Chapter 2

Linear and quasi-linear systems with piecewise

constant argument

In this chapter we start investigation with the most simple linear systems of differential

equations with piecewise constant argument. Then the analysis will be extended to quasi-

linear systems. Existence-uniqueness of solutions, the linear space of solutions, fundamen-

tal matrix, stability problems are under discussion.

We consider the following two equations

2(t) = Ao(1)z(t) + Ar (1)z(7(1)),

and

Z(t) = Ao()z(t) + A1 (0)z(v(1)) + f (1. 2(t), 2(¥(1))),

(2.1)

2.2)

where z € R”, t € R. The argument-function y was introduced in the last chapter. However,

in this chapter, it is considered with J =R and &/ = Z.

The equation (2.1) is a linear homogeneous system with argument-function y(¢), and equa-

tion (2.2) is a quasilinear system.

The following assumptions will be needed throughout this chapter:

(C1) Ap,A; € C(R) are n x n real valued matrices;
(C2) f(t,x,y) € C(RxR"xR")is an n x 1 real valued function;
(C3) f(t,x,y) satisfies the condition

17 @ x0,30) = (22, 32) | < L(lx = %2l + [y =2,

for some positive constant L, and satisfies the condition
f(t,0,0)=0, reR;

(C4) matrices Ap,A; are uniformly bounded on R;
(C5) infg ||A1(2)]| > O;
(C6) there exists a number 6 > 0 such that 6, .| — 6; < 0,i € Z;

17

(2.3)

2.4)



18 Nonlinear Hybrid Continuous/Discrete-Time Models

(C7) there exists a number § > 0 such that 6, — 6, > 0,i € Z;

(C8) there exists a positive real number p such that

i(to,t
limil(o’ ) =p
t—oo [ —fy

uniformly with respect to 7y € R, where i(fy,¢) denotes the number of points 6; in the

interval (19,1).

Condition (C7) implies immediately that |6;| — oo as |i| — oo. One can easily see that

equations (2.1) and (2.2) have the form of functional differential equations
(1) = Ao(t)z(t) + A1 (1)2(&), (2.5)
and

(1) = Ao(D)z(t) + A (1)2(&) + f (1,2(1), 2(G)). (2.6)

respectively, if 1 € [6;,0i41), i € Z.
That is, these systems have the structure of a continuous dynamical system within the
intervals [6;,0,11), i € Z.

It is useful to specify the Definition 1.1 in the following way.
Definition 2.1. A continuous function z(¢) is a solution of (2.1), (2.2) on R if:

(i) the derivative Z'(¢) exists at each point ¢ € R with the possible exception of the points
0;, i € Z, where the one-sided derivatives exist;

(ii) the equation is satisfied for z(¢) on each interval (6;,6;+1), i € Z, and it holds for the
right derivative of z(¢) at the points 6;, i € Z.

Remark 2.1. One can easily see that the last definition is appropriate for differential equa-

tions with 3 type arguments, as they also are y functions.

2.1 Linear homogeneous systems
Let .# be an n x n identity matrix. Denote by X (¢,s), X (s,s) = .7, t, s € R, the fundamental
matrix of solutions of the system

X (t) = Ao(1)x(1) 2.7

which is associated with systems (2.1) and (2.2). We introduce the following matrix-

function



Linear systems 19

Notation 2.1.

Mi(r) :X(t,Ci)+/;X(z,s)A1(s)ds, icZ.
This matrix is very useful in what follows. From now on we make the assumption:
(C9) For every fixed i € Z, det[M;(t)] #0,Vt € [6;, 6i11].

Remark 2.2. One can easily see that the last condition is equivalent to the following one:
det[.7 +4[£I_X(C,-,S)A1(s)ds] #0,foralls € [6;,0;41],i € Z.

Theorem 2.1. [f condition (C1) is fulfilled, then for every (ty,z0) € R x R" there exists a
unique solution z(t) = z(t,1y,29),z(to) = zo, of (2.5) in the sense of Definition 2.1 if and
only if condition (C9) is valid.

Proof. Sufficiency. Fix a (t9,z9) € R x R". Without loss of generality assume that 6; < §; <
to < 6,11, for a fixed i € Z. We consider only the construction of the solution for decreasing
t, since forward continuation can be investigated in a similar manner.

