
Chapter 2
Hopf Bifurcation and Normal Form
Computation

In this chapter, we discuss the computation of normal forms. First we present a
general approach which combines center manifold theory with computation of the
normal form. Then, we focus on a perturbation method which has proved efficient in
computation. Efficient computation is also discussed, and a sufficient and necessary
condition for determining Hopf critical points of high-dimensional systems is given.

Note that for computing the normal form of systems with bifurcation (perturba-
tion) parameters, one usually takes two steps. First, at a critical point (at which the
dynamic system has a singularity) one sets the parameters to zero to obtain a so-
called “reduced” (or “simplified”) system and then normal form theory is applied to
this system to obtain the normal form. Having found the normal form of the reduced
system, one adds “unfolding” terms to get a parametric normal form for bifurcation
analysis. However, this way one usually does not know the relationship between the
original system parameters and the unfolding.

2.1 Hopf Bifurcation

Now suppose that system (1.5), which is rewritten below for convenience,

ẋ = f (x,μ), x ∈ Rn,μ ∈ R, f : Rn+1 → Rn, (2.1)

has an equilibrium, given by x = p(μ). Suppose the Jacobian, Df (μ0), of the
system evaluated on the equilibrium at a critical point μ0 has a simple pair of
purely imaginary eigenvalues, ±iω (ω > 0), and no other eigenvalues with zero
real part. The implicit function theorem guarantees (since Df (μ0) is invertible)
that for each μ near μ0 there will be an equilibrium p(μ) near p(μ0) which varies
smoothly with μ. Nonetheless, the dimensions of stable and unstable manifolds of
p(μ) do change if the eigenvalues of Df (p(μ)) cross the imaginary axis at μ0.
This qualitative change in the local flow near p(μ) must be marked by some other
local changes in the phase portraits not involving fixed points.
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A clue to what happens in the generic bifurcation problem involving an equi-
librium with purely imaginary eigenvalues can be gained from examining linear
systems in which there is a change of this type. For example, consider the system

ẋ = μx − ωy,

ẏ = ωx + μy,
(2.2)

whose solutions have the form(
x(t)

y(t)

)
= eμt

[
cosωt − sinωt

sinωt cosωt

](
x0
y0

)
. (2.3)

When μ < 0, solutions spiral into the origin, and when μ > 0, solutions spiral away
from the origin. When μ = 0, all solutions are periodic. Even in a one-parameter
family of equations, it is highly special to find a parameter value at which there is a
whole family of periodic orbits, but there is still a surface of periodic orbits which
appears in the general problem.

The normal form theorem gives us the required information about how the
generic problem differs from system (2.2). By smooth changes of coordinates, the
Taylor series of degree 3 for the general problem can be brought to the following
form (see next section):

ẋ = [dμ + a
(
x2 + y2)]x − [ω + cμ + b

(
x2 + y2)]y,

ẏ = [ω + cμ + b
(
x2 + y2)]x + [dμ + a

(
x2 + y2)]y,

(2.4)

which is expressed in polar coordinates as

ṙ = (dμ + ar2)r,
θ̇ = ω + cμ + br2.

(2.5)

Since the ṙ equation in (2.5) separates from θ , we see that there are periodic orbits
of (2.4) which are circles r = const., obtained from the nonzero solutions of ṙ = 0
in (2.5). If a �= 0 and d �= 0 these solutions lie along the parabola μ = −( a

d
)r2. This

implies that the surface of periodic orbits has a quadratic tangency with its tangent
plane μ = 0 in R2 × R.

In the following, we first introduce the Hopf bifurcation theorem and then dis-
cuss in detail the computation of normal forms associated with various singularities
(including Hopf bifurcation). It should be mentioned that in the original paper [100]
(with English translation included in [162]) that Hopf did not know the terminology
of the Poincaré normal form.

Theorem 2.1 ([100]) Suppose that the system ẋ = f (x,μ), x ∈ Rn, μ ∈ R, has an
equilibrium (x0,μ0) at which the following properties are satisfied.

(H1) Dxf (x0,μ0) has a simple pair of purely imaginary eigenvalues and no other
eigenvalues with zero real parts.
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Then (H1) implies that there is a smooth curve of equilibria (x(μ),μ) with
x(μ0) = x0. The eigenvalues λ(μ), λ̄(μ) of Dxf (x(μ),μ0), which are imaginary
at μ = μ0, vary smoothly with μ.

If, moreover,

(H2)
d

dμ

(
Reλ(μ)

)∣∣
μ=μ0

= d �= 0,

then there is a unique three-dimensional center manifold passing through (x0,μ0)

in Rn × R and a smooth system of coordinates (preserving the planes μ = const.)
for which the Taylor expansion of degree 3 on the center manifold is given by (2.4).
If a �= 0, there is a surface of periodic solutions in the center manifold which has
quadratic tangency with the eigenspace of λ(μ0), λ̄(μ0) agreeing to second order
with the paraboloid

μ = −
(

a

d

)(
x2 + y2). (2.6)

If a < 0, then these periodic solutions are stable limit cycles, while if a > 0, the
periodic solutions are repelling.

Fig. 2.1 Transversality of
Hopf bifurcation

Fig. 2.2 Post-critical
bifurcation path for a Hopf
bifurcation: (a) stable;
(b) unstable
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Fig. 2.3 Bifurcating periodic
solutions (limit cycles):
(a) stable; (b) unstable

This theorem can be proved by a direct application of the center manifold and
normal form theorems. The transversality conditions given in (H1) and (H2) are il-
lustrated in Fig. 2.1. The parameter–amplitude relation (2.6) is shown in Fig. 2.2,
where r = √

x2 + y2, and the bifurcating periodic solutions depicted in three-
dimensional space are given in Fig. 2.3.

Computation of center manifolds and normal forms will be discussed in the fol-
lowing sections.

2.2 Computation of Normal Forms

Many computational methods such as the Poincaré method (also called the Tak-
ens method), briefly discussed in the last section have been developed (e.g., see
[47, 72, 166]). Usually, given a dynamical system described in differential equa-
tions, the center manifold theory (e.g., see [27]) is first applied to obtain a locally
invariant small-dimensional manifold—a center manifold. Then additional nonlin-
ear transformations are introduced to further simplify the center manifold to a nor-
mal form. To find the “form” of a normal form, first a homogeneous polynomial
vector field of degree k is found in a space complementary to the range of the so-
called “homological operator”. Then the original vector field is decomposed into
two parts: one of them, called the nonresonant terms, is eliminated and the other,
called the resonant terms, is kept in the normal form. This simple form can be used
conveniently for analyzing the local dynamic behavior of the original system.

For a practical system, not only the possible qualitative dynamical behavior of the
system of concern, but also the quantitative relationship between the normal forms
and the equations of the original system needs to be established. Normal forms are,
in general, not uniquely defined and finding a normal form for a given system of
differential equations is not a simple task. In particular, finding the explicit formulas
for normal forms in terms of the coefficients of the original nonlinear system is not
easy. Therefore, the crucial part in computing a normal form is the computational
efficiency in finding the coefficients of the normal forms and the corresponding
nonlinear transformations. Furthermore, the algebraic manipulation becomes very
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involved as the order of approximation increases. Thus, symbolic computations us-
ing symbolic computer languages such as Maple, Mathematica and Macsyma have
been introduced for computing normal forms. However, it seems that even with a
symbolic manipulator the computation of normal forms is still limited to lower-
order approximations. This is because a program which computes a normal form
usually quickly runs out of computer memory as the order of approximation in-
creases. Therefore, computationally efficient methodology and software packages
need to be developed for computing higher-order normal forms.

The idea of normal form theory is to use successive nonlinear transformations
to derive a new set of differential equations by removing as many nonlinear terms
from the system as possible. The terms remaining in the normal form are called
the resonant terms. If the Jacobian matrix of the linearized system evaluated at an
equilibrium can be transformed into diagonal form, then the bases of the nonlin-
ear transformations are decoupled from each other. However, for a general singular
vector field such as a system with non-semisimple double-zero or triple-zero eigen-
values, these bases are coupled. Such a coupling makes computation of the normal
forms complicated.

First, we introduce a general approach for computing normal forms based on the
work of [20, 21, 207, 226]. Consider a system described by the general nonlinear
ordinary differential equation,

ẏ = Ay + F (y), y ∈ Rn, F (y) : Rn → Rn, (2.7)

where a dot indicates differentiation with respect to time t , Ay represents the linear
part, and F is a nonlinear vector function and assumed to be analytic, satisfying
F (0) = 0 and DyF (0) = 0, i = 1,2, . . . , n. By introducing the linear transforma-
tion,

y = T x, (2.8)

(2.7) can be transformed into

ẋ = Jx + f (x), (2.9)

where J is in Jordan canonical form. If the eigenvalues of A with zero real parts are
denoted by λ1, λ2, . . . , λn0 , and those with nonzero real parts are given by λn0+1,
λn0+2, . . . , λn, then J = T −1AT = diag(J0, J1), where J0 = diag(λ1, λ2, . . . , λn0)

and J1 = diag(λn0+1, λn0+2, . . . , λn). Next, let x = (x1,x2)
T , where x1 and x2 are

variables associated with the eigenvalues with zero real parts and nonzero real parts,
respectively, then (2.9) can be written as

ẋ1 = J0x1 + f 1(x1,x2),

ẋ2 = J1x2 + f 2(x1,x2).
(2.10)

Now the center manifold of the system may be defined in the form

x2 = N(x1), N(0) = 0, DNx1(0) = 0, (2.11)
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which satisfies

Dx1N(x1)
[
J0x1 + f 1

(
x1,N(x1)

)]= J1N(x1) + f 2
(
x1,N(x1)

)
. (2.12)

Once N(x1) is determined from (2.12), the differential equation describing the dy-
namics on the center manifold is given by

ẋ1 = J0x1 + f 1
(
x1,N(x1)

)
. (2.13)

Further, (2.13) may be transformed into a set of simpler differential equations—the
so-called normal form,

u̇ = J0u + C(u), (2.14)

under a series of nonlinear transformations given by

x1 = u + H (u) ≡ u +
∑
k≥2

H k(u), (2.15)

where H k(u) is a kth-order vector of homogeneous polynomials in u. Substituting
(2.15) into (2.13) results in
(
I + DuH (u)

)
u̇ = J0

(
u + H (u)

)+ f 1
(
u + H (u),N

(
u + H (u)

))
, (2.16)

and then substituting (2.14) into (2.16) yields
(
I + DuH (u)

)(
J0u + C(u)

)
= J0

(
u + H (u)

)+ f 1
(
u + H (u),N

(
u + H (u)

))
, (2.17)

which can be rearranged as

DuH (u)J0u − J0H (u)

= f 1
(
u + H (u),N

(
u + H (u)

))− DuH (u)C(u) − C(u). (2.18)

To find the expression of the center manifold, one may substitute (2.15) into (2.12)
to obtain

Dx1N(x1)
[
J0
(
u + H (u)

)+ f 1
(
u + H (u),N

(
u + H (u)

))]
= J1N

(
u + H (u)

)+ f 2
(
u + H (u),N

(
u + H (u)

))
. (2.19)

Now rewrite (2.18) as

J0H (u) + f 1
(
u + H (u),N

(
u + H (u)

))
= DuH (u)J0u + DuH (u)C(u) + C(u), (2.20)

and substitute this into (2.19) to obtain

Dx1N(x1)
(
I + DuH (u)

)(
J0u + C(u)

)
= J1N

(
u + H (u)

)+ f 2
(
u + H (u),N

(
u + H (u)

))
(2.21)
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which can be written as

DuN
(
u + H (u)

)
J0u − J1N

(
u + H (u)

)
= f 2

(
u + H (u),N

(
u + H (u)

))− DuN
(
u + H (u)

)
C(u). (2.22)

Combining (2.18) and (2.22) yields

Du

(
H (u)

h(u)

)
J0u −

[
J0 0
0 J1

](
H (u)

h(u)

)

=
(

f 1(u + H (u),h(u))

f 2(u + H (u),h(u))

)
− Du

(
H (u)

h(u)

)
C(u) −

(
C(u)

0

)
, (2.23)

where h(u) = N(u + H (u)). Furthermore, let

�H (u) =
(

H (u)

h(u)

)
, f (u) =

(
f 1(u + H (u),h(u))

f 2(u + H (u),h(u))

)
, �C(u) =

(
C(u)

0

)
,

then one can write (2.23) in a more compact form:

Du �H (u)J0u − J �H (u) = f (u) − Du �H (u)C(u) − �C(u). (2.24)

If (2.24) can be solved for �H (u) and �C(u) explicitly, one then will have the
normal form as well as the nonlinear transformation. In general, however, the exact
solution of (2.24) cannot be obtained. Thus, approximate solutions may be sought
and assumed in the form

�H (u) =
∑
m≥2

�Hm
(u) =

∑
m≥2

(∑ �H m̃u
m1
1 u

m2
2 · · ·umn0

n0

)
,

C(u) =
∑
m≥2

Cm(u) =
∑
m≥2

(∑
Cm̃u

m1
1 u

m2
2 · · ·umn0

n0

)
,

(2.25)

where �H m̃ = (H m̃,hm̃)T , m̃
�= m1m2 · · ·mn0 , denoting a choice of the values

of m1,m2, . . . ,mn0 which satisfies m1 + m2 + · · · + mn0 = m and mi ≥ 0, i =
1,2, . . . , n0. The summation given in the parentheses of (2.25) represents the sum
of all possible choices for m̃. Similarly, suppose that f (u) − Du �H (u)C(u) can be
expressed as

f̃ (u)
�= f (u) − Du�H (u)C(u) =

∑
m≥2

f̃
m
(u)

=
∑
m≥2

(∑
f̃ m̃u

m1
1 u

m2
2 · · ·umn0

n0

)
. (2.26)

Then, it can be shown that f̃
m
(u) only depends upon �Hm′

(u) and Cm′
(u) for

m′ < m. Therefore, once �Hm′
(u) and Cm′

(u) (m′ < m) are determined, the ex-
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pression of f̃
m
(u) is definitely defined. To explicitly calculate the coefficients �H m̃

and Cm̃, we have the following result.

