useful for positing constitutive equations in rate form
because objective rates of second-rank tensors have objective Lie deriva-
tives. The component representation of Lie derivative (2.178) for a scalar
function f'equals its material time derivative:

_._al =g a =g a _ a
z’vf—f—atx o +v' f, 6tx+(fv ) = V2 (2.179)

X
For vectors and tensors of higher order, the Lie derivative in components is
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afamh. ]
h h
‘va“ i..r :Tlr +vAfa i.r;s
X
..k /i
- v;fy 1i,“r T T V;:' ¢ Si,“r
FVL eV
a » 51 t.r 3 i.t (2180)
— f i.r + VSfa“.himm
a |

L.r

t grs.h
VS e VLT

since terms involving Christoffel symbols in the covariant derivatives can-
cel by the symmetry of the Levi-Civita connection on B. For the scalar
J(X,t), a direct calculation with the chain rule, (2.144), and (2.176) gives

.a) . .
LI (F(X,0,8(x),GX) =] =—Fi = JF " F
OF (2.181)
=JL, =JD = v =J(x"),,.
In components, the Lie derivative of the spatial metric tensor g, (x) is
(£,2). =02 /6t|x FV e TV T V80 = 2L, =2D,,, (2.182)
=0
where D, are components of the symmetric deformation rate tensor.

a ps.h h ra..s
- V.,sf i v.,.v [

2.6.3 Rate Kinematics

Velocity gradient L provides, to first order, the difference dv in spatial ve-
locities of two particles in the spatial frame separated by a small vector dx.
The material time derivative applied to (2.115) results in

dv=Ldx, dv' =di" = FidX" = F{F "dx" =vjdx" = L\dx". (2.183)
Deformation rate tensor D provides the material time derivative of the
squared length of a differential line element dx:

d(dxedx)/dt =2dxedv = 2L, dx"dx"
) ) (2.184)
=2L,dx"dx" = 2D, dx"dx

because dx’dx” =dx"“dx" . Since from (2.115),
d(dxedx)/dt = d(FidX"g  FhdX")/dt=C ,dX"dX", (2.185)
time rates of right Cauchy-Green strain and deformation tensors satisfy
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. 1.
E;p= ECAB = FZDung > (2.186)
relationships that can also be derived directly from (2.153), (2.156),
(2.176), and (2.182), without resorting to use of first-order approximation
(2.115). The skew covariant part of L, called the spin tensor or vorticity
tensor and labeled W, provides the time rate of rotation of a differential
line element dx. In components,
War = Lian) = Loy = Dy =V = Viast) = V] = Va)? (2.187)

with the final equality following from the symmetry of the connection co-
efficients. Appealing to the polar decomposition in the first of (2.149) and
(2.176), the velocity gradient can be written
L=RR’ +RUU'R’. (2.188)
From time differentiation of (2.150), the covariant version of the first term
on the right of (2.188) is always skew:
8RR, =g, RRS, (2.189)
meaning that the spatial deformation rate is comprised of the symmetric
part of the second term on the right of (2.188):
2D,, =g, RULU LR + g RWUGU'CR'S. (2.190)
Noting that w = v, in the context of the geometrically linear theory of Sec-
tion 2.5.3, the deformation rate is equivalent to the time rate of the small
strain tensor, and the spin is equivalent to the rate of rotation:
Dy = Vi) = Wy = Eap>

. _ X (2.191)
Wep = Upgp) =t = 0,=-¢

abe

2.7 Theorems of Gauss and Stokes

Two fundamental theorems of vector calculus associated with integration
are used frequently later in the text. The first, known as Gauss’s theorem
or Green’s theorem, relates volume and surface integrals. A particular
case is the well-known divergence theorem. The second is Stokes’s theo-
rem, and it relates surface and line integrals.

