Chapter 6
Number Theory and Combinatorics

6.1 Arrays of Numbers

Problem 3.4 Prove that the sum of any n entries of the table

1 1 1
I3 3 0
1 1 1 1
2 3 4 n+1
r 1 1 1
n n+1 n+2 """ 2n—1

situated in different rows and different columns is not less than 1.

Solution Denoting by a;; the entry in the ith row and jth column of the array, we
have
1
a;; = P —
i+ -1

for all i, j,1 <i,j <n. Choose n entries situated in different rows and different
columns. It follows that from each row and each column exactly one number is

chosen. Let ayj,,azj,, ..., anj, be the chosen numbers, where ji, j2,..., ju is a
permutation of indices 1, 2, ..., n. We have

n 1 n n n

I MR WS

k=1 YKk =y k=1 k=1
But

2L n(n+1)
=) k=—7—
> Z >

k=1
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since ji, j2, - - -, ju 1S @ permutation of indices 1, 2, ..., n. It follows that
n
1
— =n2
f=1 ik

The Cauchy—Schwarz inequality yields

1 1 1 5
i+x+-Fx)| —F+—+F— =0,
X1 X2 n
for all positive real numbers x1, x2, ..., x,. Taking x; = aij, and using the above
equality, we obtain

n
Dk =1
k=1
as desired.

Problem 3.5 The entries of an n x n array of numbers are denoted by a;;, 1 <1,
Jj <n. The sum of any n entries situated on different rows and different columns is
the same. Prove that there exist numbers x1, x3, ..., x, and y1, y2, ..., ¥, such that

aij =xi +yj,
forall i, j.

Solution Consider n entries situated on different rows and different columns
ajj,i=1,2,...,n. Fix k and [, 1 <k </ < n and replace a;j, and a;; with ay;,
and ay,, respectively. It is not difficult to see that the new n entries are still situ-
ated on different rows and different columns. Because the sums of the two sets of n
entries are equal, it follows that

Akjy + aij; = akj, + aij - ()
Now, denote x1, x7, ..., X, the entries in the first column of the array and by x1, x| +
¥2,X1+¥3, ..., X1 4y, the entries in the first row (in fact, we have defined x; = a1,

for all k, yo =0 and y;y = a1x — ax; for all k > 2).

Xt | x1+y | o | X1y | - | X1+ Y
X2
Xi al-j

Xn
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The equality
aij =X +y;,
stands for all i, j withi =1 or j = 1. Now, consider i, j > 1. From (x) we deduce
an +aij =a1j +ail
hence
X1 +aij =xi +x1+y;j
or
aij =x; +yj,

for all i, j, as desired.

Problem 3.6 In an n x n array of numbers all rows are different (two rows are
different if they differ in at least one entry). Prove that there is a column which can
be deleted in such a way that the remaining rows are still different.

Solution We prove by induction on k the following statement: at least n — k + 1
columns can be deleted in such a way that the first k rows are still different. For
k = 2 the assertion is true. Indeed, the first two rows differ in at least one place, so
we can delete the remaining n — 1 columns. Suppose the assertion is true for &, that
is we can delete n — k 4 1 columns and the first & rows are still different. If after
the deletion of the columns the (k 4 1)th row is different from all first k rows, we
can put back any of the deleted columns and remain with n — k deleted columns and
k + 1 different rows. If after the deletion the (k + 1)th row coincides with one of the
first rows, then we put back the column in which the two rows differ in the original
array. For k = n we obtain the desired result.

Problem 3.7 The positive integers from 1 to n? (n > 2) are placed arbitrarily on
squares of an n x n chessboard. Prove that there exist two adjacent squares (having
a common vertex or a common side) such that the difference of the numbers placed
on them is not less than n + 1.

Solution Suppose the contrary: the difference of the numbers placed in any adjacent
squares is less than n + 1. If we place a king on a square of the chessboard, it can
reach any other square in at most » — 1 moves through adjacent squares. Place a
king in the square with number 1 and move it to the square with number n” in
at most n — 1 moves. At each move, the difference between the numbers in the
adjacent squares is less than n + 1, hence the difference between n? and 1 is less
than (n + 1)(n — 1) =n? — 1, a contradiction.

Problem 3.8 A positive integer is written in each square of an n” x n? chess board.
The difference between the numbers in any two adjacent squares (sharing an edge) is
less than or equal to n. Prove that at least | 5 | + 1 squares contain the same number.
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Solution Consider the smallest and largest numbers a and b on the board. They are
separated by at most n> — 1 squares horizontally and n? — 1 vertically, so there is
a path from one to the other with length at most 2(n> — 1). Then since any two
successive squares differ by at most n, we have b —a < 2(n2 — D)n. But since all
numbers on the board are integers lying between a and b, only 2(n> — I)n + 1
distinct numbers can exist; and because

n
n* > (2(n* = 1)n+ 5
more than 5 squares contain the same number, as needed.

Problem 3.9 The numbers 1, 2, ..., 100 are arranged in the squares of an 10 x 10
table in the following way: the numbers 1, .. ., 10 are in the bottom row in increasing
order, numbers 11, ..., 20 are in the next row in increasing order, and so on. One can
choose any number and two of its neighbors in two opposite directions (horizontal,
vertical, or diagonal). Then either the number is increased by 2 and its neighbors are
decreased by 1, or the number is decreased by 2 and its neighbors are increased by 1.
After several such operations the table again contains all the numbers 1,2, ..., 100.
Prove that they are in the original order.

Solution Label the table entry in the ith row and jth column by a;;, where the
bottom-left corner is in the first row and first column. Let b;; = 10(i — 1) + j be the
number originally in the ith row and jth column.

Observe that

10
P= Z a;jbij
i,j=1

is invariant. Indeed, every time entries dy;,, apq, ars are changed (withm +r =2p
and n + s = 2q), P increases or decreases by by, — 2b,4 + by, but this equals

10(m—1D+@E—1)=2(p—1)+(n+s—29) =0.
In the beginning,
10
P=) bibi
i,j=I
at the end, the entries a;; equal the b;; in some order, and we now have
10
P= Z a;jbij
i,j=1

By the rearrangement inequality, this is at least P = 21-13-:] a;jjbjj with equality
only when each a;; = b;;. The equality does occur since P is invariant. Therefore
the a;; do indeed equal the b;; in the same order, and thus the entries 1,2, ..., 100
appear in their original order.
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Problem 3.10 Prove that one cannot arrange the numbers from 1 to 81 ina 9 x 9
table such that for each i, 1 <i <9 the product of the numbers in row i equals the
product of the numbers in column i.

Solution The key observation is the following: if row k contains a prime num-
ber p > 40, then the same number must be contained by column k, as well.
Therefore, all prime numbers from 1 to 81 must lie on the main diagonal of
the table. However, this is impossible, since there are 10 such prime numbers:
41,43,47,53,59,61,67,71,73, and 79.

Problem 3.11 The entries of a matrix are integers. Adding an integer to all entries
on a row or on a column is called an operation. It is given that for infinitely many
integers N one can obtain, after a finite number of operations, a table with all entries
divisible by N. Prove that one can obtain, after a finite number of operations, the
Zero matrix.

Solution Suppose the matrix has m rows and n columns and its entries are denoted
by api. Fix some j, 1 < j < n, and consider an arbitrary i, | <i < m. The expres-
sion

Eijj=an +aij —ain —aij
is an invariant for our operation. Indeed, adding & to the first row, it becomes
(@11 +k) +aij —ajy — (a1j + k) =an +aij — aj) —aij.

The same happens if we operate on the first column, the ith row or the jth column,
while operating on any other row or column clearly does not change E;;. From the
hypothesis, we deduce that E;; is divisible by infinitely positive integers N, hence
E;j = 0. We deduce that

ap —ayj =aj —ajj =c,

for all i,1 <i <m. Adding c to all entries in column j will make this column
identical to the first one.

In the same way we can make all columns identical to the first one. Now, it is not
difficult to see that operating on rows we can obtain the zero matrix.

6.2 Functions Defined on Sets of Points

Problem 3.14 Let D be the union of n > 1 concentric circles in the plane. Suppose
that the function f : D — D satisfies

d(f(A), f(B))=d(A, B)

forevery A, B € D (d(M, N) is the distance between the points M and N).
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Fig. 6.1

Prove that

d(f(A), f(B))=d(A, B)
forevery A, B € D.

Solution Let Dy, D, ..., D, be the concentric circles, with radii r| <rp <--- <
ry and center O. We will denote f(A) = A’, for an arbitrary point A € D.

We first notice that if A, B € D,, such that AB is a diameter, then A’ B’ is also a
diameter of D,,. If C is another point on D,,, we have

A'C?+B'C?>AC*+ BC?>=AB*>= A'B?.

Because OC’ is a median of the triangle A’B’C’, it follows that
72 1 1 12 1 12 1 ! p’2 2
ocC =§(AC +B'C )—ZAB =r,,

hence C' € D,, and A’C' = AC, B'C’ = BC. We deduce that f(D,) C D, and the
restriction of f to D, is an isometry. Now take A, X, Y, Z on D, such that AX =
AY = A'Z. Tt follows that A’X’ = A’Y’ = A’Z, hence one of the points X', Y’
coincides with Z. This shows that f(D,) = D, and since f is clearly injective
it results in the same way that f(D;) = D;, for all i, 1 <i <n — 1, and that all
restrictions f|p, are isometries.

Next we prove that distances between adjacent circles, say Dy and D, are pre-
served. Take A, B, C, D on D such that ABCD is a square and let A’, B’, C’, D’
be the points on D» closest to A, B, C, D, respectively.

Then A’B’'C’D’ is also a square and the distance from A to C’ is the maximum
between any point on D and any point on D,. Hence the eight points maintain their
relative position under f and this shows that f is an isometry (Fig. 6.1).
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Problem 3.15 Let S be a set of n > 4 points in the plane, such that no three of them
are collinear and not all of them lie on a circle. Find all functions f : § — R with
the property that for any circle C containing at least three points of S,

Z f(P)=0.

peCnS

Solution For two distinct points A, B of S we denote C4_p the set of circles de-
termined by A, B and other points of S. Suppose Cy4, p has k elements. Since the
points of S are not on the same circle, it follows that £ > 2. Because

> f(P)=0
PeCnS
for all C € C4, g, we deduce that

Y. D =0

CeCy g PeCNS

On the other hand, it is not difficult to see that

Yo FP)=) F(P)+ (k= D(F(A) + £(B)).

