Chapter 2
Numerical Aspects of Time and Band Limiting

This chapter is concerned with the role of the prolates in numerical analysis—
particularly their approximation properties and application in the numerical solution
of differential equations. The utility of the prolates in these contexts is due princi-
pally to the fact that they form a Markov system (see Defn. 2.1.6) of functions on
[—1,1], a property that stems from their status as eigenfunctions of the differential
operator & of (1.6), and allows the full force of the Sturm-Liouville theory to be
applied. The Markov property immediately gives the orthogonality of the prolates
on [—1,1] (previously observed in Sect. 1.2 as the double orthogonality property)
and also a remarkable collection of results regarding the zeros of the prolates as well
as quadrature properties that are central to applications in numerical analysis.

In Sect. 2.1 we give an account of the classical theory on which so many modern
developments hinge. In particular, the theory of oscillating kernels is explored, a key
result being that the eigenfunctions of such kernels form Markov systems. Much of
this material is adapted from the book of Gantmacher and Krein [109]. Properties of
the differential operator & of (1.6) are investigated. It is shown that & is inverted
by an integral operator with oscillating kernel, from which we conclude that the
eigenfunctions of & (i.e., the prolates) form a Markov system on [—1, 1].

Section 2.2 is devoted to the quadrature properties of the prolates, which are in-
herited from the Markov property. It is shown how generalized Gaussian quadratures
for the prolates may be effectively parlayed into approximate quadrature results
for band-limited functions. Of particular interest is the remarkable result of Xiao,
Rokhlin, and Yarvin [364] in which the Euclidean division algorithm for polyno-
mials is generalized to band-limited functions, where the role of the degree of the
polynomial is played by the function’s band limit. As a corollary we give an alter-
native approximate quadrature result for band-limited functions in which the nodes
are the zeros of the Nth prolate rather than generalized Gaussian quadrature nodes,
whose construction is cumbersome and achieved only through the approximate so-
lution of a system of nonlinear equations.

In Sect. 2.3 we give approximate local sampling expansions of band-limited func-
tions as corollaries of the quadrature results of the previous section. When applying
the classical Shannon theorem (see Theorem 5.1.3), local approximations of a band-
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46 2 Numerical Aspects

limited function may be obtained from uniformly spaced samples. The slow decay
of the sinc function, however, means that many such samples may need to be taken
(far from the region in which the approximation is required) to achieve reasonable
fidelity. In contradistinction to this situation, the local sampling results of this sec-
tion achieve local representations with high fidelity using only a few samples taken
on the interval of interest.

The use of prolates as spectral elements in numerical schemes for the solution
of differential equations is the subject of Sect. 2.4. Of special importance here is
the observation that the band limit parameter ¢ of the prolates may be adjusted to
achieve optimal convergence of expansions and uniformity of quadrature nodes, this
latter property giving a clear benefit in using the prolates for such purposes rather
than the more familiar bases of Legendre or Chebyshev polynomials.

Section 2.5 deals with the approximation of non-band-limited functions, in par-
ticular those analytic on [—1, 1] and those in Sobolev spaces H*[—1, 1]. We outline
the work done by Boyd in quantifying the performance of prolate expansions (in
terms of decay of coefficients) as compared to that of Chebyshev and Legendre
expansions.

A remark on notation is in order. The eigenfunction solutions ¢,(#;¢) of (1.6)

were normalized to have unit norm in L?>(R). The functions ¢, = qS,EC) used pri-
marily in this chapter are normalized such that ||@,|;2_; j; = 1. That is, 6\ (t) =

On(t;5¢)/+/An(c). The “bar” thus refers to normalization, not conjugation. While this
notation is slightly irritating, in the limit ¢ — O it is consistent with the somewhat
standard notation B, for the L?[—1, 1]-normalized Legendre polynomials.

Since this chapter addresses primarily matters of numerical analysis, we will also
define band-limitedness in this chapter in terms of the numerical analyst’s Fourier
transform v/27.%,, with kernel e 5. This usage will not be explicit. Instead, we
will say that a function f € L?(R) is c-band limited in this chapter only if f is in the
range of the operator Fy. /5 as introduced on p. 12, that is, f(¢) = [ 1 € h(s)ds for
some h € L([—1,1]).

2.1 Oscillation Properties

We aim to show here that the prolates {(5,@ * o form a Markov system on [—1,1],
from which we deduce many properties of their zeros. The Markov property fol-
lows from the fact that the prolates are eigenfunctions of a certain integral oper-
ator with symmetric oscillating kernel which we show is another consequence of
Slepian’s “lucky accident.” The results in this section are classical and many have
been adapted from the book of Gantmacher and Krein [109].
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2.1.1 Chebyshev and Markov Systems

Definition 2.1.1. A system of continuous functions {¢;}"_, defined on an interval /
is said to be a Chebyshev system on [ if any non-trivial linear combination ¢(x) =
Y | cii(x) vanishes on I no more than n — 1 times.

Given functions {¢;}?_, defined on I as in Definition 2.1.1 and {x;}}_, C I, we
denote the n x n determinant of the matrix with (7, j)th entry ¢;(x;) as

A (qn o ... ‘Pn> :c}%t@pi(xj'))ﬁj:l-

X1 X2 ... Xp

With this notation, Chebyshev systems are characterized as follows.

Lemma 2.1.2. A system of continuous functions {@;}}_, defined on an interval I
forms a Chebyshev system if and only if for all x\,x3,...,x, € I with x; < x3 <

- < x, we have
A(Pe ) 40

X1 X2 ...

Proof. The determinant det; ;(¢;(x;)) vanishes if and only if there exists a non-
trivial solution (cy,c¢2,...,¢,) of the system of equations

Y o) =0 (j=12,..n).
i=1

Equivalently, the determinant is zero if and only if there exist constants cy, ¢z, ..., ¢y,
not all zero such that the function @ (x) =Y.', c;;(x) vanishes at the distinct points
X1,X2,. .., Xy, that is, {@; ", is not a Chebyshev system. O

We classify the isolated zeros of a function as either nodes or anti-nodes as fol-
lows.

Definition 2.1.3. Let f be defined on the open interval (a,b) and ¢ € (a,b) be a
zero of f. Then c is a node of f if in every neighborhood of ¢ there exists x,x;
such that x; < ¢ < xp and f(x1)f(x2) < 0. Also, c is an anti-node of f if there is
a neighborhood U of ¢ such that whenever x;,x; € U and x| < ¢ < x, one has

F(x1)f(x2) >0.

Corollary 2.1.4. Suppose the functions {@;}"_| form a Chebyshev system on (a,b)
and @(x) = YL ci@i(x) with the c; not all zero. Suppose also that ¢ has p nodes
and q anti-nodes in (a,b). Then p+2q <n— 1.

Proof. Leta <xy <xy <--- <X, <b. We say X,, = {x}I", is @-oscillating if
(=) (x) >0 2.1)

for some integer ¢ and all k = 1,2,...,m. If X,, is ¢-oscillating and o is an anti-

node of @ then there exists £ > 0 such that either X, , = X,,U{a,a—e} or X' , =
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XnU{o, a+ e} is @-oscillating. Let the p nodes of ¢ be yi,y2,...,y, € (a,b). Then
there exists B, B2, ..., Bp+1 € (a,b) such that

ﬁl <y1<B2<<ﬁp <yp<ﬁp+1

and @(By)@(Brr1) <0 for k =1,2,...,p. The collection {ﬁ,}fﬂl is @-oscillating.

Since ¢ has ¢ anti-nodes, we can find a @-oscillating collection {xk}iilz‘”l C (a,b).
Suppose p +2g > n. Then there is an integer ¢ such that (—1)**¢(x;) > 0 for
k=1,2,...,n+ 1. However,

n

a(PE 00 )y (PRI 0 e

X1 X2 X Xg1) A X| Xt Xy X

since each of the determinants in the sum is zero, the last row being identical to the
ith row. On the other hand, expanding the determinant on the left-hand side of (2.2)
along the last row and applying (2.2) gives

’1+1 ... . . ...
Z(fl)"HH(p(x,')A (‘Pl Oi—1 ¢ Pn > —0. (2.3)

= X1t Xie] Xipl tor Xn

However, since {¢;}?_, is a Chebyshev system on (a,b), each of the determinants
on the left-hand side of (2.3) has the same sign. At the same time, the collection
{x1,%2,...,%,} is @-oscillating, so that each term in the sum on the left-hand side
of (2.3) has the same sign, from which we conclude that each term is zero. Again,
since {¢;}?_, is a Chebyshev system, the determinants in (2.3) are not zero, hence
¢(x;) =0 for i = 1,2,...,n+ 1, thus contradicting the Chebyshev property. We
conclude that p+2g <n—1. ]

Lemma 2.1.5. Let f, g be continuous on (a,b) and suppose

(i) f, g have respectively p and p+ 1 nodes in (a,b) and no other zeros inside
(a,b);

(ii) For all real t, the number of zeros of f;(x) = f(x) —tg(x) in (a,b) is either p
or p+ 1 and all those zeros are nodes.

Then the zeros of f and g alternate.

Proof. Let oy < 0 < --- < Qp41 be the nodes of g. They partition (a,b) into p +2
subintervals (a, ), (o, 0),..., (0,11,b). Inside each of these subintervals, the
function y(x) = f(x)/g(x) is continuous since f, g are continuous and g does not
vanish. Furthermore, y is monotone on each subinterval. To see this, suppose the
contrary, that is, there is a subinterval (o;, ®;;1) and x1,x2,x3 € (0, ®1) with x; <
x2 < x3 and [y(x2) — w(x1)][w(x3) — y(x2)] < 0. Without loss of generality we
may assume Y (x;) < y(x2) so that y(x3) < y(x2). Since y is continuous on the
closed interval [x,x3], it attains its maximum value on [x;,x3] at some interior point
X0 € (X2,X3). Letry = l//(xo). Then y(x) — l[f()Co) <0on [X17X3] and
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Jio(x) = f(x) —tog(x) = f(x) = 8(x) = g()(y(x) — w(x))
has a zero but not a node at x since the sign of g(x) is constant on (¢, ®;+1), thus
contradicting the assumption that each function f; has no anti-nodes. We conclude
that y is monotone on each subinterval (o, 01 ).

The monotonicity of W implies the existence of (possibly infinite) limits ¢ and
¢; defined by

¢F=lim y(x) (i=0,1,....,p+1, @y =a)

x—o;
;= lim y(x) (i=12,...,p+2, api2 =0).
X0
We claim that none of the internal limits (] ... ,E; 1 is finite. To see this, suppose

¢; is finite for some 1 <i < p+1. Then f(a;) = 0 so that each ¢ is a common
zero of f and g. Suppose ¥ does not change sign as x passes through ¢, that is, the
limits éf and ¢;" have the same sign. There are four possible cases:

Case I: lf = *oco,

Case 2: (7 is finite and ¢; # (;'.

Case 3: (" = {; and y remains monotone as x passes through ¢;.

Case 4: (" = {; and y has an extremum at 0;.

In each of cases 1, 2, and 3, we may choose a number #; such that in a neighborhood
of x = ¢, the graph of y lies on different sides of the horizontal line y = #;. Consider
the function

Jo () = f(x) —t1g(x) = g(¥) (w(x) —11).

Then ¢; is an anti-node of f; since f; (c;) = 0 and both g(x) and y(x) —1;
change sign as x passes through ¢, thus contradicting the assumption that each
f has no anti-nodes. In case 4, let #; = ;. Then there exists #, < f; such that
fi(x) = g(x)(w(x) —12) has two nodes, one on either side of ¢; and retains its
node at o; since g(0;) = 0, thus contradicting the assumption that the number of
nodes of both f;, and f;, is either p or p+ 1. We conclude that the internal limits
é? must be infinite. Since W varies monotonically on (04, 0;1), we conclude that
either E?E = Zoo Or Eii = Foo. Consequently, since y is continuous on (0, Q;y1),
there exists exactly one point ; € (0, @;+1) for which y(B;) = 0. Hence f(f3;) = 0.
This proves the lemma. O

Definition 2.1.6. A sequence of functions {¢;}; , is said to form a Markov system
on the interval (a,b) if, for all integers n > 1, the finite collection {¢;}! , forms a
Chebyshev system on (a,b).

Theorem 2.1.7. If an orthonormal sequence of functions {@;}3, forms a Markov
system on the interval (a,b), then

(a) The function @y has no zeros on (a,b);
(b) For all j >0, @; has j nodes in (a,b) and no other zeros in (a,b);
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(c) For all integers k and m with O < k < m and arbitrary constants cy,Ci+1,---,Cnm
(not all zero), the linear combination ¢(x) = Y1, c;@;(x) has at least k nodes
and at most m zeros in (a,b) (where each anti-node is counted as two zeros).
In particular, if @ has m distinct zeros in (a,b), then all are nodes;

(d) The nodes of any consecutive functions Q; and Q;,1 alternate.

