Chapter 2
Dynamic Modeling of Induction Machines

The cage rotor induction machine is widely used in industrial applications. Indeed,
due to its conception, it has quite a low cost compared to the cost of other machines.
It has a great electromechanical sturdiness and there is a good standardization
between the diverse producers. Nevertheless, the relative simplicity of conception of
the machine hides quite a great functional complexity, as soon as it is aimed at
controlling the performed electromechanical conversion. The goal of this chapter is
to establish various mathematical models, which allow understanding the machine’s
functioning, so as to establish its control in the next chapters.

In the previous chapter, the fundamental concepts of the electromechanical
conversion have been recalled and applied to the modeling of an elementary
machine, composed of a stator coil and a rotor coil. In this chapter, the physical
principles are extended to the study of a three-phase induction motor. The
mathematical models are established, regardless of the type of rotor technology
(machines with coiled rotor that can be connected to an extern supply or squirrel-
cage machines whose rotor circuit is short-circuited).

First the model of this machine is clarified in the three-axe frame linked to its
supply, making the most of the matrix formalism. Then, several mathematical
transformations are presented and used so as to substitute components from
electrical quantity. The components will make the calculations easier and will
simplify the representations. A general modeling of this machine is then presented
along with some models, which are more suitable to the control design.

2.1 Presentation of the Three-Phase Induction Machine
2.1.1 Constitution and Structure

The stator of an induction machine is composed of three windings, coupled in star
or in triangle. The rotor of the machine will be considered to support a winding,
similar to the one of the stator, that is to say a three-phase winding with the same
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amount of poles as in the stator. These three windings are coupled in star and two
machine technologies can be distinguished according to this rotor constitution.

For the first technology, the coiled rotor includes a three-phase winding, similar
to the one of the stator connected in star and for which each winding free bound is
linked to a rotating ring by the rotor tree. Three brushes establish contacts on this
ring and allow an external connection to the rotor. This connection can be a short-
circuit or a link to resistors—so that it modifies the machine’s characteristics in
some of the functioning areas. This connection can also be an extern supply that
allows controlling the rotor quantities. This second technology is still known as
“Doubly-Fed Induction Machine”.

For the second technology, the rotor windings are short-circuited on them-
selves. The rotor construction is then broadly simplified. Industrial realizations
generally use a rotor, which is composed of conducting copper or aluminum bars
that are short-circuited by a conductor ring at each bound. The result appears to be
a squirrel cage, which explains the current name of “cage machine”. This cage
rotor works the same way as a coiled rotor.

The model developed in this chapter works for both technologies, depending on
the voltages across the winding terminals. If they are null, it is a cage machine, and
if they are imposed by an extern supply, it is a doubly feed induction machine.

2.1.2 Working Principle

In order to understand the functioning of the induction machine, the experiment of
the cut flow in generator functioning (Chap. 1, paragraph 1.2.6.1) is modified as
follows. This time, the / length conductors are fixed between themselves and short-
circuited by extreme conductor bars forming thus a rail.

Moreover, the magnetic field (similar to a magnet, for instance) moves rapidly
above this group (Fig. 2.1).

According to Faraday’s law, a voltage is induced across each conductor cut by
the magnetic field (expression 1.23):

e=—Blv (2.1)
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A first consequence appears. As each conductor is short-circuited, an eddy current
i starts to circulate into the conductor, which is momentarily under the magnetic field
(or the magnet). As this current crosses the magnetic field, according to Laplace’s
law, a magnetic force (Eq. 1.5) is carried out on this conductor. This force leads the
conductor who follows the magnetic field’s movement. If those conductors are
mobile they speed up and while they are gaining speed, the speed in which the
magnetic field is cut by those conductors slows down and the induced voltage
decreases, as well as current i. This effect of Lenz’s law results in decreasing
Laplace’s force. Thus if the conductors moved at the same speed as the magnetic
field, the induced voltages, the current i and the force would be canceled out. The
rotor speed is then slightly inferior to the magnetic field’s speed.

In a cage induction machine, the rail considered in the example of the Fig. 2.1
is curved to form the squirrel cage and the magnetic field’s movement becomes a
rotating field, created by three stator windings. The stator windings are supplied by
a three-phase system of balanced voltages with the pulsation wj, crossed by a
three-phase current system with the same pulsation and generate stator fluxes. We
define the pulsation as the electrical speed w; = 2nf; with f; the frequency of the
stator voltage in Hz. According to Ferraris’s theorem (Caron and Hautier 1995), a
rotating magnetic field is created in the air gap (and curls itself in the rotor and
stator framework). Its angular speed, which is called synchronous speed, equals the
pulsation of the three-phase system balanced with currents that run through these
windings. For the stator of the studied machine, the magnetic field generated by
the stator rotates by one spin during an electrical quantity period. In the case where
the stator is composed of a number p of pole pairs by phase, the stator magnetic
field is rotating at the synchronous speed (in rad/s): Q; = w,/p.

As previously explained, the speed of the rotor is inferior to the synchronous
speed in permanent operating: € # €. The rotor conductors are then submitted to
a variable magnetic field that rotates in relation to themselves at relative speed
Q, =0, - Q.

This relative speed induces the voltage (Faraday’s law) in each closed loop of
the rotor conductors with pulsation: @, = p€Q,.

The stator windings are in short circuits for cage machines or are connected to
an external supply circuit for Doubly-Fed Induction Machine. Hence, the induced
e.m.f. will generate rotor currents of the same pulsation in the closed rotor circuit.
These currents then create a rotor magnetic field that rotates, in relation to the
rotor, at speed Q, = w,/p.

Given that the rotor turns at speed €, the rotor field speed in relation to the
stator is Q, + Q = Q.

The magnetic field generated by the rotor windings and the magnetic field
generated by the stator windings then rotate at the same synchronous speed and are
combined to create a “resulting magnetic field” in the air gap. Therefore, the
physical phenomena (in physics) generated by the stator circuit, including those
induced by the rotor circuit will generate electrical quantities at the stator circuit at
)y pulsation level. The electrical quantities specific to rotor circuit will all be at w,
pulsation.
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Fig. 2.2 Three-phase windings in the “natural frame”
2.1.3 Equivalent Representation and Vector Formulation

The studied machine is described in the electrical space by:

e Three identical windings for the stator phases set on the stator length and whose
axis are distant two by two of an electrical angle equal to 27/3.

e Three rotor windings whose axis are equally distant between themselves of an
electrical angle equal to 27/3, rotating at the mechanic speed Q. In the case of a
short-circuited rotor machine, those windings strictly account for the cage
behavior.

The Fig. 2.2 represents the axis position of the stator (553, 5Sb, 530) and rotor
(5ra, 5rb, 5TC) phases in the electrical space (the electrical angle 0 equals to the
mechanical angle multiplied by the number p of pole pairs per phase). The stator
quantities are respectively written under vector form:

Vsa Isa d)sa
[Vv] = | Vsb |>» [Iv} = isb ; [QSA] = d)sb (22)
Vs Isc ¢sc

For the rotor windings, the following voltage, current and flux vectors will be
taken into account:

Vra ira ¢ra
[Vr] = Vb |> [IV] = irb 3 [(br} = ¢rb (23)
Vic Irc ¢rc



2.1 Presentation of the Three-Phase Induction Machine 39

If the considered machine is a cage machine, the rotor voltages’ vector is null.
The only power supply of the stator windings creates simultaneously the rotating
magnetic field and the induced currents into the rotor windings.