Condition (C9) implies that the equation

vi = X (G to)z2(10) + /to Y X(G )AL (s)vids
can be solved for v; uniquely. Indeed, since we have
[+ /C:OX(C,-,s)Al (s)ds| i = X (G fo)z(t0),
multiplying both sides of the last expression by X (19, §;), we obtain
vi =M (to)z(to).
Define z(¢) : [6;,70] — R" as the unique solution of the system
2(t) = Ao(1)z(t) + A1 (1)v; (2.8)

with the initial condition z(fy) = z. One can easily see that z({;) = v;.

Consider, now, the interval [6;_1, 6;]. Again, by condition (C9), the equation

Ci—l
Vil =X(Ci71,9i)ll/(9i)+/9 X (Gi-1,5)A1(s)vi1ds
is uniquely solvable with respect to v;_. Let z(¢) be equal to the solution of the equation
Z(1) = Ao(D)z(t) + AL ()i, (2.9)

on [6;_1,6;] with the initial data (6;, y(6;)). Obviously, the solution exists and is unique,
and z(§—1) = vi_1.
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Assume that we have defined the solution z(¢) on the interval [6;,1], j < i — 1. Then, the
equation
gic1
Vit =X (G, 0)w(0) + [ X (G191 (s)vyads
7;
is uniquely solvable with respect to v;_;. We assume that z(¢) is a solution of the equation

Z/(l‘)IA()(t)Z(t) +A1(t)vj,1, (2.10)

on [0_1,0;], with the initial data (6;,z(6;)). Consequently, the function z(¢) could be con-
tinued up to —eo by induction. One can easily see that z(¢) is the unique solution of (2.5)

on (—eo,#p] by construction.

Necessity. Assume that condition (C9) is not true for some fixed i € Z and & € [6;, 6;+1].
That is, detM;(&) = 0. Definitely, & # ;. If z(¢) = z(¢,&,2z(€)) is a solution, then z(§) =
M;(&)z(&;), and z(&;) could not be defined uniquely. This fact proves the necessity of (C9).
The theorem is proved. U
The last theorem is of major importance for this chapter. It arranges the correspondence
between the points (y,z9) € R x R" and the solutions of (2.1) in the sense of Definition 2.1,
and there exists no solution of the equation out of the correspondence. Using this assertion,
we can say that the definition of the initial value problem for differential equations with
piecewise constant arguments is similar to the problem for ordinary differential equations.
Particularly, the dimension of the space of all solutions is n. Hence, the investigation of
problems considered in this chapter does not need to be supported by the results of the
theory of functional differential equations [133, 150].

The following useful, in some particular cases, assertion is implied by the proof of the last

theorem.

Theorem 2.2. Assume that condition (C1) is fulfilled, and a number ty € R, 6; <ty < 6j11,
is fixed. For every zy € R" there exists a unique solution z(t) = z(t,ty,z0) of (2.1) in the
sense of Definition 2.1 such that z(ty) = zo if and only if det[M;(t)] # 0 and det[M ()] # 0
fort=20;,0;.1,jcZ.

System (2.1) is a differential equation with a deviated argument. That is why it is reasonable
to suppose that the initial “interval” must consist of more than one point. The following
arguments show that in our case we need only one initial moment. Indeed, assume that
(t0,20) is fixed, and 6; < 1y < 6,1 for a fixed i € Z. We suppose that 7y # {;. The solution

satisfies, on the interval [6;, 6; 1], the functional differential equation

(1) = Ao(1)z+ A1 (1)2(&). (2.11)
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Formally, we need the pair of initial points (¢y,z0) and ({;,z(;)) to proceed with the solu-
tion. Indeed, since zo = M;(tp)z(;) and the matrix M;(f) is nonsingular, we can say that
the initial condition z(fy) = zo is sufficient to define the solution.

Theorem 2.1 implies that the set of all solutions of (2.1) is an n-dimensional linear space.
Hence, for a fixed #) € R there exists a fundamental matrix of solutions of (2.1), Z(t) =
Z(t,19),Z(to,t0) = I such that

‘(% =Ao()Z(t) +A1(t)Z(y(t)).

