Chapter 8

Linear Operators in Hilbert Spaces

Motivated by the eigenvalue problems for ordinary and partial differential
operators, we shall develop the spectral theory for linear operators in Hilbert
spaces. Here we transform the unbounded differential operators into singular
integral operators which are completely continuous. With his study of integral
equations D. Hilbert, together with his students E.Schmidt, I.Schur, and
H. Weyl, opened a new era for the analysis.

1 Various Eigenvalue Problems

At first, we consider the resolution of linear systems of equations: For the
given matrix A = (a;j)i j=1,..n € R"*" we associate the mapping

z— Az : R" — R"

and the system of equations
n
Z Ty =y, 1=1,...,n, or equivalently Ax =y
k=1

with the right-hand side y = (y1,...,y»)". The system Az = y has a solution
for all y € R™ if and only if the homogeneous equation Az = 0 possesses only
the trivial solution z = 0 and we have z = A~!y. We remark that the concept
of determinants is not necessary in this context.

In Theorem 4.6 from Chapter 7, Section4 by F.Riesz, we have transferred
this solvability theory to linear operators in Banach spaces: Let B be a real
Banach space and K : B — B a linear completely continuous operator with
the associate operator Tz := x — Kz, x € B. If the implication

Te=0 = x=0
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holds true, the equation
Tx =y, zeB

possesses exactly one solution for all y € B.

We now consider the principal axes transformation of Hermitian matrices:
Let A = (aik)ik=1,....n € C™*™ denote a Hermitian matrix, which means a;;, =

ay; for alli,k =1,...,n. Then A possesses a complete orthonormal system of
eigenvectors 1, ..., p, € C™ with the real eigenvalues A1,...,\, € R, more
precisely

Api = Nigi, i=1,...,n,
and we have
(@i, 1) = dir, L,k=1,...,n.

Here we have used the inner product (z,y) := T -y. By & := (i, *) we denote
the i-th component of x € C™ with respect to (¢1, ..., ¢,) which implies

z= L
i=1
Then we note that . .
Ax = Z&A% = Z Ai&ipi.
i=1

i=1

We define the diagonal matrix

MO0
P R e
L
0.0 0 A

and the unitary matrix U~! := (¢1,...,0,) € C™ ", Now we obtain the
representation z = U~!¢ with € = (&,...,&,)! and consequently ¢ = Uu.
This implies the equation

UoAoU lot=UocAocx=UoU toAot=A0¢
and consequently the unitary transformation
A=UoAoU™ L

Now we observe U™! = U* = Ut, and we calculate the transformation of the
associate Hermitian form
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Y anTiay = (v, Azx) = (Z e, 2)pis ) (9@ J%‘)
i=1 7j=1

ik=1

= Z (pis @) (0, 2)Aj0ij

4,j=1

Sl =Y A&l
i=1 i=1

In the present chapter we intend to deduce the corresponding theorems for
operators in Hilbert spaces. Specializing them to integral operators we shall
treat eigenvalue problems for ordinary and partial differential equations.

Example 1.1. Let the domain of definition

D= {u =u(z) € C?[0,7] : u(0)=0= u(w)}
and the differential operator

Lu(z) = —u"(z), x€][0,7], for weD

be given. Which numbers A € R admit a nontrivial solution of the eigenvalue
problem
Lu(z) = Au(z), 0<z<m, ueD, (1)

satisfying u € D and u # 07

A = 0: We have v’ (z) = 0 for 2 € [0, 7] and consequently u(z) = ax + b with
the constants a,b € R. The boundary conditions for u yield 0 = u(0) = b
and 0 = u(mw) = aw + b = am, and we obtain

u(z) =0, x € [0,7).

Therefore, A = 0 is not an eigenvalue of (1).
A < 0: Setting A = —k? with k € (0, +00), we rewrite (1) into the form

u”(x) — k*u(z) =0, x € [0,7].

Evidently, the functions {e** e**} constitute a fundamental system of
the differential equation. Taking u(0) = 0 into account, we infer

u(z) = Ae*® + Be % = A" — e7F) = 2Asinh(kx).
Noting u(r) = 0, we finally obtain
u(z) =0, z € [0, ).

Therefore, negative eigenvalues A < 0 of (1) do not exist.
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A > 0: We now consider A\ = k? with a number k& € (0,+00). Then (1) is
written in the form

u”(x) + k*u(z) = 0, x € [0, 7).

The fundamental system is given by {cos(kx),sin(kz)} and the general
solution by

u(z) = Acos(kx) + Bsin(kx), x € [0,7].
From 0 = u(0) = A we infer u(z) = Bsin(kz) for x € [0,7], and the
boundary condition 0 = u(w) = Bsin(kn) implies k& € N. In this way we
obtain the eigenvalues A = k2 of (1) with the eigenfunctions
ug(z) = sin(kx), « €[0,7], k=1,2,...
Ezample 1.2. Let the domain
G = {x: (X1,...,2n) ER" 1 ;€ (0,7), i = 1,...,n} =(0,m)" CR"
be given. On the domain of definition

D= {u e CAA)NCO@) : ulpg = o}

we define the differential operator

n_o92
Lu(z) := —Au(x) = — Z 8(?102 u(z), z € G.
i=1
We consider the eigenvalue problem
Lu(z) = Mu(x), z € G, (2)

for uw € D and A\ € R. In order to solve this problem we propose the ansatz of
separation

u(x) = u(xy, ..., xn) = ur(x1) - uo(x2) ... - Up(xy), z€@.