CeCy g PeCNS PeS

Thus the sum ), _¢ f(P) and f(A) + f(B) have opposite signs, forall A, B in S.
If, for instance, ZPGS f(P) >0, then f(A)+ f(B) <0, for all A, B in S. Let
S={A1,A;,...,A,}. Then

f(AD) + f(A2) <0, f(A2)+ f(A3) <0,..., f(An) + f(A) =0,
yielding
2) " f(P)=<0
PeM

hence ZPGM f(P)=0and f(A) + f(B) =0 for all distinct points A, B. This
implies that f is the zero function. Indeed, let A, B, C be three distinct points in S.
It is not difficult to see that the equalities

f(A)+ f(B) =0,
f(B)+ f(C) =0,
F(A)+ f(C)=0
yield
f(A)=f(B)=f(C)=0

and our claim is proved.
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Fig. 6.2

Problem 3.16 Let P be the set of all points in the plane and L be the set of all lines
of the plane. Find, with proof, whether there exists a bijective function f : P — L
such that for any three collinear points A, B, C, the lines f(A), f(B) and f(C) are
either parallel or concurrent.

Solution Let A;,i = 1,2, 3 be three distinct points in the plane and /; = f(A;).
We claim that if /1, [, I3 are concurrent or parallel, then A, A,, A3 are collinear.
Indeed, suppose that /1, [, I3 intersect at M and that Aj A2 A3 is a non-degenerated
triangle. Then for any point B in the plane we can find points By, B3 on the lines
A1Ay, Ay Az, respectively, such that B, B,, B3 are collinear (Fig. 6.2).

Because Aj, By, Ay are collinear it follows that f(B;) is a line passing
through M. The same is true for f(Bj), hence also for f(B). This contradicts
the surjectivity of f. A similar argument can be given if /1, /2, [3 are parallel.

We conclude that the restriction of f to any line / defines a bijection from / to a
pencil of lines (passing through a point or parallel). Consider two pencils P; and P>
of parallel lines. The inverse images of P;, P, are two parallel lines /1, [> (P and P>
have no common lines, hence /; and /> have no common points). Let P; be a pencil
of concurrent lines whose inverse image is a line /, clearly not parallel to /1, /5. Let
I’ be a line parallel to [. Then f(I) is a pencil of concurrent lines and it follows
that there is a line through the points corresponding to / and I’ whose inverse image
would be a point on both [ and [/, a contradiction. Hence no such functions exists.

Problem 3.17 Let S be the set of interior points of a sphere and C be the set of
interior points of a circle. Find, with proof, whether there exists a function f : S —
C such that d(A, B) <d(f(A), f(B)), for any points A, B € S.

Solution No such function exists. Indeed, suppose f : S — C has the enounced
property. Consider a cube inscribed in the sphere and assume with no loss of gen-

erality that its sides have length 1. Partition the cube into 1> smaller cubes and let
Ap, A, ..., A(n+1)3 be their vertices. For all i # j we have

1
d(Ai, Aj) = —,
n

hence

S| =

d(f(A), f(A))) =
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It follows that the disks D; with centers f(A;) and radius ﬁ are disjoint and con-

tained in a circle C’ with radius r + %, where r is the radius of C. The sum of the
areas of these disks is then less than the area of C’, hence

a3 <a(rel)
4n? — n)’
This inequality cannot hold for sufficiently large n, which proves our claim.

Problem 3.18 Let S be the set of all polygons in the plane. Prove that there exists

a function f : S — (0, +00) such that

1. f(P)<1,forany P € S;

2. If P1, P, € S have disjoint interiors and Py U P, € S, then f(P1U Py) = f(P1)+
f(P).

Solution Consider a covering of the plane with unit squares and denote them by
U,Up,...,U,,....If Pisapolygon, define

1
F(PY=) [P NUL.
k>1

Because P intersects a finite number of unit squares, the above sum is finite, hence
f is well defined. Moreover, f verifies the conditions of the problem. Indeed, we
have [P N U] <1, for all k and if

N =max{i|P NU; # ?}

then
N o N o 1
FPY=) FIPOUd<) r=1-75 <l
k>1 k>1

For the second condition, observe that
[(P N P)NU]=[PLN U + [P, N U]
for all polygons P;, P> for which P; U P, € S and all Uy, hence

F(PLU P) = f(P1)+ f(P).

6.3 Count Twice!

Problem 3.22 Find how many committees with a chairman can be chosen from a
set of n persons. Derive the identity

(o)) -o)-
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Solution The number of persons in the committee may vary between 1 and n. Let us
count how many such committees number £ persons. The k persons can be chosen
in (Z) ways while the chairman can be chosen in k& ways, yielding a total of k(Z)
committees with k persons. Adding up for k = 1,2,...,n, we see that the total
number of committees is

(1) +2()+()==+()

On the other hand, we can first choose the chairman. This can be done in n ways.
Next, we choose the rest of the committee, which is an arbitrary subset of the re-
maining n — 1 persons. Because a set with n — 1 elements contains 2"~! subsets, it
follows that the committee can be completed in 2"~! ways and the total number of
committees is

nzn—l

Observation There are many proofs of the given equality. An interesting one is the
following. Consider the identity

(I+x0)"=1+ <n>x+ (n>x2+m+( " )x"“ + <n>x”.
1 2 n—1 n

Differentiating both sides with respect to x yields

n(l+x)" = <n) +2<n)x+...+(n_ 1)( " >x”_2+n<n>x”_l.
1 2 n—1 n

Setting x = 1 gives the desired result.

Problem 3.23 In how many ways can one choose k balls from a set containing n — 1
red balls and a blue one? Derive the identity

n n—1 n—1
(k)‘( k >+<k—1)'
Solution We have to choose k balls from a set containing » balls, hence the answer
is (Z) On the other hand, the blue ball may or may not be among the selected k
balls. If the blue ball is selected, then, in fact we have chosen k — 1 red balls from
n — 1 red balls and this can be done in (Z:}) ways. If the blue ball is not selected,

then we have chosen & red balls from n — 1 ones. This can be done in (’]Z:}) which

leads to a total of
n—1 n n—1
k k—1

possibilities to choose the k balls.
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Observation Using similar arguments we can obtain a more general identity. Let
us count in how many ways one can choose k balls from a set containing n red and
m blue balls. Discarding the color of the balls, the answer is ("J,Zm). If we take into
consideration the fact that the chosen & balls can be: all red, or k — 1 red and 1 blue,
or k — 2 red and 2 blue, etc. we obtain the identity

()= (D) ()G (6

Problem 3.24 Let S be a set of n persons such that:

(i) any person is acquainted to exactly k other persons in S;
(ii) any two persons that are acquainted have exactly / common acquaintances in S;
(iii) any two persons that are not acquainted have exactly m common acquaintances
in S.

Prove that

mn—k)y—ktk—0)+k—m=0.

Solution Let a be a fixed element of S. Let us count the triples (a, x, y) such that
a, x are acquainted, x, y are acquainted and a, y are not acquainted. Because a is
acquainted to exactly k other persons in S, x can be chosen in k ways and for fixed
a and x, y can be chosen in k — 1 —/ ways. Thus the number of such triples is

k(k—1—1).

Let us count again, choosing y first. The number of persons not acquainted to a
equals n — k — 1, hence y can be chosen in n — k — 1 ways. Because x is a common
acquaintance of a and y, it can be chosen in m ways, yielding a total of

mn—k—1)
triples. It is not difficult to see that the equality
kk—1-D=mmn—k—1)
is equivalent to the desired one.

Problem 3.25 Let n be an odd integer greater than 1 and let ¢y, ¢, ..., ¢, be inte-
gers. For each permutation a = (ay, az, ..., a,) of {1,2,...,n}, define

n
S(a) = Zciai.
i=1

Prove that there exist permutations a # b of {1, 2, ..., n} such that n! is a divisor of
S(a) — S().
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Solution Denote by ), S(a) the sum of S(a) over all n! permutations of
{1,2,...,n}. We compute ), S(a) (modn!) in two ways. First, assuming that the
conclusion is false, it follows that each S(a) has a different remainder mod n!, hence
these remainders are the numbers 0, 1, 2, ..., n! — 1. It follows that

ZS(a) = %n!(n! — 1) (modn!).

On the other hand,
n n
S s@=Y qa=aYa
a a =1 i=1 a
For each i, in Za aj, each of the numbers 1, 2, ..., n, appears (n — 1)! times, hence

1
Zai=(n—1)!(1~|—2+--~+n)=§(n~|—1)!.

It follows that

1 n
> Sa)= S+ D! Zc,.
a i=1

We deduce that

1 1 n

Sl =1 =2+ 1)! chi (modn!).

=

Because n > 1 is odd, the right-hand side is congruent to 0 modn!, while the left-

hand side is not, a contradiction.

Problem 3.26 Let a; <a; <--- <a, = m be positive integers. Denote by by the
number of those a; for which a; > k. Prove that

ait+ay+---+a,=by+by+---+ by,

Solution Let us consider a n x m array of numbers (x;;) defined as follows: in row
i, the first a; entries are equal to 1 and the remaining m — a; entries are equal to 0.
For instance, if n =3 and a) =2, a» =4, a3 = 5, the array is

1{1{]0]0]0
1|11 ]1]1
I|1|1]|1]1

Now, if we examine column j, we notice that the number of 1’s in that column
equals the number of those a; greater than or equal to j, hence b;. The desired
result follows by adding up in two ways the 1’s in the array. The total number of 1’s
is ) /_j a;, if counted by rows, and }_; b;, if counted by columns.
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Problem 3.27 In how many ways can one fill a m x n table with £1 such that the
product of the entries in each row and each column equals —1?

Solution Denote by a;; the entries in the table. For 1 <i <m—1land1<j <n—1,
we let g;; = £1 in an arbitrary way. This can be done in 2m=D=1) ways. The
values for a,,; with 1 < j <n — 1 and for a;,, with 1 <7 <m — 1 are uniquely
determined by the condition that the product of the entries in each row and each
column equals —1. The value of a,,,, is also uniquely determined but it is necessary
that

n—1 m—1
[Tami =] an- ()
j=1 i=1

If we denote
m—1n—1
P=TI e
i=1 j=1
we observe that

n—1

P[Tam =0

Jj=1
and

m—1

P[] ain=(=1"""

i=1

hence (x) holds if and only if m and n have the same parity.

