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Sobolev Spaces and Embedding Theorems

2.1 Definitions and First Properties

Definition 2.1. Let {2 be an open subset of RY. Form € Nand 1 < p < 400,
the Sobolev space denoted by W™P(2) consists of the functions in LP({2)
whose partial derivatives up to order m, in the sense of distributions, can be
identified with functions in LP(f2).

o N
For these derivatives, we set & = (o, ..., an) and |a| = > «;. Moreover,
we use the notation

olely
2.2 Dy= ————.
( ) u 0¥gy -+ 0WxN
The definition above can now be written as
(23)  W™P(2)={ue LP(2)|VaeNY, |a| <m= D € LP(12)}.

Remark 2.4 (on the structure of the derivatives in W1?(£2)). We will
use the notion of the derivative of an absolutely continuous function in the
usual sense (cf. Exercise 2.3) to better understand what it means for u to
belong to WP (£2).

Let u € WHP(£2); then for every i, the function u is absolutely continuous
along almost all lines parallel to the vector e of the canonical basis of RV.
Moreover, the derivative 0;u of u in the usual sense, which exists almost
everywhere on {2, belongs to LP({2) and is almost everywhere equal to the
derivative in the sense of distributions. Conversely, if for every 4, u € LP({2)

is absolutely continuous along almost all lines parallel to e;, with derivatives
O;u in LP(£2), then u € WHP(£2).

It follows that if u is of class C! on (2, then we can verify that u € WP ()
by showing that the functions u and d;u belong to LP({2). The following
examples use this property.
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Remark 2.5. For p = 2, the notation W™2({2) is generally replaced by
H™(82).

Remark 2.6. When 2 = R, we can use the Fourier transform & + () of
a function u in L2(R¥) to give the following equivalent definition:

WmA(RY) = H™(RY) = {ue L*(RY) | € = (1+ [¢[*)™/2a(¢) € L*(RY)}.

Example 2.7. Consider the open unit ball 2 = B(0,1) in R2. Let us de-
termine under which condition the function w on {2 defined by w(z,y) =
zy(z? + y?)~# outside of the origin, with 3 > 0, is an element of H'(£2).

More precisely, let us show that u € H'(§2) if and only if 8 < 1. The
integral of |u|? on {2 exists if 5 — 48 > —1 or, equivalently, if 3 < 3/2. Indeed,
in polar coordinates, the integrand can be written as

|lu|?rdrd = r°~*P(sin 0 cos 0)%drde.
For the derivative in z in the usual sense, this gives
dpu=y(2® +y*) 7 = 282%y(2® + )P

This derivative is continuous outside of (0,0). The integral of its square con-
sists of three terms in which the exponent of r is equal to 3 — 43. These
exponents are all greater than —1 if and only if the condition g < 1 is sat-
isfied. Since the function is symmetric in = and y, it follows that if 8 < 1,
then u and its derivatives belong to L?(B). By Remark 2.4 above, this implies
that the latter are derivatives in the sense of distributions.

This concludes the proof of the necessity and sufficiency of the condition
stated above.

Example 2.8. Consider the open unit ball 2 = B(0,1) in RY. Let r? =
Zf[ 2% and let u be defined on 2 by u(z) = (1 - 7)?(—1In(1—7))®, where a is
an arbitrary real number and 5 > 0. We want to know under which conditions
on « and 3 that u is an element of WP (£2).

The function v admits two singularities, at » = 0 and at » = 1. As the
logarithm is equivalent to r* at 0, the function |u|P is summable on 2 if
N -1+ ap > —1, that is, if « > —N/p. At r = 1, the function can be
extended by continuity. The derivative in the usual sense, for example at x1,
is then

dru(e) = =H(1 = )" In(1 = )]*~ (B In(1 - )| + a).

At r = 0, as the first logarithm on the right-hand side is equivalent to r®~1,
we find that v and its derivative both belong to L? in a neighborhood of 0 if
1—a<N/p.

At r =1, the integral of |0yulP converges if
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e either §>1—1/p, or
e f=1-1/pand ap < —1.

Summarizing, u € W1P(B(0,1)) if and only if either 3 > 1 — 1/p and
a>—-N/p,or f=1-1/pand —N/p < a < —1/p.

Example 2.9. Given k > 0, consider the open subset
Q={(z,y)|0<z<1, 2" <y< 2"}

of R2. We will study for which a € R, (z,%) — u(x,y) = y* belongs to H™,
where m € {1,2,3,...}.

For a > 0, the function u admits a continuous extension to 92, so that
u € L?(£2). The first derivative dyu(z,y) = ay®~! cannot be extended by
continuity to the point x = 0 if a < 1. Nevertheless, it does belong to L?({2)

if the integral
1 24F
/ [/ y2"_2dy} dx
0 xk

exists, or, equivalently, if (2 — 1)k > —1. We can deduce from this that for
k>0, we have u € H() if « > 1/2 — 1/2k.

The second derivative belongs to L%(£2) if (2a — 3)k > —1, that is, if
a > 3/2 — 1/2k. Under this condition, u € H?({2). This holds, for example,
when k£ = 1/6 (cf. Figure 2.1) and o > —3/2, in which case u need not be
bounded on (2.

1

T

Fig. 2.1. An open subset 2 and elements of H™.

Let us continue. We find that the condition under which u belongs to
H™(2) can be written as (2a — 2m + 1)k > —1. Given m, we can choose «
and k such that this necessary condition is satisfied.
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Proposition 2.10. The space W™P({2) endowed with the norm defined by

1/p
[ZO<\O¢I<m HD UHLP(Q } if 1 < p < +oo;

[ullwms2) = _
maxog|a|<m || D “HLoo(Q) if p=+o0,

is a Banach space. For p € |1, +0o0[, this space is uniformly convex and there-
fore a reflexive space. The space H™(§2) endowed with the inner product

(u,v) = Z (D, Da”)m(n)

0<|al<m
is a Hilbert space.

Exercise 2.1 offers a proof of these statements. Many propositions in this
chapter are concerned with the approximation of functions in W1P(§2) or the
density of certain subspaces. For such problems, we often use a cover of the
open set {2 by a family of open subsets {A,}. We admit (cf. Exercise 2.2) that
to such a cover, we can associate a family of functions {v;} called a partition
of unity subordinate to the cover {A;} of £2.

Definition 2.11. A C*° partition of unity subordinate to an open cover
{A;};en of the open set §2 is a set of functions 1; with the following properties:

(1) For every j, the function 1; is a nonnegative element of C*°({2) with
support in A;.

(2) For any compact subset K of (2, only a finite number of the functions v,
are not zero on K.

(3) Forall w € 2, 3.y ¥j(z) =

We use such a partition in the proposition below, where it allows us to
approximate functions in WP (§2) from the inside, without any regularity
assumption on {2. The proposition makes it possible, for example, to replace
functions that belong to W™P(£2) by C*°({2) functions during computations,
in particular during the proof of the Sobolev embedding theorem.

Proposition 2.12. Let {2 be an arbitrary open subset of RN . The subspace
C®(2)NW™P () is dense in W™P(S2).

Proof of Proposition 2.12.

We begin with the case 2 = RV. Let u € W™P?(RY). Consider a regular-
izing sequence (cf. Section 1.4.2) z + p.(z) = 1/e¥p(z/¢) and a real number
0 > 0. In Section 1.4.2, and in particular in the proof of Theorem 1.91, we
saw that the function p. x u € C®°(RY) and its derivatives, which satisfy
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D%(p. % u) = p. x D%, are elements of LP(R"Y). Moreover, we saw that there
exists an gg such that for all € < g, we have

(2.13) |lu—pe*ullre <J and Va, |a|<m, ||[D% — pex D%l <6

(cf. (1.92)). Tt follows that p.xu € W™P(RYM) and that there exists a constant
C), such that

(2.14) llu — pe * ul|lwm.r < Cpd,

which concludes the proof in the case of RV.
Next, consider an open subset 2 # RY. We will use an open cover
{0;}jen- of £2 defined by

2; ={z € 2||z| <jCy and d(z,00) > Co/j + 1}.

The constants C7 and Cy are chosen such that (2 # @. The resulting
sequence of bounded open subsets is increasing and covers 2. After set-
ting 20=12_1 =0, we define the sequence of open subsets {A;} by setting
Aj = Qj+2 \ﬁforj > 1 and AO = QQ, A1 = .(23.

The family {A,} is again an open cover of {2, and we can easily verify that
if [j — 7’| > 3, then A; N Ajs = @. Let {¢;} be a partition of unity associated
with the cover {A;}. Let ¢; be sufficiently small that for a given ¢, we have

Vj=2, Aj+B(O,€j)CAj_1 UAjUAj+1,

. €
Viz 0, llp., * (ju) = (bju)llwme < 573

Next, consider the function v(%) defined by

—+oo

(2.15) v = Z(pij * ().

0

This function is well defined, as the sum on the right-hand side is locally finite.
We can deduce from the inequalities above that v(&) € W™P(£2).

Setting u = Z(Too(z/)ju), we can conclude the proof using the following
inequality:

+oo
(2.16) [0 = ullwmo2)y <Y o, * (@5u) = (@5u)[wms
0

o0 c
<2 g = .
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Corollary 2.17. (1) Let u € W'P(2) and let v € W' (), where p and p'
satisfy 1/p + 1/p’ = 1. The product uv is then an element of W11(02),
and

Vie[1,N], 0;(uv) =ud;v+ vou,

where the expressions in the equality are all well defined under the as-
sumptions.

(2) Let u be an element of WHN(82); then |[ulN"tu and [u|™N both belong to
W), while

V([ulNtu) = NuN'Vu. and  V(|uY) = NuN ?uVu.

Remark 2.18. In (2), WY (£2) may be replaced by W14(02) for g € |1, 0.
The result is then
Let u € WH9(02); then |u|?Yu and |u|? both belong to W11(£2), while

V(jul? ) = qlu|t'Vu  and  V(|ul|?) = qlu|T 2uVu.
V(jul? ') = qlu|t™'Vu  and  V(|u|?) = qu|T 2 uVu.

Proof of the Corollary. (1) By the proposition above, there exists a sequence
{un} CC®(2)NWHP(£2) that converges to w in W1P(£2). For this se-
quence, we have

0i(unv) = 0;(un)v + u,0;v,

where each term is seen as a product of a C* function and a distribution.
Let us take the limit of the left-hand side in the sense of distributions.
We have u,v € L'(£2) and ||u,v — wv||pr < |Jun — ul|zs |0z — O.
It follows that {u,v} — wv in L', and consequently also in the sense
of distributions. By a property of distributions stated in Section (1.4.8),
0i(unv) — 0;(uv) in the sense of distributions. Likewise, as u, — u and
Oiun, — Ojuin LP, the right-hand side converges in D’(§2). Taking the limit
therefore gives the desired equality and, moreover, shows that 9; (uv) € L',
whence uv € Wh1 ().

(2) Consider a sequence u, € C°() N W1P() that converges to u in
WLN (). We can easily show that the gradient of |u, |V is given by

Nun |V "2, [Vuy,).

Since |u,|Y ~2u,, converges to |u|N"2u in LN/(V=1) and Vu,, converges to
Vu in LY it follows that N|u,|Y~?u,Vu, converges to N|u|N~2uVu
in L'. Moreover, as |u,|Y — |u/Y in L', the convergence also holds
in D'(£2). Consequently, V(|u,|") converges to V(|u|™) in D’(£2). Taking
the limit therefore provides us with the identity

V(|ulN) = Nu/N " 2uVau.
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Finally, using Holder’s inequality with the conjugate exponents N/(N — 1)
and N, we have

N-1/N 1/N
/|V(|u|N)|dx<N(/ ¥ (/ V¥ )
(9] 2 (9]

We have therefore proved that |u|¥~tu € WH1(02).
The reasoning for the second statement concerning the gradient of |u|¥ ~'u
is similar. O

Corollary 2.19. Let u € VVéf(.Q) This means that for every function
0 € D(£2), we have pu € WHP(2). Let x¢ be the point (zf,t) € 2, where
zy € RVN=1 and t € R. Let B'(z(,r) denote an open ball in RN~ and let
B*(x9,r) denote the open cylinder B'(x{,r) x| —r,r[ whose closure, for r suf-
ficiently small, is included in §2. Then, for almost all pairs (z',t) and (2',t’)
of elements of B*(xo,7), we have

(2.20) w(z',t) —u(a', t) = /t’ On u(a’, s)ds.

Proof of Corollary 2.19.
For (t,t') € (] —r,r])? and 2’ € B'(zf,r), let

t
v(w’):/ Oy u(a’, s)ds.
t/

Let us show that v € LP(B’(x(,r)). The function (2/,s) — Inu(z’,s) is an
element of LP({2), as B*(xg,r) C {2, and hence is summable in s on the
interval [t/,¢] in | — r,r[. It follows that v is defined almost everywhere on
B'(z(,r). Next, by Holder’s inequality and Fubini’s theorem, the following
holds for almost every pair (¢,t'):

t/
o100y = [ ' [ vt sy

t/
< |t—t’|p_1/ 0N u(z’, s)|"dsda’
B ¢

p
dz’

<Jt— t’|1’*1/ |on u(z)[Pdz < +o0.
B*

Let {u,} be a sequence of elements of C°°(B*)NW 1P (B*) that converges to u
(cf. Proposition 2.12). We define the sequence {v,} on B’ by setting

¢
vn(as/):/ ON Uy (7', 8)ds.
t/

Replacing u by u, —u in the preceding computation, we see that v, — v in
LP(B'). We can therefore extract a subsequence {v,,} that converges almost
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everywhere to v on B’. Likewise, we can extract from {u,,} a subsequence
{ts(n)} that converges almost everywhere to u on B*. Since the functions
Ug(n) are regular, we have

t
Ug(n) (I/7t) — Ug(n) (I/at/) = \/t’ aN U (n) (:L'/, S)dS = Vg (n) (I/)

The corollary’s formula follows from the almost everywhere convergence on
both sides. O

Below we give another consequence of Theorem 2.12, which is very use-
ful, in particular when extending a function in W™P(2) to a function in
WmP(RN) when {2 is a Lipschitz open set. For a function in W™P?(§2), such
an extension requires a technical lemma about changes of variables.

