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Sobolev Spaces and Embedding Theorems

2.1 Definitions and First Properties

Definition 2.1. Let Ω be an open subset of RN . For m ∈ N and 1 � p � +∞,

the Sobolev space denoted by Wm,p(Ω) consists of the functions in Lp(Ω)

whose partial derivatives up to order m, in the sense of distributions, can be

identified with functions in Lp(Ω).

For these derivatives, we set α = (α1, . . . , αN ) and |α| =
∑N

1 αi. Moreover,

we use the notation

(2.2) Dαu =
∂|α|u

∂α1x1 · · · ∂αNxN
.

The definition above can now be written as

(2.3) Wm,p(Ω) =
{
u ∈ Lp(Ω) | ∀α ∈ N

N , |α| � m ⇒ Dαu ∈ Lp(Ω)
}
.

Remark 2.4 (on the structure of the derivatives in W 1,p(Ω)). We will

use the notion of the derivative of an absolutely continuous function in the

usual sense (cf. Exercise 2.3) to better understand what it means for u to

belong to W 1,p(Ω).

Let u ∈ W 1,p(Ω); then for every i, the function u is absolutely continuous

along almost all lines parallel to the vector −→ei of the canonical basis of RN .

Moreover, the derivative ∂iu of u in the usual sense, which exists almost

everywhere on Ω, belongs to Lp(Ω) and is almost everywhere equal to the

derivative in the sense of distributions. Conversely, if for every i, u ∈ Lp(Ω)

is absolutely continuous along almost all lines parallel to ei, with derivatives

∂iu in Lp(Ω), then u ∈ W 1,p(Ω).

It follows that if u is of class C1 on Ω, then we can verify that u ∈ W 1,p(Ω)

by showing that the functions u and ∂iu belong to Lp(Ω). The following

examples use this property.
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Remark 2.5. For p = 2, the notation Wm,2(Ω) is generally replaced by

Hm(Ω).

Remark 2.6. When Ω = R
N , we can use the Fourier transform ξ �→ û(ξ) of

a function u in L2(RN ) to give the following equivalent definition:

Wm,2(RN ) = Hm(RN ) = {u∈L2(RN ) | ξ �→ (1 + |ξ|2)m/2 û(ξ)∈L2(RN )}.

Example 2.7. Consider the open unit ball Ω = B(0, 1) in R
2. Let us de-

termine under which condition the function u on Ω defined by u(x, y) =

xy(x2 + y2)−β outside of the origin, with β > 0, is an element of H1(Ω).

More precisely, let us show that u ∈ H1(Ω) if and only if β < 1. The

integral of |u|2 on Ω exists if 5− 4β > −1 or, equivalently, if β < 3/2. Indeed,

in polar coordinates, the integrand can be written as

|u|2rdrdθ = r5−4β(sin θ cos θ)2drdθ.

For the derivative in x in the usual sense, this gives

∂xu = y(x2 + y2)−β − 2βx2y(x2 + y2)−β−1.

This derivative is continuous outside of (0, 0). The integral of its square con-

sists of three terms in which the exponent of r is equal to 3 − 4β. These

exponents are all greater than −1 if and only if the condition β < 1 is sat-

isfied. Since the function is symmetric in x and y, it follows that if β < 1,

then u and its derivatives belong to L2(B). By Remark 2.4 above, this implies

that the latter are derivatives in the sense of distributions.

This concludes the proof of the necessity and sufficiency of the condition

stated above.

Example 2.8. Consider the open unit ball Ω = B(0, 1) in R
N . Let r2 =

∑N
1 x2

j and let u be defined on Ω by u(x) = (1− r)β(− ln(1− r))α, where α is

an arbitrary real number and β > 0. We want to know under which conditions

on α and β that u is an element of W 1,p(Ω).

The function u admits two singularities, at r = 0 and at r = 1. As the

logarithm is equivalent to rα at 0, the function |u|p is summable on Ω if

N − 1 + αp > −1, that is, if α > −N/p. At r = 1, the function can be

extended by continuity. The derivative in the usual sense, for example at x1,

is then

∂1u(x) =
x1

r
(1− r)β−1| ln(1− r)|α−1

(
β| ln(1− r)|+ α

)
.

At r = 0, as the first logarithm on the right-hand side is equivalent to rα−1,

we find that u and its derivative both belong to Lp in a neighborhood of 0 if

1− α < N/p.

At r = 1, the integral of |∂1u|p converges if
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• either β > 1− 1/p, or

• β = 1− 1/p and αp < −1.

Summarizing, u ∈ W 1,p(B(0, 1)) if and only if either β > 1 − 1/p and

α > −N/p, or β = 1− 1/p and −N/p < α < −1/p.

Example 2.9. Given k > 0, consider the open subset

Ω = {(x, y) | 0 < x < 1, xk < y < 2xk}

of R2. We will study for which α ∈ R, (x, y) �→ u(x, y) = yα belongs to Hm,

where m ∈ {1, 2, 3, . . . }.
For α > 0, the function u admits a continuous extension to ∂Ω, so that

u ∈ L2(Ω). The first derivative ∂yu(x, y) = αyα−1 cannot be extended by

continuity to the point x = 0 if α < 1. Nevertheless, it does belong to L2(Ω)

if the integral
∫ 1

0

[∫ 2xk

xk

y2α−2dy

]

dx

exists, or, equivalently, if (2α − 1)k > −1. We can deduce from this that for

k > 0, we have u ∈ H1(Ω) if α > 1/2− 1/2k.

The second derivative belongs to L2(Ω) if (2α − 3)k > −1, that is, if

α > 3/2 − 1/2k. Under this condition, u ∈ H2(Ω). This holds, for example,

when k = 1/6 (cf. Figure 2.1) and α > −3/2, in which case u need not be

bounded on Ω.

Fig. 2.1. An open subset Ω and elements of Hm.

Let us continue. We find that the condition under which u belongs to

Hm(Ω) can be written as (2α − 2m + 1)k > −1. Given m, we can choose α

and k such that this necessary condition is satisfied.
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Proposition 2.10. The space Wm,p(Ω) endowed with the norm defined by

‖u‖Wm,p(Ω) =

⎧
⎨

⎩

[∑
0�|α|�m

∥
∥Dαu

∥
∥p
Lp(Ω)

]1/p
if 1 � p < +∞;

max0�|α|�m

∥
∥Dαu

∥
∥
L∞(Ω)

if p = +∞,

is a Banach space. For p ∈ ]1,+∞[, this space is uniformly convex and there-

fore a reflexive space. The space Hm(Ω) endowed with the inner product

〈u, v〉 =
∑

0�|α|�m

(
Dαu, Dαv

)
L2(Ω)

is a Hilbert space.

Exercise 2.1 offers a proof of these statements. Many propositions in this

chapter are concerned with the approximation of functions in W 1,p(Ω) or the

density of certain subspaces. For such problems, we often use a cover of the

open set Ω by a family of open subsets {Aj}. We admit (cf. Exercise 2.2) that

to such a cover, we can associate a family of functions {ψj} called a partition

of unity subordinate to the cover {Aj} of Ω.

Definition 2.11. A C∞ partition of unity subordinate to an open cover

{Aj}j∈N of the open set Ω is a set of functions ψj with the following properties:

(1) For every j, the function ψj is a nonnegative element of C∞(Ω) with

support in Aj .

(2) For any compact subset K of Ω, only a finite number of the functions ψj

are not zero on K.

(3) For all x ∈ Ω,
∑

j∈N
ψj(x) = 1.

We use such a partition in the proposition below, where it allows us to

approximate functions in Wm,p(Ω) from the inside, without any regularity

assumption on Ω. The proposition makes it possible, for example, to replace

functions that belong to Wm,p(Ω) by C∞(Ω) functions during computations,

in particular during the proof of the Sobolev embedding theorem.

Proposition 2.12. Let Ω be an arbitrary open subset of RN . The subspace

C∞(Ω) ∩Wm,p(Ω) is dense in Wm,p(Ω).

Proof of Proposition 2.12.

We begin with the case Ω = R
N . Let u ∈ Wm,p(RN ). Consider a regular-

izing sequence (cf. Section 1.4.2) x �→ ρε(x) = 1/εNρ(x/ε) and a real number

δ > 0. In Section 1.4.2, and in particular in the proof of Theorem 1.91, we

saw that the function ρε � u ∈ C∞(RN ) and its derivatives, which satisfy
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Dα(ρε � u) = ρε �D
αu, are elements of Lp(RN ). Moreover, we saw that there

exists an ε0 such that for all ε < ε0, we have

(2.13) ‖u− ρε � u‖Lp � δ and ∀α, |α| � m, ‖Dαu− ρε � D
αu‖Lp � δ

(cf. (1.92)). It follows that ρε�u ∈ Wm,p(RN ) and that there exists a constant

Cm such that

(2.14) ‖u− ρε � u‖Wm,p � Cmδ,

which concludes the proof in the case of RN .

Next, consider an open subset Ω �= R
N . We will use an open cover

{Ωj}j∈N∗ of Ω defined by

Ωj =
{
x ∈ Ω | |x| � jC1 and d(x, ∂Ω) > C2/j + 1

}
.

The constants C1 and C2 are chosen such that Ω2 �= ∅. The resulting

sequence of bounded open subsets is increasing and covers Ω. After set-

ting Ω0=Ω−1=∅, we define the sequence of open subsets {Aj} by setting

Aj = Ωj+2 �Ωj−1 for j > 1 and A0 = Ω2, A1 = Ω3.

The family {Aj} is again an open cover of Ω, and we can easily verify that

if |j − j′| � 3, then Aj ∩Aj′ = ∅. Let {ψj} be a partition of unity associated

with the cover {Aj}. Let εj be sufficiently small that for a given ε, we have

∀ j � 2, Aj +B(0, εj) ⊂ Aj−1 ∪Aj ∪Aj+1,

∀ j � 0, ‖ρεj
� (ψju)− (ψju)‖Wm,p <

ε

2j+1
.

Next, consider the function v(ε) defined by

(2.15) v(ε) =

+∞∑

0

(
ρ

εj
� (ψju)

)
.

This function is well defined, as the sum on the right-hand side is locally finite.

We can deduce from the inequalities above that v(ε) ∈ Wm,p(Ω).

Setting u =
∑+∞

0 (ψju), we can conclude the proof using the following

inequality:

‖v(ε) − u‖Wm,p(Ω) �
+∞∑

0

‖ρ
εj

� (ψju)− (ψju)‖Wm,p(2.16)

�
+∞∑

0

ε

2j+1
= ε. ��
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Corollary 2.17. (1) Let u ∈ W 1,p(Ω) and let v ∈ W 1,p′
(Ω), where p and p′

satisfy 1/p + 1/p′ = 1. The product uv is then an element of W 1,1(Ω),

and

∀ i ∈ [1, N ], ∂i(uv) = u∂iv + v∂iu,

where the expressions in the equality are all well defined under the as-

sumptions.

(2) Let u be an element of W 1,N (Ω); then |u|N−1u and |u|N both belong to

W 1,1(Ω), while

∇
(
|u|N−1u

)
= N |u|N−1∇u. and ∇

(
|u|N
)
= N |u|N−2u∇u.

Remark 2.18. In (2), W 1,N (Ω) may be replaced by W 1,q(Ω) for q ∈ ]1,∞[.

The result is then

Let u ∈ W 1,q(Ω); then |u|q−1u and |u|q both belong to W 1,1(Ω), while

∇(|u|q−1u) = q|u|q−1∇u and ∇(|u|q) = q|u|q−2u∇u.

∇(|u|q−1u) = q|u|q−1∇u and ∇(|u|q) = q|u|q−2u∇u.

Proof of the Corollary. (1) By the proposition above, there exists a sequence

{un}⊂C∞(Ω)∩W 1,p(Ω) that converges to u in W 1,p(Ω). For this se-

quence, we have

∂i(unv) = ∂i(un)v + un∂iv,

where each term is seen as a product of a C∞ function and a distribution.

Let us take the limit of the left-hand side in the sense of distributions.

We have unv ∈ L1(Ω) and ‖unv − uv‖L1 � ‖un − u‖Lp ‖v‖Lp′ → 0.

It follows that {unv} → uv in L1, and consequently also in the sense

of distributions. By a property of distributions stated in Section (1.4.8),

∂i(unv) → ∂i(uv) in the sense of distributions. Likewise, as un → u and

∂iun → ∂iu in Lp, the right-hand side converges in D′(Ω). Taking the limit

therefore gives the desired equality and, moreover, shows that ∂i(uv) ∈ L1,

whence uv ∈ W 1,1(Ω).

(2) Consider a sequence un ∈ C∞(Ω) ∩ W 1,p(Ω) that converges to u in

W 1,N (Ω). We can easily show that the gradient of |un|N is given by

N |un|N−2un [∇un].

Since |un|N−2un converges to |u|N−2u in LN/(N−1) and ∇un converges to

∇u in LN , it follows that N |un|N−2un∇un converges to N |u|N−2u∇u

in L1. Moreover, as |un|N → |u|N in L1, the convergence also holds

in D′(Ω). Consequently, ∇(|un|N ) converges to ∇(|u|N ) in D′(Ω). Taking

the limit therefore provides us with the identity

∇(|u|N ) = N |u|N−2u∇u.
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Finally, using Hölder’s inequality with the conjugate exponentsN/(N − 1)

and N , we have
∫

Ω

|∇(|u|N )|dx � N
(∫

Ω

|u|N |dx
)N−1/N(∫

Ω

|∇u|Ndx
)1/N

.

We have therefore proved that |u|N−1u ∈ W 1,1(Ω).

The reasoning for the second statement concerning the gradient of |u|N−1u

is similar. ��

Corollary 2.19. Let u ∈ W 1,p
loc (Ω). This means that for every function

ϕ ∈ D(Ω), we have ϕu ∈ W 1,p(Ω). Let x0 be the point (x′
0, t) ∈ Ω, where

x′
0 ∈ R

N−1 and t ∈ R. Let B′(x′
0, r) denote an open ball in R

N−1, and let

B∗(x0, r) denote the open cylinder B′(x′
0, r)× ]−r, r[ whose closure, for r suf-

ficiently small, is included in Ω. Then, for almost all pairs (x′, t) and (x′, t′)

of elements of B∗(x0, r), we have

(2.20) u(x′, t)− u(x′, t′) =

∫ t

t′
∂N u(x′, s)ds.

Proof of Corollary 2.19.

For (t, t′) ∈ (]− r, r[)2 and x′ ∈ B′(x′
0, r), let

v(x′) =

∫ t

t′
∂N u(x′, s)ds.

Let us show that v ∈ Lp(B′(x′
0, r)). The function (x′, s) �→ ∂Nu(x′, s) is an

element of Lp(Ω), as B∗(x0, r) ⊂ Ω, and hence is summable in s on the

interval [t′, t] in ] − r, r[. It follows that v is defined almost everywhere on

B′(x′
0, r). Next, by Hölder’s inequality and Fubini’s theorem, the following

holds for almost every pair (t, t′):

‖v‖pLp(B′) =

∫

B′

∣
∣
∣
∣

∫ t′

t

∂N u(x′, s)ds

∣
∣
∣
∣

p

dx′

�
∫

B′
|t− t′|p−1

∫ t′

t

∣
∣∂N u(x′, s)

∣
∣pdsdx′

� |t− t′|p−1

∫

B∗

∣
∣∂N u(x)

∣
∣pdx < +∞.

Let {un} be a sequence of elements of C∞(B∗)∩W 1,p(B∗) that converges to u

(cf. Proposition 2.12). We define the sequence {vn} on B′ by setting

vn(x
′) =

∫ t

t′
∂N un(x

′, s)ds.

Replacing u by un−u in the preceding computation, we see that vn → v in

Lp(B′). We can therefore extract a subsequence {vnj} that converges almost
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everywhere to v on B′. Likewise, we can extract from {unj} a subsequence

{uσ(n)} that converges almost everywhere to u on B∗. Since the functions

uσ(n) are regular, we have

uσ(n)(x
′, t)− uσ(n)(x

′, t′) =

∫ t

t′
∂N uσ(n)(x

′, s)ds = vσ(n)(x
′).

The corollary’s formula follows from the almost everywhere convergence on

both sides. ��

Below we give another consequence of Theorem 2.12, which is very use-

ful, in particular when extending a function in Wm,p(Ω) to a function in

Wm,p(RN ) when Ω is a Lipschitz open set. For a function in Wm,p(Ω), such

an extension requires a technical lemma about changes of variables.