2.2 Dynamic Modeling in a Three-Axe Frame
2.2.1 Hypotheses

The modeling of the three-phase induction machine generally retained, relies on
several hypotheses which are now recalled [Caron and Hautier 1995].

The first hypothesis consists in assuming that the magnetomotive forces created
by different stator and rotor phases are spread in a sinusoidal way along the air gap,
when those windings are crossed by a constant current. An appropriate dispersion
of the windings in space allows reaching this aim.

The machine air gap is also supposed to be constantly thick: the notching effects,
generating space harmonic, are ignored. These hypotheses will allow restricting the
modeling of fundamental components (low frequency) of alternative quantities.

For this modeling, hypotheses about the physical behavior of the materials are
expressed:

e The magnetic fields are not saturated, are not submitted to the hysteresis phe-
nomenon and are not the center of Foucault’s currents (for all practical purposes,
the magnetic circuit is leafed through to limit the effects). This allows defining
linear inductions.

e The skin effect is not taken into account.

e The temperature in the motor stays constant whatever the operating point is,
which leads to constant parameters in mathematical models (stationarity).

These hypotheses will allow adding the associated fluxes to the different cur-
rents, using proper constant inductions, characterizing couplings by sinusoidal
variations of the mutual inductions and representing induction flows by a spatial
vector. They allow the development of modeling with a limited complexity, and
thus the development of control strategies which can be implemented in practice.

In fact, the parameters of these models vary in saturation, skin effect and
temperature. These variations’ influences on the different control strategies’ per-
formances are analyzed in Chap. 4.

2.2.2 Study of the Electromechanical Conversion

2.2.2.1 Electrical Conversions

Finally, the hypotheses allow the electrical and magnetic behaviors to be con-
sidered as totally linear. The total variation of the energy exchanged with the
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electrical supply can be divided in two terms linked with stator and rotor circuits
(paragraph 1.4.1):
AWy = dWet_s + dWet_r (24)

Those terms are expressed in matrix form as follows:
dWe_s = [I]" [Vi] dt (2.5)
dWet_r = [Ir}T [Vr] dr (26)
It must be retained that, in order to facilitate the understanding, all the matrix

and vector quantities will be written between brackets. The total variation of
energy dispersed in Joule losses is written:

deertechule = [Is]T[Rs] [Is]dt + [Ir]T[Rr] [Ir]dt (27)
with
R, 0 0 R, 0 0
R]=|0 R, 0 |and[R]=|0 R, 0 (2.8)
0 0 R, 0 0 R
where:

R, is a stator winding resistor,
R, is a rotor winding resistor.

The iron losses being ignored, the electromechanical energy variation stored up
in the machine is then:

dWe = dWel - dWJnulelosses (29)
The variation of the electromagnetic energy is then written:
dw, = [1]"d[,] + [1])"d[¢,] (2.10)

By identifying the Eq. 2.9 and integrating (2.7), (2.4), (2.5) and (2.6), Faraday’s
law is to be found again, which expresses the relation between voltages across the
windings resistors’ terminals, the currents and the total flow variations in their
respective frames:

{4 -y -wing} @)
{0 w)- i} .12)

where:
[¢,] 1is the vector gathering the magnetic flows captured by the stator windings,
[¢,] is the vector gathering the magnetic flows captured by the rotor windings.
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Both equations are a matrix generalization of the Eq. 1.59. After integrating
each differential equation, the expression of the flux is obtained in its own frame
(stator or rotor).

The induction of each winding is divided into a main induction (or proper,
written p) that participates in the common flux and a leak induction (written o).
We then define:

e the proper induction of a stator winding:
Iy =l + I (2.13)
e the proper induction of a rotor winding:

L=l + Ly (2.14)

Without saturation, the fluxes are supposed to be dependent of the currents in a
linear way. It must be kept in mind that there are six windings magnetically
coupled, three of which are mobile. The total flux in each winding is given by the
sum of its proper flux (linked by the induction I, for a stator flux) with three rotor-
coupling fluxes (linked by mutual inductions variable according to the rotor
position). For a stator flux, we then obtain:

(rbsa = lsisa + Msisb + Msisc

2 4
+ My, (im cos(0) + iy cos (0 — ;) + iy COS (0 — g)) (2.15)

The mutual induction between two distinct stator phases is written as follows:

2n 1
M, = I, cos (?> = _EZSP (2.16)

My, is the maximal mutual induction between a stator phase and a rotor phase
when their axes are collinear. Given the spatial structure of the machine, the
mutual inductions between the stator phase and the rotor phase are written as
follows:

My, cos <5sa7 5m) = M, cos(0)

. 2 4
M, cos (Osa7 Orb> = M, cos (0 - g) = M, cos (0 + %r)

S o 4 2
My, cos (OSa, OIC) = My cos <0 — ;) = My cos (0 + g)

where 0 is the electrical angle between a rotor phase and a stator phase of the same
name and defined as such in Fig. 2.2.


http://dx.doi.org/10.1007/978-0-85729-901-7_1

42 2 Dynamic Modeling of Induction Machines

The other stator fluxes’ expressions are obtained by circularly permuting the
Eq. 2.15. Thus, under vector form, a generalization at the three-phase case of the
Eq. 1.51 of the elementary machine described in Chap. 1 is obtained:

d)sa lS MS MS isa ira
()= | b | = | Ms I, M| |ig | +Mc[R(O)] | in (2.17)
()ZSSC MY MS lS iSC irc stator

[R(0)] is a rotational matrix that allows projecting rotor quantities in the stator
frame according to the rotor position in relation to the stator:

cos(0) cos (0 —
[R(0)] = cosé@ - %ng cos(0

cos(0 —3m

cos(0 — 3m) (2.18)

To determine the equations of the rotor circuit, the mutual induction between
two distinct rotor phases is defined:

2n 1
M, = I, cos <?> = _Elrp (2.19)

The rotor fluxes are obtained by keeping the same reasoning:

¢ra lr Mr Mr ira isa
[d’;] = ¢rb =M I M Irb +Msr[R(0)]T lsp (2-20)
¢rc Mr MV lr irc iSC rotor

Each relation is given again in its respective frame. The windings being coupled
in star, the three-phase current systems are balanced, and it results in:

Isg + Isp + Isc = 0 (221)
i + iy +ie =0 (222)

By expressing the winding current ¢ depending on the two others, each phase’s
flux is simplified. For instance, for the stator flux of phase a, the flux is given by its
own flux linked by (I; + M) and the coupling fluxes:

2 4
ha = (Iy — My)igy + My, (in1 cos(8) + iy cos (9 — g) + iy COS (9 — g))
(2.23)
By taking the other fluxes into account, the following matrix form is obtained:
Pea L, 0 O isa irg
)= | =10 L& O isp | +Mu[R(O)] | iw (2.24)
()bsc 0 0 LS iSC iTC

stator
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¢ru Lr O 0 ira isa
[d)r] = ¢rb 0 L 0 Irp +Msr[R(0)]T lsp (2~25)
¢rc 0 0 Lr iTC iSC rotor

The cyclic stator inductance per phase, taking into account the contribution of
the three stator windings (at the creation of a stator flux), is written as:

3
L= 1, —M; = EZSP + e (2.26)

The inner cyclic inductance, [y, is still called magnetizing inductance since it
creates the flux into the air gap without current in the rotor circuit.