Corollary 2.21. Consider two bounded open subsets £2 and 2’ of RN. Let a
be a function giving a bijection from 2’ to (2, where a and a~! are more-
over both Lipschitz. Let p > 1 be given. If u € WYP(£2), then the composed
function v = woa is an element of WYP(£2') and the derivatives of v in the
sense of distributions are given by the usual derivation formulas for composed
functions. Moreover, there exists a constant C(|Va|w) depending on |Va|s,
such that

[uoallwirony < C(IValoo)|lullwir )

Proof of Corollary 2.21.

Let {u,} be a sequence in W1P(£2) N C>(f2) that converges to u in
WLP(£2). The function y — vy, (y) = un(a(y)) is Lipschitz on 2, and therefore
on all lines parallel to any of the coordinate axes y;. Since Lipschitz implies
absolute continuity, it follows (cf. Remark 2.4) that v, is almost everywhere
derivable on 2’ and

(%) for almost all y € ', 9;(v,)(y) = Zf’ 0;(un)(a(y))0i(a;)(y).
We now need the following lemma.

Lemma 2.22. Given bounded open sets 2 and (2, let a be a continuous bi-
jection from £2' to 2 such that a=' is Lipschitz. Then, if u € LP(£2), we have
uoa € LP(§2') and there exists a constant c such that ||uoal| v (o) < cllul|Lr (o).

Let us continue the proof of Corollary 2.21 using this result. Applying it
to 0;(u, — u), the inequality of the lemma gives us

10i(un) 0 a — 0s(u) o al| v (o) < c||Osun — s Le(0)-
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Since we know that 0;(u,) — d;u in LP(12), we deduce that {9;(uy)oa} con-
verges to Q;u o a in LP(§2’). Consequently, we can use (*) and the assump-
tions of the corollary to show that the open sets and derivatives 0;(a;) are
bounded, and that the sequence {9;(vy,)} converges in LP({2’) to the func-
tion Ziv(aju oa)0;(a;), which itself belongs to L”(£2"). Taking the limit of a
subsequence, the inequality (*) then gives

for almost all y € 2/,  9;(uoa)(y) = Ziv 0;(u)(a(y))0;i(a;)(y).

Since these almost everywhere derivatives are in LP(§2'), it follows from
Remark 2.4 that they are derivatives in the sense of distributions. By the
lemma, we have u o a € LP(£2'). Consequently, u o a € WHP(£2'). Moreover,
luoallLr(ony < cllullpe (o) and [[0;(uo a)llLy (o) < l|ullwre2)l|V(a)| L= (o).
From this, we deduce the existence of a constant C' that depends only on the
Lipschitz constants of a and a™*, such that [[uoawr.e0n < Cllullwis(g). O

Proof of Lemma 2.22. Let L denote the Lipschitz constant of a~!. Let us take
a sequence {u,} as in the proof of the corollary above. If we cover {2’ by a
finite number n,, of N-hypercubes C}, with edge of length 27 and extend u, oa
by 0 outside of {2/, then the definition of the Riemann-integrability of |u, cal?
gives

| luatatmrray - hmz () inf Jun(ale))P"

We may, and do, assume that the hypercubes all satisfy Cj, C £2’. Let 4. be the
center of Cf, so that xp = a(yx) € 2. If x € J(a(Cy)), then the properties of a
imply that y = a~!(z) € OC%. Hence, as |y, — y| > 1, we have the following
inequalities for the distances in RV: n < |y — yx| = |7 (z) — a " (zp)| <
L|z — xg]. It follows that a(C}) contains the ball of radius n/L with center z,
whence mes(a(Cy)) = wyn™ /LY > K mes(Cy), where K depends only on N
and L. We can now deduce the following upper bound:

Ny

mes(C mf un(a mes(a(Cy)) inf |u,(x)|?
> mes(Ci) o | Z ) nt [ ()

1
< e /(z |t () [Pd.
Taking the limit for n — 0 gives

(+%) | tuntaPdy < & [ fua(a)s

We can find a subsequence uq(,) that converges almost everywhere to u. The
result of the lemma then follows from (xx) using Fatou’s lemma. ad
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Let us now give a definition of WP, using approximations of the deriva-
tives by translation operators.

Proposition 2.23. For 1 < p < oo, the following properties are equivalent:

(1) u e WHP(02).
(2) uw € LP(12) and there exists a constant C > 0 such that for any open set
w with closure contained in {2, we have

VheRY, |h <d(w,002) = ||mu—ul1r@) < C|Al.

In the case p =1, property (2) must be replaced by

(2') For every open set w with closure contained in §2, there exists a constant
c(w) such that c(w) < C, c(w) = 0 when |w| — 0, and ||Tpu — ul[p1(w) <

c(w)lhl.

Proof of Proposition 2.23.

Let us assume that 1 < p < +00. We will first show that (1) = (2) when
the translation is parallel to a base vector.

Consider u € WHP(§2) and w C 2. Let e; be the ith vector of the canonical
basis of R, and let hg = d(w,d$2). Then @ C {2 implies that ho > 0 and if
|h| < ho, we have © € w = x + he; € 2. Corollary 2.19 subsequently tells us
that for every h such that |h| < ho and that for almost all = in w, we have

(2.24) u(x + he;) — u(x / Oiu(z + se;)d
Consequently, by Hoélder’s inequality,
h
(2.25) lu(z 4 he;) — u(z)|P < |hP! / |Oiu(z + se;)|Pds.
0

Since |ulP € L'(£2), we can integrate this inequality over w, whence, using
Fubini and noting that w 4+ B(0,h) C {2,

h
/|Theiu—u\p(x)dx<|h\p_l/ /\@u(w—l—seiﬂpdmds
w 0

< BP0l .

(2.26)

Taking the 1/pth power of this inequality gives property (2) for the translation
The; -

For h € RN such that w + B(0,h) C §2, it suffices to replace 9; by the
derivative along h, namely d,u = Vu-(h/|h|). This leads to property (2) with,
for example, constant C' = (Zl 10 u||Lp(Q /2,
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Let us now show the implication (2) = (1).

Let u satisfy (2). We must prove that d;u € LP(w). Setting, for example,
h = 1/n, consider the sequence {(7pe,u —u)/h} of distributions on w. We
know (Subsection 1.4.8) that this sequence converges in D’(w) to the distri-
bution 9;u. Consequently,

() VpeDw), (Pp) — G

Now, by Hélder’s inequality and property (2), we have

(P22 0N < O gl

Using (*), taking the limit of this inequality for h — 0 gives us the inequality
(951, )| < C|lp|l 1o - Now, as p/ < 0o, D(w) is dense in LP' (w) (cf. Theorem
1.91). The distribution d;u therefore defines a linear functional on L* (w) and
the previous inequality becomes

Vge LV ), [0 9)| < Clgllw s

proving that d;u can therefore be identified with a function in LP(w) whose
norm moreover satisfies ||0;u| s,y < C. Since this is true for every relatively
compact open subset w of {2, we can use an increasing sequence of such open
subsets on which the LP norms of 0;u are uniformly bounded to show that
d;u € LP(£2). Since this result holds for every i, it follows that u € WP (£2),
which concludes the proof.

Let us now consider the case p = 1. For the implication (1) = (2/), the
reasoning remains the same as above and we see in inequality (2.25) that we
can use a constant ¢(w) such that c(w) < fw+B(0)h)|Vu(x)|dx, which therefore
tends to [ |Vu(z)|dz when h tends to 0. In particular, as Vu € L', this
inequality tends to 0 when mes(w) — 0 (in the sense of Lebesgue).

Conversely, by an argument similar to that in the case p > 1, the inequality
in (2') implies that Vu is in the dual of C.(£2), which means that Vu is a
measure (cf. Chapter 6). Since this estimate does not depend on the support
of ¢, we deduce from it that Vu is a bounded measure.

Moreover, the inequality [ |[Vu| < c¢(w) shows that the measure Vu is
absolutely continuous with respect to the Lebesgue measure (cf. Chapter 6),
which proves that Vu € L!'(w). Since w is arbitrary and c(w) is bounded
independently of w, we conclude that Vu € L1(2). O

Remark 2.27. In the case p = 1, the above proof shows that property (2)
for p > 1 only implies that u € BV ({2), the space of functions with bounded
variation (cf. Chapter 6).
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Definition 2.28. Let {2 be an open subset of RY, either bounded or not. We
let Wi (£2) denote the closure of the space D(§2) in WP ({2) for the norm

[RIE

In general, finding an intrinsic characterization of the functions in
WP (£2) is not obvious and depends strongly on the structure of 2. When
2 = RV, a method involving truncation and regularization allows us to show
the following result.

Proposition 2.29. The space D(RY) is dense in W™P(RY), so that
WP (RN) = WP (RY).

Proof of Proposition 2.29.

Let u € W™P(RY) and let n € N*. Let ¢ be a function in D(B(0,2)) with
value 1 on B(0,1) and such that 0 < ¢ < 1. Let ¢,(z) = ¢(x/n); then the
sequence u,, defined by u,(z) = ¢(z/n)u(z) converges to u in W™P(RN).
Indeed, as |ulP € L, we have

ol = 10— el < [ P — 0
On the other hand, the Leibniz formula for the derivative of the product of
a C* function and a distribution implies that if |a| = m, then D*(ppu) is the
sum of ¢, D% and expressions of the form (1/n)’ D™ p(x/n)D*u, where
lag] + |az] = m and |ai| = j > 1. We can bound the LP norm of these
expressions from above by

1 1/p
—.|Da1<p|oo(/ Deu(@)rdr)
n || =n
which tends to 0 because j > 1. It follows that
| DY (pnu) — D%lp, < |DY(pnu) — onD%uly + |@n D — D%y,

where the right-hand side is the sum of two quantities that both tend to 0.
We will now use regularization. Given a regularizing function p, we let

on(z) = nNp(nz) and u, = p, * (p,u). The functions u, then belong to

D(RY), and the sequence {u,} converges to u in W17, O

In general, we will see that under regularity conditions on 2, a sufficient
condition for the inclusion u € W[""(2) is that the extension @ of u by 0
outside of £2 belongs to W™P?(RY).

Remark 2.30. Later on, we will give a result concerning the density of C'(£2)
in W™P((2) when {2 is Lipschitz.
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2.2 Sobolev Embeddings for W™P(RY)

2.2.1 Definitions of Functional Spaces

Given an integer j > 0, we define the family of spaces Cg(RN ) by setting
CIRY) ={ue C'RY) |Va e NV, |a| < j, IK., |[|[DYul| < Ka}-

For a positive real number A, the subspace Cg”\(RN ) consist of the functions

in CJ(RY) such that if |a| < j, then

3Cax, Yo,y € RY, |D(a)u(x) — D(a)u(y)‘ < Cya |z — y*

2.2.2 Statement of the Theorem and Preliminary Remarks

Theorem 2.31 (Sobolev embedding theorem). For p > 1 and m € N,
we have:

(1) If N > mp, then for every q satisfying p < g < Np/(N —mp), we have
WmP(RN) — LY(RN). More precisely, under the given conditions, there
exists a constant C' such that

Vo e WmPRY), ol < Cllgllwmas@y).

(2) For p =1, we have WN:1(RN) — C,(RY).

(3) If N = mp and p > 1, then for every q satisfying p < ¢ < 0o, we have
WmP(RN) — LI(RN).

(4) If p > N, then we have

0<A<1—N/p = W'PRY) — COMNRY),
(5) If mp > N, N/p €N, and j satisfies (j —1)p < N < jp, then
0<A<j—N/p = WmPRN)— "I RY).

IfN/peNandm > j = N/p+ 1, then WmP(RN) s ¢~ N/P=LNRN)
for every A < 1.

The following preliminary remarks allow us to better understand the proof
of Theorem 2.31.

Remark 2.32 (reduction to functions in D(RY)). By Proposition 2.29,
it suffices to prove the statements of the theorem for functions in D(RY).

Let us, for example, assume that under the conditions of statement (1),
we have proved the existence of a C' depending on N, p, ¢, such that

(%) Vo € DRY), [ellg < Cllollwmn ).
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Consider u € W™P(RY) and a sequence {¢,} in D(RY) that converges to u
in W™P(RY). Since the inequality (*) shows that this is a Cauchy sequence
in L1(RY), we deduce that it converges to v € LI(R™) in this space. As,
moreover, it also converges to u in LP(R™), we conclude that u = v and
u € LY(RY). Furthermore, by taking the limit in (x), we obtain the existence
of a constant C' depending on N, p, ¢, such that

Yue WPRY), lullg < O llullwmas @),

which shows that the injection is continuous.
The reasoning for the other types of injections is similar.

Remark 2.33 (reduction to the case of critical injections). To prove
statements (1), (4) and (5) of Theorem 2.31, it suffices to prove them in the
critical cases, namely, for ¢ = Np/(N — mp) for statement (1), for A = 1—-N/p
for statement (4), and for A = j — N/p for statement (5).