Corollary 2.21. Consider two bounded open subsets Ω and Ω′ of RN . Let a

be a function giving a bijection from Ω′ to Ω, where a and a−1 are more-

over both Lipschitz. Let p � 1 be given. If u ∈ W 1,p(Ω), then the composed

function v = u ◦ a is an element of W 1,p(Ω′) and the derivatives of v in the

sense of distributions are given by the usual derivation formulas for composed

functions. Moreover, there exists a constant C(|∇a|∞) depending on |∇a|∞,

such that

‖u ◦ a‖W 1,p(Ω′) � C(|∇a|∞)‖u‖W 1,p(Ω).

Proof of Corollary 2.21.

Let {un} be a sequence in W 1,p(Ω) ∩ C∞(Ω) that converges to u in

W 1,p(Ω). The function y �→ vn(y) = un(a(y)) is Lipschitz on Ω′, and therefore

on all lines parallel to any of the coordinate axes yi. Since Lipschitz implies

absolute continuity, it follows (cf. Remark 2.4) that vn is almost everywhere

derivable on Ω′ and

(∗) for almost all y ∈ Ω′, ∂i(vn)(y) =
∑N

1 ∂j(un)(a(y))∂i(aj)(y).

We now need the following lemma.

Lemma 2.22. Given bounded open sets Ω and Ω′, let a be a continuous bi-

jection from Ω′ to Ω such that a−1 is Lipschitz. Then, if u ∈ Lp(Ω), we have

u◦a ∈ Lp(Ω′) and there exists a constant c such that ‖u◦a‖Lp(Ω′) � c‖u‖Lp(Ω).

Let us continue the proof of Corollary 2.21 using this result. Applying it

to ∂i(un − u), the inequality of the lemma gives us

‖∂i(un) ◦ a− ∂i(u) ◦ a‖Lp(Ω′) � c‖∂iun − ∂iu‖Lp(Ω).
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Since we know that ∂i(un) → ∂iu in Lp(Ω), we deduce that {∂i(un)◦a} con-

verges to ∂iu ◦ a in Lp(Ω′). Consequently, we can use (*) and the assump-

tions of the corollary to show that the open sets and derivatives ∂i(aj) are

bounded, and that the sequence {∂i(vn)} converges in Lp(Ω′) to the func-

tion
∑N

1 (∂ju ◦ a) ∂i(aj), which itself belongs to Lp(Ω′). Taking the limit of a

subsequence, the inequality (∗) then gives

for almost all y ∈ Ω′, ∂i(u ◦ a)(y) =
∑N

1 ∂j(u)(a(y))∂i(aj)(y).

Since these almost everywhere derivatives are in Lp(Ω′), it follows from

Remark 2.4 that they are derivatives in the sense of distributions. By the

lemma, we have u ◦ a ∈ Lp(Ω′). Consequently, u ◦ a ∈ W 1,p(Ω′). Moreover,

‖u ◦ a‖Lp(Ω′) � c‖u‖Lp(Ω) and ‖∂i(u ◦ a)‖Lp(Ω′) � c′‖u‖W 1,p(Ω)‖∇(a)‖L∞(Ω′).

From this, we deduce the existence of a constant C that depends only on the

Lipschitz constants of a and a−1, such that ‖u◦a‖W 1,p(Ω′) � C‖u‖W 1,p(Ω). ��

Proof of Lemma 2.22. Let L denote the Lipschitz constant of a−1. Let us take

a sequence {un} as in the proof of the corollary above. If we cover Ω′ by a

finite number nη of N -hypercubes Ck with edge of length 2η and extend un ◦a
by 0 outside of Ω′, then the definition of the Riemann-integrability of |un ◦a|p
gives

∫

Ω′
|un(a(y))|pdy = lim

η→0

nη∑

1

(2η)N inf
y∈Ck

|un(a(y))|p.

We may, and do, assume that the hypercubes all satisfy Ck ⊂ Ω′. Let yk be the

center of Ck, so that xk = a(yk) ∈ Ω. If x ∈ ∂(a(Ck)), then the properties of a

imply that y = a−1(x) ∈ ∂Ck. Hence, as |yk − y| � η, we have the following

inequalities for the distances in R
N : η � |y − yk| = |a−1(x) − a−1(xk)| �

L|x−xk|. It follows that a(Ck) contains the ball of radius η/L with center xk,

whence mes(a(Ck)) � ωNηN/LN � Kmes(Ck), where K depends only on N

and L. We can now deduce the following upper bound:

nη∑

1

mes(Ck) inf
y∈Ck

|un(a(y))|p � 1

K

nη∑

1

mes(a(Ck)) inf
x∈a(Ck)

|un(x)|p

� 1

K

∫

Ω

|un(x)|pdx.

Taking the limit for η → 0 gives

(∗∗)
∫

Ω′
|un(a(y))|pdy � 1

K

∫

Ω

|un(x)|pdx.

We can find a subsequence uσ(n) that converges almost everywhere to u. The

result of the lemma then follows from (∗∗) using Fatou’s lemma. ��



66 2 Sobolev Spaces and Embedding Theorems

Let us now give a definition of W 1,p, using approximations of the deriva-

tives by translation operators.

Proposition 2.23. For 1 < p < ∞, the following properties are equivalent:

(1) u ∈ W 1,p(Ω).

(2) u ∈ Lp(Ω) and there exists a constant C > 0 such that for any open set

ω with closure contained in Ω, we have

∀h ∈ R
N , |h| � d(ω, ∂Ω) =⇒ ‖τhu− u‖Lp(ω) � C|h|.

In the case p = 1, property (2) must be replaced by

(2′) For every open set ω with closure contained in Ω, there exists a constant

c(ω) such that c(ω) � C, c(ω) → 0 when |ω| → 0, and ‖τhu − u‖L1(ω) �
c(ω)|h|.

Proof of Proposition 2.23.

Let us assume that 1 < p < +∞. We will first show that (1) ⇒ (2) when

the translation is parallel to a base vector.

Consider u ∈ W 1,p(Ω) and ω ⊂ Ω. Let ei be the ith vector of the canonical

basis of RN , and let h0 = d(ω, ∂Ω). Then ω ⊂ Ω implies that h0 > 0 and if

|h| < h0, we have x ∈ ω ⇒ x+ hei ∈ Ω. Corollary 2.19 subsequently tells us

that for every h such that |h| < h0 and that for almost all x in ω, we have

(2.24) u(x+ hei)− u(x) =

∫ h

0

∂iu(x+ sei)ds.

Consequently, by Hölder’s inequality,

(2.25) |u(x+ hei)− u(x)|p � |h|p−1

∫ h

0

|∂iu(x+ sei)|pds.

Since |u|p ∈ L1(Ω), we can integrate this inequality over ω, whence, using

Fubini and noting that ω +B(0, h) ⊂ Ω,

∫

ω

|τheiu− u|p(x)dx � |h|p−1

∫ h

0

∫

ω

|∂iu(x+ sei)|pdx ds

� |h|p‖∂iu‖pLp(Ω).

(2.26)

Taking the 1/pth power of this inequality gives property (2) for the translation

τhei .

For h ∈ R
N such that ω + B(0, h) ⊂ Ω, it suffices to replace ∂i by the

derivative along h, namely ∂hu = ∇u ·(h/|h|). This leads to property (2) with,

for example, constant C = (
∑N

1 ‖∂iu‖2Lp(Ω))
1/2.
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Let us now show the implication (2) ⇒ (1).

Let u satisfy (2). We must prove that ∂iu ∈ Lp(ω). Setting, for example,

h = 1/n, consider the sequence {(τheiu− u)/h} of distributions on ω. We

know (Subsection 1.4.8) that this sequence converges in D′(ω) to the distri-

bution ∂iu. Consequently,

(∗) ∀ϕ ∈ D(ω),
〈τheiu− u

h
, ϕ
〉
−→ 〈∂iu, ϕ〉.

Now, by Hölder’s inequality and property (2), we have

∣
∣
∣
〈τheiu− u

h
, ϕ
〉∣
∣
∣ � C ‖ϕ‖Lp′ .

Using (∗), taking the limit of this inequality for h → 0 gives us the inequality

|〈∂iu, ϕ〉| � C‖ϕ‖Lp′ . Now, as p′ < ∞, D(ω) is dense in Lp′
(ω) (cf. Theorem

1.91). The distribution ∂iu therefore defines a linear functional on Lp′
(ω) and

the previous inequality becomes

∀ g ∈ Lp′
(ω), |〈∂iu, g〉| � C‖g‖Lp′ (ω),

proving that ∂iu can therefore be identified with a function in Lp(ω) whose

norm moreover satisfies ‖∂iu‖Lp(ω) � C. Since this is true for every relatively

compact open subset ω of Ω, we can use an increasing sequence of such open

subsets on which the Lp norms of ∂iu are uniformly bounded to show that

∂iu ∈ Lp(Ω). Since this result holds for every i, it follows that u ∈ W 1,p(Ω),

which concludes the proof.

Let us now consider the case p = 1. For the implication (1) ⇒ (2′), the

reasoning remains the same as above and we see in inequality (2.25) that we

can use a constant c(ω) such that c(ω) �
∫
ω+B(0,h)

|∇u(x)|dx, which therefore

tends to
∫
ω
|∇u(x)|dx when h tends to 0. In particular, as ∇u ∈ L1, this

inequality tends to 0 when mes(ω) → 0 (in the sense of Lebesgue).

Conversely, by an argument similar to that in the case p > 1, the inequality

in (2′) implies that ∇u is in the dual of Cc(Ω), which means that ∇u is a

measure (cf. Chapter 6). Since this estimate does not depend on the support

of ϕ, we deduce from it that ∇u is a bounded measure.

Moreover, the inequality
∫
ω
|∇u| � c(ω) shows that the measure ∇u is

absolutely continuous with respect to the Lebesgue measure (cf. Chapter 6),

which proves that ∇u ∈ L1(ω). Since ω is arbitrary and c(ω) is bounded

independently of ω, we conclude that ∇u ∈ L1(Ω). ��

Remark 2.27. In the case p = 1, the above proof shows that property (2)

for p > 1 only implies that u ∈ BV (Ω), the space of functions with bounded

variation (cf. Chapter 6).
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Definition 2.28. Let Ω be an open subset of RN , either bounded or not. We

let Wm,p
0 (Ω) denote the closure of the space D(Ω) in Wm,p(Ω) for the norm

‖·‖m,p.

In general, finding an intrinsic characterization of the functions in

Wm,p
0 (Ω) is not obvious and depends strongly on the structure of Ω. When

Ω = R
N , a method involving truncation and regularization allows us to show

the following result.

Proposition 2.29. The space D(RN ) is dense in Wm,p(RN ), so that

Wm,p(RN ) = Wm,p
0 (RN ).

Proof of Proposition 2.29.

Let u ∈ Wm,p(RN ) and let n ∈ N
∗. Let ϕ be a function in D(B(0, 2)) with

value 1 on B(0, 1) and such that 0 � ϕ � 1. Let ϕn(x) = ϕ(x/n); then the

sequence un defined by un(x) = ϕ(x/n)u(x) converges to u in Wm,p(RN ).

Indeed, as |u|p ∈ L1, we have

‖u− un‖pp = ‖(1− ϕn)u‖pp �
∫

|x|�n

|u(x)|pdx −→ 0.

On the other hand, the Leibniz formula for the derivative of the product of

a C∞ function and a distribution implies that if |α| = m, then Dα(ϕnu) is the

sum of ϕnD
αu and expressions of the form (1/n)

j
Dα1ϕ(x/n)Dα2u, where

|α1| + |α2| = m and |α1| = j � 1. We can bound the Lp norm of these

expressions from above by

1

nj
|Dα1ϕ|∞

(∫

|x|�n

|Dα2u(x)|pdx
)1/p

,

which tends to 0 because j � 1. It follows that

|Dα(ϕnu)−Dαu|p � |Dα(ϕnu)− ϕnD
αu|p + |ϕnD

αu−Dαu|p,

where the right-hand side is the sum of two quantities that both tend to 0.

We will now use regularization. Given a regularizing function ρ, we let

ρn(x) = nNρ(nx) and un = ρn � (ϕnu). The functions un then belong to

D(RN ), and the sequence {un} converges to u in W 1,p. ��

In general, we will see that under regularity conditions on Ω, a sufficient

condition for the inclusion u ∈ Wm,p
0 (Ω) is that the extension ũ of u by 0

outside of Ω belongs to Wm,p(RN ).

Remark 2.30. Later on, we will give a result concerning the density of C1(Ω)

in Wm,p(Ω) when Ω is Lipschitz.
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2.2 Sobolev Embeddings for Wm,p(RN)

2.2.1 Definitions of Functional Spaces

Given an integer j � 0, we define the family of spaces Cj
b (R

N ) by setting

Cj
b (R

N ) =
{
u ∈ Cj(RN ) | ∀α ∈ N

N , |α| � j, ∃Kα,
∥
∥D(α)u

∥
∥
∞ � Kα

}
.

For a positive real number λ, the subspace Cj, λ
b (RN ) consist of the functions

in Cj
b (R

N ) such that if |α| � j, then

∃Cα, λ, ∀x, y ∈ R
N ,

∣
∣D(α)u(x)−D(α)u(y)

∣
∣ � Cα, λ |x− y|λ.

2.2.2 Statement of the Theorem and Preliminary Remarks

Theorem 2.31 (Sobolev embedding theorem). For p � 1 and m ∈ N,

we have:

(1) If N > mp, then for every q satisfying p � q � Np/(N −mp), we have

Wm, p(RN ) ↪→ Lq(RN ). More precisely, under the given conditions, there

exists a constant C such that

∀ϕ ∈ Wm, p(RN ), ‖ϕ‖q � C‖ϕ‖Wm,p(RN ).

(2) For p = 1, we have WN, 1(RN ) ↪→ Cb(R
N ).

(3) If N = mp and p > 1, then for every q satisfying p � q < ∞, we have

Wm, p(RN ) ↪→ Lq(RN ).

(4) If p > N , then we have

0 < λ � 1−N/p =⇒ W 1, p(RN ) ↪−→ C0, λ
b (RN ).

(5) If mp > N , N/p �∈ N, and j satisfies (j − 1)p < N < jp, then

0 < λ � j −N/p =⇒ Wm, p(RN ) ↪−→ Cm−j, λ
b (RN ).

If N/p ∈ N and m � j = N/p + 1, then Wm,p(RN ) ↪→ Cm−N/p−1,λ
b (RN )

for every λ < 1.

The following preliminary remarks allow us to better understand the proof

of Theorem 2.31.

Remark 2.32 (reduction to functions in D(RN )). By Proposition 2.29,

it suffices to prove the statements of the theorem for functions in D(RN ).

Let us, for example, assume that under the conditions of statement (1),

we have proved the existence of a C depending on N, p, q, such that

(∗) ∀ϕ ∈ D(RN ), ‖ϕ‖q � C‖ϕ‖Wm,p(RN ).
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Consider u ∈ Wm,p(RN ) and a sequence {ϕn} in D(RN ) that converges to u

in Wm,p(RN ). Since the inequality (∗) shows that this is a Cauchy sequence

in Lq(RN ), we deduce that it converges to v ∈ Lq(RN ) in this space. As,

moreover, it also converges to u in Lp(RN ), we conclude that u = v and

u ∈ Lq(RN ). Furthermore, by taking the limit in (∗), we obtain the existence

of a constant C depending on N, p, q, such that

∀u ∈ Wm,p(RN ), ‖u‖q � C ‖u‖Wm,p(RN ),

which shows that the injection is continuous.

The reasoning for the other types of injections is similar.

Remark 2.33 (reduction to the case of critical injections). To prove

statements (1), (4) and (5) of Theorem 2.31, it suffices to prove them in the

critical cases, namely, for q = Np/(N −mp) for statement (1), for λ = 1−N/p

for statement (4), and for λ = j −N/p for statement (5).

Indeed, let us suppose that statement (1) has been proved for

q=p∗=Np/(N −mp). Let q ∈ ]p, p∗[ and θ ∈ ]0, 1[ satisfy q = θp+(1− θ)p∗.

Hölder’s inequality with conjugate exponents 1/θ and 1/(1− θ) gives
∫

RN

|u(x)|qdx =

∫

RN

|u(x)|θ p|u(x)|(1−θ) p∗
dx

�
[∫

RN

|u(x)|p θ/θdx

]θ[∫

RN

|u(x)|p
∗ (1−θ)/(1−θ)dx

]1−θ

� ‖u‖p θ
Lp ‖u‖p

∗(1−θ)

Lp∗ .