Problem 3.28 Let n be a positive integer. Prove that

22 ()

Solution Let us count in two ways the number of ordered pairs (A, B), where A

is a subset of {1,2,...,n}, and B is a subset of {1, 2, ..., 2n} with n elements and
disjoint from A.
First, for 0 < k < n, choose a subset A of {1,2,...,n} having n — k elements.
This can be done in
n _(n
n—k)  \k
ways. Next, choose B, a subset with n elements of {1,2,...,2n} — A. Since

{1,2,...,2n} — A has 2n — (n — k) = n + k elements, B can be chosen in

GONEY
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ways. We deduce, by adding on k, that the number of such pairs equals

Xn: n n+k
k k ’
k=0
On the other hand, we could start by choosing the subsets B’ C {1,2,...,n} and
B’ c{n+1,n+2,...,2n}, both with k elements, and define

B=B"U({1,2,...,n} - B').

Since for given k each of the sets B’ and B” can be chosen in () ways, B can be

chosen in (2)2 ways.

Finally, pick A to be an arbitrary subset of B’. There are 2¢ ways to do this.
Adding on k, we obtain that the total number of pairs (A, B) equals

n n 2
k
> (1)
k=0
hence the conclusion.

Problem 3.29 Prove that

12+22+~~~+n2=(”;1>+2<”J§1).

Solution Let us count the number of ordered triples of integers (a, b, ¢) satisfying
0<a,b<c<n.

For fixed ¢, a and b can independently take values in the set {0, 1,...,c — 1},
hence there are ¢ such triples. Since ¢ can take any integer value between 1 and 7,
the total number of triples equals

12422+ 4n%

On the other hand, there are (";rl) triples of the form (a, a, ¢) and 2( ”;’1) triples
(a, b, c) with a # b. The latter results from the following argument: we can chose
three distinct elements from {0, 1, ..., n} in (”;rl) ways. With these three elements,
say x <y < z, we can form two triples satisfying the required condition: (x, y, z)

and (y, x, 2).
Problem 3.30 Let n and k be positive integers and let S be a set of n points in the
plane such that

(a) no three points of S are collinear, and
(b) for every point P of § there are at least k points of S equidistant from P.

Prove that

1
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Solution Let Py, P>, ..., P, be the given points. Let us estimate the number of
isosceles triangles whose vertices lie in S.

For each P;, there are at least (]2‘) triangles P; Pj Py, with P; P; = P; Py, hence
the total number of isosceles triangles is at least n ( ]2‘ )

For each pair (P;, P;), with i # j, there exist at most two points in S equidistant
from P; and P;. This is because all such points lie on the perpendicular bisector of
the line segment P; P; and no three points of § are collinear. Thus, the total number
of isosceles triangles is at most 2( 5 ). We deduce that

(3)=2(5)

2n—1)>k(k —1).

which simplifies to

Suppose, by way of contradiction, that

k>—=4+2n.

N =

Then

k(k—l)z(\/ﬂ+%><x/2_—%>:2n—%>2(n—l),

a contradiction.

Problem 3.31 Prove that

r(1)+r(2)+...+f(n)={?J+{%J+...+{%J,

where 7 (k) denotes the number of divisors of the positive integer k.

Solution Observe that the integer a, with 1 < a < n, is counted by 7 (k) if and only
if a is a divisor of k, or, equivalently, if k is a multiple of a. Thus, the number
of times a is counted in the left-hand side of our equality equals the number of
multiples of @ in the set {1, 2, ..., n}. But this number obviously equals | 7 |. Adding
on a gives the desired result.

Problem 3.32 Prove that

n n n
o) +o@)+---+om)= {TJ+2{§J +-~~+n{;J,

where o (k) denotes the sum of divisors of the positive integer k.
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Solution The solution is similar to the previous one. The integer a, with 1 <a <n,
is a term of the sum o (k) if and only if a is a divisor of k. There are | 7 | multiples
of a in the set {1, 2, ..., n} and therefore the sum of all divisors equal to a is a L:‘—ZJ.

Problem 3.33 Prove that

n n n _n(n+1)
w(l)M+¢(2)M+---+w<n>bj——2 ,

where ¢ denotes Euler’s totient function.

Solution Observe that the right-hand side can be written as

nn+1)

=142+.--4n.
) +24---+n

Using the result of Problem 3.21 of Sect. 3.3, we obtain

D S @+ Y e @+ o+ Y v,

2
d|1 d2 din

Now, for some k, 1 <k <n, let us count how many times ¢ (k) appears in right-
hand side of the above equality. Clearly, ¢ (k) is a term of the sum ) dim ¢(d) if and
only if k is a divisor of m, or, equivalently, m is a multiple of k. So, ¢ (k) appears as
many times as the number of multiples of k in the set {1, 2, ..., n}, that is, L%J.

We conclude that the sum can be written as

n n n
<p(1)\jJ + ¢(2)bJ +o w(n){—J,
n

giving the required result.

Alternatively, we could count in two ways the number of fractions 7 with 1 <
a < b < n where we do not insist that our fraction be in lowest terms, so for example
% and % would count as different fractions. First, this number is clearly

$hp 104D

2
b=1

since this is the number of such pairs (a, b). Second, we count fractions based on
their reduced forms. We saw in Problem 3.21 that the number of reduced fractions
with denominator d is ¢(d). The number of multiples of such a fraction with de-
nominator at most n is [n/d] so the number is also

ZW)H'
d=1
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Problem 3.37 Prove that there exist sequences of odd integers (x,)n>3, (Yn)n>3
such that

7x,% + y,% =2"
for all n > 3.

Solution For n = 3, define x3 = y3 = 1. Suppose that for n > 3 there exist odd
integers x,, and y, such that 7x2 4 y2 = 2. Observe that the integers

Xn + Yn Xn — Yn
and
2 2
cannot be both even, since their sum is odd.
If X”TJ”” is odd, we define
Xn + Yn TXp — Yn
Xn+1 = Yn4l = —FF——

2 2

and the conclusion follows by noticing that
1
Tyt + Vo1 = 1(7(3(11 + ) + (Txy — y)?) =2(7xp + y7) =21

If @ is odd, we define

Xn — Yn Txn + yn
Xn+1 = B , Yn+1 = T

and a similar computation yields the result.
Problem 3.38 Let x; = x>, =1,x3 =4 and

Xp43 =2Xp42 + 2Xp41 — Xn

for all n > 1. Prove that x,, is a square for all n > 1.

Solution We first notice that x; = x> = 12, x3 =22, x4 = 3%, x5 = 5%, x¢ = 82, and
so forth. This leads to the assumption that x,, = Fn2 where F,, is the nth term of the
Fibonacci sequence defined by Fy = F> =1 and Fj,4+| = F, + F,,_1, forall n > 2.
We prove this assertion inductively. Suppose it is true for all kK <n + 2. Then

X3 = 2F] 5+ 2F = By =2F; 5 +2F) — (Fuyz — Fat)?

n

= Fr12+2 + Fnz_H + 2Fn+1Fn+2 = (Fn+2 + Fn+l)2 = F,,2+37

and the assertion is proved.
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Problem 3.39 The sequence (a,),>0 is defined by ap =a; =1 and
any1 = 14a, —ay—
for all n > 1. Prove that the number 2a, — 1 is a square for all n > 0.

Solution We have 2ag—1=1,2a;—1=1,2a0—1=5%2a3—1=19%2a,—1 =
712. We observe that if we define bo=—-1,by=1,bp=5,b3=19,b4 =71, then
bp+1 =4b, — b,— for 1 <n < 3. We will prove inductively that

2a, — 1 =52,

where by = —1,b; =1 and b, | = 4b,, — b,_; for all n > 1. Suppose this is true
for 1,2, ..., n and observe that

2apy1 —1=14Qa, — 1) — Qay_1 — 1) + 12=14b> —b>_, + 12
= 1662 — 8byby_1 +b>_| —2b% + 8b,b,— —2b> | + 12

= (4by — by_1)* = 2(b2 + b2_, — 4byby_1 — 6)

n—1
=by, —2(b; + by — 4byby_1 —6).

n—1

Hence it suffices to prove that 17,2z + bifl — 4b,b,—1 — 6 = 0. This follows also by
induction. It is true for n = 1 and n = 2. Suppose it holds for n and observe that

b2 + D2 —4byyiby — 6= (4by — by_1)* + b2 — 4(4b, — by_1)by — 6
=b>4+ b2 | —4b,b, 1 —6=0,

n—1

as desired.

Problem 3.40 The sequence (x,),> is defined by x; =0 and

Xn41 =5xn +/24x2 + 1

for all n > 1. Prove that all x,, are positive integers.

Solution We first notice that the sequence is increasing and all of its terms are
positive. Next we observe that the recursive relation is equivalent to

x,%H — 10x,xp41 +x,% —1=0.
Replacing n by n — 1 yields
x,% — 10x,x,—1 —i—x,iI —1=0,

hence for n > 2 the numbers x,+; and x,_ are distinct roots of the equation

x?— IOxxn—i—x,%— 1=0.
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The Viete’s relations yield x,,4+1 + x,—1 = 10x,, or
Xp1 = 10x, — X1

for all n > 2. Because x; = 1 and x, = 10, it follows inductively that all x, are
positive integers.
Problem 3.41 Let (a,),>1 be an increasing sequence of positive integers such that

1. app =a, +nforalln>1;
2. if a, is a prime, then n is a prime.

Prove that a, =n, forall n > 1.
Solution Let aj =c. Then ap =a; +1=c+ 1,a4 =ar + 2 = ¢ + 3. Since the
sequence is increasing, it follows that a3 = ¢ 4+ 2. We prove that a, =c +n — 1

for all n > 1. Indeed, if n = 2% for some integer k this follows by induction on .
Suppose that

ayp =c+25—1.
Then
Qok+1 = Ayok = Aok 4ok =gkl .
If 28 < n < 2K+ then

C+2k—1:612k <lpkyy < <Ay <-cr < gkt =c4 21

and this is possible only if a, =c+n — 1.
Next we prove that ¢ = 1. Suppose that ¢ > 2 and let p < g be two consecutive
prime numbers greater than c. We have

dg—c+1=C+qg—c=q,

hence g — ¢+ 1 is a prime and clearly ¢ — c+ 1 < p. It follows that for any consec-
utive prime numbers p < g we have

g—p=<c—1

The numbers (c+ 1)!+2, (c+ D!+3, ..., (c+ 1)!+c+ 1 are all composite, hence
if p and ¢ are the consecutive primes such that

p<(c+D!'+2<(c+D'+c+1<gq
then

g—p>c—1,

a contradiction. It follows that c =0 and a,, =n foralln > 1.
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Problem 3.42 Letag=a; =1and a,y|; =2a, —a,—1 +2,forall n > 1. Prove that
ay241 = dn+1dn,
forall n > 0.