The rotor cyclic inductance per phase, taking into account the contribution of
the three rotor windings (at the creation of a rotor flux), is written as follows:

3
L=l =M, =3l + g (2.27)

The relations between flux and currents can be condensed using particular

matrices:
[w] _ [ L] [Msrwn] [m] 22%)

with the matrices defined as follows:

Ly, 0 O 0 O
[LS] =0 L 0, [Lr] =10 L 0], [Msr(e)] = Msr[R(e)]
0 ’ 0

0 L

2.2.2.2 Electromagnetic Transformation

By replacing flux expressions (2.24) and (2.25) in the relation of electromagnetic
energy variation (2.10), the following formula is obtained:

AW, = [1]" [LJd[L] + [1]" Mud([R(0)] [1,]) (229)
+ [LI"[LAAIL] + 1) Mad([R(0))" [1])

By developing the product’s derivatives, the following formula is obtained:

AW, = [1]" [LJA[L] + [L]"Mad[R(0)] [I,] + M[1]"[R(0)] d[F]

T r r (2.30)
+ (L] [L)d[EL] + (1] Mad[R(O)] (L] + M[1,]" [R(0)] d [1]
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dw, = [L)" (L) d[L] + [L]"[L,] d[I,] + (L) 2Mud[R(0)] [L,]

, ‘ (2.31)
+ [I]" My [R(0)] d[I,] + [I,]" M«[R(0)] d [1]
along with
sin(0) sin(0 —%m) sin(0—2%n)
d[R(0)] = — | sin(0 —%m) sin(0) sin(0 —%m) |do (2.32)
sin(0 —3m)  sin(0—3n) sin(6)

Further information on matrix computation can be found in [Rotella and Borne
1995].

When the angular variation is null (0 = 0), the accumulated magnetic energy is
immediately induced as follows:

1 1
E [Is}T [LS] [IS] +§ X [Ir}T [Lr} [Ir] + [IS]TMsrd[R(e)]T [Ir] (2~33)

A generalized expression of Eq. 1.54 is found again. Therefore, the total var-
iation of the magnetic energy is expressed as follows:

Wmag =

AWy = L7 L) 1) + 1 (L) d)
+ d[1) M [R(0)] [I,] + 1) Mud[R(0)] x [I,] + [1,)" Mu[R(0)] d[F;]
When ignoring the iron losses, the generalization of relation (1.47) results in:
dW,, = dW, — dWpue (2.35)

That is, by calculating the difference between (2.31) and (2.34) for a pair of
poles:

AW, = [I,]" My d[R(0)] [1,] (2.36)
The electrical energy variation corresponds to the mechanical energy variation:
dw,, = Tdo (2.37)

Therefore, for a number p of pole pairs, the torque is expressed by integrating
(2.36) into (2.37):

T =pll]" My 1 (2.38)
or the following transposed expression:
d[R(0
T =p[I,|" M R(O)] 1] (2.39)
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Table 2.1 Causal organization of the mathematical equations for the induction machine

Electrical relation:

RlgA{[VR] = R ]} sator RIA{[Ved = [RI]} oror

R {le) = Vi) — [Vio]hwor R2: {ler] = Vi — [Viel hroor

R3: {[) = o™ le] at + le]w)} R3: {[0] = Jo™ le] dt + [e/)(n0)}
Flow/current coupling: R4: (2.28) inverse relation

Electromechanical conversion: R5: T = p[IS]TMsr% 1]

rotor

Fig. 2.3 COG of the three-phase model for the doubly-fed induction machine

or any linear combination of these two expressions, for instance [Grenier et al.
2001]:

rtom, ([,S]Td[zew)] ) [151) (240

2.2.2.3 Causal Ordering Graph of the Model

Stator fluxes are obtained through the integration of matrix Eq. 2.11. In this
equation, Joule effect losses are modeled by a voltage drop at the terminals of a
resistor, for which the relation is R1, (Table 2.1). The mesh law, R2, allows
determining the e.m.f. depending on the voltage drops and on the voltages applied
on the stator terminals. Integrating this equation, R3;, allows calculating the stator
fluxes. The same can be done for the rotor equations. Currents can subsequently be
determined by the inverse equations in the coupling with the fluxes (Eq. 2.28) R4.

Expressions for the torque (2.38), for the rotation matrix and its derivative are
directly useable: relation RS5. Figure 2.3 represents the causal ordering graph for
the model of the coiled rotor induction machine. The mechanical part, which
highly depends on the load, is not represented. The induction cage machine model
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Fig. 2.4 Representation of a
rotating phasor in a fixed
three-axe frame

is obtained by fixing[V,] = 0. Under these conditions, sincee,] = [Vg,], there is no
need to use relation R2,.

2.3 Dynamic Model in a Two-Axe Frame
2.3.1 Phasor in a Three-Axe Frame

One way to make the established mathematical model less complex is to describe
the induction machine by taking into account two (equivalent) windings rather
than three. This method relies on working out the equation of a phasor and will be
explained in the following paragraphs.

A three-phase winding supplied by a three-phase currents system creates three-
phase pulsating magnetic fields. According to the Ferraris theorem [Caron and
Hautier 1995], a rotating magnetic field appears in the air gap of the machine and
results from the spatial combination of the fields. Voltages, currents and stator, as
well as rotor three-phase flows create as many phasors in the three-phase space
defined in Fig. 2.2. Therefore, a three-phase system is represented with the fol-
lowing vector form

It includes three variables x,, xp, x., which are made to correspond to projec-

tions of a spatial vector Xon the three axes directed by unit vectors 6sa, 6sb, O
out of phase with 2/3 = (Fig. 2.4).

X = K(xa 65a + xp 6sb + x. 656) (2.41)
where K is a constant.

The phasor corresponds to a Fresnel vector rotating at angular speed o and can
thus be represented with a complex number:
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n] X (2.42)

To enhance readability, each complex value is underlined.
We can for instance consider a three-phase system with a balanced current, a
pulsation equal to w and a root-mean-square-value equal to I:

i sin(w1)

M =|ip| =1V2]|sin(wr— %) (2.43)
fe sin(wr — 4

The associated complex number is:

i =13/ (2.44)

The inverse relations are subsequently expressed according to:

Real(x)
Xa 2 i2n
(X] = | x =% Real(xe’fT) (2.45)
Xe

Real (xe’fh%)

where Real(...) represents the real part of the expression between brackets.
When K = 2/3, a vector representation that preserves the amplitudes is

obtained. When K = ,/2/3, the obtained representation preserves the power.
This value is the chosen one for the modeling presentation in this chapter.

2.3.2 Phasor in a Fixed Two-Axe Frame

In an orthogonal frame (5,(, 5,;), aligned on axe (ésa>, this same vector will be
expressed by means of (Fig. 2.5):

X = x, 04 + x5Oy (2.46)
Those coordinates may be obtained directly from the coordinates in the three-
axe frame by using a rotation matrix:

n) L Pleoso e e[
5] ~V3[sin0 sin¥) sin(E) ]|

3
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Fig. 2.5 Representation of a
phasor in a two-axe frame

] Xp (247)

xoc_zl_%_%
x/;_ 30\/73_\@

If this same principle is applied to the magnetic field created by three-phase
windings (Chap. 2, paragraph 2.1.3), this same field can also be obtained with two
coils, the axes of which are perpendicular and are supplied by a two-phase electric
system.