We know that u ∈ Lp, u ∈ Lp∗
, and that there exists a C such that ‖u‖Lp∗ �

C ‖u‖Wm,p . Consequently, the previous inequality shows that u ∈ Lq and

‖u‖qLq � C ‖u‖pθ+(1−θ)p∗

Wm,p = C‖u‖qWm,p , which implies the continuity of the

injection into Lq.

A similar reasoning makes it possible to reduce the proof of statements (4)

and (5) to the critical cases mentioned above.

Remark 2.34 (on the impossibility of improving (1)). A simple scaling

argument shows that when N > p, there cannot exist an embedding from

W 1,p(RN ) to Lq(RN ) for q < p or q > p∗, where p∗ = Np/(N −mp).

Indeed, let us assume, in either case, the existence of a C such that for

every u ∈ W 1,p(RN ), ‖u‖Lq � C‖u‖W 1,p . Applying this inequality to the

family defined by uλ(x) = u
(
x/λ
)
gives

(∫

RN

∣
∣
∣u
(x

λ

)∣∣
∣
q

dx

)1/q

� C

[∫

RN

∣
∣
∣u
(x

λ

)∣∣
∣
p

dx+
N∑

1

∫

RN

1

λp

∣
∣
∣∂iu
(x

λ

)∣∣
∣
p

dx

]1/p
.
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Substituting the variable y = x/λ and using Minkowski’s inequality, this

becomes

‖u‖qλN/q � C
[
‖u‖pλN/p + ‖∇u‖pλ−1+N/p

]
,

or an inequality of the form

C1 � C2λ
N(1/p−1/q) + C3λ

−1+N(1/p−1/q),

where C1, C2, C3 are three fixed nonnegative numbers.

The hypothesis implies, when q < p, that the exponents on the right-hand

side are negative, giving a contradiction when λ → +∞. Likewise, we see

that the hypothesis q > p∗ implies that the exponents are positive, giving a

contradiction when λ → 0.

Remark 2.35 (reasoning in Sobolev’s proof). The idea Sobolev orig-

inally used to show the embedding consists in writing u formally as u =

u � δ = u � ΔE, where E, a fundamental solution of the Laplacian, is defined

as follows (cf. Exercise 2.19).

For N > 2, it is the function E = kNr2−N with kN = 1/((2−N)ωN−1),

where ωN−1 denotes the (N − 1)-dimensional surface area of the unit sphere

in R
N .

ForN = 2, it is the function E = k2 ln(r) with k2 = 1/(2π). More precisely,

if ζ is a function in D(RN ) equal to 1 in a neighborhood of 0, we can write u

as

(∗) u = u � Δ(ζE)− u �∇ζ · ∇E − u � (Δζ)E.

Note that when p � 1, the last two terms of (∗), namely u � ∇ζ · ∇E and

u� (Δζ)E, can each be expressed as the convolution of u ∈ Lp with a function

in D(RN ). It follows that this convolution is in Lk for every k � p. We are

therefore reduced to considering the first term of (∗), which can be written as

u � Δ(ζE) = ∇u �∇(ζE).

Let, for example, p = 1. Noting that ∇(ζE) ∈ Lq with q < N/(N − 1),

and then using the properties of a convolution with an L1 function, we obtain,

thanks to (∗), that u ∈ Lq whenever q < N/(N − 1).

The same computation shows that if 1 < p < N , we still have u ∈ Lq for

every q < pN/(N − p).

To proceed up to the critical exponent in the case 1 < p < N with N � 2,

we use the Sobolev lemma (cf. [60]), where one of the factors of the convolution

is the radial function x �→ r−s. The lemma can be applied to the present

situation when p > 1 by choosing the exponent s = N −1, in accordance with

the definition of ∇(ζE), regardless whether N = 2 or not. The statement of

the lemma is as follows.
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Lemma 2.36 (Sobolev). Let f be an element of Lp(RN ) with compact sup-

port, where p � 1. Consider the convolution g = r−s � f . The following holds:

(1) If p > 1, then the function g belongs to Lq on every compact subset of RN ,

provided that q satisfies

1

q
� sup

{ 1

q1
, 0
}
, where

1

q1
=

1

p
+

s

N
− 1.

(2) If p = 1, then the function g belongs to Lq on every compact subset,

provided that 1/q > 1/q1 = s/N .

(3) If 1/p + s/N = 1, the function g belongs to Lq on every compact subset

for every q < ∞.

In all cases, we have upper bounds of the following type on every compact

subset:

‖g‖q � C‖f‖p,

where the constant C depends on q, on the compact on which we bound g, and

on the compact support of f .

The proof of this lemma is difficult for the cases not covered by the Riesz–

Thorin theorem and will not be given in this book.

Remark 2.37. The critical exponent N/(N − 1) for p = 1 is not covered by

Sobolev’s lemma. In what follows, we use more elementary arguments than

those in Sobolev’s proof.

2.2.3 The Structure of the Proof of Sobolev’s Theorem

Step A. We establish the following inequality for the functions ϕ in D(RN ):

‖ϕ‖LN/(N−1)(RN ) � C‖ϕ‖W 1,1(RN ).

Statement (1) of the theorem for the case p = m = 1 follows, using Remark

2.32.

Step B. We establish the following inequality for the functions ϕ in D(RN )

in the case p < N :

‖ϕ‖LNp/(N−p)(RN ) � C‖ϕ‖W 1,p(RN ).

Step C. We use induction to establish the following inequality for the func-

tions ϕ in D(RN ) in the case m � 2 and mp < N :

‖ϕ‖LNp/(N−mp)(RN ) � C‖ϕ‖Wm,p(RN ).

Combining these three steps and Remarks 2.32 and 2.33 gives us statement (1).



2.2 Sobolev Embeddings for Wm,p(RN ) 73

Step D. We establish the following inequality for the functions ϕ in D(RN ):

‖ϕ‖∞ � C‖ϕ‖WN,1(RN ).

Using the density of the regular functions, we deduce from this statement (2)

of the theorem.

Step E. We prove statement (3) of the theorem, beginning with the casem = 1

and p = N , followed by the case m � 2 and Np = m.

Step F. We show that last two statements, (4) and (5), of the theorem.

2.2.4 Proof of Sobolev’s Theorem

Proof of Step A. We must prove that

(2.38) ∃C, ∀ϕ ∈ D(RN ), ‖ϕ‖LN/(N−1) � C‖ϕ‖W 1,1 .

Let ϕ ∈ D(RN ); then for every index i ∈ [1, N ], we have

∀x ∈ R
N , ϕ(x) =

∫ xi

−∞
∂iϕ(x+ (s− xi)ei)ds.

Consequently,

(2.39) |ϕ(x)| �
∫

R

∣
∣∂iϕ(x+ (s− xi)ei)

∣
∣ds.

Note that the integral on the right-hand side of (2.39) does not depend on the

component xi of x. We denote the (N − 1)-tuple (x1, . . . , xi−1, xi+1, . . . , xN )

by x̆
(N)
i . On R

N−1, we define the function ϕi with compact support by setting

ϕi(x̆
(N)
i ) =

∫

R

∣
∣∂iϕ(x+ (s− xi)ei)

∣
∣ds.

The inequalities (2.39) can now be written as

∀ i ∈ [1, N ], ∀x ∈ R
N , |ϕ(x)| � ϕi(x̆

(N)
i ).

Since our goal is to study ‖ϕ‖LN/(N−1) , we note that

∀x ∈ R
N , |ϕ(x)|N/(N−1) �

N∏

1

[
ϕi(x̆

(N)
i )
]1/(N−1)

.

Next, we use the following lemma.
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Lemma 2.40. Let N � 2. Consider N functions Fi, each belonging to

LN−1(RN−1). We have

∏

1�i�N

Fi(x̆
(N)
i ) ∈ L1(RN )

and the inequality

(2.41)

∫

RN

∏

i

∣
∣Fi(x̆

(N)
i )
∣
∣dx �

∏

i

(∫

RN−1

∣
∣Fi(x̆

(N)
i )
∣
∣N−1

dx̆
(N)
i

)1/(N−1)

.

Proof of Lemma 2.40. The proof uses induction on N . For N = 2, it is the

following known property:

(2.42)

∫

R2

F1(x2)F2(x1)dx1dx2 =

∫

R

F1(x2)dx2

∫

R

F2(x1)dx1.

Let us assume that the property has been proved up to order N . For

1 � j � N + 1, consider elements Fj of LN (RN ), each a function of the

variable x̆
(N+1)
j .

Fixing xN+1, consider the following integration over x = (x1, x2, . . . , xN ):

IN =

∫

RN

[ ∏

1�i�N

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣
]∣
∣FN+1(x)

∣
∣dx � +∞.

In this integral, where xN+1 is fixed, we apply Hölder’s inequality with expo-

nents N and N/(N − 1). This consists in the inequality

(∗) IN �
(∫

RN

( ∏

1�i�N

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣
)N/(N−1)

dx

)(N−1)/N

·
(∫

RN

∣
∣FN+1

∣
∣N (x)dx

)1/N
.

Next, consider the N functions hi, which for xN+1 fixed and i � N , are defined

by

(2.43) hi(x̆
(N)
i , xN+1) =

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣N/(N−1)

.

By the induction hypothesis at order N , as the function (hi)
N−1 is summable

on R
N−1, the product of these functions is in L1(RN ). The inequality (∗)

above then gives IN < +∞. Let

[gi(xN+1)]
N =

∫

RN−1

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣Ndx̆

(N)
i .
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By the induction hypothesis, the functions hi satisfy (2.41), namely

(∗∗)
(∫

RN

∏

1�i�N

hi(x̆
(N)
i , xN+1)dx

)(N−1)/N

�
∏

1�i�N

(∫

RN−1

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣Ndx̆

(N)
i

)1/N
.

The right-hand side of this inequality is
∏

1�i�N [gi(xN+1)].

The integral

IN+1 =

∫

RN+1

∏

1�j�N+1

∣
∣Fj(x̆

(N+1)
j )

∣
∣dx dxN+1

is the integral of

IN =

∫

RN

∏

1�i�N

∣
∣Fi(x̆

(N)
i , xN+1)

∣
∣
∣
∣FN+1(x)

∣
∣ dx

over R. We apply Hölder’s inequality to IN and note that

KN =

[∫

RN

∣
∣FN+1(x)

∣
∣Ndx

]1/N

is independent of xN+1. By the definitions of hi and gi and the inequalities

(∗) and (∗∗), this leads to

IN � KN

(∫

RN

∏

1�i�N

hi(x̆
(N)
i , xN+1)dx

)(N−1)/N

� KN

∏

1�i�N

gi(xN+1).

Finally, integrating over R, applying the generalized Hölder inequality

(cf. Subsection 1.5.1) with N exponents that are all equal to 1/N , and using

Fubini’s formula for the integrals of gi, we obtain

IN+1 � KN

∏

1�i�N

[∫

R

(gi(xN+1))
NdxN+1

]1/N

=

[ ∏

1�j�N+1

∫

RN

∣
∣Fj(x̆

(N+1)
j )

∣
∣N dx̆

(N+1)
j

]1/N
.

We thus obtain relation 2.41 for the rank N +1 case, concluding the proof of

Lemma 2.40. ��
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Let us conclude Step A. We apply Lemma 2.40 to the functions Fi =

|ϕi|1/(N−1). The inequality |ϕ(x)| �
∏

1�i�N |ϕi(x̆i)|1/(N−1) then gives the

following results for the norm Φ = ‖ϕ‖LN/(N−1) :

Φ �
[∫

RN

∏

1�i�N

Fi(x̆i)dx

](N−1)/N

�
∏

1�i�N

[∫

RN−1

|ϕi(x̆i)|dx̆i

]1/N

=

[ ∏

1�i�N

∫

RN−1

∫

R

|∂iϕ(x+ sei)|ds dx̆i

]1/N

=

[ ∏

1�i�N

‖∂iϕ‖L1(RN )

]1/N

� 1

N

∑

1�i�N

‖∂iϕ‖L1(RN ) � 1

N
‖ϕ‖W 1,1(RN ).

We therefore have an embedding W 1,1(RN ) ↪→ LN/(N−1)(RN ). Moreover, by

Remark 2.32, statement (1) of the theorem has now been proved in the case

p = m = 1.

Remark 2.44. The last inequality, which states the continuity of the injec-

tion, can be written more precisely as follows:

(2.45) ‖ϕ‖N/(N−1) � C‖∇ϕ‖1.

Proof of Step B.

Let us now assume that m = 1 and p < N . Consider, for u ∈ D(RN ),

the function v = |u|p(N−1)/(N−p)−1u, where the exponent is positive since

p � 1. By the definition |u|α = exp(α ln(|u|)), the partial derivative ∂iv can

be written as

∂iv =
p(N − 1)

N − p
|u|p(N−1)/(N−p)−1∂iu.

Moreover, the previous remark and Hölder’s inequality give

(∫

RN

|v(x)|N/(N−1)dx
)(N−1)/N

� C

∫

RN

p(N − 1)

N − p
|u(x)|p(N−1)/(N−p)−1|∇u(x)|

� C
(∫

RN

|∇u(x)|pdx
)1/p(∫

RN

|u(x)|Np/(N−p)dx
)1−1/p

.
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The left-hand side is none other than ‖u‖(N−1)p/(N−p)
Np/(N−p) . Hence, dividing by

‖u‖N(p−1)/(N−p)
Np/(N−p) , we obtain the inequality

(2.46) ‖u‖Np/(N−p) � C‖∇u‖p.

We have thus proved statement (1) of the theorem for m = 1 and 1 < p < N .

Proof of Step C. Let us give a proof by induction on m.

Assume that m � 2 and mp < N . We therefore have (m − 1)p < N and

p < N . Let D denote the differential operator of order 1. By the existence

of an embedding Wm−1,p ↪→ LNp/(N−(m−1)p) which we assume proved, we

have Du ∈ Wm−1,p, and therefore Du ∈ LNp/(N−(m−1)p). Since u ∈ Wm,p,

we have u ∈ Wm−1,p, hence also u ∈ LNp/(N−(m−1)p).

Finally, setting q = Np/(N − (m− 1)p), we have u ∈ W 1,q. By the em-

bedding theorem for m = 1 and because q < N , we have

u ∈ LNq/(N−q) = LNp/(N−mp),

where the equality of the spaces follows from q/(N − q) = p/(N −mp). This

completes the proof of step C.

We have now proved statement (1) of the theorem.

Proof of Step D.

We move on to the proof of statement (2) by showing that WN,1 ↪→L∞.

The density of the regular functions will then imply the existence of an em-

bedding WN,1 ↪→ Cb(RN ).

In the proof of result (1) (cf. (2.39)), we have already shown that if u ∈
W 1,1(RN ), then

∀x′ ∈ R
N−1, ‖u‖∞(x′, ·) �

∫

R

|∂Nu(x′, t)|dt.

Let us make the following induction hypothesis. If v∈WN−1,1(RN−1), then

v ∈ L∞(RN−1) and

‖v‖∞ �
∑

α∈N
N−1

|α|�N−1

∫

RN−1

|Dαv(x′)|dx′.

Applying this inequality to the function ∂Nu(x′, xN ) for fixed xN gives

sup
x′∈RN−1

|∂Nu(x′, xN )| �
∑

α∈N
N−1

|α|�N−1

∫

RN−1

|Dα(∂Nu)|(x′, xN )dx′.
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We then integrate with respect to xN :

sup
x′∈R

N−1

xN∈R

|u(x′, xN )| �
∫

R

sup
x′

|∂Nu(x′, xN )|dxN

�
∑

α∈N
N−1

|α|�N−1

∫

R

∫

RN−1

|Dα(∂Nu)(x′, xN )|dx′dxN

�
∑

α∈N
N

|α|�N

∫

RN

|Dαu|(x)dx.

We have thus obtained the embedding WN,1 ↪→ L∞.

Let us return to statement (2). Let u ∈ WN,1(RN ) and let {un} be a

sequence in D(RN ) such that ‖un − u‖WN,1(RN ) → 0. By the above, we can

deduce that ‖un − u‖L∞(RN ) → 0, which means that {un} → u uniformly

on R
N . Consequently, u is continuous on R

N . Since u ∈ L∞, it follows that

u ∈ Cb(RN ). Moreover, the inequality ‖u‖L∞ � C‖u‖WN,1 gives

∀u ∈ WN,1(RN ), ‖u‖Cb(RN ) � C‖u‖WN,1 .

This concludes step D and the proof of statement (2).

Proof of Step E. Let us now assume that mp = N .

We begin with the case m = 1, p = N > 1.

