
Chapter 2
Essentials of Probability Theory

2.1 Introduction

Many properties of physical systems and/or actions of these systems are uncertain,
so that the behavior of these systems cannot be forecasted in a precise deterministic
manner; it can only be described probabilistically. For example, the weather per-
son tells us the chance of rain tomorrow. Engineers calculate the likelihood that a
particular mechanical system will perform according to specified standards.

Suppose a relevant output of a physical system depends on a finite number
of uncertain parameters. For weather forecasting, these parameters relate to the
current meteorologic conditions and atmospheric processes. For aircraft design, these
parameters include material properties, state of electronic components, and flight
patterns. Our objective is to calculate the probability that an output of interest has
specified features, such as the chance of rain tomorrow for the weather person or
the adequate aircraft performance for the aircraft engineer. This chapter provides the
framework for calculating these types of probabilities.

2.2 Probability Space

A probability space (Ω,F , P) consists of a sample space Ω, a σ -field F , and a
probability measure P. Sample spaces, σ -fields, and probability measures are defined
and illustrated by examples.

2.2.1 Sample Space

Definition 2.1 A set Ω collecting the outcomes of a particular experiment is called
sample space.
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For example, Ω = {head, tail}, Ω = {1, 2, 3, 4, 5, 6}, and Ω = [a, b] ⊂ [0,∞)

are sample spaces for the experiments of tossing a coin, rolling a dice, and measuring
daily rainfall amounts in Ithaca, NY. The first two sample spaces and the last sample
space have, respectively, a finite and an uncountable number of elements. Sample
spaces can be finite, countable, or uncountable.

2.2.2 σ -Field

Consider a game in which one wins $10 and looses $5 for outcomes of a die rolling
experiment in {1, 2} and {3, 4, 5, 6}, respectively. The particular outcome {ω} is not
relevant. The relevant information is contained in A = {{1, 2}, {3, 4, 5, 6}} since
one wins $10 if ω ∈ {1, 2} and looses $5 if ω ∈ {3, 4, 5, 6}. σ -fields are subsets of
Ω that are relevant for a particular objective. The σ -field for the game considered
here includes A .

Definition 2.2 A collection F of subsets of Ω is said to be a σ -field on a sample
space Ω if (1) ∅ ∈ F , (2) A ∈ F implies Ac ∈ F , and (3) Ai ∈ F , i ∈ I, implies
∪i∈I Ai ∈ F , where I is a countable set. The members of F are called events, or
F -measurable subsets of Ω, or just measurable subsets of Ω. The pair (Ω,F ) is
said to be a measurable space.

The first and the third conditions in the previous definition can be replaced with
Ω ∈ F and∩i∈I Ac

i ∈ F by using condition (2) and De Morgan’s formula. Also note
that the last two conditions in the definition of F are consistent with our intuition,
which suggests that Ac is observed if A is not and that ∪i∈I Ai is observed if a subset
of {Ai , i ∈ I } is.

Example 2.1 The σ -field F associated with the game in which one wins $10
and looses $5 for outcomes of a die rolling experiment in {1, 2} and {3, 4, 5, 6}
is F = {∅, {1, 2}, {3, 4, 5, 6},Ω}, where Ω = {1, 2, 3, 4, 5, 6}. If the game is
modified such that one wins $10 if ω ∈ {1, 2} and looses $3, $4, $5, and $6 for
outcomes ω = 3, 4, 5, and 6, respectively, F is too coarse to capture all relevant
events; it needs to be refined to include the events {1, 2}, {3}, {4}, {5}, and {6},
and complements and unions of these events. ♦
Example 2.2 Atoms are the finest members of a σ -field F , that is, A ∈ F is an
atom of F if any event B ∈ F included in A is either ∅ or A. The sets {1, 2} and
{3, 4, 5, 6} are atoms of the first σ -field and the sets {1, 2}, {3}, {4}, {5}, {6} are
atoms of the second σ -field (Example 2.1). ♦
Definition 2.3 The σ -field generated by a collection of subsets A of Ω is

σ(A ) =
⋂

G⊇A

G , where {G } are σ -fields on Ω. (2.1)

There is no σ -field smaller than σ(A ) that includes A .
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Example 2.3 Let S be a metric space and let T be the topology induced on S by
its metric (Sect. B.1.1). The Borel σ -field on S is the σ -field S = σ(T ) generated
by T . The members of σ(T ) are called Borel sets. The Borel σ -fields on S =
R

d , d > 1, and S = R are generated by the intervals in these spaces and are
denoted by B(Rd) = Bd and B(R) = B1 = B, respectively. The Borel sets on
R can be generated by open, semi-open, finite, semi-finite, and other intervals of the
real line ([11], Sect. 1.7). ♦

2.2.3 Probability Measure

We define measures and probability measures, review properties of probability mea-
sures useful for applications, and use conditional probabilities to introduce the law
of total probability and Bayes theorem.

Definition 2.4 Let (Ω,F ) be a measurable space. A set function μ : F → [0,∞]
such that (1) μ(∅) = 0 and (2) μ

(∪∞n=1

) =∑∞n=1 μ(An) for mutually disjoints sets
An ∈ F is called a measure on (Ω,F ). If (Ω,F ) = (Rd ,Bd), then μ is said to
be a Borel measure. The triple (Ω,F , μ) is called a measure space.

Definition 2.5 If μ has finite total mass, that is, μ(Ω) <∞, the measure μ is said
to be finite. In this case, it can be normalized to take values in [0, 1]. Any measure
with unit total mass is called a probability measure and is denoted by P. The triple
(Ω,F , P) is called a probability space.

Definition 2.6 A measure μ on a measurable space (Ω,F ) is said to be σ -finite
if there exists a countable, pairwise disjoint sequence of measurable sets {An}, that
is, An ∈ F , n = 1, 2, . . . , such that μ(An) < ∞, n = 1, 2, . . . , and μ(A) =
∪∞n=1μ(A ∩ An) for every A ∈ F ([5], Proposition 13).

The Lebesgue measure λ on (R,B) is σ -finite since there exists a pairwise disjoint
sequence An = [n, n + 1), n ∈ Z, such that λ(An) < ∞ and
λ(A) = ∪∞n=1λ(A∩An) for every A ∈ B. Similar arguments show that the Lebesgue
measure on (Rd ,B(Rd)) is σ -finite. However, the Lebesgue measure is not finite.

Definition 2.7 Let (Ω,F , P) be a probability space. A set N ∈ F such that
P(N) = 0 is called a null set. A property valid on Ω � N is said to hold almost
everywhere (a.e.), almost surely (a.s.), for almost every ω, or with probability one
(w.p.1.).

Definition 2.8 A probability space (Ω,F , P) is complete if A ⊂ B such that
B ∈ F and P(B) = 0, then A ∈ F , which implies P(A) = 0, by the second
condition in Definition 2.2.

It is assumed throughout the book that the probability spaces are complete. The
assumption is not restrictive since for any probability space (Ω,F , P) there exists
a complete space (Ω,F , P) such that F ⊆ F and P = P on F ([4], Theorem
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2.2.5). The completion of measures is rather simple ([1], p. 4). For example, set
N = {B ⊆ Ω : ∃N ∈ F with P(N ) = 0 and B ⊂ N }, F = {A ∪ B : A ∈
F , B ∈ N }, and P(A ∪ B) = P(A), where A ∈ F and B ∈ N . Then P is a
probability measure on (Ω,F ) and F is a σ -field.

The following properties of the probability measure P are useful for calculations,
and result directly from its definition.

P(A) = 1− P(Ac), for A ∈ F ,

P(A) ≤ P(B), for A ⊆ B, A, B ∈ F ,

P(∪∞i=1 Ai ) ≤
∞∑

i=1

P(Ai ), for Ai ∈ F ,

P(A ∪ B) = P(A)+ P(B)− P(A ∩ B), for A, B ∈ F , and

P(B) =
n∑

i=1

P(B ∩ Ai ), for Ai , B ∈ F and A1, . . . , An a partition of Ω.

(2.2)
The probability measure also satisfies the inclusion–exclusion formula

P
( ∪n

i=1 Ai
) =

n∑

i=1

P(Ai )−
n∑

i=2

i−1∑

j=1

P(Ai ∩ A j )

+
n∑

i=3

i−1∑

j=2

j−1∑

k=1

P(Ai ∩ A j ∩ Ak)− · · · + (−1)n+1 P
( ∩n

q=1 Aq
)
.

(2.3)

Theorem 2.1 If (Ω,F , P) is a probability space and An ∈ F , n = 1, 2, . . . , are
events on this space, then

P
( ∪∞n=1 An

) ≤
∞∑

n=1

P(An). (2.4)

Proof Set B1 = A1 and Bn = An \
( ∪n−1

i=1 Ai
)
, n > 1. The sets {Bn} are disjoint

events with the properties Bn ⊆ An, and∪∞n=1 Bn = ∪∞n=1 An . Hence, P
(∪∞n=1 An

) =
P
( ∪∞n=1 Bn

) =∑∞n=1 P(Bn) ≤∑∞n=1 P(An). �
Definition 2.9 Let (Ω,F , P) be a probability space and B ∈ F an event such that
P(B) > 0. The probability of A ∈ F conditional on B is

P(A | B) = P(A ∩ B)

P(B)
, A ∈ F . (2.5)

The definition is meaningful in the sense that P(· | B) is a probability measure.

Suppose an experiment is performed in which B either occurs or does not occur,
and that P(B), P(Bc) > 0. If B or Bc is observed, the conditional probability of A
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is P(A | B) or P(A | Bc), respectively. Hence, the conditional probability of A is
equal to P(A∩ B)/P(B) and P(A∩ Bc)/P(Bc) with probabilities P(B) and P(Bc).

This remark will be revisited later in this chapter (Example 2.56).
The following two formulas involving conditional probabilities are very useful

for applications. Let (Ω,F , P) be a probability space, Ai ∈ F , i = 1, . . . , n, a
partition of Ω, that is, Ω = ∪n

i=1 Ai and Ai ∩ A j = ∅ for i �= j. If P(Ai ) > 0, and
B ∈ F , then

P(B) =
n∑

i=1

P(B ∩ Ai ) =
n∑

i=1

P(B | Ai )P(Ai ) (Law of total probability)

P(A j | B) = P(A j )P(B | A j )

P(B)
= P(A j )P(B | A j )∑n

i=1 P(Ai )P(B | Ai )
(Bayes’ formula).

(2.6)

In the Bayesian framework, the probabilities P(A j ) and P(A j | B) are referred to
as the prior and the posterior probabilities of A j .

Example 2.4 Let B denote the event that a system performs satisfactorily, and
let {Ai , i = 1, 2} be events partitioning Ω. Suppose P(A1)= 0.8, P(A2)= 0.2,

P(B | A1)= 0.9, and P(B | A2)= 0.7. The probability that the system performs
satisfactorily is P(B)= (0.9)(0.8)+ (0.7)(0.2)= 0.86. ♦
Theorem 2.2 The inequalities

P
( ∪n

i=1 Ai
) ≤ Pu =

n∑

i=1

P(Ai )−
n∑

i=2

max
j=1,...,i−1

P(A j ∩ Ai ) and

P
( ∪n

i=1 Ai
) ≥ Pl = P(A1)+

n∑

i=2

max

⎛

⎝0, P(Ai )−
i−1∑

j=1

P(A j ∩ Ai )

⎞

⎠ , (2.7)

hold for Ai ∈ F arbitrary.

Proof Set Bi = Ac
i , i = 1, . . . , n, and G = ∩n−1

i=1 Bi , and note that P
( ∩n

i=1 Bi
) =

P(G ∩ Bn) = P(G) − P(G ∩ An). Repeated application of this formula gives
P
( ∩n

i=1 Bi
) = P(B1)−∑n

k=2 P(B1 ∩ · · · ∩ Bk−1 ∩ Ak) so that

P
( ∪n

i=1 Ai
) = 1− P

( ∩n
i=1 Bi

) = P(A1)+
n∑

k=2

P(B1 ∩ · · · ∩ Bk−1 ∩ Ak)

= P(A1)+
n∑

k=2

P(B1 ∩ · · · ∩ Bk−1 | Ak)P(Ak).

Since P(B1∩· · ·∩Bk−1 | Ak) ≤ P(B j | Ak) = 1−P(A j | Ak), j = 1, . . . , k−1,

and P(B1∩· · ·∩Bk−1 | Ak) = 1−P(A1∪· · ·∪Ak−1 | Ak) ≥ 1−∑k−1
j=1 P(A j | Ak)

hold, we have the bounds in (2.7). �
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The bounds in (2.7) are relatively simple to calculate since they involve the prob-
abilities of the events Ai and Ai ∩ A j , rather then probabilities of intersections of
multiple events as in (2.3). Note that P(∪n

i=1 Ai ) can be interpreted as the probabil-
ity of failure for a physical system with failure modes A1, . . . , An occurring with
probabilities P(Ai ), i = 1, . . . , n.

2.2.4 Construction of Probability Spaces

In most applications a random experiment rather than a probability space is specified,
so that we need to construct a probability space based on the available information.
We present three methods for constructing probability spaces and illustrate them by
examples.

2.2.4.1 Countable Sample Space

Let Ω = {ω1, ω2, . . .} be a countable sample space and let {pi ≥ 0} such that∑∞
i=1 pi = 1. Take F to be the collection of all subsets of Ω, that is, the power set

of Ω. The set function P:F → [0, 1] defined by

P(A) =
∑

ωi∈A

pi , A ∈ F , (2.8)

is a probability measure on (Ω,F ) since it is countably additive and has the prop-
erties P(∅) = 0 and P(Ω) = 1.

Example 2.5 Suppose service life has been recorded for n nominally identical
devices. Let 0 = τ0 < τ1 < · · · < τm−1, let [0, τ1), [τ1, τ2), . . . , [τm−1,∞) be a
partition of [0,∞), and denoted by ni ≤ n the number of devices with measured
service life in the range [τi−1, τi ), i = 1, . . . , m, with the notation τm = ∞.

The members of the probability space (Ω,F , P) describing this experiment are
Ω = {ω1, . . . , ωm}, F = the power set of Ω, and P({ωi }) � ni/n. ♦

2.2.4.2 Product Probability Space

Let (Ωk,Fk, Pk), k = 1, 2, be probability spaces. The elements of the product
probability space (Ω,F , P) are

Ω = Ω1 ×Ω2 = {(ω1, ω2) : ωk ∈ Ωk, k = 1, 2}
F = F1 ×F2 = σ(R), where R = {A1 × A2 : A1 ∈ F1, A2 ∈ F2}
P = P1 × P2, where P(A1 × A2) = P1(A1)P(A2), for A1 ∈ F1 and A2 ∈ F2,

(2.9)
and are called the product sample space, σ -field, and probability measure.

The product sample space Ω contains the joint outcomes of, for example, two
experiments. The σ -field F can also be obtained from F = σ(R) = σ(G1,G2)
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where G1 = {A1×Ω2 : A1 ∈ F1} and G2 = {Ω1× A2 : A2 ∈ F2} since G1 and G2
are σ -fields on Ω that are included in F and every member of R is the intersection
of sets from G1 and G2. The construction of the product probability measure is less
simple. It can be shown that there exists a unique probability P on (Ω,F ) that
satisfies (2.9) ([4], Theorem 3.3.5).

The formulas in (2.9) can be generalized to define product probability spaces of
n ≥ 3 probability spaces. The definition extends directly to the case in which n
is infinity. If the probability spaces (Ωk,Fk, Pk) are identical, the product sample
space, σ -field, and probability are denoted by Ωn

1 , F n
1 , and Pn

1 .

Example 2.6 Let (Ωk,Fk, Pk), k = 1, 2, be probability spaces associated with
the experiment of rolling two dice, so that Ωk = {1, 2, 3, 4, 5, 6}, Fk = all
subsets of Ωk, and Pk({i}) = 1/6, i = 1, . . . , 6. The product sample space
Ω = Ω1 ×Ω2 = {ω = (i, j), i, j = 1, . . . , 6} includes all outcomes of the experi-
ment. The product σ -field F consists of all subsets of Ω since the members of R are
(i, j), ∪i∈I1(i, j), ∪ j∈I2(i, j), ∪i∈I1, j∈I2(i, j), where I1, I2 ⊆ {1, 2, 3, 4, 5, 6}.
The product probability measure is P({ω}) = 1/36, ω ∈ Ω, since the outcomes of
the experiment are equally likely. ♦
Example 2.7 Consider a facility that fails under wind speeds exceeding a critical
value vcr. Let p = P(A), where A = {V > vcr} and V ≥ 0 denotes the maxi-
mum yearly wind speed at the facility site. The members of the probability space
(Ω,F , P) describing this problem are Ω = {A, Ac}, F = all parts of Ω, and
P(A) = p. To evaluate the probability that the facility performs satisfactorily during
its design life of n years, we need to construct a new probability space corresponding
to an “experiment” consisting of n independent repetitions of the yearly experiment.
The construction resembles the experiment of tossing a loaded coin n times with
sides {1} and {0} corresponding to events A and Ac ([11], p. 41).

The members of the product probability space corresponding to a n year time
horizon are Ωn = {ω = (ω1, . . . , ωn) : ωi = 0 or 1}, F n = all subsets of Ωn, and
Pn(B) =∑ω∈B pnωqn−nω , where B ∈ F n, q = 1− p, and nω =∑n

i=1 ωi gives
the numbers of 1’s in ω = (ω1, . . . , ωn). ♦

2.2.4.3 Extension of Probability Measure

Let Ω be a sample space associated with an experiment and let C be a collection
of subsets of Ω. If C is a field on Ω and R is a real-valued, positive, and countably
additive function defined on C such that R(Ω) = 1, then there exists a unique
probability P on F = σ(C ) such that P(A) = R(A) for each A ∈ C , that is, the
restriction of P to C is equal to R ([5], Theorem 14, p. 94). A field is a collection of
sets satisfying the conditions of Definition 2.2 with I finite.