Let us construct Z(¢). Without loss of generality assume that 0; < fy < {; for a fixed i € Z,
and define the matrix only for increasing ¢, as the construction is similar for decreasing ¢.
We first note that Z({;) = M; ' (to)] = M;"!(ty). Hence, on the interval [6;,6;; 1], we have
Z(t,ty) = M;(t)M; " (to). Therefore

Z(Giv1) = M (0:11)Z(011) = My (0i1)Mi(615:1)M; ' (10),

and hence for 7 € [0;11, 6i12], we have

Z(t,10) = My (1)Z(&iv1) = M1 (1M (8i1)Mi(8i1)M; (10).

One can continue by induction to obtain

i+1
Z(t) = {HM,C (6)M— 1(9,()} Y1), (2.12)
ift € [6,0,11], for arbitrary >
Similarly, if 0; <7 < 011 <--- < 0; <ty < 011, then
|:HM 9k+1 Mk+1(9k+1)}M_1(l‘0). (2.13)

=J
One can easily see that

Z(t,s)=2Z(t)Z"(s), t,sER, (2.14)
and a solution z(¢) of (2.5) with z(ty) = zo for (t9,z0) € R x R", is given by

2(t) =Z(t,to)z0, tE€R. (2.15)

Differential inequalities

Let/ C R be an open interval, a scalar function f(z,x,y) is defined on Q = [t,to+T] X I X I,
0 < T. Function f is continuous in ¢ except possibly moments 6, k € Z, where it admits

discontinuities of the first kind, and is locally Lipschitzian in the second argument.
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Lemma 2.1. Assume that a continuous function u(t) satisfies
u' (1) < f(tut), u(y(r)), (2.16)
forty <t <to+T, and a continuous function v(t) is a solution of the equation
V(t) = f(t,v(t),u(yt)), to<t <to+T, (2.17)

except possibly moments 6y, k € Z. Then u(t) < v(t), if u(to) < v(to).

Proof. Assume that 6; < #p < 6;11. One can easily verify the assertion, by using Theo-
rem 4.1, [153] on the differential inequality for ordinary differential equations, on intervals

[t0,0i+1] and [6f, 6k11], k > 1, consecutively. O

Example 2.1. Consider a non-negative function u(¢) : R — R, which is continuous, con-
tinuously differentiable, except, possibly, points 6,k € Z, where the right-side derivative

exists. Assume that u(¢) satisfies the differential inequality

u () <a@)u(t) +b0)u(y()), o <t, (2.18)
where a, b are non-negative piecewise continuous functions with discontinuities of the first
kind at 6, k € Z. The moment t € [6;, 6;11], o < , is fixed. We assume that
/ . eI andry(5)as < 1,

to

S
/ Celtandrp (s <1, k>, (2.19)
6,

k
One can easily verify that these last inequalities relate to conditions of Theorem 2.2.

Moreover, consider the linear equation
V() = a(t)v(t) +b@)u(y()), o<1, (2.20)
and its solution v(t), v(tp) = vo.

By the last lemma u(7) satisfies u(t) < v(t), t > to, if u(ty) < vo.

If ¢ € [to, B41], we have that u is not greater than the solution

y o
v(t) = elo a(s)dst + [ &b ”(’)drb(s)u(é})ds,

fo
of the equation

V() = a(t)v(t) +b()u(G). (2.21)
One can also verify that

ef,gi a(s)a’sVO

g C )
1— [ el alndrp(s)ds
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and

. o als)d -
u(t) < (el + Z / els A4 (5)ds)vp.
1— ftg‘ els" alr)drp(5)ds /1o

Consider the initial moment ¢ = 6,1, and interval [0;;1, 6;12]. We have that u(6;11) <
v(0i41). Consequently, u(t) < v(¢) on the interval. Recursively we can obtain that the

following inequality is correct
e I g] ! a(s)ds

" t
u(t) < (/"0 4 / el A p(5)ds)

1— feé;l e‘jf’a(r)drb(s)ds 0
Sk
i1 0 fe a(s)ds 0 i
[Tl @ = / B a0 s
k=1 1- fg,f el alndrp(s)ds 7%
é'
o Jiba(s)ds 0; 6;
(el a)ds et / Tk a5 ds)vg, (2.22)
1— [&elairp(s)ds /o

ift € [6),0,11]-

The results of this example will be useful in Chapter 4.

