
Chapter 2
Magnetic Field Modeling

2.1 Introduction

Magnetic field modeling of the spherical actuator refers to the formulation of mag-
netic flux density distribution of the PM-pole rotor. There are mainly two purposes
for the magnetic field modeling of the spherical actuator. First, torque modeling is
necessary for position and velocity control of the spherical actuator. According to
Lorentz force law, one prerequisite of the torque modeling is to formulate the mag-
netic field distribution of the PM-pole rotor analytically. Second, the magnetic field
model facilitates the simulation and comprehension of the flux density variation of
the PM-pole rotor.

Various magnetic field modeling approaches have been investigated by other
researchers. A method based on Maxwell equations has been proposed by Prieto
et al. [1] to obtain the magnetic component model for planar structures success-
fully. This method is applicable to one-dimensional (1D) magnetic field, i.e. the
magnetic field vector has a constant direction. As an improvement, by using quasi-
Poissonian/Laplace’s equations in polar coordinates, Zhu et al. [2, 3] have devel-
oped an analytical technique to predict the 2D magnetic field distribution of single-
axis brushless PM machines. Similar approaches have been utilized by Cho et al.
[4] to analyze the 2D magnetic field of a planar motor, and by Polinder et al. [5] to
analyze the 2D magnetic field in the cylindrical airgap of a PM generator. For many
practical cases, the magnetic field with 3D distribution requires different approaches
for modeling. Xiong et al. [6] have proposed an analytical method of the magnetic
field for a linear PM synchronous machine by using the concept of magnetic charge.
A general analysis on the magnetic field of a spherical induction motor was intro-
duced by Davey et al. [7] using magnetic vector potential. The analysis properly
accounts for the diffusion of the magnetic field with changing frequency and motor
speed. Wang et al. [8, 9] have proposed 2D/3D magnetic field modeling methods
based on Laplace’s equation in spherical coordinates for two spherical actuators. In
these models, pole arrangements like two or four PM poles and three or four wind-
ings, are considered. The rotor is in principle regarded as a sphere entirely consisting
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of magnetized rare-earth materials. This approach shows less flexibility in actuator
design and system analysis to a certain extent. Prieto et al. [10] have presented a
procedure to obtain the energy in 3D magnetic structures by applying the Double
2D methodology. An accurate model of the magnetic component can be obtained
from the magnetic field energy. This approach is based on finite-element analysis
(FEA), and thus is not suitable for system control.

The challenge of mathematic modeling of PM-pole rotor in spherical actuators
lies in: 1. there are three components of flux density at every point of the 3D space;
2. each of these components varies with respect to the specific locations. In this
chapter, an analytical modeling method based on Laplace’s equation is proposed
for the 3D magnetic field of PM-pole rotor. The PM poles are described by generic
variables related to the formulation of the magnetic field. Laplace’s equations are
formulated for deriving the general solution of magnetic scalar potential. Then the
analytical solution of magnetic flux density distribution of the PM-pole rotor is ob-
tained with suitable boundary conditions (BCs). With analytical solution of the mag-
netic flux density, the influence of structure parameters of the rotor on the magnetic
field distribution can be studied.

2.2 Configuration of Rotor Poles

When multiple poles are used in a rotor, the PM poles are arranged along the rotor
equator in an alternative polarization pattern. Putting a coil between two PMs as
shown in Fig. 2.1(b), one neighboring PM will generate an attraction force with it
and the other will generate a repulsion force. The attraction and repulsion will move

Fig. 2.1: Influence of earth magnetic field on rotor poles
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the rotor in the same clockwise direction. Therefore, the alternative polarization pat-
tern can achieve larger torque compared with the pattern with same polarization. In
order to realize this alternative arrangement in a circle, even number of PM poles are
required. Due to the intrinsically high magnetic flux produced by rare-earth magnet
as indicated in Fig. 2.1(a), the rotor tends to align itself to the earth magnetic field.
This phenomenon is analogous to the effect of earth magnetic field to the compass
needle. Having even number of poles distributed uniformly around the equator of
the rotor is a method to reduce the inherent self-inducing torque generated by the
earth magnetic field at the center of the rotor (Fig. 2.1(b)).