Example 2.8 Let Ω = R and let C consist of the empty set and the collection
of all finite unions of intervals of the type (a, b] for a < b, (−∞, a], (a,∞),

and (−∞,∞). Let F :R → [0, 1] be a continuous increasing function such that
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limx→−∞ F(x) = 0 and limx→∞ F(x) = 1, and define R:C → [0, 1] by
R((a, b]) = F(b) − F(a), R((−∞, a]) = F(a), R((a,∞)) = 1 − F(a), and
R((−∞,∞)) = 1. For example, R((a,∞)) may represent the probability that the
strength of a particular material exceeds a, so that it can be estimated from experi-
ments. Since C is a field, the set function R can be extended uniquely to a probability
measure on (R,B = σ(C )) ([5], Proposition 9, p. 90, and Theorem 14, p. 94). ♦

2.3 Measurable Functions and Random Elements

Consider two measurable spaces (Ω,F ) and (Ψ,G ) and a mapping h:Ω → Ψ.

Definition 2.10 The mapping h:Ω → Ψ is said to be measurable from (Ω,F ) to
(Ψ,G ) or (F ,G )-measurable if h−1(G ) ⊆ F , that is, h−1(B) = {ω ∈ Ω : h(ω) ∈
B} ∈ F for all B ∈ G . This property of h is denoted by h ∈ F/G or just h ∈ F if
there is no confusion about G .

Example 2.9 Let A ∈ F , (Ψ,G ) = (R,B), and 1A the indicator function of A,
that is, 1A(ω) = 1 for ω ∈ A and 1A(ω) = 0 for ω /∈ A. The function 1A : Ω → R

is F/B-measurable since 1−1
A ({0}) = Ac and 1−1

A ({1}) = A, so that 1−1
A (B) =

{∅,Ω, A, Ac} ⊆ F . ♦
Example 2.10 Let {Ai , }, i = 1, . . . , n, be events partitioning Ω and {ci }, i =
1, . . . , n, real constants. The function h =∑n

i=1 ci 1Ai is (F ,G )-measurable, where
Ψ = {c1, . . . , cn} and G is the power set of Ψ. The image of the members of Ψ in
Ω can be obtained simply, for example, h−1({ci , c j }) = Ai ∪ A j ∈ F . ♦
Theorem 2.3 If h :Rd → R

q is continuous, it is also (Bd ,Bq)-measurable.

Proof Function h is measurable if and only if h−1(T q) ⊆ Bd ([11], Proposition
3.2.1), where T r denotes the topology generated by the open balls in R

r . Since
h is continuous, we have h−1(T q) ⊆ T d ⊆ Bd (Sect. B.1.1), where the latter
inequality holds since Bd is generated by T d . �
Definition 2.11 Let (Ω,F , P) be a probability space and (S,S ) a measurable
space, where S is a metric space and S = σ(T ) denotes the σ -field generated by
the topology T induced on S by its metric (Example 2.3 and Sect. B.1). The mapping
X :Ω → S is a random element if it is (F ,S )-measurable.

The element X in the above definition is a real-valued random variable, complex-
valued random variable, random vector or an R

d -valued random variable, C
d -valued

random variable, real-valued stochastic process with continuous samples defined on
[0,1], or a real-valued random field with continuous samples defined on a subset D of
R

d ′ if S = R, S = C, S = R
d , S = C

d , S = C[0, 1], or S = C(D), respectively.
The image X (ω), ω ∈ Ω, of X is a number, vector in R

d , vector in C
d , real-valued

continuous function defined on [0,1], or a real-valued continuous function defined
on D if S = R, S = R

d , S = C
d , S = C[0, 1], or S = C(D), respectively. For
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example, X (ω) = (X1(ω), . . . , Xd(ω)) ∈ R
d is a d-dimensional vector for S = R

d

and X (ω)(t), t ∈ [0, 1], is a sample of a real-valued stochastic process defined on
[0,1] for S = C[0, 1]. It is common to denote X (ω)(t) by X (t, ω), as will be seen
in a subsequent section. For a fixed time t ∈ [0, 1], X (t, ω) is a random variable.

Definition 2.12 Let (Ω,F , P) be a probability space, (S,S ) a measurable space,
and X :Ω → S an (F ,S )-measurable mapping. The probability measure induced
by X or the distribution of X is the probability measure

Q(B) = P
(
X−1(B)

) = P ◦ X−1(B), B ∈ S , (2.10)

on the measurable space (S,S ).

Example 2.11 If S = R and B = (−∞, x], x ∈ R, then Q(B) = P({ω : X (ω) ≤
x) = P(X ≤ x) is called the probability distribution function or just the distribution
of random variable X, and is typically denoted by F(x) = P(X ≤ x). If S =
R

d and B = ×d
i=1(−∞, xi ], xi ∈ R, then Q(B) = P({ω:Xi (ω) ≤ xi , i =

1, . . . , d) = P(∩d
i=1{Xi ≤ xi }) is called the joint distribution of random vector

X. If S = C[0, 1], {t1, . . . , tn} ⊂ [0, 1], and B = ×n
k=1(−∞, xi ], xi ∈ R, then

Q(B) = P({ω:X (tk, ω) ≤ xk, k = 1, . . . , n) = P(∩n
k=1{X (tk) ≤ xk}) is called the

finite dimensional distribution of order n of X. The finite dimensional distributions of
a stochastic process X are the joint distributions of random vectors (X (t1), . . . , X (tn))

consisting of values of the process at times t1, . . . , tn . ♦
Example 2.12 Let (Ω,F , P) be a probability space, A ∈ F , S = {0, 1}, and
1A :Ω → S an indicator function. The function 1A is (F ,S )-measurable, where
S = {∅, S, {0}, {1}}. The probability measure Q induced by 1A on (S,S ) is
Q({0}) = P(1−1

A ({0})) = P(Ac) and Q({1}) = P(1−1
A ({1})) = P(A). The dis-

tribution of random variable 1A is F(x) = P(Ac)1(x ≥ 0)+ P(A)1(x ≥ 1). ♦
Example 2.13 Let (Ω,F , P) be a probability space and let X :Ω → R be (F ,B)-
measurable. Suppose the probability measure Q induced by P on (R,B) has the
expression Q((−∞, x]) = P(X−1((−∞, x])) = Φ((x − μ)/σ), where x, μ, and
σ > 0 are reals, Φ(u) = ∫ u

−∞ φ(ξ)dξ, and φ(ξ) = exp(−ξ2/2)/
√

2π. Then X is
said to be Gaussian random variable with mean μ, standard deviation σ, and variance
σ 2, a property denoted by X ∼ N (μ, σ 2). ♦
Theorem 2.4 Let (Ω,F , P) be a probability space. A function X :Ω → R

d is an
R

d -valued random variable on (Ω,F , P) if its coordinates are real-valued random
variables on this probability space.

Proof If X is a random vector, its coordinates Xi = πi ◦X, i = 1, . . . , d, are random
variables because the projection map πi (x) = xi is continuous.

Suppose now that Xi are random variables. Let R be the collection of open
rectangles in R

d with members R = I1 × · · · × Id , where Ii are open intervals
in R. The σ -field Bd is generated by these rectangles, that is, Bd = σ(R) ([11],
Proposition 3.2.4), so that it is sufficient to show that X−1(R) is in F . We have
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X−1(R) = ∩d
i=1 X−1

i (Ii ) ∈ F since Xi are random variables. Hence, X is a random
vector if and only if {ω ∈ Ω : Xi (ω) ≤ xi } ∈ F for all xi ∈ R, i = 1, . . . , d. �
Example 2.14 Consider a series X = (X1, X2, . . .), where Xi are measurable
functions from (Ω,F ) to (Ψ,G ). Let K be the collection of all subsets of
Z
+ = {1, 2, . . .}. The function (m, ω) �→ Xm(ω) depending on the arguments

m and ω is measurable from (Z+ ×Ω,K ×F ) to (Ψ,G ). Generally, this property
does not hold if the discrete index m in this example is allowed to take values in an
uncountable set. ♦
Proof Let A = {(m, ω) : Xm(ω) ∈ B}be the inverse image of the function (m, ω) �→
Xm(ω) in Z

+ × Ω corresponding to an arbitrary member B of G . Because Xm is
measurable, the set A can be expressed as the countable union ∪m{ω:Xm(ω) ∈ B}
of sets {ω : Xm(ω) ∈ B} that are in F for each m ≥ 1. Hence, A is in K × F .

Note also that the function m �→ Xm(ω) is K -measurable for a fixed ω ∈ Ω since
{m : Xm(ω) ∈ B} is a subset of Z

+ so that it is in K . �
Definition 2.13 Let (Ω,F ) and (S,S ) be measurable spaces and let X :Ω → S
be a random element, that is, an (F ,S )-measurable mapping. The σ -field generated
by X, denoted by σ(X) or F X , is σ(X) = X−1(S ) = {X−1(B) : ∀B ∈ S }.
Example 2.15 Let (Ω,F , P) be a probability space and 1A : Ω → R, A ∈ F , an
indicator function. The σ -field generated by 1A is σ(1A) = {∅,Ω, A, Ac}. There is
no smaller field with respect to which 1A is measurable. ♦

It is common in applications to be interested in functions of random variables.
For example, we may have to find the distribution of the deformation or any other
response Y of a physical system with random properties X1 that is subjected to a
random action X2. Suppose X1 and X2 are random variables on a probability space
(Ω,F , P). To achieve this objective, we first need to show that Y, which is a function
of (X1, X2), is a random variable on (Ω,F , P). The following theorem shows that
Y has this property if the mapping (X1, X2) �→ Y is measurable.

Theorem 2.5 Let h : (Ω,F ) → (Ψ,G ) and g : (Ψ,G ) → (Φ,H ) be measur-
able functions, where (Ω,F ), (Ψ,G ), (Φ,H ) are measurable spaces. Then the
function g ◦ h : (Ω,F )→ (Φ,H ) is measurable.

Proof We have g−1(H ) ⊂ G and h−1
(
g−1(H )

) ⊂ h−1(G ) ⊂ F since g and h
are measurable functions. �

2.4 Independence

We define independent σ -fields and show that this concept applies directly to char-
acterize independent events and random elements.

Definition 2.14 Let (Ω,F , P) be a probability space and Fi , i ∈ I, a collection
of sub-σ -fields of F . If I is finite, the σ -fields Fi , i ∈ I, are independent if
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P
( ∩i∈I Ai

) =
∏

i∈I

P(Ai ), ∀Ai ∈ Fi . (2.11)

If I is infinite and (2.11) holds for all finite subsets of I, then the σ -fields Fi , i ∈ I,
are said to be independent.

The definition implies that (2.11) must hold for any subset of {Ai ∈ Fi , i ∈ I }
since some Ai can be selected to coincide with Ω. If the σ -fields Fi , i ∈ I, are on
different sample spaces, the above independence condition needs to be applied on
the corresponding product probability space.

Definition 2.15 A collection of events Ai ∈ F , i ∈ I, is said to be independent if
the σ -fields σ(Ai ) = {∅,Ω, Ai , Ac

i } are independent.

Example 2.16 Two events A and B on a probability space (Ω,F , P) are independent
if P(A ∩ B) = P(A)P(B). This is the classical definition for the independence
between two events. ♦
Proof By definition, A and B are independent if the fields σ(A) and σ(B) are
independent, which implies P(A′ ∩ B ′) = P(A′)P(B ′) for all A′ ∈ σ(A) and
B ′ ∈ σ(B). The stated condition of independence follows by considering all possi-
ble pairs of events (A′, B ′). The converse also holds, that is, P(A∩B) = P(A)P(B)

implies the independence of the fields σ(A) and σ(B). For example, P(Ac ∩ B) =
P(B)− P(A ∩ B) = P(B)− P(A)P(B) = P(Ac)P(B).

Note also that, the classical definition of independence between two events follows
from that of the conditional probability. If A and B are independent and P(B) > 0, the
conditional probability P(A | B) = P(A∩B)/P(B) is unaffected by the occurrence
of B so that P(A | B) = P(A) implying P(A ∩ B) = P(A)P(B). �
Example 2.17 Consider two events A and B as in Example 2.16. If A ∩ B = ∅ and
P(A), P(B) > 0, then A and B are not independent since P(A ∩ B) = P(∅) = 0
and P(A), P(B) > 0. ♦
Definition 2.16 The events Ai , i = 1, . . . , n, on a probability space (Ω,F , P)

are independent if

P(Ai1 ∩ Ai2 ∩ · · · ∩ Aim ) =
m∏

k=1

P(Aik ) (2.12)

holds for any subset {i1, . . . , im} of {1, . . . , n}.
Example 2.18 The requirement in (2.12) is essential for three or more events. It is
not sufficient to satisfy (2.12) for the entire collection of events. For example, set
Ω = {1, 2, 3, 4}, F = all parts of Ω, and P({1}) = √2/2 − 1/4, P({2}) =
1/4, P({3}) = 3/4 − √2/2, and P({4}) = 1/4. Let A1 = {1, 3}, A2 = {2, 3},
and A3 = {3, 4} be events in (Ω,F ). The probability of A1 ∩ A2 ∩ A3 = {3} is
P({3}) = 3/4−√2/2 and is equal to P(A1)P(A2)P(A3). However, P(A1∩ A2) �=
P(A1)P(A2) ([9], p. 2). ♦
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Definition 2.17 Let (Ω,F , P) be a probability space and let Ci ⊂ F , i ∈ I, be
families of subsets of F . If I = {1, . . . , n} is finite, Ci are said to be independent
if any A1 ∈ C1, . . . , An ∈ Cn are independent events. If I is not finite, Ci are
independent if Ci , i ∈ J, are independent families for each finite J ⊆ I.

This definition and the following criterion can be used to show that two or more
σ -fields are independent. The criterion uses classes of events forming a π -system. A
collection C of subsets of Ω is said to be a π -system if it is closed to finite intersection,
that is, A, B ∈ C implies A ∩ B ∈ C . If Ci is a nonempty class of events in F
for each i = 1, . . . , n, such that (1) Ci is a π -system and (2) Ci , i = 1, . . . , n, are
independent, then the σ -fields σ(Ci ), i = 1, . . . , n, are independent ([11], Theorem
4.1.1).

Definition 2.18 Let (Ω,F , P) be a probability space, S a metric space, S the
σ -field induced on S by its metric, and Xi :Ω → S, i ∈ I, a collection of random
elements, that is, a collection of (F ,S )-measurable functions, where I may or may
not be finite. The random elements Xi are independent if the σ -fields σ(Xi ) =
σ(X−1

i (S ), i ∈ I ) generated by these elements are independent.

Example 2.19 Let X and Y be real-valued random variables defined on (Ω,F , P).

The independence of σ(X) and σ(Y ) implies P(X−1((−∞, x])∩Y−1((−∞, y])) =
P(X ≤ x)P(Y ≤ y) = FX (x)FY (y), x, y ∈ R, where FX and FY denote the
distributions of X and Y. The converse also holds, that is, P(X ≤ x, Y ≤ y) =
FX (x)FY (y) implies the independence of σ(X) and σ(Y ). For example, P({a1 <

X ≤ a2} ∩ {b1 < Y ≤ b2}) = P(X ≤ a2, Y ≤ b2)− P(X ≤ a1, Y ≤ b2)− P(X ≤
a2, Y ≤ b1) + P(X ≤ a1, Y ≤ b1) by properties of the probability measure,
or P({a1 < X ≤ a2} ∩ {b1 < Y ≤ b2}) = FX (a2)FY (b2) − FX (a1)FY (b2) −
FX (a2)FY (b1) + FX (a1)FY (b1), so that P({a1 < X ≤ a2} ∩ {b1 < Y ≤ b2}) =
(FX (a2) − FX (a1))(FY (b2) − FY (b1)) = P(a1 < X ≤ a2)P(b1 < Y ≤ b2). The
latter relationship implies the independence of the σ -fields σ(X) and σ(Y ) since the
intervals (a1, a2] and (b1, b2] are arbitrary. ♦
Example 2.20 Let Xk, k = 1, 2, . . . , be independent, real-valued random variables
on a probability space (Ω,F , P) and ϕk :R→ R Borel measurable functions. The
random variables ϕk ◦ Xk, k = 1, 2, . . . , are independent.

Proof We have ϕ−1
k (B) ⊆ B and X−1

k (ϕ−1
k (B)) ⊆ F because ϕk is a Borel

measurable function and Xk is a random variable. Since X−1
k (ϕ−1

k (B)) ⊆ X−1
k (B)

and the σ -fields X−1
k (B), k = 1, 2, . . . , are independent by assumption, the random

variables ϕk ◦ Xk are independent. ♦
Example 2.21 Let X(t) and Y(t), t ∈ [0, 1], be simple real-valued processes with con-
tinuous samples (x1(t), . . . , xm(t)) and (y1(t), . . . , yn(t)) occurring with probabili-
ties (p1, . . . , pm) and (q1, . . . , qn), respectively. It is assumed that both processes are
defined on the same probability space (Ω,F , P), so that they are measurable func-
tions from (Ω,F ) to (C[0, 1],C ), and Ai = {ω ∈ Ω : X (ω) = xi }, i = 1, . . . , m,

and B j = {ω ∈ Ω : Y (ω) = y j }, j = 1, . . . , n, are measurable partitions of Ω. The
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processes X and Y are independent if the σ -fields generated by {Ai , i = 1, . . . , m}
and {B j , j = 1, . . . , n} are independent. ♦

2.5 Sequence of Events

Let {An, n = 1, 2, . . .} be a sequence of events in a probability space (Ω,F , P).

Properties of probability measures that involve increasing/decreasing, convergent,
and arbitrary sequences of events are discussed.