The differential equation (2) becomes

— Zu1($1)" sty (o) uf ()i (i) - cun(n) = Mg (21) g (T5)
i=1

and consequently

—iui(mi):)\, x €G.

o walw

~—

We now choose w;(x;) := sin(k;z;) with k; € Nfori=1,...,n, and we obtain
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Zzﬁ((j)) =Y k=X € (0.00).

i=1

The solutions of the eigenvalue problem (2) appear as follows:
w(xy, ..., x,) i=sin(kizy) - ... - sin(k,2,) and A=FkI+.. . +K

for k1, ...,k, € N. Normalizing

2\ 2
Uy oo ko (T15 ey @) 1= (—) : sin(kizy) - ... - sin(kpzy), xeG (3)

™

and using the inner product

(u,v) := /u(zl, e xp)u(xr, . xy) dey L dey, u,v € D,
G

we obtain the orthonormal system of functions

(ukl.__kn,ull__,ln) = 5k111 e §k 1 for ]{31, .. .,kn,ll, .. .,ln € N. (4)

nin

On account of
Lug, g, = (k3 4.+ k2 up, ok,
and
[k, o720y = (ks ks Uy k) = 1
for all k1 ...k, € N we infer

sup  |[Lu| > sup |Lug, g, | = sup (kf+...+k}) = +oo. (5)
ueD, ||lul=1 Ey..kn€N Ey..kn€N

Consequently L = —A : L?(G) — L?*(G) represents an unbounded operator
on the Hilbert space L?(G).

The following question is of central interest: Do the given functions
{ukl...kn}kl...kn:1,2,...

constitute a complete system? Can we expand an arbitrary function into such
a series of functions?

We now consider the Sturm-Liouville eigenvalue problem:
Let the numbers c1, ¢, dy, dy € R satisfying ¢ + ¢3 > 0 and d? + d3 > 0 be
prescribed. We choose the linear space

D= {f € C¥([ab,R) : c1f(a) +caf'(a) =0 =dif(b) +dof (b) |

as our domain of definition, where the numbers —co < a < b < 400 are fixed.
With the functions p = p(z) € C*([a,b], (0, +00)) and ¢ = q(z) € C°([a, V], R)
we define the Sturm-Liouville operator

Lu(z) := — (p(x)u/(x)) + q(x)u(z), = € |a,b], for weD.
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Proposition 1.3. The operator L : D — C°([a, b],R) is linear and symmetric
satisfying

L(au + pv) = aLu+ SLv forall wyveD, o pfeR

and

b b

/u(a:) (Lv(w)) dx = / <Lu(m))v(x) dx for all u,veD.

a a

Proof: The linearity is evident, and we calculate for u,v € D as follows:

vLu —ulv =v(=(pu')" + qu) — u(—(pv')" + qv)

This implies
b

/ (vLu = uLv)dz = | = p(a)(u(@), u () - (' (@), 0(2))!] =0,

a

since the vectors (u(z),w (x)) and (v(z),v'(x)) are parallel for z = a and
x = b, respectively; here we take u,v € D into account.

q.e.d.
We now investigate the eigenvalue problem
Lu = M\u, u€D. (7)
Setting
b
(u,v) == /u(a:)v(x) dx for w,veD,
we obtain an orthonormal system of eigenfunctions
ug(z) € D with  (ug, u;) = O, k.,leN
in Section 8 satisfying
Lui = A\pug, k=1,2,...
According to the Example 1.1 we expect the asymptotic behavior
—00< A <A< A< >+ (8)

for the eigenvalues. Consequently, the operator L is unbounded. We shall
derive the expansion into the series
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o0
flx) = chuk(x) with ¢, = (ug, f)
k=1

for all functions f € D. At first, we require the

Assumption 0: The equation Lu = 0 with v € D admits only the trivial
solution u = 0.

The domain D is not complete with respect to the norm |lu|| := \/(u,u) for
u € D, and the operator L is unbounded in general. Therefore, we cannot
prove the existence of the inverse L' by the Theorem of F.Riesz. With the
Assumption 0, however, we shall construct the inverse with the aid of Green’s
function for the Sturm-Liouville operator K = K (z,y). Having achieved this,
we shall transform (7) equivalently into an eigenvalue problem for the bounded
operator L~!, namely

1
Lty = T ueD. (9)

For the construction of the inverse we consider the ordinary differential equa-
tion

Lu(z) = — (p(a)u/ (z)) + g(x)u(z)
= —p(x)u” () — p'(2)u' () + g(z)u(z) (10)
= f(x), a<zxz<h.