Figure 2.2(a) illustrates the shape of a single rotor pole - an approximated dihe-
dral cone enclosed by ABCD and abcd. The dihedral cone can be specified by four
parameters: longitudinal angle α , latitudinal angle β , rotor radius Rr and rotor core
radius Rb. Modeling a single pole as a dihedral cone has several benefits. First, due
to the 3-DOF spherical motion of the rotor, the spherical surface of the dihedral-
cone-shaped pole can avoid the interference between coils and PM poles, whilst
making use of the working space of the rotor completely. Second, the volume of the
rotor pole can be specified in spherical coordinates, which facilitates the formula-
tion of the actuator torque. Third, by varying the parameters of the dihedral cone,
Rb, Rr, α and β , the study of optimal magnet-pole pattern can be carried out. Figure
2.2(b) presents the PM poles in alternate magnetization directions placed around
the equator of the rotor. There are air slots in between PM poles. The regions on top
and bottom of the rotor can also be air or low-density materials such as aluminum.
These air slots generalize the study of pole arrangement and decreases the inertia
moment of the rotor.

Fig. 2.2: Arrangement of rotor poles
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2.3 Magnetic Scalar Potential

In the formulation of the magnetic field, the rotor space under study is divided into
three regions based on their magnetic characteristics. The air space outside the rotor
is denoted as Region I. The volume enclosed by ABCD and abcd, the PM pole (filled
with rare-earth magnetic material), is denoted as Region II. The inner core enveloped
by abcdo filled with ferromagnetic materials such as soft iron is denoted as Region
III. The ferromagnetic core in Region III can “converge” the magnetic flux created
by PM poles and reduce the magnetic energy loss. It is found that filling Region
III with magnetized rare-earth material does not have significant improvement on
the strength of the magnetic flux density. Rather, the inertia moment of the rotor
increases and the dynamic performance of the rotor will be affected.

2.3.1 Relations Between H and B for Three Regions

Region I (air) and III (iron):
According to the material properties of Region I (air) and Region III (iron), it is

readily to obtain equations relating magnetic field intensity H (A/m) to flux density
B (T) for these two regions [11]:

BI = μ0HI , (2.1)

BIII = μ0μrHIII , (2.2)

where μ0 is permeability of the free space with a value of 4π × 10−7H/m, dimen-
sionless quantity μr is the relative permeability of soft iron having typical value
larger than 4000.

Region II (PM):
PM can be characterized by a hysteresis loop which relates H to B. Figure 2.3(a)

presents a typical full hysteresis loop or B-H curve for a rare-earth magnet. From
the figure, it can be seen that the variation of B always lags behind that of H. This
phenomenon is called hysteresis of PMs. The second quadrant of the B-H curve,
commonly referred to as the demagnetization curve, describes the behavior of mag-
netic characteristics in actual use. According to Fig. 2.3(b), it can be found that
rare-earth magnet exhibits high coercivity and nearly linear demagnetization prop-
erty. The slope of this demagnetization curve is defined as the recoil permeability
μrec (H/m), or μ0μm, where dimensionless quantity μm is called relative recoil per-
meability of magnet having typical value between 1.05 and 1.20. Therefore, for
Region II (PM) of the rotor, the demagnetization curve can be represented by [11]

BII = μ0μmHII + μ0M0, (2.3)
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Fig. 2.3: Typical hysteresis loop of rare-earth magnet

where M0 = Brem/μ0 (A/m) is the residual magnetization vector and Brem (T) is
remanence of PM.

2.3.2 Laplace’s Equations for Three Regions

By using the relations between H and B in Eqns. (2.1)-(2.3), Laplace’s equations
for three regions of the rotor space can be derived as follows.

