Chapter 2
Discrete-Time Inventory Problems with
Lead-Time and Order-Time Constraint

Lankere Benkherouf and Alain Bensoussan

2.1 Introduction

Demand uncertainty of the various items in the supply chain plays an important
role in the control of material flow. Moreover, information on the suppliers mode
of deliveries is key in selecting appropriate policies for inventory management.
In some situations, orders for products cannot be placed while waiting for a
delivery of previous orders. Thus placing an order-time constraint on deliveries.
This applies where production capacity at the supplier side is limited. This situation
may also arise in certain organizations where transportation capacity is limited: see
Bensoussan, Cakanyidirim, and Moussaoui [4].

This chapter considers the basic inventory model of Scarf [16] and modifies it
by including lead time with order-time constraints of the type mentioned above.
It is well known that an (s,S) policy is optimal for Scarf’s model for the infinite
horizon stationary model: see Igelhart [10], Veinott [18], Beyer and Sethi [6], and
Benkherouf [3]. Also, (s,S) policies remain optimal in the presence of lead time:
see [18]. This chapter shows that (s,S) policies are still optimal with the additional
constraints on order time. A result, which seems to follow straightforwardly from
existing results in the literature, turned out to be delicate and needing some care.
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A related model to this chapter’s is discussed in [4] for a discrete-state,
continuous-time inventory model with infinite horizon where the demand process
is assumed to be generated by some Poisson process.

The main ingredients for the problem under consideration in this chapter are
given below:

The demand process is assumed to be composed of a sequence of i.i.d variables,

Di,....Dy,...,

constructed on a probability space (Q, ., P), where D, represents the demand at
time n. Let #" = 0(Dy,...,D,) be the 6 —algebra generated by the demand process
and 7% = (Q,0).

An ordering policy V is composed of a sequence of ordering times

Tyeees Tiyeeny

with 7; being .% %~ measurable. To each ordering time 7;, one associates a quantity
vr; which represents the amount ordered. The new element here is that the usual
condition 7; < 71 is replaced with the constraint

Tit1 > T+L, (2.1

in which L is the lead time, L > 1, and integer.
The inventory evolves as follows:

Yn+1=Yn+Vn— Dy,

with y; =x, v, =0, if n # 7}, for some j > L, and y, is the inventory level at time n.
To define the objective function, we introduce the cost in a single period. It is
composed of a cost on the inventory

I(x) = hx" +px, (2.2)
and an order cost
C(v) =K1,>0+cv, (2.3)

where h, p, K, c are strictly positive known constants and x™ = max{0,x}, x~ =

—min{0,x}, with
L1 1v>0
20700,  otherwise

Costs are assumed to be additive and discounted geometrically at a known rate c,
0 < o < 1, and that unmet demand is completely backlogged.
The objective function is given by the formula

oo

J(V) = 2 o! (E[l(yn) +C(va)]), (2.4)

n=1
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and the value function is
u(x) = ir‘}fJx(V), (2.5)

where E is the usual expectation operator.

Inventory models with deterministic lead time can be found in [18], Archibald
[1], Sahin [13, 14], and Fegergruen and Schechner [7]. These papers, but [18],
are concerned with the computations of system performance measures for (s,S)
policies. The closest to the present work is [1], where at most one outstanding
order is permitted. This is equivalent to constraint (2.1). However, no proof of the
optimality of (s,S) policies was provided. In fact the notion of policies with at most
one outstanding order is not new. It can be found in Hadley and Within [9], where it
was discussed in the context of lost sales models: see also Kim and Park [11]. This
chapter, unlike those that deals with order-time constraint, but [4], provides a proof
of the optimality of (s,S) policies.

In the next section, we shall derive the Bellman equation associated to u(x).
Section 2.3 is concerned with ground preparation for showing the derivation of
(s,8) policies. Section 2.4 deals with existence and derivation of the pair (s,S). The
optimality of (s,S) policies is shown, under some technical conditions, in Sect. 2.5.
Section 2.6 treats the special case where the demand in each period is exponentially
distributed. Further, this section contains some general remarks and a conclusion.