The homogeneous equation Lu = 0 possesses a fundamental system a = a(z),
B = B(z) satistying

La(x) =0= LB(x) in [a,b].
We construct a solution of (10) by the method wariation of the constants
u(z) = A(x)a(r) + B(x)B(x),  a<z<b, (11)
under the subsidiary condition
A'(z)a(z) + B'(z)p(z) = 0. (12)
With the aid of (12) we calculate
u'(z) = A(z)d! () + B(x)B' (z)

and
u'(z) = A(z)a’ (z) + B(z)B" (z) + A'(z)d/ (2) + B'(z)5'(2).

Together with the formula (11) we obtain

Lu(x) = A@)La(@) + B(x)LA(x) - p(a){ A'(@)o/(z) + B'(2)8' (@) } = f(2),
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and therefore

—p(@){A (@) (2) + B @)8 (@)} = f(2), a<e<b (13)
By the ansatz

A'(z) = B(x)k(z), B'(z) = —a(z)k(x), a<xz<hb, (14)

with a continuous function k = k(z), € [a,b], the relation (12) is fulfilled
and (13) becomes

—p@){B@)d () — a(x)B'(x)} k(z) = f(z), a<z<b (1)

Proposition 1.4. The relation p(z){a(z)f' (x) — o/ (x)B(x)} =const in [a,b]
holds true.

Proof: Applying (6) to u = a(z) and v = () we infer

d

02@

{P@) (@@)8 @) —a'@BE)} @ [ab)

q.e.d.

We now choose o = a(z) and S = B(x) to solve the homogeneous equation
Lu = 0 satisfying

p@){a@d (@) - @B} =1 in [o (16)

and
c18(a) + cof8'(a) = 0 = dya(b) + do2c/ (b). (17)

Here we solve the initial value problems
La=0 in [a,b], a(b) = da, o' (b) = —dy

and
LB =0 in [CLbL B(G/) = 7 ,C2, 6/(a) = ——C3.

Thereby, we determine M # 0 such that

is fulfilled choosing
M= fp(a){cla(a) + czo/(a)}.

The statement M # 0 is contained in the following

Proposition 1.5. The functions {«, B} constitute a fundamental system.
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Proof: If the statement were violated, we have a number p # 0 with the
property
alz) = pb(x), a<z<b.

We deduce o € D from (17), and the Assumption 0 yields a contradiction

with o = 0. qed.

The relations (15) and (16) imply
k(z) = f(z)  in f[a,b], (18)

and (14) yields

/ﬁ y) dy + const, B(z) = /a(y)f(y) dy + const.  (19)

x
We summarize our considerations to the following

Theorem 1.6. The Sturm-Liowville equation Lu = f for u € D with the
right-hand side f € C°([a,b]) is solved by the function

/ﬁ @+M)/ @—/ny y)dy. (20)

With the aid of the fundamental system {«, B} of Lu = 0 satisfying (16) and
(17), we here define the Green’s function of the Sturm-Liouville operator as

follows:
_Ja@)By), a<y
K“”){mmmw,xSy

Proof: The derivation above implies that the function u(x) from (20) satisfies
the differential equation Lu = f. Furthermore, we see

b b
/a y) dy, u'( /a y) dy,

(21)

and (17) gives us

b
amw+@wwr4qm@+@3m»/a@ﬁ@My:a

In the same way we determine
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b b

u(b) = a(b) / B dy, ' (b)=a'(b) / B)f ) dy

a a

and
b

dyu(b) + dotd (b) = (dra(b) + do' (5)) / By)f(y) dy = 0.

a

q.e.d.
Theorem 1.6 directly implies the following

Theorem 1.7. With the Assumption 0, the subsequent statements are equiv-
alent:

1. The function u € D with v #Z 0 satisfies Lu = A\u.
b
1
II. The function v € D with u # 0 satisfies /K(%y)u(y) dy = Xu(x) for
a

a<x<bh.

We shall now address the eigenvalue problem of the n-dimensional oscillation
equation considered by H. von Helmholtz : Let G C R™ be a bounded Dirichlet
domain, which means that all continuous functions g = g(z) : 9G — R possess
a solution of the Dirichlet problem

u=u(z) € C3G)NCQG),
Au(z) =0 in G, (22)
u(z) = g(x) on IG
(compare Chapter 5, Section3). The further assumption will be eliminated
by Proposition 9.1 in Section 9, namely that G satisfies the conditions of the

Gaussian integral theorem from Section 5 in Chapter 1. Then we can specify
the Green’s function of the Laplace operator for the domain G as follows:

1
27

1 1
(n = 2)wn [y — "2

H(z,y) = (23)