Definition 2.19 The sequence {An, n = 1, 2, . . .} is said to be increasing if An ⊆
An+1 for all n. If An ⊇ An+1 for all n, the sequence is decreasing. The sequence is
convergent if lim supn→∞ An = ∩∞n=1∪∞k=n Ak and lim infn→∞ An = ∪∞n=1∩∞k=n Ak

coincide, and we use the notation limn→∞ An = lim supn→∞ An = lim infn→∞ An

for the limit of {An}. Note that lim supn→∞ An, lim infn→∞ An, and limn→∞ An

are events in (Ω,F , P).

Theorem 2.6 (Continuity of probability measure) Let {An, n = 1, 2, . . .} be an
increasing or decreasing sequence of events. The numerical sequence {P(An), n =
1, 2, . . .} is increasing or decreasing and converges to P(A), where A = limn→∞ An .

Proof Suppose {An} is increasing, so that it converges to A= limn→∞ An = ∪∞n=1
An . Set B1= A1 and Bn = An\An−1, n= 2, 3, . . . , so that An = ∪n

k=1 Bk,

A= ∪∞n=1 Bn, P(A)= P(∪∞n=1 Bn)= ∑∞n=1 P(Bn)= limn→∞
∑n

k=1 P(Bk)=
limn→∞ P(∪n

k=1 Bk)= limn→∞ P(An) since {Bn} are disjoint events. Similar argu-
ments hold for decreasing sequences. �

A direct consequence of Theorem 2.6 is that, for a sequence {An, n = 1, 2, . . .}
of convergent events, probability and limit can be interchanged, that is,

lim
n→∞ P(An) = P( lim

n→∞ An) = P(A), (2.13)

where A = lim supn→∞ An = lim infn→∞ An (Exercise 2.9 and [11], Sect. 2.1).
Let {An, n = 1, 2, . . .} be a sequence of events in a probability space (Ω,F , P),

and let A = lim supn→∞ An = ∩∞n=1 ∪∞k=n Ak be an event in this space. It can be
seen that ω ∈ A if and only if ω ∈ An for infinitely many indices n. We use the
notation

{An i.o.} = {An infinitely often} = ∩∞n=1 ∪∞k=n Ak = lim sup
n→∞

An (2.14)

to indicate this property.

Theorem 2.7 (Borel–Cantelli lemma) If {An, n = 1, 2, . . .} is a sequence of events
such that

∑∞
n=1 P(An) <∞, then P(An i.o.) = 0.

If {An, n = 1, 2, . . .} is a sequence of independent events, then P(An i.o.) = 0
and P(An i.o.) = 1 if and only if

∑∞
n=1 P(An) < ∞ and

∑∞
n=1 P(An) = ∞,

respectively.
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Proof We have P(An i.o.) = limn→∞ P(∪∞k=n Ak) ≤ limn→∞
∑∞

k=n P(Ak) = 0,

where the first and the last equalities hold since {∪∞k=n Ak} is an increasing sequence
of events and

∑∞
n=1 P(An) is convergent by assumption.

The proof of the second part of the Borel–Cantelli lemma can be found in [11]
(Proposition 4.5.2). �
Example 2.22 Let {Xn, n = 1, 2, . . .} be a sequence of Bernoulli random variables
taking the values 1 and 0 with probabilities P(Xn = 1) = pn = 1 − P(Xn =
0), n ≥ 1. If

∑∞
n=1 pn < ∞, then P({Xn = 1} i.o.) = 0 by the Borel–Cantelli

lemma, so that Xn is equal to 1, a finite number of times. Other illustrations of the
use of the Borel–Cantelli lemma can be found in [11] (Sect. 4.5). ♦
Example 2.23 Let p0 = P(V ≤ vcr) denote the probability that yearly wind speed
maximum does not exceed a critical value vcr at a site. The event {V ≤ vcr} occurs
infinitely often with probability one since

∑∞
n=1 p0 = ∞ for p0 > 0 and the events

{V ≤ vcr} in distinct years are independent. The statement follows from the second
part of the Borel–Cantelli lemma. ♦

2.6 Expectation

The expectation operator is first defined for simple random variables. The definition
is then extended to positive and arbitrary random variables, random vectors, and
random functions. The expectation operator is used to define moments of random
elements. Fubini’s theorem and applications of this theorem conclude the section.

Definition 2.20 Let (Ω,F , P) be a probability space, {Ai ∈ F , i ∈ I } a partition
of Ω, I a finite index set, and ai ∈ R

d such that ‖ai‖ <∞. Then

X =
∑

i∈I

ai 1Ai , ai ∈ R
d , (2.15)

is called a finite, simple R
d -valued random variable. The collection of simple random

variable is a vector space (Exercise 2.11).

Definition 2.21 The expectation of X in (2.15), denoted by E[X ], ∫
Ω

X dP, or∫
Ω

X (ω) dP(ω), is

E[X ] =
∫

Ω

X dP =
∫

Ω

X (ω) dP(ω) =
∑

i∈I

ai P(Ai ). (2.16)

Consider a mapping g :Rd → R
d ′ such that ‖g(ai )‖ <∞, i ∈ I. Then, g(X) is

a simple R
d ′ -valued random variable with expectation

E[g(X)] =
∑

i∈I

g(ai )P(Ai ). (2.17)



2.6 Expectation 23

The definition is meaningful since ‖g(ai )‖ <∞, i ∈ I.
Following are the properties of the expectation for simple random variables.

Except for Jensen’s inequality (Exercise 2.12), all the other properties result directly
from (2.16) and (2.17). The random variables in the first three properties given by
(2.18) are real-valued.

If ai ≥ 0 in (2.15), then E[X ] ≥ 0,

If X ≤ Y a.s., then E[X ] ≤ E[Y ],
If g : R→ R is convex, then g

(
E[X ]) ≤ E[g(X)] (Jensen’s inequality),

E[αX + βY ] = αE[X ] + βE[Y ], α, β ∈ R, and
∫

∪i Bi

X dP =
∑

i

∫

Bi

X dP, where {Bi ∈ F } is a measurable partition of Ω.

(2.18)

The second and the fourth properties show that E[·] is a monotone and a linear
operator. Jensen’s inequality implies |E[X ]| ≤ E[|X |] since the absolute value is a
convex function. The inequality also follows from the definition of the expectation,
which gives |E[X ]| = |∑i∈I ai P(Ai )| ≤∑i∈I |ai |P(Ai ) = E[|X |].

We now extend the definition of expectation in (2.16) to positive real-valued
random variables and, subsequently, arbitrary random variables.

Definition 2.22 Let X be a real-valued, positive random variable defined on a proba-
bility space (Ω,F , P), that is, P(X ≥ 0) = 1. If P(X = ∞) > 0, set E[X ] = ∞.

Otherwise,

E[X ] = lim
n→∞ E[Xn], (2.19)

where Xn is an approximating sequence of finite-valued simple random variables
such that Xn ↑ X and E[Xn] is finite for each n.

The definition is meaningful since (1) there exists an increasing sequence of simple
random variables Xn ≥ 0, n = 1, 2, . . . , referred to as an approximating sequence
of X, such that limn→∞ Xn(ω) = X (ω) for almost all ω’s ([11], Theorem 5.1.1) and
(2) the expectation in (2.19) is well-defined since the value of E[X] does not change
if {Xn} is replaces with another approximating sequence Ym ↑ X ([11], Proposition
5.2.1).

Definition 2.23 Let X be a real-valued random variable defined on a probability
space (Ω,F , P), and set X+ = X ∨ 0 = max(X, 0) and X− = (−X) ∨ 0 =
max(−X, 0). The expectation of X is

E[X ] =
{

E[X ] = E[X+] − E[X−], if E[X+] <∞ and/or E[X−] <∞
Does not exist, if E[X+] = E[X−] = ∞.

(2.20)
If both expectations E[X+] and E[X−] are finite, then E[X] exists, is finite, and has
the expression E[X ] = E[X+]− E[X−]. If only one of the expectations E[X+] and
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E[X−] is finite, then E[X] exists but is unbounded. As for simple random variables,
we have

E[X1B] =
∫

Ω

1B(ω)X (ω) dP(ω) =
∫

B
XdP, B ∈ F , (2.21)

and, if E[X1B] is finite, we say that X is integrable with respect to P over B or just
P-integrable over B. The definitions in (2.20) and (2.21) extend directly to random
vectors and complex-valued random variables by applying them to the coordinates
and real/imaginary parts of these variables, respectively.

Example 2.24 Let X (ω) = i2 + j2 be a random variable defined on (Ω,F , P),

where Ω = {ω = (i, j) : i, j = 1, 2, . . . , 6} is the sample space for the experiment
of rolling two dice, F consists of all subsets of Ω, and P({ω}) = 1/36. Then
X is a positive, simple random variable and E[X1B] = ∑

ω∈B(i2 + j2)(1/36) =[
(2)(40)+ (2)(34)+ 32

]
/36 = 5 for B = {ω = (i, j) : i + j = 8}. ♦

The second and the third properties in (2.18) are also valid for the expectation in
(2.20) (Exercises 2.12–2.14 and [4], Sect. 3.2). Following are the properties specific
to the expectation in (2.20).

Theorem 2.8 Let X be a real-valued random variable defined on a probability space
(Ω,F , P). Then ([4], Sect. 3.2)

E[X1A] =
∫

A
X dP, A ∈ F , is finite if and only if

∫

A
|X |dP <∞,

If X ≥ 0 a.s., then
∫

A
X dP ≥ 0, and

If X is P − integrable, then X is finite a.s., that is,

N = {ω:X (ω) = ±∞} ∈ Fand P(N ) = 0. (2.22)

Definition 2.24 Let X be a real-valued random variable defined on a probability
space (Ω,F , P) and let q ≥ 1 be an integer. If μ(q) = E[Xq ] exists and is finite,
it is called the moment of order q of X. The mean of X is μ = μ(1). If E[(X −μ)q ]
exists and is finite, it is called the central moment of order q of X. The central moment
σ 2 = E[(X − μ)2] is the variance of X. The square root σ of the variance σ 2 is the
standard deviation of X. The scaled versions of the third and fourth central moments
γ3 = E[(X − μ)3]/σ 3 and γ4 = E[(X − μ)4]/σ 4 are the skewness and kurtosis
coefficients of X. The ratio v = σ/μ defined for μ �= 0 is called coefficient of
variation.

The definition of moments of X is meaningful since the mappings X �→ Xq ,

(X − μ)q are continuous and, therefore, measurable. Hence, Xq , (X − μ)q are
random variables on (Ω,F , P).

Definition 2.25 Let X = (X1, . . . , Xd) be an R
d -valued random variable defined

on a probability space (Ω,F , P) and let q ≥ 1 be an integer. The moments of order
q of X are
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μ(q1, . . . , qd) = E

[ d∏

i=1

Xqi
i

]
(2.23)

provided the expectations in (2.23) exist and are finite, where qi ≥ 0 are integers
such that

∑d
i=1 qi = q. The mean or the expectation of X is the vector E[X ] =(

E[X1] = μ(1, 0, . . . , 0), . . . , E[Xd ] = μ(0, . . . , 0, 1)
)
. The (d, d)-matrix r =

{ri j = E[Xi X j ], i, j = 1, . . . , d} whose entries are moments of order q = 2 is
called the correlation matrix of X. The formula in (2.23) with Xi − E[Xi ] in place
of Xi , i = 1, . . . , d, give the central moments of order q of X. The (d, d)-matrix
c = {ci j = E[(Xi−E[Xi ])(X j−E[X j ])], i, j = 1, . . . , d} is called the covariance
matrix of X. The scaled version of the covariance matrix ρ = {ρi j = E[(Xi −
E[Xi ])(X j − E[X j ])/(σiσ j )], i, j = 1, . . . , d} is the correlation coefficient matrix,
where σ 2

i = cii , i = 1, . . . , d.

The definition in (2.23) is meaningful since the mapping X �→ ∏d
i=1 Xqi

i is

continuous so that it is measurable implying that
∏d

i=1 Xqi
i is a random variable

defined on the same probability space as X. Similar considerations hold for the
mapping X →∏d

i=1(Xi − E[Xi ])qi .

Definition 2.26 Let X be an R
d -valued random variable with finite moments of

order 2. Two distinct coordinates Xi and X j of X are said to be orthogonal if ri j =
E[Xi X j ] = 0. If ci j = (Xi − E[Xi ])(X j − E[X j ]) = 0, then Xi and X j are said
to be uncorrelated. The correlations and covariances of X coincide if E[Xi ] = 0 for
all i = 1, . . . , d.

Example 2.25 Let X = U + iV be a complex-valued random variable, where U and
V are real-valued random variables. If E[|U |] < ∞ and E[|V |] < ∞, then E[X]
exists and is equal to E[X ] = E[U ] + i E[V ], that is, the real and imaginary parts
of X are viewed as the coordinates of a two-dimensional vector. ♦

The coordinate by coordinate definition of the expectation for random vectors
extends directly to random functions by viewing their values at various arguments
as coordinates of a random vector with finite, countable, or uncountable number of
coordinates.

Definition 2.27 Let X (t) = (X1(t), . . . , Xd(t)), t ∈ D ⊆ R
d ′ , be an R

d -valued
random function defined on a probability space (Ω,F , P). The expectation of X (t)
exists if and only if the expectation of all its coordinates {Xi (t), t ∈ D, i = 1, . . . , d}
exist. In this case, we have E[X (t)] = (E[X1(t)], . . . , E[Xd(t)]), t ∈ D.

Example 2.26 Let Y1 and Y2 be random variables on a probability space (Ω,F , P)

such that E[|Yk |] <∞, k = 1, 2. The R
2-valued random function X (t) = (X1(t) =

Y1 cos(t), X2(t) = Y2 sin(t)), t ∈ [0, 2π ], is defined on (Ω,F , P) and has expec-
tation (E[X1(t)] = E[Y1] cos(t), E[X2(t)] = E[Y2] sin(t)), t ∈ [0, 2π ]. ♦

We conclude this section with the statement of Fubini’s theorem specifying con-
ditions under which integrals of measurable functions defined on product probability
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spaces can be performed sequentially. The theorem is used extensively in calcula-
tions, as illustrated by two examples.

Theorem 2.9 (Fubini’s theorem) Let (Ωk,Fk, Pk), k = 1, 2, be two complete
probability spaces and denote by Ω = Ω1 × Ω2, F = F1 × F2, and P =
P1× P2 the product sample space, σ -field, and probability measure. If (ω1, ω2) �→
X (ω1, ω2) is F -measurable and P-integrable, then

X (ω1, ·) is F2—measurable and P2—integrable for each ω1 ∈ Ω1,∫

Ω2

X (·, ω2)P2 (dω2) is F1—measurable andP1—integrable, and

∫

Ω

X (ω)P (dω) =
∫

Ω1

[∫

Ω2

X (ω1, ω2)P2(dω2)

]
P1(dω1). (2.24)

If in addition X is positive and either side of (2.24) exists and is finite or infinite, so
is the other side of the equality, and the equality is valid ([4], p. 59).

Example 2.27 Let (Ω,F , P) and ([0, 1],H ([0, 1]), λ) be measure spaces, where
λ denotes the Lebesgue measure. Let X : ([0, 1] ×Ω,B([0, 1])×F ) −→ (R,B)

be a measurable function defined on the product of these spaces endowed with the
product measure λ × P. It is common to interpret the first argument of X as time.
The integral I (A, ω) = ∫A 1B(X (s, ω)) ds, A ∈ B([0, 1]), B ∈ B, represents the
time X (·, ω), ω ∈ Ω, spends in B during a time interval A. The expectation of this
occupation time is E[I (A, ω)] = ∫A P(X (s) ∈ B) ds. ♦
Proof The measurable mapping (s, ω) �→ X (s, ω) is said to be a stochastic
process, and s �→ X (s, ω) is sample ω of X. For K = {∅, {0, 1}, {0}, {1}}, the
indicator function, 1B :(R,B) → ({0, 1},K ), B ∈ B, is measurable so that
1B ◦ X :([0, 1] ×Ω,B([0, 1])×F )→ ({0, 1},K ) is also measurable. The expec-
tation of the occupation time is

E[I (A, ω)] =
∫

Ω×A
1B(X (s, ω)) ds P(dω) =

∫

Ω

[ ∫

A
1B(X (s, ω)) ds

]
P(dω)

=
∫

A

[ ∫

Ω

1B(X (s, ω))P(dω)

]
ds =

∫

A
P(X (s) ∈ B) ds,

by Fubini’s theorem ([11], Example 5.9.1). �
Example 2.28 Consider a cantilever beam with unit length and stiffness that is fixed
at its left end and subjected to a distributed random load X(x), x ∈ [0, 1]. It is assumed
that the mapping (x, ω)→ X (x, ω) is measurable from ([0, 1] ×Ω,B[0, 1] ×F )

to (R,B) and λ× P-integrable, where λ denotes the Lebesgue measure on the real
line. The beam displacement U(1) at its free end and its expectations are
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U (1) =
∫

[0,1]3
X (x + u)u1(0 ≤ u ≤ 1− y, 0 ≤ y ≤ z) du dy dz and

E[U (1)] =
∫

[0,1]3
E[X (x + u)]u1(0 ≤ u ≤ 1− y, 0 ≤ y ≤ z) du dy dz.