2.2 Quasi-linear systems

Let us consider system (2.2). One can easily see that (C4)—(C7) imply the existence of pos-
itive constants m, M and M such that m < ||Z(z,s)|| <M, ||X(¢,s)|| <M for ¢, s € [6;, 0;11],
ieZ.

From now on we make the assumption
(C10) 2ML(1+M)6 < 1.

Then, we can see that M (1 +M )LEeML(”M )8 < 1, and the expression

MML(+M)D

Notation 2.2. (L) = (LML

can be introduced. The following assumption is also needed:
(C11) 2MLOK(L)(1+M) < m.
The following Lemma is the most important auxiliary result of this chapter.

Lemma 2.2. Suppose that conditions (C1)—(C7), (C9)—(C11) hold, and fix i € Z. Then, for
every (€,z0) € [0, 6i11] x R", there exists a unique solution z(t) = z(t,&,z9) of (2.6) on
[6;,6i41].
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Proof. Existence. Fix i € Z. We assume without loss of generality that 6; < §; < & < 0;41.
Set ||z(?) |0 = [max] l|lz(2)]], take zo(1) = Z(t,&)zo and define a sequence {z,(¢)} by
6;.,6;

1:Yi+1

Gi
ze1(t) =Z(1,8) {204-/5 X (ir9)f(s,2i(s),2(&i) )ds

1
+ CX(17S)f(S7Zk(S)7Zk(Ci))dS, k= 0.
The last expression implies that
241 (2) = z(1)llo < 2ML(1+ M) 8] M| |zo]].

Thus, there exists a unique solution z(t) = z(¢, &, zp) of the equation

G /
£ =200.8) o+ [ XG55+ [ X020, 0. 229
which is a solution of (2.6) on [6;, 6;+1] as well. This proves the existence.

Uniqueness. Denote by z;(t) = z(h@zé), zj(§) = 267 Jj = 1,2, the solutions of (2.6), where
6; < & < 6;.1. Without loss of generality, we assume that & < ;. It is sufficient to check
that for every 1 € [0}, 011], z}) # z3 implies z1 () # z2(t). We have that

G
21(1) = 22(1) = Z(t,€) (20 — 25) 4-/g X (G s)[f(s,21(5),21(&)) — f(s,22(5),22(&i))]ds

+ [ X 521(6):21(8) = F(52(5) (L)
Hence,
21 (1) = z2(0) || < M|z5 — 25| +MLO(1+M)||z1 (&) — 22(&) |
+ML(1 +M)’/; l21(s) = 2(s) 1 ds|-
From the Gronwall-Bellman Lemma, it follows that
lz1(6) = 22| < [Mlz5 — 25|+ MLB(1 +M) 21 (&) — (&) M- 0P
In particular,
I21(8) = 22() < (M]3 — 25|+ MLB(1 +M)|121(8) — 22(&) e H40P,
which gives us
l121(&) = 22(8) | < K(L)l|z0 — 2z,
and hence

21 (8) = 22() | < K (L) 12 —z]l- (2.24)
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Assume on the contrary that there exists ¢ € [6;, 0;11] such that z; (1) = z2(¢). Then

20.8)6h-3) =2(0.5) G somr (511 (E)) o5} oma( s
+/¢ X (1,8)[f(5,21(5),21(8) — F(5.22(5),22(8))lds. (2.25)

We have that
1Z(t,&) (25— z0) || = mllz§ — 2, (226

and (2.24) implies that

Gi
12.8) [/ X (G917 (5:21(5).21(6) = (5 2(6), 2(80)as
+ [ X211 (E) = £:22(5) (L))l

<2MLOK(L)(1+M)||z5 -z (2.27)

Finally, we can see that (C11), (2.26) and (2.27) contradict (2.25). The lemma is proved.
O

Remark 2.3. Inequality (2.24) implies the continuous dependence of solutions of (2.2) on

initial value.

Theorem 2.3. Suppose that conditions (C1)—(C7), (C9)—(C11) are fulfilled. Then for every
(to,z0) € R x R" there exists a unique solution z(t) = z(t,1y,z0) of (2.2) in the sense of
Definition 2.1 such that z(ty) = z.

Proof. We prove the theorem only for decreasing 7, but one can easily see that the proof is
similar for increasing 7.

Let us assume without loss of generality that 6; < §; <ty < 6,11 for some i € Z.