2.7.1 Gauss’s Theorem

The generalized Gauss’s theorem exhibits the form (Malvern 1969)
[Axvadr=[AxNas, (2.192)
N

vV
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where A is a scalar, vector, or tensor of arbitrary order that has continuous
first derivatives with respect to local coordinates, V is the covariant de-
rivative operator with respect to the Levi-Civita connection of these coor-
dinates, and N is the outward unit normal covariant vector to differential
surface area element dS. Surface S, which encloses volume V, is required
to be piecewise smooth and exhibit a topological outside and inside, such
that N may be clearly assigned to point from the inside to the outside of V'
for each surface element dS. Volume ¥ must be simply connected for a
single continuous surface S to suffice’; otherwise, (2.192) may be applied
over the union of disjoint surfaces completely enclosing a volume that is
not simply connected. The * operator—not to be confused with the push-
forward ¢, or pull-back ¢ introduced in Section 2.5.1 that feature aster-
isks written in respective subscript or superscript positions—represents a
general product that exhibits the distributive property. Examples include
the dual product ( , > , the dot product e, the vector cross product x, and

the tensor (outer) product ®. The familiar divergence theorem of vector
calculus is obtained from (2.192) when * is the dual or dot product, e.g.,
for a spatial vector field a(x,z),

aldv=\a'n,ds. (2.193)
Jasav=]

As a second example (Hill 1972, 1984; Clayton and McDowell 2003a),
consider cases wherein the body is simply connected, enclosed by a single
continuous surface. In (2.192), let A — x(.X,7) and let ' be the volume of
the body in the reference configuration enclosed by surface S, with local
outward normal N. The * operator is chosen to be the outer product ®,
giving

j X' dV = jx“NAdS. (2.194)
Vv N
Since (2.194) involves integration of a two-point tensor field, for the inte-
grals to represent valid quantities at any location in Euclidean space!?, ba-
sis vectors g, (x) and G ,(X) should be chosen as constant with respect to

changes in position. This requirement leads to vanishing of the Christoffel

° In many texts, integration over a closed surface in (2.192) or closed curve in
(2.197) is delineated by the explicit notation (j) Throughout this text, domains of

integration are simply defined as they appear.

10 Alternatively, the integral of a vector or tensor field can be defined in a valid
manner at a single point in space by parallel transporting all position-dependent
quantities within the integrand to that point using a shifter (Toupin 1956). This
approach is pursued explicitly in Chapter 3 in the context of the Burgers circuit.
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symbols in each configuration. This restriction does not require that basis
vectors in the two configurations must coincide, nor does it require that ba-
sis vectors in each configuration must be orthogonal. In other words,
(2.194) requires g, . =0 and G, . =0, but one can still have g, #7,,,

G, #0,,and g° #0°, as considered by Sedov (1966). Thus, (2.194)
reduces to
[xt@v =[Fiav =[x'Nds. (2.195)
4 %4 S

Dividing (2.195) by V gives the volume average of the deformation gradi-
ent in terms of spatial position and reference orientation of surface S:

V"deV=V’1 j X®NdS . (2.196)
Vv S

Strict application of (2.196) requires C'-continuity of x(X,?).

2.7.2 Stokes’s Theorem

The generalized Stokes’s theorem is written (Malvern 1969)
[(NxV)*AdS = [aX*A (2.197)
S C

where quantities introduced already in (2.192) have the same definitions,
and where C is a closed curve with coordinates X encircling an oriented
surface S with normal N. Again, A must have continuous first derivatives
with respect to coordinates corresponding to covariant derivative with gra-
dient operator V. Surface S must be simply connected for a single curve C
to suffice; otherwise the line integration must proceed over the collection
of bounding curves interior and exterior to S. When path C of the line in-
tegral is taken in a counterclockwise sense, the positive direction of normal
N is defined according to the usual right-hand rule of vector calculus.
Stokes’s theorem, like Gauss’s theorem, can be applied in either configura-
tion of the body. For example, when A — v(x,7) (the spatial velocity

field) and * — < , .>x , the following equality applies:

g g
Ig”b”nb V. vds= J‘é‘”bgvmnbds = Jg”b" v, = Sv)n,ds
s s s (2.198)
abc a b a
=—J.€ vaybncds:—J‘va,bdx Adx =Ivadx ,
where s and ¢ denote, respectively, surfaces and bounding curves on a
body in the spatial description. When the curl or skew gradient of v van-
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ishes, i.e., when Vi = View] = W, =0, the integrand in (2.198) is identi-

cally zero, and the velocity field is said to be irrotational.

