Contents

1 TheHeritage . ... ... ... ... ... ... .. ... .. ... 1
2 TheFirstYears . . . . . ... ... ... ... 13
2.1 Elementary Problems . . ... ... ... ... ... ...... 13
2.1.1 PerfectNumbers . . . . .. ... ... ... . ....... 13

2.1.2  Pseudoprimes and Carmichael Numbers . . . .. ... .. 16

213 Primality . . . .. ... oL 18

2.1.4 Other Questions . . . . . . . ... ... ... .. ..... 21

2.2 Analytic Number Theory . . . ... .. ... ... ... ..... 22
2.2.1 Dirichlet Series . . . . ... .. ... ... L., 22

2.2.2  Prime Number Distribution . . . . . ... ... ... ... 28

2.2.3 Riemann Zeta-Function and L-Functions . . . . . . .. .. 39

224 Character Sums . . . . . . . ... ... 47

2.2.5 Mobius Function and Mertens Conjecture . . . . . . . . . 52

226 Ramanujan . . . . .. ... ... ... 55

2277 Modular Forms . ... ... ... ... ... ..., 70

23 TheFirstSieves . . . . . . . ... L 73

24 Additive Problems . . . . ... ..o oo 77
24.1 SumsofSquares . . . ... ... ... ... ... 77

24.2 The WaringProblem . . . . . ... ... ... .. ..... 78

2.5 Diophantine Approximations . . . . . .. ... ... ... .... 82
2.5.1 Approximation by Rationals, Theorem of Thue . . . . . . . 82

2.5.2  Uniform Distribution . . . . .. ... ... ... ..... 88

2.6 Geometryof Numbers . . . . . .. ... ... ... ........ 95
2.6.1 LatticePoints . . . . ... ... ... ... ... 95

2.6.2 Integral PointsinRegions . . . . . ... ... ... .... 105

2.7 Diophantine Equations and Congruences . . . . ... .. ... .. 122

2.8 p-AdicNumbers . . . . . .. ... . 127

3 TheTwenties . . .. ... ... ... ... ... ... . ..., 131
3.1 Analytic Number Theory . . . ... ... ... ... ...... 131
3.1.1 Exponential Sums . . . ... ... ... ... ... 131



Contents

3.1.2 The Zeta-Function . . . . . ... ... ... ........ 134
3.1.3 Prime Numbers . . ... ... .. ... ... ...... 140
3.1.4 Multiplicative Problems . . . . . . ... ... ... .... 145
3.2 Additive Problems . . . . .. ... oL oo 150
3.2.1 The WaringProblem . . . . . ... ... .......... 150
322 QuadraticForms . . . . ... ... ... ... ... 159
323 Primes . .. ... 161
3.3 Creation of the Class-Field Theory . . . ... ... ... ..... 166
34 TheHassePrinciple . . ... ... ... ... ........... 171
3.5 Geometry of Numbers and Diophantine Approximations . . . . . . 175
3.6 Transcendental Numbers. . . . . . . .. ... ... ... ..... 183
3.7 Diophantine Equations . . . . . . . ... ... ... ... 186
3.8 EllipticCurves . . . . . . . . . . o 189
The Thirties . . . . . . . . ... ... ... ... . ... 195
4.1 Analytic Number Theory . ... ... ... ... . ........ 195
4.1.1 Exponential and Character Sums . . ... ... ... ... 195
4.1.2 Zeta-Function, L-Functions and Primes . . . . . ... ... 199
4.1.3 OtherQuestions . . . . . ... ... ... ......... 211
42 Additive Problems . . . . . ... L oo 218
42.1 TheWaringProblem . . . . . ... ... ... ....... 218
4.2.2 The Goldbach Conjecture . . . . . .. ... ... ..... 228
4.2.3 Other Additive Questions . . . . . . ... ... ...... 233
4.3 Transcendence and Diophantine Approximations . . . . . . . . . . 235
43.1 Transcendence . . . . .. ... .. ... ... . ...... 235
4.3.2  Uniform Distribution and Diophantine Approximations . . 239
4.4 Diophantine Equations and Congruences . . . . . ... ... ... 243
4.4.1 Polynomial Equations . . . ... ... ........... 243
4.4.2 Representations of Integers by Forms . . . . . . . ... .. 248
443 Exponential Equations . . . . . .. ... ... ... ..., 253
444 Other Equations . . . . .. ... ... .. ......... 255
45 EllipticCurves . . . . . . . .. e 257
4.6 Hecke’s Revival of Modular Forms . . . . ... .. ... ..... 261
477 Other Questions . . . . . . . . .. . .. 268
The Forties and Fifties . . . . . ... ... ... ............ 275
5.1 Analytic Number Theory . . ... .. ... ... ... ...... 275
5.2 Additive Problems . . . . ... ... L 285
5.3 Diophantine Equations and Congruences . . . . . ... ...... 291
54 EllipticCurves . . . . . . . . . e 294
5.5 Probabilistic Number Theory . . . .. ... ... ......... 295
5.6 Geometry of Numbers, Transcendence and Diophantine
Approximations . . . . . . . ... 298
5.7 OtherQuestions . . . . . . . . . . . ..., 302



Contents xi

6 TheLastPeriod . . . ... ... ... ... . .............. 307
6.1 Analytic Number Theory . . . .. ... ... ... ... ..... 307
6.1.1 Sieves . . .. .. ... 307

6.1.2 Zeta-Functions and L-Functions . . ... ... ...... 313

6.1.3 Prime Number Distribution . . . . ... ... ... .... 317

6.14 SelbergClass . . . .. ... ... ... ... . ..... 324

6.1.5 Other Questions . . . . . .. .. ... ... ........ 326

6.2 Additive Problems . . . . . ... ... . 328

6.3 ModularForms. . . . .. ... ... ... ... ... . ... ... 331

6.4 Diophantine Approximations and Transcendence . . . . . . . . . . 334
6.4.1 Diophantine Approximations . . . . . . ... ... .... 334

6.4.2 Uniform Distribution . . . . ... ... .......... 338

6.4.3 Transcendence and Rationality . . . . ... ... ... .. 340

6.5 Gauss’s Class-Number Problem . . . . . . ... ... ... .... 345

6.6 Diophantine Equations and Congruences . . . . . . ... ... .. 349

6.7 EllipticCurves . . . . . . . . . . 357

7 Fermat’s Last Theorem . ... ... ... ............... 369
7.1 Classical Approach . . . ... ... ... ... .. ... .. ... 369

7.2 Finale . .. ... .. ... e 376
References . . . . . . ... ... . . ... ... 383
AuthorIndex . . . . . . . . . . .. ... ... 619

SubjectIndex . . . . . . . . ... .. 645



2 Springer
http://www.springer.com/978-0-85729-531-6

Rational Number Theory in the 20th Century
From PNT to FLT

Markiewicz, W.

2012, XMV, 654 p., Hardcover

ISBN: @78-0-85729-531-6