+ h(z,y), n>3

for (z,y) e G® G :={({,n) € G x G : £ #n}. Here we have Ayh(z,y) =0
in G and 1

— logly — x|, n=2

21

h('% y) = 1 1 5 (24)
n >

(= 2wy Jy — a2
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for x € G and y € OG. Furthermore, w,, denotes the area of the unit sphere
in R™. Due to Chapter 5, Sections 1 and 2, we can represent a solution of the
problem

u=u(r) € C*G)NCG),
—Au(x) = f(z) in G, (25)
u(z) =0 on IG

in the following form

u(z) = / H(xy)f(y)dy, x€G. (26)
G

For the deduction of (26) we consider the domain G, :={y € G : |y —z| > ¢}
with a small € > 0. The Gaussian integral theorem implies

[ (B9 2ut0) - u)A, Hz.v)) dy
GE — [ (#)5e)  u) G, (1) doty)
i
- [ (e 50 - u) G ) do).
Observing ¢ | 0 we obtaiy:ym_E

_/H(x,y)f(y) dy = lim / u(y) (ﬁg _ n)rln) do(y)
G

r=|ly—x|=¢

in the case n > 3, and similarly in the case n = 2.
We now derive the symmetry of Green’s function, namely

H(z,y) = H(y,x) for all (z,y) e G®G. (27)
Here we choose the points z,y € G satisfying « # y, and on the domain

G, = {zEG i |z —x| >¢eand |z —y| >€}

we consider the functions p(z) := H(z,2) and ¢(z) := H(y,z), 2 € G¢. For
€ J 0 the Gaussian integral theorem implies
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dq
0= hm/ (qAp — pAq) dz = hrn / — pa) do(z)
aG
o Op Jq iy Op 0q
= ~lim ( Y9, " Pay )mﬂz) Eﬁ"/ (au LY )d(”
lz—z|=e lz—y|=e

=q(x)—ply) = H(y,z)— H(z,y) forall z,ye G with z#y.

We now show a growth condition for Green’s function H(x,y) as follows: With
€ > 0 given we define the harmonic function

1 —
——(1+¢)log v x|, n=2
2m d
Wf(x7y) = 1_’_5 9
2Ty — g2 >3
W—2wa 7" =

setting d :=diam G. We consider the function @, (z,y) := W.(z,y) — H(z,y)
and choose ¢ > 0 so small that

b (z,y) >0 forall y:|ly—z|=0 andall ye€oG

is satisfied. Applying the maximum principle to the harmonic function @, (z, .)
on the domain Gs := {y € G : |z —y| > §} we infer .(z,y) > 0 in Gs and
consequently

H(z,y) < W.(z,y) for all &> 0.

Therefore, we obtain

ly — |
27 & d ’
o
(n —2)wy,

n=2

0< H(z,y) <
|y_x|2*n7 n > 3

for all (x,y) € G ® G and finally the growth condition

const

|H (z,y) for all (z,y) e GG (28)

‘ < -
|z =yl

with a:=n -2 < n.

Definition 1.8. Let G C R" denote a bounded domain where n € N holds

true, and let the number o € [0,n) be chosen arbitrarily. A function K =

K(x,y) € C°(G ® G,C) is called a singular kernel of the order a - briefly
K € 8,(G,C) - if we have a constant ¢ € [0,400) satisfying

C
|K(z,y)] < 7
| |z —y|*

forall (z,y) € G®G. (29)

We name the kernel K € S, (G, C) Hermitian, if
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K(z,y) = K(y,x) forall (z,y) e GRG (30)

is valid. The real kernels belong to the class So(G) = So(G,R), and these
kernels K € S,(G) are Hermitian if and only if they are symmetric in the
following sense:

K(z,y) = K(y,x) for all (z,y) € G®G. (31)

We summarize our considerations about the n-dimensional oscillation equation
to the following

Theorem 1.9. Let G C R", n = 2,3,... denote a Dirichlet domain satisfying
the assumptions for the Gaussian integral theorem. Furthermore, we fix the
domain of definition

D .= {u =u(z) € C*(G)NCYG) : ul(z) =0 forallz € GG}.

Then the following two statements are equivalent:
1. The function u € D with u # 0 solves the differential equation
—Au(z) = Au(z) in G
for a number X € R.
II. The function u € D with u Z 0 solves the integral equation

/ H(z,yuly) dy = sule) i G
G

for a number X € R\ {0}.
Here Green’s function H(x,y) of the Laplace operator for the domain G
represents a symmetric real singular kernel of the regularity class S,,—2(G).

We finally consider singular integral operators: On the bounded domain G C
R™ with n € N, the singular kernel K = K(z,y) € So(G,C) of the order
a € [0,n) is defined. On the domain of definition

0 There exists a number ¢ € [0, +00)
D:=1u(x):G—-CeC”G,C) :

satisfying |u(z)| < c for all x € G
= CY(G,C) =C%G,C)N L>=(G,C)

we consider the integral operator K : D — C°(G, C) given by

Ku(z) := /K(x,y)u(y) dy, z¢€G, with w € D.
G

Evidently, we obtain with K : D — C'%(@, C) a linear operator.
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Theorem 1.10. Let the kernel K = K(z,y) € So(G,C) with a € [0,n) be
Hermitian. Then we have the following statements:

a) If u € D is an eigenfunction of the associate integral operator, more pre-
cisely u 20 and Ku = Au  with X € C, we then infer A € R.

b) Given the two eigenfunctions u; € D with Ku; = \ju; and i = 1,2 for the
eigenvalues A1 # Ao, we infer (uq,us) = 0. Here we used the inner product

(u,v) := /@v(m) dx for wu,veD.