If an angle Os exists between the frame and the synchronous frame, it is nec-
essary to take this angle into account:

X =xd® o, (2.48)

2.3.3 Transformation Matrices

An equivalent rotating magnetic field can also be created by taking into account
only two phases. The Concordia transformation makes it possible to obtain an
equivalent system formed by three orthogonal windings (axes). Two of these
windings are located in the same plan as the three-phase windings. The third
winding is located in the orthogonal plan formed by the three-phase windings. It
represents the homopolar component, which characterizes the balance of the
studied system:

1
xXp = ﬁ (xa + xp + xc) (2.49)
This homopolar component is null when the system is balanced. The passage
between coordinates in the three-axe frame, as well as two-axe and homopolar
coordinates is defined in terms of:
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1 -1 _1
X, 5 2 2 X,
gl =500 2 % |w (2.50)
*o S T Xe
V2 V2 V2
which can also be written as follows:
[Xap0] = [C]IX] (2.51)
along with:
L g
2 _
€] = \@ 0 ¥ = (2.52)
1 1 1
V2 V2 V2

This transformation allows going from a three-axe base to a two-axe orthogonal
and orthonormal base. In literature, this is generally called Concordia inverse
transform and it is written as follows: [T3]”' (= [C]). For instance, a three-phase
current-balanced system, with a pulsation equal to w = 2750 rad/s and with a
root-mean-square-value equal to I = 8A:

; sin(w1)
1= lip| =1 V2 | sin(wt —Z) (2.53)
te sin(wt — %)
The transformation leads to:
. ) sin(w 1)
iy iy 5
[llﬁO] = |ig| =1[C || = \/;I V2 sin <a)t — g) (2.54)
iy ic 0

The timing evolution of these values is represented on Fig. 2.6.
By means of the coordinates in the two-axe frame, the coordinates of a vector
are found again in the three-axe frame by using the inverse matrix:

X] = (€] [Xupo] (2.55)
along with:
1
A
€'=y3|—2 % u| =T (2.56)
1 V3L
2 2 2
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Fig. 2.6 Timing evolution of sinusoidal values in a three-axe frame of reference (fop figure) and
in a two-axe frame (bottom figure)

The Concordia inverse matrix is orthogonal and thus equals its transpose. In
literature, this is generally called Condordia direct transform and it is written as

follows: [T3] (: [c]*l).
The instantaneous electrical power is expressed with:
Pec(t) = Vaia + vpip + vei. = [V]'[1] (2.57)
With the Concordia transposed, the power is expressed with:

pei(t) = ([C]fl[VuﬂODT[CTl [Lupo) = [Vapo] ' 1CVICT [Lupo) = [Vapo) " [Lopo)

(2.58)

The instantaneous electrical power is found again but is expressed with the
Concordia components.

2.3.4 Vector Model in a Two-Axe Frame

2.3.4.1 Principle

At the stator, the three-phase voltages, the three-phase currents and the three-phase
fluxes form three vectors rotating at the angular speed w,, depending on the fix
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stator: Vy, I, Jss. At the rotor, the three-phase voltages, the three-phase currents
and the three-phase fluxes, that rotate at the angular speed ,, depending on the

rotor: V,, I, d;,. If the rotor spins at speed €2, then these vectors rotate at the speed
pL + o, = w, depending on the fix stator.

The use of the vector notations will allow the generalization of the obtained
results with scalar values when modeling the elementary machine in paragraph
1.4.2.2.

By bringing the variables of three-axe frame (a,b,c) back on the axis of a two-
axe frame (o, f§), an equivalent two-axe machine can be taken into account. It is
physically possible to create this two-phase machine.

2.3.4.2 Application to the Expressions of Fluxes

Working with the model of the induction machine on the three-axe frame, the aim
is to determine the equivalent model on a two-axe frame. Flows in the three-axe
frame (Eq. 2.28) are expressed according to the coordinates in the two-axe frame
by applying Concordia inverse transformation (2.50) [Lesenne et al. 1995]:

e [ E:ﬁ” N [[Ms[rL(se])]T [M[SZE]())]} [ [

Bringing all the Concordia transformations back into the right hand side, results in:

[l lser et [izl)

The development of the previous formula leads to the expression of four
submatrices, which define the coupling of the equivalent model in the two-axe
frame.

Is_oc[)’O
I p0

] (2.59)

|:[¢s,0(/30]:| _ [ [Les] [Mcsr(g)}:| Hls_a/fOH (2.61)

[qsr_m[fO} [Mes:(0)] ! [Lei] Iy _apo
along with:

Iy — M 0 0 i (L, 0 0]
[Les) 0 ly — M 0 =10 L, O (2.62)

0 0 Iy + 2M; | |0 0 Ly |

l,—M, 0 0 i (L, 0 0]
[Ler] 0 L, —M, 0 =10 L. O (2.63)

0 0 lr + 2Mr i L 0 0 Lr() |

3

[Mcsr(o)] = EMsr [RC(O)] (2-64)
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along with:
cos(0) —sin(0) O
[Re(0)] = | sin(0) cos(0) O (2.65)
0 0 0

The formula uses several expressions with the following meanings:

e [, =1, — M, is the stator cyclic inductance,
L, =1, — M, is the rotor cyclic inductance,

o M = 3/2M,; is the mutual cyclic inductance between a stator phase and a rotor
phase when their axes are collinear (in the equivalent machine)

o Ly =1I+2M;and L., = I, + 2M, correspond to homopolar inductances spe-
cific to each armature. If the magnetomotive forces have a sinusoidal repartition
in space and if the rotor is smooth then the homopolar inductances Ly and L,
are null.

It can be noticed that the obtained model in the two-phase frame uses diagonal
inductance matrices ([L¢s) and [L]). Therefore, the mutual inductances are null.
This will bring important simplifications in the future calculations.

2.3.4.3 Application to Differential Equations

By including the Concordia transformation (Eq. 2.55) in the differential equations
(Egs. 2.1 and 2.12), results in:

{[C]ld[(b;—_ta/f()] = [Crl [Vs_x/fo} - [Rs} [Crl [Is_a/jo]} (2-66)

stator

{[C]_IM = [C]_l [Vr_xﬂ()} - [Rr] [C]_l [Ir_a/f()]} (267)

rotor

By multiplying on the left by using Concordia transformation, the expressions
are simplified:

dg;ﬁ( = Vso — Rsim

dogs .

dtﬁ = Vsp — Rslsﬁ (268)
do

s0 — r
= vy0 — Ryi
ds 50 50 ) gtator
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Fig. 2.7 Equivalent two-phase windings in an orthogonal frame

do,,

Ay
ds

dgy
d:

t‘ = Vyy — Rrim

=Vrp— Rrirﬁ

- vr() - Rriro rotor

53

(2.69)

When the sum of the three-phase components (a, b, ¢) is null, the third equation
corresponding to the homopolar component is null (Eq. 2.49) and becomes void.