Theorem 2.2 If some of the eigenvalues of A with zero real parts are non-
semisimple, then (2.24) can be written as

(λ0 − J )�H m̃ +
n0−1∑
j=1

(J0)j (j+1)(mj + 1)�Hm1m2···(mj +1)(mj+1−1)···mn0
= f̃ m̃ − �Cm̃,

(2.27)
where λ0 = m1λ1 + m2λ2 + · · · + mn0λn0 , n0 is the number of eigenvalues with
zero real parts and (J0)j (j+1) denotes the element of J0 located on the j th row and
(j + 1)th column. In addition, mj ≤ n0 − 1 and mj+1 ≥ 1.

Proof We can prove this result as follows. First note that if some of the eigenvalues
of A with zero real parts are non-semisimple, then J0 can be decomposed into

J0 = S + N, (2.28)

where S = diag(λ1, λ2, . . . , λn0) and N is given in the form

Nij =
{

1 or 0 if i + 1 = j,

0 otherwise.
(2.29)

It is clear that some of the nondiagonal elements of J0 are nonzero, which causes
some of the equations to be coupled. Therefore,

Du�Hm1···mj−1(mj +1)(mj+1−1)mj+2···mn0

× u
m1
1 · · ·umj−1

j−1 u
mj +1
j u

mj+1−1
j+1 u

mj+2
j+2 · · ·umn0

n0 Nu

=
n0−1∑
j=1

∂

∂uj

(�Hm1···mj−1(mj +1)(mj+1−1)mj+2···mn0

× u
m1
1 · · ·umj +1

j u
mj+1−1
j+1 · · ·umn0

n0

)
Nj(j+1)uj+1

=
n0−1∑
j=1

Nj(j+1)(mj + 1)�Hm1···mj−1(mj +1)(mj+1−1)mj+2···mn0

× u
m1
1 · · ·umj−1

j−1 u
mj

j u
mj+1
j+1 u

mj+2
j+2 · · ·umn0

mn0
,

where mj ≤ n0 − 1 and mj+1 ≥ 1. In fact, the two elements mj and mj+1 in
the original subscripts of �H , m1m2 · · ·mj−1mjmj+1mj+2 · · ·mn0 , have been re-
placed by mj + 1 and mj+1 − 1, respectively. Thus, for a fixed m, the expression of
Du �Hm

(u)J0u becomes
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Du�Hm
(u)J0u

= Du�Hm
(u)Su + Du�Hm

(u)Nu

=
∑[

λ0 �H m̃u
m1
1 u

m2
2 · · ·umn0

n0

+
n0−1∑
j=1

Nj(j+1)(mj + 1)�Hm1m2···(mj +1)(mj+1−1)···mn0

× u
m1
1 · · ·umj

j u
mj+1
j+1 · · ·umn0

n0

]

=
∑[

λ0 �H m̃ +
n0−1∑
j=1

Nj(j+1)(mj + 1)�Hm1m2···(mj +1)(mj+1−1)···mn0

]

× u
m1
1 · · ·umn0

n0 .

Now substituting the above equation into (2.24) and balancing the corresponding
coefficients of u

m1
1 u

m2
2 · · ·umn0

n0 in the resulting equation gives

(λ0 − J )�H m̃ +
n0−1∑
j=1

(J0)j (j+1)(mj + 1)�Hm1m2···(mj +1)(mj+1−1)···mn0
= f̃ m̃ − �Cm̃,

which is (2.27). �

For the semisimple case, it can be seen that the summation term on the left-hand
side of (2.27) disappears. Thus, if the eigenvalues of A with zero real parts are all
semisimple, then (2.24) can be expressed in a simpler form

(λ0I − J )�H m̃ = f̃ m̃ − �Cm̃, (2.30)

or

(λ0I − J0)H m̃ = f̃ 1m̃ − Cm̃, (2.31)

(λ0I − J1)hm̃ = f̃ 2m̃. (2.32)

For non-semisimple cases, since the summation term also contains the �H coeffi-
cients, the computation becomes more involved.

In the following, we show how to compute the normal form for semisimple
cases [21], and present the computation for two non-semisimple cases—a double-
zero singularity [20] and a 1:1 resonant double-Hopf singularity [226].
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2.2.1 Semisimple Case

If we can find all the coefficients �H m̃, Cm̃ and Cm1m2···mn0
satisfying (2.31) and

(2.32), then we have solved the problem. To achieve this, first note that the diagonal
matrix λ0I −J1 is nonsingular since the real part of every component of λ0I is zero
while every component of J1 is not zero. Therefore, (2.32) can be solved to uniquely
determine hm̃:

hm̃ = (λ0I − J1)
−1f̃ 2m̃. (2.33)

For (2.31), we need to treat the nonresonant and resonant terms separately.

(1) Nonresonant terms. In this case, λ0I −J0 is nonsingular, i.e., det(λ0I −J0) �= 0.
Therefore, H m̃ can always be determined for a given Cm̃. In order to obtain a
normal form for this particular order as simply as possible, one may choose
Cm̃ = 0, and thus,

Cm̃ = 0 and H m̃ = (λ0I − J0)
−1f̃ 1m̃. (2.34)

(2) Resonant terms. For this case, λ0I − J0 is singular, i.e., det(λ0I − J0) = 0,
implying that some components of λ0I −J0 equal zero (remember that λ0I −J0
is a diagonal matrix). Note that (2.31) has n0 linear equations. This equation can
be rewritten in component form:

(λ0I − J0)kH m̃k = f̃ 1m̃k − Cm̃k, (2.35)

where the subscript k denotes the kth component of the coefficient matrix and
the kth components of the vectors H m̃, f̃ 1m̃ and Cm̃. Thus, it is easy to find the
following rules.
(i) When (λ0I − J0)k �= 0,

Cm̃k = 0, H m̃k = f̃ 1m̃k

(λ0I − J0)k
. (2.36)

(ii) When (λ0I − J0)k = 0,

H m̃k = 0, Cm̃k = f̃ 1m̃k. (2.37)

Summarizing the above results we have the following theorem.

Theorem 2.3 For a fixed m, the coefficients, Cm̃, of the normal form and the corre-
sponding coefficients, H m̃ and hm̃, of the nonlinear transformation are determined
from the following formulas.

(i) hm̃ = (λ0I − J1)
−1f̃ 2m̃.

(ii) If λ0I − J0 is nonsingular, then

Cm̃ = 0, H m̃ = (λ0I − J0)
−1f̃ 1m̃.
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(iii) If λ0I − J0 is singular, then

Cm̃k = 0, H m̃k = f̃ 1m̃k

(λ0I − J0)k
for (λ0I − J0)k �= 0,

and

H m̃k = 0, Cm̃k = f̃ 1m̃k for (λ0I − J0)k = 0,

where the subscript k indicates the kth linear equation of (2.31).
(iv) The center manifold N(u + H (u)) is given by

N
(
u + H (u)

)≡ h(u) =
∑
m≥2

(∑
hm̃u

m1
1 u

m2
2 · · ·umn0

n0

)
.

To end this section, we show several numerical examples and the corresponding
normal forms, obtained using the Maple programs, which can be found on “Springer
Extras” (by visiting extras.springer.com and searching for the book using its ISBN).

Example 2.4 First, let us consider a simple nonlinear oscillator, given by

ẋ = −y + x
[
1 − (x2 + y2)],

ẏ = x + y
[
1 − (x2 + y2)]. (2.38)

By using the polar coordinate transformations x = r cos θ and y = r sin θ , one can
transform (2.38) into

ṙ =r
(
1 − r2),

θ̇ =1.
(2.39)

Note: multiplying the r equation by 2r results in

dr2

dt
= 2rṙ = 2r2(1 − r2), (2.40)

which becomes the logistic equation if we let r2 = R > 0.
Solving the θ equation yields θ = t + θ0. The phase portrait in R2 is shown in

Fig. 2.4.
It is easy to show that the equilibrium point r = 0 (i.e., (x, y) = (0,0)) is unstable

and the solution r = 1, θ = t + θ0 approaches the unit circle, which is called a limit
cycle.

Note that (2.39) is the normal form of system (2.38), which is an exact result. In
fact, if we apply the Maple programs (which can be found on “Springer Extras” by
visiting extras.springer.com and searching for the book using its ISBN) to execute
system (2.38), we would obtain

ṙ = r + v1r
3 + v2r

5 + v3r
7 + · · · ,

θ̇ = 1 + τ1r
2 + τ2r

4 + τ3r
6 + · · · ,

http://extras.springer.com
extras.springer.com
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Fig. 2.4 The phase portrait
of system (2.38)

where v1 = −1, vi = 0, i = 2,3, . . . , and τi = 0, i = 1,2, . . . , agreeing with the
form (2.39).

Example 2.5 The first example is a simple two-dimensional system with a Hopf-
type singularity, described by

ẋ1 = x2 + x2
1 ,

ẋ2 = −x1 + x2
2 + x3

2 ,
(2.41)

whose Jacobian evaluated at the origin is in Jordan canonical form, with a purely
imaginary pair of eigenvalues: ±i. Executing the Maple program yields the normal
form given in polar coordinates as

ṙ = 3

8
r3 + 5

16
r4 + · · · ,

θ̇ = 1 − 1

3
r2 + 2023

6912
r4 + · · · ,

(2.42)

up to fifth order.

Example 2.6 The second example is an expansion of the above example, leading to
a five-dimensional system described by

ẋ1 = x2 + x2
1 − x1x3,

ẋ2 = −x1 + x2
2 + x1x4 + x3

2 ,

ẋ3 = −x3 + x2
1 ,

ẋ4 = −x4 + x5 + x2
1 ,

ẋ5 = −x4 − x5 + x2
2 .

(2.43)
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The Jacobian of the system is in Jordan canonical form, with eigenvalues ±i,−1,

−1 ± i, indicating that the system has a Hopf singularity at the equilibrium point
xi = 0. Executing the Maple program yields the normal form of the reduced system
in polar coordinates as

ṙ = 3

40
r3 − 14867

68000
r5 + · · · ,

θ̇ = 1 − 1

72
r2 + 5691403

14688000
r4 + · · · ,

(2.44)

up to fifth order. This example, as well as the one above, will be discussed again
when we study the perturbation method in Sect. 2.3.

Example 2.7 Consider the following six-dimensional system:

ẋ1 = −(x1 − x2 − x4)
2,

ẋ2 = x3 − (x1 − x2 + x5)
2,

ẋ3 = −x2 − (x2 − x3 + x4)
2,

ẋ4 = −x4 + (x1 − x5)
2,

ẋ5 = −x5 + x6 + (x1 − x4)
2,

ẋ6 = −x5 − x6 + (x2 + x5)
2.

(2.45)

The system has an equilibrium at the origin, and the eigenvalues of the Jacobian of
the system evaluated at the origin are 0,±i,−1,−1 ± i, implying that the dimen-
sion of the center manifold is 3. Executing our Maple programs gives the following
normal form up to fifth order:

ẏ = −y2 − 1

2
r2 + 2y3 − 2yr2 + 5y4 − 411

160
r4 + 33

8
y2r2 − 11

2
y5

+ 1013

40
y3r2 − 503

800
yr4 + · · · ,

ṙ = yr − 1

40
r3 + 1

2
y2r − 53

20
y3r + 83

50
yr3 − 75597

136000
r5

+ 759

100
y4r + 7423

1000
y2r3 + · · · ,

θ̇ = 1 − 67

40
r2 + 3

2
y2 + 33

10
y3 + 7

100
yr2 − 219

50
y4 − 9022679

816000
r4

+ 192391

6000
y2r2 + · · · .

(2.46)

The nonlinear transformation is not listed, but can be obtained from the computer
output.
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Example 2.8 The equations are described by

ẋ1 = x2 + x3
1 − x2

1x5 + x2
1x7,

ẋ2 = −x1 − 2x1x
2
3 ,

ẋ3 = √
2x4 + x2

1x3 − 4x3
5 ,

ẋ4 = −√
2x3,

ẋ5 = −x5 + (x1 − x5)
2,

ẋ6 = −x6 + x7 + (x1 − x4)
2,

ẋ7 = −x6 − x7 + (x2 − x6)
2.

(2.47)

The Jacobian of this system evaluated at the origin has two pairs of purely imagi-
nary eigenvalues: ±i and ±√

2i, and three noncritical eigenvalues: −1,−1 ± i. This
is an internal nonresonant case. The normal form up to fifth order given in polar
coordinates is

ṙ1 = 3

8
r3

1 + 157

1360
r5

1 − 9

40
r3

1 r2
2 + · · · ,

θ̇1 = 1 + 1

2
r2

2 − 5543

21760
r4

1 − 1

16
r4

2 − 3

80
r2

1 r2
2 + · · · ,

ṙ2 = 1

4
r2

1 r2 − 1

16
r2

1 r3
2 + · · · ,

θ̇2 = √
2 −

√
2

32
r4

1 + · · · .