Let u ∈ W 1,N (RN ). We will show that u belongs to Lq for every q � N .

We begin by showing that W 1,N (RN ) has an embedding into Lq for every

q ∈ [N,N2/(N − 1)]. For this, we note that if u ∈ W 1,N , then uN ∈ W 1,1.

This follows from ∇(uN ) = NuN−1∇u and Hölder’s inequality:

∫

RN

|∇uN | � N

∫

RN

|∇u||uN−1|dx

� N
(∫

RN

|∇u|Ndx
)1/N(∫

RN

|u|Ndx
)(N−1)/N

.

Using the Sobolev embedding ofW 1,1 into LN/(N−1), we deduce that u belongs

to LN2/(N−1).

Let us now show that u belongs to all Lq with q > N2/(N − 1). For this,

we note that q can be written as q = q′N/(N − 1) with q′ > N . Suppose

that ϕ is a regular function tending to u in W 1,N (RN ). We consider

A =
(∫

RN

∣
∣ϕq′N/(N−1)

∣
∣dx
)(N−1)/N

= ‖ϕq′‖LN/(N−1) .



2.2 Sobolev Embeddings for Wm,p(RN ) 79

Using ∇(|ϕ|q′) = q′|ϕ|q′−2ϕ∇ϕ, Remark 2.44, that is, the upper bound (2.45),

and then Hölder’s inequality, we obtain the following upper bounds for A:

A � q′C

∫

RN

|ϕ|q
′−1|∇ϕ|dx

� q′C
(∫

RN

|ϕ|(q
′−1)N/(N−1)dx

)(N−1)/N(∫

RN

|∇ϕ|Ndx
)1/N

.

(2.47)

We see that (q′ − 1)N/(N − 1) ∈ [N, q′N/(N − 1)). Therefore, there exists

a θ ∈ [0, 1], namely θ = 1/(q′ + 1−N), such that

(q′ − 1)N

(N − 1)
= θN + (1− θ)

q′N

(N − 1)
.

Consequently, once more using Hölder’s inequality, we obtain

∫

RN

|ϕ(x)|(q
′−1)N/(N−1)dx

�
(∫

RN

|ϕ(x)|q
′N/(N−1)dx

)1−θ(∫

RN

|ϕ(x)|Ndx
)θ

.

Substituting this in inequality (2.47) above, we find

(∫

RN

|ϕ(x)|q
′N/(N−1)

)(N−1)/(Nq′)

� Cq′
(q′−N+1)/q′

(∫

RN

|ϕ(x)|N
)(N−1)/(Nq′)(∫

RN

|∇ϕ(x)|N
)(q′−N+1)/(q′N)

.

We have thus established (cf. Remark 2.32) that u ∈ Lq′N/(N−1).

Note that we cannot conclude that u ∈ L∞, as the scalar sequence

q′
(q′−N+1)/q′

is not bounded. Moreover, there exist examples of unbounded

W 1,N functions with N � 2.

Let us assume that m � 2 and mp = N .

We then have (m−1)p < N . From u ∈ Wm,p, we deduce that u ∈ Wm−1,p

and that for every j, ∂ju ∈ Wm−1,p. Hence, by statement (1) of the theorem,

we know that u and ∂ju are elements of Lr with r = Np/(N − (m− 1)p).

From mp = N , we deduce that r = N . Hence u ∈ W 1,r, which by the

above implies that u ∈ Lq for every q, concluding the proof of step E.

Proof of Step F. Let us now assume that mp > N .

We begin with the case p > N , m = 1.

Let u ∈ W 1,p(RN ) and let p > N . We will give two proofs that we then

have u ∈ L∞(RN ).
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First proof that u ∈ L∞(RN ) in step F. This proof is based on the integra-

tion of the function over a cone Ch,θ with vertex 0, opening angle θ, and

bounded by a sphere of radius h in R
N . This proof can therefore also be used

for an open subset Ω with the uniform cone property, that is, an open subset

for which there exist h, θ such that for every x ∈ Ω, there exists a rotation

R of RN with x+R(Ch,θ) ⊂ Ω. This is of course the case for Lipschitz open

sets, whose definition we will give further on. It does not hold for the open

set in Example 2.9, in which ∂Ω has a cusp.

We will show that

(2.48) ∀ϕ ∈ D(RN ), ‖ϕ‖∞ � C1h
−N/p‖ϕ‖p + C2h

1−N/p‖∇ϕ‖p.

After applying a translation, if necessary, we reduce to finding an upper bound

for |ϕ(0)|. We will use the polar coordinates (ρ, σ), where ρ ∈ [0, h] and σ ∈
A(ρ), with A(ρ) the surface of intersection of Ch,θ and the sphere of radius ρ

(cf. Figure 2.2 below). Let ϕ ∈ D(RN ) and let ϕ̃(ρ, σ) be its expression in

polar coordinates.

Fig. 2.2. The cone Ch,θ.

We have

ϕ(0) = ϕ̃(ρ, σ) +

∫ 0

ρ

∂ρ(ϕ̃)(λ, σ)dλ.

For the remainder of the proof, we set

I(ρ, σ) =

∫ ρ

0

|∂ρ(ϕ̃)(λ, σ)|dλ.

The volume element is defined by dx = ρN−1s(σ)dσdρ, where s(σ)dσ is the

(N − 1)-dimensional surface element on the unit sphere SN . Since the volume

of the cone is proportional to hN , by Fubini, integrating the inequality above

over Ch,θ gives the following inequality, where c1 > 0 is a constant bounded
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from below independently of h:

(∗) |ϕ(0)|hNc1

�
∫ h

0

∫

A(ρ)

s(σ)|ϕ̃(ρ, σ)|ρN−1dσdρ+

∫ h

0

∫

A(ρ)

ρN−1s(σ)I(ρ, σ)dσdρ.

The first integral of (∗) is the same as A =
∫
Ch,θ

|ϕ(x)|dx. Using Hölder’s

inequality with conjugate exponents p and p′, we find

A �
(∫

Ch,θ

dx
)1/p′(∫

Ch,θ

|ϕ(x)|pdx
)1/p

� c′1h
N/p′

‖ϕ‖Lp(Ch,θ).

We will now study the second integral B of (∗). First consider the integral

I(ρ, σ), which we write as

I(ρ, σ) =

∫ ρ

0

|∂ρϕ̃|(λ, σ)λ(N−1)/pλ(N−1)/p′
λ−(N−1)dλ,

giving

I(ρ, σ) �
(∫ ρ

0

|∂ρ(ϕ̃)(λ, σ)|pλN−1dλ
)1/p(∫ ρ

0

λ(N−1)(1−p′)dλ
)1/p′

when we apply Hölder’s inequality to it. We note that the exponent of the last

integrand satisfies the relation (N − 1)(1− p′) > −1 as p > N , which implies

the finiteness of this integral. The second integral B in (∗) therefore leads to

the inequality

B � K

∫ h

0

ρN−1

∫

A(ρ)

s(σ)

·
(∫ ρ

0

|∂ρ(ϕ̃)(λ, σ)|pλN−1dλ
)1/p

ρ[(N−1)(1−p′)+1]/p′
dσdρ.

Bounding the inner integral by the corresponding integral over [0, h], we have

B � K

∫ h

0

ρN/p′
∫

A(ρ)

s(σ)
(∫ h

0

|∂ρ(ϕ̃)(λ, σ)|pλN−1dλ
)1/p

dσdρ.

Again applying Hölder’s inequality, this time to the integral over A(ρ), we

have

B � K

∫ h

0

ρN/p′
(mesA(ρ))1/p

′

·
(∫

A(ρ)

s(σ)

∫ h

0

|∂ρ(ϕ̃)(λ, σ)|pλN−1dλdσ
)1/p

dρ.
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Since the measure of A(ρ) is bounded by the area of SN , hence independently

of h, the right-hand side of the inequality above can be interpreted as an

integral over Ch,θ. Since |∂ρ(ϕ̃(λ, σ)| is bounded from above by |∇ϕ(x)|, we
can therefore write

B � K ′h1+N/p′
‖∇ϕ‖Lp(Ch,θ).

Dividing by hN and applying (∗), we obtain the desired inequality (2.48). We

then extend to W 1,p functions by density. Moreover, we will see later on that

in the case of RN , as h can be any element of R, the right-hand side of (2.48)

is bounded from above, giving an optimal upper bound for the norm ‖·‖∞. ��

Second proof that u ∈ L∞(RN ) in step F. Consider the fundamental so-

lution E of the Laplacian. We can easily verify (cf. Exercise 2.19) that

E = kNr2−N for N � 3 and E = k2 ln r for N = 2, with k2 = 1/(2π) and

kN = 1/((2−N)ωN−1), where ωN−1 is the (N − 1)-dimensional surface area

of the unit sphere in R
N . Let θ be a function in D(RN ) with value 1 on a

ball with center 0. Let F = θE. We then have

ΔF = θδ0 + 2∇θ · ∇E + (Δθ)E = δ0 + ψ,

where ψ ∈ D(RN ). We can write

u = δ0 � u = ΔF � u− ψ � u

and

ΔF � u =
∑

1�i�N

∂iF � ∂iu.

Moreover, the derivatives of F are of the form r1−N in the neighborhood

of 0 and have compact support on R
N . Therefore they all belong to Lq for

q < N/(N − 1). In particular, they belong to Lp′
because p > N . The con-

volution
∑

i ∂iF � ∂iu therefore belongs to L∞. Since ψ ∈ D(RN ) and, for

example, u ∈ L1, the convolution u � ψ is a bounded C∞ function.

We have thus obtained the existence of a constant C such that

‖u‖∞ � C
(
‖∇F‖p′‖∇u‖p + ‖ψ‖p′‖u‖p

)
,

completing the proof that u ∈ L∞(RN ). ��

Note that we obtain an optimal estimate by using functions of the form

uλ(x) = u(x/λ), where λ > 0. Indeed, the continuity inequality ‖u‖∞ �
C1‖u‖p + C2‖∇u‖p applied to uλ gives

‖u‖∞ � C1λ
N/p‖u‖p + C2λ

−1+N/p‖∇u‖p.
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In particular, the minimum of the function of λ on the right-hand side is

reached for λ = M‖∇u‖p
(
‖u‖p

)−1
, where M = C2(p−N)/(NC1). We thus

obtain the following inequality, where C is a constant that depends only

on N , p, and universal data:

‖u‖∞ � C
(
‖u‖1−N/p

p ‖∇u‖N/p
p

)
.

We conclude the proof of step F by studying the Hölder continuity of u.

Let h ∈ R
N . In Proposition 2.23, we have already noted that

‖τhu− u‖p � Ch‖∇u‖p
and

‖∇(τhu− u)‖p � 2‖∇u‖p,
so that applying the previous inequality gives

‖τhu− u‖∞ � Ch1−N/p‖∇u‖Lp .

This implies that u is a Hölder continuous function with exponent 1 − N/p.

We have thus proved that u is a Hölder continuous function for m = 1.

Let us now consider the case m � 2. If mp > N , N/p �∈ N, and j =

[N/p] + 1, then

Wm,p(RN ) ↪−→ Cm−j,j−N/p
b (RN ).

Indeed, let j be such that jp > N > (j − 1)p; then

u ∈ W j,p(RN ) =⇒ (u,Du) ∈ (W j−1,p(RN ))2.

Hence (u,Du) ∈ (LNp/(N−(j−1)p)(RN ))2 by the first Sobolev embedding, since

(j − 1)p < N . Consequently,

u ∈ W 1,Np/(N−(j−1)p)(RN ).

By the above and the inequality Np/(N − (j − 1)p)>N , we find that u ∈
Cb(RN ) or, more precisely,

u ∈ C0,1−N(N−(j−1)p)/(Np)
b = C0,j−N/p

b (RN ).

Next, let u ∈ Wm,p(RN ) with pm > N . Let j satisfy (j−1)p � N < jp. By

the above, D(m−j)u ∈ W j,p(RN ), so that u ∈ C(m−j)
b (RN ) with j =

[
N/p
]
+1.

Since Dm−ju ∈ C0,j−N/p
b (RN ), we have u ∈ Cm−j,j−N/p

b (RN ).

If u ∈ W j,p(RN ) with j = (N/p) + 1 ∈ N, then Du ∈ W j−1,p(RN ).

Moreover, as (j − 1)p = N , step E implies that Du ∈ Lq for every q < ∞.

By the above, u ∈ C0,λ
b (RN ) for every λ < 1−N/q, that is, u ∈ C0,λ

b (RN ) for

every λ < 1.

If j = (N/p) + 1 ∈ N, then the above shows that Dm−ju ∈ C0,λ
b (RN ) for

every λ < 1, whence u ∈ Cm−N/p−1,λ
b (RN ) for every λ < 1.

This concludes step F and the proof of Theorem (2.31).
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2.3 Generalization to Other Open Sets

In this section, we study certain classes of open subsets for which the state-

ments of the Sobolev embedding theorem of Section 1.2 still hold.

2.3.1 Methods, Examples and Counterexamples

One method for obtaining the embeddings is as follows. If possible, we extend

every function u ∈ Wm,p(Ω) outside of Ω to a function ũ ∈ Wm,p(RN ). We

then use the properties of Theorem 2.31 for ũ. Returning to u, which is the

restriction of ũ to Ω, we obtain the corresponding property for the space

Wm,p(Ω).

We will see that the existence of such extensions are closely linked to the

geometric structure of the open set Ω. Let us first give a counterexample.

Example 2.49. Consider the open set Ω defined by

Ω = {(x, y) | 0 < x < 1, 0 < y < x2}.

The Sobolev embeddings do not all hold for this open set (cf. [68]).

Indeed, the function (x, y) �→ xα belongs to H1(Ω) provided that

α > −1/2. On the other hand, it belongs to Lp if and only if αp + 2 > −1.

This implies that u ∈ Lp for p < 6 but not for p = 6, while the classical

Sobolev embedding would give the inclusion for arbitrary p.

Let us present a relatively large class of open sets for which the embed-

ding theorems hold. The reader can consult [1] for counterexamples and more

general open sets.

2.3.2 (m, p)-Extension Operators

Definition 2.50. We say that an open subset Ω of R
N has an (m, p)-

extension if there exists a continuous linear operator E from Wm,p(Ω) to

Wm,p(RN ) such that for every x ∈ Ω, the operator satisfies Eu(x) = u(x).

We have the following theorem.

Theorem 2.51. Let Ω be an open subset of RN that has an (m, p)-extension;

then the results concerning Wm,p in Theorem 2.31 extend to the case of Ω.

Proof of Theorem 2.51.

Let us assume that mp < N . Let E be a continuous extension operator

from Wm,p(Ω) to Wm,p(RN ). Let q � Np/(N −mp). Since Eu(x) = u(x)

for x in Ω, we have

‖u‖Lq(Ω) � ‖E(u)‖Lq(RN ) � C‖E(u)‖Wm,p(RN ) � C‖E‖ ‖u‖Wm,p(Ω).

We use a similar method for the other cases (2) and (3) of the Sobolev em-

bedding theorem. ��
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We will now give sufficient geometric conditions on the open set Ω for the

existence of an (m, p)-extension.

2.3.3 The Case of the Half-Space (RN)+

Let (RN )+ = R
N−1 × ]0,+∞[. We will show the existence of an (m, p)-

extension in Wm,p((RN )+). We begin with a lemma stating the existence

of a “trace” on the boundary. This result is a first encounter with the trace

theorem that we will see in the next chapter.

Proposition 2.52. There exists a continuous linear map

γ0 : W 1,p((RN )+) −→ Lp(RN−1)

such that if u ∈ C((RN−1)× [0,+∞[)∩W 1,p((RN )+), then γ0u(x
′) = u(x′, 0).

Moreover, if u has compact support in R
N−1 × [0,∞[, then γ0u has compact

support in R
N−1 and we have

(2.53)

∫

RN−1×]0,∞[

∂Nu(x)dx = −
∫

RN−1

γ0 u(x
′)dx′.

Proof of Proposition 2.52.

Let us show that the sequence x′ �→ u(x′, 1/n) of functions in Lp(RN−1) is

a Cauchy sequence. By Corollary 2.19 of Proposition 2.12, we have for almost

all x′ ∈ R
N−1 that

(∗)
∣
∣u(x′, 1/n)− u(x′, 1/m)

∣
∣ =
∣
∣
∣

∫ 1/n

1/m

∂Nu(x′, t)dt
∣
∣
∣.