Proof. For each positive integer m, the functions {¢;}", form a Chebyshev system
on (a,b). By Corollary 2.1.4, the function ¢ (x) = Y, ¢;@;(x) has at most m zeros
on (a,b) (where we count each anti-node twice). Suppose ¢ has p nodes &i,...,&,
witha < & < --- <&, < b and consider the function

_ P Op—1 Pp

=A <x<b). 24
y(x) (51 £, x) (a<x<b) (2.4)
By Lemma 2.1.2, y(x) # 0if x ¢ {&;,...,&,} and changes sign as x passes through
each of these points, so that y and ¢ have the same nodes &;, ..., &,. Consequently,

(@, y) # 0. However, by expanding the determinant (2.4) along the last column we
find that y may be written in the form y(x) = ¥'¥_ d;@;(x). By the orthogonality of
{@i}7, we see that (¢, y) = 0 if p < k, and conclude that p > k. This completes
the proof of statement (c).

To prove statement (b), we apply statement (c) with k = m = j. From this we see
that @; has at least j nodes and at most j zeros. Hence each zero is a node and there
are precisely j such points in (a,b).

To prove statement (d) observe that from statement (b), ¢; and @, have j and
J+ 1 nodes respectively and no other zeros in (a,b). Also, given a real number 7,
the function p(x) = @;(x) —1¢;,(x) has, by part (c), at least j nodes and its ¢ anti-
nodes must satisfy j42¢ < j4 1, from which we conclude that ¢ = 0 and that i has
exactly j zeros, all of which are nodes. Hence ¢; and ¢, satisfy the conditions of
Lemma 2.1.5, from which we conclude that the nodes of ¢; and ¢@;, alternate. O

2.1.2 Oscillating Matrices and Kernels

We now gather relevant results in matrix algebra which will be essential in what
follows. The proofs can be found in [109].

Given an n X n matrix A, an integer 1 < p < n and two collections of integers
i1,i,...,ip and ki, ko, ... k, satisfying 1 <ij <ip <--- <i, <n, 1<k <k <

it i e iy

o <kp<n,letA be the determinant of the p X p sub-matrix of A

ki k- kp
with (¢, m)th entry a;,1,,, that is, the determinant of the p x p submatrix of A obtained
by retaining only the rows of A numbered ij,i,...,i, and the columns numbered
ki,ka,... kp.

Definition 2.1.8. A matrix A = (a;;)] ;_; is said to be completely non-negative (re-
spectively completely positive) if all its minors of any order are non-negative (re-
spectively positive):



2.1 Oscillation Properties 51

i iy iy
A<k1 ky - kp) >0 (resp. >0)

for1<ij<ib<---<i,<nm1<ki<hkh<---<k,<np=12,...,n

A is said to be oscillating if it is completely non-negative and there exists a posi-
tive integer k such that A* is completely positive. The smallest such k is known as
the exponent of A. Completely positive matrices are therefore oscillating matrices
with exponent 1.

Definition 2.1.9. The square matrix L with (i,k)th entry ¢; is a one-pair matrix if
there are numbers {y;}7_, and {x;}"_, such that

0 — Vi ifi <k
T Yw  ifi>k

Of particular interest to us will be those one-pair matrices which are also oscil-
lating. The class of such matrices is characterized as follows [109].

Theorem 2.1.10. In order for the one-pair matrix of Definition 2.1.9 to be oscillat-
ing, it is necessary and sufficient that the following conditions hold:

(i) The 2n numbers {y;}!_,, {xi}!_, are nonzero and have the same sign;
(ii) The quotients ;| x; are increasing: W /X1 < Wa/X2 < -+ < Wu/Xn-

Let I, J be intervals and K : I x J — R. Given x1,x2,...,x, € [ and s1,52,...,5, €

J, we deﬁneK(x1 T2 by
S1 82 -+ Sy
xl xZ xn . ‘ AV
K (02T K)o

Let K = K(x,s) be defined on [a,b] x [a,b]. Associated with K and [a,b] we define
an interval Ix by

(a,b) ifK(a,a)=0=K(b,b)
Ix =< [a,b) ifK(a,a) #0=K(b,b)
(a,b] ifK(a,a)=0%#K(b,D).

Definition 2.1.11. The kernel K (x,s) defined on [a, b] x [a, b] is said to be oscillating
if the following three conditions are satisfied:

(i) K(x,s) > 0forx,s € Ig, {x,s} # {a,b};
(ii)K(jlizm)SC") >0foralla<x; <xm<--<x,<banda<s; <s <
152 *°° dn

e <sp<b(n=1,2,...);

(iii) K (xl X2 w0 Xn

> >0fora<x;<xm < - <x,<bn=12,...).
X1 X2 0 Xp
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The condition {x,s} # {a,b} means that x and s cannot simultaneously equal the
two ends a and b of the interval. In the case of a symmetric kernel this condition can
be written a < x < b, s € Ig.

The next result provides an alternative definition of oscillating kernels.

Lemma 2.1.12. The kernel K (x,s) defined on [a,b] X [a,b] is oscillating if and only
if for any x1,x2,...,x, € Ig, at least one of which is an interior point, the n X n
matrix A with (i,k)th entry ag = K (x;,xy) is oscillating.

Definition 2.1.13. A one-pair kernel K defined on [a,b] X [a,b] is one of the form

Lo Jvx(s) ifx<s
Ks) {w(s)x(x) if s <x

where ¥ and y are continuous functions.

As a corollary of Theorem 2.1.10, we have the following characterization of one-
pair oscillating kernels.

Theorem 2.1.14. The one-pair kernel of Definition 2.1.13 is oscillating if and only
if the following conditions are satisfied:

(i) y(x)x(x) >0 foralla < x<b;
(ii) The function y(x)/x(x) increases monotonically on the interval (a,D).

Consider now the eigenvalue equation

/a " K(r.5)0(s)ds = A@(x). 2.5)

The main result of this section is the following.

Theorem 2.1.15. Let K be a continuous oscillating symmetric kernel on [a,b] x
[a,D]. Then

(i) The eigenvalues A of (2.5) are all positive and simple: Ay > Ay > --- > 0.

(ii) The fundamental eigenfunction @y corresponding to the largest eigenvalue Ay
has no zeros in the interval Ig.

(iii) For any j > 1, the eigenfunction @; corresponding to the eigenvalue A; has
exactly j nodes in Ig.

(iv) Given integers m,k with 0 < k < m and real numbers cj,cy+1,...,cn not all
zero, the linear combination @(x) =Y, c;Q;(x) has no more than m zeros and
no fewer than k nodes in the interval Ig.

(v) The nodes of two neighboring eigenfunctions @; and @; alternate.

We will show that the prolates are eigenfunctions of a continuous oscillating
symmetric kernel and hence that they inherit the properties outlined in Theorem
2.1.15. The proof of Theorem 2.1.15 is postponed until Sect. 2.6.2, as it requires
several new concepts and intermediate results.
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2.1.3 Sturm—-Liouville Theory

Given a constant ¢ > 0, we consider here the differential operator & of (1.6), the

eigenfunctions of which are the prolates {@,SC) »_o- We aim to show that & is in-
verted by an integral operator ¢ associated with a continuous, symmetric, oscillat-
ing kernel. The eigenfunctions of & therefore coincide with those of ¢, and an
application of Theorem 2.1.15 will reveal that the prolates form a Markov system
on [—1,1].

The bulk of this section comes from private communication between the authors
and Mark Tygert. The main result of this section is as follows.

Theorem 2.1.16. The differential operator & of (1.6) has infinitely many eigenval-
ues {xn o with 0 < xo < x1 < ---. The corresponding eigenfunctions On = qS,SC)
are orthonormal and complete in L*|—1,1] and form a Markov system on [—1,1].

The proof of Theorem 2.1.16 is deferred until after the proof of Lemma 2.1.19,
at which time we will have developed the required machinery.

The standard form of the equation Pu =0 is u” — P(x)u' + Q(x)u = 0 with
coefficient functions P(x) = —2x/(1 —x?) and Q(x) = ¢*x*/(1 — x?). Since (1 —
x) P(x) and (1 —x)% Q(x) are analytic at x = 1, the point x = 1 is a regular singular
point, implying that there exists a power series solution (Frobenius solution) of the
form

u(x) =Y an(x—1)""" (2.6)
n=0
with ag # 0. Rewriting the equation &u = 0 in the form
2x c2x?
1—x)u” — — =0 2.7
(1 =x)u a1 @7

and substituting (2.6) into (2.7) gives

=

> 2
Zan(n+r)(n+rf )(x— 1)’”"_1 + el Z an(n+r)(x— 1)"'”_1
n=0 1+xn=0

+

2,2 o
cX Zan(x_l)n+r:0'
I+x 5

Extracting the lowest order term (the coefficient of (x — 1)"~!) gives the indicial
equation r* = 0, from which we conclude that there is a Frobenius series solution of
the form u; (x) = Y»_an(x — 1)" centered at x = 1 with ag # 0. To obtain another
solution centered at x = 1, we use the method of reduction of order to produce a
solution of the form u, = vu; with v = Clog(x— 1) + ¥ o b,(x —1)""!. From the
form of this solution we see that u; has at most a logarithmic singularity at x = 1.
Since the coefficient functions in (2.7) are analytic at x = 1 and with power series
having radius of convergence at least two, the Frobenius solution u; centered at
x = 1 will also have radius of convergence two. Hence u; is also a power series
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solution for Zu = 0 centered at x = —1. However, by the previous argument, the
equation Zu = 0 has a Frobenius solution wy centered at x = —1 with radius of
convergence two and another solution w, with a logarithmic singularity at x = —1.
We conclude that u; has at worst a logarithmic singularity at x = —1 and w; has at
worst a logarithmic singularity at x = 1. Let

Cx) = (1 =) (wi (x)udy (x) — w1 (x)wh (x)). (2.8)
Since Pu; = Pw; =0, we have

ac
de
= wi (1 = x> — 2xud)) — uy

(1
= w1 (2x%uy) —uy (x%wy) =0

—2x(wyuy —ugwh) + (1 — 2)(w1u1 —uwy)

—X ) wi —2xw))

which shows that C(x) = C is a constant. Suppose that C = 0. Then, from (2.8),
wi/wi =u/ /u; so that |u;| and |w;| have the same logarithmic derivative. This im-
plies that |u;| = A |w; | for some constant A (provided u;,w; # 0). Suppose w; (x) =
0 and u; (x) # 0. Then the Wronskian equation wy (x)u} (x) — uj (x)w] (x) = 0 shows
that w} (x) = 0. Successively differentiating the Wronskian equation and using the
hypothesis u (x) # 0 shows that all the derivatives of w; are zero, so that w; =0, a
contradiction. Hence w (x) = 0 implies u| (x) = 0. Further, u; (x) = £=Aw; (x) on any
open interval over which wy is non-vanishing. Since u; € C>(—1, 1],w; € C2[—1, 1),
and u; = Awy, we see that u;, wy € C?[—1,1]. Since p(x) = 1 —x? vanishes at x = £1
and Zu; = 0, an integration by parts yields

0= /,11(9’”1)()6)”1()6)@: ./711((0 — )y (%)) — 2Py (x) Juy (x) dx
1

= (=2 ([ 0-R 0 + o))

from which we conclude that Lll (1—x2)ud (x)?dx = 2 fil *?uy (x)?dx = 0. But the
integrands are non-negative, so u; = 0, a contradiction. Thus, C # 0.

Let the nonzero constant C be as in (2.8) and define G on the square Q = [—1, 1] X
[_17 l} by

wi(X)ui(s)/C  ifx<s

wi(s)up(x)/C ifs<x

wi(x)u(x)/C ifs=xe (—1,1)

oo ifx=s=lorx=s5s=-—1.

G(x,s) = (2.9)

Lemma 2.1.17. With G as in (2.9), let G be the integral operator
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1
(Gf)(x) = /4 G(x,5)f(s)ds.

Then 9 : L*|—1,1] — L*[—1,1] is a Hilbert-Schmidt operator.
Proof. Direct calculation gives

PG(x,s) =0if x < sand Z;G(x,s) =0if s <x

and also
/ /
lim ﬁ(x,s)— lim — (x,s) = lim wi(ui(s) lim wi(s)uj (x)
x5t OX x5~ OX x—st s
_ wi(s)ur(s) —wi(s)uf(s) 1
C 1 — g2’

the last equality being a consequence of the definition (2.8) of the constant C.
Since u,w; have singularities at x = —1 and x = 1 respectively which are at
worst logarithmic, there exists a constant B such that

lui(x)| <B(1+1log|1+x|) and |w;(x)| < B(1+log|l —x]).