Indeed, let us suppose that statement (1) has been proved for
g=p*=Np/(N — mp). Let q € |p,p*[ and 0 € ]0, 1] satisfy ¢ = Op+ (1 — 0)p*
Holder’s inequality with conjugate exponents 1/6 and 1/(1 — ) gives

u(z)|ldx = w(@)|?P|u(z)| =P da
[ @l = [ jut@)jute) 00

0
</ '“(””)M/ed”f] [ G 600
RN RN

1-0
[l 77,

1-6

< Jlull%s

We know that u € LP, u € LP, and that there exists a C such that |u||,» <
C lul|lwm.e. Consequently, the previous inequality shows that v € L? and
lullf, < Cllu H’;gi; op” = C||lul|{ym.p, which implies the continuity of the
injection into L9.

A similar reasoning makes it possible to reduce the proof of statements (4)
and (5) to the critical cases mentioned above.

Remark 2.34 (on the impossibility of improving (1)). A simple scaling
argument shows that when N > p, there cannot exist an embedding from
WLP(RN) to LI(RY) for ¢ < p or ¢ > p*, where p* = Np/(N — mp).

Indeed, let us assume, in either case, the existence of a C' such that for
every u € WHP(RY), |lu||« < Cllullwr». Applying this inequality to the
family defined by uy(z) = u(z/X) gives

] 1/p

(Lolelas) ™ <e [, 1
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Substituting the variable y = /A and using Minkowski’s inequality, this
becomes
lullg /2 < C[Jlullp A7 + [Vl A7)

or an inequality of the form
C1 < CoANO/P=1D) L g\~ 14N p=1/a)

where C7, Cs, C3 are three fixed nonnegative numbers.

The hypothesis implies, when ¢ < p, that the exponents on the right-hand
side are negative, giving a contradiction when A — 4o00. Likewise, we see
that the hypothesis ¢ > p* implies that the exponents are positive, giving a
contradiction when A — 0.

Remark 2.35 (reasoning in Sobolev’s proof). The idea Sobolev orig-
inally used to show the embedding consists in writing v formally as u =
uxd =uxAE, where E, a fundamental solution of the Laplacian, is defined
as follows (cf. Exercise 2.19).

For N > 2, it is the function E = ky72~N with ky = 1/((2 — N)wn_1),
where wy_1 denotes the (N — 1)-dimensional surface area of the unit sphere
in RV,

For N = 2, it is the function E = kg In(r) with ks = 1/(27). More precisely,
if ¢ is a function in D(RY) equal to 1 in a neighborhood of 0, we can write u
as

(+) u=uxACE) —u*V(-VE —ux(AQ)E.

Note that when p > 1, the last two terms of (), namely v+ V¢ - VE and
u* (ACQ)E, can each be expressed as the convolution of u € L? with a function
in D(RY). Tt follows that this convolution is in L* for every k > p. We are
therefore reduced to considering the first term of (x), which can be written as
w A(CE) = Vux V(CE).

Let, for example, p = 1. Noting that V(CE) € LY with ¢ < N/(N — 1),
and then using the properties of a convolution with an L' function, we obtain,
thanks to (x), that u € L? whenever ¢ < N/(N —1).

The same computation shows that if 1 < p < N, we still have u € L9 for
every ¢ < pN/(N —p).

To proceed up to the critical exponent in the case 1 < p < N with N > 2,
we use the Sobolev lemma (cf. [60]), where one of the factors of the convolution
is the radial function x — r~°. The lemma can be applied to the present
situation when p > 1 by choosing the exponent s = N — 1, in accordance with
the definition of V(CE), regardless whether N = 2 or not. The statement of
the lemma is as follows.
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Lemma 2.36 (Sobolev). Let f be an element of LP(RY) with compact sup-
port, where p > 1. Consider the convolution g = r~*x f. The following holds:

(1) If p > 1, then the function g belongs to LY on every compact subset of RV,
provided that q satisfies

1 1 11
_>SUP{—70}, where —:_+i_1'
q q aw p N

(2) If p = 1, then the function g belongs to LY on every compact subset,
provided that 1/g > 1/g1 = s/N.

(3) If 1/p+ s/N = 1, the function g belongs to LY on every compact subset
for every q < oco.

In all cases, we have upper bounds of the following type on every compact
subset:

lglle < Clifllp,

where the constant C' depends on q, on the compact on which we bound g, and
on the compact support of f.

The proof of this lemma is difficult for the cases not covered by the Riesz—
Thorin theorem and will not be given in this book.

Remark 2.37. The critical exponent N/(N — 1) for p = 1 is not covered by
Sobolev’s lemma. In what follows, we use more elementary arguments than
those in Sobolev’s proof.

2.2.3 The Structure of the Proof of Sobolev’s Theorem
Step A. We establish the following inequality for the functions ¢ in D(RY):

||<pHLN/(N*1)(RN) < CH()OHWll(]RN)

Statement (1) of the theorem for the case p = m = 1 follows, using Remark
2.32.

Step B. We establish the following inequality for the functions ¢ in D(RY)
in the case p < N:

”‘pHLNP/(N*P)(RN) < C||90||W1=P(RN)~

Step C. We use induction to establish the following inequality for the func-
tions ¢ in D(RY) in the case m > 2 and mp < N:

el Lavs v —mp @y < Cll@llwmp @y

Combining these three steps and Remarks 2.32 and 2.33 gives us statement (1).
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Step D. We establish the following inequality for the functions ¢ in D(RY):

[elloe < Cllellwn @y

Using the density of the regular functions, we deduce from this statement (2)
of the theorem.

Step E. We prove statement (3) of the theorem, beginning with the case m = 1
and p = N, followed by the case m > 2 and Np = m.

Step F. We show that last two statements, (4) and (5), of the theorem.

2.2.4 Proof of Sobolev’s Theorem
Proof of Step A. We must prove that
(2.38) 3C, Vee D(RN), ||g0||LN/(N—1) < C||<p||w1,1.

Let ¢ € D(RY); then for every index i € [1, N], we have
Ve eRY, o) = /I Oip(x + (s — x;)e; )ds.
—oco
Consequently,
(2.39) lo(2)] < /le«p(x 4 (s — x)es)|ds.

Note that the integral on the right-hand side of (2.39) does not depend on the
component x; of . We denote the (N — 1)-tuple (21,...,%i—1,Zit1,.--,TN)
by igN). On RY¥~1 we define the function ¢; with compact support by setting

%‘(fgm) = /R’aﬂp(x + (5 —xi)e;)|ds.
The inequalities (2.39) can now be written as
Vi€ [LN], Vo e R, Jo(o)] < pili).

Since our goal is to study |||~/ (v-1), we note that

N
Vo eRY, lo(z) ‘N/(N 1)<H 1/(N 1)
1

Next, we use the following lemma.
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Lemma 2.40. Let N > 2. Consider N functions F;, each belonging to
LN-Y(RN=1). We have

[T 7)) e ®w)
1N

and the inequality

£ (EN [V gz ) D
(2.41) /RNH’F ‘dx<H(/RN1 )| dz; ) .

Proof of Lemma 2.40. The proof uses induction on N. For N = 2, it is the
following known property:

(2.42) /R2 Fy(x9)Fo(xr)dxi1dee = /RFl(xg)d:cz/RFg(xl)da:l.

Let us assume that the property has been proved up to order N. For

1 < j < N +1, consider elements F; of L™ (RY), each a function of the

variable xENH)

Fixing xn+1, consider the following integration over = (x1,z2,...,2ZN):
IN:/ [ H |F1(i'EN),{EN+1)|}|FN+1((E)|d1'<+OO
RN

In this integral, where z 1 is fixed, we apply Hdélder’s inequality with expo-
nents N and N/(N — 1). This consists in the inequality

N/(N-1) (N-1)/N
e (LI ) )
1<1<N
1/N
(/ |FN+1| dl‘) .

Next, consider the N functions h;, which for x 1 fixed and i < N, are defined
by

5 . N/(N—
(2.43) ha(#N)  2n ) = |Fi($EN),1‘N+1)’ [

3

By the induction hypothesis at order N, as the function (h;)¥ ! is summable
on R¥~1 the product of these functions is in L'(R¥Y). The inequality (%)
above then gives Iy < +00. Let

v N .
[9i($N+1)]N :/RNq’Fi(ng)’xN“)‘ dxz('N)~
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By the induction hypothesis, the functions h; satisfy (2.41), namely

(xx) (/RN [T rE™ oyi)da

1<i<N
y N 1/N
< H (/RN71|F1‘($Z('N)7JUN+1)} dng)) .

1<i<N

)(N—n/N

The right-hand side of this inequality is [[; ;< ylgi(zn+1)].
The integral

IN+1 = / H |F](.’f§N+1))‘d1’ de+1
RN 1N+

is the integral of
Iy = /RN [T 1FGEY, 2xe)| [Fye (@)] do

over R. We apply Holder’s inequality to Iy and note that

N 1/N
KN = [/ ’FN+1(33)’ dx:|
RN

is independent of ;1. By the definitions of h; and g; and the inequalities
(x) and (*x), this leads to

In < Ky (/ H hi(i”l(-N),fUNH)dl‘
RN

1<i<N

< Ky H Gi(TN41)-
1<i<N

)<N71>/N

Finally, integrating over R, applying the generalized Holder inequality
(cf. Subsection 1.5.1) with N exponents that are all equal to 1/N, and using
Fubini’s formula for the integrals of g;, we obtain

1/N
Ivei <Ky [] [/(gi(xN+1))NdeN+l}
1<V R

_ F o (N+1) Ndv(N‘H) Y
=| II RN’ 5| d;
1SN +1

We thus obtain relation 2.41 for the rank N + 1 case, concluding the proof of
Lemma 2.40. a
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Let us conclude Step A. We apply Lemma 2.40 to the functions F; =
|V/(N=1) then gives the

o/ (N1 The inequality [o(2)] < TTcicn l9i(E0)
following results for the norm @ = ||| zv/v-1):
(N—1)/N
@ < [/ H Fi(j'i)dx:|
RN i<V
1N
< i (L) d2;
T | [, letaias]
1<i<N
1/N
:[ H / /|8i<p(x+sei)dsd:fi}
1<igN /RYTHIR
1/N
~ | TT 19l
1<i<N

1 1
<x 2 100l < Flelwiaen),
1<i<N

We therefore have an embedding W11 (RN) — LN/ (N=1(RN). Moreover, by
Remark 2.32, statement (1) of the theorem has now been proved in the case
p=m=1.

Remark 2.44. The last inequality, which states the continuity of the injec-
tion, can be written more precisely as follows:

(2.45) lelln/(v-1) < Cl Vel

Proof of Step B.

Let us now assume that m = 1 and p < N. Consider, for u € D(RY),
the function v = |u[PW—1/(N=P)=1y where the exponent is positive since
p > 1. By the definition |u|* = exp(aIn(|u])), the partial derivative ;v can
be written as

ow = P =D sv-1/ -1,
N-—p

Moreover, the previous remark and Holder’s inequality give

([, 1@/ s
RN

N -1
< C/ Z%‘u(x)|p(N71)/(pr)fl|vu(I)|
RN p

1/ 1-1/
< c(/RN Vu(z)dr) p(/RN ) NP N ) ) g

)<N71>/N
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p/(N p)

The left-hand side is none other than Hu|| Np/(N—p) Hence, dividing by
[l ||J]:’,Z(f;( ]\1[)7/;])\[ ?) | we obtain the inequality
(2.46) [ullvp/(v—p) < ClIVullp.

We have thus proved statement (1) of the theorem for m =1 and 1 <p < N.

Proof of Step C. Let us give a proof by induction on m.

Assume that m > 2 and mp < N. We therefore have (m — 1)p < N and
p < N. Let D denote the differential operator of order 1. By the existence
of an embedding W™m—1P — L[NP/(N=(m=1)p) which we assume proved, we
have Du € W™~ 1P and therefore Du € LNP/(N=(m=1p) Qince y € WP,
we have u € W™ 1P hence also v € LNP/(N=(m=1)p)

Finally, setting ¢ = Np/(N — (m — 1)p), we have u € W4, By the em-
bedding theorem for m = 1 and because ¢ < N, we have

we LNV WN=a) — [ Np/(N=mp)

where the equality of the spaces follows from ¢/(N — ¢) = p/(N — mp). This
completes the proof of step C.
We have now proved statement (1) of the theorem.

Proof of Step D.

We move on to the proof of statement (2) by showing that W1 >,
The density of the regular functions will then imply the existence of an em-
bedding W1 — C,(RV).

In the proof of result (1) (cf. (2.39)), we have already shown that if u €
WELHRY), then

Vo' e RV Jlu)loo (2, /|8Nuw t)|dt.

Let us make the following induction hypothesis. If ve W~N=LL(RN=1) then
v € L®RN-1) and

Il X[ Do)

aeNV 1
la|<N-1

Applying this inequality to the function Oyu(z’, zy) for fixed zx gives

sup |Onu(z’,zy) Z / | D (Onu)| (2, zN)dx
N 1 RN-1

/RN -1
\a|<N 1
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We then integrate with respect to xy:

sup |u(z’,zN)| g/sup\aNu(x’,:ENﬂde
2/ €RN -1 R o

zn€ER
< E D*(Onu xlth' dx/de

aeNN 1
la]<N-1

< Z /]RN | D%ul(x)dz.

acNY
la]<N
We have thus obtained the embedding WV:1 — L,

Let us return to statement (2). Let u € WNYRYN) and let {u,} be a
sequence in D(RY) such that [Ju, — ul[y~.1gyy — 0. By the above, we can
deduce that ||u, — u||pe @~y — 0, which means that {u,} — u uniformly
on RY. Consequently, v is continuous on RY. Since u € L, it follows that
u € Cp(RY). Moreover, the inequality ||u||re~ < C|jullyy~.a gives

Vue WHLRY),  ulle,@y) < Cllullw.i.