G
Proof:

a) Let uw € D\{0} be a solution of the problem Ku = Au with a number
A € C. This implies

Au(z) = | K(z,y)u(y) dy, x € G.
/

We multiply the equation by u(z) and afterwards integrate over the domain
G with respect to z, and we obtain

A(u,u)://K(m,y)Mu(y)dmdy € R.
G G

Since the inner product (u,u) is a real expression, the number A has to be
real.

b) Let the eigenfunctions u; € D satisfying Ku; = \;u; with ¢ = 1,2 and the
eigenvalues \; # Ao be given. On account of A1, A2 € R we infer

A(ur, ug) = (Mur, ug) = (Kug, ug) = (ur, Kug) = (u1, Adaug) = Aa(ur, uz)

or (A1 — A2)(u1,u2) = 0 and consequently (u1,u2) = 0. We namely deduce
for all u,v € D:

q.e.d.
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2 Singular Integral Equations

In Section 1 we have equivalently transformed eigenvalue problems for differ-
ential equations into so-called integral equations of the first kind

/ny y) dy = pu(x), z €@, (1)

with the singular kernels K = K(z,y). Parallel to the swinging equation we
take a bounded Dirichlet domain G C R” satisfying the assumptions of the
Gaussian integral theorem with the associate Green’s function H = H(z,y) €
Sn—2(G) for the Laplace operator. Especially for the unit ball B := {x € R™ :
|z| < 1} we obtain as Green’s function in the case n = 2:

GG 2) = 5 log 1<:iC . (C.2)eB®B, )
and in the case n > 3:
1 1 1
G(z,y) == (= 2y { T |x‘n*2‘y . — }, (z,y) € BRB.
We now consider the Dirichlet problem
u=u(z) € C*G)NCG),
)+ Zb T)ug, (2) + c(z)u(z) = f(z), z€G, (4)
u(z) =0, x € 0G.
Here we assume the functions b;(x), i =1,...,n, c¢(z) and f(x) to be Holder

continuous in G. We transfer the equation (4) into an integral equation as
follows: With the representation

— Au(z Z bi(@)uz, (2) + c(z)u(z) — f(z) = g(x), zeG, (5
we deduce (similarly to the oscillation equation)

@) = [ e {3 bi)un ) + clwyuty) - )} dy
bel =1

and



48 Chapter 8 Linear Operators in Hilbert Spaces

u(e) ~ [ { (Hp)ew) uw) + 3 (H ) s, )} dy
¢ - (6)
zf/H(:v,y)f(y)dy forall zeG.
G

We differentiate (6) with respect to x; for j = 1,...,n and obtain the addi-
tional n equations

Uy, () —/{ (Ha, (z,y)c +Z 2, (2, 9)bi(y)) umi(y)}dy
o ™
:—/ij(x,y)f(y)dy, zxeG, j=1,...,n

Koo(z,y) := H(z,y)e(y),  Koilz,y) := H(z,y)bi(y),
KjO(xvy) = H:Cj (x,y)c(y), Kji(xa y) = Ha:j ("E,y)bl(y)

h@%:—/H@wﬁ@M% h@%z—/&d%wﬂw@
G

G

for j =1,...,n, we arrive at the following

Theorem 2.1. The solution u = u(x) of (4) is transferred into the system of
Fredholm’s integral equations

/Z i(z,y)ui(y) dy = f(x), xe€G, j=0,....n (8)

with the functions ug(z) = u(z) and u;(x) := ug,(x) fori =1,...,n. Here
the singular kernels Kj;(x,y) € S,—1(G) are real for i,5 =0,...,n. However,
they are not symmetric in general.

Remark: In the special case n = 2, G = B, bi(z) = 0 = by(z) in B we can
transfer the problem

u=u(z) € C*(B)NC°B),
Au(z) + c(2)u(z) = f(z), z € B, (9)
u(z) =0, z € 0B,

into Fredholm’s integral equation
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u(z)—/%lo ‘“ZC Q)d¢ = — /%log‘lg__ic‘f(()dg, - €B.
B B

(10)
Sometimes (10) is called an integral equation of the second kind. We remark
that the integral kernel which appears is not symmetric in general.