Consequently,
// 1G(x,s) |2dxds<—/ (1+1log|1 —x|)? / (1+log 1 +s])?dsdx

B4
E/ (1+1log|1 +x|)? /_1(1+10g|17s|)2dsdx<oo
from which the result follows. O

As an immediate consequence of Lemma 2.1.17, the eigenfunctions of ¢ form a
complete orthonormal basis for L?[—1, 1].

Lemma 2.1.18. The integral operator & in Lemma 2.1.17 is the inverse of the dif-
ferential operator 2 in (1.6).

Proof. First note that

(PG ) (x ,@/st

(2 oo (>f<)ds+9>/wl )6)8s ). 2.10)

Direct computation, using the fact that Zu; = 0, gives
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P, /jl wi(s)u(x)f(s)ds

= (1-2) (4001 6)06) 05w 410+ v 70

—1
—2x (u’l (x) /jl wi(s)£(s)ds 4 up (x)wy (x)f(x))

+62x2u1( )/jlwl(s)f(s)ds
= (1=22) (1, (x)wi (x) £ (x) + (w1 f)' (x)) = 2w (x) w1 (x).f (x). 2.11)

By a similar calculation,

ﬁ/wl X)ui(s)f

22) (=wh ()ur () £ () = (wraar ) (x)) + 20w1 (R (0 f(x). - (2.12)
Combining (2.10), (2.11), and (2.12) and applying (2.8) gives

(1-2)
C

that is, % = I. Furthermore,

(291)(x) = (u (X)wi (x) = wh (¥)ur () f (x) = f (),

(GPf)(x /st (21)(s)ds

_ 1l [ @@+ i)

/x1 w1 (s)(Z 1) (s) ds. (2.13)

Integrating the first integral on the right-hand side of (2.13) by parts and using the
fact that Zu; = 0 gives

[ 256 ds = (1 =B m @ 0 -w@sw). @14

Similarly, for the second integral on the right-hand side of (2.13), we have

1
/ u(s) 2 f(s)ds = (1 —x*) (udy (x) f(x) — w1 (x) f'(x)). (2.15)
Combining (2.13), (2.14), and (2.15) gives

(1-+%)

G21)0) =

(u (x)wi (x) = wh (x)ur () f (x) = f (),

thatis, %2 =I. Hence ¥ = 27!, O
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As an immediate consequence of Lemma 2.1.18 we see that ¢ and & have the

=

same collection of eigenfunctions, namely the prolates {qS,EC) 0
Lemma 2.1.19. The one-pair kernel G is oscillating.

Proof. We first show that u;, w; have no zeros on [—1,1]. The proof of Lemma
2.6.8 shows that u;(1) # 0. Suppose now that u;(xp) = 0 for some xp € (—1,1).
Since Zu; = 0, an integration by parts gives

! 1
0:/XO(«@Ml)(JC)m(x)dx:/X0 [(1 —xz)u/l(x)2+c2x2u1(x)2] dx,

so that u;(x) = 0 on [xp, 1] which in turn implies that u; = 0, a contradiction. We
conclude that u (x) # 0 for all x € (—1,1]. Similarly, wy (x) # 0 for all x € [—1,1),
that is,

lur (x)wi(x)| >0 forallx € (—1,1).

Furthermore,
4 ()| _[m@u@-mwi@| ¢
dx \ wy (x) wi (x)2 (I—=xH)wi(x)2 =
Now we apply Theorem 2.1.14 to conclude that the kernel G is oscillating. a

Proof (of Theorem 2.1.16). Since the eigenfunctions of &2 coincide with those of
¢, the orthonormality and completeness of the eigenfunctions follows from the fact
that ¢ is self-adjoint and Hilbert—Schmidt (hence compact). The simplicity of the
eigenvalues and the fact that they form a Markov system now follow by appealing
to Lemma 2.1.19 and Theorem 2.1.15. O

2.2 Quadratures

Quadrature involves the estimation of integrals [ @(x)®(x) dx for a given function
(or class of functions) ¢ and fixed integrable non-negative weight function @ by
sums of the form Y}, wy@(xx). The points {x;}}_, are the nodes of the quadrature
while the coefficients {wy }}_, are its weights. Classically, quadrature rules consist
of n nodes and weights and integrate the monomials {x* }ig)l exactly. By the lin-
earity of such schemes, they integrate polynomials of degree up to 2n — 1 exactly.

Definition 2.2.1. A quadrature formula is said to be generalized Gaussian with re-
spect to a collection of 2N functions ¢@; : [a,b] = R (j = 1,2,...,2N) and non-
negative weight function @ if it consists of N weights and nodes and integrates the
functions {@; %ﬁ , exactly, that is,

b N
[ eiwowd=Y wmex) (j=12..28. @16
a k=1
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The wy and x; are called generalized Gaussian weights and nodes respectively.

The following general result about Chebyshev systems is due to Markov [222,
223]. Other proofs can be found in [170, 186].

Theorem 2.2.2. Suppose {@;}?", is a Chebyshev system on [a,b] and ® is non-
negative and integrable on [a,b]. Then there exists a unique generalized Gaussian
quadrature for {@;}*", on [a,b] with respect to ®. The weights of the quadrature
are positive.

By Theorems 2.2.2 and 2.1.16, there exists a unique N-point generalized Gaus-
sian quadrature for the first 2N prolates {¢n} ! Computing the weights and nodes
of a generalized Gaussian quadrature 1nV01ves solving the 2N equations (2.16).
While these equations are linear in the weights {Wk}iv:p they are nonlinear in the
nodes {xk}szl. In [72] a Newton iteration for the approximate solution of these
equations for arbitrary Chebyshev systems is given. The algorithm is very similar
to an algorithm for the computation of nodes and weights of generalized Gauss—
Lobatto quadratures which we discuss in Sect. 2.4. In the case of the prolates, esti-
mates of the accuracy of such quadratures when applied to arbitrary functions with
band limit ¢ typically rely on the eigenfunction property of Corollary 1.2.6, which
may be written in the form

1 . -
1 (2¢/7)B (x) = / e 16 (1) dr (2.17)
~1
where p,(a i"+/A,(a)/a. From now on we abbreviate

Un(2c/m) =1"\/27A,(2¢/T) /c = Wy.

Since classical Gaussian quadrature schemes integrate polynomials of degree up
to 2N — 1 exactly, they may be used to estimate integrals of functions that are effec-

tively approximated by polynomials. Similarly, generalized Gaussian quadratures
for the prolates {(ﬁ,S‘ ZH ! may be used to approximate integrals of functions that
are effectively approximated by this collection. As the following result [364] shows,
when N is sufficiently large, the class of functions that are effectively approximated

by { (j),, 2N !includes functions of band limit less than or equal to c.

Theorem 2.2.3. Let {x;}}_, be nodes and {wi}}_, be non-negative weights for the

generalized Gaussian quadrature for the prolates {43,5‘ 2N Y with N > c/m. Then
for any function f on the line with band limit c,

1
- [ 70| < Cluw- Tz @18)

with C a constant independent of N.
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Proof. Let ¢, = (ﬁ,(f) and W, = ,(2c/7). Since {@, }>_, is an orthonormal basis for
L?[—1,1], for each x, t € [~1, 1] we have the expansion

. hd 1 .
e ' = Z </] e—leM¢ (u) du) ¢n Z und’n ¢n (2.19)

n=0

where we have used the eigenfunction property (2.17). The error incurred when the
quadrature is applied to an exponential e " (|¢] < 1 fixed) is

N . o
E l‘) _ Z Wkeﬂcxkr _/ eﬂcxrdx
k=1

—1
N

= (ann X0l ) / Zmn
i (Z,l Wi (¥6) = /71 Gn(x) dx) : (2.20)

n=2N

However, as stated in [296],

My, = max max| x)\ <2VN. (2.21)
0<n<N |x|<1

Furthermore, the weights wy of a generalized Gaussian quadrature are non-negative
with the sums Zf{\’:] wy bounded independent of N. Consequently, (2.20) and the
asymptotic formula of Corollary 1.2.11 may be combined to give the estimate

E@M) <C Y, Valwllg()] <C Y nlp| < Cluan-1| (2.22)
n=2N n=2N

since N > ¢/ is large enough so that {1, }7>_,, decreases super-exponentially.
Suppose now that f is a function on the line with band limit c, that is,

flx)= 1 1] o(r)e dr (2.23)

for some o € Lz[— 1,1]. Then, applying the quadrature to f yields an error £y given
by

N 1
Ef:,;lwkf(xk)_/—1f(x)dx

1 N ‘ T 1
_ / G(l) (Z Wkeflcxkt _/ o lext dx) dr = / G(Z‘)EI dr,
-1 = -1 -1

from which we conclude that |E¢| < Cluon—1l[|0|[;21-11) < Clion—1]l[ fll2)- O
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In order to obtain estimates of the form (2.18) for functions f on the line of
band limit c, it is not necessary that the quadrature rule integrate the first N prolates
exactly. With this in mind we make the following definition.

Definition 2.2.4. Let N be a positive integer, ¢ > 0, and € > 0. The collection of
nodes {x¢}2_, C [~1,1] and positive weights {wy }?'_, are said to integrate functions

n [—1, 1] with band limit ¢ to precision € if for all functions f with band limit ¢ of
the form (2.23) we have

1 N
[ ro0ac Yoo < elloll 1
- =1

A collection of such weights and nodes will be referred to as an approximate gen-
eralized Gaussian quadrature of band limit ¢ and precision €. The class of such
quadratures is denoted GGQ(c, €).

This definition weakens the condition on the nodes and weights of the quadrature
and allows for more flexible constructions. The question then becomes: What are
appropriate weights and nodes? In Theorem 2.2.6 below, we show that the nodes

may be chosen to be the zeros of a prolate (ﬁli,c) with N sufficiently large. Before
that, however, we require the following generalization of the Euclidean division
algorithm due to Xiao, Rokhlin, and Yarvin [364].

Theorem 2.2.5. Let 6,p € C'[—1,1] with 6(+1) =0 # p(%1). Let f =F_4./7(0)
and p = F_5./z(p). Then there exist unique 1,& such that with ¢ = F_»./z(n) and
r=F_5.z(§) we have f = pg+r.

The role of the degrees of the polynomials in the classical Euclidean algorithm
is replaced in Theorem 2.2.5 by the band limits of the functions f, p, ¢, and r.

Proof. The proof is constructive. Let p, g be as in the theorem. Then

1l ‘
X) = / / p(1)1 (s)e ¥+ dr ds
ru+1
—/ 7”“/ dsdu+/ 7”"/ p(u—s)n(s)dsdu
-1

min(1,u+1)
—/ 71“‘”/ p(u—s)n(s)dsdu.

max(—1u—1)

Consequently,
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fx) =

u 2 min(1,u+1)
2 elexu gy, —icxu _ dsd
2 / 2 ! /—Ze /max(—l,u—l)p(u S)T’(S) S

1 U\ —icxu —icxu min(1,u+1)
:5 \u\<16(§)e du*/‘u‘qe / P(M*S)n(s)dsdu

max(—1u—1)

1 u . . min(1,u+1)
+f/ G<f) e_“xuduf/ e_lc’"‘/ p(u—s)n(s)dsdu.
2 Jigu<2  \2 1<u|<2 max(—1Lu—1)

We now want to choose 1 so that
1 u min(1,u+1)
2° (5) :/ plu—s)n(s)ds, 1<l|ul <2.

max(—1,u—1)

The two cases 1 <u <2 and —2 <u < —1 give the two equations:

! — <u<
22\ T M - anas (1<-u<2).
Differentiating both of these equations with respect to u gives
1 uy _ [—p(On(u—1)+ L p'u—s)n(s)ds  (1<u<2)
o' (5) = 1P (2.25)
412 p(=n(u+1)+ I p'u—s)n(s)ds (1<-u<2).