If E[X (x)] = q is space invariant, then E[U (1)] = q/8. ♦
Proof The beam displacement satisfies the equation U ′′(x) = −M(x) with bound-
ary conditions U (0) = 0 and U ′(0) = 0, where M(x) = − ∫ 1−x

0 X (x + u)udu
denotes the bending moment in the beam. The solution of this equation is U (x) =∫ x

0 dz
∫ z

0 dy
∫ 1−y

0 X (x + u) udu, so that

E[U (1)] =
∫

Ω×[0,1]3
X (x + u, ω)u1(0 ≤ u ≤ 1− y, 0 ≤ y ≤ z) du dy dz P(dω),

where du dy dz is the Lebesgue measure on [0, 1]3. Since (u, y, z, ω) �→X (u, y, z, ω)

is measurable, we have

E[U (1)] =
∫

[0,1]3

[ ∫

Ω

X (x+u, y, z, ω)P(dω)

]
u1(0 ≤ u ≤ 1−y, 0 ≤ y ≤ z) du dy dz,

by Fubini’s theorem, which gives the stated formula of E[U (1)]. �
Example 2.29 Let X (t, ω) and Y (t, ω) be real-valued random variables defined on a
probability space ([0, τ ]×Ω,B[0, τ ]×F , λ× P), 0 < τ <∞. Suppose X is the
solution of the differential equation Ẍ(t, ω)+ 2ζv0 Ẋ(t, ω)+ v2

0 X (t, ω) = Y (t, ω)

with X (0, ω) = 0, Ẋ(t, ω) = 0, where ζ ∈ (0, 1) and v0 > 0 are constants,
and the dots denote time derivatives. We will see that the solution of this equation
is a stochastic process, that is, a family of random variables indexed by t ∈ [0, τ ],
defined by X (t, ω) = ∫ t

0 h(t−s)Y (s, ω) ds, where h(u) = exp(−ζv0u) sin(vdu)/vd

and vd = v0
√

1− ζ 2. The expectation of this process at an arbitrary time t is the
double integral E[X (t, ω)] = ∫

Ω

[ ∫ t
0 h(t − s)Y (s, ω) ds

]
P(dω). If h(t − s)Y (s, ω)

is B[0, τ ]×F -measurable and λ×P-integrable, Fubini’s theorem applies and gives

E[X (t, ω)] =
∫ t

0
h(t − s)E[Y (s, ω)] ds (2.25)

so that E[X (t, ω)] = μy
∫ t

0 h(t − s) ds if E[Y (s, ω)] = μy is time invariant. ♦

2.7 Convergence of Sequences of Random Variables

Let X and Xn, n = 1, 2, . . . , be real-valued random variables defined on a proba-
bility space (Ω,F , P). There are various definitions for the convergence Xn → X
depending on the manner in which the discrepancy between Xn and X is measured.
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Definition 2.28 The sequence {Xn} converges to X almost surely (Xn
a.s.−→ X), in

probability (Xn
pr−→ X), in distribution (Xn

d−→ X), and in L p (Xn
m.p.−→ X),

where p ≥ 1 is an integer, if

lim
n→∞ Xn(ω) = X (ω), ∀ω ∈ Ω � N with P(N ) = 0,

lim
n→∞ P(|Xn − X | > ε) = 0, ∀ε > 0,

lim
n→∞ Fn(x) = F(x) at continuity points x ∈ R, and

lim
n→∞ E[|Xn − X |p] = 0, (2.26)

respectively. The convergence Xn
m.p.−→ X for p = 2 is called mean square (m.s.)

convergence and is denoted by Xn
m.s.−→ X or l.i.m. n→∞Xn = X.

Figure 2.1 adapted from [7] (Sect. 2.13) gives essential relations between various
types of convergence. An extensive discussion on relationships between convergence
types can be found, for example, in [4] (Chap. 4) and [11] (Sects. 6.3 and 8.5). We only
discuss some of the arrows in Fig. 2.1. That m.s. convergence implies convergence
in probability follows from the Chebyshev inequality.

The convergence Xn
a.s.−→ X means P(|Xn−X | > ε i.o.) = 0 for ε > 0 arbitrary,

since it requires that |Xn(ω) − X (ω)| gets small and remains small for almost all
ω ∈ Ω. We have 0 = P(lim supn→∞ |Xn − X | > ε) = limn→∞ P(∪m≥n|Xm −
X | > ε) ≥ limn→∞ P(|Xn − X | > ε), that is, Xn

pr−→ X.

To show that the convergence in distribution is implied by that in probability, note
that for ε > 0 arbitrary, we have

P(Xn ≤ x) = P(Xn ≤ x, |Xn − X | ≤ ε)+ P(Xn ≤ x, |Xn − X | > ε)

≤ P(Xn ≤ x, |Xn − X | ≤ ε)+ P(|Xn − X | > ε)
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and P(Xn ≤ x, |Xn − X | ≤ ε)≤ P(Xn ≤ x, X ≤ Xn + ε)≤ P(X ≤ x + ε), which
gives P(Xn ≤ x)≤ P(X ≤ x + ε) + P(|Xn − X |> ε). This inequality and a sim-
ilar inequality obtained by interchanging X with Xn yield P(X ≤ x − ε) −
P(|Xn − X |> ε) ≤ P(Xn ≤ x) ≤ P(X ≤ x + ε) + P(|Xn − X | > ε), so that
limn→∞ P(Xn ≤ x) = P(X ≤ x) provided the distribution of X is continuous at x.

Example 2.30 Let {Xn} be a sequence of random variables converging in probability
to X. Then {Xn} is a Cauchy sequence in probability, that is, for arbitrary ε > 0 and
η > 0 there exists n(ε, η) such that P(|Xm − Xn| > ε) < η for m, n ≥ n(ε, η). ♦
Proof Since P(|Xm − X | + |Xn − X | > ε) ≤ P(|Xm − X | > ε/2) + P(|Xn −
X | > ε/2) and P (|Xm − X | > ε/2 , P(|Xn − X | > ε/2)→ 0 as m, n →∞, the
sequence {Xn} is Cauchy in probability. �
Example 2.31 If {Xk} are uncorrelated random variables with finite mean μ and

variance σ 2, then
∑n

k=1(Xn −μ)/n
pr−→ 0 as n→∞. The convergence is referred

to as the weak law of large numbers ([9], p. 36). ♦
Example 2.32 If {Xk} are independent identically distributed (iid) random variables
with finite expectation, then

∑n
k=1 Xk/n

a.s.−→ E[X1] as n→∞. The convergence is
referred to as the strong law of large numbers [11] (Sects. 7.4 and 7.5). It shows that
averages along almost all infinite samples of the sequence (X1, X2, . . .) are equal to
E[X1]. ♦
Example 2.33 If {Xk} are iid random variables with finite mean μ = E[X1]
and variance σ 2 = E[(X1 − μ)2], then (1/

√
n)
∑n

k=1(Xk − μ)/σ
d−→ N (0, 1)

as n → ∞. The convergence is referred to as the central limit theorem ([11],
Sects. 8.2). ♦
Theorem 2.10 (Dominated, bounded, and monotone convergence theorems) Let
Xn, n = 1, 2, . . . , be real-valued random variables defined a probability space
(Ω,F , P) such that limn→∞ Xn = X a.s., A ∈ F , and Y a random variable
defined on the same probability space. If

(1) |Xn| ≤ Y a.s., Y ≥ 0, and
∫

A
Y dP <∞,

(2) |Xn| ≤ c a.s. for a positive constant c, or

(3) Xn ≥ 0 a.s. is an increasing sequence that can take on the value +∞, then

lim
n→∞

∫

A
Xn dP =

∫

A
( lim
n→∞ Xn) dP =

∫

A
X dP, (2.27)

an equality referred to as the dominated convergence, the bounded convergence,
or the monotone convergence under condition (1), condition (2), or condition (3),
respectively ([4], Sect. 3.2).

The interchange of limit and integral operators in (2.27) resembles a property of
Riemann integrals. For example, if the sequence of real-valued functions {hn(x)}



30 2 Essentials of Probability Theory

converges uniformly to h(x) on [a, b], we have
∫ b

a h(x) dx = ∫ b
a limn→∞ hn(x) dx =

limn→∞
∫ b

a hn(x) dx, where
∫ b

a (·) dx denotes a Riemann integral ([2], Theorem
30.3).

Theorem 2.11 (Integration term by term, Fatou’s lemma, Lebesgue’s theorem) If
{Xn} and Y are random variables on a probability space (Ω,F , P) and A ∈ F ,

the following three statements hold.

If
∑

n

∫

A
|Xn| dP <∞, then

∫

A

∑

n

Xn dP =
∑

n

∫

A
Xn dP;

If Xn ≥ 0 a.s. on A, then
∫

A
(lim inf

n
Xn) dP ≤ lim inf

n

∫

A
Xn dP; and

If |Xn| ≤ Y where Y ≥ 0 a.s. and P − integrable over A, then
∫

A
(lim inf

n
Xn) dP ≤ lim inf

n

∫

A
Xn dP ≤ lim sup

n

∫

A
Xn dP ≤

∫

A
(lim sup

n
Xn) dP.

(2.28)

Proof The proof of the first two statements in (2.28), that is, integration term by
term and Fatou’s lemma, can be found in [4] (Sect. 3.2). We only prove the last
statement, that is, Lebesgue’s theorem. Recall that∧k≥n Xk and∨k≥n Xk are increas-
ing and decreasing sequences and that lim infn→∞ Xn = supn≥1 infk≥n Xk =
limn→∞∧k≥n Xk and lim supn→∞ Xn = infn≥1 supk≥n Xk = limn→∞∨k≥n Xk .

Note that∨k≥n Xk = −∧k≥n(−Xk) so that lim supn→∞ Xn = − lim infn→∞(−Xn).

We also have {∨n Xn ≤ x} = ∩n{Xn ≤ x} ∈ F and {∧n Xn > x} = ∩n{Xn > x}
∈ F .

The Fatou lemma applied to sequence {Xn + Y }, Xn + Y ≥ 0 a.s., gives

∫

A
(lim inf Xn) dP +

∫

A
Y dP ≤ lim inf

∫

A
Xn dP +

∫

A
Y dP

so that
∫

A(lim inf Xn) dP ≤ lim inf
∫

A Xn dP. The last inequality in (2.28) results
from sup{Xn, Xn+1, . . .} = − inf{−Xn, −Xn+1, . . .}. The middle inequality in
Lebesgue’s theorem is valid since

∫
A Xn dP is a numerical sequence. �

Example 2.34 If {Xn} is a sequence of real-valued random variables converging
a.s. to X and there exists a random variable Z ≥ 0 a.s. such that |Xn| ≤ Z , then
limn→∞ E[Xn] = E[limn→∞ Xn] = E[X ].This convergence results by Lebesgue’s
theorem with A = Ω. ♦

We conclude this section by noting that the family of random variables {X} defined
on a probability space (Ω,F , P) with the property E[|X |p] <∞ constitute a vector
space that, with the norm ‖X‖ = (E[|X |p])1/p becomes a Hilbert space denoted by
L p(Ω,F , P), where p ≥ 1 is an integer. Properties of L p(Ω,F , P) relevant to
our discussion are in Sect. B.5.
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2.8 Radon–Nikodym Derivative

A direct application of Radon–Nikodym derivatives is the construction of improved
Monte Carlo simulation algorithms for estimating properties of random elements.

Definition 2.29 Let (Ω,F ) be a measurable space and let μ, v:Ω → [0,∞] be
measures on this space. If μ(A) = 0, A ∈ F , implies v(A) = 0, we say that v is
absolutely continuous with respect to μ and indicate this property by the notation
v� μ. If v� μ and μ� v, then v and μ are said to be equivalent measures.

Example 2.35 Consider a measure space (Ω,F , μ) and a measurable function
h : (Ω,F ) −→ ([0,∞),B([0,∞))). Then

v(A) =
∫

A
h dμ, A ∈ F (2.29)

is a measure that is absolutely continuous with respect to μ. ♦
Proof The set function v is positive by definition. It is countably additive since for
An ∈ F , n = 1, 2, . . . , disjoint sets, we have

v(∪∞n=1 An) =
∫

∪∞n=1 An

h dμ =
∫ ∞∑

n=1

h1An dμ

=
∞∑

n=1

∫
h1An dμ =

∞∑

n=1

∫

An

h dμ =
∞∑

n=1

v(An).

The term by term integration is valid whether
∑∞

n=1

∫
h1An dμ is or is not finite since

h is positive. The measure v is absolutely continuous with respect to μ since

v(A) =
∫

A
h dμ =

∫

Ω

h1A dμ ≤ sup
ω∈A

(h(ω))μ(A)

so that μ(A) = 0 implies v(A) = 0 with the convention 0 · ∞ = 0. �
A converse of this example is provided by following theorem, referred to as the

Radon–Nikodym theorem, that guarantees the existence of a measurable function h
satisfying (2.29) for given measures μ and v under some conditions.

Theorem 2.12 If μ and v are σ -finite measures on a measurable space (Ω,F )

such that v� μ, then there exists a measurable function

h = dv

dμ
: (Ω,F )→ ([0,∞),B([0,∞))), (2.30)

called the Radon–Nikodym derivative of v with respect to μ, such that (2.29) holds
([5], Theorem 18, p. 116).
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Example 2.36 Let X be a real-valued random variable defined on a probability space
(Ω,F , P). The measure Q induced on (R,B) by P, that is, the distribution of X, is
Q(B) = P(X−1(B)), B ∈ B. Set F(x) = Q((−∞, x]) for B = (−∞, x], x ∈ R.

Suppose Q is absolutely continuous with respect to the Lebesgue measure λ on the
real line, that is, λ(B) = 0 implies Q(B) = 0 for all B ∈ B. Since Q is a probability
measure, it is finite and, hence, σ -finite. Theorem 2.12 shows that there exists a
Randon-Nikodym derivative h = dQ/dλ : (R,B) → ([0,∞),B([0,∞))) such
that Q(B) = ∫B hdλ for all B ∈ B. For B = (−∞, x] we have F(x) = Q(B) =∫ x
−∞ f (u) dλ(u) with the notation h= f. The function f (x) = dF(x)/dx is called

the probability density function or the density of X. ♦

2.9 Distribution and Density Functions

Let X be an R
d -valued random variable defined on a probability space (Ω,F , P).

For u, v ∈ R
d , we use the notation u ≤ v(u < v) to mean ui ≤ vi (ui < vi ) for

all i = 1, . . . , d. Similarly, (−∞, u] denotes the rectangle ×d
i=1(−∞, ui ]. We have

seen that the distribution Q of X is the probability measure induced on (Rd ,Bd),

that is, Q(B) = P(X−1(B)), B ∈ Bd (Definition 2.12). It is common to view
distributions of random variables as probability measures Q defined for intervals
B = ×d

i=1(−∞, xi ]. This definition of Q is not restrictive ([11], Corollary 3.2.1 and
Proposition 3.2.4).

Definition 2.30 The distribution function of X is

F(x) = P
(
X−1((−∞, x])) = P ◦ X−1((−∞, x]) = Q((−∞, x]), x ∈ R

d ,

(2.31)
where Q = P ◦ X−1 is the probability measure induced by P on (Rd ,B(Rd)).

Definition 2.31 Let F be the distribution of an R
d -valued random variable that is

absolutely continuous with respect to the Lebesgue measure λ on R
d . The Radon–

Nikodym derivative of F with respect to λ, referred to the density of X, exists and is
given by

f (x) = ∂d F(x)

∂x1 · · · ∂xd
, x ∈ R

d . (2.32)

Since P
(∩d

i=1{Xi ∈ (xi , xi + dxi ]}
) � f (x) dx, the volume of f over an infinitesimal

rectangle×d
i=1(xi , xi+dxi ] gives the probability that X takes values in this rectangle.

Definition 2.32 The distribution of one or more coordinates of X can be obtained
from the distribution or the density of X. For example, the distribution and the density
of X1 are F1(x1) = F(x1,∞, . . . ,∞) and f1(x1) =

∫
Rd−1 f (x) dx2 · · · dxd or

f1(x1) = dF1(x1)/dx1, respectively.
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Let X be a real-valued random variable. Following is a list of properties of the
distribution function F of X that are useful for calculations. F is a right continuous,
increasing function with range [0,1]; F can have only jump discontinuities and the
set of these jumps is countable; F is continuous at x ∈ R if and only if P(X = x) =
0; limx→∞ F(x) = 1; limx→−∞ F(x) = 0; P(a < X ≤ b) = F(b)− F(a) ≥ 0
for a ≤ b; and P(a ≤ X < b) = F(b)− F(a)+ P(X = a)− P(X = b) for a ≤ b.

These facts follow the properties of probability measures and real-valued functions
(Exercise 2.17, [7], Sect. 2.10.1, [11], Sect. 2.1).

If the distribution F of a real-valued random variable X is absolutely con-
tinuous with respect to the Lebesgue measure on the real line, it has a density
f (x) = dF(x)/dx with the following properties: F(b) − F(a) = ∫ b

a f (x) dx for
a ≤ b, f (x) = F ′(x) so that

∫ x
−∞ f (ξ) dξ = F(x), f ≥ 0 since F is an increasing

function, and
∫∞
−∞ f (x)dx = 1. Note that f is not a probability measure.

Example 2.37 Let X be a real-valued random variable defined on a probability space
(Ω,F , P) and let g : (R,B)→ (R,B) be a measurable function. If Y = g ◦ X, a
random variable on (Ω,F , P), has finite expectation, then

E[Y ] =
∫

Ω

Y (ω)P(dω) =
∫

Ω

g(X (ω))P(dω)

=
∫

R

g(x)Q(dx) =
∫

R

g(x) dF(x) =
∫

R

g(x) f (x) dx, (2.33)

where Q(B) = P(X−1(B)), B ∈ B, is the distribution of X. ♦
Proof If g = 1B, B ∈ B, then E[Y ] = P(X ∈ B) = Q(B). If g = ∑i∈I bi 1Bi ,

the subsets Bi ∈ B partition R, I is a finite index set, and bi are real constants,
then E[Y ] = ∑

i∈I bi P(X ∈ Bi ) = ∑
i∈I bi Q(Bi ) since integration is a linear

operator. If g is an arbitrary positive Borel function, there exists a sequence of simple,
increasing, and measurable functions gn, n = 1, 2, . . . , converging to g as n→∞.