This concludes step D and the proof of statement (2).

Proof of Step E. Let us now assume that mp = N.

We begin with the case m =1, p=N > 1.

Let u € WHN(RM). We will show that u belongs to L? for every ¢ > N.
We begin by showing that W%" (RY) has an embedding into L? for every
q € [N,N?/(N —1)]. For this, we note that if u € W then " € Wl
This follows from V(u”) = NuN~!Vu and Holder’s inequality:

/ |Vul| < N/ |Vu|[uN "t dx
RN RN

< N(/RN |Vu\Nd;v) v (/]RN |u|Ndx)(N_1)/N.

Using the Sobolev embedding of W1 into LY/ (V=1 we deduce that u belongs
to LN/(N=1),

Let us now show that u belongs to all LY with ¢ > N2/(N — 1). For this,
we note that ¢ can be written as ¢ = ¢’ N/(N — 1) with ¢ > N. Suppose
that ¢ is a regular function tending to u in WL (RY). We consider

’ (Nfl)/N ’
A= (/ | N/(N_l)’dl’) =l [|Lv/ -1y
RN
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Using V(|¢|?) = ¢'|¢|? ~2¢Vy, Remark 2.44, that is, the upper bound (2.45),
and then Holder’s inequality, we obtain the following upper bounds for A:

A<qC / o7 | Viplda
]RN

, (N-1)/N 1/N
<¢C(/)Iﬂ“‘”N“N‘”¢Q (/‘IVMNiﬂ
RN RN

We see that (¢ —1)N/(N —1) € [N, ¢ N/(N —1)). Therefore, there exists
a 6 €10,1], namely § = 1/(¢' + 1 — N), such that

(2.47)

(¢ —1N
(N-1)

q'N
(N-1)

— 0N +(1-0)

Consequently, once more using Holder’s inequality, we obtain
/ ()] (@ —DN/(N=1) g
RN

< ([ el ™ D) ([ etaar)”

Substituting this in inequality (2.47) above, we find

/ (N-1)/(Nq")
¢ N/(N-1)
( / lp(@) )

N e (N=1)/(Nq') (@' =N+1)/(d'N)
<cq N[ o)) (|, we@r) .

R
We have thus established (cf. Remark 2.32) that u € L¢N/(N=1),

Note that we cannot conclude that w € L°, as the scalar sequence
q’(q,_NH)/ 7 is not bounded. Moreover, there exist examples of unbounded
WLN functions with N > 2.

Let us assume that m > 2 and mp = N.

We then have (m—1)p < N. From u € W™? we deduce that u € Wm~1P
and that for every j, 9ju € W™~ 1P Hence, by statement (1) of the theorem,
we know that v and 0;u are elements of L™ with r = Np/(N — (m — 1)p).

From mp = N, we deduce that r = N. Hence u € Wb", which by the
above implies that u € LY for every ¢, concluding the proof of step E.

Proof of Step F. Let us now assume that mp > N.

We begin with the case p > N, m = 1.

Let u € WHP(RY) and let p > N. We will give two proofs that we then
have u € L= (RY).
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First proof that u € L>(RY) in step F. This proof is based on the integra-
tion of the function over a cone C} ¢ with vertex 0, opening angle 6, and
bounded by a sphere of radius k in RY. This proof can therefore also be used
for an open subset {2 with the uniform cone property, that is, an open subset
for which there exist h, 6 such that for every x € (2, there exists a rotation
R of RY with z + R(Cj9) C 2. This is of course the case for Lipschitz open
sets, whose definition we will give further on. It does not hold for the open
set in Example 2.9, in which 92 has a cusp.
We will show that

(2.48) Vo e DRY), lvlle < Cth™N/Pligll, + Cah!=N/7|| V| .

After applying a translation, if necessary, we reduce to finding an upper bound
for |p(0)]. We will use the polar coordinates (p, o), where p € [0,h] and o €
A(p), with A(p) the surface of intersection of C}, 9 and the sphere of radius p
(cf. Figure 2.2 below). Let ¢ € D(RY) and let @(p,o) be its expression in
polar coordinates.

Fig. 2.2. The cone Ch 9.

We have o
20 =Fp.0)+ [ 0, )i

For the remainder of the proof, we set

/\a )\, o)|dA.

The volume element is defined by dz = pN~'s(c)dodp, where s(o)do is the
(N —1)-dimensional surface element on the unit sphere Sy. Since the volume
of the cone is proportional to A", by Fubini, integrating the inequality above
over C}, ¢ gives the following inequality, where ¢; > 0 is a constant bounded
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from below independently of h:

() le(0)hYer

/ /A(p o)|@(p,o)|p™ 1dadp—|—/ / ) (p, 0)dodp.

The first integral of () is the same as A = fCh ,l¢(z)|dz. Using Holder’s
inequality with conjugate exponents p and p’, we find

A< (/CM dx)l/p/(/cw |gp(x)\de>1/p

< AR Nl e 0)-

We will now study the second integral B of (k). First consider the integral
I(p, o), which we write as

p !
1(p, o) :/ 10,3 (A, ) AN =D/ \N=1)/p" \=(N=1) g
0

giving

/ 19,(F)(\, o) PAN - 1d/\> p(/pMNl)(lP’)dA)l/p/
0

when we apply Hoélder’s inequality to it. We note that the exponent of the last
integrand satisfies the relation (N — 1)(1 —p’) > —1 as p > N, which implies
the finiteness of this integral. The second integral B in (x) therefore leads to
the inequality

h
Bk [ o[ s
0 A(p)

/ ’ ’
/ 10,(B) O\, ) PAN- 1dA) PN =)A= g,
Bounding the inner integral by the corresponding integral over [0, k], we have

h
BgK/ pN/P’/ / 10,(Z)(\, o) PAN = 1d>\) dodp.
0 A(p)

Again applying Holder’s inequality, this time to the integral over A(p), we
have

B<K/ N/p (mes A(p ))1/p

1/
/ / 9, (A, o) PAN " dAdo ) dp.
A(p)
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Since the measure of A(p) is bounded by the area of Sy, hence independently
of h, the right-hand side of the inequality above can be interpreted as an
integral over C}, ¢. Since [0,(@(A, 0)] is bounded from above by |V(z)|, we
can therefore write

B < K'hHN/p/||V<PHLP(C;L,9)-

Dividing by A" and applying (), we obtain the desired inequality (2.48). We
then extend to WP functions by density. Moreover, we will see later on that
in the case of R, as h can be any element of R, the right-hand side of (2.48)
is bounded from above, giving an optimal upper bound for the norm ||-||oc. O

Second proof that u € L= (RY) in step F. Consider the fundamental so-
lution E of the Laplacian. We can easily verify (cf. Exercise 2.19) that
E =knr* N for N > 3 and E = kalnr for N = 2, with ks = 1/(27) and
kn =1/((2 — N)wn-_1), where wy_1 is the (N — 1)-dimensional surface area
of the unit sphere in RY. Let § be a function in D(RY) with value 1 on a
ball with center 0. Let FF = 6E. We then have

AFZ9(50+2V9'VE+(A9)E=50+’(/),
where ¢ € D(RY). We can write
u=0g*xu=AF*u—Y*u

and
AF xu = Z O0; F % O;u.
1N

Moreover, the derivatives of F' are of the form 71—V

of 0 and have compact support on RY. Therefore they all belong to L9 for
¢ < N/(N —1). In particular, they belong to L because p > N. The con-
volution Y, 8;F % O;u therefore belongs to L>. Since ¢ € D(RY) and, for
example, u € L', the convolution v * % is a bounded C* function.

We have thus obtained the existence of a constant C such that

in the neighborhood

lulloe < C(IV Il IVl + 6] ly),

completing the proof that u € L= (RY). O

Note that we obtain an optimal estimate by using functions of the form
ux(z) = u(x/N), where A > 0. Indeed, the continuity inequality |u|oo <
Ci|lullp + C2||Vu||, applied to uy gives

lulloo < CLANPully + CoA™ N2Vl
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In particular, the minimum of the function of A\ on the right-hand side is
reached for \ = M||Vu||p(||u\|p)_17 where M = Ca(p — N)/(NC4). We thus
obtain the following inequality, where C' is a constant that depends only
on N, p, and universal data:

lulloo < C(Jlully=/7|[Tull77).

We conclude the proof of step F by studying the Hoélder continuity of u.
Let h € RY. In Proposition 2.23, we have already noted that

[Thu — ull, < Chl[Vull,
and
IV (Thu = w)llp < 2[[Vullp,
so that applying the previous inequality gives

ITh — uloo < ChlfN/pHVuHLp.

This implies that u is a Holder continuous function with exponent 1 — N/p.
We have thus proved that u is a Holder continuous function for m = 1.
Let us now consider the case m > 2. If mp > N, N/p ¢ N, and j =
[N/p] + 1, then N
Wm’p(RN) SN C;U—JJ—N/P(RN).
Indeed, let j be such that jp > N > (j — 1)p; then
u € WWP(RN) = (u, Du) € (WI—LP(RN))2,

Hence (u, Du) € (LNP/(N=G=1Dr)(RN))2 by the first Sobolev embedding, since
(j — 1)p < N. Consequently,

w e WHNP/(N=(j=1)p) RM).

By the above and the inequality Np/(N — (j — 1)p)> N, we find that u €
Cy(R™) or, more precisely,

= CO I-N(N=(G-1)p)/(Np) _ CI())J'—N/P(RN).

Next, let u € W™P(RN) with pm > N. Let j satlsfy (j—1)p < N < jp. By
the above, D=7y € WJP(RN), so that u € C(m 7 (RN) with j = [N/p] +1.
Since D™~y € Cp7~ N/P(RN) | we have u € el N/p(RNY,

If u e WiP(RYN) with j = (N/p) + 1 € N, then Du € Wi—LP(RVN).
Moreover, as (j — 1)p = N, step E implies that Du € L? for every q < cc.
By the above, u € Cl?”\(RN) for every A < 1— N/q, that is, u € Cl?”\(RN) for
every A < 1.

If j = (N/p) + 1 € N, then the above shows that D™ Ju € Cg’)‘(RN) for
every A < 1, whence u € Cy"~ N/P=LXRNY for every A < 1.
This concludes step F and the proof of Theorem (2.31).
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2.3 Generalization to Other Open Sets

In this section, we study certain classes of open subsets for which the state-
ments of the Sobolev embedding theorem of Section 1.2 still hold.

2.3.1 Methods, Examples and Counterexamples

One method for obtaining the embeddings is as follows. If possible, we extend
every function u € W™P(§2) outside of 2 to a function u € W™P(RM). We
then use the properties of Theorem 2.31 for w. Returning to w, which is the
restriction of w to {2, we obtain the corresponding property for the space
WP ((2).

We will see that the existence of such extensions are closely linked to the
geometric structure of the open set (2. Let us first give a counterexample.

Example 2.49. Consider the open set {2 defined by
Q={(z,y)|0<z<1,0<y<a?}

The Sobolev embeddings do not all hold for this open set (cf. [68]).

Indeed, the function (z,y) +— 2% belongs to H'(§2) provided that
a > —1/2. On the other hand, it belongs to L? if and only if ap + 2 > —1.
This implies that w € LP for p < 6 but not for p = 6, while the classical
Sobolev embedding would give the inclusion for arbitrary p.

Let us present a relatively large class of open sets for which the embed-
ding theorems hold. The reader can consult [1] for counterexamples and more
general open sets.

2.3.2 (m, p)-Extension Operators

Definition 2.50. We say that an open subset {2 of RY has an (m,p)-
extension if there exists a continuous linear operator E from W™P({2) to
Wm™P(RN) such that for every z € £2, the operator satisfies Eu(z) = u(z).

We have the following theorem.

Theorem 2.51. Let 2 be an open subset of RY that has an (m,p)-estension;
then the results concerning WP in Theorem 2.81 extend to the case of 2.

Proof of Theorem 2.51.

Let us assume that mp < N. Let E be a continuous extension operator
from W™P(82) to W™P(RN). Let ¢ < Np/(N —mp). Since Eu(z) = u(x)
for x in {2, we have

[ullLag2) S NE@)l|Lo@yy < CIE@)[wmr@y) < CIE] [[ulwmrq)-

We use a similar method for the other cases (2) and (3) of the Sobolev em-
bedding theorem. O
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We will now give sufficient geometric conditions on the open set {2 for the
existence of an (m, p)-extension.

2.3.3 The Case of the Half-Space (R™)*

Let (RM)T = R¥=1 x ]0,4+00[. We will show the existence of an (m,p)-
extension in W™P((RV)*). We begin with a lemma stating the existence
of a “trace” on the boundary. This result is a first encounter with the trace
theorem that we will see in the next chapter.

Proposition 2.52. There exists a continuous linear map
Yo WHP((RN)F) — LP(RNY)

such that if u € C(RN=1) x [0, +o00]) "NWEP((RN)T), then you(z') = u(a’,0).
Moreover, if u has compact support in RN =1 x [0,00[, then you has compact
support in RV=1 and we have

(2.53) / Onu(z)dr = —/ Yo u(x')dx'.
RN —1x]0,00] RN-1
Proof of Proposition 2.52.
Let us show that the sequence x’ +— u(z’, 1/n) of functions in LP(RN 1) is
a Cauchy sequence. By Corollary 2.19 of Proposition 2.12, we have for almost
all z/ € RV~1 that

(%) lu(z’,1/n) — u(a’,1/m) ’—’/UnaNux tdt‘

Applying Holder’s inequality with fixed z/, taking the pth power, and inte-
grating gives

1 1/n
/ lu(z’,1/n) —u(z’',1/m)Pds’ < ‘— - —‘p / / |Onu(a’ )| dt da’.
RN-1 RN-1 J1

Since the last integral is bounded by [[Onul|[5, we conclude that the sequence
we are studying is a Cauchy sequence. Let vpu be the function defined by
yo u(x') = lim,,_ y oo u(z’, 1/n). The above shows that you € LP(RN~1). More-
over, the linearity of 7 is clear, and when u € C'((R™)"), the limit is none
other than u(a2’,0), whence o (u)(z’,0) = u(z’,0).