(2.48)

It should be noted from the normal form (2.48) that the two equations describing the
amplitudes r1 and r2 are decoupled from the two equations describing the phases θ1

and θ2, as expected from the characteristics of nonresonance.

More examples can be found in [21].

2.2.2 A Double-Zero Eigenvalue

For a system with non-semisimple double-zero eigenvalues, Takens [194] and Bog-
danov [22] obtained the “form” of the normal forms and gave a very detailed bi-
furcation analysis. (That’s why this case is also called the Takens–Bogdanov zero
singularity.) Their results have been extended to the study of global bifurcations
and chaos. Baider and Sanders [13] gave a complete formal classification of such a
system, while Broer [23] presented a universal local bifurcation analysis for such a
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system. Yu and Huseyin [244], on the other hand, studied the static and dynamic bi-
furcations for this case, and obtained explicit formulas for the bifurcation solutions
and stability conditions. But the results are limited to first-order approximations.

It is well known that the two standard normal forms for a double-zero singularity
are given by (e.g., see [72])

ẋ = y +
k∑

j=2

ajx
j , ẏ =

k∑
j=2

bjx
j , (2.49)

and

ẋ = y, ẏ =
k∑

j=2

(
ajx

j + bjx
j−1y

)
, (2.50)

where the aj ’s and bj ’s are constant coefficients.
In the following, we apply Theorem 2.2 to derive the explicit formulas for the

normal forms and associated nonlinear transformations of a system characterized
by a non-semisimple double-zero eigenvalue.

In this case, n0 = 2 and the Jacobian, J , of (2.9) is now in the form

J =
[

J0 0
0 J1

]
=
⎡
⎣0 1 0

0 0 0
0 0 J1

⎤
⎦ , (2.51)

where J1 has eigenvalues with nonzero real parts, given in Jordan canonical form.
By using (2.25) and (2.26), one may assume the following forms:

C(u) =
∑
m≥2

Cm(u) =
∑
m≥2

m∑
j=0

Cj (m−j)u
j

1u
m−j

2 ,

�H (u) =
∑
m≥2

�Hm
(u) =

∑
m≥2

m∑
j=0

�H j (m−j)u
j

1u
m−j

2 ,

f̃ (u) =
∑
m≥2

f̃
m
(u) =

∑
m≥2

m∑
j=0

f̃ j (m−j)u
j

1u
m−j

2 ,

(2.52)

and thus, (2.24) can be written as

∑
m≥2

{
m−1∑
j=0

[
(j + 1)�H (j+1)(m−j−1) − J �H j (m−j)

]
u

j

1u
m−j

2 − J �Hm0u
m
1

}

=
∑
m≥2

m∑
j=0

[f̃ j (m−j) − �Cj (m−j)]uj

1u
m−j

2 . (2.53)
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Comparing the coefficients of the components u
j

1u
k−j

2 in (2.53) yields

(j + 1)�H (j+1)(m−j−1) − J �H j (m−j) = f̃ j (m−j) − �Cj (m−j),

j = 0,1, . . . ,m − 1, (2.54)

and

−J �Hm0 = f̃ m0 − �Cm0. (2.55)

Let
�H ij = ( �H1,ij , �H2,ij , �H3,ij , . . . , �Hn,ij )

T ,

f̃ ij = (f̃1,ij , f̃2,ij , f̃3,ij , . . . , f̃n,ij )
T ,

�Cij = (C1,ij ,C2,ij ,0, . . . ,0)T ,

(2.56)

then (2.55) can be written as

− �H2,m0 = f̃1,m0 − C1,m0,

0 = f̃2,m0 − C2,m0,
(2.57)

and

−λs
�Hs,m0 = f̃s,m0, s = 3,4, . . . , n. (2.58)

On the other hand, the following equations can be found from (2.54):

(j + 1) �H1,(j+1)(m−j−1) − �H2,j (m−j) = f̃1,j (m−j) − C1,j (m−j), (2.59)

(j + 1) �H2,(j+1)(m−j−1) = f̃2,j (m−j) − C2,j (m−j), (2.60)

and

(j + 1) �Hs,(j+1)(m−j−1) − λs
�H2,j (m−j) = f̃s,j (m−j), s = 3,4, . . . , n, (2.61)

where j = 1,2, . . . ,m − 1. Note that the coefficients associated with the Jaco-
bian J1, determined by (2.58) and (2.61) are decoupled (2.59) and (2.60), and thus
can be solved independently. Now, let us first find the coefficients associated with
the Jacobian J0, which are determined by (2.59) and (2.60). To achieve this, solving
(2.60) for �H2,(j+1)(m−j−1) and then replacing j by j − 1 for j ≥ 2 in the resulting
expression yields

�H2,j (m−j) = 1

j
[f̃2,(j−1)(m−j+1) − C2,(j−1)(m−j+1)]. (2.62)

Then, substituting (2.62) into (2.59) gives

�H1,(j+1)(m−j−1) = 1

j + 1

{
f̃1,j (m−j) − C1,j (m−j)

+ 1

j
[f̃2,(j−1)(m−j+1) − C2,(j−1)(m−j+1)]

}
, (2.63)
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where j = 2,3, . . . ,m. Setting j = m in (2.62) and j = m − 1 in (2.63) results in

�H2,m0 = 1

m
[f̃2,(m−1)1 − C2,(m−1)1], (2.64)

�H1,m0 = 1

m

{
f̃1,(m−1)1 − C1,(m−1)1 + 1

m − 1
[f̃2,(m−2)2 − C2,(m−2)2]

}
.

(2.65)

By using (2.64) to eliminate �H2,m0 from (2.57), one can rewrite (2.57) as

1

m
[f̃2,(m−1)1 − C2,(m−1)1] + f̃1,m0 − C1,m0 = 0,

f̃2,m0 − C2,m0 = 0.

(2.66)

Since no assumptions have been made in the above derivations, all coefficients C1,ij

and C2,ij , except those involved in (2.66), can be chosen arbitrarily. In order to find
as simple a normal form as possible, these coefficients may be chosen to equal zero.
On the other hand, the coefficients C1,m0, C2,(m−1)1 and C2,m0, which must satisfy
(2.66), cannot be chosen arbitrarily and may have to be kept in the resulting normal
form. Thus, the best choice of the values of these coefficients is one such that the
normal form is as simple as possible and (2.66) is also satisfied. Obviously, there
are two possible choices:

if C2,(m−1)1 = 0 then C1,m0 = 1
m

f̃2,(m−1)1 + f̃1,m0;
if C1,m0 = 0 then C2,(m−1)1 = f̃2,(m−1)1 + mf̃1,m0.

Combining these two choices for different order normal forms may result in in-
finitely many different normal forms. However, if these two choices are used con-
sistently for all orders of normal form, then one may have the following two different
normal forms.

Theorem 2.9 The normal form of the double-zero singularity up to an arbitrary
order k is given by

u̇1 = u2 +
k∑

m=2

C1,m0u
m
1 ,

u̇2 =
k∑

m=2

C2,m0u
m
1 ,

(2.67)

or

u̇1 = u2,

u̇2 =
k∑

m=2

(
C2,(m−1)1u

m−1
1 u2 + C2,m0u

m
1

)
.

(2.68)
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The normal form coefficients C2,(m−1)1 and C2,m0 for the form (2.68) are then given
by

C2,(m−1)1 = f̃2,(m−1)1 + mf̃1,m0,

C2,m0 = f̃2,m0.
(2.69)

The above two forms, (2.67) and (2.68), are the same as those given by (2.49)
and (2.50), respectively. Usually, the second form, (2.68), is chosen for bifurcation
analysis. Moreover, the coefficients of the corresponding nonlinear transformation
are determined as

�H2,(j+1)(m−j−1) = 1

j + 1
[f̃2,j (m−j) − C2,j (m−j)],

j = 0,1, . . . ,m − 1,

�H1,(j+1)(m−j−1) = 1

j + 1

[
f̃1,j (m−j) + 1

j
f̃2,(j−1)(m−j+1)

]
,

j = 1,2, . . . ,m − 1,

�H2,m0 = −f̃1,m0.

(2.70)

Here, one may observe from (2.70) that the three coefficients �H1,1(m−1), �H1,0m

and �H2,0m are not defined in these equations. In addition, since �H1,0m does not
appear in any of these equations, it can be chosen arbitrarily. The other two co-
efficients, �H1,1(m−1) and �H2,0m, must satisfy an equation obtained from (2.54) by
setting j = 0, i.e.,

�H1,1(m−1) − �H2,0m = f̃1,0m, (2.71)

which indicates that these two coefficients are not independent. Thus, one of them
can be chosen arbitrarily and the other is then determined. To make the normal form
definite, we adopt the following choices:

�H1,0m = 0,

�H2,0m = 0,

�H1,1(m−1) = f̃1,0m.

(2.72)

Finally, the coefficients of the nonlinear transformation associated with the Jaco-
bian J1 can be uniquely determined as follows. First, from (2.58), one can find

�Hs,m0 = − 1

λs

f̃s,m0, s = 3,4, . . . , n. (2.73)

Then, an iteration equation can be derived from (2.61) as
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�Hs,j (m−j) = − 1

λs

(
f̃s,j (m−j) − (j + 1) �Hs,(j+1)(m−j−1)

)
(2.74)

for j = 1,2, . . . , (m − 1) and s = 3,4, . . . , n.
Therefore, the normal form and the associated nonlinear transformation are

uniquely determined. A symbolic computation software package has been devel-
oped for (non-semisimple) double-zero and triple-zero singularities [20]. An exam-
ple of the application of a double-zero singularity is shown in Sect. 5.2.2.

2.2.3 1:1 Resonant Hopf Bifurcation

Hopf and generalized Hopf bifurcations have been extensively studied by many re-
searchers (e.g., see [47, 54, 55, 63, 72, 102, 166, 218]), and are associated with a
pair of purely imaginary eigenvalues at an equilibrium. If the Jacobian of a sys-
tem evaluated at a critical point involves two pairs of purely imaginary eigenvalues,
the so-called “double-Hopf bifurcation” may occur. Such bifurcations may exhibit
more complicated and interesting dynamic behavior such as quasiperiodic motions
on tori, and chaos (e.g., see [21, 72, 102, 166, 221, 223, 226, 231]). A bifurcation is
called nonresonant if the ratio of the two eigenvalues is not a rational number, other-
wise it is called resonant. The most important resonance is the 1:1 non-semisimple
case, which is also usually called 1:1 double-Hopf bifurcation. In this subsection,
the method developed above is applied to consider the 1:1 non-semisimple case
for general n-dimensional systems which are not necessarily described on a four-
dimensional center manifold.

For this case, J = diag[J0 J1], and both J0 and J1 are assumed to be in Jordan
canonical form. In particular, J0 has eigenvalues ±iω. Without loss of generality,
we may assume ω = 1, and thus J0 is given in the form

J0 =

⎡
⎢⎢⎣

i 1 0 0
0 i 0 0
0 0 −i 1
0 0 0 −i

⎤
⎥⎥⎦ . (2.75)

It should be noted that the third and fourth equations of (2.9) are the complex conju-
gates of the first and second equations, respectively, and thus x3 = x̄1 and x4 = x̄2,
where the bar denotes complex conjugate. J1, on the other hand, is assumed to have
eigenvalues with nonzero real parts. One may assume that J1 is given in the follow-
ing general block form:

J1 =

⎡
⎢⎢⎢⎣

J15 0 · · · 0
0 J16 · · · 0
...

...
. . .

...

0 0 · · · J1i

⎤
⎥⎥⎥⎦ , (2.76)
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where

J1j =

⎡
⎢⎢⎢⎢⎢⎣

λj s · · · 0 0
0 λj · · · 0 0
...

...
. . .

...
...

0 0 · · · λj s

0 0 · · · 0 λj

⎤
⎥⎥⎥⎥⎥⎦

, (2.77)

for j = 5,6, . . . , i. Note that the dimension of J1 is (n−4)× (n−4). Also note that
the “s” given in (2.77), on the shoulder of the λj ’s, only takes the value of either 1
or 0. This indicates that both J0 and J1 are non-semisimple.

Now, (2.23) or (2.24) can be rewritten as

∑
m

( [λ0I − J0]Hm1m2m3m4[λ0I − J1]hm1m2m3m4

)
u

m1
1 u

m2
2 u

m3
3 u

m4
4

+
∑
m

m1

(
Hm1m2m3m4

hm1m2m3m4

)
u

m1−1
1 u

m2+1
2 u

m3
3 u

m4
4

+
∑
m

m3

(
Hm1m2m3m4

hm1m2m3m4

)
u

m1
1 u

m2
2 u

m3−1
3 u

m4+1
4

=
∑
m

(
f̃ 1m1m2m3m4

− Cm1m2m3m4

f̃ 2m1m2m3m4

)
u

m1
1 u

m2
2 u

m3
3 u

m4
4 (2.78)

where

λ0 = (m1 + m2 − m3 − m4)i and m1 + m2 + m3 + m4 = m. (2.79)

Equation (2.78) can be used for solving for the coefficients Cm, Hm and hm,
order by order, starting from m = 2, for all possible choices such that m1 +
m2 + m3 + m4 = m. Here, f̃ 1m and f̃ 2m denote the mth-order coefficients of
f 1(u + H (u),h(u)) − DH (u)C(u) and f 2(u + H (u),h(u)) − Dh(u)C(u), re-
spectively. In the following we shall present a procedure for solving (2.78).