2.2 Dynamic Programming

It is easy to figure out the Bellman equation, considering the possibilities at the
initial time. If there is no order at time O, then (by (2.5) and (2.4)) the best which
can be achieved over an infinite planning horizon is

I(x)+ aEu(x— D).

On the other hand if an order of size v is made at time 0, which is possible since
there is no pending order, then the inventory evolves as follows:

yr= X,
Y2 = .X—Dl,
yir1= x—(Di+---+Dp)+v,
and the best which can be achieved is
L .
K+cov+1(x)+ Y o/ 'El(x— (Dy+--+Dj_1))
j=2

+ olEu(x4+v— (D1 +---+Dp)).
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From these considerations, we can easily derive Bellman equation

u(x) =min {l(x) + aEu(x—D),
L-1 ‘
K—cx+ Y o/El(x— DY) + inflen + o"Eu(n =DV, (2.6)
j=0 !
in which we use the notation

pli) — Dy+---+Dj, iijl'
0, if j=0

In the next section, we shall recast the function u given in (2.6) in a form which we
shall find useful later on in our analysis.

2.3 (s,S) Policy

We first transform equation (2.6), by introducing a constant s € R, and changing
u(x) into Hy(x), using the formula

L—1
u(x) = —cx+ Y, o/El(x— DY) 4 C + Hy(x), 2.7
=0

where C will be defined below. In fact, let

g(x) = (1 — a)ex+ ol El(x— D), (2.8)
then we take
. — g(s)+ 05ch
11—«

where D is the expected value of D, with 0 < D < oo,
‘We note the formula

L—1

Z Ochg(x - D(-i))
=0

_1—
:cx(l—ocL)—och1 “

L L1
L 7 j-+L _ n+L)
+ a~cDL+ o/ El D .
- ¢ ;) (x )
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We then check that Hy(x) is the solution of

Hj(x) = min {g(X) —8(s) + aEH(x— D),

S WE(g(n - DY)~ g(s)) + o EH(n — DV)
j=0

K+ inf
n>x

On the other hand, for any s we define

} 9
Hy(x) = {g(x)—g(s)—i—aEHs(x—D),ii;v ' (2.10)

A solution Hj satisfying (2.10) exists, is unique, and is continuous in R.

We have used the same notation Hy(x) between (2.9) and (2.10), because we want
to find s so that the solution of (2.10) is also a solution of (2.9).

Let us set

8s(x) = (8(x) = 8(5)) Lezs,

then the solution of (2.10) satisfies, for all x,
Hi(x) = gs(x) + aEHs(x— D). (2.11)

From this relation we deduce, after iterating that

L—-1
Hy(x) = Y, o/Eg,(x— DY)+ a*EH,(x — D)),
=0

therefore also

S oE(s(s— DY)~ g(s)) + a4 (x~ D)
j=0

L—1
=Hy(x)+ Y, 0/E(g(x— DY) —g(s))1,_p0_,-
=0

Define
L1

Wi(x) = Hy(x) + Y, o/E(g(x— DY) —g()) 1,10, (2.12)
j=0
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then if we want Hy(x) to satisfy (2.9), we must have
H,(x) = min {g(x) —g(s)+ aEH;(x—D),K+ Tllr;f 'H(n)} . (2.13)
X

This relation motivates the choice of s. We want to find s so that

K + inf ¥(n) = 0. (2.14)

n>s
If such an s exists, we define S = S(s) as the point where the infimum is attained.

inf (1) = ¥ (S(s)). (2.15)

n>s

Note, from (2.13), that ¥;(x) coincides with H(x), for x > s, when L = 1.
In the next section we shall show the existence of the pair (s,S) satisfying (2.14)
and (2.15).