Magnetic intensity H vs. scalar potential Φ :
It is known that for three regions of the rotor space, following equation can be

obtained [12]

∇×Hi = 0, (2.4)

where i = I, II and III. Eqn. (2.4) means that Hi is an irrotational field. According to
Helmholtz’s theorem [13], the magnetic intensity can be expressed as the gradient
of a scalar potential Φi, i.e.,

Hi = −∇Φi. (2.5)

Using the spherical coordinates (r, θ , φ ), the magnetic field intensity Hi can be
expressed as

Hi = Hirer +Hiθ eθ +Hiφ eφ

= −(
∂Φi

∂ r
er +

1
r

∂Φi

∂θ
eθ +

1
r sinθ

∂Φi

∂φ
eφ ),

where er, eθ and eφ are unit vectors in r, θ and φ directions respectively. Hir, Hiθ
and Hiφ are three components of the magnetic field intensity Hi, where
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Hir = −∂Φi

∂ r
, Hiθ = −1

r
∂Φi

∂θ
, Hiφ = − 1

r sinθ
∂Φi

∂φ
. (2.6)

According to Maxwell equations [14], a source-free or solenoidal magnetic field has
the following property

∇ ·Bi = 0, (2.7)

where i = I, II and III.

Laplace’s equation for outside rotor (Region I):
Outside the rotor (Region I), substituting Eqn. (2.1) into Eqn. (2.5) and Eqn.

(2.7), we have

∇ ·BI = ∇ · (μ0HI) = ∇ · [μ0(−∇ΦI)] = 0.

Thus,

∇2ΦI = 0, (2.8)

where ∇2 is Laplacian operator and ΦI is the scalar potential in Region I (air).

Laplace’s equation for PM (Region II):
Similarly, from Eqns. (2.3), (2.5) and (2.7), following equation can be obtained

readily

∇ ·BII = ∇ · [−μ0μm(∇ΦII)]+∇ · (μ0M0) = 0,

which yields

−μm∇2ΦII +∇ ·M0 = 0,

that is

∇2ΦII = ∇ ·M0/μm. (2.9)

Eqn. (2.9) is in the form of Poisson’s equation. Due to symmetry of the rotor pole
arrangement, the divergence of the residual magnetization vector is equal to zero,
i.e., ∇ ·M0 = 0. The Poisson’s equation can be reduced to Laplace’s equation as

∇2ΦII = 0. (2.10)

Laplace’s equation for iron core (Region III):
Similar to Region I, scalar potential ΦIII of the soft iron core (Region III) can also

be obtained as
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∇2ΦIII = 0. (2.11)

2.3.3 General Solution of Laplace’s Equation

In the spherical coordinates, the Laplace’s equation can be expressed as

1
r2

∂
∂ r

(r2Φi)+
1

r2 sinθ
∂

∂θ
(sinθ

∂Φi

∂θ
)+

1

r2 sin2 θ
∂Φi

∂φ
= 0, (2.12)

where i = I, II and III, indicating the region of concern. Using separation of variables
method, the scalar potential Φi can be represented as Φi(r,θ ,φ) = Ri(r)Θi(θ)Ψi(φ),
where Ri(r), Θi(θ) and Ψi(φ) are functions of the spherical coordinates. Substitut-
ing Φi(r,θ ,φ) into Eqn. (2.12), the general solution of the scalar potential Φi is
expressed as [15]

Φi =
∞

∑
n=0

n

∑
m=−n

[κm
nir

n +ξ m
ni r

−(n+1)][Y m
n (θ ,φ)], (2.13)

where κm
ni and ξ m

ni are constants to be determined by boundary conditions. Y m
n (θ ,φ)

is the spherical harmonic functions defined by

Y m
n (θ ,φ) =

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]eimφ ,

where Pm
n (cosθ) is associated Legendre functions, and n, m are integers with −n ≤

m ≤ n. Note that spherical harmonics are complex valued functions.