Firstly, it is noted from (2.23) that the mth-order coefficients f̃ 1m and f̃ 2m con-
tain C , H and h coefficients whose orders are less than m. Therefore, for computing
the mth-order coefficients, we only need to consider the terms on the left-hand side
of (2.78) and the Cm term on the right-hand side. Secondly, since λ0 only contains
the eigenvalues of J0 (with zero real parts) and all eigenvalues of J1 have nonzero
real parts, [λ0I − J1] cannot equal zero in any of its components. This suggests
that hm can be uniquely determined from (2.78). However, note that the second and
third terms on the left-hand side of (2.78) do not have the same index as other terms.
Thus, the solution procedure is not as simple as the semisimple case [226]. Making
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the index consistent in (2.78) yields

[λ0I − J0]Hm1m2m3m4 + (m1 + 1)H (m1+1)(m2−1)m3m4

+ (m3 + 1)Hm1m2(m3+1)(m4−1)

= f̃ 1m1m2m3m4
− Cm1m2m3m4 (2.80)

and

[λ0I − J1]hm1m2m3m4 + (m1 + 1)h(m1+1)(m2−1)m3m4

+ (m3 + 1)hm1m2(m3+1)(m4−1)

= f̃ 2m1m2m3m4
. (2.81)

Note that (2.81) does not contain the normal form coefficients Cm1m2m3m4 . In
addition, it is easy to show that the matrix [λ0I − J1] is nonsingular. Therefore, one
can uniquely determine hm1m2m3m4 from (2.81) by using the following recursive
formulas, where m1 + m2 + m3 + m4 = m,mi ≥ 0, i = 1,2,3,4. For convenience,
let k1 = m1 + m2, k2 = m3 + m4 and so k1 + k2 = m.

(1) For m2 = m4 = 0:

hk10k20 = [λ0I − J1]−1f̃ 2k10k20. (2.82)

(2) For m4 = 0, m2 = 1,2, . . . , k1:

h(k1−m2)m2k20

= [λ0I − J1]−1(f̃ 2(k1−m2)m2k20 − (k1 − m2 + 1)h(k1−m2+1)(m2−1)k20
)
.

(2.83)

(3) For 1 ≤ m4 ≤ k2, m2 = 0,1,2, . . . , k1:

hk10(k2−m4)m4

= [λ0I − J1]−1(f̃ 2k10(k2−m4)m4
− (k2 − m4 + 1)hk10(k2−m4+1)(m4−1)

)
(2.84)

when m2 = 0, and

h(k1−m2)m2(k2−m4)m4 = [λ0I − J1]−1(f̃ 2(k1−m2)m2(k2−m4)m4

− (k1 − m2 + 1)h(k1−m2+1)(m2−1)(k2−m4)m4

− (k2 − m4 + 1)h(k1−m2)m2(k2−m4+1)(m4−1)

)
(2.85)

when m2 = 1,2, . . . , k1.
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Now, we solve (2.80) for Hm1m2m3m4 and Cm1m2m3m4 . Since we want to choose the
normal form as simply as possible, we may set all the coefficients Cm1m2m3m4 to
zero if the matrix [λ0I − J0] is nonsingular, and then the coefficients Hm1m2m3m4

are uniquely determined from (2.80). However, the matrix [λ0I − J0] can be sin-
gular, giving rise to the so-called resonant terms which have to be retained in
the normal form. Because the third and fourth equations of (2.7) are the com-
plex conjugates of the first and second equations, respectively, thus the third and
fourth components of Hm and Cm are, respectively, the complex conjugates of the
first and second components of Hm and Cm. Therefore, we only need to consider
the first two equations of (2.80) to solve H ∗

m = (H1m1m2m3m4,H2m1m2m3m4)
T and

C∗
m = (C1m1m2m3m4,C2m1m2m3m4)

T .
Since

[λ0I − J0] =

⎡
⎢⎢⎣

λ0i 1 0 0
0 λ0i 0 0
0 0 −λ0i 1
0 0 −λ0i

⎤
⎥⎥⎦ , (2.86)

where λ0 = k1 − k2 − 1, there exist two cases: (i) k1 − k2 �= 1 (i.e., λ0 �= 0) which
is called the nonresonant case; and (ii) k1 − k2 = 1 (i.e., λ0 = 0) called the resonant
case.

(A) Nonresonant Case: m1 + m2 �= m3 + m4 + 1 For the nonresonant case,
k1 − k2 �= 1, i.e., m1 + m2 �= m3 + m4 + 1, we may set all C∗

m1m2m3m4
= 0, and

then similarly determine H ∗
m1m2m3m4

from (2.80). The detailed steps for solving for
H ∗

m1m2m3m4
are given below.

(1) For m2 = m4 = 0:

H ∗
k10k20 = [λ0I − J0]−1f̃

∗
1k10k20. (2.87)

(2) For m4 = 0, m2 = 1,2, . . . , k1:

H ∗
(k1−m2)m2k20 = [λ0I − J0]−1(f̃ ∗

1(k1−m2)m2k20 − (k1 − m2 + 1)

× H ∗
(k1−m2+1)(m2−1)k20

)
. (2.88)

(3) For 1 ≤ m4 ≤ k2, m2 = 0,1,2, . . . , k1:

H ∗
k10(k2−m4)m4

= [λ0I − J0]−1(f̃ ∗
1k10(k2−m4)m4

− (k2 − m4 + 1)

× H ∗
k10(k2−m4+1)(m4−1)

)
(2.89)

when m2 = 0, and

H ∗
(k1−m2)m2(k2−m4)m4

= [λ0I − J0]−1(f̃ ∗
1(k1−m2)m2(k2−m4)m4

− (k1 − m2 + 1)H ∗
(k1−m2+1)(m2−1)(k2−m4)m4

− (k2 − m4 + 1)H ∗
(k1−m2)m2(k2−m4+1)(m4−1)

)
(2.90)

when m2 = 1,2, . . . , k1.
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(B) Resonant Case: m1 + m2 = m3 + m4 + 1 When m1 + m2 = m3 + m4 + 1
or k1 = k2 + 1, the matrix [λ0I − J0] is singular and we may not be able to set
all C∗

m1m2m3m4
to zero. These nonzero C∗

m terms consist of the normal form. From

k1 + k2 = m and k1 − k2 = 1, we obtain k1 = 1
2 (m + 1) and k2 = 1

2 (m − 1). Since
both k1 and k2 are non-negative integers, m must be a positive odd integer. Let
m = 2k + 1, then k1 = k + 1 and k2 = k for k = 1,2, . . . . Thus, (2.80) becomes

(k + 2 − m2)H 1(k+2−m2)(m2−1)(k−m4)m4 − H 2(k+1−m2)m2(k−m4)m4

= f̃ 11(k+1−m2)m2(k−m4)m4
− C1(k+1−m2)m2(k−m4)m4

− (k + 1 − m4)H 1(k+1−m2)m2(k+1−m4)(m4−1), (2.91)

and

(k + 2 − m2)H 2(k+2−m2)(m2−1)(k−m4)m4

= f̃ 12(k+1−m2)m2(k−m4)m4
− C2(k+1−m2)m2(k−m4)m4

− (k + 1 − m4)H 2(k+1−m2)m2(k+1−m4)(m4−1). (2.92)

It seems that we may similarly find recursive formulas from (2.91) and (2.92). How-
ever, the procedure is actually not as straightforward as the nonresonant case since
one has to determine which components of C∗

m should be retained.
Nevertheless, we can still follow a procedure similar to that used for the nonres-

onant case to obtain the following results.

(1) m4 = 0, m2 = 0,1, . . . , k + 1:

(k + 2 − m2)H 1(k+2−m2)(m2−1)k0 − H 2(k+1−m2)m2k0

= f̃ 11(k+1−m2)m2k0 − C1(k+1−m2)m2k0, (2.93)

(k + 2 − m2)H 2(k+2−m2)(m2−1)k0

= f̃ 12(k+1−m2)m2k0 − C2(k+1−m2)m2k0, (2.94)

when m2 = 1,2, . . . , k + 1; and

−H 2(k+1)0k0 = f̃ 11(k+1)0k0 − C1(k+1)0k0, (2.95)

0 = f̃ 12(k+1)0k0 − C2(k+1)0k0, (2.96)

when m2 = 0.
It follows from (2.96) that

C2(k+1)0k0 = f̃ 12(k+1)0k0. (2.97)

Then, a careful consideration of (2.93)–(2.96) shows that the following three
equations:

(k + 1)H 2(k+1)0k0 = f̃ 12k1k0 − C2k1k0, (2.98)
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−H 2(k+1)0k0 = f̃ 11(k+1)0k0 − C1(k+1)0k0, (2.99)

H 11kk0 − H 20(k+1)k0 = f̃ 110(k+1)k0 − C10(k+1)k0, (2.100)

are unsolved, while the other equations are used to obtain

C1(k+1−m2)m2k0 = 0 for m2 = 1,2, . . . , k,

C2(k+1−m2)m2k0 = 0 for m2 = 2,3, . . . , k + 1,
(2.101)

and

H 2(k+2−m2)(m2−1)k0 = 1

k + 2 − m2
f̃ 12(k+1−m2)m2k0 (2.102)

for m2 = 2,3, . . . , k + 1; and then

H 1(k+2−m2)(m2−1)k0

= 1

k + 2 − m2
[f̃ 11(k+1−m2)m2k0 + H 2(k+1−m2)m2k0], (2.103)

for m2 = 1,2, . . . , k.
Next, we shall consider (2.98)–(2.100) and determine how to choose the Cm

coefficients which must be used to solve these equations. First note that (2.100)
is decoupled from (2.98) and (2.99), so we may set C10(k+1)k0 to zero and then
use either H 11kk0 or H 20(k+1)k0 to solve the equation. Hence, we obtain

H 11kk0 = f̃ 110(k+1)k0,

C10(k+1)k0 = H 20(k+1)k0 = 0.
(2.104)

Equations (2.98) and (2.99) can eliminate only one of C1(k+1)0k0 and C2k1k0,
however, since there is only one Hm coefficient involved in these two equations
(i.e., H 2(k+1)0k0). Further, note that H 10(k+1)k0 does not appear in (2.93)–(2.96)
and can thus be set to zero. In summary, for m4 = 0, we have two choices:
(i) C1(k+1)0k0 �= 0,C2k1k0 = 0;

(ii) C1(k+1)0k0 = 0,C2k1k0 �= 0.
The other components of C∗

m and H ∗
m are

C1(k+1−m2)m2k0 = 0 for m2 = 1,2, . . . , k,

C2(k+1−m2)m2k0 = 0 for m2 = 2,3, . . . , k + 1,

C2(k+1)0k0 �= 0 (see (2.97)),

H 1(k+2−m2)(m2−1)k0 �= 0 for m2 = 1,2, . . . , k + 1,

H 2(k+2−m2)(m2−1)k0 �= 0 for m2 = 1,2, . . . , k + 1

(see (2.98), (2.99), (2.103) and (2.104)),

H 10(k+1)k0 = H 20(k+1)k0 = 0.
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(2) When 1 ≤ m4 ≤ k, we have similar formulas to 0 ≤ m2 ≤ k + 1 (like those for
case m4 = 0). The detailed formulations are omitted here but the results are
listed below. There are two choices:
(i) C1(k+1)0(k−m4)m4 �= 0,C2k1(k−m4)m4 = 0;

(ii) C1(k+1)0(k−m4)m4 = 0,C2k1(k−m4)m4 �= 0.
The other components of C∗

m and H ∗
m are

C1(k+1−m2)m2(k−m4)m4 = 0 for m2 = 1,2, . . . , k,

C2(k+1−m2)m2(k−m4)m4 = 0 for m2 = 2,3, . . . , k + 1,

C2(k+1)0(k−m4)m4 �= 0,

H 1(k+2−m2)(m2−1)(k−m4)m4 �= 0 for m2 = 1,2, . . . , k + 1,

H 2(k+2−m2)(m2−1)(k−m4)m4 �= 0 for m2 = 1,2, . . . , k + 1,

H 10(k+1)(k−m4)m4 = H 20(k+1)(k−m4)m4 = 0.

Summarizing the above results yields the following theorem.

Theorem 2.10 The two normal forms associated with non-semisimple 1:1 Hopf
bifurcation are

u̇1 = iu1 + u2 +
∑
k≥1

k∑
j=0

C1(k+1)0(k−j)j u
k+1
1 ū

k−j

1 ū
j

2,

u̇2 = iu2 +
∑
k≥1

k∑
j=0

C2(k+1)0(k−j)j u
k+1
1 ū

k−j

1 ū
j

2,

(2.105)

and

u̇1 = iu1 + u2,

u̇2 = iu2 +
∑
k≥1

k∑
j=0

C2(k+1)0(k−j)j u
k+1
1 ū

k−j

1 ū
j

2 (2.106)

+
∑
k≥1

k∑
j=0

C2k1(k−j)j u
k
1u2ū

k−j

1 ū
j

2.

The form (2.106) is usually used in applications since its first equation has only
two terms, which greatly simplifies finding equilibrium solutions.

To end this section, we give an example to illustrate the application of Theo-
rem 2.10. The results are obtained directly by executing a Maple program, devel-
oped on the basis of Theorem 2.10.