2.4 Existence and Characterization of the Pair (s,S)

Let F(U)(x) and f)(x) be the cumulative distribution and the density function
of D) respectively and F()(x) = 1 — FU)(x), with F(O)(x) = 1. Then (2.8) and
(2.2) give

o) = (1- e+ ah [ (r= )7V (@) +op [ (6 -0V (E)E.
It follows that p(x) = g’(x) is given by

t(x)=(1 —oc)c—l—ocLh—ocL(h—i—p)F(L)(x). (2.16)

We assume that
(1—a)c—okp <O0. (2.17)

=5 (2.18)

Note that if L = 0, (2.17) reduces to the classical condition of optimality of (s,S)
policies with no lead time.
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Lemma 2.4.1. The solution H; of (2.10) satisfies for s < x,

L-1 rx
0+ 3 [P EuE)
J=0 5

1-at
T l-«a

(8098 + X o0 [ FO - Epu(eyae.

Furthermore, the equation is still valid for s > x by dropping the integral term on
the right-hand side.

Proof. The proof follows immediately by recalling the definition of ut in (2.16) and
checking that H given by

0= 3o [Fa-EpuEae @.19)
=0 s

solves (2.10). O
Lemma 2.4.2. The function '¥; defined in (2.12) is given by

_ ol Sl
H) = T (809 s) + X ol [ PO E)ac
L-1
—((1-a)c+a"n)D Y, jo!
j=1
L—-1 +o0
ol (h+p) Y af/o FOOF P (x—¢)dcg. (2.20)
j=1

Proof. Note that

E(e(x~ DY) ~ ()L, pin-,
e ([, wE)
- (/ u(é)de)dF“)(C)
= [ TR Out- 0
= [ FOn-emE)e
[

u(EE+ [ FU—E)u(E)de,
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The Lemma is now immediate from further direct computations on [*_ F () (x —
E)u(&)dE, (2.16), Lemma 2.4.1, and the definition of '¥;. This finishes the proof. O

It is easy to deduce from Lemma 2.4.2 that '¥;(x) is bounded below and tends to +eo
as x — +oo. Therefore the infimum over x > s is attained and we can define S(s) as
the smallest infimum.

Proposition 2.4.1. We assume that (2.17) holds, then one has

1.
L—1
W(S(s)) = —((1—a)c+a*h)D Y, jo!, ass— +oo. (2.21)
j=1
2.
max ¥5(S(s)) = ¥5(S(5)) = 0, (2.22)
3.
Y (S(s)) = —oo, as s — —oo, (2.23)

4. There exists one and only one solution of (2.14) such that s < §.

Proof. We compute, by Lemma 2.4.2,

— ol > L x
H() = Tk Tl [ Eu(E)ag
j= s
L=1
—atap) Lol [ FOQVE-0eL @24
s R

which can also be written as

=10+ T @l [ - u()a, 2.25)
=L
with
1) = =2 (1= e —atp)+ ot lh4p) 3 o [ PO £V (EE.
11—« =0 0
(2.26)

The function v is increasing in x and

1—ok .

Y(x) = - (1—o)c—oa"p) <0, for x<0,
1— L

V(o) = oc (1 =o)c+akn),
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therefore there exists a unique s* such that

v(x)
v(x)
1(s*) =0, s* >0.

<0, forx<s*,
>0, forx>s*,

(
(

Note that
1— ol L-1
)=y =k p) ol [ FOG=EPEE @D
- Ly

The quantity on the right-hand side of the above equality vanishes forx <Oor L = 1.
Otherwise

1—at

1—o

w(x)—vy(x) >0, forx>0,L>2.

Since y(s*) = 0, we have using (2.18), u(s*) > 0, hence 0 < § < s*.
Next, if s > 5%, ¥/ (x) > 0; for x > s by (2.25); hence S(s) = s. Therefore, we get
by (2.20) that

¥(S(s)) = —((1—a)e+ ocLh)DLiljocj
=1

L L-1  pqoe _
tothrp) Yol [FOQFV-0)aL, @28)
=1 70

this function decreases in s and converges to —((1 — o)c + OtLh)DZJL.;ll jo as
s — +oo. This proves part (1).
Consider now § < s < s*. We note that

¥ (s) = 7(s) <0,

W)= S [0 - e >0

hence in this case

F<s<S(s) <s".
If s < §, then we can claim that
§<§<S(s).