Solution We will find a closed form for a,,. Denoting b,, = a,+| — a,, we observe
that the given recursive equation becomes

by =by_1+2,
thus (bn)n>0 is an arithmetic sequence and hence b, = by + 2n = 2n. Writing

ap+1 —ag =2(k—1)fork=1,2,...,n — 1 and adding up yield a, =n?—n+1,
for all n > 0. Now, an elementary computation shows that

a2y = (n2 + 1)2 - (n2 + 1) +1= (n2 +n+ l)(n2 —-n+ 1) = ap+1ay,

as desired.

Problem 3.43 Letag=1and a,| =ag---a, + 4, for all n > 0. Prove that
n — AT =2,

foralln > 1.

Solution We will prove the equivalent statement
ant1 = (an —2)*.

We have

Qpy1=ap---ap—1-ay +4

=(ap—4)-a,+4
=a,2l—4a,,+4
:(an_2)27

which concludes the proof.

Problem 3.44 The sequence (x),>1 is defined by x; = 1,x2 = 3 and x,47 =
6x,+1 — X5, for all n > 1. Prove that x,, + (—1)" is a perfect square, for all n > 1.

Solution Let y, = x, + (—1)". By inspection, we find that y; =0,y =4, y3 =
16, y4 = 100, y5s = 576 etc. Denote by z, = \/yn; then 21 =0,20 =2,23 =4, 24 =
10,z5 = 24, and so on. The first terms of the sequence (z,),>1 suggest that
Zn4+2 = 2Zp+41 + 2Zn, for all n > 1. Indeed, we will prove by induction the follow-
ing statement: y, = zﬁ, where z1 = 0,22 =2 and z,42 = 22,41 + 2, forall n > 1.
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The base case is easy to deal with. In order to prove the inductive step, we need a
recursive equation for the sequence (y,),>1. Since x, =y, — (—1)", we have

Yna2 — (=D =6y, —6(=1)" ! =y, + (=D,
and also
Yas1 — (=" =6y, —6(—1)" =y, + (=)' 1.
Adding up yields
Yn42 + Y41 =60Yng1 +6Yn — Yn — Yu—1,
or

Y42 =SYnt+1 +5¥n — Yu—1,

for all n > 2. Now, we are ready to prove the inductive step. Assume y; = z,%, for
k=1,2,...,n+ 1. Then

2 2_ 2
Yn+2 =152,1 + 52, — 2,

= SZiH 4522 — (zag1 — 220)°
= 4z,%+1 + 22 + 4204120

2
= (Zzn—i-] + zn)
2
= Zny2s

and we are done.

Observation The informed reader may notice that an alternative solution is possi-
ble if we write x,, in closed form. Indeed, it is known that if & and 8, with o # 8,
are the roots of the quadratic equation

x2=ax+ b,
then any sequence satisfying
Xnt2 = aXpy1 + bxy,

for all n > 1, has the form
xp =cro”" + 2",

where the constants ¢; and ¢> can be determined from the first two terms of the
sequence. In our case, the roots of the equation

x2=6x—1
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are
a=3+2v2, B=3-2V2,
hence
Xp =cC] (3 + 2«/5)” + 02(3 — Zﬁ)".

Since x; =1 and xp = 3, we obtain

c1=%(3—2«/§), =-(3+2v2),

l\)l>—*

hence
= ((+2v3)" 7+ (3-2v2)"7),

for all n > 1. It follows that

Xy 4 (=)' = ((3+2f)”1 +(3-2v2)" +2(=1)")

(V24 (= V2 =2

2

1

T2

<(1+f)" - fz)”‘1>2
> .

The sequence

I L B
o V2

has the form
w, =c1a” +c2p",
with
a=14+2, B=1-+2,

hence it satisfies the recursive equation
Wp42 = 2Wy 41 + Wy,

for all n > 1. Finally, since w1 = 0 and wj = 2, we deduce that w,, is an integer for
alln > 1.

Problem 3.45 Let (a,),>1 be a sequence of non-negative integers such that a, >
azy + axp+1, for all n > 1. Prove that for any positive integer N we can find N
consecutive terms of the sequence, all equal to zero.
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Solution Let us first show that at least one term of the sequence equals zero. Sup-
pose the contrary, that is, all terms are positive integers. But then

al>ay+az>as+as+ag+ar>--->am+apy+-+am_ =2",
for all n > 1, which is absurd. Thus, at least one term, say ax, equals zero. But then
0=ar > axy + a1 > -+ > amg + aonpy1 + - +ampyon 1,

hence ayy = aypq) = -+ = amp4on—1 = 0. We found 2" consecutive terms of our
sequence, all equal to zero, which clearly proves the claim.

Observation An nontrivial example of such a sequence is the following:

1, ifn =2k, for some integer k,
ay = )
0, otherwise.

6.5 Equations with Infinitely Many Solutions

Problem 3.48 Find all triples of integers (x, y, z) such that

x2 +xy =y2 +xz.
Solution The given equation is equivalent to

x(x —2)=y(y —x).
Denote by d = gcd(x, y). Then x =da, y = db, with gcd(a, b) = 1.We deduce that
y —x = ka and x — z = kb for some integer k. Because gcd(a, b —a) = ged(a, b) =
1, it follows that b — a divides k. Setting k = m(b — a) we obtain d = ma and the
solutions are

x:maz, y =mab, z:m(a2+ab—b2)
where m, a, b are arbitrary integers.
Problem 3.49 Let  be an integer number. Prove that the equation
tyt=n+7?

has infinitely many integer solutions.

Solution The equation is equivalent to

x =D +2)+y =n.



220 6 Number Theory and Combinatorics

If we set x — z = 1, then we obtain

2x—1+y*=n
and
n+1-y>2
xX=—""-":
2

Now, it suffices to take y = n + m, where m is an odd integer to insure that x is an
integer as well. Indeed, if m = 2k + 1, then

n+l1—y> n+l—(m+2k+1*  nm+1)
2 - 2 - 2

obviously an integer. Since z = x — 1, it is also an integer number.

— 2nk — 2k* — 2k,

Problem 3.50 Let m be a positive integer. Find all pairs of integers (x, y) such that

xZ(x2 + y) — ym+1.

Solution Multiplying the equation by 4 and adding y? to both sides yields the
equivalent form
(222 4 y)? = y2 + 4yt
or
(2x2 + y)2 = y2(1 +4ym_1).

It follows that 1 4+ 4y™~! is an odd square, say (2a + 1)>. We obtain y"~! =
a(a + 1) and since a and a 4 1 are relatively prime integers, each of them must
be the (m — 1)th power of some integers. Clearly, this is possible only if m = 2,
hence y = a(a + 1). It follows that

252 +aa+ ) =a@+DRa+1)

hence x> = a*(a + 1). We deduce that @ + 1 is a square and setting a + 1 = 2 yields
x=13—tand y=1*—12.

Problem 3.51 Let m be a positive integer. Find all pairs of integers (x, y) such that
xz(xz + y2) e
Solution The equation can be written in the equivalent form
(2x% +y)7 = y* + 4yt
Observe that y* +4y™*! cannot be a square for m = 1. Indeed, in this case
YAyl =yt a2 = yz(yz +4)

and no squares differ by 4. A similar argument works for m = 2.
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Now, for m > 3, we write the equation in the equivalent form
2 _
2x2+y) =y (1 +4y"3).

As in the previous solution we deduce that y = a(a + 1) for some integer a, then
x =a3(a + 1). It follows that a = % for some integer ¢ and the solutions are x =
P+, y=rY+12

Problem 3.52 Find all non-negative integers a, b, ¢, d, n such that
A+ b+ +d>=7-4"

Solution For n = 0, we have 22 + 12 + 12+ 12 =7, hence (a,b,c,d)y=02,1,1,1)
and all permutations. If n > 1, then a?+b* 4+ +d>= 0(mod4), hence the num-
bers have the same parity. We analyze two cases.

(a) The numbers a, b, c, d are odd. We write a = 2a’ + 1, etc. We obtain
4d/ (@ + 1) +4b' (B + 1) +4c/ (' + 1) +4d'@ +1)=4(7-4"1 - 1).

The left-hand side of the equality is divisible by 8, hence 7 - 4"~ — 1 must
be even. This happens only for n = 1. We obtain a? + b? + ¢? + d* = 28, with
the solutions (3, 3,3, 1)and (1, 1, 1, 5).
(b) The numbers a, b, ¢, d are even. Write a = 2a’, etc. We obtain

a/2+b/2+c/2+d/2:7.4n7]’

so we proceed recursively.

Finally, we obtain the solutions (2"“, 2 2n 2My (3-2",3.2",3.2M 2M),
(2",2",2",5-2"), and the respective permutations.

Problem 3.53 Show that there are infinitely many systems of positive integers
(x, ¥, z,t) which have no common divisor greater than 1 and such that

x3—|—y3 + 22 =1
Solution Consider the identity
(a+1)*—=(a—1)*=8a>+8a.

Taking a = b3, with b an even integer gives

(B*+1) = (20%) + @b + ((1° — 1))

Since b is even, b 4+ 1 and b — 1 are odd integers. It follows that the numbers
x =2b3, y=2b,z= (b3 — 1)2 and t = b3 + 1 have no common divisor greater
than 1.
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Problem 3.54 Let k > 6 be an integer number. Prove that the system of equations

X1+x2+ -+ Xp—1 = X,
3 3 3
XpExy e X =Xk

has infinitely many integral solutions.
Solution Consider the identity

m+1)>+m =13+ =m)+ (—m)> = 6m.

. . . —nd . . .
If n is an arbitrary integer, then "=~ is also an integer since n — nd=—n—1n x
(n + 1) and the product of three consecutive integers is divisible by 6. Setting m =

3. S .
%= in the identity above gives

}’l—l’l3+1 3+ n—n3 1 3+ n3—n 3+ n3—n 3+ 3
6 6 6 6 =

On the other hand, we have

n—n3+1 + n—n3 1 +n3—n+n3—n+
— n=n,
6 6 6 6 "

yielding the following solution for k = 6: x| = ”_6”3 +1,x = "_6”3 —1,x3=x4=

3
", x5 = x6 = n. For k > 6 we can take x; to x5 as before, xo = —n and x; =0

forall i > 6.

Problem 3.55 Solve in integers the equation
yr=(x—y).