The expectations of gn(X) calculated by all formulas in (2.33) coincide, so that
(2.33) holds also for g(X) by the monotone convergence theorem. If g is an arbitrary
Borel function, (2.33) holds since g = g+ − g− and

∫
g(X) dP = ∫ g+(X) dP −∫

g−(X) dP. �
Example 2.38 A real-valued random variable X with density

f (x) = 1√
2πσ

exp

[
− 1

2

(
x − μ

σ

)2]
= 1

σ
φ

(
x − μ

σ

)
, x, μ ∈ R, σ > 0,

(2.34)
is said to be Gaussian with mean μ, variance σ 2, and standard deviation σ, a property
denoted by X ∼ N (μ, σ 2). The function φ(u) = exp(−u2/2)/

√
2π, u ∈ R, is the

density of the standard Gaussian variable N (0, 1). ♦
Example 2.39 Consider a Cauchy random variable X with density f (x) = a/[π(a2+
x2)], x ∈ R, where a > 0 is a constant. The expectation of X does not exist since
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E[X+] = E
[
1X≥0 X

] = ∫∞
0 x f (x) dx = a log(a2 + x2)/(2π) |∞0 = +∞ and

E[X−] = +∞. ♦
Example 2.40 The distribution of X = F−1 ◦ Φ(G) is F, where F is a continuous
distribution, Φ denotes the distribution of N(0,1), that is, Φ(x) = ∫ x

−∞ φ(u) du, and
G ∼ N (0, 1). ♦
Proof Since X is a continuous function of G, it is a random variable. We have
P(X ≤ x) = P(F−1◦Φ(G) ≤ x) = P(G ≤ Φ−1(F(x))) = F(x), x ∈ R.Similar
arguments show that Φ(G) ∼ U (0, 1) is a random variable uniformly distributed in
(0,1), that is, P(Φ(G) ≤ x) = x, x ∈ [0, 1]. The representation X = F−1 ◦Φ(G)

is used to generate samples of random variables following arbitrary distributions. �
Suppose now that X is an R

d -valued random variable and d > 1. As for the case
d = 1, we list the properties of the distribution function F of X: limxk→∞ F(x), 1 ≤
k ≤ d is the joint distribution of (X1, . . . , Xk−1, Xk+1, . . . , Xd), limxk→−∞ F(x) =
0 for k ∈ {1, . . . , d}, function xk �→ F(x) is increasing for each k ∈ {1, . . . , d}, and
function xk �→ F(x) is right continuous for each k ∈ {1, . . . , d}.
Definition 2.33 Let X be an R

d -valued random variable with density f. Denote by
X (1) and X (2), the first d1 < d and the last d2 = d − d1 coordinates of X for d ≥ 2.

The conditional density f (1|2) of X (1) given X (2) = z is

f (1|2)(x (1) | z) = f (x (1), z)

f (2)(z)
, (2.35)

where f (k) denotes the density of X (k), k = 1, 2, and x (1) = (x1, . . . , xd1). If
f (1|2)(x (1) | z) = f (1)(x (1)), then X (1) and X (2) are independent.

The conditional probability P(A | B) in (2.5) provides a heuristic interpretation
for the conditional density in (2.35). Since P(A | B) � f (1|2)(x (1) | z) dx (1) for
A = {X1 ∈ (x1, x1+dx1], . . . , Xd1 ∈ (xd1, xd1+dxd1 ]} and B = {Xd1+1 ∈ (z1, z1+
dz1], . . . , Xd ∈ (zd2 , zd2 + dzd2 ]}, f (1|2)(x (1) | z) dx (1) represents the probability
that X (1) is in the infinitesimal rectangle (x1, x1 + dx1] × · · · × (xd1 , xd1 + dxd1 ]
under the condition X (2) = z. A rigorous discussion on this topic can be found in
[5] (Sect. 21.3, pp. 416–417).

Definition 2.34 An R
d -valued random variable X is said to be Gaussian with mean

vector μ and covariance matrix γ if it has the density

f (x) = [(2π)ddet(γ )]−1/2exp

[
− 1

2
(x − μ)′γ−1(x − μ)

]
, x ∈ R

d , (2.36)

where (·)′ denotes matrix transposition. We use the notation X ∼ N (μ, γ ) to indicate
that X has this property. If d = 2, μ1 = μ2 = 0, γ1,1 = γ2,2 = 1, and γ1,2 =
γ2,1 = ρ, ρ ∈ (−1, 1), the density f is denoted by φ(·, ·; ρ) and has the expression

φ(x1, x2; ρ) = 1

2π
√

1− ρ2
exp

[
− x2

1 − 2ρx1x2 + x2
2

2(1− ρ2)

]
, (x1, x2) ∈ R

2, (2.37)
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and is referred to as the density of the standard bivariante Gaussian vector. The
parameter ρ is the correlation coefficient between the coordinates of X.

Example 2.41 Let X be a bivariate random vector with the density in (2.37). The
conditional density of X1 | (X2 = z) is

f (1|2)(x1 | z) = φ(x1, z; ρ)

φ(z)
= 1√

2 π (1− ρ2)
exp

[
− x2

1 − 2 ρ x1 z + z2

2(1− ρ2)
+ z2

2

]
.

(2.38)
This density becomes f (1|2)(x1 | z) = φ(x1) for ρ = 0 showing that X1 and X2 are
independent for this value of ρ. ♦
Example 2.42 Let X be an R

d -valued random variable with density fx . Let Y = g(X)

where g :Rd → R
d is a measurable function defining a one-to-one mapping between

X and Y. The density fy of Y is given by

fy(y) = fx (h(y))
∣∣J
∣∣, x, y ∈ R

d , (2.39)

where J = {∂xi/∂y j , i, j = 1, . . . , d} denotes the Jacobian matrix.

Proof Since x �→ y = g(x) is a one-to-one mapping, J is nonzero everywhere and so
is the Jacobian of the inverse mapping y �→ x = g−1(y). Let Dx be a neighborhood
of x ∈ R

d and Dy = {η ∈ R
d : η = g(ξ), ξ ∈ Dx } denote the image of Dx by the

transformation x �→ y = g(x). The equality P(X ∈ Dx ) = P(Y ∈ Dy) can be
written as

∫
Dx

fx (ξ) dξ = ∫Dy
fy(η) dη, or

∫

Dy

fx (g
−1(η))

∣∣∣∣
∂(ξ1, . . . , ξd)

∂(η1, . . . , ηd)

∣∣∣∣ dη =
∫

Dy

fy(η) dη

by a change of variables. The last equality gives (2.39).
If the mapping y �→ x = g−1(y) has multiple solutions, we can construct a

partition {Av} of the x-space such that the mapping y �→ x is one-to-one in each
Av. The probability mass of Dy is equal to the sum

∑
v fv|Jv| of the corresponding

contributions of the subsets Av, where each term fv|Jv| is equal to the right side of
(2.39) for the restriction of y �→ x = g−1(y) to Av. �
Example 2.43 Let X ∼ N (0, 1) and Y = cos(X). The distribution of Y is P(Y ≤ y)

=∑k∈Z
(
Φ(2kπ + cos−1(y))−Φ(2kπ − cos−1(y))

)
for |y| ≤ 1 since {Y ≤ y} if

X belongs to ∪k∈Z
[
2kπ − cos−1(y), 2kπ + cos−1(y)

]
. ♦

Example 2.44 Let X ∼ N (0, ρ) be an R
d -valued standard Gaussian variable with

ρi i = 1, and set Yi = F−1
i ◦ Φ(Xi ), where Fi are continuous distributions with

densities fi , i = 1, . . . , d. The density of Y = (Y1, . . . , Yd) ∈ R
d is

fy(y1, . . . , yd) = [(2π)d det(ρ)]−1/2exp
(− 1

2
x ′ρ−1x

) d∏

i=1

fi (yi )

φ(xi )
, (2.40)
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where xi = Φ−1 ◦ Fi (yi ), i = 1, . . . , d. The non-Gaussian vector Y is said to be a
translation random vector ([6], Sect. 3.1.1). ♦
Proof The equality P(∩d

i=1Yi ≤ yi ) = P(∩d
i=1 Xi ≤ xi ) holds since the mappings

yi �→ xi = Φ−1 ◦ Fi (xi ) are invertible. This gives (2.40) by differentiation. Note
that (2.40) follows directly from (2.39) since |J | =∏d

i=1 fi (yi )/φ(xi ). �

2.10 Characteristic Function

The characteristic function defines completely the probability law of random vari-
ables. We describe random variables by their distributions or characteristic functions
depending on the objective of the analysis.

Definition 2.35 Let X be an R
d -valued random variable with distribution F. The

characteristic function of X is

ϕ(u) = E
[
eiu′X ] =

∫

Rd
eiu′x dF(x) =

∫

Rd
eiu′x f (x) dx, u ∈ R

d , (2.41)

where f is the density of X, provided it exists and u′ denotes the transpose of u ∈ R
d .

The expectation of the complex-valued random variable exp(iu′X) is obtained
from the expectations of its real and imaginary parts, that is, E

[
exp(iu′X)

] =
E
[

cos(u′X)
]+ i E

[
sin(u′X)

]
. The characteristic function is always defined.

Suppose first that X is a real-valued random variable. Following is a list of prop-
erties of the characteristic function of X that are useful for calculations: |ϕ(u)| ≤
ϕ(0) = 1 for all u ∈ R; ϕ(−u) = ϕ(u)∗, where z∗ denotes the complex conjugate
of z ∈ C, ϕ is positive definite (Exercise 2.23); the characteristic and the density
functions are Fourier pairs, that is,

ϕ(u) =
∫

R

eiux f (x) dx and f (x) = 1

2π

∫

R

e−iuxϕ(u) du;

ϕ is uniformly continuous in R; and, if X ∈ Lq , then ϕ ∈ Cq(R) and ϕ(k)(0) =
i k E[Xk] for k = 1, . . . , q. Most of these properties result from the definition of ϕ

but the proof of some properties requires technical arguments ([7], Sect. 2.10.3, [11],
Sects. 9.2–9.5).

Example 2.45 Consider a Cauchy random variable X with density f (x) = a/[π(a2+
x2)], a > 0, x ∈ R (Example 2.39). The characteristic function of X exists and is
ϕ(u) = exp(−a|u|), u ∈ R. However, X has no mean since ϕ(u) is not differentiable
at u= 0. ♦
Example 2.46 Let F(x) = ∑k∈I pk1(xk ≤ x) be the distribution of a real-valued
random variable X, where I is a finite index set, pk ≥ 0 such that

∑
k∈I pk = 1, and

{xk} is an increasing sequence of real numbers. The characteristic function of X is
ϕ(u) =∑k∈I pk[cos(uxk)+ i sin(uxk)] so that it does not vanish as |u| → ∞. ♦



2.10 Characteristic Function 37

Example 2.47 Let X = ∑N
k=1 Yk be a compound Poisson random variable, where

N is a Poisson variable with intensity λ > 0 and Y1, Y2, . . . are iid random variables
that are independent of N. The characteristic function of X is

ϕ(u) = exp

(
− λ

∫

R

(1− eiuy) dFY (y)

)
= exp[−λ(1− ϕY (u))], u ∈ R, (2.42)

where FY and ϕY denote the distribution and the characteristic functions of Y1. ♦
Proof We have ϕ(u) = E

[
eiu X 1(N ≥ 1)+ eiu X 1(N = 0)

] = E
[
eiu

∑N
k=1 Yk 1(N ≥

1)
] + P(N = 0) and E

[
eiu

∑N
k=1 Yk 1(N≥1)

] = ∑∞
k=1

(
ϕY (u)

)k
P(N = k). This

gives ϕ(u) = e−λ
∑∞

k=0(λϕY (u))k/k! = exp[−λ(1 − ϕY (u))] since P(N = n) =
e−λλn/n!, n = 0, 1, . . . , is the probability of the Poisson variable N. �

Suppose now that X is an R
d -valued random variable and d > 1. Following is a

list of relevant properties of the characteristic function ϕ of X: |ϕ(u)| ≤ ϕ(0) = 1
for all u ∈ R

d; the characteristic function and the density of X are Fourier pairs, that
is,

ϕ(u) =
∫

Rd
eiu′x f (x) dx and f (x) = 1

(2π)d

∫

Rd
e−iu′xϕ(u) du;

ϕ is uniformly continuous; and ϕ(u) = ∏d
k=1 ϕk(uk) if X has independent coordi-

nates, where ϕk(uk) = E[exp(iuk Xk)].
Example 2.48 Let X ∼ N (μ, γ ) be an R

d -valued Gaussian variable with density
given by (2.36). The characteristic function of X is

ϕ(u) = exp

(
iu′μ− 1

2
u′γ u

)
, u ∈ R

d . (2.43)

If γ is a diagonal matrix, that is, the coordinates of X are uncorrelated, they are
also independent since ϕ(u) = ∏d

k=1 ϕk(uk), where ϕk(uk) = E[exp(iuk Xk)] =
exp(iukμk−γkku2

k/2) and Xk ∼ N (μk, γkk). Generally, lack of correlation does not
imply independence. However, independence and lack of correlation are equivalent
for Gaussian variables. ♦
Example 2.49 Let X ∼ N (μ, γ ) be an R

d -valued Gaussian variable and set Y =
aX + b, where a and b are (d ′, d) and (d ′, 1) matrices with constant entries. Then Y
is an R

d ′ -valued Gaussian variable with mean aμ+ b and covariance matrix aγ a′,
that is, linear transformations of Gaussian vectors are Gaussian vectors. ♦
Proof The mean vector and the covariance matrix of Y can be obtained by direct
calculations using the definition of Y and the linearity of the expectation operator.
The characteristic function of Y is

E[eiv′Y ] = E[eiv′a X ]eiv′b = exp

(
iu′μ− 1

2
u′γ u

)
eiv′b, v ∈ R

d ′ , u = a′v ∈ R
d ,
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so that Y is an R
d ′ -valued Gaussian variable with the stated properties. �

Example 2.50 Let X ∼ N (μ, γ ) be an R
d -valued random variable and denote the

first d1 < d and the last d2 = d−d1 coordinates of X by X (1) and X (2), respectively.
The conditional vector X̂ = X (1) | (X (2) = z

)
is Gaussian with mean vector μ̂ and

covariance matrix γ̂ given by

μ̂ = μ(1) + γ (1,2)(γ (2,2))−1(z − μ(2)) and

γ̂ = γ (1,1) − γ (1,2)(γ (2,2))−1γ (2,1), (2.44)

where μ(r) = E[X (r)] and γ (r,s) = E[(X (r) − μ(r))(X (s) − μ(s))′], r, s = 1, 2. ♦
Example 2.51 Let X ∼ N (μ, γ ) be a bivariate Gaussian vector. The random vari-
able,

X̂ = μ1 + ρσ1

σ2
(X2 − μ2), (2.45)

is the optimal, mean square, linear estimator for X1 given X2, where σ 2
1 = γ1,1,

σ 2
2 = γ2,2, and ρσ1σ2 = γ1,2. ♦

Proof Let Z = aX2 + b, a, b ∈ R, be a linear estimator for X1, and impose the
conditions that Z is unbiased and minimizes the mean square error E[(Z−X1)

2]. The
first condition implies E[Z ] = μ1 so that aμ2+b = μ1 and Z = a(X2−μ2)+μ1.

The mean square error

E[(Z − X1)
2] = E[(a(X2 − μ2)− (X1 − μ1))

2] = a2σ 2
2 + σ 2

1 − 2aρσ1σ2

of the estimator Z takes its minimum value at a = ρσ1/σ2. �

2.11 Conditional Expectation

Consider a real-valued random variable X defined on a probability space (Ω,F , P)

such that E[|X |] < ∞, that is, the mean of X exists and is finite. Our objective is
to define the conditional expectation E[X | G ] of X with respect to a sub-σ -field G
of F . The expectation E[X | G ] can be viewed as a local average of X since G is
coarser than F .

Example 2.52 Let X be an R
2-valued Gaussian variable with mean zero and covari-

ances E[X2
i ] = 1, i = 1, 2, and E[X1 X2] = ρ, |ρ| < 1. The joint density of X

and the density of X1 | (X2 = z) are given by (2.37) and (2.38). These densities
show that X1 | (X2 = z) ∼ N (ρz, 1 − ρ2) so that E[X1 | X2 = z] = ρz, a result
that can also be obtained from (2.44). ♦
Example 2.53 The sample space, the σ -field F , and the probability measure for
the experiment of rolling two dice are Ω = {ω = (i, j) : i, j = 1, . . . , 6}, the
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collection of all parts of Ω, and P({ω}) = 1/36, respectively. Let X be a random
variable defined on this space by X (ω) = i+ j. The expectation of X is E[X ] = 7. Let
Λn = {ω = (i, j) : i∧ j = n}, n = 1, . . . , 6, be measurable sets partitioning Ω, for
example, Λ4 = {(4, 4), (4, 5), (5, 4), (4, 6), (6, 4)}. The probability that an outcome
(i, j) is in Λn is equal to the cardinality of Λn divided by 36. Let G = σ(Λ1, . . . , Λ6)

denote the σ -field generated by {Λn, n = 1, . . . , 6}, so that the members of G are
unions of members of {Λn, n = 1, . . . , 6}.

The local averages E[X | Λn] of X over Λn can be calculated simply. For example,
E[X | Λ4] =

(
(4+ 4)+ (4+ 5)+ (5+ 4)+ (4+ 6)+ (6+ 4)

)
(1/5) = 46/5 by

the definition of X and the fact that the members of Λn are equally likely. Similar
calculations give the other local averages, for example, E[X | Λ6] = 12. In general,
we have

E[X | Λn] =
∑

ω∈Λn

X (ω)
1

card(Λn)
= 1

card(Λn)/36

∑

ω∈Λn

X (ω)
1

36
= 1

P(Λn)

∫

Λn

X dP.