Indeed, for s < x < §, we can see from formula (2.25) and (2.18) that ¥/ (x) < 0.
However, we cannot compare S(s) with s* in this case.
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We then study the behavior of ¥(S(s)). We have already seen that, for s >
s* the function ¥ (S(s)) is decreasing to the negative constant —((1 — of)c +
Lh)DZL i jou/. In this case, it follows from (2.24) that

d
3 H(s0)) =~ h—l—p /FU (O f P (s—0)dL, s>s* (229

Note that s > 0. If s < s*, then s < S(s); therefore

d Y,
3 B(8(s)) = 5= (S()),
hence
d - L—ab S i)
3 B8(s) = —uls) | 7= +_2Law<s<s)_s). (2.30)
J=

Note that at s = s* the two formulas in (2.29) and (2.30) coincide, since

L1 s
u(s") =~k p) Y o [ PO V(s - )ag,
o Jo

which can be easily checked by remembering the definition of s*(y(s*) = 0), and
(2.27). It follows clearly that ¥;(S(s)) decreases on (§,s*) and increases on (—o, ).
Finally ¥;(S(s)) decreases on (§,+o0) and increases on (—co,5). So it attains its
maximum at §. From the formula for ¥;(x); Hs(x); for x > § and the fact that § is
the minimum of g, we get immediately that ¥;(S(5)) > 0. This shows part (2) of the
proposition.

Finally, for s < 0 we have

¥ (S(s)) < ¥(0)
L

= ) g + 3o [ PO
j=L s

-«
—-(1-a)c—«a DZJO(’

which tends to be —eo as s — —oo. This proves (3). Therefore ¥;(S(s)) is increasing
from —eco to a positive number as s grows from —ee to §. Therefore there is one and
only one s < § satisfying (2.14). The proof has been completed. a
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2.5 Solution as an (s,S5) Policy

It remains to see whether the solution H; of equation (2.10) where s is the solution
of (2.14) is indeed a solution of (2.13). It is useful to use, instead of ¥ (x) a different
function, namely

L—1 ) )
,(x) = H(x) + 3, 0E(gx— DY) g )1, poo  (231)

j=1

which differs from ¥ (x) by simply deleting the term corresponding to j = 0.
Clearly

Dy (x) = ¥(x), forx>s.
However, when x < s,
Fi(x) = Ds(x) + g(x) — g(s),

Note that in finding S it is indifferent to work with one or the other function. Note
also that, when L = 1, &;(x) = Hy(x), for all x. Now we claim that

inf ¥(n) = inf @(n).

n>x n>x

This equality is obvious when x > s, since the functions are identical. If x < s we
have

inf W,(17) = inf @(n) = inf dy(n) = —K.

n>x n>x n>s
Indeed,

inf % (1) = min | inf ¥(n), inf ¥%(n)|,

n>x n>s x<n<s
and infy,~ ¥(n) = —K, whereas (2.10) and (2.13) give

L—1
inf ¥(n)= inf Y o/E(g(n—DY)—g(s))1,_pu_, >0,
0

x<n<s x<n<s j=

hence the claim is true. Therefore (2.13) becomes
H,(x) = min {g(x) —g(s)+ aEH,(x—D),K+ Tllr;f (Ds(n)} . (2.32)
X

For x < s, this relation reduces to

0 = min[g(x) — g(s),0],



24 L. Benkherouf and A. Bensoussan

which is true since g(x) is decreasing for x < s.We then consider x > s. Since H;(x)
is equal to the first term of the bracket. Therefore, what we have to prove is

H,(x) <K+ 717I;f D,(n), forx>s. (2.33)
X

In fact, we have not been able to prove (2.33) for all values of L. We know it is true
for L = 1. We will prove it afterwards for exponential demands. For general demand
distributions we have:

Proposition 2.5.2. We assume
(1= a)c—akp)(L—1)D+ (1 —a)K >0, (2.34)

then property (2.33) is satisfied.