Solution If we denote @ = x — y and b = x + y, the equation rewrites as

a? + b? =2a3,
or
b2
261 — 1 = ;

We see that 2a — 1 is the square of a rational number, hence it is the square of
an (odd) integer. Let 2a — 1 = (2n + 1)2. It follows that a = 2n? + 2n + 1 and
b=a@n+1) = 2n+ 1)(2n* +2n + 1). Finally, we obtain

x=2n3+4n2+3n+1, y:2n3+2n2+n,

where 7 is an arbitrary integer number.
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Problem 3.56 Let a and b be positive integers. Prove that if the equation

ax? — by2 =1
has a solution in positive integers, then it has infinitely many solutions.

Solution Factor the left-hand side to obtain
(xv/a — yvb)(xv/a+ yvb) = 1.
Cubing both sides yields
((x3a + 3xy2b)\/5 - (3x2ya + y3b)\/5)((x3a + 3xy2b)ﬁ
+ (3x%ya + y3b)Vb) = 1.
Multiplying out, we obtain
a(x3a + 3xy2b)2 - b(3x2ya + y3b)2 =1.
Therefore, if (x1, y1) is a solution of the equation, so is (x3, y2), with xo = xfa +

3x1y12b, and y; = 3x12y1a + y?b. Clearly, x > x1 and y; > y;. Continuing in this
way we obtain infinitely many solutions in positive integers.

Problem 3.57 Prove that the equation

x+1 y+1
+
y X

—4

has infinitely many solutions in positive integers.

Solution Suppose that the equation has a solution (x, y;) with x; < y;. Clearing
denominators, we can write the equation under the form

=@y —Dx+y*+y=0,

that is, a quadratic in x. One of the roots is x1, therefore, by Vieta’s theorem, the
second one is 4y; — 1 — x1. Observe that4y; — 1 —x; >4x; — 1 —x;=3x;1 — 1>
2x1 > 0, hence 4y; — 1 — x1 is a positive integer.

It follows that (4y; — 1 — x1, y1) is another solution of the system. Because the
equation is symmetric, we obtain that (x, y2) = (y1,4y1 — 1 —x1) is also a solution.
To end the proof, observe that xo + y» =5y; — 1 —x1 > x1 + y; and that (1, 1) isa
solution. Thus, we can generate infinitely many solutions:

1,1)—(1,2) > (2,6) = (6,21) — ---.
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Problem 3.58 Prove that the equation
)c3+y3 —213:6(x+y+21)
has infinitely many solutions in positive integers.
Solution Observe that
n+1D3+mn-1>=-2n=6n,
and

mn+1)+m—1)+2n =4n.
Taking x =2(n + 1), y=2(n — 1), and z = 2n, we see that

x4+ y3 —273 = 48n,
and

6(x +y +2z) =48n.

Thus, the triples (x,y,z) = 2(n + 1),2(n — 1,2n)) are solutions in positive
integers for all integers n > 1.

6.6 Equations with No Solutions

Problem 3.62 Prove that the equation
4dxy —x —y= 2
has no positive integer solutions.
Solution We write the equation in the equivalent form
4x — D@y — 1) =422 +1.
Let p be a prime divisor of 4x — 1. Then
4z +1=0 (mod p)

or
(2Z)2 = —1 (mod p).

On the other hand, Fermat’s theorem yields

(22)?"' =1 (mod p)
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hence
p—1

Q)P =277 = (—1)177_1 =1 (mod p).

This implies that p = 1 (mod4). It follows that all prime divisors of 4x — 1 are
congruent to 1 modulo 4, hence 4x — 1 =1 (mod4), a contradiction.

Problem 3.63 Prove that the equation
6(6a* +3b* + c*) = 5d°
has no solution in non-zero integers.

Solution We can assume that gcd(a, b, ¢, d) = 1, otherwise we simplify the equa-
tion with a suitable integer. Clearly, d is divisible by 6, so let d = 6m. We obtain

6a* + 3b* + ¢ = 30m?,
hence c is divisible by 3. Replacing ¢ = 3n in the equation yields
2a® + b* + 3n° = 10m>.

If b and n are odd, then 5% = 1 (mod 8) and 312 = 3 (mod 8). Because 2a2 = 0
or 2 (mod8) and 10m? = 0 or 2 (mod 8) this leads to a contradiction. Hence b and
n must be even and from the initial equation we deduce that a is also even. This
contradicts the assumption that gcd(a, b, c,d) = 1.

Problem 3.64 Prove that the system of equations
x2+ 6y2 =72,
6x% + y? =12

has no positive integer solutions.

Solution As in the previous solution, we can assume that ged(x,y,z,¢t) = 1.
Adding up the equations yields

7(x? +y?) =22 + 1.

The square residues modulo 7 are 0, 1, 2, and 4. It is not difficult to see that the only
pair of residues which add up to 0 modulo 7 is (0, 0), hence z and ¢ are divisible
by 7. Setting z = 7z1 and ¢ = 7¢; yields

7(x? +5%) =49(c7 +17)
or
4yt =7(2 + ).

It follows that x and y are also divisible by 7, contradicting the fact that
ged(x, y,z,t) = 1.
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Problem 3.65 Let k and n be positive integers, with n > 2. Prove that the equation
X" — yn — 2k
has no positive integer solutions.

Solution We may assume x and y are odd, otherwise dividing both x and y by
2 yields a smaller solution. If n = 2m (m > 2) is even, then we factor to get
(x™ — y™)(x™ + y™) = 2K, Hence both factors are powers of 2, say x™ — y™ =2"
and x” + y™ = 2%, with s > r. Solving gives x” = 2°"! 4+ 2"~1 and y" =
2s=1 _2r=1 Since x™ and y™ are odd integers, this forces r = 1. But then x™
and y™ are two mth powers which differ by 2, a contradiction. If » is odd, then we
factor as

(x_y)(xn—l+xn—2y+”.+yn—l)=2k.

The second factor is odd since n is odd and each of the n terms is odd.
Hence it must be 1, which is again a contradiction.

Problem 3.66 Prove that the equation

XZOOO -1 I
x—1 Y
has no positive integer solutions.
Solution Observe that
2000 500
xT o1 1000 500 o1
—=(x + 1) (x" +1)————
— = ) ) ——
Setting
a = x100 4 |
bh=x"%41,
xSOO -1
c= ,
x—1

we see that b and ¢ divide a — 2 and ¢ divides b — 2. It follows that the greatest
common divisor of any two of a, b, ¢ is at most 2. The product abc is a square only
if a, b, c are squares or doubles of squares. It is not difficult to see that a and b
cannot be squares, hence they are doubles of squares. This implies that

4ab:4x1500+4x1000+4x500+4

is a square. But this is impossible, since a short computation shows that

4x1500 +4x1000 +4x500 +4> (2)6750 +x250)2
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and

41500 4 41000 4 4,500 4 g (2,750 4 (250 4 1),

Problem 3.67 Prove that the equation
At bty =7 b )
has no solution in positive integers.

Solution Suppose, by way of contradiction, that such a solution exists. Then

14
7
4 3
Z(.xk - Z.xk) :O.

k=1

Observe that
=Dt =)(xf —dx]+6xf —dx +1)
9
_Z ——xk—Zxk+6xk dxy + 1
9 3 2
:Z —Zxk +6xk _4xk+1 .

Since
9 3 2
—Zx,f +6x,%—4xk =—xk<§xk —2) <0

we obtain
Z(xk —D*<14.

This inequality implies that each x; is equal to either 1 or 2. Now, suppose x of the
numbers xi, ..., x14 are equal to 1 and y of them are equal to 2. Then x + y = 14
and the original equation gives

4(x 4+ 16y) =7(x + 8y).

We obtain x = % and y = ﬁ, a contradiction.

Problem 3.68 Prove that the equation
24 y2 422 =20112" 12012

has no solution in integers.
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Solution We begin by noticing that a square can only equal 0, 1, or 4 modulo 8. Let
us check the right-hand side modulo 8. We have

2011 =3 (mod8),
hence
2011201 =321 = (32)'%° .3 =3 (mod 8),
and since
2012 =4 (mod38),
it follows that
2011791 42012 =7 (mod 8).

Finally, observe that three (not necessarily distinct) numbers from the set {0, 1, 4}
cannot add to 7 (mod 8), so the equation has no solutions in integers.

Problem 3.69 Prove that the system
X3+ 3y +y =147,
By +yi 4y 420 =157
has no solution in integers x, y, and z.
Solution Adding the equations yields
x4y 23y 4203 42y + 22 = 14797 4157197,

The first five terms in the left-hand side suggest the expansion of a square, so add
1 to both sides to obtain

(P 4y +1)°+22 =147 1157 1 1.

We will check both sides of the equation modulo 19. By Fermat’s little the-
orem, if z is not divisible by 19, then z!® =1 (mod19), and it follows that
77 = %1 (mod 19). On the other hand, the possible remainders of a square mod-
ulo19are0,1,4,5,6,7,9, 11, 16, and 17. Therefore the left-hand side can take any
value modulo 19 except for 13 and 14.

For the right-hand side, we have (all congruences are mod 19)

14757 = 14157 = (1418)% . 1483 = 1483 = (—5)1P = —51
=-57=-4=-1024=2.

Similarly,

157'%7 = 11 (mod 19).
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It follows that the right-hand side is congruent to 14 modulo 19, hence the equa-
tion has no solutions in integers.

Problem 3.70 Prove that the equation
Py l=@ 4+ + (v -3
has no solution in integers.

Solution Assume the contrary. Using Fermat’s little theorem and taking both sides
modulo 5 we obtain an obvious contradiction.

Observation Why did we choose p = 19 to check the equation mod p? Generally
speaking, if in a Diophantine equation we have a term like x¥ and p = 2k + 1
is a prime number, it is a good idea to check the equation mod p. That is because

Fermat’s little theorem gives x> = (x¥)? = 1 (mod p), if p does not divide x. Hence

x* can only take the values —1, 0, and 1 (mod p).

Problem 3.71 Prove that the equation
X = y2 +4
has no solution in integers.

Solution Taking into account the observation from the previous solution, we will
check the equation mod 11. The left-hand side can be —1,0, or 1. The possible
remainders of a square mod 11 are 0, 1, 3,4, 5,9, hence the right-hand side can be
4,5,7,8,9, or 2. Thus, the equality is never possible mod 11.

Problem 3.72 Prove that the equation
x3 —3xy? 4+ % =2891
has no solution in integers.

Solution Observe that 2891 = 72 - 59. If one of x, y is divisible by 7, then so is
the other one, and it follows that 7° divides 2891, a contradiction. Since 7 1y, there
exists z such that yz = 1 (mod 7). Multiplying by z> and denoting xz = ¢, we obtain

3 —3t+1=0 (mod7).