Let us show the continuity of 7 on WHP(RN=1 x ]0, oo[).

By applying Corollary 2.19 of Proposition 2.12 with 1/m and y and taking
the limit in (%) for m tending to 400, we find

y
(%) for almost all y € RT, ~ou(z') = u(z’,y) —/ Oyu(a' t)dt
0
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Integrating the pth power of (%) with respect to y € [0,1] and 2’ € RN~!
and applying Minkowski’s inequality, we obtain

1 1/p 1 1/p
[voull Lr@y-1) < (/O/RN71|u(xl,y)|pdx’dy) + (/0/H¥N71|8Nu|pdx’dy) )

The continuity of the map g follows from this.
Consider u in WP (RN 1 x o, oo[) with compact support. The formula
() tells us that

Vo' e RN7L ~u(a!) = 7/ Onu(z',t)dt.
0

We can now obtain (2.53) by integrating with respect to z’ a
This proposition is used in the proof of the following theorem.

Theorem 2.54. For everym € N* and 1 < p < oo, the half-space RN ~1 x Rt
has an (m,p)-extension operator.

Proof of Theorem 2.54.
For u € W™P(RN*), we define the extension Fu of u for zy < 0 by

(2.55) Bu(z)= > Mula,—jzn),

1<j<m

where the m-tuple (A;) consists of the unique solution of the following system:

(2.56) Vke{0,1,...,m—1}, }:(—ﬂUj:L

1<i<m

We can first remark that under these conditions, if u € C™((R™)*), then for
every k < m — 1, the function u and the partial derivatives 0% Eu/ 833?\, are
continuous at the intersection with {zy = 0}. Consequently, Eu € C~}(RY),
which we can show using the definition of the derivatives 9% along {zy = 0}.

In Theorem 2.54, we can in fact use the given formula for Eu with m’
numbers \; for any m’ > m, provided that the m conditions in (2.56) are
satisfied, this time with 1 < j < m’. We apply this in the case m = 1 in
Proposition 2.57 below, which provides a good beginning for the proof of
Theorem 2.54.

Proposition 2.57. Consider v in WHP(RN*) and k > 1 real numbers p;

such that
> m=1L

1<k
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Let v be defined on RY by

(' an) = {v(x/,mN) ifan >0,
Pigi<k Hiv(@' —jzN) if zy <0

then v € WhP(RY).

We will give the proof of Proposition 2.57 later. For the moment, we will
admit the results of the proposition, in order to continue the proof of Theorem
2.54.

We must first show that u € W™P((RY)*) implies Eu € W™?(RY). Let
u € WP((RV)*) and let Eu be defined by (2.56). Assuming that we have
proved that Eu € Wm=LP((RN)T) it suffices to verify that for every a with
|a] = m — 1, the derivative D“ (E (u)) satisfies the conditions of the proposi-
tion. In order to do this, let D* = Do‘/ﬁf\, with @ = (/, k) and k < m — 1;
then

D*(Bu)(' xn) = Y X (=)* DY Oju(e’, —jew).
1
Since the m > 1 numbers p; = Aj(—7)* satisfy the relation > )" u; = 1,
the conditions of Proposition 2.57 are fulfilled. Consequently, D*(Fu) €
Whe(RN).
We still need to prove the continuity of E. We will give its proof after that
of Proposition 2.57.

Proof of Proposition 2.57. Let us show that © indeed belongs to WP (RY).
For this we need the following lemma.

Lemma 2.58. Let v € WYP((RN)*) and let ¢ € D(RYN); then for every
ie[l,N—1],
(2.59) / Oiv(z)p(z)dx + / v(x)0;p(x)dx = 0.

(RN)+ (RN)+

If ¢ satisfies p(2',0) =0, then
(2.60) / Onv(z)p(z)dr + / v(x)Onp(z)de = 0.
(RN)+ (RN)+

Proof of Lemma 2.58.

Let us show equality (2.59).

Let » € D(RY) and let {v,,} be a sequence in C°((RM)+)nWLP((RM)F)
that converges to v in WHP((RN)*). By the definition of the derivative d;v,,
in the sense of distributions on RN¥ !, we have for almost all zy,

/ Oivn (z) (2, 2 N) (2, 2N )da’ +/ Oip(x’ ,xN)vn (2, 2N )dz’ = 0.
RN-1 RN-1
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Integrating this equality with respect to xny and taking the limit gives the
desired result.

Let us now show equality (2.60).

If ¢ satisfies p(2/,0) = 0, then the function up is an element of
WLP((RM)*) and has value 0 on the boundary {zy = 0}. By Proposition
2.52, we have

/ On (up)(z)dx = 0,
(RN)+
that is,
/ Onu(z)p(z)de = —/ u(z)Onp(x)dx. O
(RN)+ (RN)+

We conclude the proof of Proposition 2.57 by using derivation in the sense
of distributions and Lemma 2.58.

Let ¢ € D(R). The function v(2’, jz ) is still an element of WP ((RY)*+),
and ¢(2', —wy) is still an element of D(RY), so that by substituting zy +
—x twice and using the first equality of Lemma 2.58, we have

/ v(z, —jan)0ip(z)dr = / vz, jon)0ip(2’, —xN)d
(RN)=

(RN)+
- _ /(RN)+ O(a jon)p(x', —xN)dz
:—/( N Ov(x', —jaxn)e(x, xn)d
RNY—

fori < N -—1.
Again by the first part of the lemma,

(070, <P> = —(v, 3i<P>

k
—/ v(2)0;p(x)dr — / Z piv(a’, —jen)0;p(z)dx
(RN)+ RN)=

k
= / 8¢v(z)go(w)dx+/ Zujaz—v(gg”ﬁij)gp(:p)dz,
(RN)+ RN)= 7

where the right-hand side can also be written as

k
(%) /]RN [8¢5X((RN)+) + (Z piOiv(a’, —ij)) X((RN)—)}@(x)dm_
1

We have thus obtained

k
(261) 85 =97 x(nys) + (D w0 —jan)) x@n)--
1
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For the derivation in xy, we substitute the variable —jxy for xy:
(ONU, ) = —(0,0n )
=~ [, p@ove— [ Zug o) Onp(e)da

(BN~

= —/(RN)f(aj)ﬁN(p( da:—/ Z x)(Onp) (2, —xTN)dx

:_/(R U(x/’xN)aN( oy Zujso ))d

N+
:/(]RN)?NU< ', TN) Z,ujgo )d.

The last equality follows from the second part of Lemma 2.58 applied to the
function ¢(a’, xn) — Z’f pie(z’,—xn/j), which is zero on {xx = 0} by the
hypothesis Z’f p; = 1. After another change of variables, we have

k
ontoo) = [ ove@eads— [ Y wgowele’ jaw)p()ds,
(RNM)*) (RN)7) 1
It follows that
(262) 8N§ = 8Nv(x’, xN)X((RN)+) - ijjan(x/, _ij)X((RN)*)'
1

The two relations (2.61) and (2.62) show that all 9;v for ¢ < N belong to
LP(RN).
We have thus completed the proof of Proposition 2.57. a

Let us finish the proof of Theorem 2.54 by proving the continuity of E.
The previous equalities show that for all i < N,

10i0] Lo () < 2[|0:0|| Lo (@ y+)-
It follows that there exists a constant C such that
[ Eullm,p < Cllullwmp@yy+)-
The continuity of the operator E follows from this. a

Corollary 2.63. The space Wy P((RN)1) is the subspace of WhP((RN)T)
consisting of the functions u such that you = 0, that is, the functions u whose
extension by 0 outside of (RN)* is an element of WHP(RY).
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Proof of Corollary 2.63.

It is clear, using the continuity of the trace map g, that for every sequence
of functions with compact support that converges in W1P((RY)*+), the trace
of the limit is zero. It follows that if u € Wy ?((RV)*), then you = 0.

Conversely, let u satisfy you = 0. Let u denote the extension by 0 for
zn < 0. Then for i < N — 1, by the first equality (2.59) of Lemma 2.58,
computing the derivative of this extension in the direction e; gives

Vo e DRY), (0iu, ) = —(u,d;p) = —/ ud;p :/ dyucp.
z N >0 zn>0

For i = N, by the second equality (2.60) of Lemma 2.58 and since the trace
of ugp is zero, we have

(Onu, p) = —(u,0np) = —/

xn >0

udnp = / ONup.
N >0

Let v, (2') = u(a’,xny — 1/n); then the sequence {v,} with compact support
in (RV)* converges to u in W1P(RY). To see this, note that

(2.64) Ywe LP(RY),  lim ||[rw — wl|, = 0.
h—0

Indeed, let € > 0 and let 1 be an element of C.(RY) such that ||w—1[, < /3.
By the continuity of 1, there exists an hg such that

£
Vh, |h<ho=|¢ =Y £ 5——F7-
A | loe < 3Tsapp(@) 77

Hence, for |h| < hg, we have
lw = mhwllp < llw =llp + 1Y = Tllp + ITat) — Twll, <e.
It follows that

lim |v,—u|,=0 and Vje[l,N], lim |9d;v,— 0;ul, =0.

n—-+oo n—-+oo

Next, let p be a function in D(RY). We set pa, = (2n)"p(2nx) and u,, =
Pan * Un; then {u,} is a sequence of regular functions with compact support
in (RV)* that converges to u in W1P(RY), completing the proof. O

2.3.4 Lipschitz Open Sets, C™ Open Sets

Let us begin with the definition of a uniformly Lipschitz open set, followed
by that of a uniformly C! open set.
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Definition 2.65. We call {2 a uniformly Lipschitz open set if:

(1) There exists an open cover (£2;);>0 of {2 such that d(£2,02) > 0, for
every i > 1, £2; is bounded and 2; N 912 # @, and either the family {(2;}
is finite or

k=22, li—jl>2k = ;N0 =0.

(2) There exists an open subset O} of RV =1 a function a; that is Lipschitz on
O}, and a system of coordinates such that, after permuting the coordinates
if necessary,

2N c{(@,zy) |2 €O}, zn > a;(2")},
2,N002 ={(2,a;(2")) | ' € O}}.

(3) There exist a partition of unity (y;); subordinate to the cover of £2 by the
£2; (cf. Definition 2.11) and constants C; and Cy such that

Vi, leillwiec@yy <C1 and  laillwie o) < Co.

Definition 2.66. We say that an open set is uniformly of class C! if it is
uniformly Lipschitz with functions a; of class C'.

Remark 2.67. To simplify the terminology, we will from now on often omit
the adjective regular or uniformly and simply use the terms C', C*, or Lips-
chitz.

Lipschitz open sets have the (1, p)-extension property. Proposition 2.70
below states this result. Further on, we will define a class of open sets that
have the (m, p)-extension property. Note that the latter is not necessary for
the embedding theorems, as we will see that being “Lipschitz” is sufficient.
However, when an open set is of class C™ with m > 1, it is possible to de-
fine higher order traces (cf. next chapter) and, consequently, to obtain results
concerning the regularity up to the boundary. We will use these results when
studying the solutions of elliptic equations (cf. Chapter 5).

When using the definition above, it helps to know the relation between the
inclusion of restrictions of u € WP (£2) in each of the spaces WhP(£2 N (2;),
as well as the relation between the corresponding norms. These are as follows.

Proposition 2.68. Let {2 be a Lipschitz open set. If for every i, u € LP(S2)
satisfies u € WIP(Q2 N (), then u € WIP(£2). Moreover, there exist con-
stants C' and C’ that do not depend on u such that

(2.69) >ileiullwir@ine) < Cllullwie ),

[ullwrr2y < C" 32 ullwir@na,)-
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Proof of Proposition 2.68. The first part of the proposition is obvious. Let us
show the inequalities concerning the norms.

Let u € LP(£2). By condition (1) of Definition 2.65, we can divide up the
sequence {2;} into the union of k sequences of open sets {(2;, } such that the
intersections {2 N (2; are two-by-two disjoint. For such a sequence, the sum
> ||u||’£p(9in) is bounded from above by ||u||’£p(m.

From this, we can deduce the inequality }, Hu||’£p((mni) < k||u\|’£p(m.
Next, let v € W1P(£2). Using the chain rule for ¢;u and the uniform
upper bounds, we find that in condition (3) of Definition 2.65, the norm
losullwrr(2ne,) is uniformly bounded from above by K||u|lw1.»(ne,). The
previous upper bound therefore leads to

Z ||50iUH€Vl,p(QnQi) < kK”U”ng,p(Q)-

The second inequality follows from u =3, p;u. ad
We will now give a first important extension result for Lipschitz open sets.

Proposition 2.70. If {2 is Lipschitz, then for every p > 1, there exists a
(1, p)-extension operator from §2 to RN,

Proof of Proposition 2.70.

Let u € WHP(Q2) and let i € N; then by the definition of the partition
of unity {;}, the function y;u has compact support contained in £2; N £2.
Moreover, p;u € WP (§2;142). We use the composition of p;u and a symmetry
on O) x R with respect to the hypersurface {xn = a;(z’)} (see Figure 2.3).

TN A

Fig. 2.3. Construction of the (1, p)-extension.