Hence, the conditional expectation of X with respect to G is a simple random variable
denoted by E[X | G ], that takes the values {E[X | Λn]}with probabilities {P(Λn)},
that is, the random variable

E[X | G ] =
6∑

n=1

E[X | Λn]1Λn .

This random variable is G -measurable and has the properties
∫

A E[X | G ] dP =∫
A X dP for all A ∈ G and E{E[X | G ]} = E[X ]. ♦

Proof It is obvious that E[X | G ] is a random variable on (Ω,G , P). The members
of G are union of Λn, so that if, for example, A = Λk∪Λl , k �= l, we have

∫
A E[X |

G ] dP =∑6
n=1 E[X | Λn]

∫
Λk∪Λl

1Λn dP = E[X | Λk]P(Λk)+ E[X | Λl ]P(Λl).

Direct calculations give
∫

A X dP = ∫
A E[X | G ] dP for A ∈ G arbitrary. We also

have E{E[X | G ]} = ∑6
n=1 E[X | Λn]P(Λn) = ∑6

n=1

∫
Λn

X dP = ∫
Ω

X dP =
E[X ]. ♦
Example 2.54 Let X and Y be real-valued random variables defined on a probability
space (Ω,F , P). Suppose Y is discrete taking distinct values yi , i = 1, 2, . . . ,

so that the sets Bi = {Y = yi } partition Ω. If P(Bi ) > 0, the expectation of X
conditional on Y is a discrete random variable denoted by E[X | Y ] taking the values
E[X | Y ](ω) = E[X | Bi ] for ω ∈ Bi , where E[X | Bi ] = E[X | Y = yi ] =∫

Bi
x dF(x)/P(Bi ) and F denotes the distribution of X. ♦

Proof The distribution of X conditional on Bi is F(x | Bi ) = P(X ≤ x, Bi )/P(Bi )

so that the conditional expectation of X given Bi can be calculated from E[X | Bi ] =∫
x dF(x | Bi ) =

∫
Bi

x dF(x)/P(Bi ).

The conditional expectation E[X | Y ] is equal to the local average of X over
Bi . It constitutes a coarser version of X that can be viewed as an approximation
of this random variable. Since the measurable partition {Bi } of Ω generates the
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σ -field σ(Y ), we may write E[X | σ(Y )] for E[X | Y ]. The conditional expectation
E[X | σ(Y )] has the same properties as E[X | G ] in the previous example. �

It is not possible to extend the definition of E[X | Y ] in Example 2.54 to con-
tinuous random variables Y since, for example, {ω ∈ Ω : a < Y (ω) ≤ b}, a < b,

does not belong to the σ -field generated by the sets {ω ∈ Ω : Y (ω) = y}, y ∈ R. In
agreement with an observation in this example, we set E[X | Y ] to be the conditional
expectation E[X | σ(Y )].
Definition 2.36 Let X be a real-valued integrable random variable defined on a
probability space (Ω,F , P), and let G be a sub-σ -field of F . The conditional
expectation E[X | G ] of X with respect to G is the class of G -measurable functions
satisfying the defining relation

∫

Λ

X dP =
∫

Λ

E[X | G ] dP, ∀Λ ∈ G . (2.46)

Note that E[X | G ] exists ([4], Theorem 9.1.1) and is such that E[X | G ] = E[X ] for
G = {∅,Ω}, E[X | G ] = X for G = F (Exercise 2.32), and E{E[X | G ]} = E[X ]
by (2.46) with Λ = Ω.

Theorem 2.13 Let X be a real-valued integrable random variable defined on a prob-
ability space (Ω,F , P), G a sub-σ -field of F , and Z a real-valued G -measurable
function. Then

E[(X − E[X | G ])Z ] = 0, ∀Z ∈ G

E[X Z | G ] = Z E[X | G ] a.s., ∀Z ∈ G . (2.47)

Proof The first equality in (2.47) holds for Z = 1Δ, Δ ∈ G , by the defining
relation. It also holds for simple random variables Z =∑n bn1Δn , Δn ∈ G , since
expectation is a linear operator.

The random variables E[X Z | G ] and Z E[X | G ] in the second equality of (2.47)
are G -measurable. If Z = 1Δ, Δ ∈ G , (2.47) holds a.s., because for Λ ∈ G the
left and the right sides of this equation are

∫
Λ

E[X1Δ | G ] dP = ∫
Λ

X1Δ dP =∫
Λ∩Δ X dP and

∫
Λ

1ΔE[X | G ] dP = ∫
Λ∩Δ E[X | G ] dP = ∫

Λ∩Δ X dP, respec-
tively, by the defining relation. This equality also holds for simple random variables
Z by the linearity of conditional expectation.

The extension of (2.47) to an arbitrary random variable Z results from the repre-
sentation of Z by a difference of two positive random variables, which can be defined
as limits of simple random variables ([4], Sect. 9.1). �
Corollary 2.1 The conditional expectation E[X | G ] is the projection of X on G
and X− E[X | G ] is orthogonal to G . Moreover, E[X | G ] represents the best mean
square (m.s.) estimator for X given the information content of G .

Proof That X−E[X | G ] is orthogonal to G follows from the first equality in (2.47).
Since E[X | G ] is the orthogonal projection of X on {Z : Z ∈ G }, it is the best m.s.
estimator for X given G ([8], Sects. 4.3 and 4.4). �
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Example 2.55 The conditional expectation E[X | σ(Z)] = E[X | Z ] is the best
m.s. estimator of X with respect to the information content of σ(Z), where X, Z ∈
L2(Ω,F , P). The best m.s. linear estimator of X is

X̂ = E[X ] + E[X Z ] − E[X ]E[Z ]
E[Z2] − E[Z ]2 (Z − E[Z ]) . (2.48)

The estimator represents the linear regression of X with respect to Z, and becomes
X̂ = E[X ] if X and Z are uncorrelated. ♦
Proof The function X̂ = aZ + b is σ(Z)-measurable for any constants a, b. It is
the conditional expectation of X with respect to σ(Z) if E[X1Λ] = E[(aZ + b)1Λ]
for all Λ ∈ σ(Z) by (2.46), which gives E[X ] = E[X̂ ] = aE[Z ] + b for Λ = Ω.

The orthogonality condition in (2.47) implies E[(X − X̂)Z ] = 0 or E[X Z ] =
aE[Z2] + bE[Z ]. The solutions a, b of these equations introduce in X̂ = aZ + b
give the expression of X̂ in (2.48). The resulting estimator has the property that its
m.s. error E[(X̂ − X)2] is smaller than the error E[(aZ + b− X)2] for all the other
values of a and b. �

The following three theorems give properties of the conditional expectations that
are useful for calculations. The properties listed below are similar to those of expecta-
tion and hold a.s. As indicated at the beginning of this section, we consider real-valued
random variables defined on the same probability space (Ω,F , P) and a sub-σ -field
G of F .

Theorem 2.14 If X and Xn are integrable random variables, then ([11], Sect. 10.3)

X ∈ G implies E[X | G ] = X,

E[a X1 + b X2 | G ] = a E[X1 | G ] + b E[X2 | G ] (linearity),

X1 ≤ X2 implies E[X1 | G ] ≤ E[X2 | G ] (monotonicity),

|E[X | G ]| ≤ E[|X | | G ] (modulus inequality),

Xn ↑ (↓)X implies E[Xn | G ] ↑ (↓)E[X | G ] (monotone convergence),

|Xn| ≤ Y a.s., E[Y ] <∞ a.s., and Xn → X imply E[Xn | G ] → E[X | G ]
(dominated convergence).

(2.49)

Theorem 2.15 The Cauchy-Schwarz and Jensen inequalities are, respectively, ([4],
Sect. 9.1)

(E[XY | G ])2 ≤ E[X2 | G ]E[Y 2 | G ] and (2.50)

g(E[X | G ]) ≤ E[g(X) | G ], where g:R→ R is a convex function. (2.51)

Theorem 2.16 If G1 and G2 are sub-σ -fields of F such that G1 ⊂ G2, then ([4],
Sect. 9.1)
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E[X | G1] = E[X | G2] ⇐⇒ E[X | G2] ∈ G1 and (2.52)

E{E[X | G2] | G1} = E[X | G1] = E{E[X | G1] | G2}. (2.53)

Definition 2.37 Let (Ω,F , P) be a probability space and G a sub-σ -field of F .

The conditional probability with respect to G is

P(A | G ) = E[1A | G ], A ∈ F . (2.54)

The definition is meaningful since 1A is F -measurable. The random variable
P(A | G ) is integrable, G -measurable, and satisfies

∫
Λ

P(A | G ) dP = P(A ∩ Λ)

for all Λ ∈ G . The latter equality holds since
∫
Λ

P(A | G ) dP = ∫
Λ

E[1A | G ] dP =∫
Λ

1A dP by the defining relation in (2.46).

Example 2.56 Let A and B be events on a probability space (Ω,F , P) such that
P(B) > 0 and P(Bc) > 0, and consider the sub-σ -field G = {∅,Ω, B, Bc} of F .

The conditional probability in (2.54) is

P(A | G ) = E[1A | G ] = E[1A | B]1B + E[1A | Bc]1Bc

= P(A ∩ B)

P(B)
1B + P(A ∩ Bc)

P(Bc)
1Bc , (2.55)

where that latter equality holds by Example 2.53. This shows that P(A | G ) is
a random variable taking the values P(A ∩ B)/P(B) and P(A ∩ Bc)/P(Bc) with
probabilities P(B) and P(Bc), respectively. Note that P(A | G ) extends the definition
of the conditional probability in (2.5).♦
Example 2.57 Let X ≥ 0 a.s. be a random variable defined on a probability
space (Ω,F , P) and G a sub-σ -field of F . If E[X ] < ∞, the set function
Q(A) = E[X1A], A ∈ G , is a finite measure on the measurable space (Ω,G ).

The conditional expectation of X with respect to G is the Radon–Nikodym derivative
E[X | G ] = dQ/dP.

This definition becomes E[X | G ] = E[X+ | G ] − E[X− | G ] for random
variables with E[|X |] < ∞ and E[X | G ] = (E[X1 | G ], . . . , E[Xd | G ]) for
R

d -valued random variables with finite mean. ♦
Proof The defining relation for conditional expectation gives Q(A) = ∫A X dP =∫

A E[X | G ] dP, A ∈ G . Since Q and P are finite measures and Q is absolutely
continuous with respect to P, the equality Q(A) = ∫A E[X | G ] dP, A ∈ G , implies
E[X | G ] = dQ/dP by Theorem 2.12. �

2.12 Discrete Time Martingales

Martingales are essentials for constructing stochastic integrals. This section provides
a primer on discrete time martingales. An example is used to introduce an elementary
version of stochastic integrals.
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Definition 2.38 Let (Ω,F ) be a measurable space. An increasing collection F0 ⊆
F1 ⊆ · · ·Fn ⊆ · · · ⊆ F of sub-σ -fields of F is said to be a filtration in (Ω,F ). A
probability space (Ω,F , P) endowed with a filtration (Fn)n≥0 is called a filtered
probability space and is denoted by (Ω,F , (Fn)n≥0, P). It is assumed that F0
contains all the P-null sets of F .

Example 2.58 Suppose the sequence X = (X1, X2, . . .) gives outcomes of coin
tosses. The information content of the σ -field Fn = σ(X1, . . . , Xn) is sufficient
to decide whether an event related to the first n tosses has or has not occurred. For
example, the event A = {at least 2 heads in the first five tosses} is F5-measurable
because we can decide after five tosses whether A has or has not occurred. If
{tail, tail, head, tail} is a sample of the first four tosses, the event A remains undecided
so that A /∈ F4. ♦
Definition 2.39 Let (Ω,F ) and (Ψ,G ) be measurable spaces, (Fn)n≥0 a filtra-
tion on (Ω,F ), and X = (X0, X1, . . .) a sequence of measurable functions from
(Ω,F ) to (Ψ,G ). The sequence X is said to be adapted to the filtration (Fn)n≥0 or
Fn- adapted if Xn is Fn-measurable for each n ≥ 0. The minimal or natural filtra-
tion of X = (X0, X1, . . .), that is, the smallest σ -field with respect to which X is
adapted, is the filtration σ(X0, X1, . . . , Xn), n ≥ 0.

Example 2.59 Let X = (X0, X1, . . .) be a real-valued sequence defined on a
probability space (Ω,F , P) and set Fn = σ(X0, X1, . . . , Xn). The sequences
Yn = g(Xn) and Yn = max0≤i≤n{Xi } are Fn-adapted, where g : R→ R is a Borel
measurable function. ♦
Definition 2.40 Let X = (X0, X1, X2, . . .) be a sequence of real-valued ran-
dom variables defined on a probability space (Ω,F , P) endowed with a filtra-
tion (Fn)n≥0. The sequence X0, X1, X2, . . . is said to be an Fn-martingale if (1)
E[|Xn|] < ∞, n ≥ 0, (2) X is Fn-adapted, and (3) E[Xn | Fm] = Xm for
0 ≤ m ≤ n.

If the equality in the third condition is replaced by ≥ and ≤, then X is said to
be an Fn-submartingale and Fn-supermartingale, respectively. If the random vari-
ables Xn are in L p(Ω,F , P), X is called a p-integrable martingale, submartingale,
or supermartingale. If p= 2, then X is said to be a square integrable martingale,
submartingale, or supermartingale.

Example 2.60 Let Rn = ∑n
i=1 Xi , n ≥ 1, and R0 = 0 be a random walk, where

{Xi } are iid random variables. If the random variables Xi have finite mean, R =
(R0, R1, R2, . . .) is an Fn-supermartingale, martingale, or submartingale depending
on the sign of expectation E[X1], where Fn = σ(X1, . . . , Xn), n = 1, 2, . . . , and
F0 = {∅,Ω}. ♦
Proof Note that (R0, R1, . . . , Rn) and (R1, . . . , Rn) are Fn-measurable for n ≥ 1
so that R = (R0, R1, R2, . . .) is Fn-adapted. Also, for n ≥ m ≥ 0, we have
E[Rn | Fm] = Rm +∑n

i=m+1 E[Xi ] = Rm + (n − m)E[X1] so that R is a super-
martingale, martingale, or submartingale if E[X1] is negative, zero, or positive. �
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Example 2.61 Let R = (R0, R1, . . .) be as in Example 2.60. If the random variables
Xi have finite variance and mean zero, the sequence Sn = R2

n =
∑n

i, j=1 Xi X j , n ≥
1, with S0 = 0 is an Fn-submartingale and Sn − nE[X2

1] is an Fn-martingale. ♦
Proof The sequences Sn and Sn − nE[X2

1] have the first two defining properties for
martingales. For the third property, note that

E[Sn+1 | Fn] = E[(Rn + Xn+1)
2 | Fn] = E[R2

n + 2Rn Xn+1 + X2
n+1 | Fn]

= R2
n + 2Rn E[Xn+1] + E[X2

n+1] = Sn + E[X2
1] ≥ Sn

since Rn is Fn-measurable, Xn+1 is independent of Fn, and E[Xn+1] = 0. Hence,
S = (S0, S1, . . .) is a submartingale. Since E[Sn+1 − (n + 1)E[X2

1] | Fn] =
(Sn + E[X2

1])− (n + 1)E[X2
1] = Sn − nE[X2

1], Sn − nE[X2
1] is a martingale. �

Following are martingale properties resulting from their definition, Doob’s decom-
position, an elementary construction of stochastic integrals, two martingale inequal-
ities, and a brief discussion on stopped martingales.

Let X = (X0, X1, . . .) be a sequence of random variables defined on a probability
space (Ω,F , P) with a filtration (Fn)n≥0. Then (1) if X is a submartingale, martin-
gale, and supermartingale, its expectation is an increasing, constant, and decreasing
function of time, (2) X is a martingale if it is both a submartingale and a supermartin-
gale, (3) if X is a submartingale, then−X is a supermartingale, and (4) the third defin-
ing condition for martingales can be replaced with E[Xn+1 | Fn] = Xn, n ≥ 0.

Theorem 2.17 Let X = (X0, X1, . . .) be a martingale on a filtered probability space
(Ω,F , (Fn)n≥0, P). The series Y = (Y0, Y1, . . .) defined by Y0 = X0 − E[X0]
and Yn = Xn − Xn−1, n ≥ 1, is orthogonal, that is, E[YmYn] = 0 for m �= n.

Proof The properties of X imply that Yn is integrable, Fn-measurable, and satisfies
E[Yn | Fm] = 0, n > m. For n > m, we have E[YnYm] = E{E[YnYm | Fm]} =
E{Ym E[Yn | Fm]} = 0 since Ym is Fm-measurable and E[Yn | Fm] = 0. �
Theorem 2.18 (Doob decomposition) If X = (X0, X1, . . .) is anFn-submartingale,
then there is an Fn-martingale Mn and an increasing process An with the properties
A0 = 0 and An ∈ Fn−1, n ≥ 1, such that the representation

Xn = An + Mn, n ≥ 0, (2.56)

holds and is unique. The representation shows that submartingales have a predictable
part An that can be told ahead of time and an unpredictable part Mn .

Proof We first show that (2.56) is unique provided it exists. Note that E[Xn |
Fn−1] = E[An | Fn−1] + E[Mn | Fn−1] = An + Mn−1 for n ≥ 1. Substitut-
ing Mn−1 in this equation with its expression from (2.56), we obtain the recurrence
formula An = An−1 + E[Xn | Fn−1] − Xn−1, which defines A uniquely since
A0 = 0.