Consider now the deformation gradient in the context of Stokes’s theo-
rem. Let S and C denote, respectively, surfaces and bounding curves on a
body in the reference description, let A — F(X,#), and let *—><. , ) .
Then in indicial notation,

JgABCFZ;CNBdS = _IEABCFZ,BchS
N

s (2.199)
=—[F{dx " ndx” = [Fodx™.
N C

G
where symmetry properties of the Christoffel symbols 77 F A have

been exploited. Likewise, in the spatial description,
I achlA nbds— J. achlAbndS

* (2.200)
= .[F_IA dx”/\dxb—'[F lAdx

Restrictions on coordinate systems may apply since (2.199) and (2.200)
involve integration of vector fields. Specifically, basis vectors g, must be
constant for all points x in the domain of integration in global equation
(2.199), while basis vectors G, must be constant for all points X in the
domain of integration of (2.200). Otherwise, integrands in (2.199) and
(2.200) must be parallel transported to a single point (x or X) using the ap-
propriate shifter, and the integral then evaluated at that point (Toupin
1956). Furthermore, F(X,f)and F'(x,7) must have continuous first de-
rivatives with respect to reference and spatial coordinates, respectively.
From (2.115), since the line integral of position about a closed loop on the
surface of or within a simply connected body vanishes,

0= jdx“ = fF;dXA = —ngBCF;,BNCdS , (2.201)
0= j dx* = jF M g = j g™ FM n.ds . (2.202)

Since (2.201) and (2. 202) must hold for any path within the body,
F' o =F . =F' =0, F" =" =F™" =0. (2.203)

(4,8 = Ulas) = Flan) = [a.b] [ast] Jab
As discussed further in Section 2.8, (2.203) can be interpreted as local
compatibility conditions for the deformation gradient and its inverse.
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2.8 Anholonomic Spaces and Compatibility

The following topics associated with compatibility, or lack thereof, of arbi-
trary tangent maps and linear connections are discussed in Section 2.8: an-
holonomic deformations and anholonomic configurations, strain compati-
bility, connection compatibility, and the Jacobian determinant.

2.8.1 Anholonomicity

Consider a field of covariant basis vectors g (¢ =1,2,3), spanning a tan-

gent bundle 7B associated with arbitrary configuration B. By introducing

the two-point map F(X,t)=F “ §,®G" that is assumed to be differenti-
able and invertible, generic vectors V e T, B, are pushed forward to 7.8 :
FV=F%§,0G"(V'G,)=F"g,(G".G,)
=FV'o5g, =FV'g, €T.B.
Basis vectors are tangent to globally continuous coordinate curves X* (i.e.,
g, =0/0%" for some coordinate parameterization X“(X,?)) if and only if

(2.204)

the following integrability conditions hold for F (Schouten 1954):

- . 6256_'0: azi_a

Fig=Fp, < X ox = axPox (2.205)
If conditions (2.205) are not satisfied, then g, is called an anholonomic

basis vector, the tangent map F is called an incompatible map, and B is
called an incompatible configuration or an anholonomic space''. In such a
case, anholonomic coordinates X“, sometimes called non-holonomic co-
ordinates (Stojanovitch 1969), are available as one-to-one functions of lo-
cation X only over local patches of B, if at all. Anholonomic spaces can
be interpreted as containing regions where coordinates X* may be multi-
valued (overlaps) or undefined (holes) functions of X (Kondo 1964). From
another perspective, when anholonomic, B can be considered a nine-
dimensional space (nine independent components of F “/) in contrast to

' When F does not have continuous first partial derivatives, (2.205) does not
apply. For example, a piecewise linear field of coordinates X“(X) can result in a

piecewise constant deformation gradient X, (X) with discontinuities, as can oc-
cur physically in crystals in the context of deformation twinning (James 1981).
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holonomic configuration B, parameterized by three independent coordi-

nates X*. Since the deformation gradient and its inverse are integrable,
F[fq, 5= =0 and F 4 5= =0, as indicated in (2.203) in the context of Stokes’s

theorem.
Because conventional differentiation with respect to anholonomic coor-
dinates does not apply, partial differentiation with respect to anholonomic

o

X% is defined in a special manner:
o(.) o(.) =~
0.()=(), =L))o
0. oxX (2.206)
=0,(F ' =0,()FiF .
The anholonomic object K is introduced (Schouten 1954; Kondo 1964):