2.4 Spherical Harmonic Expansion of M0r

Let M0 be the magnitude of the residual magnetization vector M0. With reference
to Fig. 2.4 that illustrates the poles placement on the equatorial plane of the rotor,
the constituents M0r, M0θ and M0φ of M0 in the directions er, eθ and eφ can be
computed as

M0r = (−1)p−1M0 cos[φ −α0 −
2π
P

(p−1)]sinθ , (2.14)

M0θ = (−1)p−1M0 cos[φ −α0 −
2π
P

(p−1)]cosθ , (2.15)

M0φ = (−1)p M0 sin[φ −α0 −
2π
P

(p−1)], (2.16)
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Fig. 2.4: Poles on the equatorial plane of the rotor in spherical coordinates

where p = 1,2, ...,P. P is the total number of PM poles. In this study, P = 8, and α0

is the PM pole angle at the center line in φ -direction. Note that these equations are
only valid within the range of

π
4

(p−1)+α0 −
α
2

< φ <
π
4

(p−1)+α0 +
α
2

, (2.17)

π
2
− β

2
< θ <

π
2

+
β
2

, (2.18)

in the PM pole (Region II). For the rest non-magnetized regions in the rotor, the
residual magnetization is equal to zero.

When applying boundary conditions to solve the unknowns in the general solu-
tion of scalar potential, only the radial component of residual magnetization vector
M0r will be used to express the flux density continuity between regions. Compo-
nents M0θ and M0φ do not exist in any boundary condition. The radial component
can be expressed as an expansion of spherical harmonic functions Y m

n (θ ,φ) as [9]:

Ms
0r(θ ,φ) =

∞

∑
n=0

n

∑
m=−n

CnmY m
n (θ ,φ), (2.19)

where Cnm are coefficients determined from the surface integral of the following
form:

Cnm =
∫ π

0

∫ 2π

0
M0r(θ ,φ)Y m∗

n (θ ,φ)sinθdθdφ , (2.20)

and Y m∗
n (θ ,φ) denotes the complex conjugate of Y m

n (θ ,φ). Substituting Eqn. (2.14)
into Eqn. (2.20) gives the coefficients
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Cnm = M0

∫ 2π

0
f (φ)e−imφ dφ

∫ π

0

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]sin2 θdθ , (2.21)

where

f (φ) = (−1)p−1 cos[φ −α0 −
π
4

(p−1)], p = 1,2, ...,8. (2.22)

It is found that Cnm �= 0 if and only if m = ±4,±12,±20, .... Thus, the fundamental
terms of the spherical harmonic functions can be taken at n = 4 and m = ±4. For
simplicity, only these terms are used for the derivation of the magnetic field. Denote

a±bi ≡
∫ 2π

0
f (φ)e−imφ dφ (m = 4 and m = −4), (2.23)

c/
√

π ≡
∫ π

0

√
2n+1

4π
(n−m)!
(n+m)!

sin2 θ [Pm
n (cosθ)]dθ , (2.24)

where a, b and c are real numbers. As M0r is available within the range defined by
Eqns. (2.17) and (2.18), integrals in Eqns. (2.23) and (2.24) are also constrained by
the same range. Out of this range, the integrals are equal to zero. It can be verified
that the results of the second integral for m = 4 and m = −4 are the same. Con-
sequently, the coefficients, C4,4 and C4,−4, can be obtained based on Eqn. (2.21)
as

C4,4 = M0
1√
π

(a+bi)c, C4,−4 = M0
1√
π

(a−bi)c, (2.25)

where C4,−4 is the complex conjugate of C4,4. Therefore, the radial component, M0r,
of the residual magnetization vector can be expressed in terms of spherical harmon-
ics as

Ms
0r(θ ,φ) = C4,−4Y−4

4 (θ ,φ)+C4,4Y 4
4 (θ ,φ), (2.26)

where Y−4
4 = 3/16

√
35/2π sin4 θe−4iφ and Y 4

4 = 3/16
√

35/2π sin4 θe4iφ .