Applying Hölder’s inequality with fixed x′, taking the pth power, and inte-

grating gives

∫

RN−1

|u(x′, 1/n)− u(x′, 1/m)|pdx′ �
∣
∣
∣
1

n
− 1

m

∣
∣
∣
p−1
∫

RN−1

∫ 1/n

1/m

∣
∣∂Nu(x′, t)

∣
∣pdt dx′.

Since the last integral is bounded by ‖∂Nu‖pp, we conclude that the sequence

we are studying is a Cauchy sequence. Let γ0 u be the function defined by

γ0 u(x
′) = limn→+∞ u(x′, 1/n). The above shows that γ0u ∈ Lp(RN−1). More-

over, the linearity of γ0 is clear, and when u ∈ C1((RN )+), the limit is none

other than u(x′, 0), whence γ0(u)(x
′, 0) = u(x′, 0).

Let us show the continuity of γ0 on W 1,p(RN−1 × ]0,∞[).

By applying Corollary 2.19 of Proposition 2.12 with 1/m and y and taking

the limit in (∗) for m tending to +∞, we find

(∗∗) for almost all y ∈ R
+, γ0u(x

′) = u(x′, y)−
∫ y

0

∂Nu(x′, t)dt.
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Integrating the pth power of (∗∗) with respect to y ∈ [0, 1] and x′ ∈ R
N−1

and applying Minkowski’s inequality, we obtain

‖γ0u‖Lp(RN−1) �
(∫ 1

0

∫

RN−1

|u(x′, y)|pdx′dy
)1/p

+
(∫ 1

0

∫

RN−1

|∂Nu|pdx′dy
)1/p

.

The continuity of the map γ0 follows from this.

Consider u in W 1,p
(
R

N−1 × [0,∞[
)
with compact support. The formula

(∗∗) tells us that

∀x′ ∈ R
N−1, γ0u(x

′) = −
∫ ∞

0

∂Nu(x′, t)dt.

We can now obtain (2.53) by integrating with respect to x′ ��

This proposition is used in the proof of the following theorem.

Theorem 2.54. For every m ∈ N
∗ and 1 � p < ∞, the half-space R

N−1×R
+

has an (m, p)-extension operator.

Proof of Theorem 2.54.

For u ∈ Wm,p(RN+), we define the extension Eu of u for xN < 0 by

(2.55) Eu(x) =
∑

1�j�m

λju(x
′,−jxN ),

where the m-tuple (λj) consists of the unique solution of the following system:

(2.56) ∀ k ∈ {0, 1, . . . ,m− 1},
∑

1�j�m

(−j)kλj = 1.

We can first remark that under these conditions, if u ∈ Cm((RN )+), then for

every k � m − 1, the function u and the partial derivatives ∂kEu/∂xk
N are

continuous at the intersection with {xN = 0}. Consequently, Eu ∈ Cm−1(RN ),

which we can show using the definition of the derivatives ∂k
N along {xN = 0}.

In Theorem 2.54, we can in fact use the given formula for Eu with m′

numbers λj for any m′ > m, provided that the m conditions in (2.56) are

satisfied, this time with 1 � j � m′. We apply this in the case m = 1 in

Proposition 2.57 below, which provides a good beginning for the proof of

Theorem 2.54.

Proposition 2.57. Consider v in W 1,p(RN+) and k � 1 real numbers μj

such that ∑

1�j�k

μj = 1.



2.3 Generalization to Other Open Sets 87

Let ṽ be defined on R
N by

ṽ(x′, xN ) =

{
v(x′, xN ) if xN > 0,
∑

1�j�k μjv(x
′,−jxN ) if xN < 0;

then ṽ ∈ W 1,p(RN ).

We will give the proof of Proposition 2.57 later. For the moment, we will

admit the results of the proposition, in order to continue the proof of Theorem

2.54.

We must first show that u ∈ Wm,p((RN )+) implies Eu ∈ Wm,p(RN ). Let

u ∈ Wm,p((RN )+) and let Eu be defined by (2.56). Assuming that we have

proved that Eu ∈ Wm−1,p((RN )+), it suffices to verify that for every α with

|α| = m− 1, the derivative Dα
(
E(u)

)
satisfies the conditions of the proposi-

tion. In order to do this, let Dα = Dα′
∂k
N with α = (α′, k) and k � m− 1;

then

Dα(Eu)(x′, xN ) =

m∑

1

λj(−j)kDα′
∂k
Nu(x′,−jxN ).

Since the m � 1 numbers μj = λj(−j)k satisfy the relation
∑m

1 μj = 1,

the conditions of Proposition 2.57 are fulfilled. Consequently, Dα(Eu) ∈
W 1,p(RN ).

We still need to prove the continuity of E. We will give its proof after that

of Proposition 2.57.

Proof of Proposition 2.57. Let us show that ṽ indeed belongs to W 1,p(RN ).

For this we need the following lemma.

Lemma 2.58. Let v ∈ W 1,p((RN )+) and let ϕ ∈ D(RN ); then for every

i ∈ [1, N − 1],

(2.59)

∫

(RN )+
∂iv(x)ϕ(x)dx+

∫

(RN )+
v(x)∂iϕ(x)dx = 0.

If ϕ satisfies ϕ(x′, 0) = 0, then

(2.60)

∫

(RN )+
∂Nv(x)ϕ(x)dx+

∫

(RN )+
v(x)∂Nϕ(x)dx = 0.

Proof of Lemma 2.58.

Let us show equality (2.59).

Let ϕ ∈ D(RN ) and let {vn} be a sequence in C∞((RN )+)∩W 1,p((RN )+)

that converges to v in W 1,p((RN )+). By the definition of the derivative ∂ivn
in the sense of distributions on R

N−1, we have for almost all xN ,
∫

RN−1

∂ivn(x)(x
′, xN )ϕ(x′, xN )dx′ +

∫

RN−1

∂iϕ(x
′, xN )vn(x

′, xN )dx′ = 0.
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Integrating this equality with respect to xN and taking the limit gives the

desired result.

Let us now show equality (2.60).

If ϕ satisfies ϕ(x′, 0) = 0, then the function uϕ is an element of

W 1,p((RN )+) and has value 0 on the boundary {xN = 0}. By Proposition

2.52, we have ∫

(RN )+
∂N (uϕ)(x)dx = 0,

that is, ∫

(RN )+
∂Nu(x)ϕ(x)dx = −

∫

(RN )+
u(x)∂Nϕ(x)dx. ��

We conclude the proof of Proposition 2.57 by using derivation in the sense

of distributions and Lemma 2.58.

Let ϕ ∈ D(R). The function v(x′, jxN ) is still an element of W 1,p((RN )+),

and ϕ(x′,−xN ) is still an element of D(RN ), so that by substituting xN �→
−xN twice and using the first equality of Lemma 2.58, we have

∫

(RN )−
v(x′,−jxN )∂iϕ(x)dx =

∫

(RN )+
v(x′, jxN )∂iϕ(x

′,−xN )dx

= −
∫

(RN )+
∂iv(x

′, jxN )ϕ(x′,−xN )dx

= −
∫

(RN )−
∂iv(x

′,−jxN )ϕ(x′, xN )dx

for i � N − 1.

Again by the first part of the lemma,

〈∂iṽ, ϕ〉 = −〈ṽ, ∂iϕ〉

= −
∫

(RN )+
v(x)∂iϕ(x)dx−

∫

(RN )−

k∑

1

μjv(x
′,−jxN )∂iϕ(x)dx

=

∫

(RN )+
∂iv(x)ϕ(x)dx+

∫

(RN )−

k∑

1

μj∂iv(x
′,−jxN )ϕ(x)dx,

where the right-hand side can also be written as

(∗)
∫

RN

[
∂iṽ χ((RN )+) +

( k∑

1

μj∂iv(x
′,−jxN )

)
χ((RN )−)

]
ϕ(x)dx.

We have thus obtained

(2.61) ∂iṽ = ∂iṽ χ((RN )+) +
( k∑

1

μj∂iv(x
′,−jxN )

)
χ((RN )−).
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For the derivation in xN , we substitute the variable −jxN for xN :

〈∂N ṽ, ϕ〉 = −〈ṽ, ∂Nϕ〉

= −
∫

(RN )+
v(x)∂Nϕ(x)dx−

∫

(RN )−

k∑

1

μjv(x
′,−jxN )∂Nϕ(x)dx

= −
∫

(RN )+
v(x)∂Nϕ(x)dx−

∫

(RN )+

k∑

1

μj

j
v(x)(∂Nϕ)(x′,−xN

j
)dx

= −
∫

(RN )+
v(x′, xN )∂N

(
ϕ(x′, xN )−

k∑

1

μjϕ(x
′,−xN

j
))
)
dx

=

∫

(RN )+
∂Nv
(
ϕ(x′, xN )−

k∑

1

μjϕ(x
′,−xN

j
)
)
dx.

The last equality follows from the second part of Lemma 2.58 applied to the

function ϕ(x′, xN ) −
∑k

1 μjϕ(x
′,−xN/j), which is zero on {xN = 0} by the

hypothesis
∑k

1 μj = 1. After another change of variables, we have

〈∂N ṽ, ϕ〉 =
∫

((RN )+)

∂Nv(x)ϕ(x)dx−
∫

((RN )−)

k∑

1

μjj∂Nv(x′,−jxN )ϕ(x)dx.

It follows that

(2.62) ∂N ṽ = ∂Nv(x′, xN )χ((RN )+) −
m∑

1

jμj∂Nv(x′,−jxN )χ((RN )−).

The two relations (2.61) and (2.62) show that all ∂iṽ for i � N belong to

Lp(RN ).

We have thus completed the proof of Proposition 2.57. ��

Let us finish the proof of Theorem 2.54 by proving the continuity of E.

The previous equalities show that for all i � N ,

|∂iṽ|Lp(RN ) � 2‖∂iv‖Lp((RN )+).

It follows that there exists a constant C such that

‖Eu‖m,p � C‖u‖Wm,p((RN )+).

The continuity of the operator E follows from this. ��

Corollary 2.63. The space W 1,p
0 ((RN )+) is the subspace of W 1,p((RN )+)

consisting of the functions u such that γ0u = 0, that is, the functions u whose

extension by 0 outside of (RN )+ is an element of W 1,p(RN ).
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Proof of Corollary 2.63.

It is clear, using the continuity of the trace map γ0, that for every sequence

of functions with compact support that converges in W 1,p((RN )+), the trace

of the limit is zero. It follows that if u ∈ W 1,p
0 ((RN )+), then γ0u = 0.

Conversely, let u satisfy γ0u = 0. Let ũ denote the extension by 0 for

xN < 0. Then for i � N − 1, by the first equality (2.59) of Lemma 2.58,

computing the derivative of this extension in the direction ei gives

∀ϕ ∈ D(RN ), 〈∂iũ, ϕ〉 = −〈ũ, ∂iϕ〉 = −
∫

xN>0

u∂iϕ =

∫

xN>0

∂iuϕ.

For i = N , by the second equality (2.60) of Lemma 2.58 and since the trace

of uϕ is zero, we have

〈∂N ũ, ϕ〉 = −〈ũ, ∂Nϕ〉 = −
∫

xN>0

u∂Nϕ =

∫

xN>0

∂Nuϕ.

Let vn(x
′) = ũ(x′, xN − 1/n); then the sequence {vn} with compact support

in (RN )+ converges to ũ in W 1,p(RN ). To see this, note that

(2.64) ∀w ∈ Lp(RN ), lim
h→0

‖τhw − w‖p = 0.

Indeed, let ε > 0 and let ψ be an element of Cc(RN ) such that ‖w−ψ‖p � ε/3.

By the continuity of ψ, there exists an h0 such that

∀h, |h| � h0 =⇒ ‖τhψ − ψ‖∞ � ε

3| supp(ψ)|1/p′ .

Hence, for |h| � h0, we have

‖w − τhw‖p � ‖w − ψ‖p + ‖ψ − τhψ‖p + ‖τhψ − τhw‖p � ε.

It follows that

lim
n→+∞

‖vn − ũ‖p = 0 and ∀ j ∈ [1, N ], lim
n→+∞

‖∂jvn − ∂j ũ‖p = 0.

Next, let ρ be a function in D(RN ). We set ρ2n = (2n)Nρ(2nx) and un =

ρ2n � vn; then {un} is a sequence of regular functions with compact support

in (RN )+ that converges to u in W 1,p(RN ), completing the proof. ��

2.3.4 Lipschitz Open Sets, Cm Open Sets

Let us begin with the definition of a uniformly Lipschitz open set, followed

by that of a uniformly C1 open set.
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Definition 2.65. We call Ω a uniformly Lipschitz open set if:

(1) There exists an open cover (Ωi)i�0 of Ω such that d(Ω0, ∂Ω) > 0, for

every i � 1, Ωi is bounded and Ωi ∩ ∂Ω �= ∅, and either the family {Ωi}
is finite or

∃ k � 2, |i− j| � k =⇒ Ωi ∩Ωj = ∅.

(2) There exists an open subset O′
i of R

N−1, a function ai that is Lipschitz on

O′
i, and a system of coordinates such that, after permuting the coordinates

if necessary,

Ωi ∩Ω ⊂ {(x′, xN ) | x′ ∈ O′
i, xN > ai(x

′)},
Ωi ∩ ∂Ω = {(x′, ai(x

′)) | x′ ∈ O′
i}.

(3) There exist a partition of unity (ϕi)i subordinate to the cover of Ω by the

Ωi (cf. Definition 2.11) and constants C1 and C2 such that

∀ i, ‖ϕi‖W 1,∞(RN ) � C1 and ‖ai‖W 1,∞(O′
i)

� C2.

Definition 2.66. We say that an open set is uniformly of class C1 if it is

uniformly Lipschitz with functions ai of class C1.

Remark 2.67. To simplify the terminology, we will from now on often omit

the adjective regular or uniformly and simply use the terms C1, Ck, or Lips-

chitz.

Lipschitz open sets have the (1, p)-extension property. Proposition 2.70

below states this result. Further on, we will define a class of open sets that

have the (m, p)-extension property. Note that the latter is not necessary for

the embedding theorems, as we will see that being “Lipschitz” is sufficient.

However, when an open set is of class Cm with m > 1, it is possible to de-

fine higher order traces (cf. next chapter) and, consequently, to obtain results

concerning the regularity up to the boundary. We will use these results when

studying the solutions of elliptic equations (cf. Chapter 5).

When using the definition above, it helps to know the relation between the

inclusion of restrictions of u ∈ W 1,p(Ω) in each of the spaces W 1,p(Ω ∩ Ωi),

as well as the relation between the corresponding norms. These are as follows.

Proposition 2.68. Let Ω be a Lipschitz open set. If for every i, u ∈ Lp(Ω)

satisfies u ∈ W 1,p(Ω ∩ Ωi), then u ∈ W 1,p(Ω). Moreover, there exist con-

stants C and C ′ that do not depend on u such that

(2.69)

⎧
⎨

⎩

∑
i ‖ϕiu‖W 1,p(Ωi∩Ω) � C‖u‖W 1,p(Ω),

‖u‖W 1,p(Ω) � C ′∑
i ‖u‖W 1,p(Ω∩Ωi).
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Proof of Proposition 2.68. The first part of the proposition is obvious. Let us

show the inequalities concerning the norms.

Let u ∈ Lp(Ω). By condition (1) of Definition 2.65, we can divide up the

sequence {Ωi} into the union of k sequences of open sets {Ωin} such that the

intersections Ω ∩ Ωin are two-by-two disjoint. For such a sequence, the sum
∑

n ‖u‖
p
Lp(Ωin ) is bounded from above by ‖u‖pLp(Ω).

From this, we can deduce the inequality
∑

i ‖u‖
p
Lp(Ω∩Ωi)

� k‖u‖pLp(Ω).

Next, let u ∈ W 1,p(Ω). Using the chain rule for ϕiu and the uniform

upper bounds, we find that in condition (3) of Definition 2.65, the norm

‖ϕiu‖W 1,p(Ω∩Ωi) is uniformly bounded from above by K‖u‖W 1,p(Ω∩Ωi). The

previous upper bound therefore leads to

∑

i

‖ϕiu‖pW 1,p(Ω∩Ωi)
� kK‖u‖pW 1,p(Ω).

The second inequality follows from u =
∑

i ϕiu. ��

We will now give a first important extension result for Lipschitz open sets.

Proposition 2.70. If Ω is Lipschitz, then for every p � 1, there exists a

(1, p)-extension operator from Ω to R
N .

Proof of Proposition 2.70.

Let u ∈ W 1,p(Ω) and let i ∈ N; then by the definition of the partition

of unity {ϕi}, the function ϕiu has compact support contained in Ωi ∩ Ω.