~ . 14 yo-1B a 14 7-1B rra ..a
Ryp=F [ F 0o Fy =F [ FPFf, =RiS (2.207)

a geometric construct whose components vanish if and only if F is inte-
grable. Consider the transformation law for the connection coefficients
given by (2.28), but now applied with respect to a change from holonomic
to anholonomic coordinates X* — ¥, where (2.206) is used to define
partial differentiation with respect to x“. Arbitrary connection coeffi-
cients /¢ on B, then transform to coefficients f - on B as
[y =FF Firt+F ;CﬂF“C
1 1 (2.208)
= F e —F o F R,
Torsion tensor T of (2 33) pushed forward to B becomes, in components
a 1B 1+-1C fra A
T =F o Y ot _F[/fz] Ky s (2.209)

Dl

implying that 7 5 need not vanish for covariant components of /7. to

be symmetric. Pamal derivatives of basis vectors with respect to an arbi-
trary connection on B are defined as analogs of (2.56):

8 =—T5E 8., =T/E,. (2210)
Relations (2.210) are treated here as general postulates, applicable regard-
less of whether or not (2.208) is used to define connection coefficients on

B. However, when (2.208) does specifically apply, skew partial deriva-
tives of covariant basis vectors in (2.210) need not always vanish even if
Nﬂl 0, since

g[a/f]:F[ ]g ( : ~ K )E, . (2.211)
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The expression for the Riemann-Christoffel curvature tensor of a linear
connection, defined with respect to holonomic coordinates in B, as R;d,

in (2.34) and pushed forward to anholonomic coordinates x“, is (Schouten
1954; Kondo 1964)

Ry = F )0 F SFPFORG

Bro
61:',(: afﬂg . .E . .E ~ & T
- o a horad L s = s +2Kﬂ,{r&; (2.212)
=20, + 2T+ 2R T

which, upon comparison with the holonomic representation in (2.34), dif-
fers only by the rightmost term that includes the anholonomic object.

2.8.2 Strain Compatibility

A second interpretation of compatibility follows from consideration of the
Riemann-Christoffel curvature tensor. From (2.43), Christoffel symbols of
the second kind in the context of Riemannian geometry formed from the
symmetric right Cauchy-Green deformation tensor C(.X,¢) are

c 1 ¢
I = EC o (Copc +Copp = Csep) = I (2.213)

C C
A curvature tensor R can be constructed by substituting components 7.

C g
into (2.34). Since C=¢ (g), R=¢ (R) follows from properties of the

connection and curvature (Marsden and Hughes 1983). Thus, if the de-
formation tensor field C is derivable from a motion @(X,?), and since

R =0, it follows that R =" (0)=0 and C is compatible. Section D.3 of
Appendix D contains an alternative derivation worked out in convected
coordinates, demonstrating vanishing of the curvature tensor formed from
C,; = Fig,F, noting that conditions F=x", and F{,=Fj , apply.
Notice that C-compatibility does not require specification of a unique
spatial configuration, since C is independent of the rotation tensor associ-
ated with the right polar decomposition in (2.149). Furthermore, even if C
is compatible, integrability of an arbitrary field F generating the field
C=F'F may be precluded by rotations R that do not arise from rigid-
body transformations of ¢. For example, consider the field /' = R with

R'R"% =67, suchthat C,, =F'g, Fy=R,G,R,=G,,. Integrability of
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a

F is violated by a rotation field for which R_[ ke 0, even though the cur-

vature tensor constructed from C,, = G,, vanishes identically in this case.