Proof. We note that this result includes the case L = 1 in which the condition is
automatically satisfied. The proof is similar to that of the case L = 1.
We recall from (2.10) that

H(x) — aEH(x— D) = g5(x), forall x. (2.35)

We then find a similar equation for @(x). This is where it is important to consider
@, (x) and not ¥ (x), since we write the equation for any x and not just for x > s. It
is easy to verify, using (2.31), that @(x) is the solution of

Dy (x) — aEDs(x — D)
= 8:(x) + aE(g(x— D) — g(s)) Ly-p<s

— o E(g(x—=D™) —g(s) 1, pu_,, (2.36)

and again we check that this equation coincides with (2.35) when L = 1. Going back
to (2.33) we recall that

K+ inf @y(1) > K+ inf &y(n) =0, forallx>s. (2.37)
n>x n>s

So it is sufficient to prove (2.33) for x > xo > s, where xj is the first value x such that
H,(x) > 0. We necessarily have Hy(xp) = 0. We have s < § < xg. Let us fix & > 0
and consider the domain x > xy — &. We can write, using (2.35), that for all x

Hy(x) — 0EHy(x — D)1, psyy—¢ < gs(x), (2.38)

using the fact that
EHs(x =D)L, _pey,—¢ <O.
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Define next
M;(x) = D(x+ é) +K.

We note that M;(x) > 0 for all x. We then state, by (2.37), that
M;(x) — 0 EMg(x — D)
=gs(x+&) +aE(g(x+¢—D)—g(s)) e pes
— M E(g(x+ &~ DY)~ g(s) 1, e, + (1 - @)K,
and using the positivity of M we can assert that
My(x) — @EMy(x — D)1, _p>y ¢
2 gs(x+ &)+ aE(g(x+¢—D) —g(s)) e pes

—d"E(g(x+&—D") —g(s)1, s pur_,+ (1 —@)K. (2.39)

We now consider the difference Y (x) = H;(x) — M;(x), in the domain x > xo — &.
We have by (2.38) and (2.39) that

Y(x) = 0EYs(x =D)L, p>y, ¢
<8s(x) —gs(x+8) —aE(g(x+ &= D) — 8(s)) Lyye-pes
+O E(g(x+ E—DW) = g(s) L,z puo— (1— @)K, (2.40)
We first check easily, that
gs(x+&)—gs(x) >0, forallx>xy)—E. (2.41)
Consider next the function
2%s(y) = E(g(y— D) — g(5)) Ly-pes — &"E(g(y = D) — ()1, _pu)

for y > x¢. We check that

0= [ ([ (Fortm+atrom) an) ut

so in fact

B0 = [ (CaF =)+ FY - OuEE. @4

oo
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Note that in the integral, u (&) < 0, since s < 5. We deduce that

S
—oo

B0 za [ (FV-0)-Fy-Om(E)dL.

Further, note that F©U(y —¢) —F(y—¢) >0, and p(&) > (1 — a)c — olp).
Therefore

It follows that for y > s,

y

10) 2 o (1= a)e—atp) [ (FOG=0)=Fly-0)dg

—oo

= aH(1-aje—atp) | (FOw) ~ Flw)de
= of((1—a)c—oalp)(L—1)D.
Thanks to assumption (2.34) we can assert from (2.40) and (2.42) that
Ys(x) = @EYs(x = D)1, psy,—¢ <0, forall x>xy—&.

Also
Ys(xo — &) < —@s(x0) — K < —K,

since @ (xp) > Hy(xp) = 0. It follows that
Ys(x) <0, forallx>xy—¢&,

which is the desired result. O

2.6 The Exponential Case

In this section, we shall examine the special case when the demand D is exponen-
tially distributed. That is,

Flx) = { Bexp(—Px), ifx>0, (2.43)

0, otherwise ’

for some 3 > 0. The next proposition shows that property (2.33) automatically holds
in this case.
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Proposition 2.6.3. We assume that the demand is distributed according to an
exponential distribution, then (2.33) holds.