Defining integral operators V; : L?[0, 1] — L?[0, 1] and V5 : L*[—1,0] — L?*[—1,0] by

Vif(v /p (v 1—s)f(s)ds; Vaf(w / p'(w—1—5)f(s)ds,

equation (2.25) above becomes

Vi p()Dn0) = 1o’ (Vg 1) V2t p(- () = 1o (W;l) (2.26)

forv € [0,1] and w € [—1,0]. V; and V; are Volterra integral operators and V; + A1,
Va+ AT have bounded inverses if and only if A # 0. Therefore, to solve the equations
(2.26) we require p(1)p(—1) # 0. With this proviso, (2.26) provides the definition
of n on [—1,1]. Integrating (2.25) with respect to u gives

)

<2
—u<2)

lo(z>: fiipu=s)n(s)ds+Cr (1 <u
272 M pu—s)n(s)ds+Cy (1<

with C, C; arbitrary constants. However, by evaluating the first of these equations at
u =2 and the second at u = —2 we find that C; = ¢(1) /2 and C; = 6(—1) /2. Hence,
with 1 so defined, we have a solution of (2.24) only when o (1) = 6(—1) = 0. Once
this is assumed we define & by
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gw="to(2)- [ pu-gmas  (u<)
u)=—-0o\=<-|— u—=s S)as u .

2 2 max(—l,u—l)p n o
Then f = pg+ r as required. O

We now apply the theorem to the construction of approximate generalized Gaus-
sian quadratures for band-limited functions. Recall that by Theorems 2.1.7 and

2.1.16, the Nth prolate (ﬁls,c) has precisely N nodes in (—1,1). Given a sequence
—1 <xp <x1 <--- <xy_1 <1, the invertibility of the N x N matrix ((ﬁj(xk))y,;:lo
ensures the existence of real weights {wy}? ' for which

N—1 _ 1
Y owditn) = [ Gde (< j<N-1), 227)
k=0 -1

When the nodes {x;}?" are the N zeros of ¢y in (—1,1), then the weights are
positive and their sum is bounded independently of N and c. To see this, observe
that the constant function 1 has prolate expansion 1 = Y7 ?;(x) I 1 9;(t)dt =
Y7o 1;9;(0)¢;(x). Evaluating this equation at x = x;, multiplying both sides by wy,
and summing over k gives

N—1 o

N—1
Y owe= Y Y 16 (0)wid;xi)
=0 k=0 j=0

N—1 B N—1 _ =) _ N—1 _
=Y 10;(0) Y widi(xe)+ Y ui9;(0) Y wid;(xx)
=0 k=0 j=N k=0
oo N—1 %)
< Y 0,00+ Y wi Y 1;6,(0);(xx)
Jj=0 k=0  j=N
N—1 o N—1
<24 ) wi Y A4j Il <24+ Cluy-1] Y wi,
k=0 Jj=N k=0

where we have used the Plancherel theorem for prolate expansions (2 = Ll (dr =
Y70 l(1,8)1* = X7 |1*9;(0)*) and the estimate (2.21). Rearranging this in-
equality gives ZQ’;O] wi <2/(1—C|un-1]) = 2 when N is significantly larger than
2¢/m. These ingredients allow for the following approximate generalized quadrature
result [364].

Theorem 2.2.6. Let {x; 2/;01 C (—1,1) be the nodes of the Nth prolate function

oy = (ﬁ,&,") with bandwidth ¢, and let {wk}kNgol be real weights satisfying (2.27). Then
for any function f with band limit 2c satisfying the conditions of Theorem 2.2.5 we
have the quadrature error estimate

Ef=

N-1 1
3 wef ) | 79| < Claw a1+ 1€ 1)
k=0 -1
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with 1, € as in Theorem 2.2.5.

Proof. Since ¢y (+1) # 0 by Lemma 2.6.8 and ¢ (x) = [ p(t)e e dr with p () =

Oy (1)/un, we may apply Theorem 2.2.5 to produce functions ¢ and r of band limit
¢ w1thf Onvg+r.Let g =F_5./z(n) and r = F_5,/(§). Then, since @ (x) =0
for all nodes x;, we have

Ey = ]:Z;ka(xk)—/ll f(x)dx‘
N—1 1
= | watbvtse)atm-+ ]~ [ Bylolato) + ] as
k=0
< Z wier(xk) /11 r(x)dx‘+‘/_ll qSN(x)q(x)dx’. (2.28)

By the definition of ¢ and the eigenfunction property (2.17) of the prolates,

‘/ o (x ’ ‘/ v (x)el dxdr

= | [ o)

<lullnlig @29

Furthermore, we may apply (2.22) with 2N replaced by N to obtain

Nol L
Z wir(x) r ‘ ’/ &) (Z wye —/ e ' dx) dr
k=0 -1

< Cluw- 1€ 21y (2.30)

Applying (2.29) and (2.30) to (2.28) now gives the required estimate. O

The conditions 6(£1) = 0 of Theorem 2.2.6 can be removed at the expense of a
slower rate of convergence as the following corollary, whose proof can be found in
Sect. 2.6.3, shows.

Corollary 2.2.7. Let {xk}fcv;()l, {wk}g;()l, On be as in Theorem 2.2.6. Then for any
function f with band limit 2¢ of the form f(x) = [, o(t)e 2" dt with o, o' €
L?[—1,1], we have

Ef=

N-1 1
¥ wef ) [ 70| < V(10 g 1+ ol 1)
k=0 -

Discussion

It is important, when applying Theorem 2.2.6, that the norms ||7]|;2/_; ;) and
1€ 1112_1,1) be not significantly larger than [|o|;2(_y 1) +/0"[| ;2 1)» for otherwise
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the accuracy of the quadrature is compromised. In [364] it is claimed that such
estimates have been obtained in the case where n > 2¢/m + 101log(c). Numerical
evidence of the accuracy of these procedures is also given in [364], where it is
observed that the number of quadrature nodes required to accurately integrate band-
limited functions is roughly /2 times fewer than the number of classical Gaussian
nodes needed to attain the same accuracy.

2.3 Local Sampling Formulas

2.3.1 Uniform Oversampling

In order to compute a representation of a band-limited function f that is valid on
some interval / by means of the classical Shannon formula (Theorem 5.1.3), sam-
ples of f are required far from /. This is because of the slow decay of the cardinal
sine function. One remedy to this situation is to replace the cardinal sine with an
interpolating function having faster decay. This requires oversampling. If f € PWgq
and @ € L*(R) is chosen so that

1 ifE < Q)2
<P(€)—{O ifE]> 0 (2.31)

then f can be reconstructed from the samples {f(n/(2Q)};__, via

)

The sampling rate in this case is twice the Nyquist rate of the Shannon theorem, but
may be reduced to any rate greater than or equal to the Nyquist rate by reducing the
support of ¢. When the rate is strictly greater than £ samples per unit time, ¢ may
be chosen to have faster decay in time. How fast can a function ¢ satisfying (2.31)
decay in time? There is no L? function satisfying (2.31) with exponential decay in
time: the Fourier transform of such a function would be analytic in a strip in the
complex plane containing the real line, a condition that would preclude the compact
support of @ in (2.31).

It is simple to construct a function ¢ with inverse polynomial decay (|¢(¢)| <
C(1+ |t|)~" for some fixed positive N) whose Fourier transform ¢ is a piecewise
polynomial satisfying (2.31). In [244], functions having root exponential decay in
time, that is, |@(r)| < Ce’\/ZTM, and satisfying (2.31) were constructed. In [93]
Dziubanski and Hernandez showed that sub-exponential decay is possible: given
any € > 0, one can construct a function ¢ whose Fourier transform satisfies (2.31)
and such that |@(r)| < Cee ™I "% The constant C¢ blows up as € — 0. Finally, in
an unpublished manuscript, Giintiirk and DeVore gave a sophisticated construction

—o0
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that achieves perhaps the optimal outcome—a function ¢ with Fourier transform ¢
satisfying (2.31) such that |@(r)| < Cexp(—at|x|/log” |x|) for o > 0 and y > 1. This
construction is outlined in Sect. 6.3.2.

Unfortunately, apart from the spline-based examples, none of the constructions
just mentioned generate sampling functions ¢ that can be expressed in closed
form—a serious disadvantage when compared with the simplicity of the Shannon
theorem. In any event, the oversampling results require knowledge of samples taken
off (though near) the interval on which an approximation is desired. In summary, if
we are prepared to oversample—at any rate higher than that prescribed by the Shan-
non theorem—then uniform samples can be used to construct local approximations
with samples taken on and near the interval of interest. But the absence of closed
forms for the sampling functions of such schemes renders them impractical.

More is possible if we are prepared to forego the uniformity of the samples.
As we shall see, relatively few nonuniform samples taken only on the interval of
interest may be combined using prolates to construct accurate quadrature-based ap-
proximate sampling schemes.

2.3.2 Local Approximate Sampling with Prolates

In [296], the authors generated localized sampling formulas for band-limited func-
tions on the line through the use of approximate quadrature schemes. In particular,
given a function f with band limit ¢ > 0 of the form (2.23), approximations of f
via truncations of its prolate series are made, that is, f(x) ~ YN_, andlc (x). Here
the coefficients {a, }Y_ are obtained from samples { f(x;)}}"," where {x;}}"' are
quadrature nodes associated with quadrature weights {wy }24: _01 for which

M—1 1

Y wigln) ~ [ g(x)ds

k=0 -1
for all functions on the line with band limit 2c.

Since {@,}_, is a complete orthonormal system in L?[—1, 1], any f € L*[—1,1]
admits a prolate expansion of the form

flx) = i b (x) (2.32)
n=0

where b, = (f,0,) = [, f(x)®,(x) dx. We now develop error bounds for truncations
of the series (2.32) for functions f with band limit ¢ > 0. The starting point is the
following estimate of the decay of the coefficients in these expansions [296].

Lemma 2.3.1. Let f be a function on the line with band limit ¢ as in (2.23) and
M, =M}, be as in (2.21). Then
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[ 700800 < ol 1

Proof. With an application of (2.17) we have

‘/llf(x)fﬁn ’ ‘/( “’dr)«pn() ‘
=|[,o0 [ 8 ara

JRGer

= |1l < HalMallOllpi—ry O

Convergence of the series (2.32) is now investigated by estimating its tail. The
following result is a variation on Lemma 3.2 of [296].

Lemma 2.3.2. Let ¢ > 0 and N > 2c be an integer. Then

Y tal(M,)? < C(N+1)¥2(0.386)".
n=N+1

Proof. By Lemma 2.6.7, for all n we have
Ve (n!)? 4c"

a| < < : 2.
Wl S G T +3/2) S 2= 1; (2.33)
so that by (2.21),
|| (M,)* < 16 (2.34)
nz;—kl n= ;—0—1 n_ 1)

Let h(x) =x(x+1)e* =Y, nx"/(n—1)!. With Sy(x) the Nth partial sum of this
series and Ry (x) = h(x) — Sy(x) the Nth remainder, the Taylor remainder theorem
gives

Ry(@)] < sup [+ )] B

Ry(x)| < sup t

N <l (N+1)!
< (Ix*+ (2N +3 N+ 1)%)el LIk
< (sf QN+ 3)l + (V+ 1)l

Consequently, since ¢ < N/2, the sum in (2.34) may be estimated by
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=

Y || (My)? < 16Ry(c/4)

n=N+1
< 16((%)2+(2N+3)(%> LN+ 1)2)ec/4w

(N+1)!
N+1
< (%)(N—H)e]v/i;%.

An application of the Stirling inequality n"t!/21/27 < ¢"n! now gives

> 81 ed/8\N
Ml (M) < === (N + VN (S
ngil" 322 8>
from which the result follows. O

Lemma 2.3.2 remains true with the condition N > (0.9)c in the sense that
Yoyt Ml (M)? < C(N+1)32BN with 0 < B < 1.

These estimates allow us to investigate the nature of the convergence of the pro-
late series (2.32). The following result appears in [296].

Corollary 2.3.3. Let ¢ > 0 and f be a function on the line with band limit ¢ of
the form (2.23) for some G € L2[—1, 1. Then the prolate series (2.32) converges
uniformly to f on [—1,1].

Proof. Given non-negative integers M < N, with M,, as in (2.21),

”MQ/f )6t w)%u

as M,N — oo due to Lemma 2.3.2. Hence the series (2.32) satisfies the Cauchy crite-
rion for convergence and consequently converges uniformly. Since it also converges
in L2[—1,1] to f, it must converge uniformly to f on [—1,1]. O

<lollpir Z |a|(M,)* — 0

As a corollary of Lemma 2.3.1, if ¢ > 0, N is a non-negative integer, and f is a
band-limited function of the form (2.23), then for all x € [—1, 1],

S( Z |“n|(Mn)2)|G|L1[—171]- (2.35)

n=N+1

F) = YA, 0n)0a()

n=0

Lemma 2.3.2 may be applied to the right-hand side of (2.35) to show that if N > 2¢
then the truncation error that appears on the left-hand side of (2.35) is bounded by
C(N+1)32(0.386)" |G |11 1.