This symmetry S is defined on O} x R by S(a/,zy) = (2/,2a;(2") — zn).
The image of the bounded open set £2; N {2 under S is a bounded open set §2..
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Let us begin by extending p;u. We will use local coordinates to define the
extension P;(y;u) from £2; N 2 to U;. For every (a/,zy) € U;, we set
Prloni) (o) — JIN) if xy > a;(2'),

(pu)(2’,2a;(2") —xn) i xny < ai(x)).
For (2/,xn) ¢ Ui, we set P;(¢;u) = 0.

Let us verify that this extended function is an element of W?(RY) with
norm in WH#(R™) bounded from above by the norm |ul|y1.s(o) multiplied
by a constant depending only on the constants C; and Cs of Definition 2.65.

We note that the symmetry S, which is its own inverse, is continuous
because a; is. Moreover, it satisfies

1/2
1S(@1) = S(2)] < (14 4] Vaill o) 1 — 2al.
It follows that we can apply Lemma 2.22 to the function P;(p;u) on the open
set £2; N £2 and on its image under S. Let v be defined on RV =1 x ]0, +-00[ by
U(xla t) = QOiU({E/, a; (xl) + t)'

The extension of v by reflection, that is, v(2’,t) = p;u(a’, a;(z") —t) for t < 0,
is the same as the previous reflection after the change of variable t = =5 —
a;(z"). Tt follows from Lemma 2.22 that v € WP (RV—1 x |0, +-00(). Since v
results from a (1, p)-extension on R, we find that p;u € WHP(RYN). Moreover,
the constant ¢ in Lemma 2.22 depends only on the Lipschitz constants of S
and S~!, and hence depends only on ||Va;||s, by the upper bound given
earlier. We therefore have

[ollwrr@yy < C+ [[Vailloo) piullwrr@ne)-
Moreover, as the norms ||Va;| e are bounded from above by Cs (cf. Definition
2.65), setting C5 = C'(1 + C3), we have
lpiullwrr@yy < (1+ C2)|[V]lwrr@yy
< Gsllpsullwrr(a)-

Let us return to the open set 2. Let

E(u) = Z Pi(psu).

By Proposition 2.68, we have E(u) € W1P(RY). The same proposition also
gives
IE@)llwro@yy <D IPilp) lwio@sy < Callulwis(o)

This inequality implies the continuity of the extension operator E, completing
the proof of Proposition 2.70. O



94 2 Sobolev Spaces and Embedding Theorems

Corollary 2.71. If 2 is Lipschitz, then C>({2) is dense in W™P((2).

Proof of the Corollary.

Let u € W™P(£2) and let v, € D(RY) converge to E(u) in W™P(RN).
The restrictions of the v, to {2 then converge to the restriction of u to (2,
which is u itself. O

In compliance with the principles announced earlier, Proposition 2.70 al-
lows us to prove the Sobolev embedding theorem.

Theorem 2.72. Given a Lipschitz open set {2, we have:

(1) If N > mp, then W™P(2) — L1(02) for every g < Np/(N — mp).
(2) If N = mp, then W™P(£2) — Li(£2) for every q < co. If p = 1, then
WL < ¢y (02).
(3) If mp > N with N/p ¢ N and if j satisfies (j — 1)p < N < jp, then we
have
W™P(02) — ¢ INR2), YA<j— N/p.

If N/p e Nand m > j = N/p+ 1, then W™P(§2) — C;nf(N/p)fl’/\(Q)
for every A < 1.

For the proof, which is left to the reader, it suffices to first understand
that we can use the techniques of the proof of Theorem 2.31 to reduce to the
case m = 1. After that, use the extension operator given in Proposition 2.70.

Let us continue with the (m, p)-extension operators, where m > 1.

Definition 2.73. An open set is called uniformly C™ if it is Lipschitz with
functions a; of class C™ and with the following uniform upper bounds in
condition (3) of Definition 2.65:

(2.74) laillem o, + lwillem < Cs.

Theorem 2.75. A C™ open set has the (m,p)-extension property for every
p € [1,00[.

Proof of Theorem 2.75.

Using local coordinate systems, we reduce the problem to the extension of
a function of type ¢;u. Leaving out the indexes i in the function a; and in the
local coordinates for the sake of simplicity, we define

v(@',t) = u(z' a(z) + t),

which gives an element of W™?((R™)*) thanks to the properties of a. We then
use the extension provided by Theorem 2.54. The continuity of the extension is
an immediate consequence of the properties of C™-regularity, and the property
of an extension on RY. O
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Note that we can also define u directly using the formula

u(x',zy) = Z)\ju(x', —jzn + (14 j)a(x")),
j=1

where the \A; satisfy

VEe0,m—1], > (=) =1
J
However, in this case the computations are longer as we need to use the
conservation of the tangential derivatives along 042, for example, at order 1,
Oiu + 0;(a)Onu for every i € [1, N — 1].

2.4 Compact Embeddings in the Case of a Bounded
Open Set

Let us now give compactness results for the Sobolev embeddings in bounded
Lipschitz open sets. We begin by giving counterexamples in the case of the
critical exponent for a bounded set, and for all embeddings in the unbounded
case.

2.4.1 Two Preliminary Counterexamples

Example 2.76. Let us show that if 2 = B(0,1), N > p, and m = 1, then the
embedding WP (£2) — L9({2), where g is the critical exponent Np/(N — p),
is not compact.

Let F be a C! function on RY with compact support in B(0,1) that is
not identically equal to zero. Let {F},} be the sequence of functions on B(0, 1)
defined by F,(z) = nN/P)=1F(nzx). We can easily see that {F,} tends to 0
almost everywhere and in LP(B(0,1)). Moreover, its gradient is bounded in
L?(B(0,1)). Indeed,

(2.77) / nWN/P=1+ VP |G P (na)de = | VF|,.
B(0,1)

In particular, {F,,} is bounded in WP (§2). Moreover, we have

(2.78) [Enll e/ ov-m () = 1F [l Lverov-s (@)-

It easily follows (cf. Section 6.1) that |F,|NP/(N=P) converges vaguely to

|F |]LV££55\,7_€,)) ( 9)60, where dy denotes the Dirac measure at zero. Nevertheless,

{F,} does not tend to 0 in LNP/(N=p),
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Let us now give a counterexample to the existence of the compact embed-
dings when {2 is unbounded.

Example 2.79. Let us show that the embedding of WH1(RY) in LY(RY) is
not compact.

Consider F € D(RY), non-identically zero, and a sequence {z,} that
tends to infinity; then the sequence {F,} defined by F,,(z) = F(x — z,) is
bounded in W1P(RY) and converges almost everywhere to 0. Therefore, if it
were to converge strongly in L', we would have ||Fy,||1 = ||F|1 = 0, giving a
contradiction.

2.4.2 Compactness Results

Theorem 2.80. Let {2 be a bounded Lipschitz open subset of RY, where
N > 1. If N > mp, then the embedding

WTP(()) — LI(12)

is compact for ¢ < Np/(N —mp).

Proof of Theorem 2.80. Let us first prove two lemmas.

Lemma 2.81. For any bounded Lipschitz open subset £2 of R, we have
Whi(0) —. LY(2).

Proof of Lemma 2.81. Let B be a bounded subset of W11(£2). We use the
criteria for the compactness of bounded subsets of LP(f2) given in Theorem
1.95 of Chapter 1. Let us verify the two conditions of that theorem.

Let € > 0 be given. We first show that there exists a compact subset K
of (2 such that

Yu e B, |u(x)|dz < e.
ONK

Indeed, using Holder’s inequality with exponents N and N/(N — 1), we have

1/N (N—1)/N
/ |u(z)|dx < {/ dm} {/ Ju(z)| N/ N =D g .
O2NK O2NK (PAN1¢

Since the open set {2 is bounded, we can choose mes K sufficiently large that
the measure of ({2 \ K) is arbitrarily small, giving the desired result.

Next, we prove that there exists a § such that if w denotes the extension
of u € B by 0 outside of 2, we have

Vh, b <6 — /‘ﬂ(erh)fu(x) de < e.
(9]
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Let hg > 0 be given. Let By denote the closure of the union of the family By,
of all open balls with center in 92 and radius hg. Let w = {2 ~ By. This is
an open set contained in {2 for which we can easily see that if |h| < hg, then
z € w= x+ h € (2. Consequently, for every x € w, u(x + h) = u(x + h).
Consider the composed function t +— u(x + th). For u € B, we have

/|u +h)—u(x |—/‘/ 7 u(zx + th)dt|dx.

Differentiating the absolutely continuous function ¢ — u(x + th) (cf. Exercise
2.3), we obtain

N
%u(x +th) = 21: h;0;(u)(x + th) = h - Vu(x + th),
whence

/\u(x+h)—u(:z:)| < / || |Vu(x + th)|d.

Consequently, the last integral is bounded from above by |h| ||Vul|z1(q), as
x + th € £2, hence by C|h|, as u € B. Therefore, there exists an h; < hg such
that

h] < h1:>/|u(x+h)—u(x)| <ol < S

We still need to bound the integral over 2\ w. For this, we use the inequality

/ (e + h) - ulz)] < / (luz + B)| + [u(@)]).
2w 2w

The argument given in the first part of the proof then implies the existence
of a d < hy such that |h| <6 =2 [}, 50)<os [U(@)|dz < €. Finally,

Yu € B, |h|<5:>/ |a(z+ h) —u(z)|dr <e
2

Theorem 1.95 now implies that B is relatively compact in L!(2). O

Lemma 2.82. Let £2 be an open subset of RY. Let {u,} be a sequence that is
convergent in L¥(82) and bounded in LI(82) for some q > k; then it converges
in every LP () with k < p < gq.

Proof of Lemma 2.82. We use Holder’s inequality to write p = 0k + (1 — 0)q,
where 6 € )0, 1[. We have

(2.83) ”un*um”Ll’(Q) [l — UmHeLk(Q)”un um”Lq(Q)

The right-hand side tends to zero when n and m tend to infinity, as it is
the product of a bounded sequence and a sequence that tends to zero. We
conclude that {u,} is a Cauchy sequence in LP({2), and therefore converges
in LP(£2). O
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Let us return to the proof of Theorem 2.80.

Let {u,} be a bounded sequence in W™P?(2). As 2 is bounded, LP({2) —
LY (2) and {u,} is also bounded in W11(£2). By Lemma 2.81, the latter is
relatively compact in L!(§2). Moreover, by Theorem 2.72, the sequence {u,, } is
bounded in L(§2) with ¢ < Np/(N — mp). By Lemma 2.82, {u, } is relatively
compact in all LI(£2) with p < g < Np/(N — mp). O

Let us now consider, when mp > N, the compact embeddings into the
spaces of Holder continuous functions.

Theorem 2.84. Let {2 be a Lipschitz open set. Let mp > N and let j =
[N/p] + 1; then for all A < j — N/p, the embeddings

W™P(Q) — C™ I ()
are compact.

Proof of Theorem 2.84.
Let us begin with the case m = 1 and p > N. We will use the following
result, whose proof we will give later.

Lemma 2.85. Let {2 be a bounded open subset of RN and let {u,} be a se-
quence in COM(£2) that is relatively compact in C(£2); then for every p satis-
fying 0 < p < A, the sequence {u,} is relatively compact in Cg’“(ﬂ).

Let us now show that the embedding of WP () in C(£2) is compact. We
will use the Ascoli-Arzela theorem. Let K be a bounded set in WP (§2). The
set {u(x) | u € K} is then uniformly bounded for every x € 2. Indeed, as we
already know that the injection is continuous (cf. Theorem 2.72), we have

[u(@)]loo < llullwrre) <C

for all w € K. Let us show that K is equicontinuous. Indeed, by the continuity
of the embedding of W'P(£2) in C%'~N/P(§2) (Theorem 2.72, again), we have

_ 1/
V(z,z+h) €2, |ule+h) —u(z)| < ChI=N/P (/ |vu|de) g
2

This implies that K is uniformly Holder, hence in particular equicontinuous.
Lemma 2.85 allows us to conclude the proof in the case m =1 and p > N.
Next, let K be a bounded subset of W7(£2) with (j —1)p < N < jp. We
can easily see as above that K is relatively compact in C(£2). We again use
Lemma 2.85 to conclude that K is compact in C%*(£2) for every A < j—(N/p).
For the general case, let K be a bounded subset of W™P({2) and let

j =[N/p]+ 1. Let {uy,} be a sequence of points of K. Since {uy,} is bounded
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in W™P({2), both this sequence and the sequences consisting of its deriva-
tives {D™ Ju,,} are bounded in W7?(2). By the above, we can extract sub-
sequences that converge in Cl? ’\(Q) to u and vy, ;, respectively. For the sake
of simplicity, we keep the same notation for the subsequences. They satisfy

ltn — tlloo — 0 and | D™, — U jlloc — 0.

Since the convergence in L*> implies the convergence in the sense of distribu-
tions, we have v,, ; = D™ Ju. Moreover, by the above, {D™ Ju,} converges
to D™ Iy in CO*(£2) for every A < j — N/p.

It follows that for every A < j — N/p, {u,} tends to v in C;nfj’A(Q). This
implies the compactness of the embedding of W™?({2) in CE’M(Q), for every

pw<j—N/p. O

Proof of Lemma 2.85. Let 6 € ]0,1] satisfy u = 0A. Let {uq(n)} be a subse-
quence of {u,} that converges in C(£2). For any pair of indexes (n,m), set

dn,m = |(u0'(n) - ua(m))(z + h) - (ua(n) - uo(m))(x)|
We have dy, , = d ,,dL-%. Thanks to the convergence of {u, )} in C(£2)), we

n,m“n,m:*
can choose ng sufficiently large that if n,m > ng and x and z+ h are elements

of 2 with |h| < hg, we have the following inequality:

_ 1-6
At = (o (n) = Uo(m) (@ + 1) — (Ug(n) — Ua(m))(x)|( '<e

Hence, under these conditions,
dp,m < 2h%e.