Before we proceed to the proof of Proposition 2.6.3, the following result is needed.
Lemma 2.6.3. For s <5, the solution H; of (2.10) satisfies the following properties:

1. Is constant on (—oo, 5],
2. Strictly decreasing on (s,5],
3. Hg(x) = o0, as x —> o0

Proof. It clear that (1) follows from (2.10). Property (2) can be easily deduced from
(2.18) and (2.19).
We claim that

Hy(x) 2 17— (8(5) = 8(s)). (2.44)

Assume otherwise and define
A, ={xeR, s <x <5}
Let

v = min{x e A () = 1 (609) - ) |

If follows from (2.10), the definitions of g, x* and (2) that
Hy(x") = g(x") — g(s) + aEHy(x" — D) > (g(5) — g(s)) + otHs(x").

Hence,

1

Hy(x") > 7= (8(3) = 8(s)).

This is in contradiction with the definition of x*. Therefore (2.44) is true. This leads
by (2.10) to

1 .
Hy(x) 2 g(x) = 8(s)) + 00— (8(5) — 8(5))-
It is then immediate to see that (3) holds. This finishes the proof. 0

Proof (Proposition 2.6.3). We are going to show that
H!(x) >0, ifx>x, (2.45)
then (2.33) will follow immediately, since for x > xg

Hv(x)SH?(X‘Fé)S(Ds(x‘i‘&)gq)s(x"'é)‘i‘Ky fOf&ZO-



28 L. Benkherouf and A. Bensoussan

It can be shown using integration by parts that if f is given (2.43), then H; is the
solution of the differential equation

(1 — o) BH,(x) + H.(x) = G(x), (2.46)

where Hy(s) = 0 and G(x) = B(g(x) — g(s)) + p(x). In fact the function H; can
be written explicitly. However, we content ourselves with (2.46) since this will be
sufficient to proceed further in the proof.

We claim that H; has a unique minimum point.

Indeed, Lemma 2.6.3 implies H, attains a minimum belonging to the interval
(§,00). Further, Hy has a local minimum on (s,xo). Moreover, it is easy to show that
Hj is twice differentiable on (s,o0). Assume now that H; has two minima x; and x;,
with x; < x. It is clear that we can select x; such that s < x; < xg. It follows that
there exists an x* € (x1,x;) such that x* is a local maximum. Therefore, H'(x*) = 0,
and H” (x*) < 0. Differentiating both sides of (2.46), we get that

H(x") = G'(x") = B(u(x") + u'(x")).

The definition of y in (2.16) with (2.18) and the fact x* > § imply that H (x*) > 0.
This leads to a contradiction. Therefore, H; has a unique minimum and this
minimum belongs to the interval (s,xp). Consequently, (2.45) is true. The result
has been proven. O

In this chapter a discrete-time continuous-state inventory model, with a fixed
lead time of several periods, was considered. Orders for products cannot be placed
while waiting for a delivery of previous orders. It was shown that the policy which
minimizes the total expected inventory costs over an infinite planning horizon is of
an (s,S) type: see Propositions 2.5.2 and 2.6.3.

It seems natural to ask if (s,S) policies are still optimal for continuous-state,
continuous-time models for inventory models with constraint (2.1). A possible
starting point for such investigation is the work of Bensoussan, Liu, and Sethi
[5]: see also Benkherouf and Bensoussan [2]. The answer to this question remains
open. Another interesting problem is to see if requirement (2.34) can be weakened.
Moreover, since the present work seems to be among the first attempts at examining
the optimality of (s,S) policies for inventory models with lead-time and order-
time constraints and has only dealt with the basic stationary model of Scarf, then
it may be worthwhile to look at possible extensions of the present work to the large
body of existing inventory models in the literature. These may include models with
Markovian demand as discussed in Sethi and Feng [15], or demand dependent on
the environment as found in Song and Zipkin [17], or models with two suppliers as
treated in Fox, Metters, and Semple [8].
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