Given a function f with band limit ¢ as in (2.23) and n > 0, the product f 43,5” has
band limit 2¢. In fact, f(x)s" (x) = 1| pu(r)ee dr with

pulr) = j 00 -na= 2o, @30)



68 2 Numerical Aspects

from which we obtain

(e V2
nwmmmme”ﬁmme@ (2.37)

1
[onllrj—1y < Tl

||
Given weights {wk}kK;OI and nodes {xk}kK;OI which together form a quadrature in
GGQ(2c,¢) for some € > 0 (see Definition 2.2.4), and a band-limited function f

of tf_le form (2.23), we may accurately estimate the LZ[—I7 1] inner products b, =
(f, ¢,) that appear in (2.32) by the appropriate quadrature sum as in [296].

Lemma 2.3.4. Let ¢ > 0, N, K be positive integers, and suppose the nodes {xk}kK;OI
and weights {wy f;ol form an element of GGQ(2¢,|un|?). If f is a band-limited
function on the line with band limit c as in (2.23), then

-

1
(f+0n) = Y wief (o) B (xe)
k=0

< V2lun| [0l (2.38)
Proof. Since f(x)@,(x) = [1, pu(t)e2" dr with p,, as in (2.36), by (2.37) we have

< |NN\2||Pn||L1[—1,1]

K—1
\mm—gwﬂmwm

k=

v |
< \/EWHGHL'HJ] <V2|uyl||o ]|y 11 O
n
As shown in [296], the quadratures outlined above yield accurate localized sam-
pling formulas for functions with band limit c.

Theorem 2.3.5. Let ¢ > 0, N, K be positive integers, and suppose the nodes {xk}kK;()l
and weights {wk}kK:_O1 form an element of GGQ(2c, |uy|?). For each integer 0 < k <
K — 1, define the interpolating functions Sj. by

N
Si(x) = wi Y On (i) P (x). (2.39)
n=0

Then if N > 2c, for each band-limited function on the line of the form (2.23) and
each x € [—1,1] we have the estimate

K—1
F@) = Y F)Sk(x)| < CN+1)22(0.386) 0] 11y -
k=0

Proof. We write
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<) = X (S 0n) 0 (x)

‘ N
n=0

K-1
— Y FOn)Sk(x)
k=0

Z<f B} B (x Z Fla)Sk(x)| =A+B.  (2.40)

n=|

With an application of (2.35) and Lemma 2.3.2, A can be estimated by

A< Z |l (M) 2|6 |11y S CN+1D)Y2(0386)[[0]| 1y (241)
n=N-+1

Also, by Lemma 2.3.4 and the estimates (2.33) and (2.21),
N _ K—1 B _
B < Z (fsn) — Z F )W () || (%)
n=0 k=0

N
<2V2|uy| Z Vallollp

(N+1)3/2

<C7
— 22N(N )

Iollzi—11 < CN+1)*(e/8)V |6l (2.42)
where we have used the Stirling inequality. Combining (2.40), (2.41), and (2.42)
now gives the result. O

2.4 Spectral Elements for Differential Equations

Boyd [44] considered the possibility of improving the efficiency of spectral element
methods by replacing the Legendre polynomials in such algorithms by prolates. The
unevenly spaced collocation grids associated with the Legendre polynomials trans-
late into suboptimal efficiency of Legendre-based spectral elements. For appropriate
values of the band-limit parameter c, the spacing of the prolate grid points is more
uniform, allowing for improved accuracy and longer time steps when prolate ele-
ments are combined with time marching.

2.4.1 Modal and Nodal Bases

In either the Legendre or prolate formulations, nodal or cardinal functions Cy sat-
isfy Cy(xx) = Oe. Here {xk} "_, is the collection of collocation points. The basis-
dependent information in an Nth order spectral method includes:

(i) N collocation points {x }¥_,;
(ii) N quadrature weights {w}?_,;
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(iii) matrices oy = dC;/ dx’xZXk (for first-order equations) and By, = d*Cy/dx?|
(for second-order equations).

X=X}

Changing the basis from Legendre polynomials to prolates or vice versa is equiva-
lent to changing the collocation points, quadrature weights, and the matrices (o)
and (Be).

Quadrature weights and nodes for the Legendre polynomials are well known, but
computing them in the prolate case is far more complicated and requires solving
a system of nonlinear equations via Newton iteration. For small values of c, it is
appropriate to initialize the iteration at the Legendre weights and nodes. However,
when N and c are both large, these nodes are not sufficiently accurate for the iteration
to converge.

It is desirable, for ease of implementation, that cardinal prolate functions be
constructed, that is, linear combinations Cy = ZnN;()l agnqS,i‘” with the property that
Cy(xx) = & where x;,x3,...,xy are predetermined nodes. The collection {Cg}?’zl
is known as the nodal basis. Returning to (1.18), that is, ¢, = Y.rr_q Bun P, we find
that the cardinality condition is equivalent to the matrix equation

AP =1

where A, @ € My y with Aj, = aj, the unknown coefficient matrix and P, =
qS,EC) (x), so that A = &~!. Hence, simple matrix inversion performs the change of

basis from the modal basis {$, }"~, to the nodal basis {C;}}"_,. On the other hand,
by evaluating (1.18) at the nodes {x;})'_, we have

®=BY

with B,,j = B,; the coefficients in (1.18) and L = P;(x;). With &', ®" € My .y
and &', " € Myyy derivative matrices with entries (®'), = d(ﬁ,sc) / dx|x and

—x
(D) = 26, /dx® | (L= APy fdx|_ and (L") = 2B, [d?| _ , we
also have the relations

& =By, &' =B (2.43)

The matrices .#’ and .Z" are easy to compute given the Legendre recurrence re-
lation (1.13) and its derivatives or, alternatively, the differential recurrence relation
(1.16).

When solving second-order differential equations via the spectral method using
cardinal prolates, we require the derivative matrices 4" and 6" € Myyy given by
(¢")ox = dCp/dx| _, and (€")g = d*Cy/dx*| _ . From (2.43),

¢ =AP' =ABY'; €¢"=AP" =ABY".
The matrix @ whose inverse A transforms the modal basis {¢, }2:01 to the nodal
basis {C j}?’:l has condition number less than 10~ for all ¢ and N < 30 [44], but
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becomes ill conditioned for larger values of NV, in which case it is recommended that
the modal basis be employed.

2.4.2 Computing Quadratures

A Gauss-Lobatto quadrature is a collection of nodes {x;}?_, and weights {w;}Y_,
such that !  p(x)dx =Y wi p(x¢) for all polynomials p of degree up to 2N — 3.
Here x; = —1, xy = 1 and for 2 <i <N — 1, x; is the (i — 1)th root of Py,_, while
wi = 2/(N(N —1)Py_1(x;)?) for 1 <k < N. We generalize this notion as follows.

Definition 2.4.1. An N-point generalized Gauss—Lobatto quadrature (GGLQ) for
a set of 2N — 2 basis functions {¢,}2¥;® defined on [—1,1] is a collection of
nodes {x;}Y | and weights {w;}¥_, with x; = —1, xy = 1 and [', @,(x)dx =
Y Wk@n(xy) for 0 <n <2N —3.

An N-point GGLQ for the prolates therefore has the property that with ,; the
Legendre coefficients of ¢, as in (1.18), the 2N — 2 residuals

1 N N
Pn = / 1¢,,(x)dx— Z Win () = \[2[3"0 - Z Widn (i) = 0
J- =1 k=1

for 0 < n < 2N — 3. Since each p,, is a nonlinear function of the nodes {xk}kN:l, the
solution of these simultaneous equations must be approximated via Newton itera-
tion.

We now assume that the nodes x; are distributed symmetrically about the origin
and the weights are symmetric, that is, if N is even then x = 0 is not a node and
Xk = XN—k+1 and wp = wy gy for 1 <i <N/2, while if N is odd then x(y,1)/2 =0,
Xk = XN—k+1> Wk = Wy—ks1 for 1 < i < (N —1)/2. Under these assumptions, the
observation that qu(jL] is an odd function for all j implies that the odd residuals
p2j+1 = 0. Consequently, we need only insist on the vanishing of the N — 1 even
residuals r; = pr; (0< j <N —2).

If N is even, the unknowns are the N/2 — 1 nodes x(y.2)/2, - - - ,Xn—1 and the (N +
1)/2 weights w(y2)2;---,wy while, if N is odd, the unknowns are the (N —3)/2
nodes xX(y3)/2,---,%v—1 and the (N + 1)/2 weights wiy, 12, ..., wy. In either case
there are N — 1 unknowns to be determined. The number of nodes to be determined
is
(N—2)/2 if Niseven

1
M= —(2N—5+(—1)N) = {(N3)/2 if N is odd.

4

Let u = (up,uy,...,uy—2) € RN=1 be the vector of unknowns

) N-MXN-Mt 1, XN, WN-M WN-M 115, W) if N is even
(foMafoMqu,n- 7-xN717WN7M717WN7M7"'7WN) if Nis Odd,
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and r = r(u) be the residual vector r(u) = (ro(u),r(u),...,ry—2(u)). Thus we
have a mapping r : RV~! — R¥~!. Given an initial estimate u'® for the unknown
weights and nodes, we expand r as a multivariate Taylor series about u®, truncate
the series at the linear term, and solve the resulting matrix equation to obtain a
second estimate u'!). This gives the Newton iteration:

Je@™)Nu = —r@™) +J(r™))u® (2.44)

with u( the nth iterate and J(r(u)) the (N — 1) x (N — 1) Jacobian matrix with
Ir:

(j,k)th entry [J(r(u))]x = a—r](u) (0 < j,k <N —2). Because of the symmetry
u

assumptions, each residual r; may be written as

N
rjz\ﬁﬁy,o—z Z Wi @2 (xi) +swy—p—192;(0)
=N—

k M

with s = (14 (—1)N*1)/2, so that the entries of the Jacobian matrix become

' —2wNn-pk(02)) (n—prk),  IFO<k<M—1
V()] = T~ ) B 902 (nms), iftk=M
—2¢2,; (XN —2m—s514)5 ifM+1<k<N-2.

In [44], Boyd describes a variation of this procedure known as underrelaxation,
which has been shown to expand the domain of convergence, that is, the set of
initializations u'”) for which the algorithm will converge. The following comments
summarize the discussion in [44].

When c is small, the Legendre—Lobatto nodes and weights form a good initial-
ization for the iteration. However, in this situation it is usually sufficient to start with

more simply defined nodes and weights X, Wi, k = 1,...,N given by
n . (mk—1)
i (ﬂ(k—l)) i Nsm(iN—l ), (I<k<N)
Xp=—cos| ———|; Wy = o)
N—1 _ k=1orN.
N(N-1)

With ¢*(N) = (N + 1/2)n/2 the transition bandwidth, for N < 12, the above def-
initions give satisfactory initializations in the range 0 < ¢ < ¢*(N). For N > 12,
the iteration will converge on a smaller range of values of ¢ (see [44]). For large
N and ¢ near ¢*(N), a better initialization is required. In [44] it is shown that the
variation of nodes with ¢ is well approximated by a parabola symmetric about
¢ =0 for all 0 < ¢ < ¢*(N). This suggests that if u/c*(N) is small enough so that
the Legendre—Lobatto points provide a successful initialization of the Newton it-

eration for the prolates {(5,5” )}, then a good initialization for a Newton iteration

for the prolates {(]3,5‘)} with ¢ > u can be obtained by the quadratic extrapolation
3(0) 2 2(0) + (i (1) —x2(0))2¢2/ 2.
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! ! ! ! ! !
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

-2

Fig. 2.1 Plots of §\) for ¢ = 1 (dashed), ¢ = 20 (dots) and ¢ = ¢*(6) ~ 10.2 (solid), the transition
bandwidth. The zeros are evenly distributed for ¢ = ¢*(6)

An explanation of the more uniform distribution of the zeros of the prolates rel-
ative to that of the Legendre polynomials was given by Boyd in [43], where he
observed that if ¢ < ¢*(n) then for all x € [—1,1],

E(x;m c
(1 _x2)1/4((1 —l)nx2)1/4‘]0 <\/,715’(x;m))

where J is the Bessel function of order zero, m = c¢*/ x, with x,, the nth eigenvalue

of the prolate operator &2 as in (1.6), and & (x;m) = [} (VT —mi?/v/1T—12)dr is
the difference of the complete and incomplete elliptic integrals of the second kind.
Outside small neighborhoods of +1 of width O(C_l/ 2), Jo can be approximated to

obtain
1/4
—(L‘) ~ 2 m 71/2 _
on’ (x) ’/—nx”(17x2)1/4(17mx2)1/4cos(cm & —m/4).