We now show that the decomposition in (2.56) exists, that is, that there are
processes A and M with the stated properties. Let An, n = 0, 1, . . . , be defined by
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the above recurrence formula with A0 = 0. Note that An ∈ Fn−1 and An ≥ An−1
since Xn is a submartingale, so that An, n = 0, 1, . . . , has the stated properties. We
also have

E[Mn | Fn−1] = E[Xn − An | Fn−1] = E[Xn | Fn−1]
− E

[
An−1 + E[Xn | Fn−1] − Xn−1 | Fn−1

] = −An−1 + Xn−1 = Mn−1

so that M is an Fn-martingale.�
Example 2.62 Let Xn, n ≥ 0, be a square integrable martingale. Then X2

n is a
submartingale that admits the Doob decomposition in (2.56) with Mn = X2

n − An

and An =∑n
i=1 E

[
X2

i − X2
i−1 | Fi−1

]
. ♦

Proof The process X2
n satisfies the first two defining conditions for martingales, and

E
[

X2
n | Fn−1

]
= E

[
(Xn − Xn−1)

2 + 2Xn Xn−1 − X2
n−1 | Fn−1

]

= E
[
(Xn − Xn−1)

2 | Fn−1

]
+ X2

n−1 ≥ X2
n−1

since E
[
(Xn − Xn−1)

2 | Fn−1
] ≥ 0, Xn−1 is Fn−1-measurable, and Xn is a

martingale. Hence, X2
n is a submartingale, so that (2.56) holds with {An} given

by An = An−1 + E
[
X2

n | Fn−1
]− X2

n−1, n ≥ 1, and A0 = 0. �
Example 2.63 Let Xn denote our fortune after n rounds of a game with unit stake.
Suppose m ≥ 1 rounds have been completed in this game, so that Xn− Xm, n > m,

gives our net total winnings/losses in the future m + 1, . . . , n rounds. The best m.s.
estimator of Xn − Xm, n > m, given our knowledge Fm after m rounds is the
conditional expectation E[Xn − Xm | Fm], where Fm = σ(X1, . . . , Xm), m ≥ 1,

and F0 = {∅,Ω}. If X0, X1, . . . is a martingale, then E[Xn − Xm | Fm] = 0, that
is, our average fortune E[Xn | Fm] at time n > m is equal to our current fortune
Xm .

Suppose now that stakes Ai , i = 0, 1, . . . , other than one are allowed, where
A0 = 0. Since stakes for round m + 1 are decided based on knowledge Fm accu-
mulated after m rounds, Am+1 is Fm-measurable. Processes with this property are
said to be predictable processes. The sequence M = (M0, M1, M2, . . .) defined by

Mn =
n∑

i=1

Ai (Xi − Xi−1), n = 1, 2, . . . , (2.57)

with M0 = 0 and X0 = 0 gives our total fortune after n ≥ 1 rounds and constitutes
a discrete version of the stochastic integral studied later in the book (Chap. 4). The
integrand {Ai } is a predictable process and the integrator is defined by increments
{Xi − Xi−1} of a martingale. ♦
Theorem 2.19 Let X = (X0, X1, . . .) be a square integrable Fn-martingale and
A = (A0, A1, . . .) be an Fn-predictable process such that A0 = 0 and E[A2

n] <∞.

Then Mn in (2.57) is an Fn-martingale.

http://dx.doi.org/10.1007/978-1-4471-2327-9_4
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Proof Note that E[|Mn|] ≤ ∑n
i=1 E

[|Ai ||Xi − Xi−1|
] ≤ ∑n

i−1

(
E[A2

i ]E[(Xi −
Xi−1)

2])1/2 by the Cauchy–Schwarz inequality, so that E[|Mn|] <∞ since Ai and
Xi have finite second moments. That Mn ∈ Fn follows from its definition and the
properties of An and Xn . For n > m, we have

E[Mn | Fm] = E
[
Mm +

n∑

i=m+1

Ai (Xi − Xi−1) | Fm
]

= Mm +
n∑

i=m+1

E[Ai (Xi − Xi−1) | Fm]

= Mm +
n∑

i=m+1

E
{

E[Ai (Xi − Xi−1) | Fi−1] | Fm
} = Mm

since Ai ∈ Fi−1 and Xi is a martingale so that E[Ai (Xi − Xi−1) | Fi−1] =
Ai E[Xi − Xi−1 | Fi−1] = 0. �
Definition 2.41 An {0, 1, . . .}-valued random variable T defined on a filtered prob-
ability space (Ω,F , (Fn)n≥1, P) is a stopping time with respect to Fn, n =
0, 1, . . . , or an Fn-stopping time if {T ≤ n} ∈ Fn for each n ≥ 0.

Stopping times are useful for both applications and theoretical considerations. For
example, suppose {Xn} is the state of a physical system that performs according to
specifications as long as its state does not exceed a critical value xcr. The failure time
T = min{n : Xn > xcr} is a stopping time. Stopping times are also useful tools for
constructing stochastic integrals (Sect. 4.4.3). Useful information on stopping times
can be found in [1] (Sect. 2.2), [7] (Sect. 2.16), [10] (Sect. 1.5), and [13] (Sect. 2.2).

Theorem 2.20 T is a stopping time if and only if {T = n} ∈ Fn for all n ≥ 0.

Proof If T is a stopping time, then {T ≤ n} ∈ Fn and {T ≤ n− 1}c ∈ Fn−1 ⊆ Fn

so that {T = n} = {T ≤ n} ∩ {T ≤ n− 1}c ∈ Fn . If {T = n} ∈ Fn for each n ≥ 0,

then {T = m} ∈ Fm ⊆ Fn for m ≤ n and {T ≤ n} = ∪n
m=0{T = m} ∈ Fn . �

Definition 2.42 Let X = (X0, X1, . . .) be an Fn-submartingale, martingale, or
supermartingale and let T denote an Fn-stopping time. Then X T

n (ω) = Xn∧T (ω)(ω),

n = 0, 1, . . . , is called the sequence X stopped at T. Note that the samples of {X T
n }

are constant at times exceeding T.

Theorem 2.21 If T is an Fn-stopping time and Xn is an Fn-submartingale,
martingale, and supermartingale so is X T

n .

Proof Since

E[|Xn∧T |] =
n∑

k=0

∫

{T=k}
|Xk | dP +

∫

{T >n}
|Xn| dP,

http://dx.doi.org/10.1007/978-1-4471-2327-9_4
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E[|Xn|] < ∞,
∫
{T=k} |Xk | dP ≤ E[|Xk |], and

∫
{T >n} |Xn| dP ≤ E[|Xn|], X T

n is

integrable. Xn∧T is Fn-measurable for all n ≥ 0 since Xn∧T = ∑n−1
k=0 Xk1(T =

k) + Xn1(T ≥ n), Xk ∈ Fk ⊆ Fn for k ≤ n, 1(T = k) ∈ Fk ⊆ Fn, and
1(T ≥ n) ∈ Fn . The representation Xn∧T = ∑n−1

k=0 Xk1(T = k) + Xn1(T ≥ n)

implies X(n+1)∧T − Xn∧T = (Xn+1 − Xn)1(T > n) so that E[X(n+1)∧T − Xn∧T |
Fn] = 1(T > n)E[Xn+1 − Xn | Fn] since 1(T > n) is Fn-measurable. If X is
a submartingale, martingale, or supermartingale, E[Xn+1 − Xn | Fn] is positive,
zero, or negative, that is, X T

n is a submartingale, martingale, or supermartingale,
respectively. �
Theorem 2.22 (Optional stopping theorem) If (1) X is an Fn-martingale, (2) T is
a stopping time with respect to Fn such that T <∞ a.s., (3) XT is integrable, and
(4) E[Xn1(T > n)] → 0 as n→∞, then E[XT ] = μ, where μ = E[Xn].
Proof Since XT = Xn∧T + (XT − Xn)1(T > n) and X is a martingale, we
have E[XT ] = μ + E[XT 1(T > n)] − E[Xn1(T > n)]. The expectation
E[Xn1(T > n)] converges to zero as n → ∞ by hypothesis. The expectation
E[XT 1(T > n)] = ∑∞

k=n+1 E[Xk1(T = k)] also converges to zero as n → ∞
since |E[XT 1(T > n)]| ≤ E[|XT |] and XT is integrable by assumption so that the
series

∑∞
k=0 E[Xk1(T = k)] is convergent. Hence, the expectation of XT is μ. �

We conclude with two inequalities that are useful in applications. The proof of
these and other inequalities can be found in, for example, [5] (Chap 24) and [11]
(Chap. 10).

Theorem 2.23 (Doob maximal inequality) If X = (X0, X1, . . .) is a positive
Fn-submartingale and λ > 0 is an arbitrary constant, then

P

(
max

0≤k≤n
Xk ≥ λ

)
≤ 1

λ
E

[
Xn1

(
max

0≤k≤n
Xk ≥ λ

)]
. (2.58)

Theorem 2.24 (Doob maximal L2 inequality) If X = (X0, X1, . . .) is a square
integrable positive Fn-submartingale, then

E

[(
max

0≤k≤n
Xk

)2 ]
≤ 4E[X2

n]. (2.59)

2.13 Monte Carlo Simulation

Let X be an R
d -valued random variable with distribution F that is defined on a

probability space (Ω,F , P). Our objectives are to generate independent samples of
X and estimate properties of X from its samples.
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2.13.1 Gaussian Variables

Let X ∼ N (μ, γ ) be an R
d -valued Gaussian variable with mean μ and covariance

matrix γ. A useful representation of X is provided by the Cholesky decomposition
showing that

X
d= μ+ βG ∼ N (μ, γ ), (2.60)

where G is an R
d -valued random variable with independent N(0,1) coordinates and

β is a lower triangular matrix whose non-zero entries are

βi j = γi j −∑ j−1
r=1 βirβ jr

[
γ j j −∑ j−1

r=1 β2
jr

]1/2 , 1 ≤ j ≤ i ≤ d, (2.61)

with the convention
∑0

r=1 βirβ jr = 0.

Samples of X can be calculated from (2.60) in which G is replaced with sam-
ples of this vector generated by, for example, the MATLAB function randn. Alter-
natively, algorithms using memoryless transformations of some random variables
can be used to generate independent samples of N (0, 1) variables. For example,
Z1 = √−2 ln(U1) cos(2πU2) and Z2 = √−2 ln(U1) sin(2πU2) are independent
N(0,1) variables, where U1, U2 ∼ U (0, 1) are independent random variables distrib-
uted uniformly in (0,1) [3, 6, 12].

2.13.2 Non-Gaussian Variables

Let X be a real-valued, non-Gaussian random variable with distribution F that is
continuous. Samples of X can be calculated from samples of U(0,1) by the following
transformation.

Theorem 2.25 If X is a real-valued random variable with continuous distribution
F, then

X
d= F−1(U (0, 1)). (2.62)

Proof Since P(F−1(U (0, 1)) ≤ z) = P(U (0, 1) ≤ F(z)) = F(z), (2.62) holds,
so that samples of X can be calculated from samples of U(0,1) and the representa-
tion of X in (2.62). For example, n independent samples of an exponential random

variable with mean 1/λ, λ > 0, can be obtained from − ln(1 − rand(n, 1))/λ
d=

− ln(rand(n, 1))/λ, where rand is a MATLAB function generating samples of
U(0,1). �
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Suppose now that X is an R
d -valued random variable with continuous distribution

F. Let F1 and Fk|k−1,...,1, k = 2, . . . , d denote the distributions of the coordinate
X1 of X and of the conditional random variable Xk | (Xk−1, . . . , X1), respectively.

Theorem 2.26 Let Z = (Z1, . . . , Zd) be an R
d -valued random variable defined by

F1(Z1) = U1,

Fk|k−1,...,1(Zk | Zk−1, . . . , Z1) = Uk, k = 2, . . . , d,
(2.63)

where {Uk, k = 1, . . . , d} are independent U(0,1) random variables. Then, X and Z
have the same distribution.

Proof That P(Z1 ≤ z1) = F1(z1) follows from Theorem 2.25. Since Z2 | Z1
d=

F−1
2|1 (U2 | Z1), we have

P(Z2 ≤ z2 | Z1 = z1) = P
(
F−1

2|1 (U2 | z1) ≤ z2
)

= P
(
U2 ≤ F2|1(z2 | z1)

) = F2|1(z2 | z1),

and so on. �
Let (u1, . . . , ud) be a sample of (U1, . . . , Ud). The corresponding sample

(z1, . . . , zd) of Z can be calculated from (2.63) sequentially beginning with z1 =
F−1

1 (u1) and continuing with Fk|k−1,...,1(zk | zk−1, . . . , z1) = uk for increasing
values of k ≥ 2.

Example 2.64 Let X = (X1, X2) be a non-Gaussian vector with X1 ∼ N (μ, σ 2)

and X2 | (X1 = x1) ∼ N (x1, β
2). The density of X is

f (x1, x2) = 1

σβ
φ

(
x1 − μ

σ

)
φ

(
x2 − x1

β

)
.

The mapping in (2.63) becomes Z1 = μ + σΦ−1(U1) and Z2 | (Z1 = z1) =
z1 + βΦ−1(U2), where U1 and U2 are independent copies of U(0,1). ♦
Example 2.65 Let X ∈ R

d be a translation vector, that is, X = g(Y ), where Y is an
R

d -valued Gaussian vector with mean zero, covariance matrix ρ = {ρi, j = E[Yi Y j ]}
such that ρi,i = 1, i = 1, . . . , d, and g : Rd → R

d is Borel measurable. Samples
of X can be generated from samples of Y and the definition of X or from samples
of U(0, 1), the distribution of X, and the algorithm in (2.63). The latter approach
is less efficient for translation random vectors. If the mapping Y �→ X is given by
Xi = F−1

i

(
Φ(Yi )

) = gi (Yi ), i = 1, . . . , d, where Fi are continuous distributions,
then the coordinates of X have the distributions Fi . ♦
Proof Let yi = g−1

i (xi ) and y = (y1, . . . , yd). The distribution,

P(X1 ≤ x1, . . . , Xd ≤ xd) = P(Y1 ≤ y1, . . . , Yd ≤ yd) = Φd(y; ρ),
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called multivariate translation distribution, can be used as input to the Monte Carlo
simulation algorithm based on (2.63), where Φd(·; ρ) denotes the joint distribution
function of the Gaussian vector Y ∼ N (0, ρ). If Xi = F−1

i

(
Φ(Yi )

)
, then P(Xi ≤

xi ) = P(Yi ≤ Φ−1(Fi (xi ))) = Fi (xi ), i = 1, . . . , d. Details on translation random
variables can be found in [6] (Sect. 3.1.1). �

2.13.3 Estimators

Let X be a real-valued random variable with distribution F and h : R → R be a
measurable function. Our objective is to estimate the expectation E[h(X)] from n
independent samples of X. The expectation E[h(X)] is of interest in applications
since it provides useful information on X. For example, if h(X) = Xr and r ≥ 1 is
an integer, then E[h(X)] is the moment of order r of X. If h(X) = 1(X > a), a ∈ R,

then E[h(X)] = E[1(X > a)] = P(X > a).

Theorem 2.27 Let h : R→ R be a measurable function and let X1, . . . , Xn be n
independent copies of X such that E[h(X)2] <∞. The estimator,

Ŷ = 1

n

n∑

i=1

h(Xi ), (2.64)

is unbiased, that is, E[Ŷ ] = E[Y ], and Var[Ŷ ] → 0 as n→∞, where Y = h(X).

Proof We have E[Ŷ ] = (1/n)
∑n

i=1 E[h(Xi )] = E[Y ] since Xi have the same
distribution. Also,

E[Ŷ 2] = 1

n2

[
nE[h(X1)

2] + (n2 − n)
(
E[h(X1)]

)2
]

so that Var[Ŷ ] = Var[Y ]/n = Var[h(X1)]/n. The coefficient of variation of estima-
tor Ŷ is cov[Y ] = (Var[Y ])1/2

/E[Y ] = cov[h(X1)]/√n. �

The estimator Ŷ is guaranteed to approximate E[Y ] = E[h(X)] accurately for
a sufficiently large n. Yet, the required sample size n may be so large that the use
of Ŷ becomes impractical. For example, suppose our objective is to estimate the
probability P(X > a), X ∼ N (0, 1), that is, the expectation E[1(X > a)]. The
mean and variance of Ŷ are P(X > a) and P(X > a)P(X ≤ a)/n, respectively,
so that cov[Ŷ ] = √P(X ≤ a)/(n P(X > a)). For a= 5 we have E[Ŷ ] = E[1(X >

a)] = Φ(−5) = 2.8665×10−7, Var[Ŷ ] � Φ(−5)/n, and cov[Ŷ ] � 1/
√

nΦ(−5).

To have a coefficient of variation of 0.1 we need at least 105 samples. A much larger
sample size would be needed for a threshold a > 5.

More efficient Monte Carlo algorithms, referred here to as improved Monte Carlo
algorithms, can be constructed by measure change. Let P and Q be two probabilities
on a measurable space (Ω,F ) such that P � Q, that is, P is absolutely continuous
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with respect to Q (Definition 2.29). Then, there exists a positive measurable func-
tion g = dP/dQ : (Ω,F ) → ([0,∞),B([0,∞))), called the Radon–Nikodym
derivative, such that P(A) = ∫

A g(ω)Q(dω), A ∈ F (Sect. 2.8). Following are
examples illustrating the construction of Monte Carlo simulation algorithms based
on the Radon–Nikodym derivative.

Example 2.66 Let X = ∑m
i=k ak1Ak be a simple random variable defined on a

probability space (Ω,F , P), where {Ak ∈ F , k = 1, . . . , m} is a measurable
partition of Ω such that P(Ak) > 0 and |ak | <∞, k = 1, . . . , m. Let h : R→ R

be a measurable function. The expectation of h(X) with respect to the probability
measure P is EP [h(X)] =∑m

k=1 h(ak)P(Ak), for example, EP [h(X)] = P(X > a)

for h(x) = 1(x > a).