2.5 Boundary Conditions

Utilizing the boundary conditions in between different regions of the rotor space as
well as the spherical harmonic expansion of M0r, coefficients κm

nI , κm
nII , κm

nIII , ξ m
nI , ξ m

nII
and ξ m

nIII , in the general solution of magnetic scalar potential of Eqn. (2.13) can be ob-
tained. Because only the flux density in Region I can produce actuator force/torque
by interacting with the air-core coils, the coefficients κm

nI and ξ m
nI are of significant

importance.
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2.5.1 Boundary Condition A or Far Field Boundary Condition
(BIr|r→∞ = 0, BIθ |r→∞ = 0 and BIφ |r→∞ = 0)

The magnetic flux density decreases when the radial distance r increases. Three
components of the flux density, BIr, BIθ and BIφ tend to zero when r →∞. According
to Eqns. (2.6) and (2.13), the boundary condition BIr|r→∞ = 0 can be written as

BIr|r→∞ = −μ0
∂ΦI

∂ r
|r→∞

= −μ0

∞

∑
n=0

n

∑
m=−n

[nκm
nIr

n−1 − (n+1)ξ m
nIr

−(n+2)][Y m
n (θ ,φ)]|r→∞ = 0.

Through inspection of the exponential terms, it can be concluded that κm
nI = 0.

With the aid of Eqns. (2.6) and (2.13), the boundary conditions BIθ |r→∞ = 0 and
BIφ |r→∞ = 0 can be expressed as follows.

BIθ |r→∞=−μ0
1
r

∂ΦI

∂θ
|r→∞

=−μ0

∞

∑
n=0

n

∑
m=−n

[κm
nIr

n−1+ξ m
nIr

−(n+2)]

√
2n+1

4π
(n−m)!
(n+m)!

∂ [Pm
n (cosθ)]

∂θ
eimφ |r→∞

=0,

BIφ |r→∞=−μ0
1

r sinθ
∂ΦI

∂φ
|r→∞

=−μ0

∞

∑
n=0

n

∑
m=−n

[κm
nIr

n−1+ξ m
nIr

−(n+2)]

√
2n+1

4π
(n−m)!
(n+m)!

Pm
n (cosθ)

sinθ
eimφ(im)|r→∞

=0.

These two conditions lead to the same result κm
nI = 0, as that of BIr|r→∞ = 0.

2.5.2 Boundary Condition B (BIr|r=Rr = BIIr|r=Rr)

On the interface of Region I (air) and Region II (PM) as shown in Fig. 2.5 (a), the
components of the flux density BIr and BIIr are normal to the interfacial surface of
the two neighboring medium. Applying the law of conservation of the magnetic
flux [17] to the cylindrical volume in Fig. 2.5 (a) and allowing Δh → 0, the result of
BIrΔS = BIIrΔS can be obtained, hence BIr|r=Rr = BIIr|r=Rr , where Rr is the radius
of the rotor that defines the spherical boundary between these two regions.

Projecting all terms of Eqn. (2.3) into the r-direction gives

BIIr = μ0μmHIIr + μ0M0r. (2.27)
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Substituting Eqn. (2.19) into Eqn. (2.27), the radial component BIIr of magnetic flux
density can be expressed as

BIIr = μ0μmHIIr + μ0

∞

∑
n=0

n

∑
m=−n

Cnm[Y m
n (θ ,φ)]. (2.28)

By taking advantage of Eqns. (2.6) and (2.13), Eqn. (2.28) is rewritten as

BIIr = −μ0μm

∞

∑
n=0

n

∑
m=−n

[nκm
nIIr

n−1 − (n+1)ξ m
nIIr

−(n+2)][Y m
n (θ ,φ)]|r=Rr

+μ0

∞

∑
n=0

n

∑
m=−n

Cnm[Y m
n (θ ,φ)]. (2.29)

Therefore, the boundary condition BIr|r=Rr = BIIr|r=Rr is expanded to

−μ0

∞

∑
n=0

n

∑
m=−n

[−(n+1)ξ m
nIr

−(n+2)][Y m
n (θ ,φ)]|r=Rr

= −μ0μm

∞

∑
n=0

n

∑
m=−n

[nκm
nIIr

n−1 − (n+1)ξ m
nIIr

−(n+2)][Y m
n (θ ,φ)]|r=Rr

+μ0

∞

∑
n=0

n

∑
m=−n

Cnm[Y m
n (θ ,φ)]. (2.30)

As the spherical harmonics Y m
n (θ ,φ) are orthonormal functions [16], Eqn. (2.30)

holds for each pair of n and m. The following relation can be subsequently obtained