Since x,(c*(n)) = ¢*(n)*(1 +0(n"?)), we have

o) (x) ~

(ﬁ;*(n)(x) N \/zl(l —x2) "2 cos(nm(1—x)/2),

c

from which we see that when ¢ ~ ¢*(n), (5,9 oscillates like cos(nm(1 —x)/2) so that
the zeros of these prolates are nearly uniformly distributed.

A plot of the prolates (ﬁéc) for ¢ = 1, 20 and the transition bandwidth ¢ = ¢*(6) =
7w(6+1/2)/2 ~ 10.2 appears in Fig. 2.1. Observe the more uniform arrangement of

the zeros of (ﬁéc ) over those of (56(1) and (136(20).
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2.4.3 Convergence and Continuously Adjusted Spectral Parameters

Given a series S = Y~ f» with { f,};7_, functions defined on [a, b], we say that the
error in the sequence of partial sums Sy = Zﬁ,vzo f» has asymptotic rate of geometric
convergence (1 > 0 if

limN%m

where E(N) = ||S — Sy|[1=[a)- Series with [|S — Sy ||;=(o.5) < A(N)e ™" with A an
algebraic function of N are examples of such series.
When the basis functions contain an internal parameter (such as the band limit

parameter c¢ of the prolate basis {qS,E") ) it is useful to generalize the notion of
convergence to allow for variations of this internal parameter.

Definition 2.4.2 (Continuously adjusted asymptotic rate of geometric conver-
gence). Suppose that for each 7 in an interval /, the collection {(p,(,r) +_, is an or-

thonormal basis for L?[a, b] and for each integer n > 1, the mapping T — <p,§f) from
I to L*[a,b] is continuous. Let ¢ : N — I. Given f € L?[a,b] and an integer N > 1,
let

(oo™ i)

™=

Sy =5y =

n=1

and E©)(N) = ||S — Sl(\f) | £=[a,p)- We say that the partial sums {55\;)};:1 have contin-
uously adjusted asymptotic rate of geometric convergence V if

limy_yoo————= = —V.

In [43], Boyd investigated a two-dimensional array of errors E(¢) (N) for prolate
expansions of particular functions f as N and ¢ vary and argued that ¢ should be
chosen smaller than ¢*(N) for accurate representation.

2.5 Prolate Expansions of Non-band-limited Functions

The key to approximating non-band-limited functions by prolate series is first to
approximate them by band-limited functions. The following result from [41] deals
with approximations of analytic functions by band-limited functions.

Theorem 2.5.1 (Constructive band-limited approximation). Suppose f is ana-
Iytic in the rectangle [—1 — 6,1+ 6] x [0, 6] C C for some § > 0. Let ¢ > 0 and
1) be the function on the line defined by

FO () = / ( | f(t)b(t)eifidr) eérag (2.45)

T2n) o \J
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where b(x) > 0 is C* and satisfies b(x) = 1 if |x| <1 and b(x) =0 if |x| > 1+ 6.
Then

(i) f(”) is band limited with band limit ¢, and
(ii) for all integers n > 0, there exists a constant A, > 0 such that

maxl f@) =) <A™

x| <1

Proof. Claim (i) is clear from the definition (2.45). To see (ii), note that /() (x) =
( [,L.yc]fb(-/27r))v(x/276)/(276) and |x| < 1. Then

£ = 90| = £(b )~ £ )
< [ I7B(&) -5 (E)|ag

= [B@~ g7 (E)E = / e

But f € C™,s0bf € C2 C8(R), the Schwartz space of rapidly decreasing functions.
Since the Fourier transform preserves 8, bf € § and for all n > 0 there exists B, > 0
such that [5f (&) < By|E|[™~. Hence [£(x) = ) (¥)] < figjoe/nn BalE| "1 dE =
Ay, O

If f is analytic on the rectangle [—1 — 8,1+ 6] x [-8,8] C C for some 6 > 0
then the Legendre and prolate series for f on [—1,1] converge geometrically. In
fact, when f € H°[—1,1] (the Sobolev space of functions in L?[—1, 1] with square-
integrable distributional derivatives up to order s) we have the following variation
on Theorem 3.1 of [69].

Theorem 2.5.2. Let f € H*[—1,1], b, (n >0) be as in (2.32), { xu};r_ be the corre-
sponding eigenvalue of the differential operator & in (1.6), and suppose yy > 400.
Then there exists a positive constant D such that

/2 3.75)c | VAV/4
|bN|SD[("”) ||st[1,1]+(( m)) ||sz[_m] (2.46)

Since x, ~ n(n+1)[1 + O(c?/2n?)] (see [43]), (2.46) forces the rate of decay
of the prolate coefficients of f € H*[—1,1] to be geometric. However, (2.46) also
forces the rate of decay of the prolate coefficients of f € C*[—1, 1] (in particular for
band-limited f) to be roughly of the order of n~" once yy > (3.75)c.

The result of Chen, Gottlieb, and Hesthaven [69] gives decay of the form

o3| < CN 2P fllasi-1.a+ (/I M 1l 2 21.1)

with & > 0, while Wang and Zhang [349] work in a different Sobolev-type space,
showing that
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lbn| < C(NTHI(1 —x2)5/2D§f||L2[—1,1] + (21/6C/VXN)6N||fHL2[—1,1})-

The proof of Theorem 2.5.2 can be reduced to the following lemmas, whose
proofs may be found in Sect. 2.6.4.

Lemma 2.5.3. Suppose (]3,5;) has the Legendre expansion (]3,5;) =Y7 oBxPiand g =
gy = ¢/\/An < 1. Let m = [\/Xn /4] be the largest integer less than or equal to
VAN /4. Then there exists a positive constant D (independent of k and m) such that
for all k < 2m and with o = 2.07,

D(a/q)|Bo| ik is even
2 k|§{D(a/q>"|ﬁ1 ifk is odd. (2:47)

Let Ap = 1, 26\ (x) dx. Then Ag = V2B and A| = /2/3P;.

Lemma 2.5.4. Suppose yy > 400. Let m = [\/An/4] and q = ¢/\/Xn < 1. Then
there exists a constant C independent of m for which

VI /2 VI /2
M and ‘A]|<C 2m— 2ym (3/7) N (2.48)

Ao| < Cg*" 2 e
4ol AV 2m—3/2 2m—1/2
with y = 4e? /3.

Proof (of Theorem 2.5.2). Let f have Legendre expansion f =Y7> ,a; Py and prolate

expansion (2.32). Then by = [, f(x)¢ ) ( Ydx = Y5 o arPr. With m = [\/xn /4],
let fi = Y1' ax Py be the mth partlal sum of the Legendre expansion of f. Then

by = [ 11 )6y () dx+ /7 11 ) = fu) () dx =T -1 (2.49)

The truncation error in the Legendre expansion of f satisfies ||/ — fin[[;2[_1,1) <

Dm™*|| fllgs—1,1) (see [105], [61]), so with an application of the Cauchy—Schwarz
inequality, the second integral in (2.49) is bounded by

1117l < 1 <D(0) Il v (250

Let the constants & and y be as in Lemma 2.5.3 and Lemma 2.5.4. Application of
Cauchy—Schwarz and Lemma 2.5.3 show that the first integral in (2.49) is bounded
by
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< <k20 af?) " (:iouskF) -

<D fll21 <Z (Z)Zk) a1, )

k=0

1| =

o m+1
§D|f||Lz[_1.u(q) max{1Bol. B4}

Since By =Ag/v/2 and B; = /3/2A|, Lemma 2.5.4 gives

(3/7) V52

11<D 3 am+l m—3 .
1] < ||f||L2[ 1,1] Y'q =12

2.51)

Since /xn/4—1 <m < . /xy/4 and 067/(3/7)2 < 3.75, combining (2.49), (2.50),
and (2.51) now gives the result. a

In [43], Boyd examined numerically the rate of convergence of prolate series of
representative proptotype functions. For fixed & € R, the coefficients of the function
e % in the Chebyshev, Legendre, and prolate series respectively are

bSheb / T -1/2 ﬂxédx 71?1"]( ‘5)
) 3/2
weE@) = [ PlgetEan- ”2 "(3) 0 120001200)

WeE) = [ 6 e e = i (€ o).

Coefficients of the Chebyshev and Legendre series can be analyzed through well-
known asymptotics of Bessel functions of integer and half-integer order respec-
tively. These oscillate until n = & and then fall sharply as n — oo. The prolate eigen-
values L, are approximately /27 /c for n < 2¢/m and decay super-exponentially as
n — oo, This leads to the following heuristic:

In the expansions of e ¢ (& € R fixed and |x| < 1):

(i) Accurate truncations of Chebyshev and Legendre series require N > &;
(ii) Accurate truncations of prolate series with bandwidth parameter ¢ = £ require
N >2&/m.

Hence, one can approximate a sinusoidal signal accurately using 2/7 as many pro-
lates as with either Legendre or Chebyshev polynomial bases.

We have seen that expansions of complex exponentials lead to expansions of
band-limited functions and that by approximating analytic functions by band-
limited functions we may write expansions which accurately approximate analytic
functions. Boyd [43] quantified the superior performance of prolate expansions over
Chebyshev and Legendre expansions, at least in the case of band-limited functions
in the following terms.
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Let f € L*(R) have Fourier transform f and {g,}>_, be either the Chebyshev,
Legendre, or prolate orthonormal basis for L?[—1,1]. By the Plancherel theorem,
the nth coefficient a, of the series f(x) =Y, Oang,,( ) (Jx| < 1) may be written as
an = [ F(E)ba(E /2m) dE with b, (&) = bS" (&) or b8 (€) or b (&) the Cheby-
shev, Legendre, or prolate coefficients respectively of the function e ixd (€ fixed) as
above. If f is band limited with band limit ¢, then

(i) The Chebyshev and Legendre coefficients of f fall super-geometrically for all
|| < ¢ whenn > ¢, and

(i) The prolate coefficients with respect to {43,5“) e, fall super-exponentially for
n>2c/m.

2.6 Notes and Auxiliary Results

2.6.1 Miscellaneous Results on Prolates

Derivative Matrices for Spectral Elements

In Sect. 2.4, formulas are given for first and second derivative matrices for prolate series and cardi-
nal prolate series. This is achieved through prior knowledge of the equivalent matrices for Legendre
polynomials and the Legendre expansion of the prolates. However, the derivative matrices for pro-
late series can also be computed directly without direct reference to the Legendre basis, as the
following series of results from [364] shows.

Theorem 2.6.1. Let ¢ > 0 and let m,n be non-negative integers. Then with ¢, = (zS,E">,
0 ifm=n mod?2

1
G (X)Pm(x) =< 2u2 , (2.52)
L G, 08.0) im#n moa2

and
0 ifm=n mod?2

S B
llx¢,n(x)¢n(x)wz %u:rrf;z%( V0a(1)  ifm#n mod2.

(2.53)

Proof. Since @, is even if n is even and odd if n is odd, the integrals [ @/, (x)@,(x)dx and
4 ! X0 (x) @ (x) dx are zero if m = n mod 2 since the integrands are odd. Suppose then that m # n

mod 2. Differentiating (2.17) with respect to x gives w9, (x) = ic j ¢! ¢, (¢) dr. Multiplying
both sides of this equation by @,,(x) and integrating with respect to x over [71 ,1] gives

/ O, (x) @ (x) dx = ic / O (x [ lltei”" 0, (1) drdx

= ic'[lté,l(t)LleiCX’é (x )dxdtfltlslm/ 1@ (t) P (t) dt. (2.54)

However, by interchanging the roles of m and n in (2.54) we obtain
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Lm L ]1 L (x) G (x) dx = icpt, Kll,é,,(t)ém(t)dz (2.55)

and, since the integrals on the right-hand sides of (2.54) and (2.55) are the same, an integration by
parts yields

L - _ ﬂr% s =1
_L%m%mM—ﬁ/ﬁmmmm

m Y

2
= %(dsm(l)(ﬁn(l) ¢m ¢n /¢m ¢n )

2
- %(2% da /¢m X)fu(x ) (2.56)

since m # n mod 2, and thus ¢, (—1)@,(—1) = —@,,(1)@,(1). Rearranging (2.56) gives (2.52).
Combining (2.52) and (2.54) gives (2.53). O

It is clear from symmetry conditions that if m Z n mod 2 then
! ! Y ! 271 Y ! 2 =/
[ 50@dndr= [ 25 @ 0dr= [ 2500
7/ §1 ) () dx = /x% ) (x) dx = 0.
When m =n mod 2, the (nonzero) values of the above integrals are computed in [364] in terms of
the values of (13,1, d;m and various derivatives of these functions at x = 1, as well as the eigenvalues

Wy My Xn> Xm- Here is a typical example.