Example 2.11 A nonlinear electrical circuit, shown in Fig. 2.5, consists of a DC
source E, two capacitors C1,C2, two inductors L1,L2, a resistor R, and a conduc-
tance. L1 and C1 are connected in parallel, while L2,C2 and R are in series. All five
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Fig. 2.5 A nonlinear
electrical circuit

elements, L1,L2,C1,C2 and R are assumed to be linear time-invariant elements,
but C1 and R may be varied as control parameters. The conductance, however, is a
nonlinear element with the characteristics

IG = −αVG + βV 3
G, α > 0, β > 0, (2.107)

where IG and VG represent the current and voltage of the conductance, respectively.
The two parameters α and β may also be considered as control parameters.

The voltages across the capacitors and the currents in the inductors are chosen
as the state variables (as shown in Fig. 2.5), leading to the equations of the circuit,
given by

ż1 = 1

C1

(
αz1 + z2 − z4 − βz3

1

)
,

ż2 = − 1

L1
z1,

ż3 = 1

C2
z4,

ż4 = 1

L2
(E + z1 − z3 − Rz4),

(2.108)

where z1, z2, z3 and z4 denote the state variables VC1 , IL1 , VC2 and IL2 , respec-
tively. It is clear that (z1, z2, z3, z4) = (0,0,E,0) is the unique equilibrium of
the system. Let all the parameters C1,C2,L1,L2,R,E,α and β equal one unit,
then the Jacobian of system (2.108) evaluated at the equilibrium has eigenvalues
λ1,2 = λ3,4 = ±i, indicating a double-Hopf bifurcation. Applying the linear trans-
formation, given by

⎛
⎜⎜⎝

z1
z2
z3
z4

⎞
⎟⎟⎠=

⎛
⎜⎜⎝

0
0
1
0

⎞
⎟⎟⎠+

⎡
⎢⎢⎣

2 0 4 1
0 −2 −1 −4
0 2 1 0
2 0 0 1

⎤
⎥⎥⎦

⎛
⎜⎜⎝

x1
x2
x3
x4

⎞
⎟⎟⎠ (2.109)
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to (2.108) results in

ẋ1 = −x2 + x3,

ẋ2 = x1 + x4 + 1

8
(2x1 + 4x3 + x4)

3,

ẋ3 = −x4 − 1

4
(2x1 + 4x3 + x4)

3,

ẋ4 = x3.

(2.110)

Executing the Maple program gives the following complex normal form up to
third-order terms:

u̇1 = iu1 + u2,

u̇2 = iu2 − 3

4
u2

1ū1 − 3

2
u2

1ū2 −
(

3 − 3

2
i

)
u1u2ū1 (2.111)

−
(

3

2
+ 3i

)
u1u2ū2 + · · · ,

which can be transformed to real form by using the polar coordinates, u1 =
R1e

iθ1, u2 = R2e
iθ2 , as follows:

Ṙ1 = R2 cosφ, (2.112)

Ṙ2 = −3

4
R3

1 cosφ − 3R2
1R2

− 3

2
R2

1R2 cos 2φ − 3

2
R1R

2
2 cosφ + 3R1R

2
2 sinφ, (2.113)

φ̇ = −R2

R1
sinφ − 3

2
R2

1 + 3R2R1 cosφ + 3

2
R2R1 sinφ

+ 3

2
R2

1 sin 2φ + 3R3
1

4R2
sinφ, (2.114)

where φ = θ1 − θ2 is the phase difference of motion.
Usually, there exist periodic solutions bifurcating from a 1:1 double-Hopf bifur-

cation, and they can be determined by the steady-state solution of (2.114).
Letting Ṙ1 = Ṙ2 = φ̇ = 0 yields nonzero steady-state solutions (periodic solu-

tions). It follows from (2.112) that

φ = φ+ = 1

2
π or φ = φ− = 3

2
π, (2.115)

where the subscripts ± indicate that sinφ± = ±1. Substituting φ = φ± into (2.113)
and (2.115) yields two sets of polynomial equations:
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−3

2
R2

1R2 ± 3R1R
2
2 = 0, (2.116)

1

4R1R2

(∓4R2
2 − 6R3

1R2 ± 6R2
1R2

2 ± 3R4
1

) = 0. (2.117)

It is easy to see from (2.116) that there is no nonzero solution for (R1,R2) when φ =
φ+ = 1

2π . When φ = φ− = 3
2π , the only nonzero solution (phase-locked solution)

is

(R1,R2, φ) =
(

2√
6
,

1√
6
,

3

2
π

)
. (2.118)

To find the stability of this periodic solution, evaluating the Jacobian of (2.112)–
(2.114), given by

J =
⎡
⎢⎣

0 0 −R2

−3R1R2 + 3R2
2 − 3

2R2
1 + 6R1R2

3
2R1R

2
2 + 3

4R3
1

−3R1 + 3
2R2 + R2

R2
1

+ 9R2
1

4R2
− 1

R1
+ 3

2R1 − 3R3
1

4R2
2

−3R1R2 − 3R2
1

⎤
⎥⎦

(2.119)
at the solution (2.118) yields

J =

⎡
⎢⎢⎣

0 0 − 1√
6

− 1
2 1 3

2
√

6√
6 −√

6 −3

⎤
⎥⎥⎦ .

The three eigenvalues of the above Jacobian matrix are

−2.1245702691, −0.4268172555, 0.5513875246,

implying that this periodic solution is unstable. So we expect that a trajectory start-
ing from a nonzero initial point would converge to the equilibrium point, with a very
slow convergence speed, particularly in the neighborhood of the equilibrium point,
since at the critical value α = 1 (μ = 0), the equilibrium point is an elementary
center. Numerical simulation results for this case are depicted in Fig. 2.6.

Now we consider adding unfolding to (2.111). For example, let

α = αc + μ = 1 + μ, (2.120)

where μ is a bifurcation parameter, then (2.110) becomes

ẋ1 = −x2 + x3,

ẋ2 = x1 + x4 − 1

8
(2x1 + 4x3 + x4)μ + 1

8
(2x1 + 4x3 + x4)

3,

ẋ3 = −x4 + 1

4
(2x1 + 4x3 + x4)μ − 1

4
(2x1 + 4x3 + x4)

3,

ẋ4 = x3.

(2.121)
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Fig. 2.6 Simulation result of system (2.108) with initial condition (z1, z2, z3, z4) =
(2.0,−1.0,0.5,1.0) for μ = 0 (α = 1.0), converging to the equilibrium point (z1, z2, z3, z4) =
(0,0,1,0)

The corresponding real normal form is given by (2.112)–(2.114) but now the second
equation Ṙ2 needs to add an unfolding term 1

2μ. Hence the Jacobian matrix given
by (2.119) is not changed.

Similarly, substituting φ = φ± into (2.113) and (2.115) yields two sets of poly-
nomial equations:

1

2
μ − 3

2
R2

1R2 ± 3R1R
2
2 = 0,

1

4R1R2

(∓4R2
2 − 6R3

1R2 ± 6R2
1R2

2 ± 3R4
1

)= 0,

from which eliminating R2 results in

R2 = 1

3R2
1(3R2

1 + 2)

(±9R5
1 − 3μR2

1 + 2μ
)
, (2.122)

and a resultant,

F1 = 81R10
1 − 54R8

1 ∓ 54μR7
1 ± 108μR5

1 + 18μ2R4
1 − 24μ2R2

1 + 8μ2. (2.123)

It is easy to observe from (2.123) that if for φ = φ+ = 1
2π , F1 has a solution R∗

1 , then
−R∗

1 must be a solution for φ = φ− = 3
2π . But it is clear from (2.122) that R2 does

not change sign for these two cases. It has been shown that for μ < 0.063364025,
both sets (φ = φ+ = 1

2π and φ = φ− = 3
2π ) have two positive solutions, and one of

them is stable; while for μ > 0.063364025, only the second set (i.e., for φ = φ− =
3
2π ) has one positive solution which is stable.

In the following, we take three values of μ = −0.1,0.05,0.2 to demonstrate the
above predictions. For μ = −0.1, it is easy to show that the equilibrium solution
R1 = R2 = 0 (i.e., (z1, z2, z3, z4) = (0,0,1,0)) is stable. There exists one positive
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Fig. 2.7 Simulation result of system (2.108) with initial condition (z1, z2, z3, z4) =
(2.0,−1.0,0.5,1.0) for μ = −0.1 (α = 0.9), converging to the equilibrium point (z1, z2, z3, z4) =
(0,0,1,0)

Fig. 2.8 Simulation result of system (2.108) with initial condition (z1, z2, z3, z4) =
(2.0,−1.0,0.5,1.0) for μ = 0.05 (α = 1.05), converging to a larger limit cycle from outside

solution:

(R1,R2, φ) =
(

0.8851664606,0.4816736981,
1

2
π

)
,

for which the three eigenvalues of the Jacobian are

−0.3452769287, −2.8895657071, 0.9880883600,

indicating that the periodic solution is unstable, as expected, and so all trajecto-
ries around the equilibrium point converge to the equilibrium; this is depicted in
Fig. 2.7. Note that due to the unfolding parameter μ < 0, the convergence is very
fast compared with that shown in Fig. 2.6.

For μ = 0.05 and μ = 0.2, we list the results in Table 2.1, where the solutions and
their stability based on the eigenvalues of the Jacobian are given. The corresponding
simulation results are shown in Figs. 2.8–2.10.



2.2 Computation of Normal Forms 37

Table 2.1 Bifurcation of periodic solutions (PS) for 1:1 resonant case

μ PS (R1,R2, φ) Eigenvalues of the Jacobian Stability

0.05 (0.538140,0.185664, π
2 ) −0.459453 ± 0.826837i,−0.084528 Stable

(0.739432,0.336194, π
2 ) −0.808474,−1.105175,0.199009 Unstable

(0.297963,0.108584, 3π
2 ) −0.062462 ± 0.753452i,−0.371659 Stable

0.20 (0.386313,0.212635, 3π
2 ) −0.071537 ± 1.089584i − 0.774928 Stable

Fig. 2.9 Simulation result of system (2.108) with initial condition (z1, z2, z3, z4) =
(0.05,−0.1,1.1,0.05) for μ = 0.05 (α = 1.05), converging to a smaller limit cycle from inside

Fig. 2.10 Simulation result of system (2.108) with initial conditions (z1, z2, z3, z4) =
(2.0,1.0,1.5,1.0) and (0.05,−0.02,1.02,0.02) for μ = 0.2 (α = 1.2), converging to a limit cycle

Remark 2.12 It can be seen from Figs. 2.8 and 2.9 that when μ = 0.05, there ex-
ist two different stable limit cycles. Therefore, depending upon the initial condi-
tions, the trajectories may converge to different limit cycles (see the convergence in
Fig. 2.8 from outside while in Fig. 2.9 it is from inside). The result for μ = 0.2 is
given in Fig. 2.10 showing that trajectories starting from different initial conditions
converge to a unique limit cycle.
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2.3 A Perturbation Method Based on Multiple Timescales

In this section, we present a perturbation technique which combines the method of
multiple timescales (MTS) or simply multiple scales (MS) [166, 168] and harmonic
balancing [102] to study nonlinear vibration and bifurcation problems. Huseyin and
Lin [103] used this approach to obtain the explicit formulas for simplified differ-
ential equations (which are actually normal forms) up to first-order approximation.
Later, this method was extended to compute the normal forms of Hopf and gener-
alized Hopf bifurcations up to an arbitrary order [218]. This method does not need
the application of center manifold theory and can be directly applied to general n-
dimensional systems. Moreover, user-friendly symbolic programs written in Maple
were developed [218], which can be executed “automatically” on a computer sys-
tem. The crucial part in the computation of normal forms using a computer algebra
system is the memory problem. A computer may quickly run out of memory if an
inefficient computational approach is used. For example, it is difficult to obtain a
fifth-order normal form for a three-dimensional system using a matrix approach,
even with a fast computer. Therefore, developing efficient methodologies for com-
puting normal forms is necessary.

Another difficulty in the application of normal forms is that many end users may
not be familiar with normal form theory and may not be good at coding symbolic
programs. However they do want to apply a method or a program to study their
own specific problems which usually have large dimension. Therefore, not only the
computational efficiency of a method, but also the ease of use of the method needs to
be considered. A perturbation method [218] was developed to provide “automatic”
symbolic programs for computing the normal forms of Hopf and generalized Hopf
bifurcations. Later, this method was extended to consider double-Hopf bifurcations
[221, 223] and Hopf-zero singularities [226]. The Maple programs developed in
these papers only require a user to prepare a very straightforward input file.

By comparison with existing results, the MTS method is believed to yield correct
normal forms (e.g., see [218]); however, no rigorous mathematical proof was given
for a long time. The first proof, to the best of our knowledge, was given in [254],
showing that the normal form obtained using the MTS method is indeed equivalent
to that derived by Poincaré normal form theory—both are based on the concept of
resonant terms.

2.3.1 Basic Idea of the MTS

In order to show the basic idea of using the perturbation technique based on the
MTS method to find the normal form of differential equations, we first consider a
simple, well-known example—van der Pol’s equation (1.1)—before dealing with
general n-dimensional systems. We rewrite van der Pol’s equation here as

ẍ + x + ε
(
x2 − 1

)
ẋ = 0, (2.124)
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where ε is a small, non-negative, real number (i.e., 0 ≤ ε � 1). These kinds of sys-
tem are called weakly nonlinear systems and perturbation methods can be applied
to find approximate periodic solutions.