6.7 Powers of 2

Problem 3.75 Let n be a positive integer such that 2" + 1 is a prime number. Prove
that n = 2%, for some integer k.
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Solution Suppose that » is not a power of 2. Then it can be written in the form
n=2K2p+1), with k > 0 and p > 1. But then we have

on +1= (22k)2p+1 1= (22k I 1)((22k)2p _ (22k)2p—l R 22k i 1)’
hence 2" 4 1 is not a prime number.

Observation The numbers F, = 22" + 1 are called Fermat’s numbers. Fermat
conjectured that all such numbers are prime, which is true for n < 4, but Eu-
ler proved that F5 = 232 4+ 1 is divisible by 641. The proof is quite short: notice
that 641 =640+ 1=75-27 + 1, hence 5-27 = —1 (mod 641), so that 5* - 228 =
1 (mod 641). On the other hand, 641 = 625+ 16 = 5* +2%, 50 2* = —5% (mod 641).
Multiplying these two congruencies, we obtain 5% - 232 = —5% (mod 641), hence
232 = —1 (mod 641).

Problem 3.76 Let n be a positive integer such that 2" — 1 is a prime number. Prove
that n is a prime number.

Solution If n is not a prime number, then n = ab, for some positive integers
a, b > 1. We obtain

2 1m0 1= (2 - 1= (20 (@) T ) 2 ),
and this factorization shows that 2" — 1 is not a prime number.

Problem 3.77 Prove that the number A = 2'%°> — 1 can be written as a product of
6 integers greater than 2248,

Solution It is again an exercise in factorization:
A =01992 _ | 92498 _ | _ (2249)8 1
= (2 1))+ 1)) +1).
Now, observe that
(2249)2 +1= (2249)2 +2.2249 4 1 _ 250
_ (2249 + 1)2 _ (2125)2 _ (2249 _ol25 4 1)(2249 42125 4 1),
and
(22) 4 1=2%0 4 1= (22)° 1
= (232 4 1)(2%4 — 22 1 1),

Thus, the six integers are 2247 — 1,224 41,2249 2125 | 2249 1 2125 1 1 23321
and 2604 — 2332 1 1. It is not difficult to see that all six are greater than 2248,
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Problem 3.78 Determine the remainder of 32" — 1 when divided by 213,

Solution Observe that after we use n times the identity
—1l=Gx—-Dx+1),
we obtain
3 1=3-DB+DE*+ )BT +1)--- (37 +1).

Now, each of the numbers 32 + 1,3% + 1,...,3%""" + 1 is divisible by 2 but not
by 4. Indeed, 3 = —1 (mod 4), so 3% = (—=1)> = 1 (mod 4) and it follows that
32 4+ 1 =2 (mod 4). We deduce that there exists an odd integer 2m + 1 such that

F+DE7 1) 3 + D) =21 2m+1).
Then

3 1=2-4.2""'Qm+ 1) =m - 2" 4 2"+2,

and this shows that the requested remainder is 2" 2.

Problem 3.79 Prove that for each n, there exists a number A,, divisible by 27,
whose decimal representation contains n digits, each of them equal to 1 or 2.

Solution We prove the assertion by induction on n. For n = 1, take A = 2; for
n =2, take A = 12. Now, suppose there exists A,, divisible by 2", whose decimal
representation contains n digits, each of them equal to 1 or 2.

If 2"*1 divides A,, then A, is obtained by adding the digit 2 at the beginning
of A,. Thus,

Ap1=2-10"4+ A, =2"T1.5" + A,

and we see that this number has n + 1 digits 1 or 2 and it is divisible by 2”1,
If 2"+ does not divide A,,, then A, = 2"k for some odd integer k. In this case,
we add the digit 1 at the beginning of A,,. It follows that

App1 = 10"+ A, =2" 5" +2" .k =2"(5" +k).

The claim is proved by observing that since & is odd, 5" + k is even, thus A, 4 is
divisible by 2"*1.

Observation We can prove that the number A, is unique. Indeed, suppose B, is
another number with the enounced properties. Then A, — B, is divisible by 2",
hence they have the same last digit. Let A,_1 and B,_; be the numbers obtained by
discarding the last digit of A, and B,,. Then A,, — B, = 10(A,,—1 — B,—1), and we
deduce that A,,_1 — B, _1 is divisible by 271 hence, again, they have the same last
digit. Repeating this argument, we finally deduce that A, = B,,. We can see that we
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did not use the fact that A, and B,, are divisible by 2", but only that their difference
is divisible by 2". This shows that the 2" numbers with n digits equal to 1 or 2 give
different remainders when divided by 2". Finally, we observe that the digits 1 and 2
from the enounce can be replaced with any two other non-zero digits with different
parities.

Problem 3.80 Using only the digits 1 and 2, one writes down numbers with 2"
digits such that the digits of every two of them differ in at least 2! places. Prove
that no more than 2"+! such numbers exist.

Solution Let us suppose that 2"*! 4 1 such numbers exist. From these, at least
2" 4+ 1 have the same last digit. Denote by A the set of these numbers. For a, b € A,
let c(a, b) be the number of digit coincidences. Thus, from the enounce it follows
that c(a, b) < 2"~1, for every a and b. Let N the total number of coincidences for
all numbers in A. Then

) — 23"—2 + 22]’!—2'

On the other hand, if we arrange the numbers of A in a table with 2" + 1 rows
and 2" columns, we count in the last column (zn; 1) coincidences and in each of the
remaining 2" — 1 columns at least 22(=1 coincidences. Indeed, if on some column
we have 2"~! — k digits of one type and 2"~ + k + 1 digits of the other type, then

the number of coincidences equals

-1 -1
<2n _k> N <2n +k+ 1) _201=1) | 42 4 g 920-1)
2 2 -

We conclude that

N> <2n;_ 1) " (2,, _ 1) Q2(n=1) _ 93n=2 4 922  n—1

which is a contradiction.

Observation It can be shown that 2"*! numbers with the required properties ex-
ist. We prove this inductively. For n = 1, take the numbers 11, 12, 21 and 22,
which clearly satisfy the conditions. Suppose there exists a set S, with 2"+ num-
bers having 2" digits such that every two of them differ in at least 2"~! places.
We construct a set S, 1 with 2”72 numbers having 2"+! digits generating from
each element of S, two elements of S,4; as follows: if a =aja; ... a, € Sy, then
in S,y1 we put b =ajaz...a,a1az...a, and ¢ = ajaz...a,a\dj...a),, where
a;, =1 if ap =2 and a; =2 if a; = 1. For instance, if Sy = {11, 12,21, 22}, then
S = {1111, 1212,2121, 2222, 1122, 1221, 2112, 2211}. It is not difficult to check

that the set thus obtained has the required properties.
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Problem 3.81 Does there exist a natural number N which is a power of 2 whose
digits (in the decimal representation) can be permuted to form a different power
of 27

Solution The answer is negative. Indeed, suppose such N exists and let N’ another
power of 2 obtained by rearranging the digits of N. We can assume that N < N'.
Since N and N’ have the same number of digits, we must have N' = 2N, or N’ =
4N or N’ = 8N. It results that

N — N e{N,3N,7N}.

We get a contradiction from the following.

Lemma Let n =aiax_1 -..aiag be a positive integer and
sny=ar+ar—1+---+a+ag

the sum of its digits. Then the difference n — s(n) is divisible by 9.

Proof We have
n—sn) =a- 10k+ak_1 S10k! +--+a-10+ag—ar —ar_1— -
—a;—ap
= ar(10F = 1) + a_ (105 = 1) + -+ a (10 - 1),
and the conclusion follows by noticing that every number of the form 107 — 1 is
divisible by 9.
Returning to our problem, we see that since N and N’ have the same digits,

s(N) = s(N’), thus N’ — N must be divisible by 9. This is impossible, because
N’ — N € {N,3N, 7N} and none of the numbers N, 3N, 7N is divisible by 9. [

Problem 3.82 For a positive integer N, let s(N) the sum of its digits, in the decimal
representation. Prove that there are infinitely many n for which s(2") > s(2"*1).

Solution We use again the above lemma. Suppose, by way of contradiction, that
there exist finitely many » for which s(2") > s(2"t1). Then there exists m such that
for every n > m, s(2") < s(2"*1). Since s(2") = s(2"*1) if and only if 2"+ — 2" =
2" is divisible by 9, we deduce that the sequence s(2") is strictly increasing for
n > m. Moreover, since the remainders of the numbers 2" divided by 9 are
2,4,8,7,5, 1 and repeat periodically after 6 steps, we deduce that

520 = 5(2") 4244484745+ 1=5(2") +27
and then, inductively, that
s(2T0K) > 5 (2") + 27k,

for n > m and all positive integers k.
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On the other hand, 23 < 10, so 2n+6k 1032k and this shows that the number
2"+6k hag at most 3 + 2k digits in its decimal representation. It follows that

s(2"0) < 9(% + Zk) =3n + 18k.

Combining the two estimates of s(2”+6k), we deduce
s(2”) + 27k <3n + 18k,
for every positive integer k. This is a contradiction.

Problem 3.83 Find all integers of the form 2" (where n is a natural number) such
that after deleting the first digit of its decimal representation we again get a power
of 2.

Solution Suppose 2™ is obtained after deleting the first digit (equal to a) of the
decimal representation of 2. We have then 2" = 10¥a + 2™, for some integer k,
hence 2"~ — 1 is divisible by 5. Checking the remainders of the powers of 2 divided
by 5, it results that 2"~ — 1 is divisible by 5 if and only if n — m = 4¢, for some
positive integer . But then

10fa =2m(2% —1) =2"(2* + 1)(2* — 1) =2"(2* + 1)(2' + 1) (2 - 1).

Observe that 2 + 1 and 2% — 1 are odd integers differing by 2, therefore are rela-
tively prime. The same applies to 2 + 1 and 2/ — 1, hence 2% + 1,2 + 1 and 2 — 1
are all odd, pairwise prime integers. If # > 1, then each of the three numbers has an
odd prime divisor, but this is impossible, since 10%a is divisible by 5 and at most
one of the numbers 3 and 7 (if any of them divides a). Consequently, r = 1, hence
10fa = 2™ . 3.5, which leads to k = 1 and @ = 2"~! . 3. The only possible cases
are m = 1 and m = 2, so the solutions to the problem are 25 =32 and 2° = 64.

Problem 3.84 Letap=0,a; =1 and, forn > 2, a, =2a,,_1 + a,_>. Prove that a,
is divisible by 2% if and only if n is divisible by 2*.