Consider another probability measure Q on the measurable space (Ω,F ) such
that Q(Ak) > 0, k = 1, . . . , m. We have

EP [h(X)] =
m∑

k=1

h(ak)P(Ak) =
m∑

k=1

[
h(ak)

P(Ak)

Q(Ak)

]
Q(Ak), (2.65)

that is, EP [h(X)] can be calculated as the expectation of random variable X̃ =∑m
k=1 h(ak)(P(Ak)/Q(Ak))1Ak with respect to the probability measure Q. ♦

Example 2.67 Suppose our objective is to estimate the probability P(X > a) by
Monte Carlo simulation, where X is a real-valued random variable defined on a
probability space (Ω,F , P). Let

p̂MC (a) = 1

n

n∑

i=1

1(xi > a) and p̂I MC (a) = 1

n

n∑

i=1

1(zi > a)
f (zi )

q(zi )
,

be estimates of P(X > a) by direct and improved Monte Carlo simulation, where
xi and zi are independent samples generated from the densities f and q, respectively,
where f (ξ) = dP(X ≤ ξ)/dξ, q(ξ) = dQ(X ≤ ξ)/dξ, and Q is a measure on
(Ω,F ) such that P � Q.

If X = exp(Y ), Y ∼ N (1, (0.2)2), then P(X > x) is 0.3712, 0.0211, 0.1603×
10−3, 0.3293 × 10−4, and 0.7061 × 10−5 for a= 3, 5, 8, 9, and 10, respectively.
The corresponding estimates p̂MC (x) based on 10000 samples are 0.3766, 0.0235,
0.2×10−3,0, and 0. The estimates p̂I MC (x)based on the same number of samples are
0.3733, 0.0212, 0.1668×10−3, 0.3304×10−4, and 0.7084×10−5 for a= 3, 5, 8, 9,

and 10, where q(z) = φ((z − a)/σ )/σ is the density of a Gaussian variable with
mean a and variance σ 2. While the estimators p̂I MC (a) are satisfactory up to a= 10,

the estimates p̂MC(a) are inaccurate for a ≥ 8. ♦
Proof The required probability is P(X > a) = ∫

R
1(ξ > a) f (ξ) dξ = EP [1(X >

a)], where EP denotes the expectation operator under P. We also have

P(X > a) =
∫

R

[
1(ξ > a)

f (ξ)

q(ξ)

]
q(ξ) dξ = EQ

[
1(X > a)

f (X)

q(X)

]
.
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The density q has been selected such that 50% of its samples exceed a and the ratio
f/q is bounded in R. �
Example 2.68 Suppose our objective is to estimate the probability P(X > a), where
X ∼ N (0, 1). The coefficient of variation of the Monte Carlo estimator ŶMC in (2.64)
with h(X) = 1(X > a) is 2.30/

√
n, 6.55/

√
n, and 1870/

√
n for a = 1, 2, and 5,

respectively. Consider also an improved estimator for P(X > a) defined by

ŶIMC = 1

n

n∑

i=1

1(Xi > a)
φ(Xi )

φ∗(Xi )
,

where φ(u) = exp(−u2/2)/
√

2π, φ∗(u) = exp(−(u−a)2/(2σ 2))/(
√

2πσ), σ >

0, and {Xi } denote independent copies of X. The coefficient of variation of ŶIMC is
approximately 91.97/

√
n, 97.21/

√
n, and 67.06/

√
n for a= 1, 2, and 5 if σ = 0.1

and 1.21/
√

n, 1.59/
√

n, and 2.41/
√

n for a= 1, 2, and 5 if σ = 1.0. Note that ŶMC
deteriorates rapidly as a increases and that the efficiency of ŶIMC depends strongly
on the selection of sampling distribution φ∗. ♦

Example 2.68 shows that the efficiency of improved Monte Carlo simulation
depends essentially on the measure proposed for calculations. Since the coefficient
of variation of ŶIMC is not available analytically, the selection of an optimal density
φ∗(·) requires extensive calculations. The coefficients of variation reported for ŶIMC
have been estimated from Monte Carlo experiments performed for various σ.

There is no efficient procedure for selecting measures yielding accurate and effi-
cient estimators even for one-dimensional problems, as considered in Example 2.68.
The construction of improved estimators encounters additional difficulties when
dealing with multidimensional problems. For example, consider the estimation of
the expectation E[1(X ∈ D)], where X is an R

d -valued random variable and D is a
subset of R

d . The selection of a new measure for X such that its samples under this
measure fall in equal proportion in D and Dc is a rather complex task. The following
example presents a multidimensional problem for which an improved Monte Carlo
algorithm can be constructed simply.

Example 2.69 Let ps = P(X ∈ D) and p f = P(X ∈ Dc), where D = {x ∈
R

d : ‖x‖ ≤ r} is a sphere of radius r > 0 centered at the origin of R
d and X is

an R
d -valued random variable with independent N (0, 1) coordinates defined on a

probability space (Ω,F , P). The probability p f can be calculated from

p f =
∫

Rd
1(x ∈ Dc) f (x) dx = EP [1(X ∈ Dc)] or

p f =
∫

Rd

[
1(x ∈ Dc)

f (x)

q(x)

]
q(x) dx = EQ

[
1(X ∈ Dc)

f (X)

q(X)

]
, (2.66)

where Q is a measure on (Ω,F ) such that P � Q. The densities f and q of the
distributions induced by probability measures P and Q are
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f (x) = (2π)−d/2exp

[
−1

2

d∑

i=1

x2
i

]
and

q(z) = [(2π)σ 2]−d/2exp

{
− 1

2σ 2

[
(z1 − r)2 +

d∑

i=2

z2
i

]}
.

Monte Carlo estimators based on the first and the second expressions of p f in (2.66)
are denoted by p̂ f,MC and p̂ f,I MC , respectively. The exact probability p f can be
calculated from

1− Pf = P

(
d∑

i=1

X2
i ≤ r2

)
= 1

Γ (d/2)

∫ r2/2

0
ξd/2−1eξ dξ,

and is equal to 0.0053, 0.8414×10−4, and 0.4073×10−6 for r = 5, 6, and 7, where
Γ (·) denotes the gamma function. Monte Carlo estimates p̂ f,MC of p f based on
10000 independent samples of X are 0.0053, 0.0, 0.0 for r = 5, 6, and 7. Improved
Monte Carlo estimates p̂ f,I MC of p f based on the same number of samples for r = 5
are 0.0, 0.0009, 0.0053, and 0.0050 if σ = 0.5, 1.0, 2.0, and 3.0. For r = 6, the esti-
mates p̂ f,I MC are 0.0001×10−4, 0.1028×10−4, 0.5697×10−4, 1.1580×10−4,

and 1.1350×10−4 if σ = 0.5, 1.0, 2.0, 3.0, and 4.0. For r = 7, the estimates p̂ f,I MC

are 0.0, 0.0016× 10−6, 0.1223× 10−6, 0.6035× 10−6, and 0.4042× 10−6 if
σ = 0.5, 1.0, 2.0, 3.0, and 4.0. Note that the density q corresponds to an R

d -valued
variable with independent Gaussian coordinates with variance σ 2 and mean 0, except
for a coordinate that has mean r. Monte Carlo estimates are unsatisfactory for rela-
tively large values of r. The accuracy of the estimators p̂ f,I MC depends essentially
on q, for example, they are unsatisfactory for σ = 0.5 and accurate for σ in the range
[3, 4]. ♦

2.14 Exercises

Exercise 2.1 Show that σ(A ) defined by (2.1) is a σ -field, and that σ(A ) is the
smallest σ -field including A .

Exercise 2.2 Prove the properties of the probability measure P in (2.2).

Exercise 2.3 Show that the inclusion–exclusion formula in (2.3) is valid.

Hint: Use the fourth formula in (2.2) to calculate the probability of∪m
i=1 Ai by viewing

this event as the union of ∪m−1
i=1 Ai and Am for m ≤ n.

Exercise 2.4 Show that the conditional probability P(A | B) in (2.5) is a probability
measure on (Ω,F , P).

Exercise 2.5 Prove the law of total probability and the Bayes formula in (2.6).
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Exercise 2.6 Consider the events A1 = {(6, 2)}, A2 = {(6, 2), (4, 4), (1, 6)}, and
B = {ω = (i, j) ∈ Ω : i + j = 8} in the experiment of rolling two dice. Calculate
the conditional probabilities P(A1 | B) and P(A2 | B) by using the definition in
(2.5) and by direct arguments.

Exercise 2.7 Let X be a random element. Show that the σ(X) in Definition 2.13 is
a σ -field and that this field is the smallest with respect to which X is measurable.

Exercise 2.8 Suppose a random variable X defined on a probability space (Ω,F , P)

takes a finite number of values a1, . . . , an ∈ R. Construct the σ -field σ(X) generated
by this variable.

Exercise 2.9 Prove Fatou’s lemma for sequences of events, that is, show

P(lim inf
n→∞ An) ≤ lim inf

n→∞ P(An) ≤ lim sup
n→∞

P(An) ≤ P(lim sup
n→∞

An),

where {An} are events on a probability space (Ω,F , P).

Hint Note that P(lim infn→∞ An)= P(limn→∞∩k≥n Ak)= limn→∞ P(∩k≥n Ak),

where the latter equality holds by Theorem 2.6 since ∩k≥n Ak is an increasing
sequence of events. Since P(∩k≥n Ak) ≤ P(An), we have P(lim infn→∞ An) ≤
lim infn→∞ P(An). Similar arguments can be used to show lim supn→∞ P(An) ≤
P(lim supn→∞ An). The inequality lim infn→∞ P(An) ≤ lim supn→∞ P(An) is
valid since {P(An)} is a numerical sequence.

Exercise 2.10 Consider two R
d -valued random variables X and Y defined on a prob-

ability space (Ω,F , P). Show that P({X ≤ x} ∩ {Y < y}) = P(X ≤ x)P(Y ≤ y)

implies the independence of X and Y, where the notation X ≤ x means (X1 ≤
x1, . . . , Xd ≤ xd).

Exercise 2.11 Show that X defined by (2.15) is an R
d -value random variable and

that the collection of simple random variables constitutes a vector space.

Exercise 2.12 Prove Jensen’s inequality in (2.18) for finite-valued simple random
variables.

Hint Use the following fact. If g : R → R is convex, then g is continuous and
g(x) = sup{l(x) : l(u) ≤ g(u),∀u ∈ R}, where l denotes a linear function.

Exercise 2.13 Prove Fatou’s lemma given by (2.28).

Exercise 2.14 Show that X ≤ Y a.s. and E[|X |], E[|Y |] < ∞ imply E[X1A] ≤
E[Y 1A], A ∈ F .

Exercise 2.15 Show that the expectation of a positive random variable X is given
by E[X ] = ∫[0,∞)

P(X > x) dx .

Hint The mapping (x, ω) �→ 1(X (ω) > x) is measurable from ([0,∞) ×
Ω,B([0,∞))×F ) to ({0, 1},K ), where K = {∅, {0}, {1}, {0, 1}}. Fubini’s the-
orem and the equality

∫
[0,∞)

1(X (ω) > x) dx = ∫[0,X (ω))
dx = X (ω) give
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∫

[0,∞)

P(X > x) dx =
∫

[0,∞)

[∫

Ω

1(X (ω) > x)P(dω)

]
dx

=
∫

Ω

[∫

[0,∞)

1(X (ω) > x) dx

]
P(dω) =

∫

Ω

X (ω)P(dω) = E[X ].

Exercise 2.16 Show that the correlation and covariance matrices of a random vector
with finite variance are positive definite.

Exercise 2.17 Prove the properties of the distribution function stated following
Definition 2.32.

Hint Set Bn = {ω : X (ω) ≤ xn}, and B = {ω : X (ω) ≤ x}, where {xn} is a
decreasing numerical series converging to X. The sequence of events Bn is decreasing
so that limn→∞ Bn = ∩∞n=1 Bn = B implying limn→∞ F(xn) = limn→∞ P(Bn) =
P(limn→∞ Bn) = P(B) = F(x).

Since F is a bounded, increasing, and right continuous function, it can only have
jump discontinuities. Recall that F has a jump discontinuity at c if the left and right
limits of F at c are finite but not equal. To show that F has at most a countable
number of jump discontinuities, consider two distinct jump points ξ < ξ ′ of F and
the open intervals Iξ = (F(ξ−), F(ξ)) and Iξ ′ = (F(ξ ′−), F(ξ ′)) associated with
these jumps. Since ξ �= ξ ′, there exists ξ̃ ∈ (ξ, ξ ′) such that F(ξ) ≤ F(ξ̃ ) ≤
F(ξ ′−), showing that Iξ and Iξ ′ are disjoint intervals. The collection of intervals
Iξ is countable since each Iξ contains a rational number and the set of rational
number is countable. The sum of all jumps of F is

∑
ξ∈J [F(ξ+) − F(ξ−)] =∑

ξ∈J [F(ξ) − F(ξ−)] ≤ 1, where J denotes the collection of jump points of F.
Hence, εnε ≤ 1 so that nε ≤ 1/ε, where nε denotes the number of jumps of F larger
than ε > 0.

Exercise 2.18 Show that the central moments E[(X − μ)q ] of X ∼ N (μ, σ 2) are
zero if q is odd and equal to q!σ q/(2q/2(q/2)!) if q is even.

Exercise 2.19 Let X ∼ N (0, 1) and set Y = X2. Find the covariance matrix of
(X,Y). Are X and Y correlated? Are X and Y independent?

Exercise 2.20 Find the characteristic function of X = a + bN , where a, b ∈ R

are constants and N is a Poisson random variable with intensity λ > 0, that is, an
{0, 1, . . .}-valued variable with probability P(N = n) = λne−λ/n!, n ≥ 0.

Exercise 2.21 Let X and Y be random variables defined on the same probability
space. Show that (1) if X and Y are independent, they are uncorrelated, (2) uncorrelated
random variables can be dependent, and (3) uncorrelated Gaussian variables are
independent.

Exercise 2.22 Calculate the expectation of random variable X2 | (X1 = z) with
density in (2.38).
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Exercise 2.23 Show that the characteristic function ϕ of a real-valued random vari-
able X is positive definite.

Hint The function ϕ : R → C is positive definite if the matrix {ϕ(uk − ul), k, l =
1, . . . , n} is positive semi-definite for all n ≥ 1 and uk ∈ R. Note that 0 ≤ E[Z Z∗] =∑n

k,l=1 zk z∗l ϕ(uk − ul) for Z =∑n
k=1 zk exp (iuk X) and zk ∈ C arbitrary.

Exercise 2.24 Find the expression of the characteristic function for X ∼ N (μ, γ )

given by (2.43).

Exercise 2.25 Calculate the moment generating function m(u) = E[exp(u X)],
u ∈ R, for X ∼ N (μ, σ 2).

Exercise 2.26 Find the properties of the conditional Gaussian vector in (2.44).

Exercise 2.27 Let X (ω) = 2+sin(2πω) be a random variable defined on a probabil-
ity space (Ω = [0, 1],F = B[0, 1], P(dω) = dω) and let Λ1 = [0, 1/4), Λ2 =
[1/4, 3/4), Λ3 = [3/4, 1), and Λ4 = {1} be a measurable partition of Ω. Calcu-
late the conditional expectation E[X | G ], where G = σ(Λi , i = 1, . . . , 4). Plot
E[X | G ] and E[X] against ω ∈ Ω = [0, 1].
Exercise 2.28 Prove Theorem 2.15.

Exercise 2.29 Prove the relationships (2.52) and (2.53) in Theorem 2.16.

Hint The defining relation gives
∫
Λ

X dP = ∫
Λ

E[X | G1] dP for all Λ ∈ G1, so that∫
Λ

E[X | G1] dP = ∫
Λ

E[X | G2] dP under the assumption E[X | G1] = E[X | G2].
We have

∫
Λ

X dP = ∫
Λ

E[X | G2] dP for all Λ ∈ G1 so that E[X | G2] is G1-
measurable. Conversely, if E[X | G2] is G1-measurable, then E{E[X | G2] | G1} =
E[X | G2]. The proof is completed by using (2.53).

Note that
∫
Λ

E{E[X | G2] | G1} dP = ∫
Λ

E[X | G2] dP = ∫
Λ

X dP = ∫
Λ

E[X |
G1] dP holds for all Λ ∈ G1 ⊂ G2 by the defining relation, which gives the first
equality in (2.53). The second equality in this formula results since E[X | G1] is
G1-measurable so that G2-measurable, which gives E{E[X | G1] | G2} = E[X | G1].
Exercise 2.30 Prove (2.55) by noting that G is generated by the partition {B, Bc}
of Ω.

Exercise 2.31 Show that if X and Z are random variables on the same probability
space, then E[X | Z ] = E[X | σ(Z)], where E[X | Z ] = ∫

u fX |Z (u | z) du and
fX |Z is the density of X conditional on Z.

Exercise 2.32 Let X be a real-valued random variable defined on a probability
space (Ω,F , P) and G be a sub-σ -field of F . Show that E[X | G ] = E[X ]
for G = {∅,Ω} and E[X | G ] = X for G = F .

Hint If G = F , then E[X | G ] is F -measurable and
∫
Λ (X − E[X | F ]) dP = 0

for all Λ ∈ F by the defining relation, so that X = E[X | F ] a.s.

Exercise 2.33 Let X be a random variable with distribution F and a ∈ R such that
F(a) ∈ (0, 1). Show that
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E[X | G ] =
∫ a
−∞ x dF(x)

F(a)
1A +

∫∞
a x dF(x)

1− F(a)
1Ac ,

where G = {∅,Ω, A, Ac} and A = X−1((−∞, a]).
Exercise 2.34 Suppose Ai and Xi in (2.57) have finite variance. Calculate the mean
and variance of Mn in this equation.

Exercise 2.35 Calculate the mean and the coefficient of variation of the estimator
ŶI MC in Example 2.68.
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