Van der Pol’s equation (2.124) has been studied by many researchers. Recently,
this equation was re-investigated by using, in addition to the regular (direct) per-
turbation method, four frequently-used perturbation approaches: the Lindstedt–
Poincaré procedure, time averaging, multiple timescales and intrinsic harmonic bal-
ancing [260]. It has been shown that the regular perturbation method yields an un-
bounded solution which contains secular terms. The Lindstedt–Poincaré procedure
cannot be used for stability analysis though it produces the same accurate approxi-
mation as that obtained using the MTS and intrinsic harmonic balancing approaches.
The first-order time-averaging method has the simplest solution procedure and can
be used for stability analysis, but its solution is less accurate. The intrinsic harmonic
balancing technique, unlike the other three perturbation methods, does not require
the solution of differential equations. However, this approach needs the “normal
form” (governing equations) to be constructed for stability analysis, which is usu-
ally not straightforward, in particular, for highly codimensional systems. Moreover,
the “normal form” obtained using the intrinsic harmonic balancing is only valid up
to the leading-order term. Therefore, this approach is not suitable for finding higher-
order normal forms.

The MTS method can be used to find not only the approximate solutions but also
the normal forms. More importantly, its procedure for finding higher-order normal
forms is systematic, and its formulas can be easily implemented using computer
algebra systems. It has been shown [260] that the MTS method is the best approach,
among the four perturbation methods mentioned above, for the study of nonlinear
oscillating systems, in particular, for computing the normal forms.

To apply the MTS method, one begins by introducing the new independent vari-
ables,

Tk = εkt, k = 0,1,2, . . . . (2.125)

It follows that the derivatives with respect to t become expansions in terms of the
partial derivatives with respect to Tn according to

d

dt
= dT0

dt

∂

∂T0
+ dT1

dt

∂

∂T1
+ dT2

dt

∂

∂T2
+ · · ·

≡ D0 + εD1 + ε2D2 + · · · ,

d2

dt2
= D2

0 + 2εD0D1 + ε2(D2
1 + 2D0D2

)+ · · · ,

(2.126)

etc.,

where Di, i = 1,2, . . . , denotes the differentiation operator ∂
∂Ti

.
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Next, assume that the solution of van der Pol’s equation (2.124) is represented
by an expansion in the form of

x(t; ε) = x0(T0, T1, T2, . . .) + εx1(T0, T1, T2, . . .)

+ ε2x2(T0, T1, T2, . . .) + · · · . (2.127)

Note that the number of independent timescales used in the solution depends upon
the order to which the expansion is carried out. For example, if the expansion is
expanded to O(ε2), then T0, T1 and T2 are needed. In general, if we want to find the
approximate solution up to order O(εn), then the scaled times T0, T1, . . . , Tn should
be used. It should be pointed out that the same ε is used in both time and space
scales. In other words, we treat the scaling of the motion of the system uniformly
for time and space.

Applying formulas (2.126) and (2.127) to system (2.124) and balancing like pow-
ers of ε results in the following ordered perturbation equations:

ε0 : D2
0x0 + x0 = 0, (2.128)

ε1 : D2
0x1 + x1 = −2D1D0x0 − (x2

0 − 1
)
D0x0, (2.129)

etc.

The solution of the ε0-order equation (2.128) can be expressed as

x0 = a(T1, T2, . . .) cos
[
T0 + φ(T1, T2, . . .)

]≡ a cos(θ). (2.130)

Then substitute this solution into the ε1-order equation (2.129) to obtain

D2
0x1 + x1 =

[
2D1a − a

(
1 − 1

4
a2
)]

sin(T0 + φ)

+ 2aD1φ cos(T0 + φ) + 1

4
a3 sin 3(T0 + φ). (2.131)

Eliminating the secular terms, which may appear in solution x1, requires that

D1a = 1

2
a

(
1 − 1

4
a2
)

,

D1φ = 0,

(2.132)

and thus (2.131) becomes

D2
0x1 + x1 = 1

4
a3 sin 3(T0 + φ), (2.133)

which, in turn, yields the solution

x1 = − 1

32
a3 sin 3(T0 + φ). (2.134)
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Fig. 2.11 Simulated phase portraits of van der Pol’s equation (2.124) with initial conditions
(x, ẋ) = (0.5,0.5) and (3,−4) for (a) ε = 0.1; and (b) ε = 0.5

Hence, the approximate solution up to first order is obtained as

x(t, ε) = a cos(t + φ) − ε

32
a3 sin 3(t + φ). (2.135)

It should be noted that we only find the particular solution from (2.133) since we
can leave the homogeneous solution part to be included in a and φ. In fact, if we
add the homogeneous solution, given by a1 cos(t + φ1) where a1 and φ1 are deter-
mined from the initial conditions, to the particular solution (2.134), we can see that
the homogeneous solution can indeed be combined with the first term of solution
(2.135).

Finally, the governing equations for the amplitude a and the phase φ of the peri-
odic solution above can be obtained, up to O(ε2), as follows:

da

dt
= ∂a

∂T1

∂T1

∂t
+ O

(
ε2)= εD1a + O

(
ε2)≈ ε

2
a

(
1 − 1

4
a2
)

(2.136)

and

dθ

dt
= 1 + dφ

dt
= 1 + ∂φ

∂T1

∂T1

∂t
+ O

(
ε2)= 1 + εD1φ + O

(
ε2)≈ 1. (2.137)

These two equations (well-known results in the existing literature) are in fact the
normal form of van der Pol’s equation up to order ε. The approximate amplitude of
the periodic solution is �a = 2, confirmed by the numerical simulation result, shown
in Fig. 2.11, where ε takes two values: ε = 0.1,0.5. It can be seen that for the small
value of ε (0.1), the limit cycle is close to a circle, while for the large value of ε

(0.5), the limit cycle is no longer close to a circle, but its amplitude is still close to
2, as expected.

Now we want to extend the above procedure for a second-order differential equa-
tion to general n-dimensional systems. We use Hopf bifurcation as an example to
provide a proof for the perturbation technique based on the MTS method. Other
cases having similar procedures can be similarly proved.
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2.3.2 Hopf and Generalized Hopf Bifurcations

Consider the general n-dimensional autonomous system (2.9),

ẋ = Jx + f (x), x ∈ Rn, f : Rn → Rn, (2.138)

where J is an n × n Jacobian matrix, and Jx is the linear part of the system. The
function f represents the nonlinear terms, and is assumed to be analytic. In addition,
f and its first derivative vanish at the origin 0, indicating that 0 is an equilibrium
(fixed point) of the system. J is given by

J =
⎡
⎣A0 0 0

0 A1 0
0 0 A2

⎤
⎦ , (2.139)

where A0 is a 2 × 2 matrix with a pair of purely imaginary eigenvalues, given by

A0 =
[

0 ωc

−ωc 0

]
, (2.140)

and the eigenvalues of A1 and A2 have negative real parts, which implies that the
center manifold of the system has dimension 2. The eigenvalues of J are in the
Siegel domain [115] and one encounters much greater computational complexity
than for a Hopf critical point (having a pair of purely imaginary eigenvalues).

Matrix A1 is an n1 × n1 matrix having negative real eigenvalues:

A1 =
⎡
⎢⎣

−α3 . . . 0
...

. . .
...

0 . . . −α2+n1

⎤
⎥⎦ , (2.141)

and A2 is an n2 ×n2 matrix whose eigenvalues are complex conjugates with negative
real parts:

A2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−αn1+3 ωn1+3 0 0 . . . 0 0
−ωn1+3 −αn1+3 0 0 . . . 0 0

0 0 −αn1+5 ωn1+5 . . . 0 0
0 0 −ωn1+5 −αn1+5 . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . −αn−1 ωn−1
0 0 0 0 . . . −ωn−1 −αn−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(2.142)

where ωc, αp,p = 3,4, . . . , n1 + 2, and αq, q = n1 + 3, n1 + 5, . . . , n − 1, are
positive, and 2 + n1 + 2n2 = n.
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For the convenience of the analysis using the MTS method, one may write
(2.138) in component form:

ẋ1 = ωcx2 + f1(x),

ẋ2 = −ωcx1 + f2(x),
(2.143)

ẋp = −αpxp + fp(x), p = 3, . . . , n1 + 2, (2.144)

ẋq = −αqxq + ωqxq+1 + fq(x),

ẋq+1 = −ωqxq − αqxq+1 + fq+1(x),

q = n1 + 3, n1 + 5, . . . , n − 1.

(2.145)

Based on the above equations, the MTS method can be used to find the normal
forms. First, assume that the solution of system (2.138) is given in the form

xj (t; ε) = εxj,1(T0, T1, . . . ) + ε2xj,2(T0, T1, . . . ) + · · · ,

j = 1, . . . , n, (2.146)

and then substitute (2.146) into (2.143)–(2.145) with the aid of (2.125) and (2.126)
and balance like powers of ε to obtain the following ordered perturbation equations:

ε1 : D0x1,1 = ωcx2,1,

D0x2,1 = −ωcx1,1,
(2.147)

D0xp,1 = −αpxp,1, p = 3, . . . , n1 + 2, (2.148)

D0xq,1 = −αqxq,1 − ωqx(q+1),1,

D0x(q+1),1 = ωqxq,1 − αqx(q+1),1,

q = n1 + 3, n1 + 5, . . . , n − 1;
(2.149)

ε2 : D0x1,2 = ωcx2,2 − D1x1,1 + f1,2(x1),

D0x2,2 = −ωcx1,2 − D1x2,1 + f2,2(x1),
(2.150)

D0xp,2 = −αpxp,2 + fp,2(x1), p = 3, . . . , n1 + 2, (2.151)

D0xq,2 = −αqxq,2 − ωqx(q+1),2 + fq,2(x1),

D0x(q+1),2 = ωqxq,2 − αqx(q+1),2 + f(q+1),2(x1),

q = n1 + 3, n1 + 5, . . . , n − 1;
(2.152)

etc.,

where x1 represents the first-order approximation of x , xi,j represents the j th-order
approximation of xi , and

fi,2 = d2(fi(x1, x2, . . .)/ε)

dε2

∣∣∣∣
ε=0

, (2.153)
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which are functions of xi,1 only. In general, the function fi,k only involves the
ordered approximations xi,1,x i,2, . . . ,xi,k−1, which have been found from the pre-
vious (k − 1) perturbation equations. It should be noted that unlike (2.127) which
starts with a zero-order term, the solution form (2.146) starts with a first-order term.
This is because van der Pol’s equation has ε in the nonlinear term, while for the
general nonlinear system (2.138), usually the first step is to use scaling x → εx to
separate different order terms, and then use the solution form starting with a zero-
order term. Here the first step has been included in solution form (2.146).

To find the normal form of the system, we start with (2.146). Differentiating the
first equation of (2.147) and then substituting the second equation into the resulting
equation yields

D2
0x1,1 + ω2

cx1,1 = 0 (2.154)

which is a free-vibrating system with the solution

x1,1 = r(T1, T2, . . .) cos
(
ωcT0 + φ1(T1, T2, . . .)

)≡ r cos θ, (2.155)

where r and θ are the amplitude and phase of motion, respectively. Having found
x1,1, one can easily find the solution of x2,1 as

x2,1 = r sin θ (2.156)

from the first equation of (2.147). Thus the first-order solutions for x1,1 and x2,1 are
found.

Since we are interested in the steady-state (asymptotic) solutions of the system,
the ε1-order solutions for xj,1, j = 3, . . . , n, associated with the eigenvalues having
negative real parts, are equal to 0, i.e.,

xj,1 = 0, j = 3, . . . , n. (2.157)

It follows from solution (2.155) that

D0r = D0φ = 0. (2.158)

Next, to solve the ε2-order perturbation equation (2.150), one may apply the above
procedure and substitute the ε1-order solution into (2.150) to obtain the following
second-order nonhomogeneous ODE (Ordinary Differential Equation):

D2
0x1,2 + ω2

cx1,2 = −D1D0x1,1 − D1x2,1 + D0f1,2 + f2,2. (2.159)

Note that the right-hand side of (2.159) is a polynomial in the first-order solutions
x1,1 and x2,1, so the solution of x1,2 can be expressed by a finite Fourier series

x1,2 =
2∑

j=0

Cj cos(jθ) + Sj sin(jθ). (2.160)
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In order to determine the coefficients Cj and Sj and thus solve for x1,2, one may
substitute (2.160) into (2.159) and then balance the harmonics. However, as usual,
the resulting equation may involve terms which will generate secular terms in the
solution of x1,2. To eliminate the secular terms we must set their coefficient to zero.
This yields two algebraic equations to determine D1r and D1φ which are called
resonant terms and will be retained in the normal form.

The solutions for xj,2, j = 3, . . . , n, can also be found in the same form of
Fourier series as that of x1,2, except that no secular terms would appear. Hence, they
can be uniquely determined by a straightforward harmonic balancing approach.

The general solution of the nr th-order perturbation equations of the system is
given in the following theorem.

Theorem 2.13 The solutions of the nr th-order perturbation equations of an au-
tonomous system can be expressed by a finite Fourier series:

xi,nr =
nr∑

j=0

Cj cos(jθ) + Sj sin(jθ). (2.161)

Proof First, we may rewrite the first-order solution of (2.147)–(2.149) as

xi,1 =
1∑

j=0

Cj cos(jθ) + Sj sin(jθ), (2.162)

where Cj and Sj are constants.
Next, for the second-order perturbation equations (2.150)–(2.152), it is easy to

observe that the nonlinear terms are second-degree polynomials in the first-order
solutions. So the highest-order terms are xi,1xj,1, i, j = 1,2, . . . , n. Therefore, the
highest-order terms involved in the second-order solutions are sin2 θ , cos2 θ and
sin θ cos θ , which can be rewritten as 1

2 [1 − cos 2θ ], 1
2 [1 + cos 2θ ], and 1

2 sin 2θ ,
respectively.