Consequently,
||ua(n) - uo’(m)”COvH(Q) g 2e. O

2.5 The Trace on the Boundary of a C! Open Set

Recall that we defined a uniformly C' open set to be an open subset of RY
that is Lipschitz with functions a; of class C!. In this situation, we can define
the integration on the subsets U; = 042 N §2; of the boundary, each of which
is a dimension N — 1 submanifold of class C* in RY. Such a submanifold is
defined by a Cartesian equation 2’ — xx = a;(z’), where a; is C* on the open
subset O) of RN~1, so that the (IV — 1)-dimensional surface element on Uj; is
given by do(m) = /1 + |V(a;)|?(m) dm. Recall that in this case, the integral
of a function f that is summable in U; is defined by

[ smydm = [ 5" (el T @) @Pas'
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In this section, we define the trace of a function u in W1 (£2) on the boundary
of 2 in the same manner as in the case of (RV)T, or more generally, in the
case of a straight boundary. More precisely, we have the following theorem.

Theorem 2.86. Let £2 be a uniformly C* open subset of RN ; then there exists
a continuous linear map o, called the trace map, from W1P(§2) into LP(912)
such that if u € C(2)NWYP(£2), then its image yo(u) is the function x +— u(x),
which is well defined on 0.

To see the importance of the class C' hypothesis on 2, let us give an
example of a non C! open set on which the functions of W1(£2) do not have
a restriction to 0f2 in LP.

Example 2.87. Consider the open sets defined in Example 2.9. We take the
function u(z,y) = 1/y? that belongs to H'(2), where the open set 2 is
defined using k£ = 1/6. This function is the restriction of a function v defined
everywhere on {2 except at the point x = 0. Let us study whether v|sp, is an
element of L%(012).

We have already proved in Example 2.9 that this is the case. Let us restrict
ourselves to the part of 92 that can be identified with either the arc I" defined
by {z €[0,1] | y = 2/6} or the arc {x = ¢° | y € [0 1]} The infinitesimal
element of arc is ds(y) = v/ 1 + 36t25 dt, hence fo (y) diverges at 0. It
follows that this restriction, or trace, does not belong to L2 (092).

Proof of Theorem 2.86. Even though the existence of the trace in the case of
a Lipschitz open set can be shown in a manner similar to the one used in
the case of WHP((RY)T), we will give a proof in which the importance of the
notions of Definitions 2.65 and 2.66 is more evident.

Let us assume that u € C*°(2) NWHP(£2). We begin by defining the trace
of v; = p;u using the partition of unity and local coordinates. This function,
which is an element of WP (£2;), can be extended by 0 outside of its support
in the open set O} x {xn > a;(2’)}. By Corollary 2.19, we have the following
equality for every integer n > 0 and every y > 0:

y
(x) vz a;(2") +1/n) — v (2", a(2") +y) = — y O (v) (2’ a;(2") + t)dt.

n
Let up,(z") = vi(a’,a;(z") + 1/n). From (x), we deduce that for every pair
(n,m) of nonzero integers, we have

1/n
|un(x’) ‘/ |8N vi) (2, a;(z") |dt‘
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We then apply Holder’s inequality and take the pth power. Next, we multiply
on the left by the element of surface do; and integrate with respect to 2’ € O.
This allows us to prove that A, , = ||u, — um||Lp(O;’dgi) — 0:

1-1
n
p\11/P
. U V14 |Vai(x’)|2</ |Onvi(2)| )] )
o; {ai(z")—1/m<en<ai(z')—1/n}
whence

1 1,1-1/p 1/p
288) A <[ ——| T (VIFIValL) " 108 @) e,

By Definition 2.66, this expresses the fact that |Va;(x)| is bounded from
above. When p > 1 and n and m tend to infinity, the right-hand side tends
to zero, and therefore so does the left-hand side. When p = 1, the right-hand
side still tends to zero, by the definition of L' functions. In all cases, {u,} is
a Cauchy sequence in LP(O%, do;), the Lebesgue space for the bounded mea-
sure do;, which is therefore complete. This sequence therefore converges in
L?(O;,do;) to a function w; € LP(O;, do;). Moreover, there exists a subse-
quence {uyn)} of {u,} that converges almost everywhere in O} to w;(z').
Now, saying that lim(p;u)(2’,a(z’) + 1/(n(n))) exists almost everywhere is
equivalent to saying that the function =’ — @u(z’,a(z’)) = w;(a’) is well
defined.

This extension w; of @;u on 02 N §2; is the desired trace. We therefore
set vo(¢;u) = w;. By the above, this function belongs to L?(Oj},do;), and
therefore to LP (02 N §2;). Moreover, by taking the limit in (x) and taking y
sufficiently large that v;(2’, a;(z") + y) = 0, we find that

(2.89)

+oo
for almost all 2’ € O}, ~yo(piu)(z') = —lim [/ O (v) (2, a;(z") + t)dt}
1/n(n)

“+o0
:—A O (piu) (o, as(a’) + ).

We must now define the trace of u by gluing.

Let you = Y, vo(piu). This sum is locally finite, and by condition (1)
of Definition (2.65), we conclude that vo(u) € LP(9f2). We can show that
the resulting trace does not depend on the choice of the elements in Defini-
tion (2.65).

If we assume that u € C*(£2), we can use the previous arguments. In par-
ticular, equality (2.89) gives us vo(p;u)(2’, a;(z')) = @;u(z’, a;(2")). It follows
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that you is the extension by continuity of u to the boundary 02 (cf. the
definition of C(£2)).

To conclude we need only prove that the map -y is continuous. For this,
we start out with equality (2.89) and carry out the same computations we
used to obtain (2.88). This gives

5 1/p
7o (@)l Le (07 dos) < C(\/ 1+ HVMHOO) 10N (i)l Lo (02;)-

By condition (3) of Definition 2.65, this leads to the inequalities

1/p
IvoullLra0) < CSQP(\/ 1+ ||Vai||<2>o) Z IV(iv)l e ()
¢ i
<O Ve + iVull oo,
< C'sup{||¢illoos 10N pilloc } Z [ullwre (.-

Using condition (2.66), we deduce that there exists a constant C* that does
not depend on the elements of Definition (2.65), such that

Vu e C®(2)NWHP(102), IvoullLra02) < C*[Jullwr.p(o)-

We have thus defined the trace of u when u € C*®(£2) N W1P(2). For
u € WHP(£2), we use the density stated in Proposition 2.12 to approximate u
with u,, € C®(£2) N W1P(£2). By taking the limit, formula (2.89) gives you =
- 0+Oo On(piu) (@', a;(x") + t)dt, whence you, — you in LP(9§2 N §2;). The
continuity follows, namely

Yue W', |lyoullean) < llullwieo) o

Remark 2.90. The induced norm provides a way to define a norm on the
image space of the trace map without giving it explicitly. We will give an
explicit and intrinsic form of the norm in Chapter 3.

Let u be the trace of a function U € W1P(£2) on the boundary 9(2. Let

(2.91) lulll = 1Ullwre(2)-

inf
{Uewtr(2)lu=Ulan}

This defines a norm for which the image space vo(W1?(2)) is a Banach space.
Indeed, let u and v be elements of (W 1P(£2)) and let U and V be elements
of WP(£2) such that U = and V = v on 942, and

IO < lulll +¢& and [[V]] < [[[vfl] + -
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We then have U +V = u + v on 02 and
[lu+ol| <U+ VI <U[+ VI < [Julll + [llof] + 2,

concluding the proof of the subadditivity. The proof of the other properties
and of the completeness of the image space are left to the reader.

We conclude this chapter by going back to the characterization of the space
WyP(£2) when £ is CL.
Theorem 2.92. Let 2 be an open set of class C'; then the following state-

ments are equivalent.

(1) u € WyP(R2).
(2) (only if p > 1) There exists a constant C such that for every ¢ € D(RY),

[ @ve)@lds < CIVullr el
(3) The function u defined by
~ {u(x) if v € 12,
u =

0 otherwise,

is an element of WHP(RY).
(4) The trace of u on 012 is zero, that is, you = 0.

Proof of Theorem 2.92.

The implication 1 = 2 is always true, without any assumptions on either
the open set or on p. Let u € Wy*(£2) and let {u,} € D(£2) converge to u in
WLP(£2). We have

|| wm@dea)ds] = |- [ dan(e)pte)ds] < IFunlus o

The result follows by taking the limit.
It is clear that (2) = (3), since if ¢ € D(RY), then

(@0i) = [ udrpda.
(9]

Moreover, using (2), we find that if p > 1, then u € WP(RY).

The implication (3) = (4) follows from the uniqueness of the trace.

Let us show that (4) = (1). We reduce it to showing that if « = 0 on 942,
then we can approximate ug; with functions in D(£2). Indeed, let

__ 1
Upi = UP; (x’, —a; (') + N — E)

The functions u, ; are elements of WP (£2) with compact support. The se-
quence {u,;} converges to up; in WHP(RY), hence converges to uy; in
WLP(£). Regularizing by a suitable function, we find that v € Wy ?(£2). O
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Comments

There are many books on Sobolev spaces over open subsets of RY. The sim-
plest and most complete, as far as we are concerned, is Adams’s book [1],
which has the advantage of also studying more general open sets than Lips-
chitz sets, for example open sets satisfying the uniform cone condition, or hav-
ing the segment property. One can also consult the original papers by Sobolev
and Nikolskii [53], Sobolev [62] and Uspenskii [73]. The book by Gilbarg and
Trudinger [34] presents the essentials, emphasizing the main points of the
results.

There also exists a vast literature on Sobolev spaces over Riemann vari-
eties. Let us mention, for example, the book by E. Hebey [37], which gives
complete results and is agreeable to read.

The case where the codomain has other topological properties than RP? is
discussed by Bethuel [6] and Brezis, Bethuel and Coron [5].

2.6 Exercises for Chapter 2

Exercise [¥] 2.1 (On the Completeness of the Sobolev Space H'({2)).
Let {2 be an open subset of RY. Recall the definition of H!(2). Show that

(u,v)—/Qu(x)v(x)deri(/{zaju(x)()jv(w)dm),

defines a scalar product on the space H'({2). Show that H!({2) is a Hilbert
space.
Hints. Let {un}nen be a Cauchy sequence in H'(£2). Prove that the sequence of

derivatives {Qjun} converges in L? to u;. Next, prove that these functions are dis-
tributional derivatives of © = lim u,,. Conclude.

Exercise 2.2 (On the Construction of a Partition of Unity).

We call a cover {£2;.} of {2 finer than the cover {(2;} if for every k, there exists
a j such that £2; C £2;. We call the cover {{2;} locally finite if every element x
of 2 admits a neighborhood that meets only a finite number of open subsets
in the family {2;}.

(1) Let {£2;} be an open cover of the open subset 2 of RY. Show that we can
find a locally finite cover {2} of {2 that is finer than {(2;} and consists
of relatively compact sets.

(2) Consider a cover {{2;} consisting of relatively compact open sets. Show
that there exist v; € D(£2;) such that v; > 0 and v; =1 on ﬁ; Use these
functions to construct a partition of unity associated with the given cover.
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In the general case, we will use the open cover of {2 given by question (1),
which is finer than {2;} and consists of relatively compact sets.
Hints. For (1), use an increasing sequence {Uy} of relatively compact open sets that

covers {2 and satisfies e
Up =2, Uy CUgtr.

Next, use the compactness of £2; to determine a cover of this compact set by a finite
number of Ug. It is easy to deduce a cover of {2 with the desired properties from
this.

For (2), the construction of the v;, set K = (2/. Let V be a neighborhood of 0
and let U be a compact neighborhood such that U4+U C V (first prove the existence
of U). Let p. be a regularizing function (cf. Section 1.4.2) with support contained
in U and let x be the characteristic function of K + U + U. Let v; = x * pe.

Since the sum v = Y ~; is locally finite, we can define this sum at every point
of {2 and, by division, obtain the functions of a partition. Check this.

Exercise [#] 2.3 (On the Absolute Continuity of the Functions on a
Sobolev Space (cf. Remark 2.4)).

The definition of an absolutely continuous function is given in Exercise 1.29.
For any two absolutely continuous functions on an interval I, the product
UV is also absolutely continuous. Moreover, for every [a,b] C I, we have
the following formula for integration by parts, where u and v are almost
everywhere derivatives of U and V:

b b
(2.93) / Utyo(t)dt = UV (b) — Ula)V () — / V(u(t)dt

Let u be defined almost everywhere in an open set 2 C R2.

(1) Let £2 C R?, and let u € WHP(£2), where p > 2. Let [0,u] denote the LP
function equal to the derivative of u with respect to x, seen as a distribu-
tion. We can cover {2 by squares C; and set v; = 1;u, where ¢; € D(C})
and ) ¢; =1 on 2. We extend v; by 0 outside of C;. Let v be defined
on 2 by v =73 v;. Below we also write v for v]7 for the sake of simplicity.
Show that v € LP(£2). Let v* be defined by v*(z) = [“__[91v](t,y)dt for
every y satisfying fR‘ [010](t, y) ’dt < +o0. Deduce from this that v = v*
almost everywhere and that on almost all lines parallel to Oz, the func-
tion w is almost everywhere derivable with [0yu] = 0;u almost everywhere.

(2) Let u € L] .(£2) be absolutely continuous on almost all lines parallel to
Oz and such that its derivative almost everywhere J,,u is an element of
LP(§2). Show that [0, u] = 0, u almost everywhere.