(n+1)ξ m
nI = −μm[nκm

nIIR
2n+1
r − (n+1)ξ m

nII ]+CnmRn+2
r . (2.31)

Fig. 2.5: Continuity boundary conditions
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2.5.3 Boundary Condition C (HIφ |r=Rr = HIIφ |r=Rr and
HIθ |r=Rr = HIIθ |r=Rr)

According to Ampere’s circuital law [17], the line integral of the magnetic intensity
along any closed contour is always equal to the total real current crossing a surface
limited by the contour. As shown in Fig. 2.5 (b), a narrow rectangular contour at the
boundary surface is indicated by abcd. The lengthes of lda and lbc tend to be close to
zero. If there is no real surface current on the interface, the result of HIIt lcd −HIt lab =
0 can be obtained, i.e., HIt = HIIt with lcd = lab, where HIt and HIIt are tangent to
the surface. For the spherical actuator, there are two components Hθ and Hφ of the
magnetic field intensity which are tangent to the rotor surface between Region I (air)
and Region II (PM). Therefore, HIt = HIIt is rewritten as HIφ |r=Rr = HIIφ |r=Rr and
HIθ |r=Rr = HIIθ |r=Rr , where r = Rr defines the boundary surface between Region I
(air) and II (PM). From Eqns. (2.6) and (2.13), it can be obtained that

HIφ = − 1
r sinθ

∞

∑
n=0

n

∑
m=−n

ξ m
nIr

−(n+1)

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]eimφ (im),

HIIφ = − 1
r sinθ

∞

∑
n=0

n

∑
m=−n

[κm
nIIr

n +ξ m
nIIr

−(n+1)]

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]eimφ (im).

Substituting these two equations into the boundary condition of HIφ |r=Rr = HIIφ |r=Rr

yields

ξ m
nIR

−(n+1)
r = κm

nIIR
n
r +ξ m

nIIR
−(n+1)
r ,

that is,

ξ m
nI = κm

nIIR
2n+1
r +ξ m

nII . (2.32)

Similarly, the following equations can be obtained for the θ -direction

HIθ = −
∞

∑
n=0

n

∑
m=−n

ξ m
nIr

−(n+2)

√
2n+1

4π
(n−m)!
(n+m)!

∂ [Pm
n (cosθ)]

∂θ
eimφ ,

HIIθ = −1
r

∞

∑
n=0

n

∑
m=−n

[κm
nIIr

n +ξ m
nIIr

−(n+1)]

√
2n+1

4π
(n−m)!
(n+m)!

∂ [Pm
n (cosθ)]

∂θ
eimφ .

From these two equations, it can be verified that the boundary condition of HIθ |r=Rr=
HIIθ |r=Rr yields the same result as Eqn. (2.32).
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2.5.4 Finite Boundary Condition D at r = 0 (BIIIr|r=0 �= ∞,
BIIIθ |r=0 �= ∞ and BIIIφ |r=0 �= ∞)

This boundary condition comes from the fact that it is impossible to achieve an
infinite value of flux density. According to Eqns. (2.6) and (2.13), the boundary
condition, BIIIr|r=0 �= ∞, can be written as

BIIIr|r=0 = −μ0μr

∞

∑
n=0

n

∑
m=−n

[nκm
nIIIr

n−1 − (n+1)ξ m
nIIIr

−(n+2)][Y m
n (θ ,φ)]|r=0 �= ∞.

This equation indicates that ξ m
nIII = 0. It can be verified that BIIIθ |r=0 �= ∞ and

BIIIφ |r=0 �= ∞ yield the same result.