Theorem 2.6.2. Let ¢ > 0 and let m,n be non-negative integers. Then with ¢, = (]5,50), ifm=n
mod 2, then

'l 26" ()60 (x _ 24 (0 (1) @ (1) — 05,19 (1)) _4unq3n(1)¢;m(1)
RS ACTABEE = L
Fn (X = 2m) 9 (1) @ (1) _ 4t @ (1) 9 (1)
Hm — Hn Lom + Ly .

Numerical Evaluation of p,

The methods of Bouwkamp and Boyd for the evaluation of prolates as described in Sect. 1.2.4
also produce the associated eigenvalues { ¥, }5_ of the differential operator & of (1.6). From this
information we may apply (2.17) to estimate the eigenvalues {1, }_ of the integral operator F
defined in Corollary 1.2.6 and hence the eigenvalues {4, }_, of the iterated projections P, /xQ of
Sect. 1.2. To see this, observe that putting n = 0 and x = 0 in (2.17) gives

o) = [ Booax

Given that the values of ¢ have already been computed accurately by the Bouwkamp or Boyd
methods and that ¢y(0) is not small, estimating the integral on the right-hand side numerically
gives . Putting n = 0, m = 1 in (2.53) and numerically computing the integral on the left-hand
side of that equation now gives ;. For m > 2 odd, w,, may be obtained from (2.53) with n =0,
while if m > 2 is even, we obtain y,, by applying (2.53) withn = 1.
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Lemma 2.6.3. For all non-negative integers n,

1 . _ 2n+l(n!)2 _ ﬁny
/J Balr)dr = 2n+1)!  2'T'(n+3/2) @57

The proof is by induction, the inductive step being provided by the recurrence relation (1.13)
and the fact that f_ll " P,(t)dr = 0 for all integers 0 < m < n.

Decay of Eigenvalues L,
The following lemma appears in Fuchs’s paper [103].

Lemma 2.6.4. The eigenvalues L, = U, (2c/T) associated with the eigenfunctions ¢$,E“) asin(2.17)
satisfy the differential equation

un(ZC/ )

< tn(2e/) = 26 (1)~ 1), (2.58)

Proof. Let 9\ (t) = c=V/44 (t/,/c) (n > 0). Then
\/E C C 1 Tlc Tlc
/ o) )(t)(pn(,)(t)dt:/ 59039 (1) dt = S,
NG —1
and, because of (2.17),

[ ol )05 e/ mvE0l 0 259)

Multiplying both sides of (2.59) by (p,sh) (¢) (with b > ¢) and integrating both sides from —Vb to
Vb gives
Vb ©
Ve (2¢/m) / fqon“ (o (1) dr = / o / o (1)e™ dr ds
NG
= Vb (2b/7) / \[(p,, )(5)p? (5) ds. (2.60)

Since b > ¢ and the integrands (p,(,c) (s)(p,gb) () are even functions for all n, (2.60) may be rewritten
as

(Vbia (2b/7) — /ety (2¢/7)) / O ()il (1) dt = 24/ (2¢/m) / o ()" (1) dr

Dividing both sides of this last equation by b — c, allowing b — ¢, and applying the orthonormality
of {(p,sc> = o gives

e (etn(2e/m) = e/ mol? (VeP = LT g0 0 @6n
Reversing the roles of b and ¢ gives
(clT; (Vern(2e/7)) = w2 /m) @l (vVe)? = “”%/”) 6 (1)?
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d
so that d—(\/E,u,,(Zc /7)) exists and is equal to the right-hand side of (2.61). Rearranging the re-
c
sulting equation gives (2.58). a
The following lemma appears in [280].

Lemma 2.6.5. Let {,(2¢c/m)} be the collection of eigenvalues appearing in (2.17). Then

CwQe/r) AR
T T T 3/2) () (262)

Proof. Differentiating both sides of (2.17) n times with respect to x and evaluating at x = 0 gives

112 (2¢/T)D" A (0) = (ic)" / 11 "6 (1) dr. (2.63)

Furthermore, ¢\ (x) = B, (x) + O(c?). The uniform convergence of ¢\ to P, and the analyt-
icity of ¢\°)(x) as a function of both x and ¢ now give the uniform convergence of D;‘(ﬁ,g") (%)

_ 2n)! 1/2
to DI'P,(x) = (n)znin'—&-/ Hence, allowing ¢ — 0T in (2.63) gives lim._,o+ M =
n! c
i"2"n!
1(27; J 1 ("B, (t)dr. Applying Lemma 2.6.3 now gives the result. O
n)!

The following result appears in [280].

Lemma 2.6.6. Let ¢ > 0 and let n be a non-negative integer. Then

i"\/mc"(n! c _,ET) — n
=gt (5 -5)w)

Proof. Let v, =i ", so that each v,, = /27 A, /c is positive. We first rearrange (2.58) so that

Lt/m) 267 (1) -1
v,(2t/m) 27 '

With 0 < ¢p < ¢, we integrate both sides of this equation with respect to T from ¢ to ¢ to obtain

050
In(vi (2¢/m)) ~ In(vi 20/ ) = | 20501,

<o 27

7(7) (1y2 _
Since @Ec) (x) = By(x) +0(Cz) and P, (1) = \/mwe have m”(z#

smooth. Hence

n .
= T +qn(T) with g,

Vi (2co/m ¢
In(v4(2¢/7)) =1In (M) +nlnc+/ qn(t)dr.
o <o
Exponentiating both sides of this equation, allowing c¢p — 0+, and applying (2.62) now gives the
result. H

Rokhlin and Xiao [280] also showed that the prolates satisfy the bound

169 (1) < \/nr1/2. (2.64)

As a consequence they gave the following estimate of the rate of decay of the eigenvalues
Ha(2¢/m).
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Lemma 2.6.7. Let ¢ > 0 and let n be a non-negative integer. Then

Va(nt)*e"

I 2e/ml = 7o S @

Proof. Define the function F' by

¢ (T 12 _ n
F(c):/0 <2¢,,(211)11> dr.

me/m) _ an)?
Then, by Lemma 2.6.6, o = G (nt3/2)

7(¢) 11)2

20, —

¢ ()°=1 n <0.50 u,,(.2c/7r)
2¢ c itch

exp(F(c)). However, by (2.64), F'(c) =

is decreasing, since

F'(c)exp(F(c)) < 0.

8 (mym) v
de incn (2n)'I"(n+3/2)

m(e/7) __ VEnY
inen I'(n+3/2)(2n)!

Hn(2¢/7)

By (2.62), T <lim,_,p+ and the result follows. a

Lemma 2.6.7 should be compared to Corollary 1.2.11. Recalling that u,(a) = 2i"\/A,(a)/a,
it is clear that both results provide roughly the same upper bound. The difference is that the more
sophisticated (and more difficult) Corollary 1.2.11 also proves an asymptotic lower bound.

Values of ¢, (1), ¢,(0)
Lemma 2.6.8. For any ¢ > 0 and integer n > 0 we have ¢,(1) # 0.
Proof. Suppose that for some n > 0, ¢,(1) = 0. Each @, satisfies the differential equation
(1=0)8; (x) = 206, (x) + (2 — %) fu(x) = 0, (2.65)
and evaluating both sides of (2.65) at x = 1 gives
=26,(1) + (n = *)6n(1) = (2.60)
from which we see that ¢, (1) = 0. Differentiating (2.65) and evaluating both sides at x = 1 gives
=46, (1) + (% =2 = ¢*)g(1) =224 (1) = 0
from which we conclude that (]5,’/ (1) =0. For each integer k > 2, the kth derivative of (2.65) becomes
(=52 () 2k +1 )x«ﬁ“‘*”( x) + ( —klk+1) = )5, ()
—2key ! () = k(k— )¢V (v) =0,
and evaluating this equation at x = 1 gives
“2(k+ DV 1) + (g — k(k+1) — g (1) — 2265V (1) = Fk(k— 1652 (1) = 0.

An inductive argument now gives (ﬁ,gkj(l) = 0 for all integers k > 0. Since each @, is analytic on
the complex plane, we conclude that ¢ = 0, a contradiction. a



2.6 Notes and Auxiliary Results 83
A similar argument can be used to show that if n is even then @,(0) # 0. The following is a
consequence of (2.66).

Corollary 2.6.9. With ¢ > 0 and integers m,n > 0,

F(18(1) = 51(1)dn(1) = 3 (i~ )01 (1)

2.6.2 Proof of Theorem 2.1.15

Definition 2.6.10. Given a < b, the n-dimensional simplex M,, = M,(a,b) is defined by
M, ={x=(x1,x2,...,%;) ER"; a<x; <xp <--- <x, <b}.
Note that M (a,b) = [a, b].
Lemma 2.6.11. Let K(X,S) (X,S € My) be a continuous symmetric kernel with
K(X,8) >0, K(X,X)>0 forallX,S€M,.

Then the eigenvalue Ay of the operator Ty : L*(M,) — L*(M,,) defined by

(TxF)(X) = K(X,S)F(S)dS
My
of largest absolute value is positive, simple, and not equal to the remaining eigenvalues. The eigen-
function @y corresponding to Ay has no zeros inside M,,.

Proof. The supremum of {(Tx @, P) : ||P|| = 1} is attained at an eigenvalue Ay of Tx. If P(Xo) >
0 at some Xy € M,, then the continuity of K and the conditions K (Xp,S) > 0, K(Xp,Xp) > 0 im-
ply that Ay > 0 and Ay is the largest eigenvalue of Tx. Let @) be a corresponding normalized
eigenfunction, that is,

A() = | su‘p <T[(¢',¢> = <T[(¢07¢0>; H@o“ =1.
|P||=1

We claim that @ has no zeros in M,,. Since A9 > 0 and K(X,S) > 0,

Ao = |Ao| = [(Tk o, Po)| = ‘/M MnK(X,S)cDo(S)dScDO(X)dX

< [ [ K(x.5)[00(5)dsI@(x)]dX = (Tk |0l |20 .67
My I My,

Since Ay is maximal, we must have equality in (2.67). Thus, || is also an eigenfunction of Tk
corresponding to Ay, that is,

Dol ()| = [ K(X.S)|@(S)]ds.

n

Now suppose @y has a zero on M, and X; € M, is a zero of @ such that in any neighborhood U
of X there exists X € U with @y(X) # 0. If none of the zeros of @ has this property then &y = 0.
Since K is continuous and K (X;,X;) > 0, there is a neighborhood V of X; for which K(X;,S) > 0
for all § € V. Hence

0=2ofon(x)] = [ K(.8)@(S)ds = [ K(X.S)|du($)]ds >0,
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a contradiction. Hence @y has no zeros in M,. Also, any eigenfunction with eigenvalue Ay has
constant sign on M, and consequently no two such functions can be orthogonal. We conclude that
Ao is a simple eigenvalue.

By the maximum principle, A is larger than all positive eigenvalues of Tx. We wish to show
that A9 > |A’| for all negative eigenvalues A’. Suppose A’ is such a negative eigenvalue, ¥ is an
eigenfunction of Tx with eigenvalue A’, and |¥|| = 1, that is,

AMP(X)= | K(X,5)¥(S)dS. (2.68)
M,

Then
PIwOI< [ KOS E(S)]ds. .69
M,
and we claim that the inequality (2.69) is strict at every X € M,, for which ¥ (X) # 0. To see this,

suppose that ¥(X;) # 0 and equality holds in (2.69). Then, as a function of S, K(X;,S)¥(S) must
have the same sign on all of M,,. However, from (2.68),

sen(P(X1)) = —sgn(A'¥(X;)) = —sgn< /M K(X1,8)¥(S) ds>
= —sgn(K(X,,X1)¥(X1)) = —sgn(¥(X1)),

a contradiction. Hence the inequality in (2.69) is strict. Multiplying both sides of (2.69) by |¥(X)|
and integrating over M,, gives

A=< [ KOS) ()] ds 0 ax
= (T2 12)) < (T, @) = 2 @0l =,

as required. The proof is complete. o

Definition 2.6.12. Given a kernel K(x,s) (x,s € (a,b)), and integers n, j > 1, the nth associated
kernel K,(X,S) (X = (x1,%2,...,%2), S=(81,82,..,8,) € My(a,b)) is

K, (X,S) :K<x1 2o x”) = det(K(xi,57))7 =1 -

S1 82 - S ij

The jth iterated kernel K/ (x,s) associated with K is given by K' = K and, when j > 2,

) b b
Ki(x,5) = / / K(x,t)K(11,12) - K(t;1,5)dry diy---dt; 1,
that is, K/ is the kernel associated with the operator Ty = (TK)f =Tk oTgo---oTk (j factors).
Lemma 2.6.13. Let the kernels K, L, and N defined on (a,b) x (a,b) be related by
b
N(x,s) :/ K(x,t)L(t,s)dt,
a

or equivalently, Ty = T o Tr. Then

(i) The nth associated kernels Ky, L,, and N, defined on M;(a,b) x Mj(a,b) are related by

N(X.8)= [ K(T)L(T.S)dT.
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(it) If K/ is the jth iteration of the kernel K, then [K,]) = [K/),, that is, the nth associated kernel
of the jth iteration of K is the jth iteration of the nth associated kernel of K.