A material in such a condition is said to be in a state of contorted aleotropy
(Noll 1967). The converse of the previous theorem has also been proven,
albeit only locally (Eisenhart 1926). In other words, given a positive defi-
nite, symmetric, second-order tensor C whose curvature vanishes (i.e.,

C
R =0) then at any point X € B, there exists a neighborhood U, of X
endowed with a mapping ¢:B, DU, - U < B whose deformation tensor

is C. A more extensive discussion of compatibility in terms of C is given
by Fosdick (1966), who notes that vanishing of the Ricci tensor or the Ein-

C
stein tensor constructed from R is sufficient to ensure compatibility of C.
One can consider C-compatibility an outcome of deformation gradient

compatibility (i.e., F-compatibility): if F'{(X,¢) is compatible, then it fol-
lows that C,(X,t)=F‘g,,F} is also compatible, as demonstrated in Sec-

tion D.3 of Appendix D.
It is emphasized that a Levi-Civita connection—a connection both tor-
sion-free and metric with respect to g, where the metric has components

8. =8,°8;—on anholonomic space B may not exist, since the field of

vectors g, may not be sufficiently smooth over all of B to admit coordi-

nate differentiation with respect to coordinates that may in fact be discon-
tinuous or multi-valued, i.e., anholonomic coordinates. However, in an-
holonomic (e.g., intermediate or natural) configurations of elastoplasticity
theory, each local volume element of material is often referred to an exter-
nal system of coordinates with Euclidean metric tensor, typically taken as
Kronecker’s delta for convenience (Teodosiu 1967a, b; Simo and Ortiz
1985), though the assumption g, =J,, is not always necessary (Maugin

1995; Clayton et al. 2004a). This issue is discussed in more detail in Sec-
tion 3.2.2. Notice also that the Riemann-Christoffel curvature tensor
formed from the generally incompatible covariant deformation measure

-~ _ pa -~ 3 . . ~a . .
C,5 =F&,,F'y does not necessarily vanish unless x” are holonomic, in

contrast to the vanishing curvature tensor derived from connection (2.213)
formed from the compatible deformation tensor C.

Compatibility equations for the small strain tensor of (2.163) are typi-
cally expressed somewhat differently than those for C (Malvern 1969;
Mura 1982; Teodosiu 1982). The former are derived from differentiation
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of the right side of (2.163) and a sequence of indicial manipulations, lead-
ing to vanishing of the incompatibility tensor with components s :

59 =519 = g’le“b"ed”fsbd;ae = —g’lec”befedgbd;ae =0. (2.214)
The six independent equations in (2.214) ensure that symmetric tensor
€(x,#) with continuous second derivatives with respect to holonomic coor-

dinates x“ is integrable; i.e., (2.214) ensures that a continuously differenti-
able displacement field u(x,?) exists such that (2.163) applies. Analo-

gously to (2.203), Uy ] =0 from the commutative property the of the
mixed second partial derivative with respect to holonomic coordinates, and

vanishing of the curvature and torsion of the Levi-Civita connection results

in Uylpe] = 0, as concluded from (2.40).

2.8.3 Connection Compatibility

Consider coefficients of a special linear connection formed by spatial dif-
ferentiation of a smooth, possibly anholonomic tangent map with inverse

F'(x,t): T.B — T.B, defined as follows:
Iy =F0.F," =FiF )¢
=—F, F," =—F, ,F)"F ",
where the third of (2.215) follows from (F:F,“) =65 =0 and the final

equality follows from (2.206). Connections of the form (2.215) have spe-
cial meaning in field theories of lattice defects (Bilby et al. 1955; Kroner
1960) and are said to exhibit the property of teleparallelism or absolute
parallelism (Einstein 1928; Schouten 1954).

Partial differentiation of (2.215) yields

(2.215)

(F 0 ~F 5, (2.216)
the left side of which is expanded as
F ol + F L =F (DT + T (2.217)

Since the order of partial differentiation on the right side of (2.216) is arbi-
trary (Schouten 1954; Le and Stumpf 1996a),

0=20,0,F = F " (Fyty = Tyly + Tit Tyt = T3 T0) o)
=F "R, '

where R, are components of the Riemann-Christoffel curvature tensor
derived from 77" of (2.215) using definition (2.34). Upon multiplication
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of (2.218) through by F , it is evident that E;})Z =0 are conditions ensuring
satisfaction of (2.215). In that case (i.e., null curvature), the connection
with coefficients 7~ - 1is said to be integrable (Schouten 1954).