Moreover, ϕiu ∈ W 1,p(Ωi∩Ω). We use the composition of ϕiu and a symmetry

on O′
i × R with respect to the hypersurface {xN = ai(x

′)} (see Figure 2.3).

Fig. 2.3. Construction of the (1, p)-extension.

This symmetry S is defined on O′
i × R by S(x′, xN ) = (x′, 2ai(x

′) − xN ).

The image of the bounded open set Ωi∩Ω under S is a bounded open set Ω′
i.

We let Ui = (Ωi ∩Ω) ∪ (∂Ω ∩Ωi) ∪Ω′
i.
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Let us begin by extending ϕiu. We will use local coordinates to define the

extension Pi(ϕiu) from Ωi ∩Ω to Ui. For every (x′, xN ) ∈ Ui, we set

Pi(ϕiu)(x
′, xN ) =

⎧
⎨

⎩

(ϕiu)(x
′, xN ) if xN > ai(x

′),

(ϕiu)(x
′, 2ai(x

′)− xN ) if xN < ai(x
′).

For (x′, xN ) /∈ Ui, we set Pi(ϕiu) = 0.

Let us verify that this extended function is an element of W 1,p(RN ) with

norm in W 1,p(RN ) bounded from above by the norm ‖u‖W 1,p(Ω) multiplied

by a constant depending only on the constants C1 and C2 of Definition 2.65.

We note that the symmetry S, which is its own inverse, is continuous

because ai is. Moreover, it satisfies

|S(x1)− S(x2)| �
(
1 + 4‖∇ai‖∞

)1/2|x1 − x2|.

It follows that we can apply Lemma 2.22 to the function Pi(ϕiu) on the open

set Ωi ∩Ω and on its image under S. Let v be defined on R
N−1 × ]0,+∞[ by

v(x′, t) = ϕiu(x
′, ai(x

′) + t).

The extension of v by reflection, that is, ṽ(x′, t) = ϕiu(x
′, ai(x

′)− t) for t < 0,

is the same as the previous reflection after the change of variable t = xN −
ai(x

′). It follows from Lemma 2.22 that v ∈ W 1,p(RN−1 × ]0,+∞[). Since ṽ

results from a (1, p)-extension on R
N , we find that ϕ̃iu ∈ W 1,p(RN ). Moreover,

the constant c in Lemma 2.22 depends only on the Lipschitz constants of S

and S−1, and hence depends only on ‖∇ai‖∞, by the upper bound given

earlier. We therefore have

‖ṽ‖W 1,p(RN ) � C(1 + ‖∇ai‖∞)‖ϕiu‖W 1,p(Ω∩Ωi).

Moreover, as the norms ‖∇ai‖∞ are bounded from above by C2 (cf. Definition

2.65), setting C3 = C(1 + C2), we have

‖ϕ̃iu‖W 1,p(RN ) � (1 + C2)‖ṽ‖W 1,p(RN )

� C3‖ϕiu‖W 1,p(Ω).

Let us return to the open set Ω. Let

E(u) =
∑

i

Pi(ϕiu).

By Proposition 2.68, we have E(u) ∈ W 1,p(RN ). The same proposition also

gives

‖E(u)‖W 1,p(RN ) �
∑

i

‖Pi(ϕiu)‖W 1,p(RN ) � C3‖u‖W 1,p(Ω)

This inequality implies the continuity of the extension operator E, completing

the proof of Proposition 2.70. ��
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Corollary 2.71. If Ω is Lipschitz, then C∞(Ω) is dense in Wm,p(Ω).

Proof of the Corollary.

Let u ∈ Wm,p(Ω) and let vn ∈ D(RN ) converge to E(u) in Wm,p(RN ).

The restrictions of the vn to Ω then converge to the restriction of u to Ω,

which is u itself. ��

In compliance with the principles announced earlier, Proposition 2.70 al-

lows us to prove the Sobolev embedding theorem.

Theorem 2.72. Given a Lipschitz open set Ω, we have:

(1) If N > mp, then Wm,p(Ω) ↪→ Lq(Ω) for every q � Np/(N −mp).

(2) If N = mp, then Wm,p(Ω) ↪→ Lq(Ω) for every q < ∞. If p = 1, then

WN,1 ↪→ Cb(Ω).

(3) If mp > N with N/p �∈ N and if j satisfies (j − 1)p < N < jp, then we

have

Wm,p(Ω) ↪−→ Cm−j,λ
b (Ω), ∀λ � j −N/p.

If N/p ∈ N and m � j = N/p + 1, then Wm,p(Ω) ↪→ Cm−(N/p)−1,λ
b (Ω)

for every λ < 1.

For the proof, which is left to the reader, it suffices to first understand

that we can use the techniques of the proof of Theorem 2.31 to reduce to the

case m = 1. After that, use the extension operator given in Proposition 2.70.

Let us continue with the (m, p)-extension operators, where m > 1.

Definition 2.73. An open set is called uniformly Cm if it is Lipschitz with

functions ai of class Cm and with the following uniform upper bounds in

condition (3) of Definition 2.65:

(2.74) ‖ai‖Cm(Oi) + ‖ϕi‖Cm � C3.

Theorem 2.75. A Cm open set has the (m, p)-extension property for every

p ∈ [1,∞[.

Proof of Theorem 2.75.

Using local coordinate systems, we reduce the problem to the extension of

a function of type ϕiu. Leaving out the indexes i in the function ai and in the

local coordinates for the sake of simplicity, we define

v(x′, t) = u(x′, a(x′) + t),

which gives an element ofWm,p((RN )+) thanks to the properties of a. We then

use the extension provided by Theorem 2.54. The continuity of the extension is

an immediate consequence of the properties of Cm-regularity, and the property

of an extension on R
N . ��
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Note that we can also define ũ directly using the formula

ũ(x′, xN ) =

m∑

j=1

λju(x
′,−jxN + (1 + j)a(x′)),

where the λj satisfy

∀ k ∈ [0,m− 1],
∑

j

(−j)kλj = 1.

However, in this case the computations are longer as we need to use the

conservation of the tangential derivatives along ∂Ω, for example, at order 1,

∂iu+ ∂i(a)∂Nu for every i ∈ [1, N − 1].

2.4 Compact Embeddings in the Case of a Bounded

Open Set

Let us now give compactness results for the Sobolev embeddings in bounded

Lipschitz open sets. We begin by giving counterexamples in the case of the

critical exponent for a bounded set, and for all embeddings in the unbounded

case.

2.4.1 Two Preliminary Counterexamples

Example 2.76. Let us show that if Ω = B(0, 1), N > p, and m = 1, then the

embedding Wm,p(Ω) ↪→ Lq(Ω), where q is the critical exponent Np/(N − p),

is not compact.

Let F be a C1 function on R
N with compact support in B(0, 1) that is

not identically equal to zero. Let {Fn} be the sequence of functions on B(0, 1)

defined by Fn(x) = n(N/p)−1F (nx). We can easily see that {Fn} tends to 0

almost everywhere and in Lp(B(0, 1)). Moreover, its gradient is bounded in

Lp(B(0, 1)). Indeed,

(2.77)

∫

B(0,1)

n(N/p−1+1)p|∇F |p(nx)dx = ‖∇F‖pLp .

In particular, {Fn} is bounded in W 1,p(Ω). Moreover, we have

(2.78) ‖Fn‖LNp/(N−p)(Ω) = ‖F‖LNp/(N−p)(Ω).

It easily follows (cf. Section 6.1) that |Fn|Np/(N−p) converges vaguely to

|F |Np/(N−p)

LNp/(N−p)(Ω)
δ0, where δ0 denotes the Dirac measure at zero. Nevertheless,

{Fn} does not tend to 0 in LNp/(N−p).
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Let us now give a counterexample to the existence of the compact embed-

dings when Ω is unbounded.

Example 2.79. Let us show that the embedding of W 1,1(RN ) in L1(RN ) is

not compact.

Consider F ∈ D(RN ), non-identically zero, and a sequence {xn} that

tends to infinity; then the sequence {Fn} defined by Fn(x) = F (x − xn) is

bounded in W 1,p(RN ) and converges almost everywhere to 0. Therefore, if it

were to converge strongly in L1, we would have ‖Fn‖1 = ‖F‖1 = 0, giving a

contradiction.

2.4.2 Compactness Results

Theorem 2.80. Let Ω be a bounded Lipschitz open subset of R
N , where

N > 1. If N > mp, then the embedding

Wm,p(Ω) ↪−→ Lq(Ω)

is compact for q < Np/(N −mp).

Proof of Theorem 2.80. Let us first prove two lemmas.

Lemma 2.81. For any bounded Lipschitz open subset Ω of RN , we have

W 1,1(Ω) ↪−→c L
1(Ω).

Proof of Lemma 2.81. Let B be a bounded subset of W 1,1(Ω). We use the

criteria for the compactness of bounded subsets of Lp(Ω) given in Theorem

1.95 of Chapter 1. Let us verify the two conditions of that theorem.

Let ε > 0 be given. We first show that there exists a compact subset K

of Ω such that

∀u ∈ B,

∫

Ω�K

|u(x)|dx � ε.

Indeed, using Hölder’s inequality with exponents N and N/(N − 1), we have

∫

Ω�K

|u(x)|dx �
[∫

Ω�K

dx
]1/N[∫

Ω�K

|u(x)|N/(N−1)dx
](N−1)/N

.

Since the open set Ω is bounded, we can choose mes K sufficiently large that

the measure of (Ω �K) is arbitrarily small, giving the desired result.

Next, we prove that there exists a δ such that if ũ denotes the extension

of u ∈ B by 0 outside of Ω, we have

∀h, |h| � δ =⇒
∫

Ω

∣
∣
∣ũ(x+ h)− u(x)

∣
∣
∣dx � ε.
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Let h0 > 0 be given. Let B0 denote the closure of the union of the family Bh0

of all open balls with center in ∂Ω and radius h0. Let ω = Ω � B0. This is

an open set contained in Ω for which we can easily see that if |h| < h0, then

x ∈ ω ⇒ x + h ∈ Ω. Consequently, for every x ∈ ω, ũ(x + h) = u(x + h).

Consider the composed function t �→ u(x+ th). For u ∈ B, we have
∫

ω

|u(x+ h)− u(x)| =
∫

ω

∣
∣
∣

∫ 1

0

d

dt
(u(x+ th)dt

∣
∣
∣dx.

Differentiating the absolutely continuous function t �→ u(x+ th) (cf. Exercise

2.3), we obtain

d

dt
u(x+ th) =

N∑

1

hj∂j(u)(x+ th) = h · ∇u(x+ th),

whence ∫

ω

|u(x+ h)− u(x)| �
∫

ω

|h| |∇u(x+ th)|dx.

Consequently, the last integral is bounded from above by |h| ‖∇u‖L1(Ω), as

x+ th ∈ Ω, hence by C|h|, as u ∈ B. Therefore, there exists an h1 < h0 such

that

|h| � h1 =⇒
∫

ω

|u(x+ h)− u(x)| � C|h| � ε

2
.

We still need to bound the integral over Ω�ω. For this, we use the inequality
∫

Ω�ω

|ũ(x+ h)− u(x)| �
∫

Ω�ω

(
|u(x+ h)|+ |u(x)|

)
.

The argument given in the first part of the proof then implies the existence

of a δ < h1 such that |h| � δ ⇒ 2
∫
d(x,∂Ω)�2δ

|u(x)|dx < ε. Finally,

∀u ∈ B, |h| � δ =⇒
∫

Ω

|ũ(x+ h)− u(x)|dx � ε.

Theorem 1.95 now implies that B is relatively compact in L1(Ω). ��

Lemma 2.82. Let Ω be an open subset of RN . Let {un} be a sequence that is

convergent in Lk(Ω) and bounded in Lq(Ω) for some q > k; then it converges

in every Lp(Ω) with k � p < q.

Proof of Lemma 2.82. We use Hölder’s inequality to write p = θk + (1− θ)q,

where θ ∈ ]0, 1[. We have

(2.83) ‖un − um‖Lp(Ω) � ‖un − um‖θLk(Ω)‖un − um‖1−θ
Lq(Ω).

The right-hand side tends to zero when n and m tend to infinity, as it is

the product of a bounded sequence and a sequence that tends to zero. We

conclude that {un} is a Cauchy sequence in Lp(Ω), and therefore converges

in Lp(Ω). ��
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Let us return to the proof of Theorem 2.80.

Let {un} be a bounded sequence in Wm,p(Ω). As Ω is bounded, Lp(Ω) ↪→
L1(Ω) and {un} is also bounded in W 1,1(Ω). By Lemma 2.81, the latter is

relatively compact in L1(Ω). Moreover, by Theorem 2.72, the sequence {un} is
bounded in Lq(Ω) with q � Np/(N −mp). By Lemma 2.82, {un} is relatively

compact in all Lq(Ω) with p � q < Np/(N −mp). ��

Let us now consider, when mp > N , the compact embeddings into the

spaces of Hölder continuous functions.

Theorem 2.84. Let Ω be a Lipschitz open set. Let mp > N and let j =

[N/p] + 1; then for all λ < j −N/p, the embeddings

Wm,p(Ω) ↪−→ Cm−j,λ(Ω)

are compact.

Proof of Theorem 2.84.

Let us begin with the case m = 1 and p > N . We will use the following

result, whose proof we will give later.

Lemma 2.85. Let Ω be a bounded open subset of RN and let {un} be a se-

quence in C0,λ(Ω) that is relatively compact in C(Ω); then for every μ satis-

fying 0 < μ < λ, the sequence {un} is relatively compact in C0,μ
b (Ω).

Let us now show that the embedding of W 1,p(Ω) in C(Ω) is compact. We

will use the Ascoli–Arzelà theorem. Let K be a bounded set in W 1,p(Ω). The

set {u(x) | u ∈ K} is then uniformly bounded for every x ∈ Ω. Indeed, as we

already know that the injection is continuous (cf. Theorem 2.72), we have

‖u(x)‖∞ � ‖u‖W 1,p(Ω) � C

for all u ∈ K. Let us show that K is equicontinuous. Indeed, by the continuity

of the embedding of W 1,p(Ω) in C0,1−N/p(Ω) (Theorem 2.72, again), we have

∀ (x, x+ h) ∈ Ω
2
, |u(x+ h)− u(x)| � Ch1−N/p

(∫

Ω

|∇u|pdx
)1/p

.

This implies that K is uniformly Hölder, hence in particular equicontinuous.

Lemma 2.85 allows us to conclude the proof in the case m = 1 and p > N .

Next, let K be a bounded subset of W j,p(Ω) with (j − 1)p � N < jp. We

can easily see as above that K is relatively compact in C(Ω). We again use

Lemma 2.85 to conclude thatK is compact in C0,λ(Ω) for every λ < j−(N/p).

For the general case, let K be a bounded subset of Wm,p(Ω) and let

j = [N/p] + 1. Let {un} be a sequence of points of K. Since {un} is bounded
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in Wm,p(Ω), both this sequence and the sequences consisting of its deriva-

tives {Dm−jun} are bounded in W j,p(Ω). By the above, we can extract sub-

sequences that converge in C0,λ
b (Ω) to u and vm,j , respectively. For the sake

of simplicity, we keep the same notation for the subsequences. They satisfy

‖un − u‖∞ −→ 0 and ‖Dm−jun − vm,j‖∞ −→ 0.

Since the convergence in L∞ implies the convergence in the sense of distribu-

tions, we have vm,j = Dm−ju. Moreover, by the above, {Dm−jun} converges

to Dm−ju in C0,λ(Ω) for every λ < j −N/p.

It follows that for every λ < j −N/p, {un} tends to u in Cm−j,λ
b (Ω). This

implies the compactness of the embedding of Wm,p(Ω) in C0,μ
b (Ω), for every

μ < j −N/p. ��

Proof of Lemma 2.85. Let θ ∈ ]0, 1[ satisfy μ = θλ. Let {uσ(n)} be a subse-

quence of {un} that converges in C(Ω). For any pair of indexes (n,m), set

dn,m =
∣
∣(uσ(n) − uσ(m))(x+ h)− (uσ(n) − uσ(m))(x)

∣
∣.

We have dn,m = dθn,md1−θ
n,m. Thanks to the convergence of {uσ(n)} in C(Ω)), we

can choose n0 sufficiently large that if n,m � n0 and x and x+h are elements

of Ω with |h| < h0, we have the following inequality:

d1−θ
n,m =

∣
∣(uσ(n) − uσ(m))(x+ h)− (uσ(n) − uσ(m))(x)

∣
∣(1−θ) � ε.