Similarly, the highest-order terms in the third-order perturbation equations come
from the multiplication of first- and second-order solutions, i.e., xi,1xj,2, i, j =
1,2, . . . , n. So the highest-order terms in third-order solutions are

sin 2θ sin θ, sin 2θ cos θ, cos 2θ sin θ, cos 2θ cos θ.

Therefore, the highest-order terms in the third-order solutions can be written as
sin 3θ or cos 3θ .

The above procedure can be easily extended to discuss higher-order perturbation
equations. More rigorously, one may apply the method of mathematical induction
to show that the highest-order terms in the nr th-order solutions can be written in the
form sin(nrθ) or cos(nrθ). This completes the proof. �

As discussed above, the normal form terms D1r and D1φ are obtained from
the second-order perturbation equations by removing the secular terms from the
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solutions. In general, for the nr th-order equations, the normal form terms Dnr−1r

and Dnr−1φ are obtained by eliminating the secular terms.
Finally, the normal form of system (2.138) associated with a Hopf-type singular-

ity, up to any order, can be written in polar coordinates as

dr

dt
= ∂r

∂T1

∂T1

∂t
+ ∂r

∂T2

∂T2

∂t
+ ∂r

∂T3

∂T3

∂t
+ · · ·

= εD1r + ε2D2r + ε3D3r + · · · , (2.163)

r
dθ

dt
= R

(
ωc + ∂φ

∂T1

∂T1

∂t
+ ∂φ

∂T2

∂T2

∂t
+ ∂φ

∂T3

∂T3

∂t
+ · · ·

)

= r
(
ωc + εD1φ + ε2D2φ + ε3D3φ + · · · ). (2.164)

It should be noted that only odd order terms are retained in the normal form, imply-
ing that

D2k−1r = D2k−1φ = 0, where k is a positive integer. (2.165)

Note that the subscript 2k − 1 is not the order of the term. More specifically, we
have the following theorem.

Theorem 2.14 The “form” (in polar coordinates) of the normal form of an au-
tonomous system with a Hopf-type singularity is given by

ṙ = rP
(
r2), rφ̇ = rQ

(
r2), (2.166)

where P and Q are polynomials in r2.

Remark 2.15 The equations given in (2.166) are actually the Poincaré normal form
for Hopf bifurcation.

Proof It is easy to prove the theorem using complex formulas. Thus, introduce the
following transformations:

x1 = 1

2
(z1 + z2), x2 = 1

2i
(z1 − z2), (2.167)

xp = zp, p = 3, . . . , n1 + 2, (2.168)

xq = 1

2
(zq + zq+1), xq+1 = 1

2i
(zq − zq+1),

q = n1 + 3, . . . , n − 1, (2.169)

where i is the imaginary unit satisfying i2 = −1. It should be noted in the above
expressions that z2 and zq+1 are the complex conjugates of z1 and zq , respectively.
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Then (2.143)–(2.145) can be transformed into complex form as follows:

ż1 = iωiz1 + f1 + if2,

ż2 = −iωiz2 + f1 − if2,
(2.170)

żp = −αpzp + fp, p = 3,4, . . . , n1 + 2, (2.171)

żq = (−αq + iωq)zq + fq + ifq+1,

żq+1 = −(αq + iωq)zq+1 + fq − ifq+1,

q = n1 + 3, n1 + 5, . . . , n − 1,

(2.172)

where

fi = fi

(
x1(z), x2(z), . . . , xn(z)

)
, (2.173)

and the xi(z) are given by transformations (2.167)–(2.169). Similarly, applying the
MTS method to the above equations results in complex ordered perturbation equa-
tions, which are similar to the real forms (2.147)–(2.149).

The solutions to the first-order complex equations (which can be readily obtained
from (2.170)–(2.172) by removing f terms) are

z1,1 = reiθ , z2,1 =�z1,1, (2.174)

zp,1 = 0, p = 3, . . . , n, (2.175)

where �z represents the complex conjugate of z, r = r(T1, T2, . . . ) is real and posi-
tive, and θ = ωT0 + φ(T1, T2, . . . ).

Similarly to the real analysis, it can been shown that the nonlinear terms on the
right-hand side of the complex perturbation equations can be written as polynomials
in the first-order solutions in the form of

F =
∑

Cjz
aj

1 �zbj

1 =
∑

Cjr
(aj +bj )ei(aj −bj )θ , (2.176)

where the Cj are complex constants and aj , bj , are non-negative integers.
For the first equation, the secular term should be in the form eiθ , and thus it

follows from (2.176) that the terms producing the secular terms for the first equation
satisfy

aj − bj = 1. (2.177)

Therefore, the powers of the normal form terms for the first equation are the solution
of (2.177). Now substituting (2.177) into (2.176) results in the secular term

S =
∑

Cjr
2bj +1eiθ , (2.178)

which is balanced by the term D2bj
(reiθ ). Thus the normal form terms D2bj

r and
D2bj

φ can be found from the equation

D2bj
r + irD2bj

θ = S =
∑

Cjr
2bj +1eiθ (2.179)
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which, in turn, yields

D2bj
r = r

∑
Re(Cj )r

2bj = rPbj

(
r2),

rD2bj
θ = R

∑
Im(Cj )r

2bj = rQbj

(
r2), (2.180)

where Re and Im represent the real and imaginary parts, respectively, and Pbj
and

Qbj
are the bj th-degree polynomials in r2. Note that the above formulas indicate

that only odd order terms are retained in the normal form.
The proof of Theorem 2.14 is complete. �

Similar theorems and proofs for the equivalence of other cases such as double-
Hopf and Hopf-zero singularities can be established, and are not repeated here.

Therefore, for the general system (2.138), by a back-scaling, the normal form for
Hopf and generalized Hopf bifurcations can be rewritten as

ṙ = r
(
v0μ + v1r

2 + · · · + vkr
2k + · · · ), (2.181)

θ̇ = ωc + τ0μ + τ1r
2 + τ2r

4 + · · · + τkr
2k + · · · , (2.182)

where μ is an unfolding (bifurcation parameter) when the original system involves
parameters, vk is the kth-order focus value. v0 and τ0 can be determined from linear
analysis.

The Maple source program for computing the coefficients vk , τk , and nonlinear
transformation of the normal form, as well as sample input files, can be found on
“Springer Extras” (by visiting extras.springer.com and searching for the book using
its ISBN). In the following, we give two examples to illustrate the application of the
method. In order to apply the Maple program to analyze a problem, the system must
first be transformed such that its Jacobian evaluated at an equilibrium point should
be in real Jordan canonical form, as shown in the sample file.

Example 2.16 The first example is the same as Example 2.6, which is a two-
dimensional system, with a Hopf singularity. Executing the Maple program yields
the following normal form given in polar coordinates:

ṙ = 3

8
r3 + 5

16
r5 + · · · , (2.183)

θ̇ = 1 − 1

3
r2 − 29

6912
r4 + · · · . (2.184)

Note that the normal form given in the above equations is not exactly the same as
that obtained by using the method developed in Sect. 2.2. The coefficient of r4 in
(2.184) is different from that given in the second equation of (2.42). This is not
surprising since the normal form is not unique. The verification scheme described
in [218] can be used to prove that both normal forms are correct! In fact, by the
simplest normal form theory, one can further remove the r4 term from the phase
equation (e.g., see [219]).

extras.springer.com
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Based on the normal form up to fifth order, it is easy to see that limit cycles do not
exist since both the coefficients of r3 and r5 in the amplitude equation are positive.

Example 2.17 The second example is the same as Example 2.7, which is a five-
dimensional system, with a Hopf singularity. Executing the Maple program yields
the following normal form in polar coordinates up to fifth order:

ṙ = 3

40
r3 − 14867

68000
r5 + · · · , (2.185)

θ̇ = 1 − 7

12
r2 + 8093503

14688000
r4 + · · · , (2.186)

which are again different from those given in (2.44) (see Sect. 2.2) by one term
in the phase equation. Now, based on (2.185), we can easily find the steady-state
solutions by setting ṙ = 0, yielding �r = 0, corresponding to the initial equilibrium
point x = 0, and a nontrivial solution

�r =√5100/14867. (2.187)

This nontrivial solution represents a periodic motion and its asymptotic solution is
given by (obtained from the computer output):

x1 = r cos θ + 1

6
r2(3 + cos 2θ + 2 sin 2θ) − 1

480
r3(28 cos 3θ − 13 sin 3θ) + · · · ,

x2 = −r cos θ − 1

6
r2(3 − cos 2θ + 2 sin 2θ)

− 1

480
r3(260 cos θ − 168 sin θ + 17 cos 3θ + 28 sin 3θ) + · · · ,

x3 = 1

10
r2(5 + cos 2θ + 2 sin 2θ)

− 1

12
r3(5 cos θ + 3 sin θ − cos 3θ + sin 3θ) + · · · , (2.188)

x4 = 1

10
r2(5 + 2 cos 2θ + sin 2θ)

+ 1

510
r3(119 cos θ + 408 sin θ − 23 cos 3θ + 44 sin 3θ) + · · · ,

x5 = − 1

10
r2(cos 2θ + 3 sin 2θ)

− 1

510
r3(68 cos θ − 119 sin θ − 24 cos 3θ + 57 sin 3θ) + · · · .

The stability of the periodic solution is determined by the Jacobian of (2.185) eval-
uated at r =�r , giving
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Fig. 2.12 Simulated time
history for Example 2.17 with
initial condition
(x1, x2, x3, x4, x5) =
(0.7,0.3,3.0,−2.0,2.0),
converging to a stable limit
cycle

J (r =�r) = dṙ

dr

∣∣∣∣
r=�r

= − 765

14867
< 0.

Therefore, the periodic solution is stable, and the frequency of the periodic mo-
tion is approximated by

ω = θ̇
∣∣
r=�r = 1 − 1

12

(
5100

14867

)(
7 − 8093503

1224000
× 5100

14867

)
= 9174269227

10609329072

≈ 0.864736,

which indicates that the period of the motion is

T = 2π

ω
≈ 7.266246 seconds.

The numerical simulation results are shown in Figs. 2.12 and 2.13. It is observed
that the convergence of the bifurcating limit cycle is very slow. In fact, the limit
cycle is quite weak, in the sense that when one of the first two components of the
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Fig. 2.13 Simulated phase
portrait for Example 2.17
with initial condition
(x1, x2, x3, x4, x5) =
(0.7,0.3,3.0,−2.0,2.0),
projected on the x1–x2 plane,
showing a stable limit cycle

initial condition (x1, x2) is increased a little bit from the simulating value (0.7,0.3)

to, say, (0.7,0.8), the trajectory diverges to infinity.

2.4 Efficient Computation

Since normal form computation usually requires heavy algebraic manipulation,
computer algebra systems such as Maple, Mathematica, Reduce, etc., have been
used extensively. A basic procedure in the symbolic computation of normal forms
is to substitute an obtained lower-order (<k) normal form and nonlinear transfor-
mation to the original differential equation to yield an expression for the kth-order
computation, which contains not only the kth-order terms, but also lower-order (<k)
and higher-order (>k) terms. One must extract the kth-order terms from the expres-
sion to obtain the kth-order algebraic equation. This unnecessarily increases the
computational burden and takes too much computer memory, especially when com-
puting higher-order normal forms. Therefore, removing the unnecessary lower- and
higher-order terms from the kth-order computation becomes essential in order to
reduce the computation time and memory requirement. In particular, efficient alge-
braic methods for computing focal values have been discussed in the literature, for
example, in [67] and the recent books [60, 182].

In this section, we present an efficient approach to compute the kth-order (k ≥ 2,
an arbitrary integer) algebraic equation which only contains the terms belonging to
the kth-order equation. Based on the Lie bracket operator (e.g., see [108]), a recur-
sive formula is derived which can be applied to consider any singularities. Moreover,
the new method does not require solving large matrix equations; instead it solves
linear algebraic equations, one by one, and is therefore computationally efficient. In
addition, unlike most normal form methods which use separate nonlinear transfor-
mations at each order, the new approach uses a consistent nonlinear transformation
through all order computations. This provides a convenient, one-step transformation
between the original system and the normal form, which is particularly useful in real
applications.
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In the following, we first derive the general formula for an efficient computational
method, which is summarized in a theorem, and then discuss symbolic computation.

2.4.1 Theoretical Analysis

Consider the general system described by

ẋ = Jx + f (x) ≡ v1 + f 2(x) + f 3(x) + · · · + f k(x) + · · · , (2.189)

where x ∈ Rn, v1 = Jx represents the linear part, and the Jacobian matrix J is,
without loss of generality, in a standard Jordan canonical form. It is assumed that
all eigenvalues of J have zero real parts, implying that the dynamics of system
(2.189) are described on an n-dimensional center manifold. f k(x) denotes a kth-
order vector of homogeneous polynomials in x . It is further assumed that system
(2.189) has an equilibrium at the origin, x = 0.

The basic idea of normal form theory is to find a near-identity nonlinear trans-
formation

x = y + h(y) ≡ y + h2(y) + h3(y) + · · · + hk(y) + · · · , (2.190)

such that the resulting system

ẏ = Jy + g(y) ≡ Jy + g2(y) + g3(y) + · · · + gk(y) + · · · , (2.191)

becomes as simple as possible. Here, hk(y) and gk(y) denote a kth-order vector of
homogeneous polynomials in y .