For the LP-spaces used in the following we refer the reader to Chapter 2,
Section 7. On the bounded domain G C R™ we choose a singular kernel K =
K(z,y) € So(G,C) with « € [0,n). On the domain of definition

D :{f:G—>(CEC’O(G) : sup|f(ac)|<+oo}

zeG

we consider the associate integral operator

/ny y)dy, x¢€Gq, for feD. (11)

Choosing an exponent p € (1, %), we obtain a constant C' = C(c,a,n,p) €
(0, +00) with the following property

/ |K(z,y)|Pdy < C for all z € G, (12)

because of Section 1, Definition 1.8. When ¢ € (2=

gate exponent to p satisfying £ + 1 = 1, Hélder’s inequality from Theorem
7.4 in Chapter 2, Section 7 yields the following estimate:

) denotes the conju-

Kf()] < / K (2, 9) 1 () dy
G

< ([ ira) ([1wra)’ (1
G G

< C?[[fllzaa red
for all f € D. Here the symbol

1910 = v = ([ 1f@Paz)”. 1<p<toc
G

denotes the LP-norm on the Banach space
LP(G) = {f : G — C measurable : ||f||Lra) < —|—oo}

(compare Chapter 2, Sections 6 and 7). Furthermore, we introduce the C°-
norm
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[fllcoy :==sup [f(z)l,  feD,
zeG
and (13) yields the estimate

IKfllcoay < Cllfllzaa) forall feD (14)

with a constant C' € (0,+oc). Therefore, K : D — C?(G) represents a
bounded linear operator, where D is endowed with the L?(G)-norm (see Chap-
ter 2, Section 6). Parallel to Theorem 8.1 from Section 8 in Chapter 2, we can
now continue K to the operator

K:LYG) — C°G) (15)
on the Banach space LY(G). The set C§°(G) C D is dense in the space L1(G),
and for each f € LI(G) we have a sequence

{fiti=12.. CCg°(G)  satistying [|f = fillLe(e) = 0 (5 = 00).

We then define
Kf:= lim Kf; in C%G). (16)
J—00

We summarize our considerations to the following

Theorem 2.2. The integral operator K : D — C°(G) with the singular kernel
K € 8,(G) and a € [0,n) can be uniquely continued to the bounded linear
operator K : LY(G) — C°(Q) satisfying

IKfllcoey < C@llfllzo, — feLiG) (17)

for each q € (-2, +00), according to (16). Here we have chosen the constant

C =C(q) € (0,+00) appropriately.

Remark: In the case n > 3, Green’s function of the Laplace operator H =
H(z,y) belongs to the class S,—2(G) which means @ = n—2 and ¢ € (%, 400).
Therefore, the associate singular integral operator

H: LY(G) = C°G)

is even defined on the Hilbert space L*(G) for n = 3. In the case n > 3,
Green’s function H cannot be continued onto the Hilbert space L*(G).

For the orders @ € [0,n) and 8 € [0,n) let K = K(z,y) € S4(G,C) and
L = L(y, z) € Sg(G,C) denote two singular kernels with the associate integral
operators

Kf() := / K(x.)f(y)dy, c€G: feD,
G

(18)
Lf(y) = /L(y,Z)f(Z) dz, yeG;  feD.

G
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With the aid of Fubini’s theorem from Chapter 2, Section 5 we now calculate
for all f € D and all z € G as follows:

KoLf(z) = ]K(/L(y, f(2) dz)

x

/ K(z,y) / 2)1()dz) dy

//Kx y)L(y, z) f(2) dz dy (19)

Here we have as the product kernel

M(z,z) = /K(m,y)L(y,z) dy, (z,2) e G®G. (20)

Proposition 2.3. We have the reqularity result M = M(x,z) € C°(G ®
G,C).

Proof: We take the point (z°,2°) € G ® G such that 2,2 € G and 2° # 2°
holds true. Then we choose the number 0 < § < i|x0 — 29 sufficiently small
and define the sets

By={yeG: ly—a"| <2 orly— 2| <2},

Gs :=G\Bs = {y €G: |y—2° >26and |y — 20 > 25}.
Given the quantity € > 0, we find a number 6 = §(¢) > 0 with the property
[ 1K@ty <= (21)
Bs

for all 2,2 € G with |z — 2% < § and |2 — 20| < 4, taking K € S, and L € S
into account. Furthermore, we have a number 1 € (0, ¢] such that

[ (2,y)L(y 2) — K (2, y)L(y, )| < = (22)

holds true for all y € Gs and z,z € G with |x — 2% < 5 and |z — 2°| < .
Finally, we obtain the following estimate
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Ma,2) = M0 < [ |K@L.2) - K o)Li,2)]| dy

+/’K(x,y)L(y, z) — K(xovy)L(y,zo)\ dy

< e|G| + 2¢

for all 2,2 € G with |z — 2% < and |z — 2°| < 7. Therefore, the regularity

result M = M(z,2) € C°(G ® G) is correct. qed

Proposition 2.4. If a + 8 < n holds true, we have M € Sy(G,C).

Proof: We have to prove only that the kernel M is bounded. Without loss
of generality, we can assume « > 0 and 8 > 0. Taking (z,2) € G ® G, we
estimate with the aid of Holder’s inequality as follows:

1
x,z) </Ka?y )| L(y, dy<cc/ —dy
Ml JIE Ity 2ldy < ae | o—m, —p

aﬁﬂ
<°‘CQ</ E y|a+ﬂ y) (/ |y—z|a+ﬁ y)

< c1eC for all (z,2) e GRG.