2.5.5 Boundary Condition E (BIIr|r=Rb = BIIIr|r=Rb)

This boundary condition is similar to BC-B. Following the same development, BC-E
results in

−μ0μr

∞

∑
n=0

n

∑
m=−n

[nκm
nIIIr

n−1][Y m
n (θ ,φ)]|r=Rb

= −μ0μm

∞

∑
n=0

n

∑
m=−n

[nκm
nIIr

n−1 − (n+1)ξ m
nIIr

−(n+2)][Y m
n (θ ,φ)]|r=Rb

+μ0

∞

∑
n=0

n

∑
m=−n

Cnm[Y m
n (θ ,φ)], (2.33)

that is,

μrnκm
nIIIR

2n+1
b = μm[nκm

nIIR
2n+1
b − (n+1)ξ m

nII ]−CnmRn+2
b (2.34)

2.5.6 Boundary Condition F (HIIφ |r=Rb = HIIIφ |r=Rb and
HIIθ |r=Rb = HIIIθ |r=Rb)

Following the same procedure of BC-C, HIIφ |r=Rb = HIIIφ |r=Rb can lead to

− 1
r sinθ

∞

∑
n=0

n

∑
m=−n

(κm
nIIIr

n)

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]eimφ (im)|r=Rb

=− 1
r sinθ

∞

∑
n=0

n

∑
m=−n

[κm
nIIr

n +ξ m
nIIr

−(n+1)]

√
2n+1

4π
(n−m)!
(n+m)!

[Pm
n (cosθ)]eimφ (im)|r=Rb,
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that is

κm
nIIIR

2n+1
b = κm

nIIR
2n+1
b +ξ m

nII . (2.35)

HIIθ |r=Rb = HIIIθ |r=Rb also yields the same result.

2.5.7 Solution of Coefficients ξ m
nI and κm

nI

So far, the values or relationships of coefficients ξ m
nI , ξ m

nII , ξ m
nIII , κm

nI , κm
nII and κm

nIII
have been derived from boundary conditions. Specifically, BC-A and BC-D pro-
duce κm

nI = 0 and ξ m
nIII = 0 respectively; BC-B, BC-C, BC-E and BC-F lead to Eqn.

(2.31), (2.32), (2.34) and (2.35) respectively. According to Lorentz force law, only
the magnetic field in Region I (air) generates actuator torque. Therefore, solutions
of ξ m

nI and κm
nI are important (κm

nI = 0). By using Eqns. (2.31), (2.32), (2.34) and
(2.35), coefficient ξ m

nI can be calculated as follows.
First, multiplying Eqn. (2.35) by μrn and adding into Eqn. (2.34) yield

(μr −μm)nκm
nIIR

2n+1
b +[μrn+ μm(n+1)]ξ m

nII +CnmRn+2
b = 0. (2.36)

Substituting ξ m
nII in Eqn. (2.32) into Eqn. (2.36) gives

κm
nII = −

[μrn+ μm(n+1)]ξ m
nI +CnmRn+2

b

(μr −μm)nR2n+1
b − [μrn+ μm(n+1)]R2n+1

r
. (2.37)

From Eqns. (2.32) and (2.37), the following result is obtained

ξ m
nII = ξ m

nI +
R2n+1

r {[μrn+ μm(n+1)]ξ m
nI +CnmRn+2

b }
(μr −μm)nR2n+1

b − [μrn+ μm(n+1)]R2n+1
r

. (2.38)

Substituting Eqns. (2.37) and (2.38) into Eqn. (2.31) yields

ξ m
nI = Cnmdn, (2.39)

where

dn = −d�
n /d⊥

n , (2.40)

and

d�
n = Rn+2

r +
μm(2n+1)Rn+2

b R2n+1
r

(μr −μm)nR2n+1
b − [μrn+ μm(n+1)]R2n+1

r
,

d⊥
n = (μm −1)(n+1)

+
μm(2n+1)[μrn+ μm(n+1)]R2n+1

r

(μr −μm)nR2n+1
b − [μrn+ μm(n+1)]R2n+1

r
.
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Particularly, for n = 4 and m =±4, the coefficients of ξ 4
4I and ξ−4

4I can be expressed
with C4,4 and C4,−4 in Eqn. (2.25) as

ξ 4
4I = C4,4d4 = M0

d4√
π

(a+bi)c,

ξ−4
4I = C4,−4d4 = M0

d4√
π

(a−bi)c,

(2.41)

where

d4 = −d�
4 /d⊥

4 , (2.42)

and

d�
4 = R6

r +
9μmR6

bR9
r

4(μr −μm)R9
b − (4μr +5μm)R9

r
,

d⊥
4 = 5(μm −1)+

9μm(4μr +5μm)R9
r

4(μr −μm)R9
b − (4μr +5μm)R9

r
,

2.6 Solutions of Scalar Potential and Flux Density

The derivation of the flux density is performed in the space outside of the rotor
(Region I), because only the magnetic field in this region is used to compute the
motor torque according to Lorentz force law. Substituting the coefficients of ξ 4