Using Lemma 2.2 for & = f one can check that solution z(¢) = z(t,1,zo) of (2.2) exists on
[Ci,20] as a solution of (2.6) and is unique. Then conditions (C1)—(C3) imply that z(¢) can
be continued to t = 6;, as it is a solution of the system of ordinary differential equations
2 =Ao(1)z(t) + A1 (1)z(&) + f(1,2(2),2(&i)) on [6), 041).

Next, using the lemma again, we can continue z(¢) from ¢ = 6; to t = §;_1, and then to

t = 0;_1. Since 6; — —co as i — —oo, the induction completes the proof. O

Lemma 2.3. Suppose that conditions (C1)—(C7), (C9)—(C11) hold. Then, the solution
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2(t) = z(t,t0,20), (t0,20) € R X R", of (2.2) is a solution, on R, of the integral equation

G
2(t) = Z(t.10) [zo+ X(10,5)f (s.2(s). 2(¥(s))) ds

Jip
k=j-1 Giv1

+ Z Z(t,011) : X (Os1,8)f(s,2(s),2(y(s))) ds

k

k=i
3
+ /g X (6,8 (5,2(s).2(¥(s))) ds, (2.28)
J
where 0; <19 < 041 and 0; <t < 0j41,1< j.

Proof. We shall prove the Lemma only for 6; <ty < 6;11 <t < 60;42. All other cases can
be proved analogously. Consider at first 1 € [6;,6;11]. The solution uniquely satisfies the

integral equation
() = X(. )6+ [ X(IAa(Lds+ [ X(0.3) (5205 26)) s

Using the last expression one can easily see that

() =M () [0 [ X005) 52602760 .
Hence,

20) =M 0 |20 X 0.9705509) 2050 [ X(0.906,209 2305,

i

and
£(6h0) = MO )M, )20 [ X (0,901 (5206).20705))s |
n /:"“x<el-+1,s>f<s,z<s>,z<y<s>>>ds.

Then, for ¢ € [6;1, 6i12],

t

() = X(0.G)e(Gon) + [ X0 Wr(0s+ [ X0 (0.26).20(9))s,

and
011

2(Gin1) =M (6i01)[2(6i1) — X(0i41,5) [ (5,2(s),2(¥(s)))ds].

i+1
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Hence,
6it1
2(1) = My (M (6111)[2(6141) — . X(0i11,5)f(s,2(s),2(v(s)))ds]
+ /g X 5,7(5) 2(0(5))as
= M1 (M (6001 {M; " (6:1:1)M; (10) 20

= [ X 0.9 5200) 2760

Oit1

+ ; X(0i11,5)f(5,2(s),2(y(s)))ds
i1
e, X(6i11,5)f(s,2(s),2(y(s)))ds}

O AR (GOICECECIONEE
= M (OM; ) (641)M; " (8141)M; ™ (10)z0
Gi
M (M (8 )M; ! (8)M; (1) [ X (1,9 (5,2(5),2(7(5)))ds

J1o
Gir1

+Mi+1(l)M[:r11(9i+1) G X (6it1,5)f(s,2(s),2(¥(s)))ds
+ /CMx<z,s>f<s,z<s>,z<y<s>>>ds

Gi
= Z(t,10)z0 +Z(Mo)/t0 X(to,5)f(s,2(s),2(y(s)))ds

Git
+Z(t,0:+1) ; X (6i1,5)f(s,2(s),2(¥(s)))ds

+ /C:Hx<z,s)f(s,z<s>.,z<y<s>>>ds.

The lemma is proved. U

2.3 Stability

In this section, we assume that conditions (C1)—(C11) are fulfilled, and hence, all solutions
of the considered systems are defined on the whole real axis and their integral curves do not
intersect each other. For the stability investigation, we consider the systems on R = [0, ).
Definitions of Lyapunov stability for the solutions of both discussed systems can be done

in the same way as for ordinary differential equations. Let us formulate them.

Definition 2.2. The zero solution of (2.1), (2.2) is stable if to any positive € and ¢y, there
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corresponds a number 6 = &(fy, &) > 0 such that ||x(¢,%,X0)|| < €, t >ty > 0, whenever
[[xol| < &.

Definition 2.3. The zero solution of (2.1), (2.2) is uniformly stable, if § in the previous

definition is independent of 7y.