1
Here we observe C' := sup/idy < o0, since a + S < n holds
IGGG |$ - yla—i-B

true. q.e.d.

Proposition 2.5. In the case o + 3 > n, we have the reqularity result M €
SQ+B*H(G’ C) .

Proof: We set R := diam G € (0, +00), and for the points x, z € G satisfying
x # z we define the quantity § := |z — z| € (0, R). Then we calculate

1 1
M(x,z §/Kz,y L(y, z dygc/ . dy
e 2 [t v <e | o= =

/ 1 L /‘ 1 L
=c —————dy + ¢ ——dy
|z —y|* |y — 2|P lz —yl|> [y — 2|8

yeG yeG
ly—z|<56 Lo<|y—x|<26

R R
c e dy
[z —yl* |y — 2|°

yeG
ly—=z|>26
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with a constant ¢ € (0, +00).
Taking the point y € G with |y — x| < 34, we estimate as follows:

1.1
>zl —lr—y|>6— =6 = 6.
ly =2l >z —2|— |z —y| > 59 =3

Taking the point y € G with |y — x| > 2§, we obtain
1 1
y—zlzly—zl—lz—2l=ly—al -2y —2| - Fly—2[ = 5ly — 2|

Consequently, we see

c 1 c 1
Mz, 2)| < / g+ =< / - 4
M. 2] < 155 =¥t Top PR

yily—x|< 36 yily—z|<25
+ / L
Y
(3)° |y — x[o+P
yily—z|>26
c 1 c 1
< ——  _d - -4
~ (39)° / =z T oy / y—27 Y
yily—2|< 36 yily—2|<368
c 1
SIS T
(3)° |y — z]otP
yily—z|>26
(23)
We now substitute
1
y=xz+of dy=wno"'do,  0€(0,50), £S5
and calculate
36 15
1 - n—o—
/ y— 2] y—/g “o" lwndQan/g Ydo
yily—z|< 36 0 0 (24)
_ _Wn |: nfoc:| 20 Wn (]_5>n—a
Thn-all 0 n—a\2
Analogously, we get
— ! Wn n—_3

yily—z|<38

With the aid of the substitution above, we deduce
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“+ o0
1 —a—B n—
/ Wdyzwn/@ o' ldo
y:ly—x|>26 28
1 +oo
= [g" ] 26
w"n—(a—i—ﬁ)[g 26 (26)
w
= ——"—(20)" ",
Gl

Combining (23), (24), (25), and (26) we finally obtain the estimate

o < () ) g e
C(n,a, p)

:HTB_” forall z,z€ G with z # 2.
T —2z

(27)
Therefore, the statement M € Sypy5_,(G, C) follows. q.e.d.

We summarize our arguments to the subsequent

Theorem 2.6. (I. Schur)

To the given orders a € [0,n), B € [0,n) let K = K(z,y) € S.(G,C),
L = L(y,z) € Sg(G,C) denote singular kernels with the associate integral
operators K, IL. Then the composition

]KO]Lf(x):/M(x,z)f(z)dz, z € G, feD
a

represents a singular integral operator as well, where its product kernel

M(z,z) = /K(a:,y)L(y,z) dy, (r,2) e G® G
G

satisfies the following reqularity properties:

SO(Ga(C)? Zf Oé+ﬁ<n

M= M(z,y) € { ; .
Sat8-n(G,C), if a+B>n

Theorem 2.7. (Iterated kernels)

Let K = K(z,y) € So(G,C) denote a singular kernel of the order 0 < a < n
with the associate integral operator K. Then we have a positive integer k =
kE(K) € N and a kernel L = L(x,y) € So(G,C) with the associate integral
operator I such that

KFf=Lf  forall feD.
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Proof: We choose 8 € (o, n) satisfying

m
n
m+1

for all m e N.

B#

This implies
B+m(B—n)#0 forall meN.

With the aid of the theorem by I. Schur we now consider the iterated kernels:
KesS, CSB, KQZKOKESBng,n:Sg_H(Ig_n),

K?’:KOKOKGS,@_’_Q(Q_H), ey Kk:KO...OK685+(k_1)([3_n).
k

We now determine the number k& € N such that
B+(k—-2)(B-n)>0 and B+ (k—1)(B—-n)<0
is satisfied, and we infer
(B4 E-B-n}+B=F+E-1)E-n)+n<n
Theorem 2.6 finally yields K* € Sy(G,C). g.e.d.