Define the Lie bracket operator [72] as

[Uk, v1] = Dv1 · Uk − DUk · v1. (2.192)

The following theorem summarizes the results for the recursive and computationally
efficient approach, which can be used to compute the kth-order normal form and the
associated nonlinear transformation [225, 226, 233, 253].

Theorem 2.18 The recursive formula for computing the coefficients of the normal
form and the nonlinear transformation is given by

gk = f k + [hk,v1] +
k−1∑
i=2

{[ hk−i+1,f i] + Dhi (f k−i+1 − gk−i+1)
}

+
[ k

2 ]∑
m=2

1

m!
k−m∑
i=m

Dmf i

×
∑

l1+l2+···+lm=k−(i−m)
2≤l1,l2,...,lm≤k−(i−m)−2(m−1)

hl1hl2 · · ·hlm, (2.193)
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for k = 2,3, . . . , where f k , hk , and gk are kth-order vectors of homogeneous poly-
nomials in y (where y has been dropped for simplicity). f k represents the kth-order
terms of the original system, hk is the kth-order nonlinear transformation, and gk

denotes the kth-order normal form.

Remark 2.19 The notation Dmf ihl1hl2 · · ·hlm denotes the mth-order terms of the
Taylor expansion of f i (y + h(y)) about y . More precisely,

Dmf i (y + h) = D
(
D
(· · ·D((Df i )hl1

)
hl2

) · · ·hlm−1

)
hlm, (2.194)

where each differential operator D affects only function f i , not hlj (i.e., hlj is
treated as a constant vector in the process of differentiation), and thus m ≤ i. Note
that at each level of the differentiation, the D operator is actually a Frechét deriva-
tive, giving rise to a matrix, which is multiplied by a vector to generate another
vector, and then to another level of Frechét derivative, and so on.

Proof First differentiating (2.177) results in

ẋ = ẏ + Dh(y)ẏ = (I + Dh(y)
)
ẏ. (2.195)

Then substituting (2.189) and (2.191) into (2.195) yields

Jx + f 2(x) + f 3(x) + · · · + f k(x) + · · ·
= (I + Dh(y)

)(
Jy + g2(y) + g3(y) + · · · + gk(y) + · · · ). (2.196)

Next substituting (2.177) into (2.196) and rearranging the resulting equation gives

g2(y) + g3(y) + · · · + gk(y) + · · ·
= Jh(y) − Dh(y)Jy

− Dh(y)g2(y) − Dh(y)g3(y) − · · · − Dh(y)gk(y) − · · ·
+ f 2

(
y + h(y)

)+ · · · + f k

(
y + h(y)

)+ · · · , (2.197)

which can be rewritten, using the Taylor expansion about y , as

g2(y) + g3(y) + · · · + gk(y) + · · ·

= f 2(y) + f 3(y) + · · · + f k(y) + · · · +
∞∑
i=2

{
Jhi (y) − Dhi (y)Jy

}

+
∞∑
i=2

D h(y)
{
f i (y) − gi (y)

}+
∞∑
i=2

{
Df i (y)h(y) − Dh(y)f i (y)

}

+ 1

2!
{
D2f 2(y)h2(y) + D2f 3(y)h2(y) + · · ·}
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+ 1

3!
{
D3f 3(y)h3(y) + D3f 4(y)h3(y) + · · ·}+ · · ·

+ 1

k!
{
Dkf k(y)hk(y) + Dkf k+1(y)hk(y) + · · ·}+ · · · . (2.198)

Further, one can use Lie bracket notation to rewrite the Taylor expansion in compo-
nent form according to the order of the terms:

∞∑
i=2

gi (y) =
∞∑
i=2

f i (y) +
∞∑
i=2

[
hi (y),v1(y)

]

+
∞∑

p=4

∞∑
i+j=p
i,j≥2

Dhj (y)
{
f i (y) − gi (y)

}

+
∞∑

p=4

∞∑
i+j=p
i,j≥2

{
Df i (y)hj (y) − Dhj (y)f i (y)

}

+
∞∑

m=2

1

m!
∞∑

i=m

Dmf i (y)
{
h2(y) + h3(y) + · · ·}m. (2.199)

Finally, we may round off (2.199) up to kth order, which is enough for the proof,
and put it in ascending order:

k∑
i=2

gi (y) =
k∑

i=2

f i (y) +
k∑

i=2

[
hi (y),v1(y)

]

+
k∑

j=3

j−1∑
i=2

[
hj−i+1(y),f i (y)

]

+
k∑

j=3

j−1∑
i=2

Dhi (y)
{
f k−i+1(y) − gk−i+1(y)

}

+
k∑

j=4

[ j
2 ]∑

m=2

1

m!
j−m∑
i=m

Dmf i (y)

×
∑

l1+l2+···+lm=j−(i−m)
2≤l1,l2,...,lm≤j−(i−m)−2(m−1)

hl1(y) · · ·hlm(y), (2.200)

where the property of the Lie bracket,

[Xi ,Y j ] ∈Hi+j−1 for Xi ∈ Hi and Y j ∈ Hj , (2.201)
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has been used, where Hk denotes linear vector space consisting of kth-degree ho-
mogeneous polynomials.

Now by taking the terms in (2.200) according to their order one obtains

g2 = f 2 + [h2,v1],
g3 = f 3 + [h3,v1] + [h2,f 2] + Dh2(f 2 − g2),

g4 = f 4 + [h4,v1] + [h3,f 2] + [h2,f 3]

+ Dh2(f 3 − g3) + Dh3(f 2 − g2) + 1

2
D2f 2h

2
2,

(2.202)

etc.,

where the variable y has been dropped for simplicity. For general k, we have

gk = f k + [hk,v1] +
k−1∑
i=2

{[hi ,f k−i+1] + Dhi (f k−i+1 − gk−i+1)
}

+
[ k

2 ]∑
m=2

1

m!
k−m∑
i=m

Dmf i

∑
l1+l2+···+lm=k−(i−m)

2≤l1,l2,...,lm≤k−(i−m)−2(m−1)

hl1hl2 · · ·hlm,

which is (2.193) and the proof is thus completed. �

Remark 2.20 The following observations are made from (2.193).

(1) The only operation appearing in the formula is the Frechét derivative involved
in Dhi , Dmf i and the Lie bracket [•,•]. This operation can be easily imple-
mented on computers using a computer algebra system.

(2) The kth-order equation contains all the kth-order and only the kth-order terms.
The equation is given in a recursive form.

(3) The kth-order equation depends upon the known vector homogeneous polyno-
mials v1,f 2, f 3, . . . ,f k−1, and upon h2,h3, . . . ,hk−1, as well as g2,g3, . . . ,
gk−1, which have been explicitly determined from the lower-order equations.

(4) The equation involves the coefficients of the nonlinear transformation h and
the coefficients of the kth-order normal form gk . If the j th-order (j < k) co-
efficients of hj are completely determined from the j th-order equation, then
the only unknown coefficients in the kth-order equation are hk and gk , which
yields the normal form.

(5) If the kth-order equation contains lower-order coefficients of hj (j < k) which
are undetermined in the lower-order (<k) equations, they may be used to elimi-
nate some coefficients of gk , and thus the normal form can be further simplified.

(6) For most of the approaches in computing the simplest normal forms (e.g., see
[2, 3, 54, 55, 202, 219, 255]), the nonlinear vector field, f (x), given in (2.189)
is assumed to be a conventional normal form in order to simplify symbolic
computations. All the approaches described in the above-mentioned references
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generate the kth-order algebraic equation which contains lower-order (<k) as
well as higher-order (>k) terms. This is extremely time consuming in symbolic
computations and it also takes too much computer memory. With the above ef-
ficient recursive formulas, the kth-order equation exactly contains the kth-order
terms, which greatly saves computer memory and computational time. There-
fore, for our approach, the vector field f (x) can be assumed to be a general
analytic function, not necessarily a conventional normal form.

2.4.2 Symbolic Computation

The recursive formula given in (2.193) has been directly used to develop a symbolic
computational program based on Maple. The main operation involved in the com-
putation is the multiplication of a matrix by a vector (a Lie bracket operator consists
of two such multiplications). The computations for the second term and the third
term in (2.193) (i.e., the Lie bracket and the first summation) are straightforward,
while the last summation in (2.193) needs careful consideration in order to achieve
the minimum number of operations. First it should be noted that the variable used
in functions hl1,hl2 , . . . ,hlm , must be different (i.e., not the y variable) from that
of f i , so that the operator D can treat them as “constant” in the processing of differ-
entiation (see (2.194)). When the differentiation is complete, the variables in these
h functions should be changed back to the original variable y . Secondly, in order
to achieve the minimum number of operations for the last summation, note that
many terms in the summation are actually the same due to the fact that the indices
l1, l2, . . . , lm can be equal, and due to the fact that

D
(
(Df i )h1

)
h2 = D

(
(Df i )h2

)
h1, (2.203)

which can be proved by direct calculation as follows.

D
(
(Df i )h1

)
h2

= D

⎛
⎜⎜⎜⎝

⎡
⎢⎢⎢⎣

f11 f12 · · · f1n

f21 f22 · · · f2n

...
...

. . .
...

fn1 fn2 · · · fnn

⎤
⎥⎥⎥⎦

⎛
⎜⎜⎜⎝

h11
h12
...

h1n

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎠h2

= D

⎛
⎜⎜⎜⎜⎝

∑n
j=1 f1jh1j∑n
j=1 f2jh2j

...∑n
j=1 fnjhnj

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

h21
h22
...

h2n

⎞
⎟⎟⎟⎠
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=

⎡
⎢⎢⎢⎢⎣

∑n
j=1 f1j1h1j

∑n
j=1 f1j2h1j · · · ∑n

j=1 f1jnh1j∑n
j=1 f2j1h1j

∑n
j=1 f2j2h1j · · · ∑n

j=1 f2jnh1j

...
...

. . .
...∑n

j=1 fnj1h1j

∑n
j=1 fnj2h1j · · · ∑n

j=1 fnjnh1j

⎤
⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎝

h21
h22
...

h2n

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

∑n
l=1(

∑n
j=1 f1j lh1j )h2l∑n

l=1(
∑n

j=1 f2j lh1j )h2l

...∑n
l=1(

∑n
j=1 fnjlh1j )h2l

⎞
⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎝

∑n
j=1(

∑n
l=1 f1j lh2l )h1j∑n

j=1(
∑n

l=1 f2j lh2l )h1j

...∑n
j=1(

∑n
l=1 fnjlh2l )h1j

⎞
⎟⎟⎟⎟⎠

= D
(
(Df i )h2

)
h1, (2.204)

where the fact that hlj is not affected by the operator D has been used. Thus the
order of differentiation in (2.194) with respect to hlj has no influence. Then the last
summation in (2.193) can be rewritten as

[ k
2 ]∑

m=2

1

m!
k−m∑
i=m

Dmf i

∑
l1+l2+···+lm=k−(i−m)

2≤l1,l2,...,lm≤k−(i−m)−2(m−1)

hl1hl2 · · ·hlm

=
[ k

2 ]∑
m=2

1

m!
k−m∑
i=m

Dmf i

∑
q1l1+···+qplp=k−(i−m)

2≤lp<···<l1≤(k−(i−m))/m

m!
q1! · · ·qp!h

q1
l1

· · ·hqp

lp

=
[ k

2 ]∑
m=2

k−m∑
i=m

Dmf i

∑
q1l1+q2l2+···+qplp=k−(i−m)

2≤lp<···<l1≤(k−(i−m))/m

h
q1
l1

h
q2
l2

· · ·hqp

lp

q1!q2! · · ·qp! , (2.205)

where qj , j = 1,2, . . . , p, are nonzero positive integers.
Based on (2.193) and (2.205), Maple programs have been developed which only

require simple preparation of an input file by a user. The algorithm is outlined be-
low.

(1) Read a prepared input file. The input file lists the order of the normal form to be
computed, ord, and the case of singularity to be considered.

(2) Separate the different order terms from the given input differential equations.
(3) A procedure for computing the Lie bracket operator.



58 2 Hopf Bifurcation and Normal Form Computation

(4) A procedure for computing the Jacobian matrix and the multiplication of a ma-
trix by a vector.

(5) A procedure for solving a linear algebraic equation.
(6) Obtain the ordered terms for functions F [k],G[k] and H [k].
(7) For order k, recursively compute the algebraic equations which will be used

for finding the coefficients of the normal form and the corresponding nonlinear
transformation.

(i) Compute the Lie bracket term [hk, v1].
(ii) Compute the summation

∑k−1
i=2 {[hk−i+1,f i] + Dhi (f k−i+1 − gk−i+1)}.

(iii) Find the indices q1, q2, . . . , qp for the term h
q1
l1

h
q2
l2

· · ·hqp

lp
, where 2 ≤

lp ≤ · · · ≤ l1 ≤ (k − (i − m))/m, satisfying q1l1 + q2l2 + · · · + qplp =
k − (i − m), which results in the coefficient m!

i1!i2!...ip ! for this term.
(8) Call the subroutine for a case study of the given singularity.

(i) Obtain the kth-order algebraic equation from the main program, which is
stored in the variable cof[i, j, k].

(ii) For complex analysis, get the real and imaginary part from the coefficient
cof[i, j, k].

(iii) For a suborder k, determine the b coefficients and then solve for the relative
c coefficients.

(iv) Return to the main program.
(9) Write the normal form into the output file Nform.
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