Solution Using the standard algorithm for recurrence relations, we obtain

an = 2%/5[(1 +42)" = (1-+2)"],

for every positive integer n. If we define
1
bn == 5[(1 + \/E)n + (1 —_ \/E)n]a

we observe that b,, satisfies the same recurrence relation, and since by = b; = 1, all
b, are positive integers.
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‘We have
bn +an\/§: (1 + \/E)n
and

by —ap2=(1-+2)".

Multiplying these equalities we obtain b2 —2a2 = (—1)", hence b, is odd for each 1.
Now, we prove the claim by induction on k. For kK = 0 we have to prove that a,
is odd if and only if n is odd. We have

2a% =b> — (—1)"
and b, =2m + 1, for some integer m, hence

2

a, :2(m2+m)+ﬂ

2

It follows that a,, is odd if and only if 1 — (—1)" =2, that is, n is odd. The inductive
step follows from the equality

axy =2a,by,

which is obtained observing that
bon + a2 = (14 v2)™" = (by + a,v/2)" = b2 + 2% + 2a,b,V/2.

Problem 3.85 If A ={a;,az,...,ap} is a set of real numbers such that a; > a, >
--- > ap, we define

P
s(A) = Z(—l)k_lak.

k=1

Let M be a set of n positive integers. Prove that ) ,;, s(A) is divisible by ol
Solution Let M ={a;, a, ..., a,}. We can assume that
ay>ax>--->ap.

Let A C M — {a1}, A = {ai,, aiy, ..., ai,}, with a;;, > aj, > -+ > a;, and A’ =
A U{a1}. Then

ay > aj, > aj, > -+ > djg

and we have

s(A) +s(A/) =a;, —aj,+---+ (—1)S_la,~x +ay—ai, +ai, — -+ (—1’a, =ay.
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Now, matching all the 2"~! subsets A of the set M — {a;} with the corresponding
subsets A’ = A U {a;}, we find

> s4)=2""ay,

ACM

and the claim is proved.

Problem 3.86 Find all positive integers a, b, such that the product
(a+ bz) (b+ az)
is a power of 2.

Solution We begin by noticing that @ and b must have the same parity. Let a + b> =

2" and b + a? = 2", and assume that m > n. Then a + b% > b +a%, or b2 — b >

a* — a, which implies b > a. Subtracting the two equalities yields

(b—a)a+b—1)=2"-2"=2"(2"" —-1).

Because a + b — 1 is odd, it follows that 2" divides b —a. Let b — a = 2" ¢, for some
positive integer c. Then b =2"c+a =2" — a2, therefore a + a% = 2" (1 — ¢), which
implies ¢ =0, hence a = b.

Finally, we deduce that a(a + 1) is a power of 2, and this is possible only for
a=1.

Problem 3.87 Let f(x) =4 + 6 +9*. Prove that if m and n are positive integers,
then f(2™) divides f(2") whenever m < n.

Solution Define g(x) =4* — 6* + 9*. From the identity
(a® +ab+b*)(a> —ab+b*) =a* + a*b* + b*
taking a = 2 and b = 3, we deduce that
f)gx) = f(2x).
Iterating this, we get
F@)gx)g@x)---g(21x) = £ (2'%),

for all k > 2.
Now, suppose m < n. Then

F2")g(2")g(" )5 () = £(2),

hence f(2") divides f(2").
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Problem 3.88 Show that, for any fixed integer n > 1, the sequence

2 02
2,2%,2%,2% ... (modn)
is eventually constant.

Solution For a more comfortable notation, define xo = 1 and x,,4+; = 2™, for
m > 0. We have to prove that the sequence (x;)n >0 is eventually constant mod .

We will prove by induction on n the following statement: x; = x4 (modn), for
all k > n.

For n = 1 there is nothing to prove. Assume that the statement is true for all num-
bers less than n. If n = 2 - b, with odd b, it suffices to prove that x; = x441 (mod2?),
and x; = xx4+1 (modb), for all k > n.

It is not difficult to prove inductively that x,, > n. Therefore, if k > n, we have
X =0 (mod2%) (xi is a power of 2 greater than n, thus greater than 2¢), whence
Xp = Xg+1 (mod?29).

For the second congruence, observe that x; = xx41 (modb) is equivalent to
2%k=1 = 2% (modb), or 2**~*-1 =1 (modb). The latter is true whenever x;_| =
xr (mode (b)) (¢ is Euler’s totient function), but this follows from the induction
hypothesis, since p(b) <b—1<n— 1.

6.8 Progressions

Problem 3.92 Partition the set of positive integers into two subsets such that neither
of them contains a non-constant arithmetical progression.

Solution Partition the set {1, 2, 3, ...} in the following way:

1 4 5 6
2 3 7 8 9 10
None of the sets
A={1,4,5,6,11,12,13,14,15,...}
or
B={2,3,7,8,9,10,16,17, 18,19, 20,21, 22, ...}

contains a non-constant arithmetical progression. Indeed, if such a progression is
contained in one of the sets, let r be its common difference. But in both sets we can
find a “gap” of more that r consecutive integers, a contradiction.

Problem 3.93 Prove that among the terms of the progression 3,7, 11, ... there are
infinitely many prime numbers.
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Solution Suppose the contrary and let p be the greatest prime number in the given
progression. Consider the number

n=4p!—1.

It is not difficult to see that it is a term of the progression (in fact, the given progres-
sion contains all positive integers of the form 4k — 1). Thus » must be composite,
since n > p. Observe that n is not divisible by any prime of the form 4k — 1 (all
these are factors in p!), hence all the prime factors of n are of the form 4k + 1. The
product of several factors of the form 4k + 1 is again of the form 4k + 1, hence
n =4k + 1, for some k. This is a contradiction.

Problem 3.94 Does there exist an (infinite) non-constant arithmetical progression
whose terms are all prime numbers?

Solution The answer is negative. Indeed, if such progression exists, denote its com-
mon difference by r, and consider the consecutive r integers

F4+D1 42,0+ D +3, ... r+ DI+ (4 1).

Each of them is a composite number, but since the progression has the common
difference r, one out of any r consecutive integers must be a term of the progression.
This is a contradiction.

Problem 3.95 Consider an arithmetical progression of positive integers. Prove that
one can find infinitely many terms the sum of whose decimal digits is the same.

Solution Let (a,),>1 be the progression and denote by r its common difference.
Suppose the number a; has d digits (in its decimal representation). Then for all
k > d the digits sum of the number

ay + 1057

is the same.

Problem 3.96 The set of positive integers is partitioned into n arithmetical progres-

sions, with common differences ry, 2, ..., r;. Prove that
1 1 1
-+ 4+ —=1
ry r 'n

Solution Let ay = a; + (k — 1)ry the progression with common difference r;. Let
us count how many terms of this sequence are less than or equal to some positive
integer N. The inequality a;y < N is equivalent to

ar+k—-1Dr1 <N
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or

It follows that the number of terms of the first progression belonging to the set
{1,2,..., N} equals
e
———+1].
r r

Similarly, we deduce that the number of terms of the progression with common
difference r; belonging to the set {1,2, ..., N} equals

5]
———+1].
ri ri

Since the progressions form a partition of the set of positive integers, we must have

n

N a
) L———+1J:N.
ri ri

i=1

Using the inequality |x| <x < |x] + 1, we obtain

hence
l<n 1 1 na+n -
_ _ T =
- r N 1 N N

and letting N — oo yields the desired result.

Problem 3.97 Prove that for every positive integer n one can find n integers in
arithmetical progression, all of them nontrivial powers of some integers, but one
cannot find an infinite sequence with this property.

Solution We prove the assertion by induction on n. For n = 3, we can consider the
numbers 1, 25, 49. Suppose the assertion is true for some n and let a; = bf",i =
1,2,...,n, be the terms of the progression having the common difference d. Let
b=a, +d and let k =lcm(ky, ky, ..., k,). Then the n + 1 numbers

arb*, axb*, ..., a,b*, pFt!

are in progression and all are power of some integers. Indeed, for all i, 1 <i <n,
there exists d; such that k = k;d; and we obtain

Clibk — b;{ibk — bl{fibkid' — (bibdi)ki,

as desired.
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For the second part, we need a result from Calculus: if a, b > 0 then

n
1
li = 4-o00.
n D

From this we deduce that if (a,),>1 is a progression of positive integers, then

n
. 1
nIL“;OkZ_] P

Now suppose that (a,),>1 is a progression in which all terms are powers of some
integers. Let S be the set of all positive integers greater than 1 that are powers of
some integers. We will prove that

>

aes

which contradicts the previous result. Indeed, we have

1 1 1 1 1
PIFED D I SO (EFET-ER

aes n>2k>2 n>2
1 1 1 1 1
Y =Y ()
nZZn 1—5 nzzn(n 1) nzzn 1 n

Problem 3.98 Prove that for any integer n, n > 3, there exist n positive integers in
arithmetical progression aj, as, ..., a, and n positive integers in geometric progres-
sion by, by, ..., b, such that

by<ai<by<ay<---<b, <a,.
Solution Let m > n? be an integer. We define

1 k
Bk= 1+_ 5
m

fork=1,2,...,n. Observe that for k > 2

k
By >1+—.
m
For k <n we have
B—1+k k(k —1) k!
k= m 2!m? k!mk
<1+£ nn—1) nn—1)---n—k—+1)

m 21m? kimk
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k 1<n(n—1)+“.+n(n—1)~-~(n—k+l)>

=1+—+—

m m 2\m k'mk=1
PR (L IILE RPN St

< —_— —_— —_— —_— .o —_— _—
m m\21 " 3 )= m

We have used the fact that m > n” and the inequalities

1+1+ +1 ! + ! +- 4t ! 1 ! 1
— — —_< — R - = —_—_-<
2! 3! k1.2 2.3 (k—1)-k k
Defining
k+1
Ap=14 11
n

for 1 <k <n, yields
Bl <A <By<Ay<---< B, <A,.

In order to obtain progressions with integer terms we define ay = nm" Ay and by =
nm" By, forall k,1 <k <n.

Problem 3.99 Let (a,),>1 be an arithmetic sequence such that a%, a%, and a% are
also terms of the sequence. Prove that the terms of this sequence are all integers.

Solution Let d be the common difference. If d = 0, then it is not difficult to see
that either a, = 0 for all n, or a, = 1 for all n. Suppose that d # 0, and consider
the positive integers m, n, p, such that al2 =a; +md, (a; + d)2 =aj + nd, and
(a1 +2d)? = aj + pd. Subtracting the first equation from the other two yields

201 +d =n —m,
4a1+4d=p—m

and solving for a; and d we obtain
1
a) = Z(4n —3m — p),

1
d:z(m—Zn—i—p),

hence both a; and d are rational numbers.