4I and
ξ−4

4I in Eqn. (2.41) into Eqn. (2.13) and discarding the higher order harmonic terms
result in

ΦI = ξ−4
4I r−5[Y−4

4 (θ ,φ)]+ξ 4
4Ir

−5[Y 4
4 (θ ,φ)]

= M0
d4√

π
(a−bi)cr−5(

3
16

√
35
2π

sin4 θe−4iφ )+M0
d4√

π
(a+bi)cr−5

(
3

16

√
35
2π

sin4 θe4iφ )

= M0
3cd4

8π

√
35
2

r−5 sin4 θ(acos4φ −bsin4φ). (2.43)

Using Eqns. (2.1) and (2.6), the flux density in Region I (air) can be obtained
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BIr = −μ0
∂ΦI

∂ r
=

15μ0M0cd4

8π

√
35
2

r−6 sin4 θ(acos4φ −bsin4φ), (2.44)

BIθ = −μ0
1
r

∂Φ
∂θ

=
12μ0M0cd4

8π

√
35
2

r−6 sin3 θ cosθ(bsin4φ −acos4φ), (2.45)

BIφ = −μ0
1

r sinθ
∂Φ
∂φ

=
12μ0M0cd4

8π

√
35
2

r−6 sin3 θ(asin4φ +bcos4φ). (2.46)

2.7 Simplification of Magnetic Field Model

It is worth mentioning that in the derivation of the magnetic field model, a generic
Cartesian coordinates system is set up as indicated in Fig. 2.4 (or Fig. 2.6(a)),
with angle α0 specifying the position of PM poles. By letting α0 = 0 as shown
in Fig. 2.6(b), the magnetic field model can be simplified. In this case, the x- and
y-axes pass through the center of PM poles. Correspondingly, Eqns. (2.14) - (2.16)
could be simplified as

M0r = (−1)p−1M0 cos[φ − π
4

(p−1)]sinθ , (2.47)

M0θ = (−1)p−1M0 cos[φ − π
4

(p−1)]cosθ , (2.48)

M0φ = (−1)p M0 sin[φ − π
4

(p−1)], (2.49)

which are only valid within the range of

π
4

(p−1)− α
2

< φ <
π
4

(p−1)+
α
2

, (2.50)

π
2
− β

2
< θ <

π
2

+
β
2

, (2.51)

in the PM pole (Region II). Applying these equations into Eqn. (2.20), it can be
verified that the constant b is always equal to zero. Hence, all terms related to b in
Eqns. (2.44) - (2.46) vanish. Eqns. (2.44) - (2.46) become

BIr =
15μ0M0acd4

8π

√
35
2

r−6 sin4 θ cos4φ , (2.52)

BIθ = −12μ0M0acd4

8π

√
35
2

r−6 sin3 θ cosθ cos4φ , (2.53)

BIφ =
12μ0M0acd4

8π

√
35
2

r−6 sin3 θ sin4φ . (2.54)

This simplification can facilitate the torque formulation greatly.
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Fig. 2.6: Coordinates definition in rotor frame

2.8 Summary

This chapter has presented the magnetic field modeling of the PM-pole rotor. Ac-
cording to the magnetic characteristics of the three regions of the rotor space,
Laplace’s equations of magnetic scalar potential are derived. By using the bound-
ary conditions in between neighboring regions as well as the spherical harmonic
expansion of radial component of the residual magnetization vector, coefficients in
the general solution of magnetic scalar potential are determined. The magnetic field
flux density of the PM rotor is formulated analytically by taking the gradient of the
scalar potential. This analytical magnetic field model is described based on the di-
mensional parameters of the PM poles. Hence, it can be used in the design of the
spherical actuator to maximize the torque output.
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