
Preface

The introduction of wavelets about 20 years ago has revolutionized applied
mathematics, computer science, and engineering by providing a highly effective
methodology for analyzing and processing univariate functions/signals containing
singularities. However, wavelets do not perform equally well in the multivariate
case due to the fact that they are capable of efficiently encoding only isotropic fea-
tures. This limitation can be seen by observing that Besov spaces can be precisely
characterized by decay properties of sequences of wavelet coefficients, but they are
not capable of capturing those geometric features which could be associated with
edges and other distributed singularities. Indeed, such geometric features are essen-
tial in the multivariate setting, since multivariate problems are typically governed
by anisotropic phenomena such as singularities concentrated on lower dimensional
embedded manifolds. To deal with this challenge, several approaches were proposed
in the attempt to extend the benefits of the wavelet framework to higher dimensions,
with the aim of introducing representation systems which could provide both opti-
mally sparse approximations of anisotropic features and a unified treatment of the
continuum and digital world. Among the various methodologies proposed, such as
curvelets and contourlets, the shearlet system, which was introduced in 2005, stands
out as the first and so far the only approach capable of satisfying this combination
of requirements.

Today, various directions of research have been established in the theory of shear-
lets. These include, in particular, the theory of continuous shearlets—associated
with a parameter set of continuous range—and its application to the analysis of
distributions. Another direction is the theory of discrete shearlets—associated with
a discrete parameter set—and their sparse approximation properties. Thanks to the
fact that shearlets provide a unified treatment of the continuum and digital realm
through the utilization of the shearing operator, digitalization and hence numerical
realizations can be performed in a faithful manner, and this leads to very efficient
algorithms. Building on these results, several shearlet-based algorithms were devel-
oped to address a range of problems in image and data processing.

This book is the first monograph devoted to shearlets. It is not only aimed at and
accessible to a broad readership including graduate students and researchers in the
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areas of applied mathematics, computer science, and engineering, but it will also
appeal to researchers working in any other field requiring highly efficient method-
ologies for the processing of multivariate data. Because of this fact, this volume can
be used both as a state-of-the-art monograph on shearlets and advanced multiscale
methods and as a textbook for graduate students.

This volume is organized into several tutorial-like chapters which cover the main
aspects of theory and applications of shearlets and are written by the leading in-
ternational experts in these areas. The first chapter provides a self-contained and
comprehensive overview of the main results on shearlets and sets the basic notation
and definitions which are used in the remainder of the book. The topics covered
in the remaining chapters essentially follow the idea of going from the continuous
setting, i.e., continuous shearlets and their microlocal properties, up to the discrete
and digital setting, i.e., discrete shearlets, their digital realizations, and their appli-
cations. Each chapter is self-contained, which enables the reader to choose his/her
own path through the book. Here is a brief outline of the content of each chapter.

The first chapter, written by the editors, provides an introduction and presents a
self-contained overview of the main results on the theory and applications of shear-
lets. Starting with some background on frame theory and wavelets, it covers the
definitions of continuous and discrete shearlets and the main results from the the-
ory of shearlets, which are subsequently discussed in detail and expanded in the
following chapters.

In the second chapter, Grohs focusses on the continuous shearlet transform. After
making the reader familiar with concepts from microlocal analysis, he shows that
the shearlet transform offers a simple and convenient way to characterize wavefront
sets of distributions.

In the third chapter, Guo and Labate illustrate the ability of the continuous shear-
let transform to characterize the set of singularities of multivariate functions and
distributions. These properties set the groundwork for some of the imaging applica-
tions discussed in the eighth chapter.

In the fourth chapter, Dahlke et al. introduce the continuous shearlet transform
for arbitrary space dimension. They further present the construction of smooth-
ness spaces associated to shearlet representations and the analysis of their structural
properties.

In the fifth chapter, Kutyniok et al. provide a comprehensive survey of the theory
of sparse approximations of cartoon-like images using shearlets. Both the band-
limited and the compactly supported shearlet frames are examined in this chapter.

In the sixth chapter, Sauer starts from the classical concepts of filterbanks and
subband coding to present an entirely digital approach to shearlet multiresolution.
This approach is not a discretization of the continuous transform, but is naturally
connected to the filtering of digital data.

In the seventh chapter, Kutyniok et al. discuss the construction of digital real-
izations of the shearlet transform with a particular focus on a unified treatment of
the continuum and digital realm. In particular, this chapter illustrates two distinct
numerical implementations of the shearlet transform, one based on band-limited
shearlets and the other based on compactly supported shearlets.



Preface xi

In the eighth chapter, Easley and Labate present the application of shearlets
to several problems from imaging and data analysis to date. This includes the il-
lustration of shearlet-based algorithms for image denoising, image enhancement,
edge detection, image separation, deconvolution, and regularized reconstruction of
Radon data. In all these applications, the ability of shearlet representations to han-
dle anisotropic features efficiently is exploited in order to derive highly competitive
numerical algorithms.

Finally, it is important to emphasize that the work presented in this volume would
not have been possible without the interaction and discussions with many people
during these years. We wish to thank the many students and researchers who over
the years have given us insightful comments and suggestions, and helped this area
of research to grow into its present form.
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