Hence, under these conditions,

dn,m � 2hθλε.

Consequently,

‖uσ(n) − uσ(m)‖C0,μ(Ω) � 2ε. ��

2.5 The Trace on the Boundary of a C1 Open Set

Recall that we defined a uniformly C1 open set to be an open subset of RN

that is Lipschitz with functions ai of class C1. In this situation, we can define

the integration on the subsets Ui = ∂Ω ∩ Ωi of the boundary, each of which

is a dimension N − 1 submanifold of class C1 in R
N . Such a submanifold is

defined by a Cartesian equation x′ �→ xN = ai(x
′), where ai is C1 on the open

subset O′
i of R

N−1, so that the (N − 1)-dimensional surface element on Ui is

given by dσ(m) =
√
1 + |∇(ai)|2(m) dm. Recall that in this case, the integral

of a function f that is summable in Ui is defined by
∫

Ui

f(m)dm =

∫

O′
i

f(x′, ai(x
′))
√

1 + |∇(ai)(x′)|2dx′.
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In this section, we define the trace of a function u in W 1,p(Ω) on the boundary

of Ω in the same manner as in the case of (RN )+, or more generally, in the

case of a straight boundary. More precisely, we have the following theorem.

Theorem 2.86. Let Ω be a uniformly C1 open subset of RN ; then there exists

a continuous linear map γ0, called the trace map, from W 1,p(Ω) into Lp(∂Ω)

such that if u ∈ C(Ω)∩W 1,p(Ω), then its image γ0(u) is the function x �→ u(x),

which is well defined on ∂Ω.

To see the importance of the class C1 hypothesis on Ω, let us give an

example of a non C1 open set on which the functions of W 1,p(Ω) do not have

a restriction to ∂Ω in Lp.

Example 2.87. Consider the open sets defined in Example 2.9. We take the

function u(x, y) = 1/y2 that belongs to H1(Ω), where the open set Ω is

defined using k = 1/6. This function is the restriction of a function v defined

everywhere on Ω except at the point x = 0. Let us study whether v|∂Ω is an

element of L2(∂Ω).

We have already proved in Example 2.9 that this is the case. Let us restrict

ourselves to the part of ∂Ω that can be identified with either the arc Γ defined

by {x ∈ [0, 1] | y = x1/6} or the arc {x = y6 | y ∈ [0, 1]}. The infinitesimal

element of arc is ds(y) =
√
1 + 36t25 dt, hence

∫ 1
0
v(y)2ds(y) diverges at 0. It

follows that this restriction, or trace, does not belong to L2(∂Ω).

Proof of Theorem 2.86. Even though the existence of the trace in the case of

a Lipschitz open set can be shown in a manner similar to the one used in

the case of W 1,p((RN )+), we will give a proof in which the importance of the

notions of Definitions 2.65 and 2.66 is more evident.

Let us assume that u ∈ C∞(Ω)∩W 1,p(Ω). We begin by defining the trace

of vi = ϕiu using the partition of unity and local coordinates. This function,

which is an element of W 1,p(Ωi), can be extended by 0 outside of its support

in the open set O′
i × {xN > ai(x

′)}. By Corollary 2.19, we have the following

equality for every integer n > 0 and every y > 0:

(∗) vi(x
′, ai(x

′) + 1/n)− vi(x
′, a(x′) + y) = −

∫ y

1/n

∂N (vi)(x
′, ai(x

′) + t)dt.

Let un(x
′) = vi(x

′, ai(x
′) + 1/n). From (∗), we deduce that for every pair

(n,m) of nonzero integers, we have

∣
∣un(x

′)− um(x′)
∣
∣ �
∣
∣
∣

∫ 1/n

1/m

∣
∣∂N (vi)(x

′, ai(x
′) + t)

∣
∣dt
∣
∣
∣.
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We then apply Hölder’s inequality and take the pth power. Next, we multiply

on the left by the element of surface dσi and integrate with respect to x′ ∈ O′
i.

This allows us to prove that An,m = ‖un − um‖Lp(O′
i,dσi) → 0:

An,m �
∣
∣
∣
1

n
− 1

m

∣
∣
∣
1−1/p

·
[∫

O′
i

√
1 + |∇ai(x′)|2

(∫

{ai(x′)−1/m�xN�ai(x′)−1/n}

∣
∣∂Nvi(x)

∣
∣p
)]1/p

,

whence

(2.88) An,m �
∣
∣
∣
1

n
− 1

m

∣
∣
∣
1−1/p(√

1 + ‖∇ai‖2∞
)1/p

‖∂N (vi)‖Lp(Ωi).

By Definition 2.66, this expresses the fact that |∇ai(x
′)| is bounded from

above. When p > 1 and n and m tend to infinity, the right-hand side tends

to zero, and therefore so does the left-hand side. When p = 1, the right-hand

side still tends to zero, by the definition of L1 functions. In all cases, {un} is

a Cauchy sequence in Lp(O′
i, dσi), the Lebesgue space for the bounded mea-

sure dσi, which is therefore complete. This sequence therefore converges in

Lp(O′
i, dσi) to a function wi ∈ Lp(O′

i, dσi). Moreover, there exists a subse-

quence {uη(n)} of {un} that converges almost everywhere in O′
i to wi(x

′).

Now, saying that lim(ϕiu)(x
′, a(x′) + 1/(η(n))) exists almost everywhere is

equivalent to saying that the function x′ �→ ϕiu(x
′, a(x′)) = wi(x

′) is well

defined.

This extension wi of ϕiu on ∂Ω ∩ Ωi is the desired trace. We therefore

set γ0(ϕiu) = wi. By the above, this function belongs to Lp(O′
i, dσi), and

therefore to Lp(∂Ω ∩ Ωi). Moreover, by taking the limit in (∗) and taking y

sufficiently large that vi(x
′, ai(x

′) + y) = 0, we find that

for almost all x′ ∈ O′
i, γ0(ϕiu)(x

′) = − lim
[∫ +∞

1/η(n)

∂N (vi)(x
′, ai(x

′) + t)dt
]

= −
∫ +∞

0

∂N (ϕiu)(x
′, ai(x

′) + t)dt.

(2.89)

We must now define the trace of u by gluing .

Let γ0u =
∑

i γ0(ϕiu). This sum is locally finite, and by condition (1)

of Definition (2.65), we conclude that γ0(u) ∈ Lp(∂Ω). We can show that

the resulting trace does not depend on the choice of the elements in Defini-

tion (2.65).

If we assume that u ∈ C1(Ω), we can use the previous arguments. In par-

ticular, equality (2.89) gives us γ0(ϕiu)(x
′, ai(x

′)) = ϕiũ(x
′, ai(x

′)). It follows
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that γ0u is the extension by continuity of u to the boundary ∂Ω (cf. the

definition of C(Ω)).

To conclude we need only prove that the map γ0 is continuous. For this,

we start out with equality (2.89) and carry out the same computations we

used to obtain (2.88). This gives

‖γ0(ϕiu)‖Lp(O′
i,dσi) � C

(√
1 + ‖∇ai‖2∞

)1/p
‖∂N (ϕiu)‖Lp(Ωi).

By condition (3) of Definition 2.65, this leads to the inequalities

‖γ0u‖Lp(∂Ω) � C sup
i

(√
1 + ‖∇ai‖2∞

)1/p∑

i

‖∇(ϕiu)‖Lp(Ωi)

� C ′
∑

i

‖u∇ϕi + ϕi∇u‖Lp(Ωi)

� C ′ sup
i
{‖ϕi‖∞, ‖∂Nϕi‖∞}

∑

i

‖u‖W 1,p(Ωi).

Using condition (2.66), we deduce that there exists a constant C∗ that does

not depend on the elements of Definition (2.65), such that

∀u ∈ C∞(Ω) ∩W 1,p(Ω), ‖γ0u‖Lp(∂Ω) � C∗‖u‖W 1,p(Ω).

We have thus defined the trace of u when u ∈ C∞(Ω) ∩ W 1,p(Ω). For

u ∈ W 1,p(Ω), we use the density stated in Proposition 2.12 to approximate u

with un ∈ C∞(Ω)∩W 1,p(Ω). By taking the limit, formula (2.89) gives γ0u =

−
∫ +∞
0

∂N (ϕiu)(x
′, ai(x

′) + t)dt, whence γ0un → γ0u in Lp(∂Ω ∩ Ωi). The

continuity follows, namely

∀u ∈ W 1,p, ‖γ0u‖Lp(∂Ω) � ‖u‖W 1,p(Ω). ��

Remark 2.90. The induced norm provides a way to define a norm on the

image space of the trace map without giving it explicitly. We will give an

explicit and intrinsic form of the norm in Chapter 3.

Let u be the trace of a function U ∈ W 1,p(Ω) on the boundary ∂Ω. Let

(2.91) ‖|u‖| = inf
{U∈W 1,p(Ω)|u=U |∂Ω}

‖U‖W 1,p(Ω).

This defines a norm for which the image space γ0(W
1,p(Ω)) is a Banach space.

Indeed, let u and v be elements of γ0(W
1,p(Ω)) and let U and V be elements

of W 1,p(Ω) such that U = u and V = v on ∂Ω, and

‖U‖ � ‖|u‖|+ ε and ‖V ‖ � ‖|v‖|+ ε.
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We then have U + V = u+ v on ∂Ω and

‖|u+ v‖| � ‖U + V ‖ � ‖U‖+ ‖V ‖ � ‖|u‖|+ ‖|v‖|+ 2ε,

concluding the proof of the subadditivity. The proof of the other properties

and of the completeness of the image space are left to the reader.

We conclude this chapter by going back to the characterization of the space

W 1,p
0 (Ω) when Ω is C1.

Theorem 2.92. Let Ω be an open set of class C1; then the following state-

ments are equivalent.

(1) u ∈ W 1,p
0 (Ω).

(2) (only if p > 1) There exists a constant C such that for every ϕ ∈ D(RN ),
∣
∣
∣

∫

Ω

(u∇ϕ)(x)
∣
∣
∣dx � C‖∇u‖Lp(Ω)‖ϕ‖Lp′ .

(3) The function ũ defined by

ũ =

{
u(x) if x ∈ Ω,

0 otherwise,

is an element of W 1,p(RN ).

(4) The trace of u on ∂Ω is zero, that is, γ0u = 0.

Proof of Theorem 2.92.

The implication 1 ⇒ 2 is always true, without any assumptions on either

the open set or on p. Let u ∈ W 1,p
0 (Ω) and let {un} ∈ D(Ω) converge to u in

W 1,p(Ω). We have
∣
∣
∣

∫

Ω

un(x)∂i(ϕ)(x)dx
∣
∣
∣ =
∣
∣
∣−
∫

Ω

∂iun(x)ϕ(x)dx
∣
∣
∣ � ‖∇un‖Lp‖ϕ‖Lp′ .

The result follows by taking the limit.

It is clear that (2) ⇒ (3), since if ϕ ∈ D(RN ), then

〈ũ, ∂iϕ〉 =
∫

Ω

u∂iϕdx.

Moreover, using (2), we find that if p > 1, then ũ ∈ W 1,p(RN ).

The implication (3) ⇒ (4) follows from the uniqueness of the trace.

Let us show that (4) ⇒ (1). We reduce it to showing that if u = 0 on ∂Ω,

then we can approximate uϕi with functions in D(Ω). Indeed, let

un,i = ũϕi

(
x′,−ai(x

′) + xN − 1

n

)
.

The functions un,i are elements of W 1,p(Ω) with compact support. The se-

quence {un,i} converges to ũϕi in W 1,p(RN ), hence converges to uϕi in

W 1,p(Ω). Regularizing by a suitable function, we find that u ∈ W 1,p
0 (Ω). ��
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Comments

There are many books on Sobolev spaces over open subsets of RN . The sim-

plest and most complete, as far as we are concerned, is Adams’s book [1],

which has the advantage of also studying more general open sets than Lips-

chitz sets, for example open sets satisfying the uniform cone condition, or hav-

ing the segment property. One can also consult the original papers by Sobolev

and Nikolskii [53], Sobolev [62] and Uspenskii [73]. The book by Gilbarg and

Trudinger [34] presents the essentials, emphasizing the main points of the

results.

There also exists a vast literature on Sobolev spaces over Riemann vari-

eties. Let us mention, for example, the book by E. Hebey [37], which gives

complete results and is agreeable to read.

The case where the codomain has other topological properties than R
p is

discussed by Bethuel [6] and Brezis, Bethuel and Coron [5].

2.6 Exercises for Chapter 2

Exercise [∗] 2.1 (On the Completeness of the Sobolev Space H1(Ω)).

Let Ω be an open subset of RN . Recall the definition of H1(Ω). Show that

(u, v) =

∫

Ω

u(x)v(x)dx+
N∑

1

(∫

Ω

∂ju(x)∂jv(x)dx
)
,

defines a scalar product on the space H1(Ω). Show that H1(Ω) is a Hilbert

space.

Hints. Let {un}n∈N be a Cauchy sequence in H1(Ω). Prove that the sequence of
derivatives {∂jun} converges in L2 to uj . Next, prove that these functions are dis-
tributional derivatives of u = limun. Conclude.

Exercise 2.2 (On the Construction of a Partition of Unity).

We call a cover {Ω′
k} of Ω finer than the cover {Ωj} if for every k, there exists

a j such that Ω′
k ⊂ Ωj . We call the cover {Ωj} locally finite if every element x

of Ω admits a neighborhood that meets only a finite number of open subsets

in the family {Ωj}.

(1) Let {Ωj} be an open cover of the open subset Ω of RN . Show that we can

find a locally finite cover {Ω′
k} of Ω that is finer than {Ωj} and consists

of relatively compact sets.

(2) Consider a cover {Ωj} consisting of relatively compact open sets. Show

that there exist γj ∈ D(Ωj) such that γj � 0 and γj = 1 on Ω′
j . Use these

functions to construct a partition of unity associated with the given cover.
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In the general case, we will use the open cover of Ω given by question (1),

which is finer than {Ωj} and consists of relatively compact sets.

Hints. For (1), use an increasing sequence {Uk} of relatively compact open sets that
covers Ω and satisfies

U0 = ∅, Uk ⊂ Uk+1.

Next, use the compactness of Ωj to determine a cover of this compact set by a finite
number of Uk. It is easy to deduce a cover of Ω with the desired properties from
this.

For (2), the construction of the γj , set K = Ω′
j . Let V be a neighborhood of 0

and let U be a compact neighborhood such that U+U ⊂ V (first prove the existence
of U). Let ρε be a regularizing function (cf. Section 1.4.2) with support contained
in U and let χ be the characteristic function of K + U + U . Let γj = χ � ρε.

Since the sum γ =
∑

γj is locally finite, we can define this sum at every point
of Ω and, by division, obtain the functions of a partition. Check this.

Exercise [∗] 2.3 (On the Absolute Continuity of the Functions on a

Sobolev Space (cf. Remark 2.4)).

The definition of an absolutely continuous function is given in Exercise 1.29.

For any two absolutely continuous functions on an interval I, the product

UV is also absolutely continuous. Moreover, for every [a, b] ⊂ I, we have

the following formula for integration by parts, where u and v are almost

everywhere derivatives of U and V :

(2.93)

∫ b

a

U(t)v(t)dt = U(b)V (b)− U(a)V (a)−
∫ b

a

V (t)u(t)dt.

Let u be defined almost everywhere in an open set Ω ⊂ R
2.

(1) Let Ω ⊂ R
2, and let u ∈ W 1,p(Ω), where p � 2. Let [∂xu] denote the Lp

function equal to the derivative of u with respect to x, seen as a distribu-

tion. We can cover Ω by squares Cj and set vj = ψju, where ψj ∈ D(Cj)

and
∑

ψj = 1 on Ω. We extend vj by 0 outside of Cj . Let v be defined

on Ω by v =
∑

vj . Below we also write v for vj , for the sake of simplicity.

Show that v ∈ Lp(Ω). Let v∗ be defined by v∗(x) =
∫ x
−∞[∂1v](t, y)dt for

every y satisfying
∫
R

∣
∣[∂1v](t, y)

∣
∣dt < +∞. Deduce from this that v = v∗

almost everywhere and that on almost all lines parallel to Ox, the func-

tion u is almost everywhere derivable with [∂1u] = ∂1u almost everywhere.

(2) Let u ∈ L1
loc(Ω) be absolutely continuous on almost all lines parallel to

Ox and such that its derivative almost everywhere ∂x1u is an element of

Lp(Ω). Show that [∂x1u] = ∂x1u almost everywhere.