Secondarily, if the connection with coefficients in (2.215) is symmetric,
then its torsion vanishes by definition, and it follows from arguments

analogous to those accompanying (2.205) that F™'(x,7) is itself integrable:

Ty =T =FiF =0 F ) =%, =0,%". (2.219)
When (2.219) applies,
]:I;f = %Eilad (Ebd,c + Ecd,h - Ebc,d) 5 6aébc =0, (2~220)

meaning that 7~ are Levi-Civita coefficients formed from a metric tensor
with components C,, (x,1)=F \“g,,F,”, and the set {l_?, ry ,Cab} consti-
tutes a Euclidean space since R;7 =0. Components of a second metric
tensor on B are denoted by 8, and can be chosen as g, =3, for con-

venience. The first equality in (2.220) follows from direct calculation and
(2.219) as

Zféf =C (Ebd,c + ard,b - Ebc,d)
=2FF k5 + 2 g Fy | F U F 0+ F U, g, 221)

[d.e] [d.]
_Arpar-la
- 2FDtF.(c,b) >
and the second of (2.220) is verified by substituting the first of (2.220) into
6aébc = 5bc,a - f;zlgéd(r _fa(débd = O . (2222)

2.8.4 The Jacobian Determinant for Anholonomic Mappings

The Jacobian determinant of anholonomic mapping F introduced in
(2.204) provides, by definition, the relationship between a differential ref-
erence volume element dV < B, and its deformed counterpart in the an-
holonomic space, dV < B :

Jdv =dv . (2.223)
Analogously to (2.142), the function J(X,7), regarded as a true scalar un-
der coordinate transformations, is calculated in coordinates as
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-1 N 1 S
J= ggaﬁz‘c"ABCFjFﬁFé = g \ g/GeaﬂleABchFﬁFg
(2.224)

:% detF\/g/G = %det(ﬁj ) Jdet(g,,,)/det(G ),

where g =det(g,,;)=det(g,+g,)=>0. Requiring that the volume of any

element must remain positive and finite implies bounds «>.J >0. Dif-
ferentiation of (2.224) produces an identity like (2.144):
o1,
oFy 2
Taking the total covariant derivative of the first of (2.225) then gives
Z(jF;IA ):A = gaﬂz‘c"ABC (FZB]AF{ + Fgﬁ%/l )

= ga/f;(gABC (F[ﬁBA]F/Z' + Fgﬁ‘f(('/l] )

eMCELFL=JF,M. (2.225)

(2.226)

When (2.205) is not satisfied, meaning anholonomic object k in (2.207)
does not vanish, the right side of (2.226) may be nonzero and Piola identi-
ties such as those in (2.145) and (2.146) for holonomic mapping F and its
inverse do not always hold for anholonomic mappings.

Let oriented differential area elements referred to configurations B, and

B be labeled NdS and nds , respectively. Analogously to (2.148), these
elements are related by Nanson’s formula or a Piola transformation:

fids = JF'NdS, #i,ds=JF*N,dS=JF"N,dS. (2.227)
In terms of the wedge product, 7i,ds = gaﬁldfc[ﬁ di) = gaﬁldfcﬂ AdX* /2 and
di’ ndx" = &1, d5 , with di" and d%” components of two different in-

finitesimal vectors so their tensor product is not identically symmetric.
Relation (2.227) can be obtained directly from (2.224), noting that

6 =(&,,,)(J '€ FAFAFL)
= (Jge , NI IGe ™ FAFLFL)

C

(2.228)

_ afly _ AB
=&, =& pc€

=(J e, FLFLFORGE™).
Therefore, permutation tensors referred to configurations B and B, satisfy
e =T eV FIFLFL e e =T 6, FOFGFE. (2229)

Letting di” = F%dX ", it follows that an oriented area element in B, is
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=J 'Fie,, d¥/d¥* = J ' F4i,ds,
the inverse of which yields the final result in (2.227). The same approach

can be used to derive (2.148) directly from (2.142), as demonstrated in Se-
ction D.2 of Appendix D.

N, dS=¢,, dX%dx  =¢,, FPF'dvdy’
A ABC ABC ¢ (2‘230)
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