Definition 2.4. The zero solution of (2.1), (2.2) is asymptotically stable if it is stable in the
sense of Definition 2.2, and there exists a positive number k() such that if y/(¢) is any

solution of (2.1), (2.2) with || y(t)|| < k(to), then || y(z)|| — 0 as t — oo.

Definition 2.5. The zero solution of (2.1), (2.2) is uniformly asymptotically stable if it is
uniformly stable in the sense of Definition 2.3, and for any € > 0, we can find T'(¢) > 0
such that any solution y(¢) of (2.1), (2.2) with | w()|| < K, where K is independent of 7y,
satisfies || y/(1)|| < e fort > 1o+ T (¢).

Definition 2.6. The zero solution of (2.1), (2.2) is unstable if there exist numbers & > 0
and # € I such that for any 6 > 0 there exists a solution ys(¢), ||ys(fo)|| < &, of the system
such that either it is not continuable to < or there exists a moment ¢, ¢; > fo such that

llys ()l = eo-

Let Z(t) be a fundamental matrix of (2.1). We can prove the following assertions, using rep-
resentations (2.14) and (2.15) in exactly the same way as theorems for ordinary differential

equations [87,153].
Theorem 2.4. The zero solution of (2.1) is stable if and only if Z(t) is bounded ont > 0.

Theorem 2.5. The zero solution of (2.1) is asymptotically stable if and only if Z(t) — 0 as

t — oo,

Theorem 2.6. The zero solution of (2.1) is uniformly stable if and only if there exists a
number M > 0 such that ||Z(1)Z7(s)|| <M, t > s> 0.

Theorem 2.7. The zero solution of (2.1) is uniformly asymptotically stable if and only if
there exist two positive numbers N and  such that ||Z(t)Z ' (s)|| < Ne @t~ ¢t > s> 0.

On the basis of the last theorems we can formulate the following theorems which provide

sufficient conditions for the stability of linear systems.

Theorem 2.8. Suppose (C1)—(C6) hold and HMk’l (6)My—1(6r)|| < 1, k € N. Then the zero
solution of (2.1) is stable.
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Theorem 2.9. Suppose (C1)—(C6) hold and there exists a nonnegative number K < 1 such
that |M, "' (8)My—1(6k)|| < k, k € N. Then the zero solution of (2.1) is asymptotically
stable.

Theorem 2.10. Suppose (C1)—(C7) hold. The zero solution of (2.1) is uniformly stable if
1M, (BMe-1 (8| < 1,k €N.

Theorem 2.11. Suppose (C1)—(C5), (C8) hold. The zero solution of (2.1) is uniformly
stable if | M, ' (0)Mi—1(6)|| < 1,k € N.

Theorem 2.12. Suppose (C1)—(C7) hold. The zero solution of (2.1) is uniformly asymptot-
ically stable if there exists a nonnegative number K < 1 such that HMk_1 (6 )Mi—1(6p)|| < K,
keN.

Theorem 2.13. Suppose (C1)—(C5), (C8) hold. The zero solution of (2.1) is uni-
formly asymptotically stable if there exists a nonnegative number ¥ < 1 such that
”Mk_l(ek)Mk—l(ek)” < K, ke N.

Interesting results comparable to the last theorems can be found in [317].

Example 2.2. Consider the following differential equation with piecewise constant func-

tion as argument

X (1) = ox(r) + Bx(¥(1)), (2.29)

in which o, f are fixed real constants, the identification function y(¢) is defined by the
sequences 6; = ki, {; = 6; + Kk, | € Z, where Kk > 0, Kk > k] > 0, are fixed numbers. We
will find conditions on the coefficients and the sequences to provide uniform asymptotic
stability of the zero solution. One can evaluate that
Mi(r) = e®t=5) 4 /” -9 g — o0 . P (ea<z—c,~) _ 1) _
G o
Then

M,-(G,-) =e %M 4 g(e—mq —1).
Moreover, if we denote K, = K — Kk, then
Mia(0) = e 4 B e )

and

oKy B ook, 1
M (6)Mi-1(6) = — g(e ).
e oKy + &(e—onq _ 1)
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On the basis of Theorem 2.13 the inequality

e0K2 4 %(eaKz _ 1)

<1
e oK 4 %(efarq — 1)

is necessary and sufficient for the zero solution to be uniformly asymptotically stable.