Observe that the equation af = a1 + md can be written as

a? + @2m — )ay — m(d + 2ay) =0,

or

a12+(2m— Da; —mm —m) =0,
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hence a; is the root of the polynomial with integer coefficients
P(x)=x>4Q2m — Dx —m@(n —m).

By the integer root theorem it follows that a; is an integer, hence d = n —m —2a;
is an integer as well. We conclude that all terms of the sequence are integer numbers.

Problem 3.100 Let A ={1, % %, %, ...}. Prove that for every positive integer n > 3
the set A contains a non-constant arithmetic sequence of length n, but it does not

contain an infinite non-constant arithmetic sequence.

Solution For n =3 we have the almost obvious example

111
6372
Writing this as
123
666
might give us a clue for the general case. Indeed, consider the arithmetic sequence
1 n
E ) H PRI ; .

When we write the fractions in their lowest terms, we see that all belong to A.

For the second part, just observe that every non-constant, infinite arithmetic pro-
gression is necessarily an unbounded sequence. Since A is bounded, it cannot con-
tain such a sequence.

Problem 3.101 Let n be a positive integer and let x| < x, < --- < x, be real num-
bers. Prove that

n 2 2 n
2(n“—1)
(Z |xi—xj|) S#‘Z (xi —xj)%.
i,j=1 i,j=1

Show that the equality holds if and only if x1, ..., x, is an arithmetic sequence.

Solution Suppose the given number are the terms of an arithmetic sequence, with
common difference d. Then x; — x; = (i — j)d and the equality we have to prove
becomes

n 2 2 n
(Z |i—j|> =w Y-

i.j=1 ij=1
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‘We have
Z|i—j|=ZZ|i—j|=Z(Z(i—j>+ > (j—i))
ij=1 i=1j=1 i=1 \j=1 j=i+1
_ l(l+1) nn+1) QG+
Z( Tt 2 i ’)>
=Z<i2—(n—|—1)i+w>
i=1 2
_n(+ D2+ nn+1)° N n?(n+1)
N 6 2 2
_nn?—1)
==
On the other hand,

Z(i—j)z—Z( i? =2ij+j° )
J

i,j=1 i=1 \j=1

_ ;(mz —inn+ 1) 4 20 DEHD 1)6(2n ha D)

P+ D2n+1)  n*m+1D% nPa+D@2n+1)
= - +
6 2 6
_ n*(n*—1)
-6

Thus, the equality to prove is written as

(n(nz—l) 2 2mr-1) n*(n?-1)
3 -3 6

obviously true.
In order to prove the inequality, observe that

n noon
Z (i —x;)t = ZZ(xlz —2x;x;j +xJ2~)
i,j=1 i=1 j=1

n n n
= z:<nxl2 —2x; ij + ijz)
i=1 j=1 j=1
n n 2
=2n lez — 2<Zx,~> .
i=1 i=1
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In a similar way and taking into account the ordering of the x;’s, we obtain

n

n
D i —xjl=2) Qi —n—1x.

i,j=1 i=1
Thus, the inequality becomes

n 2 n n 2
(Z(Zi _n— l)xi> < ”23_ ! (aniz — (le) )
i=1 i=1

i=1

The key observation is that we can replace all x;’s by x; + ¢, for an arbitrary
constant c. Indeed, if we look at the original inequality, we see that the differ-
ences x; — x; remain unchanged. Therefore, we can choose the constant ¢ such
that >*_, x; = 0. In this way we only have to check that

i=1
n 2 w2 -1 n
(Z(Zi —n— l)xi> < 3 (n lez),

i=1

which follows easily from Cauchy—Schwarz if we observe that

n 2
-1
Y @i-n-1= nn”— 1)
4 3
i=1
The equality occurs if there exists d such that x; = d(2i —n — 1), for all i, hence
if the numbers x1, x2, ..., x, form an arithmetic sequence.

6.9 The Marriage Lemma

Problem 3.104 A deck of cards is arranged, face up, in a 4 x 13 array. Prove that
one can pick a card from each column in such a way as to get one card of each
denomination.

Solution Consider the columns as boys and the denominations as girls. A boy is
acquainted with a girl if in that column there exists a card of the respective denom-
ination. Now choose k boys. They are acquainted with 4k (not necessarily distinct)
girls. But each girl appear at most four times, since there are four cards of each
denomination. Therefore, the number of distinct girls acquainted to the k boys is at
least k, hence Hall’s condition holds. The matching between the columns and the
denominations show us how to pick the cards.

Problem 3.105 An n x n table is filled with 0 and 1 so that if we chose randomly 7
cells (no two of them in the same row or column) then at least one contains 1. Prove
that we can find i rows and j columns so that i 4+ j > n + 1 and their intersection
contains only 1’s.
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Solution Let the rows be the boys and the columns be the girls. A boy is acquainted
with a girl if at the intersection of the respective row and column there is a 0. Then
the hypothesis simply says that there is no matching between the boys and the girls.

We deduce that Hall’s condition is violated, hence we can find i rows such that
such that the columns they are acquainted with are at most i — 1. But then at the
intersections of these i rows and the remaining j > n —i + 1 columns there are only
1’s. The conclusion is obvious.

Problem 3.106 Let X be a finite setand let |_|{_; X; = | |}_, ¥; be two disjoint de-
compositions with all sets X;’s and Y;’s having the same size. Prove that there exist
distinct elements x1, x2, ..., x, which are in different sets in both decompositions.

Solution Let us examine an example: X ={1,2,3,4,5,6,7, 8,9} and
X={1,2,31U{4,5,6}U{7,8,9} ={1,4,7}U{2,3,6} U{5,8,9}.

We see that 1, 6, and 9 are in different sets in both decompositions.

In the general case, consider the sets X; as boys and Y; as girls. We say that
X, is acquainted with ¥; if X; N'Y; # (. Suppose that there is a matching between
the boys and the girls such that X; is matched with Y (;), for each i. Then we can
choose x; € X; N Y, ;) and we are done.

In order to prove the existence of such a matching, we will show that Hall’s
condition holds. Suppose that all the sets have m elements and choose k sets X;.
Their union has mk elements (because the sets are disjoint) and therefore there must
be at least k corresponding sets Y.

Problem 3.107 A set P consists of 2005 distinct prime numbers. Let A be the set
of all possible products of 1002 elements of P, and B be the set of all products of
1003 elements of P. Prove the existence of a one-to-one correspondence f from A
to B with the property that a divides f(a) foralla € A.

Solution The set A has (fgg; ) elements and these are the boys. The set B has the

same number of elements, since

2005\ _ (2005

1003 J — \ 1002
and these are the girls. A boy a is acquainted with a girl b if a divides b. We have to
prove that there exists a matching between the boys and the girls. For this, observe
that each boy is acquainted with exactly 1003 girls, and each girl is acquainted with

exactly 1003 boys. The existence of a matching follows from the observation at the
end of the solution of Problem 3.103.

Problem 3.108 The entries of a n x n table are non-negative real numbers such that
the numbers in each row and column add up to 1. Prove that one can pick » numbers
from distinct rows and columns which are positive.
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Solution Again, the rows are the boys and the columns are the girls. We say that a
row is acquainted to a column if the entry at their intersection is a positive number.
All we have to do is to show that Hall’s condition is fulfilled.

Choose k rows and consider the m columns acquainted to them. Color red the
cells of the k rows and blue the cells of the m columns. Consequently, the cells at
their intersection will be colored violet. It is not difficult to see that the entries in all
red cells are zeroes. Adding up the entries of the k rows yields k, hence the entries
at the violet cells add up to k as well. Adding up the entries of the m columns yields
m, therefore the sum of entries in the violet and blue cells equals m. Clearly, this
implies k < m, so Hall’s condition is indeed fulfilled.

Problem 3.109 There are b boys and g girls present at a party, where b and g are
positive integers satisfying g > 2b — 1. Each boy invites a girl for a dance (of course,
two different boys must always invite two different girls). Prove that this can be done
in such a way that every boy is either dancing with a girl he knows or all the girls he
knows are not dancing.

Solution If Hall’s condition is fulfilled, then each boy can invite for the dance a girl
he knows. Suppose that Hall’s condition is violated and thus, we can find k boys,
say by, ba, ..., b, such that the girls they know are g1, g2, ..., gm, Withm < k. We
choose the maximal k with this property. Now, observe that for the rest of b — k
boys and g — m girls, Hall’s condition is fulfilled (otherwise the maximality of k is
contradicted), hence we can make the b — k boys dance with b — k girls they know.
We are left with g —m — (b —k) >2b — 1 — b+ k —m > k girls and we can make
b1, b, ..., br dance with k of these girls.

Problem 3.110 A m x n array is filled with the numbers 1,2, ..., n, each used
exactly m times. Show that one can always permute the numbers within columns to
arrange that each row contains every number 1, 2, ..., n exactly once.

Solution Let us show first that we can permute the numbers within columns such
that the first row contains every number 1, 2, ..., n exactly once. Let the columns be
the boys and let the numbers 1, 2, ..., n be the girls. A boy (column) is acquainted
with a girl (number) if that number occurs in the column. Now, consider a set of
k columns; they contain km numbers, hence there exist at least k distinct num-
bers among them. Since Hall’s condition is fulfilled,there is a matching between
the columns and the numbers 1,2, ..., n. Permuting these numbers to the tops of
their respective columns makes the first row contain all # numbers. Finally, a simple
inductive argument ends the proof.

Problem 3.111 Some of the AwesomeMath students went on a trip to the beach.
There were provided n buses of equal capacities for both the trip to the beach and
the ride home, one student in each seat, and there were not enough seats in n — 1
buses to fit each student. Every student who left in a bus came back in a bus, but not
necessarily the same one.
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Prove that there are n students such that any two were on different busses on both
rides.

Solution Let the buses be by, by, ..., b,. Denote by X; the set of students travel-
ing in bus b; to the beach and by Y; the set of students traveling in bus b; on the
ride home. Let the X;’s be the boys and the Y;’s be the girls. We say that a boy
X; is acquainted with the girl Y; if X; NY; # . Now consider a set of k boys
X1, Xo, ..., Xi. If the set of girls acquainted with them has less than k elements
then the students in X; U X, U--- U X} fit in kK — 1 buses, hence all students fit in
n — 1 buses, contradicting the hypothesis. Therefore there is a matching between
the two sets. If X; is matched with Y, ;), then we can pick a student from each
X; NYs () and we are done.
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