Proof. First, if f is defined on the n-dimensional cube Q" (a,b) = (a,b)", then

/( b)f(tl,tz,...,t,,)dlldtz~~-dt,,: Z/ Flta(1)st(2)s - lo(m) iy diy - dty
. na.

e, My (a,b)
where Z, is the symmetric group of permutations of {1,2,...,n}. Given two collections of func-

tions {@1,@2,...,0,} and {y1,¥2,...,y,} defined on [a,D], the behavior of determinants under
row or column swaps gives

/ A(col @ %)A(M vy - wn) ddy--d,
O\ e 1y oo Iy
o P e Vi v W
= A A drydtp - - - dty,
L / \ (fcu) lo(2) to<n>) (fom fo2) - ’a<n>) e

oex,
:n,/ A(qn A %)A<% v - %) dtydiy--dr,.
My Lo Iy h fy -+ Iy

Given an n x n matrix A with (i, j)th entry a;, its determinant may be computed by the Leibniz
formula det(A) = ¥ gc5, sgn(®) [T a; o). Here sgn(w) = £1 is the sign of the permutation .
Consequently, by the product formula for determinants,

P12 On ViV W
/nA<t1 ) - tn)A<l‘1 f - tn)dl]dlz dt,

1
=~ Jo det((p,(tk))det(wj(tk))dtl dry ---dt,

= i/ det(Z (pl tm wl(l‘m)> d[l df2“~dt,,
Q'

" L) \m=1

1 & & n
E Z Z Z on (?Ct ®i [m,)q// (Im, )) dll d[z .. 'dtn

1
T /Qn(,i-st((p’(tf’( Wi(ts@)))dtidty - - dt,

Y sen(w) /Qn [T e to0) Woe) (to(e)) drr dia - -ds,
Jor i

T oEL, weX,
l n
==Y ) sen(o) [T{ern W) = det(@r, y))). (2.70)
' 55, wez, =1 bl

Putting y;(¢) = K(x;,¢) and ¢;(¢) = L(z,s;) now gives the result, since if X = (x1,x2,...,x,), T =

_ Viya ... Yp) _ G Q2 oo Pu\
(.8 1). 5= (10520) €M thend (1 V2 V) i e, (9192 90
L,(T,S), and by (2.70),
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/ Ko(X,T) Ly (T, $)dT

_ [ A(col @ %)A(wl vy - %) diydy--dr,
mn h - Iy (AT R

b
= det (/ K(-xht)L(t?sj)dt) = de.t(N(xiasj)) = Nn(X7S)
L a Lj
This completes the proof of statement (i), from which statement (ii) immediately follows. a
Let Ay ={I=(i1,in,...,0n) €Z" : 1 < iy <ip < -+ <lp}.

Lemma 2.6.14. Let {@;}°| be a complete orthonormal system of eigenfunctions of an integral
operator Tg with symmetric kernel K(x,s) (x,s € [a,b]) with {A;}2, the associated eigenvalues.

Then the functions
¢I(X) —A <(Pi1 Piy - (Pin)
X1 X2 -0 Xp

(where X = (x1,%2,...,%,) € My and I = (iy,ia, . ..,iy) € Ay) form a complete orthonormal system
of eigenfunctions of the operator Ty, acting on L*(My) by (T, F)(X) = [yn Ka(X,S)F (S)dS with
associated eigenvalues A; = Ai Aiy - -+ A;,,, that is, Tx, Pr = Ay Py

Yy e wn) _

Proof. As in the proof of the previous lemma, putting y; () = K (xx, 1) gives A ( ot :
1 2 = In

K,(X,T), and by (2.70),

| Kaxs)u(s)as= [ a ("’1 va o "’")A (*"fl 0 - %> dsy dss -+~ ds,
My M,

S| S2 v Sp S| S2 ccr Sp
b
—ger(tyi. o) = det ([ K00 001 )
k,j k,j a
= f}(ejt(li,-‘l’i,- (%)) = lz(}e]_t((m, (x:)) = L Pr(X),

that is, the functions @y are eigenfunctions of Tk, with associated eigenvalues A;. The orthogonality
of this collection is an immediate consequence of (2.70):

(P, Py) = . P1(X) Py (X)dX = det((@;,, 9;,)) = det(8,.j,) = b.

Finally, we show that the collection {®;};cs, forms a complete set in L?(M,). The kernel ad-
mits the eigenfunction (Mercer) expansion K (x,s) = Y7 | A¢ @¢(x) @¢(s), so that the nth associated
kernel takes the form
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Kn(X,S) = det(K (xi,s)) = det (Z Ao (xi) (s )
ij

(=1

n—1

Y X TTho ) detton(s)

O=1 Ll =1j=0

= Y H/l/ P; (x;) det(@ ()

{lo.0y,...,L,—1 distinct} j=

“Y Y Th, o, ) det(91,, (53))
(

OEZy (Lo, yeensly—1)EAR J=0

{

il aoki

3
._

—1
=Y ) Hl/ ) Pry ;) (X)) sgn(o )%?jt((Pz,-(Sj))

GETy (Lo L1 soomrby_1)EA, J=0

n—1

Hl/k>2sgn T 0, ) detCon )

(Co L1 semsln— I)EA)I( = (O

=Y LPL(X)DPL(S).

LeA,

Hence, if F € L*(M,,) and (F,®.) = 0 for all L € A,, then Tx»F = 0. Since 0 is not an eigenvalue of
Tk, , we have arrived at a contradiction and we conclude that {®y },¢4, is a complete orthonormal
system for L>(M,,). O

We are now in a position to prove Theorem 2.1.15.

Proof (of Theorem 2.1.15). We relabel the eigenvalues of Tk so that |Ag| > |A;| > --- and denote
the corresponding eigenfunctions by {¢ ]} ~o- Let K, be the nth associated kernel of K. By Lemma
2.6.14, the eigenvalues are n-fold products of {A;}%_, (with no repetitions). The product with the
largest absolute value will be AgA; - - - A,—, which corresponds to the eigenfunction

X] X2 0 Xy

P01 )= (PO E) —digra ) (XEM,),

Since K, satisfies the conditions of Lemma 2.6.11,
MAr- A1 >0 and  AgAy--- A1 > [Aodr - A2,

These inequalities hold for all n, so we conclude that 49 > A; > -+ > A, > --- > 0. Also, from
Lemma 2.6.11 we conclude that @ ;. ,—1)(X) # 0 for all X € M". By Lemma 2.1.2, for every n
the finite collection {(pj 1% a Chebyshev system. Equivalently, the infinite collection {¢;} 0
is a Markov system on (a b) The conclusions of Theorem 2.1.15 now follow from Theorem 2.1.7.
The self-adjointness of the operator and the simplicity of the eigenvalues now also imply the or-
thogonality of the eigenfunctions. O

2.6.3 Proof of Corollary 2.2.7

Proof (of Corollary 2.2.7). Given 0 < § < 1/2, choose a real-valued C* bump function b on the
line with the properties (see, e.g., [8])

(1) 0<b(x) <1 forall x,
(i) b(x)=0if [x| > 1 and b(x) = 1if x| < 1 — &,
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(i) |b'(x)] <2/8 forall x.

An application of Wirtinger’s inequality (see Appendix) gives

F) , 1 5 1/2
St g < (|, lowPar)
1/2

(/o -ompPa) +iamivE

. 1/2
B (/115 \6’(1)\2dt) +lo(1)|V3,

T

A similar estimate may be made for ||G5'[|;2_; g so that we have

12
Goi+io-p+22 ([ io0ra)

HGb,HLZ[—l,I] < p

Sl

*(|0(1)|+|G( D416l 2-1.1))- 271

3

However, |o(1)|+|o(=1)| < 2\[(||6HL2[,|1|] +1/6"[|21,1])- and substituting this inequality into
(2.71) gives

C
ch/”Lz[—L’l] < ﬁ(”cﬂﬂ[fu] + ”0J||L2[7171])' (2.72)

Now & = ob satisfies the conditions of Theorems 2.2.5 and 2.2.6, so that f defined by f(r) =
jfl & (x)e ™2 dt satisfies the conditions of Theorem 2.2.6. Furthermore,

=01 < [ lowlbe-1laxs [ jotlar< VEBlolis 1.

By Theorem 2.2.5 there exist functions §, 7 of band limit ¢ such that f = ¢yg + 7. Let q(t) =
[ A (x)e e dx and 7(z) = [', &(x)e " dx. Then

Il 21,0+ H‘S”Lz[—l,l] < (161l 21-1.) + 16" 2p-1.1)
C ,
< —= ol oz
Iz +10 g 1)

and the error in the quadrature when applied to f may be estimated by

N-1 1
[T st - [ s < T wabson) - o)
k=0 v

N-1 5 1
+| L - [ 7w+ [ 15w

< V28|10 21-1 1+ Clv—1 (1A 210y + H‘:”Lz[—l,l])

C
SC\/%HGHLZ[—I,I]+ﬁ‘“’vfll(”cHLz[—l,l]+HOJHL2[—1,1])'

Putting § = |uy—1| now gives the required estimate. O
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2.6.4 Proofs of Other Auxiliary Lemmas for Theorem 2.5.2

Proof (of Lemma 2.5.3). Suppose k is even. Since || P 21—1 1) = [|@wlz2(—1,1) = 1. [Be| < 1 for all

k. Hence (2.47) is valid for k = 2,4 with D = max{|B4l,|Ba|}/(&*|Bo|). Assume now that (2.47) is
valid for all even integers less than or equal to k. Setting

-~ x(x—1) ) )= 2x(x+1)—1
7 = (2x—1)y/(2x—3)(2x+1) o) = (2x+3)(2x—1)
the recurrence relation (1.13) may be written
B 1 1/ k(k+1) - y(k)
o ol G BLU) LE e T

Forx >2, 1/4 < y(x) <2v/5/15and 1/2 < §(x) < 11/21. Thus if k < 2m,
12 (l_k(k+1)) () > <1— 2m(2m+1)) )

q AN AN
22
UV S L R W 1R
AN 21 4 21

that is, the coefficient of B in (2.73) is positive. Consequently, from (2.73), the bounds on y(x),
d(x), and the inductive hypothesis, we have

| k(k+1) ¥(k)
Biea) < s (2 (1= 552 300 B+ 51l

S 2|<D(Z)k+2|ﬁo\( : 1)<D(j)k+z|ﬁo|.

The result follows by induction. o
Proof (of Lemma 2.5.4). The Nth prolate (ﬁ,s,c) satisfies the prolate differential equation

(1=x1)9") +anv(1—?x>)p =0. (2.74)

Let 0 < £ < m be an integer. Multiplying both sides of (2.74) by x** and integrating over [—1,1]
with respect to x gives

20(20 = 1)Agr 2+ (xn — 20(20+1))Ag — g Age 2 = 0. (2.75)

In particular, Ag = q2A2. Since 2m(2m+ 1) < xn, each of Ag,As, ..., Azyu2 has the same sign, so
by (2.75)

Ay — ANG Azepo —20(20— 1)Ag_» NG Asiia _ L)
o av 20020+ 1) S -2000+T) |20
AN

Iterating this formula gives

m—1
_ 020+ 1
Ao < " Ao Xms =11 ( )> (2.76)
=1 AN

Now
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—1 . 2
“logX,, :mz 1og(1 - M) > /mlog<1 - 41) d
(=1 0

AN AN
_ [xlog<1—%2) —2x+mtanh*1(%>]:':. 2.77)

Since /xn/4—1 <m < ,/xn/4, we have 1 74m2/xN >3/4and2m/\/xn > 1/2—-2/\/AN >2/5
provided yy > 400. Consequently,

Vantanh ™t (2m/\/xn) > /Zv tanh ™1 (2/5) = \/éTNlog(7/3).

Substituting this into (2.77) yields
—logX,, > mlog(3/4) —2m+ % log(7/3)

so that after exponentiating both sides, we have

YA VAN /2
e () ()" -

Combining (2.76) with (2.78) and the inequality |A,,| < (m + 1/2)~"/2 (which follows directly
from the Cauchy—Schwarz inequality) gives the first of the inequalities in (2.48). The second in-
equality may be established in a similar manner. O
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