It is of particular interest to consider the case when k; = 0 and kx; = k. Consider the first
one. Then conditions from the last inequality imply that the zero solution is uniformly
asymptotically stable if and only if oo < 0 and |3| < —a:.

Similarly, if x; = x, then for the zero solution to be uniformly asymptotically stable it
is necessary and sufficient that one of the following two conditions is true: B < —ot or
B> ok,

Let us obtain an evaluation of the fundamental solution Z(t,1y) of the equation using (2.12).

Set

ek | g(eomz - 1)

e—aKl 4 g(e—mq —1)

E=

and assume that condition of the uniform asymptotic stability is valid. Then & < 1 and

min  M;(t) =e % + E(e_o"(1 —1), max M()=e" 2+ g(eo"(2 —1).

0;<t<6; 11 o 0;<t<6;1
Hence, for
oK ﬂ oK —oK [3 —aK - —Iné&
N =max< e*™ 4 = (e —1), [ e™* 4+ =(e”*1 —1) e ",
o a
we have

1Z(1,10)| <Ne¥(’*’0>, t> 1.

If the zero solution of (2.1) is uniformly asymptotically stable, then by Theorem 2.7 there
exist two numbers K > 1 and @ > 0 such that || Z(z,s)|| < Ke (=)t > 5> 0.

Let y(L) = m. We may make the following assumption

(C12) 2K e2®®MLmax(1,¥(L)) < o.
Theorem 2.14. Suppose (C1)—(C7), (C9)—~(C12) are fulfilled and the zero solution of (2.1)

is uniformly asymptotically stable. Then the zero solution of (2.2) is uniformly asymptoti-

cally stable.
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Proof. If z(1) = z(t,1y, z0) is a solution of (2.2), then by (2.23), (2.28) and assuming, without
loss of generality, that fp < §; < --- < {; <t, we have that

[
lz@)]l < Ke’“’(t”(’)HZoH+Ke’“’(”"’)/ 2MLmax(1,y(L))||z(s)| ds
fo

G
+ 3 Ke @00 (" oL max(1,y(L))|2(s)|| ds
k=i Sk

+/giZMLmax(l,}’(L))HZ(S)Hds

J

1 _
< Ke @00z + / 2K e U200 L max (1, y(L))||z(s)|| ds.
lo
If we set u(t) = ||z(1)||K €™, then the last inequality implies that

u(t) < Ku(to) + t2Ke2“’§MLmax(1,y(L))u(s)ds.

]
Now, by virtue of the Gronwall-Bellmann Lemma, we obtain

HZ(t)H < Ke(fa)JrZKez“’gMLmax(l,y(L)))(tftO) HZOH

The last inequality, in conjunction with (C11), proves that the zero solution is uniformly

asymptotically stable. The theorem is proved. ]

Notes

Since the method of reduction to discrete systems, presumes that an equation has to be
solved explicitly or implicitly with respect to the values of the solution at switching mo-
ments, the most appropriate equations considered by the method are either linear systems
or equations, where solutions present linearly if their argument is non-deviated. These
equations have been investigated mostly in literature [2-7], [8§1-85], [121, 133, 143,317].
Consequently, basic problems of the theory have been left out of the discussion. Some of
these problems are: Existence of solutions with initial moments, which are not moments
of switching of constancy; stability of solutions with an arbitrary initial moment; uniform
stability, etc.

The method of equivalent integral equations proposed in the papers [8—15] combined with
the comparison of values of solutions at switching moments help to construct the funda-
mental matrix of solutions (2.13) and the Cauchy’s formula (2.28). These formulas will
play decisive role for the theory, similar they have for ordinary differential equations. We
attract the reader’s attention to the result that a linear differential equation with piecewise

constant arguments has a finite dimensional space of solutions. It may be used as a basis for
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a new deep analysis of functional differential equations. The main results of this chapter
were published in [11] for the first time. Lemma 2.1 and results of Example 2.1 are newly
obtained in this chapter. Based on these achievements, the theory of linear systems for
differential equations with piecewise constant arguments can be effectively developed fur-
ther. Using this method, in papers [13,263], asymptotic behavior of solutions of quasilinear

systems with piecewise constant argument is analyzed.
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