2.3.4.4 Equivalent Two-Phase Machine

The obtained electrical equations correspond to the equations of an equivalent
two-phase induction machine. They are linked to two orthogonal two-axe frames
as well as to the equations of two electrical circuits R-L connected to two
homopolar machines (orthogonal to both two-axe frames). Figure 2.7 shows the
position of the two-phase windings of the equivalent machine in both orthogonal

frames (o, ). Axes Oy, and aﬁ are collinear because of the specific value of the
Concordia matrix. Both homopolar circuits R-L are located orthogonally to these

two two-phase windings.
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2.3.4.5 Application to the Expression of the Torque
Starting from/working with the expression of the torque (2.38) in the three-axe

frame, by making Concordia transformation (2.55) appear in the stator and rotor
currents, results in:

T =p(lc] [IU,;O])T% (€] [Ir_opo] (2.70)
T =p % [Ix_ot[iO] TMSI% [Ir_ozﬁo] (271)
along with

sin(0)  cos(6) 0
dUZéOM = | —cos(0) sin(0) 0O (2.72)

0 0 0

By writing:

M = %Msr (273)

the scalar expression of the torque is obtained:
T = pM [ (irpisy — iraisp)c0s(0) + (irulsy + irpisp)sin(0)] (2.74)

It is notable that only the mutual inductance contributes to the creation of the
torque. Therefore, the homopolar components are only sources of losses.

2.3.4.6 Working With Balanced Currents

To cancel the homopolar components, the three-phase current system has to be
balanced (Egs. 2.21 and 2.22).

To impose a current-balanced system to the stator of a three-phase machine, it
is possible to power the windings with only three phases, therefore without the
connection of the neutral. The instantaneous sum of the stator currents is then null
as well as the homopolar component of the current. For a balanced supply in terms
of stator voltages, the homopolar component of the stator voltages is null too. If
the homopolar component becomes void, all vectors will be reduced to two
components.

{d[d’gt_az/ﬁ] _ [VS_“/;] — [Ry] [Is_xﬁ]} (2.75)

stator
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{w = (Vo] — [R] [Ir_aﬁ]} (2.76)

rotor

with [Ry] = R,[I], [R,] = R,[I] where [I] is the identity matrix with a dimension of

2 x 2.
)=l Mebl] e
along with [L] = Ly[I], [Le) = L,[I] and

ro= [l |

2.4 Vector Model in a Two-Axe Rotating Frame
2.4.1 The Park Transformation

The complex number associated to a balanced current system with root-mean-
square value / and pulsation o have been determined beforehand (Eq. 2.44). The
same mathematical result can be obtained when supplying a coil with direct
current and making it rotate at speed w. This operation amounts to defining a
rotating frame for axes d and g where the pulsation of every quantity is null.

=gl (2.78)

Under steady conditions, the electrical quantities shown in this frame are
constant. The Concordia transformation and a rotation matrix will be used to
establish this new frame. Rotation matrix [R(y)] allows to bring the variables of
(ot, B, 0) frame back to the axes of a (d,g,0) frame whose angle i may vary.

cos(yy) sin(y) O
[Rp(Y)] = —Si(f)l(lﬁ) COSélﬂ) (1) (2.79)

If quantity  is time dependent, the frame will rotate. The product of the two
frame changes (Concordia, rotation) defines the Park transformation of which
basic property is to bring the stator and rotor quantities back to the same frame of
reference. The matrix product that defines the Park transform is determined from:

(Xago] = [Re(W)] [Xapo] et [Xupo] = [C] [Xave] (2.80)
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Fig. 2.8 Angular representation of the axis systems in the electrical space

The Park transformation is directly expressed by the following matrix product:

[Xago] = [P(W)] [Xanc] (2.81)
along with:
[P(W)]=[Rp ()] [C] (2.82)
o) cos(y—%)  cos(y—9)
P = 3| sinth) —sin(y =) —sinfi %) 2.83)
V2 V2 V2

As matrices [R,(y)]and [C] are orthogonal, matrix [P(/)] is orthogonal, too.
Consequently, the inverse Park transformation is equal to its transposed and the
power is retained [Caron and Hautier 1995]. It is relevant to note that the matrix
defined as [P(y/)] is generally called “the inverse Park transformation”. Conse-
quently, its inverse is called “the direct Park transformation”.

As an example, a current-balanced three-phase system with a pulsation
o = 2750 rad/s and a root-mean-square-value / = 8A is studied again. When
Y = wt, applying the Park transformation leads to constant quantities depending
on time of which the amplitude is proportional to the root-mean-square value:

i 1
ig| = V310 (2.84)
io 0
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2.4.2 Induction Machine Model in the Park Reference Frame

2.4.2.1 Principle

In paragraph 2.3.4, the induction machine was modeled using two separate frames.
The first one is used to express stator quantities; the second one is used to express rotor
quantities. Since these two frames are linked with angle 0, a model of the machine in a
common frame named d, g can be obtained using the two rotation matrices.

Figure 2.8 shows the disposition of the two-phase or three-phase axis systems
in the electrical space. At a certain point, the position of the magnetic field rotating
in the air gap (paragraph 2.1.2) is pinpointed by angle 0;, in relation to stationary
axis 5sa. For the development of the machine model, a Park reference frame is
assumed to be lined up with this magnetic field and to rotate at the same speed

(wy). Angle 8, corresponds to the angle of axes Os, and 0,; angle 0, corresponds to
the angle of axes O, and éd. Transforming angle 6, is necessary to bring the stator
quantities back to the Park rotating reference frame. Transforming angle 0, is

necessary to bring the rotor quantities back. The figure indicates that the angles are
linked by a relation in order to express the rotor and stator quantities in the same

Park reference frame (O, Oy, 54). This relation is:

0, = 040, (2.85)
The same situation happens between the frame speeds in each frame and the
mechanical speed, that is:

Wy = O+ 0y, (2.86)
with
do do, B _do
Wy =5, O = o5 a)prfdt (2.87)

Where Q is the mechanical speed and o this very speed viewed in the electrical
space.

The speed of the rotor quantities is w, in relation to rotor speed w. In relation to
the stator frame, the rotor quantities consequently rotate at the same speed w; as
the stator quantities. Using the Park transform will allow the conception of an
induction machine model independent from the rotor position.

Two transformations are used. One [P(0;)] is applied to the stator quantities; the
other [P(0,)] is applied to the rotor quantities.

[Xs_dqo] - [P(Ov)} [Xi_abc] et [Xr_dqo] - [P(Or)] [Xr_abc] (288)

Direct and squared components x,, x, represent coordinates X,, Xp, X in an
orthogonal frame of reference rotating in the same plane. Term x, represents the
homopolar component, which is orthogonal to the plane constituted by the system
Xay Xby Xc-
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2.4.2.2 Determination of Differential Equations

Revealing the Park reference frame coordinates in the differential equations which
are specific to the three-axe frame (Eqs. 2.11 and 2.12)—and applying the inverse
Park transformation to the variables (flux, voltage and current)-, results in:

d([P(O)) [bs_ago
( = ]) = [P(05)]" [Ve_aqo] — [RIJIP(O5)] " [£s_aqo] ~ (2.89)

dt
d([P(Q’”;M)r“"*“]) = PO [Ve_aan] = [RIPOI) " [Ir_ae] ~ (2.90)
Multiplying on the left by the Park transformation, results in:
pon™ O gy sl ) i oo
R GLLLID T DRGSR S A s

The product of the Park transformation with its derivative is developed as
follows:

d(lpwy ') [0 -t 01 ay

Pl =g = |1 0 0| (293)
The formula of the differential equations is:
‘%“ = v — Riisa + 050
déli;q = vy — Ryisq — 05y (2.94)
0 = v — Ry
d(q;—;d = Vi — Rrind + 0,
U = vy — Riirg — 0rthyg (2.95)
2 = v — Riiyg