(3) Let u € WH1(£2). Suppose that [z, 2z + h] € £2. Show that the derivative
of v : t — u(x +th) exists almost everywhere on )0, 1[ and that dv/dt (z +
th) = h - Vu(z + th).

Hints. For (2), it suffices to compute fQ 0z, udz by integrating by parts.
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For (3), use the decomposition of v(t') — v(t) as a sum of differences of the type
u(x+t'h) —u(zi+t'hi,zo+t'he,...,on_1+t'hy_1,zN +thy). Write each of these
differences as the integral of a partial derivative over some interval. Taking the limit
uses the continuity of a Lebesgue integral with respect to its bounds.

Exercise [¥] 2.4 (On the (1,p)-Extension in the Case of an Interval
in R).

Let u € WHP(]0, +oc[). We extend u to | — oo, 0[ by setting u(z) = u(—z).
Prove that this extension of u is an element of W1P(R). Let u € WP(I)
where I = ]a, b[. Prove that we can extend u to an element of W1 (R).

Hints. First establish that &€ W?(] — co,0[) by showing that (7))’ =—u'.

Exercise 2.5 (Product of Functions in W?(£2) and W4(£2)).
Consider a Lipschitz open subset 2 of RY. Let p < N, let ¢ < N and let
1/s = 1/p+1/q— 1/N. Show that if u € WP(£2) and v € WH4(£2), then
uv € WHs(0).

Hints. Use the Sobolev theorem 2.31 with suitable exponents and Holder’s inequality.

Exercise 2.6 (Example of a Non-Lipschitz Open Set).
Let 2 ={0 <z <1, 0 <y < z*}. Prove that the function z — z~! is an
element of H!({2) but not an element of L5(£2). Conclude.

Exercise [%] 2.7 (Injection into a Non-Compact Space of Holder
Functions).

Let p> N. Show that the injection of W?(B(0,1)) into Cl?’lfN/p(B(O7 1)) is
not compact, as follows.

Let I € D(B(0,1)) satisfy F' > 0 and sup,|; F'(z) = 1. Show that the
sequence F,(z) = n~'*N/PF(nz) tends to 0 in all the spaces CZ?)‘(B(O, 1))
and has a constant norm equal to 1 in Cl?’l_N/ P, Conclude.

Exercise 2.8 (Gluing Two Functions over a Straight Edge).

Let v~ be the trace operator defined in the same manner as over (RV)*
but using the open set RN~! x R™. Let ut € WLP((RV)*) and let u~ €
WEP((RV)7). We set

~ ut(z) if z e RV)*,
u =
u™(z) ifze RY)".
Prove that u € WHP(RY) if and only if you™ = y"u~ on RN 71,

Exercise 2.9 (Generalized Poincaré Inequality).
Let £2 be a Lipschitz bounded domain in RY. Let p € [1, +oc[ and let A be a
continuous seminorm on W1P(£2); that is, a norm on the constant functions.
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Show that there exists a constant C' > 0 that depends only on {2, N, p, such
that

fullw iy < ©( ([ wutapar) ™ + vw).

Apply this result to N (u) = fpo|u(x)|dx, when (2 is a C! open set and Iy is
a subset of 92 with positive (N — 1)-dimensional Lebesgue measure.

Hints. Prove the result by contradiction. Assume that there exists a sequence {un, }

such that .
P
Hun”vvm(m?n(( [ vl +N(un>).
2

Normalizing, that is, considering w,, = Un(HUn||W1,p<Q))71, gives
lwallwir2y =1, N(wn) — 0, |[[Vwg|p — 0.

Use the boundedness of 2 and the relative compactness of {wy} in L? to deduce a
contradiction.

Exercise 2.10 (Function from {2 to RY Whose Deformation Tensor
is an Element of L?((2)).
Consider the space

Xp(02) = {ue LP(2,RY) |
V(’L,j) S [I,N]Q, Eij(u) = %(@uz + 8Zu]) S LP(Q)}

where p € |1, +00[ (cf. Chapter 6). For the moment, we admit that if £2 is a
bounded Lipschitz open subset of RY, then WP (£2,RY) coincides with the
space above when p > 1. More precisely, there exists a C' > 0 such that for
every u € WHP(Q2,RY),

1/p
» g p .. p A
ey < ©( [ e+ [ X )

We will show this in Chapter 7.

(1) Show that X, (£2) endowed with the norm

ulx, = [ [ l@ras + [ Yles@rad

is a Banach space.

(2) Taking the derivatives in the sense of distributions, note that u, ;i =
O (gij)(u) + 0j(gir)(u) — Di(ejk)(u). Show that the set R of the WP
functions satisfying e(u) = 0 consists of the rigid displacements, that is,
the functions of the form u = A + B(x), where A is a constant vector
and B is an antisymmetric matrix. Determine the dimension of R.
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(3) Consider a seminorm A" on W1? that is a norm on the rigid displacements.
Show that there exists a constant C' > 0 such that

1p )P 1/p
Vue W(Q), |lulwis) < C | le(w)(@) d:c) }

Exercise 2.11 (Best Constant for the Injection of WHP(RN) in
LE(RM)).

Let p < N and let £ < Np/(N — p). We know that there exist two constants
(7 and C5 such that

Vue WHRY),  Julle < Col|Vullp + Collullp.

We say that C} is the best constant for the injection of W1 in L* if C} is the
smallest constant for which there exists a Cy satisfying the inequality above.
Prove that if K < Np/(N — p), then there does not exist any best constant.

Hints. Assume that C exists and define, for A > 1, the sequence ux(z) = u(z/\).
Prove that

|l < X ENEC |Vl + Co XN .

Use this to prove that there exists a constant that is better than Ci.

Exercise 2.12 (Function with One Derivative in L' and the Other
in L?).

Let X, be the closure of the D(R?) functions for the norm |dyul; + [dauls.
Show that X,* < L*(R?).

Hints. For a regular function u, write
u4(x1,w2) = us(aﬁ, z2)u(z1, T2).

Next, use that

(21, 22)] < 3/u2(a:1, £)[0au] (21, £)dt

/|u| x1,t dt /|82u| r1,t dt)
= @(z1)¢(z1)

and

|u(z1, z2)] < / |O1u(t, z2)|dt = h(z2).
R

Finally, use Fubini’s formula and Holder’s inequality as follows:

/R/R|“|4d“"1d“f2 S AAW($1)¢($1)h(x2)dx1dx2

< llellzlllzllAl

1/2
3(//u4dm1dx2) ||82UH2||81U||1
RJR

Conclude.
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Exercise [¥] 2.13 (Upper Bound for an Element u of W;'' on an In-
terval).

Let u € Wy (]0,1]). Prove that |[ul|e < 1/2|[e/]; and that this inequality is
the best possible.

Hints. Write N )
u(z) = / o' (t)dt and wu(z) = f/ o (t)dt.
0 x

Exercise [%] 2.14 (Consequences of the Existence of ~y(u) for u De-
fined over an Interval in R).

Show the following inequality, which specifies the continuity of the trace map
on WHi(]o,1]):

(2.94)  Vue W (o1, \u(o)|+|u(1)\</0 \u/\(t)dt+2/0 o

Show that the only functions that satisfy the equality are the constant func-
tions.

Hints. Since the function u is absolutely continuous, we have the equalities
Vzel01], u)=u0) +/ o (B)dt,
0
Ve [0,1], wu(x)=u(l) +/ o' (t)dt.
1

Taking the absolute values and integrating the sum of the two resulting inequalities
over |0, 1] gives (2.94).
Assuming equality in (2.94) and taking into account the inequalities

[u(0)] < Ju(z)| + /Oz|u’<t>\dt and  [u(1)] < Ju(z)| + / (1) dt,

deduce that for every z, |u(x)| > f01 |u(t)|dt. Applying this inequality to a point z
where the continuous function u reaches its minimum gives the desired result.

Exercise [¥x] 2.15 (The Spaces W'?(I) for an Interval I in R).
Let 1 < p < oo.

(1) Using Exercise 1.29, show that w € WP(I) if and only if u € LP(I), u
is absolutely continuous, and the derivative almost everywhere satisfies
u' € LP(I).

(2) Show that every function in W1P(I) can be extended to a continuous
function on 1.

(3) In this question, we will use that W'P(R) = W, *(R). Let u be a C'
function on R with compact support. Let v = |u|P~!u. Show that v is C!
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with compact support and that v’ = plu[P~u/. Use the equality v(z) =
J* . v'(t)dt to show that there exists a constant C' such that

Ve eR, |u(z) < Cllullwrrw)-

Deduce that W1P(R) is embedded in L*(R). Show that the constant C
can be chosen independently of p. Show that the result still holds true
when the interval I is bounded.

Hints.

(1) If uw € WP(I), then Exercise 1.29 gives the desired properties. Conversely, use
integration by parts to prove that

Vo, ([ul,e) = ([u], ).

(2) Since v’ is summable over I, u is absolutely continuous over I, giving the con-
tinuity on 1.
(3) Starting with the given hint, use Holder’s inequality to determine the upper

bound pl/p||u\|,1,/p/||u'\|zl,/p for |u(z)|, giving the result by using p'/? < e and
Jensen’s inequality

1/p’ 1 1 1
Jul /% ' [/? < e L

This leads to the density of the continuous functions with compact support.
When [ is bounded, use

u(x) = u(xo) + /t o' (t)dt.

zo
Exercise [x] 2.16 (Solving Limit Problems on an Interval).
Let I =]0,1[. Given f € L?(I), we wish to find a u that, in some sense, is a
solution of

() {“ tu=/

u(0) = u(1).

(1) Assume that u € C2(I)N Hg (I) satisfies (). We multiply () by a function
v € H}(I) and integrate by parts over I. Prove that if (-|-) denotes the
inner product on Hg(I), then

V’UGH&(Q), (u|U)H1(I) :<f7U>L2(I)'

Conversely, prove that if u € H}(I) satisfies this relation, then u is a
solution to the problem, where u” is taken in the sense of distributions.
Next, prove that v — [, f(t)v(t)dt defines an element of the dual of H{ ()
and deduce the existence and uniqueness of a solution of the given problem
in H}(I) (use the Riesz representation theorem for a Hilbert space). Prove
that this solution is in H2(I) and that if f € C(I), then the solution is in
C2(I).



2.6 Exercises for Chapter 2 111

(2) Use, for example, the fundamental solution of u” —u = 0 on R™ or varia-
tion of the constants to determine this solution explicitly using integrals
pertaining to the function f.

Exercise 2.17 (Relation Between ||Vu|r2 and |u/7||z2).
(1) Let u € C.(RY) with N > 3. By computing

o 2

integrating over RY, and integrating
/ 2udju — dx = 0 (u?) — dz,
RN r RN T

by parts, show that

_9)2 2
/ |Vu(z)|*dz > M/ Y dz.
RN 4 R

=
(2) Deduce that if N > 3, we have v € H! = u/|z| € L% Show that this
result does not hold for N = 2.

Exercise 2.18 (Generalization of the Previous Exercise).
(1) Show that if u € WHP(RY), N > p, and 1 < p < oo, then u/|z| € LP. In
order to do this, show Jensen’s inequality (where 1/p+1/p’ = 1):
1 1 /
VXY eRY, X .Y <-|[YP+—|X]P.
b p

(2) Apply this inequality to the vectors Y = Vu and

(N —pu®@ ‘P—Q (p— Nz . (N - p)l)—l lu[P~2ua
pr pr2 p '

Integrating the term [, |u[P~2u 2 /rP - Vudz by parts, deduce that

/RN VulPde > (Np_p)p/m(%)pdx.

Hints. For Jensen’s inequality, use f(z) = |z|?, which has derivative p|z|? %z, giving
the inequality f(z+y) = f(z) + Df(z) - y.

X:‘
rp

Exercise %] 2.19 (Fundamental Solutions of the Laplacian).

Show that there exists a constant ko such that A(ln y/22 + y2) = kody in R?
in the sense of distributions. Show that in RY with N > 2, A(r?>~N) = kndo,
where ky can be expressed using the area wp _1 of the unit sphere in RY. Use
elementary computations of integrals in the cases N =2 and N = 3. For the
general case, use Green'’s second theorem.
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Hints.

(1) First show that as functions and outside of the origin, we have 9 [Inr] = x/r?

and Oy[lnr] = y/r?. Next, show that these functions are locally summable.
Finally, use the function @(r,80) = ¢(r cos @, rsin f), the formula

sin 6

Oz = c0s 00,0 — 00 P,

T

and the analogous formula for ¢, to deduce that
i Y
<3xT—2 +9y 3, <p> = 2mp(0).

(2) Assume that N = 3. Show that the three derivatives of u = 7! are locally
summable and deduce from this that

(Au, ) = —/ 3 [20. + YOy + 20| dx dy dz.
R3

The polar coordinates are defined by
r=rcosfcosn, y=rcosésinn, z=rsinn.

Compute the partial derivatives using those of @ with respect to r, £ and 1, and
show that the previous integral is equal to —4mp(0).

(3) We admit Green’s second theorem: given a bounded open set £2 of class C*, a
C? function f, and ¢ € D(RY), we have

(2.95) /Q [f(;r)Aap(m)—cp(a:)Af(a:)]da::/89 [f(2)05¢(x) = p(2)05 f(x)] do,

where the normal derivative 0w on 02 is oriented outward from (2. Deduce
from this that when ¢ — 0, (A7), ¢) is the limit of

/ _ PACT e+ / (@)% (r*~) — 1N, ()] ¥ dor

r=¢

Use this to prove that A(r*™") = (2 — N)wn—-15(0).
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