(3) Let u ∈ W 1,1(Ω). Suppose that [x, x + h] ∈ Ω. Show that the derivative

of v : t �→ u(x+ th) exists almost everywhere on ]0, 1[ and that dv/dt (x+

th) = h · ∇u(x+ th).

Hints. For (2), it suffices to compute
∫
Ω
ϕ∂x1udx by integrating by parts.
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For (3), use the decomposition of v(t′)− v(t) as a sum of differences of the type
u(x+ t′h)−u(x1+ t′h1, x2+ t′h2, . . . , xN−1+ t′hN−1, xN + thN ). Write each of these
differences as the integral of a partial derivative over some interval. Taking the limit
uses the continuity of a Lebesgue integral with respect to its bounds.

Exercise [∗] 2.4 (On the (1, p)-Extension in the Case of an Interval

in R).

Let u ∈ W 1,p(]0,+∞[). We extend u to ] − ∞, 0[ by setting ũ(x) = u(−x).

Prove that this extension of u is an element of W 1,p(R). Let u ∈ W 1,p(I)

where I = ]a, b[. Prove that we can extend u to an element of W 1,p(R).

Hints. First establish that ũ∈W 1,p(]−∞, 0[) by showing that (ũ)′=−ũ′.

Exercise 2.5 (Product of Functions in W 1,p(Ω) and W 1,q(Ω)).

Consider a Lipschitz open subset Ω of RN . Let p < N , let q < N and let

1/s = 1/p + 1/q − 1/N . Show that if u ∈ W 1,p(Ω) and v ∈ W 1,q(Ω), then

uv ∈ W 1,s(Ω).

Hints. Use the Sobolev theorem 2.31 with suitable exponents and Hölder’s inequality.

Exercise 2.6 (Example of a Non-Lipschitz Open Set).

Let Ω = {0 < x < 1, 0 < y < x4}. Prove that the function x �→ x−1 is an

element of H1(Ω) but not an element of L5(Ω). Conclude.

Exercise [∗] 2.7 (Injection into a Non-Compact Space of Hölder

Functions).

Let p>N . Show that the injection of W 1,p(B(0, 1)) into C0,1−N/p
b (B(0, 1)) is

not compact, as follows.

Let F ∈ D(B(0, 1)) satisfy F � 0 and sup|x|<1 F (x) = 1. Show that the

sequence Fn(x) = n−1+N/pF (nx) tends to 0 in all the spaces C0,λ
b (B(0, 1))

and has a constant norm equal to 1 in C0,1−N/p
b . Conclude.

Exercise 2.8 (Gluing Two Functions over a Straight Edge).

Let γ− be the trace operator defined in the same manner as over (RN )+

but using the open set R
N−1 × R

−. Let u+ ∈ W 1,p((RN )+) and let u− ∈
W 1,p((RN )−). We set

ũ =

{
u+(x) if x ∈ (RN )+,

u−(x) if x ∈ (RN )−.

Prove that ũ ∈ W 1,p(RN ) if and only if γ0u
+ = γ−u− on R

N−1.

Exercise 2.9 (Generalized Poincaré Inequality).

Let Ω be a Lipschitz bounded domain in R
N . Let p ∈ [1,+∞[ and let N be a

continuous seminorm on W 1,p(Ω); that is, a norm on the constant functions.
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Show that there exists a constant C > 0 that depends only on Ω,N, p, such

that

‖u‖W 1,p(Ω) � C

((∫

Ω

|∇u(x)|pdx
)1/p

+N (u)

)

.

Apply this result to N (u) =
∫
Γ0
|u(x)|dx, when Ω is a C1 open set and Γ0 is

a subset of ∂Ω with positive (N − 1)-dimensional Lebesgue measure.

Hints. Prove the result by contradiction. Assume that there exists a sequence {un}
such that

‖un‖W1,p(Ω) � n

(( ∫

Ω

|∇un|p
)1/p

+N (un)

)

.

Normalizing, that is, considering wn = un(‖un‖W1,p(Ω))
−1, gives

‖wn‖W1,p(Ω) = 1, N (wn) −→ 0, ‖∇wn‖p −→ 0.

Use the boundedness of Ω and the relative compactness of {wn} in Lp to deduce a
contradiction.

Exercise 2.10 (Function from Ω to R
N Whose Deformation Tensor

is an Element of Lp(Ω)).

Consider the space

Xp(Ω) =
{
u ∈ Lp(Ω,RN ) |

∀ (i, j) ∈ [1, N ]2, εij(u) =
1
2 (∂jui + ∂iuj) ∈ Lp(Ω)

}

where p ∈ ]1,+∞[ (cf. Chapter 6). For the moment, we admit that if Ω is a

bounded Lipschitz open subset of RN , then W 1,p(Ω,RN ) coincides with the

space above when p > 1. More precisely, there exists a C > 0 such that for

every u ∈ W 1,p(Ω,RN ),

‖u‖W 1,p(Ω) � C
(∫

Ω

|u|pdx+

∫

Ω

∑

ij

|εij(u)|pdx
)1/p

.

We will show this in Chapter 7.

(1) Show that Xp(Ω) endowed with the norm

|u|Xp =
[∫

Ω

|u(x)|pdx+

∫

Ω

∑

ij

|εij(u)(x)|pdx
]1/p

,

is a Banach space.

(2) Taking the derivatives in the sense of distributions, note that ui,jk =

∂k(εij)(u) + ∂j(εik)(u) − ∂i(εjk)(u). Show that the set R of the W 1,p

functions satisfying ε(u) = 0 consists of the rigid displacements, that is,

the functions of the form u = A + B(x), where A is a constant vector

and B is an antisymmetric matrix. Determine the dimension of R.
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(3) Consider a seminormN onW 1,p that is a norm on the rigid displacements.

Show that there exists a constant C > 0 such that

∀u ∈ W 1,p(Ω), ‖u‖W 1,p(Ω) � C
[
N (u) +

(∫

Ω

|ε(u)(x)|pdx
)1/p]

.

Exercise 2.11 (Best Constant for the Injection of W 1,p(RN ) in

Lk(RN )).

Let p < N and let k � Np/(N − p). We know that there exist two constants

C1 and C2 such that

∀u ∈ W 1,p(RN ), ‖u‖k � C1‖∇u‖p + C2‖u‖p.

We say that C1 is the best constant for the injection of W 1,p in Lk if C1 is the

smallest constant for which there exists a C2 satisfying the inequality above.

Prove that if k < Np/(N − p), then there does not exist any best constant.

Hints. Assume that C1 exists and define, for λ > 1, the sequence uλ(x) = u(x/λ).
Prove that

‖uλ‖k � λ−1+N/p−N/kC1‖∇u‖p + C2λ
−N/k+N/p‖u‖p.

Use this to prove that there exists a constant that is better than C1.

Exercise 2.12 (Function with One Derivative in L1 and the Other

in L2).

Let X1,2
0 be the closure of the D(R2) functions for the norm |∂1u|1 + |∂2u|2.

Show that X1,2
0 ↪→ L4(R2).

Hints. For a regular function u, write

u4(x1, x2) = u3(x1, x2)u(x1, x2).

Next, use that

|u3(x1, x2)| � 3

∫

R

u2(x1, t)|∂2u|(x1, t)dt

� 3
(∫

R

|u|4(x1, t)dt
)1/2(∫

R

∣
∣∂2u

∣
∣2(x1, t)dt

)1/2

= ϕ(x1)ψ(x1)

and

|u(x1, x2)| �
∫

R

|∂1u(t, x2)|dt = h(x2).

Finally, use Fubini’s formula and Hölder’s inequality as follows:
∫

R

∫

R

|u|4dx1dx2 �
∫

R

∫

R

ϕ(x1)ψ(x1)h(x2)dx1dx2

� ‖ϕ‖2‖ψ‖2‖h‖1

� 3
(∫

R

∫

R

u4dx1dx2

)1/2

‖∂2u‖2‖∂1u‖1.

Conclude.
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Exercise [∗] 2.13 (Upper Bound for an Element u of W 1,1
0 on an In-

terval).

Let u ∈ W 1,1
0 (]0, 1[). Prove that ‖u‖∞ � 1/2‖u′‖1 and that this inequality is

the best possible.

Hints. Write

u(x) =

∫ x

0

u′(t)dt and u(x) = −
∫ 1

x

u′(t)dt.

Exercise [∗] 2.14 (Consequences of the Existence of γ0(u) for u De-

fined over an Interval in R).

Show the following inequality, which specifies the continuity of the trace map

on W 1,1(]0, 1[):

(2.94) ∀u ∈ W 1,1(]0, 1[), |u(0)|+ |u(1)| �
∫ 1

0

|u′|(t)dt+ 2

∫ 1

0

|u(t)|dt.

Show that the only functions that satisfy the equality are the constant func-

tions.

Hints. Since the function u is absolutely continuous, we have the equalities

∀x ∈ [0, 1], u(x) = u(0) +

∫ x

0

u′(t)dt,

∀x ∈ [0, 1], u(x) = u(1) +

∫ x

1

u′(t)dt.

Taking the absolute values and integrating the sum of the two resulting inequalities
over ]0, 1[ gives (2.94).

Assuming equality in (2.94) and taking into account the inequalities

|u(0)| � |u(x)|+
∫ x

0

|u′(t)|dt and |u(1)| � |u(x)|+
∫ 1

x

|u′(t)|dt,

deduce that for every x, |u(x)| �
∫ 1

0
|u(t)|dt. Applying this inequality to a point x

where the continuous function u reaches its minimum gives the desired result.

Exercise [∗∗] 2.15 (The Spaces W 1,p(I) for an Interval I in R).

Let 1 � p < ∞.

(1) Using Exercise 1.29, show that u ∈ W 1,p(I) if and only if u ∈ Lp(I), u

is absolutely continuous, and the derivative almost everywhere satisfies

u′ ∈ Lp(I).

(2) Show that every function in W 1,p(I) can be extended to a continuous

function on I.

(3) In this question, we will use that W 1,p(R) = W 1,p
0 (R). Let u be a C1

function on R with compact support. Let v = |u|p−1u. Show that v is C1
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with compact support and that v′ = p|u|p−1u′. Use the equality v(x) =
∫ x
−∞ v′(t)dt to show that there exists a constant C such that

∀x ∈ R, |u(x)| � C‖u‖W 1,p(R).

Deduce that W 1,p(R) is embedded in L∞(R). Show that the constant C

can be chosen independently of p. Show that the result still holds true

when the interval I is bounded.

Hints.

(1) If u ∈ W 1,p(I), then Exercise 1.29 gives the desired properties. Conversely, use
integration by parts to prove that

∀ϕ, 〈[u]′, ϕ〉 = 〈[u′], ϕ〉.

(2) Since u′ is summable over I, u is absolutely continuous over I, giving the con-

tinuity on I.
(3) Starting with the given hint, use Hölder’s inequality to determine the upper

bound p1/p‖u‖1/p
′

p ‖u′‖1/pp for |u(x)|, giving the result by using p1/p � e and
Jensen’s inequality

|u|1/p
′

p |u′|1/pp � 1

p
|u|p +

1

p′
|u′|p.

This leads to the density of the continuous functions with compact support.
When I is bounded, use

u(x) = u(x0) +

∫ t

x0

u′(t)dt.

Exercise [∗∗] 2.16 (Solving Limit Problems on an Interval).

Let I = ]0, 1[. Given f ∈ L2(I), we wish to find a u that, in some sense, is a

solution of

(∗)
{
−u′′ + u = f,

u(0) = u(1).

(1) Assume that u ∈ C2(I)∩H1
0 (I) satisfies (∗). We multiply (∗) by a function

v ∈ H1
0 (I) and integrate by parts over I. Prove that if (·|·) denotes the

inner product on H1
0 (I), then

∀ v ∈ H1
0 (Ω), (u|v)H1(I) = 〈f, v〉L2(I).

Conversely, prove that if u ∈ H1
0 (I) satisfies this relation, then u is a

solution to the problem, where u′′ is taken in the sense of distributions.

Next, prove that v �→
∫
I
f(t)v(t)dt defines an element of the dual of H1

0 (I)

and deduce the existence and uniqueness of a solution of the given problem

in H1
0 (I) (use the Riesz representation theorem for a Hilbert space). Prove

that this solution is in H2(I) and that if f ∈ C(I), then the solution is in

C2(I).
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(2) Use, for example, the fundamental solution of u′′ − u = 0 on R
+ or varia-

tion of the constants to determine this solution explicitly using integrals

pertaining to the function f .

Exercise 2.17 (Relation Between ‖∇u‖L2 and ‖u/r‖L2).

(1) Let u ∈ Cc(RN ) with N � 3. By computing

∣
∣
∣∇u+

(N − 2)

2

u(x)−→x
r2

∣
∣
∣
2

,

integrating over RN , and integrating
∫

RN

2u ∂iu
xi

r2
dx =

∫

RN

∂i(u
2)

xi

r2
dx,

by parts, show that
∫

RN

|∇u(x)|2dx � (N − 2)2

4

∫

RN

u2

r2
dx.

(2) Deduce that if N � 3, we have u ∈ H1 ⇒ u/|x| ∈ L2. Show that this

result does not hold for N = 2.

Exercise 2.18 (Generalization of the Previous Exercise).

(1) Show that if u ∈ W 1,p(RN ), N > p, and 1 < p < ∞, then u/|x| ∈ Lp. In

order to do this, show Jensen’s inequality (where 1/p+ 1/p′ = 1):

∀X,Y ∈ R
N , X · Y � 1

p
|Y |p + 1

p′
|X|p

′
.

(2) Apply this inequality to the vectors Y = ∇u and

X =
∣
∣
∣
(N − p)u−→x

pr2

∣
∣
∣
p−2 (p−N)u−→x

pr2
= −
(N − p

p

)p−1 |u|p−2u−→x
rp

.

Integrating the term
∫
RN |u|p−2u−→x /rp · ∇udx by parts, deduce that

∫

RN

|∇u|pdx �
(N − p

p

)p∫

RN

(u

r

)p
dx.

Hints. For Jensen’s inequality, use f(x) = |x|p, which has derivative p|x|p−2x, giving
the inequality f(x+ y) � f(x) +Df(x) · y.

Exercise [∗∗] 2.19 (Fundamental Solutions of the Laplacian).

Show that there exists a constant k2 such that Δ(ln
√
x2 + y2) = k2δ0 in R

2

in the sense of distributions. Show that in R
N with N > 2, Δ(r2−N ) = kNδ0,

where kN can be expressed using the area ωN−1 of the unit sphere in R
N . Use

elementary computations of integrals in the cases N = 2 and N = 3. For the

general case, use Green’s second theorem.
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Hints.

(1) First show that as functions and outside of the origin, we have ∂x[ln r] = x/r2

and ∂y[ln r] = y/r2. Next, show that these functions are locally summable.
Finally, use the function ϕ̃(r, θ) = ϕ(r cos θ, r sin θ), the formula

∂xϕ = cos θ ∂rϕ̃− sin θ

r
∂θϕ̃,

and the analogous formula for ϕy to deduce that

〈
∂x

x

r2
+ ∂y

y

r2
, ϕ

〉
= 2πϕ(0).

(2) Assume that N = 3. Show that the three derivatives of u = r−1 are locally
summable and deduce from this that

〈Δu,ϕ〉 = −
∫

R3

r−3[x∂xϕ+ y∂yϕ+ z∂zϕ
]
dx dy dz.

The polar coordinates are defined by

x = r cos ξ cos η, y = r cos ξ sin η, z = r sin η.

Compute the partial derivatives using those of ϕ̃ with respect to r, ξ and η, and
show that the previous integral is equal to −4πϕ(0).

(3) We admit Green’s second theorem: given a bounded open set Ω of class C1, a
C2 function f , and ϕ ∈ D(RN ), we have

(2.95)

∫

Ω

[
f(x)Δϕ(x)−ϕ(x)Δf(x)

]
dx =

∫

∂Ω

[
f(x)∂−→nϕ(x)−ϕ(x)∂−→n f(x)

]
dσ,

where the normal derivative ∂−→n on ∂Ω is oriented outward from Ω. Deduce
from this that when ε → 0, 〈Δ(r2−N ), ϕ〉 is the limit of

∫

r�ε

ϕΔ(r2−N )dx+

∫

r=ε

[
ϕ(x)∂−→n (r2−N )− r2−N∂−→n (ϕ)

]
εN−1dσ.

Use this to prove that Δ(r2−N ) = (2−N)ωN−1δ(0).
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