2.4.2.3 Determination of Equations Between Flux and Currents

According to the relations existing between flux and currents (Eq. 2.28), the Park
reference frame coordinates are expressed with the inverse Park transformation:
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PO [bs ao) | _ [ (L] Ma(0)]] ] [P0 [s_ago]
[P(Q,)]_' [¢rvdq0j|‘| B |:[Msr(0)] (L] } (P(0,)] [Ir_dqo]] (2.96)

Multiplying on the left by the Park transformation, results in:

{Wmow _ [ [P(Us)][LsHPT(Os)]T , [P(Os)][Mer(O)][P(OrT]T} H’s_quH
[br_aq0] [P(0,)][M(0)]" [P(05)]"  [P(O)]IL][P(6),)] Ir_aq0

(2.97)

Developing the previous formula leads to the expression of four submatrices
that define the couplings of the equivalent model in the two-axe frame:

{[QSLM]} _ [ (L] [Mpu] ] H’s_quH (2.98)

[br_aq0] Myo]" L] | L [e_aa0
with
Ly 0 0]
[Lps] 0 L, O (2.99)
[0 0 Ly
(L, 0 0]
L] =10 L 0 (2.100)
|0 0 Ly
[Mpsr] = [P(H‘v)]il[Msr(e)][P(er)] :% My (R, (2.101)
1 00
R]=10 1 0 (2.102)
0 0 0

Using the Park transformation, it can be noted that the mutual inductances of
Eq. 2.98 do not vary with the rotor position. A model with constant coefficients is
then obtained. The number of parameters to use is significantly less. Furthermore,
as the matrices are now diagonal, the equations referring respectively to axes d and
q are not coupled.

2.4.2.4 Torque Calculation
Starting from the torque expression in the three-axe frame (2.38), applying the

Park transform to the current results in:

7= (PO ] ) PO (o) [ _ag) (2,109
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Table 2.2 Causal organization of the mathematical equations in the Park reference frame

Electromagnetic part

Rl ep, = vsa — VRsd — € Rl ep, = Via — VRd — €ud
Rl egsq = Vsqg — VRsq T €sq Rl egprq = Vig — VRq + €xq
R2.4: q,l)sd = ZL(H—At €h, dt + d)sd(l‘()) R2.4: d)rd = t;o-%—At €h, dt + ¢rd(to)
R2: g = [ e dt+ tyy(to) Rt g = [ ey, dt+ g ()
R34 isa = - (¢sq — Mira) R3.a: ira = - (g — Misa)

R3q: isq = - (sq — Mig) R3yg: ing = 1 (rg — Misq)

R4gq: vRsa = Ryisa Ré.g: VRea = Rriwa

Réy: vryqg = Ryigq R4:q: VReg = Rying
Electromagnetic coupling:

RSt Tog = —p isa Pgq R5u: Tra = —p 1t isa g

R5.: Tyg =pisqg Pua RS Trq = pit isgra

Rbsy: e = —gq 05 R6q: g = — g 0F

ROy eq = — s R6y: erq = —qr

R1g Ty = Ty + Ty R1: T, = T+ Ty

Speed of the reference frame : R8 : w; = w, +p

after introducing (2.101), the results are:

T3 d[RP}
T :P[Is_dqo] EM“W [Ir_dqo} (2.104)
and using Eq. 2.73, the result in scalar form is:
T = pM(isqird - isdirq) (2.105)

When using the equations that link flux to currents (Eq. 2.98), it is possible to
determine other torque equivalent expressions more adapted to the conception of
the squirrel-cage machine control. Among the ones that are used most, there is the
equation in the rotor flux frame, which brings into play the (measurable) currents
to the stator and the flows to the rotor. Based on the expressions of the rotor

currents (relations R34 and R34, Table 2.2), it results in:

M . .
T=p (isqPra — isa Prg) (2.106)

Similarly, by substituting the expressions of the rotor currents by relations
R3sd, R3sq (Table 2.2) in Eq. 2.105, it is possible to determine an expression of
the torque, which uses the stator flux components:

T = p(isgbsa — isasq) (2.107)
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2.4.3 General Model in the Park Reference Frame

2.4.3.1 Setting in Equation of the Electromagnetical Part

Using the mesh law, Eqs. 2.94 and 2.95 are rewritten to make virtual induction
e.m.f. corresponding to axes d (Rly) and (R1,), and to axes g (Rl.q) and (R1,y)
appear (Table 2.2).

This formulation uses virtual voltages across the terminals of resistances cor-
responding to axes d [(R4yq) and (R4,4)] and to axes g [(R4y,) and (R4,y)] along
with electromotive rotation forces relative to axes d [(R64q) and (R6,4)] and to axes
q [(R6q) and (R6,,)]. Integrating these induction e.m.f. allows the calculation of
the various components of the fluxes. It is then possible to determine the currents
by using the inverse equations of coupling with the fluxes (relation (2.98)™ "),
which can be expressed by:

b 1 L, -M d)s
[lﬂ - IM[—M L } M] (2.108)

is _ 1 Lr -M d)s
[’j] T LL —M? [—M L, } [qsrj] (2.109)

2.4.3.2 Equivalent Park Machine

vsa and vgq are the voltages applied to the windings of a fictive stator, the magnetic
axes of which would be axes d and ¢ that produce the same magnetic effects as
obtained with true windings. v,q and v, are the voltages applied to the windings of
a fictive rotor, the magnetic axes of which would be axes d and g producing the
same magnetic effects as obtained with true windings.

Thus, the Park transform allows the substitution of the real three-phase system
by another (see Fig. 2.9) composed of:

e two stator (of resistance Ry and inductance L) and rotor (of resistance R, and
inductance L,) windings rotating at an angular speed w; and run through by

direct and quadrature currents. The frame of reference (538, 551), 530) is

stationary.
e two stationary R-L circuits, run through by homopolar currents (i, and i).

A coupling remains between the rotor and stator windings which are located on
the same axis. The coupling is expressed by the mutual inductance M.

It is demonstrated that if the machine is supplied by a balanced three-phase
system, a field rotates in the air gap at an angular speed, which is equal to the
speed of the pulsation of the voltages, and therefore equal to the currents, as well
[Caron and Hautier 1995]. When choosing a frame (d, ¢) linked to the rotating
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Fig. 2.9 Equivalent two-phase windings rotating in the park frame

field and then rotating at an angular speed, which is equal to the speed of the
voltages pulsation supplying the true machine, the equivalent system in that
frame creates a similar magnetic field. Quantities vyq and vgqare then continuous
voltages under steady conditions. The stationary three-phase windings—run
through by sinusoidal currents—are then substituted by rotating two-phase
windings—run through by direct currents. Frame (d, q)—linked to rotor quan-
tities—then has to turn at the same speed for the mutual inductances to be
constant. Condition (2.85) has to be checked to obtain this. The rotor and the
stator of the machine—then called « Park machine » —are rotating at the same
speed, so that flux and currents are linked by an independent time expression.

2.4.4 Model Using the Rotor Flux

2.4.4.1 Causal Ordering Graph Principle and Model

Several equivalent expressions can be used for the calculation of the torque. The
expression using the flux to the rotor (Eq. 2.106) can be divided into two parts:

M .
R5q — Tyq = pL— isq $ra (2.110)



2.4 Vector Model in a Two-Axe Rotating Frame 63
and

M
RSrd — Tr = *pL—iSd (rbrq (2111)

The expression is then written as follows:
Rly =T =T+ Ty (2.112)

This expression is used for the implementation of the control known as “rotor
flux-oriented”.

The COG of this model (Fig. 2.10) emphasizes two gyrator couplings [relations
(R5:4), (R5.), (R6.g) and (R6,4)], since the expression of the electromagnetic
torque shows that the torque is composed of two components called ¢, (for axis d)
andc,q (for axis g). The Park machine can also be considered as the association of
two fictive direct current machines that are mechanically and electrically coupled.
This mathematical model can be considered as a system of which the input
quantities are a stator voltage vector and the mechanical speed imposed by the
mechanical load (see paragraph 1.4.2.4.). The output quantities of this model are
the generated electromechanical torque and the vector of the stator currents. A
global representation of a squirrel-cage machine can easily be obtained by can-
celing the rotor voltages.

The Park transform allows the calculation of the direct and quadrature com-
ponents of the voltages applied to the machine. The transform inverts the currents
in the three-axe frame. The orientation angle of these two transforms is calculated
by integrating the pulsation of the frame linked to the stator, with a reset when the
stator voltage of the phase is zero, at:

tfo+At
0, :/ w, dt + 0,(10) (2.113)
ty

Figure 2.11 shows the choice of linking the Park reference frame to the pul-
sation of the stator quantities. Consequently, the pulsation of these quantities is
null in that frame. So, the Park transform is a mathematical operator which allows
the conversion of sinusoidal quantities of pulsation w,in a quantity of null value.
This transform then allows the determination of a medium equivalent model for
quantities with a given pulsation or with a pulsation more or less equal to it.

2.4.4.2 State Space Representation

In equations (R2s,R24q, R2:q,R2,q), the different components of the stator and
rotor fluxes are obtained by integration—they are also called state variables.

As the fluxes and currents are linked by expressions (R34, R35q, R3:4, R31q), the
different current components, or even a combination of fluxes and currents, can be
chosen as state variables. For the conception of a motor control, it can be
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Fig. 2.10 C.O.G. of Park’s model using fluxes to the rotor (the relations are carried over in
Table 2.2)
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Fig. 2.11 Macro representation of the Park model of the induction machine in a frame of

reference linked to the stator
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interesting to choose the stator current components for state variables. In fact, this
current as well as the rotor flux components—in as much as this flux will be
controlled—can be easily measured. The state space representation then consists
of determining only the differential equations that allow the definition of these
variables by integration with intermediary mathematical relations. Thus, relations
R1,4, R4;q and R6,q are injected in the derivative of this flux (R2,4) as to determine
the differential equation of the rotor flux direct component. When applying the
same procedure to other fluxes, this results in:

dd)sd

dr = Vsd — Ryisqa + ws¢sq (21143)
depg
% = Vsq — Rsisq - ws¢sd (2]14b>
d
% = Vg — Ryig + wr(,brq (2114C)
d
brq _ Vig — Ryirg — @, 2.114d
dr q q rd

When introducing relations R34 and R34 in R3,y and R34, and defining the
dispersion coefficient:

M2
c=1——, (2.115)
L.L,
This results in:
. M
$q = 0Liisa + L—Cl-')rd (2.116a)
M
qbsq = oLgiyq + L—qﬁrq (2.116b)

Finally, the following equations are obtained when replacing the stator flux
components by (2.116a) and the rotor flux components by R3,q and R3, in the
differential equations of the fluxes (2.114a):

digg , . Mdé M
O—LS a = Vg¢q — nglsd =+ a)sGlesq — fr d;d —+ wxfr(l)rq (21 17a)
di , . Mdd, M
oL dtq = Vsq = Rsisq — 030Lsisa — L_r dtq - wsL_rd)rd (2.117b)
dg R . R
d;d = Vrd —_ L—r d)rd + L_ersd + (Ur¢rq (2 1 17C)
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dd)rq
dr

R, R
= Viq — L_¢rq + L_Mlsq — WPy (2.1174d)

In the two last equations the derivatives of the rotor fluxes appear, which can be
replaced by their expression (2.117c) and (2.117d):

di M . . M M
oL, d_i‘d = Vsd — L_rvrd — Ryigq + U)salesq + Z (O)S - (Ur) d)rq + L_%qubrd
(2.1 18a)
di M . . M M
GLSd_i‘q = Vsq — L_rvrq - Rsrlsq - w‘ralesd - L_r (ws - (Ur) ¢rd + ERr(]Srq
(2.118b)
d¢ R, R, .
T;d = Vid — E¢rd + EMlsd + Cl)r(z)rq (21193)
dd)r R, R, .
dtq = Vyq — L—r(ﬁrq + L_,MlSq — 0,y (2.119b)
with Ry, the total resistance viewed from the stator is:
2 1—0)L
Rsr - Rx + Rr% = Ry + %Rr (2120)
L2 L,

When using Eq. 2.86, these four relations are expressed in vector form as
follows:

d)rd _ILi: Or M% 0 ¢rd
O I —& 0 ME|]|¢, N
| | soe ATP? =i o || i
i Ape M o, B ||, .
1 0 0 07|V
0 10 0 |]vyg
szva 0 rrlLr 0 Vsd
0 @ 0l {v,

This mathematical formulation of the model will be used to elaborate the rotor-
flux-oriented control without a priori knowledge of the squirrel-cage induction
machine in Chap. 3.
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Fig. 2.12 C.O.G. of Park’s model using fluxes to the stator (the relations are reported in Table 2.2)

2.4.5 Model Using the Stator Flux

2.4.5.1 Model Principle and Causal Ordering Graph

In the stator flux frame of reference, the torque expression that uses fluxes to the
stator (Eq. 2.107) can be divided into two parts:

RSy — Tyq = pisqdsq (2.122)
and
R5sq — Tsa = —pisaPyq (2.123)
It is described as follows:

Rl, —T =Ta+Ty (2.124)
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This expression is used to elaborate on what is called the “stator-flux-oriented”
control (which will be dealt with in next chapter). As proven earlier, the COG of
this model (Fig. 2.12) emphasizes two gyrator couplings [relations (RS5s), (RS5s),
(R64q) and (R64)], since the expression of the electromagnetic torque shows that
the torque expression is composed of two components called Ty and T,
respectively axis d and axis gq.

Park’s machine can again be considered again as the association of two ficti-
tious DC machines that are mechanically and electrically linked. This mathe-
matical model is equivalent to a system with input quantities—such as a stator
voltage vector and the mechanical speed imposed by the mechanical charge, and
output quantities—such as the generated electromechanical torque and the vector
of the stator currents.

2.4.5.2 State Space Representation

A second control system of this motor can be elaborated by using the stator and
rotor current components from this model as state variables. The state space
representation then consists of only determining the differential equations that
allow the definition of these variables by integration with intermediary mathe-
matical relations.

When introducing the relations R34 and R3¢, in R3,4 and R3
results are shown:

rq» the following

. M
¢ = OLsig + L—qﬁsd (2.125a)

. M
d)rq = O'Lrqu + fs¢5q (2125b)

When replacing the stator flux components by (2.125a) and the stator current
components by R3gq and R3g, the flux differential equations are obtained:
(2.114a):

df;d = vy — IZ—jd)sd + %Mird + w5y (2.126a)
dfl)tsq = vy — IZ—qusq + IZ—zMirq — Wby (2.126b)
oL, d(;rtd = Vid — Rylea + 0,0Lyirg — gdf;d + w,jL—quﬁsq (2.126¢)
oL, d(;;q = Viq — Ryirg — 0,0Lirg — gdfiq - w,%@d (2.126d)
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The last two equations show the derivatives of the stator fluxes
replaced by their expressions (2.126a) and (2.126b)

do R, R, .

d:d = Ved — L_i¢sd + L—ierd‘f' C0s¢sq
d¢sq R Rs v

5 = Vsq — L_;‘bsq + L—lerq - w~"¢5d

dirg . .M
Ger—rt = Va Ve Risira + @,6Lyirg + L—S(wr — )+
M
L_5R5¢sd
di M . . M
O-Lrﬂ = Viq — 7 Vsq + Rrsqu — w,0Lig — — (ws - wr)¢sd+
dt Ls s
M
L_%de)sq
with R, the total resistance shown by the rotor is:
M? 1-0)L
Rrs = Rr +RSL_§ - Rr +%RS

These four relations are shown in matrix form as follows:

d)sd - Iz—j Wy M %‘ 0
(rbsq —y — ILi 0 M %
i a % L,}(‘T/[LJ (0 — oy ) z_f_lzr: ®r
irq L,.lr‘;le (w5 — ) % —r ;Ii
1 0 0 0
0 1 0 0
Zn O o O
0 2L 0 7
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that can be

(2.127a)

(2.127b)

(2.127¢)

(2.127d)

(2.128)

Vrq

(2.129)

This mathematical formulation of the model is used to elaborate on the stator-
flux-oriented control of the squirrel-cage induction machine [Degobert 1997], and

for the direct torque control [Canudas de Wit 2000].
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Fig. 2.13 Representation of the induction machine model into a system

2.4.6 Model for System Analysis

The previously developed models show that the induction machine is an electro-
mechanical converter that:

— receives voltages to the stator and rotor as electrical quantities and relieves
currents;
— receives speed as a mechanical quantity and that relieves an electromotive torque.

The second comment assumes that the mechanical part of the machine (usually
negligible compared to the mechanical part of the load) is modeled externally with
the mechanical part of the charge.

Figure 2.13 also illustrates the fact that the Park transform is a mathematical
operator that allows converting sinusoidal quantities of pulsation , into a null
value quantity.

Thus, this transformation allows the determination of a similar average model
for quantities that have a specific pulsation or that are more or less equal to this
one.
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It is useless to use a model that is neither based on the physical quantities
internal to the machine (flux, e.m.f., etc.) nor on their coupling in order to carry out
studies on industrial devices using this machine technology. It is, however, useful
to have a model that explicits and especially considers the physical quantities
exchanged between the machine and the external elements (power converters,
mechanical charge, etc.) associated with it. As far as the electrical part of the
machine is concerned, it is then necessary to determine the currents according to
the applied voltages by replacing the fluxes in the Eq. 2.114a with their expres-
sions (R34y, R34, R3.4, R3,y) (Table 2.2). The direct axis components are
expressed as follows:

di di

LS M = v = R+ 0Ly + Mic) (2.130)
di di

Lr§+M (;Std = Vig — Reira + @, (Lyirg + Misq) (2.131)

When the expression of the derivative of the stator current direct component
from the second equation is replaced in the first equation, the previous device is
then expressed:

di 1 . M
d;d — oL {vsd — Ryigq — L—rvrd — e;d] (2.132a)
diyg 1 . M
& = oL {vrd — Ryira — L~ e;d} (2.132b)

with the following coupling e.m.f., the following results are shown:

R, . . ) M, .
ey = —ML—lrd — oy (Lyisq + Mirg) + o (Lyivg + Migg) (2.133a)

R; . . . M. .
ey = —MTia — o (Lyivg + Misg) + 0 (Lyisq + Mivg) (2.133b)
S r

The same can be said of the quadrature components:

di 1 . M
d;q = oL {vsq — Ryigq — L—rvrq - e;q] (2.134a)
diy 1

. M
P oL {v,q — Ryirg — L—svsq - e;q} (2.134b)

with the following coupling e.m.fs:

R, M
ey = =M ing + O(Liisa + Mirg) = 0, (Lyiva + Misa) (2.135a)

sq
,

<
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R M
e, =—-M f isq + 0 (Lyira + Misq) — @ i (Lgisa + Mira) (2.135b)
s r

Therefore, the electromotive torque can be calculated with the Eq. 2.105.

2.5 The Effect of the Magnetic Saturation

Previously, the dynamic models have been developed in the assumption that the
machine does not suffer from magnetic saturation (Sect. 2.2.1), which consists in
considering a linear characteristic B = f(H) (Fig. 1.5), or even a linear charac-
teristic between flux and current. In Chap. 3, control systems are developed from
these models. In order to validate these controls and to study their sensibility to the
real presence of these saturations, it is necessary that a simple model of this
magnetic saturation is introduced, which is valid under steady conditions. Thus, a
model that makes a linear parameter f§ interfere is chosen to take into account the
air gap, and another non linear parameter (elevation to the power s) to broach the
specificity of the saturation point (so appears from experimental results of
Fig. 2.15 for iy, > 0,7) :

imn = B + (1 — )by, (2.136)

imn, ¢s, and M, are respectively the standardized values compared to their rated
value (also called “per unit”):

— of the magnetizing current

i = \/(isd + ira) + (isq + irq)z (2.138)

— of the stator flux

The organization of all equations leads to the calculation of the static inductance
(Fig. 2.14).

The dynamic inductance does not necessarily have to be taken into account as
the sensibility study will be carried out under steady conditions [Vas 1990].

The experimental and theoretical magnetic characteristics are compared with one
another in order to determine the parameters [f and s of the expression (2.136)].

Therefore, a no-load test is carried out to determine the magnetic characteristic
U, =f(I,,), with U, representing the effective stator voltage and Ij representing

— and of static inductance M.


http://dx.doi.org/10.1007/978-0-85729-901-7_1
http://dx.doi.org/10.1007/978-0-85729-901-7_3

2.5 The Effect of the Magnetic Saturation 73
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Equation Imn
2.136 )

Fig. 2.14 Representation of the induction machine model into a device

x 1.5
imn(p-u.) Don (p.u.)

Fig. 2.15 Comparison between the experimental data (dashed line) and the saturation model
(solid line)
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Time (s)

Fig. 2.16 Magnetizing current during the no-load starting of an induction machine, solid line:
with magnetic saturation, dashed line: without magnetic saturation
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the effective magnetizing current. § and s are chosen in order to make the
experimental curve coincide with the theoretical one (Fig. 2.15). The equation of
the magnetic characteristic is obtained by successive tests.

In order to demonstrate the importance of the magnetic saturation, Fig. 2.16
represents the magnetizing current obtained with and without the magnetic satu-
ration (respectively in dashed and solid lines), and simulated when starting a no-
load operation with an induction machine directly attached to the network. When
the magnetic saturation is taken into consideration, the Fig. 2.16 shows that, in the
beginning, the current peaks are less important, and that the magnetizing current is
higher under steady conditions.

2.6 Conclusion

The physical and mathematical developments that are dealt with in this chapter have
lead to determine a mathematical model reduced into a rotating frame of reference.
The model parameters can be measured with different experimental procedures
explained in [Caron and Hautier 1995]. The described modeling method can be used
similarly for the modeling of three-phase induction motors [Sturtzer and Smigel
2000; Grenier et al. 2001]. The model.ing obtained in the Park reference frame will
be used in the next chapter to elaborate on different speed control systems.
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