An outlook on the treatment of the eigenvalue problem for the n-dimensional
oscillation equation (Weyl’s eigenvalue problem): Parallel to Theorem 1.9
from Section 1 we use the domain of definition

Do = {u =u(z) € C*(G)NCG) : u(z) =0 on 8G’}
and consider the eigenvalue problem for the n-dimensional oscillation equation
— Au(z) = Mu(z), ze€G; ueDy\ {0}, XeR. (28)

In Section 9 we show the property A > 0. Then the differential equation (28)
can be transferred into the singular integral equation

Hu(x) := /H(x,y)u(y) dy = %u(x), z € G, (29)
G

with the singular kernel H = H(x,y) € S,,—2(G) which is symmetric. Due to
Theorem 2.7 we now choose a number k € N satisfying

HFu = Ku = /K(x, y)u(y) dy, u € Dy,
G

with a kernel K = K(z,y) € So(G). The eigenvalue problem (29) is trans-
ferred into the equation
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1
Ku = H*u = Fu(x), reG. (30)

Now we can continue the operator K : LI(G) — C°(G) for each exponent
q > 1, due to Theorem 2.2. With (30) we obtain an eigenvalue problem on the
Hilbert space L?(G) C L(Q), if ¢ € (1,2] holds true. Therefore, it suffices in
the following considerations to investigate eigenvalue problems for operators
in Hilbert spaces.

3 The Abstract Hilbert Space

We now continue the considerations from Section 6 in Chapter 2.

Postulate (A): H is a linear space. This means H is an additive Abelian
group with 0 as its neutral element:

z,2yeH = z+yeH, r=0€H.

Furthermore, we have a scalar multiplication in H: With the number A € C
and the element = € H the statement Ax € H is correct, and the axioms for
vector spaces are valid.

Postulate (B): In H we have defined the inner product

HxH—=C
(l‘,y) = ('T7 y)H
with the following properties:

(@) (z,ay)y = alz,y)y forall z,yeH and a€C

(b) (z,y)u = (y,x)y for all x,y € H (Hermitian character)

(c) (1 + 22, y)n = (1, y)nu + (z2,y)n  for all xy, 20,y € H

(d) (z,x)y >0 forall z € H and (z,2)y =0 < xz =0 (positive-
definiteness)

Postulate (C): For each positive integer n € N we have n linear independent
elements z1,...,x, € H, which means

n
ay,...an € C, Zaixizo = ar=...=a, =0.
i=1

Definition 3.1. If the set H' satisfies the Postulates (A), (B), and (C) then
‘H' is named a pre-Hilbert-space.

Ezample 3.2. Let G C R™ denote a bounded open set and define

H = {f LG CeC®Q): suplf(x) < +oo}.
zeG
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With the inner product

(f.9) = / F@g(x)dz,  fge (1)
G

the vector space H' becomes a pre-Hilbert-space.

Theorem 3.3. In pre-Hilbert-spaces H' we have the following calculus Tules
for the inner product (.,.):

a) For all x,y,y1,y2 € H', o € C we have

(az,y) =a(z,y), (z,y1 +y2) = (z,91) + (T, y2).

Consequently, the bilinear form (., .) is antilinear in the first and linear in
the second component.
b) The Cauchy-Schwarz inequality is satisfied:

[(z,9)] < V(z,2)v/ (y,y) for all z,ye€H.

¢) Setting ||z|| := /(z,z) with x € H', the pre-Hilbert-space H' becomes a
normed space. This means

[z] =0 & z=0,
lz+yll <zl + Iyl forall zye?,
Az = [Allz]| forall zeM, \eC,

lz =yl = [llzll = llyll|  forall zyeH.
d) The inner product is continuous on H' in the following sense: From the
assumptions
Ty =z (N — 00) with {xp}tn=12,.. CH and zeH
and

Yn =y (n = 00) with {yntn=12,... CH and yeH

we infer
(@n,yn) = (2,y) (n — 00).

Here the symbol x,, — x (n — o0) indicates that ||z, — x| = 0 (n = o)
1s satisfied.

Proof:
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a) We calculate

(ax,y) = (y,ax) = a(y,z) = @(z,y)

and

(1 +y2) = (11 +y2,2) = (y1,2) + (y2, )

= (ylv‘r) + (yZa‘r) = (xvyl) + (x7y2)~

b) and ¢) are contained in Section 6 of Chapter 2; more precisely in Theorem
6.7 with its proof and the Remark following Definition 6.1.
d) The subsequent estimate yields this statement:

(s yn) = (@, )| < (@0, yn) = (@0, )| + [(T0,y) — (z,9)]
= |('rn7yn - y)' + |($n - x,y)\
< lznlllyn = yll + llzn — 2lllyll = 0 (n — o0).
q.e.d.

Postulate (D): H is complete. This means each sequence {z, }n=12,.. CH
satisfying ||z, — Zm| — 0 (n,m — o) possesses a limit element x € H such
that

lim |z, — 2| = 0.

n—oo
Definition 3.4. If H satifies the Postulates (A), (B), (C), and (D) we name
‘H a Hilbert space.

Remark: The Hilbert space H becomes a Banach space via the norm given in
Theorem 3.3,c).

Definition 3.5. The Hilbert space H is separable, if the following Postulate
(E) holds true additionally:

Postulate (E): There exists a sequence {xp}n=12.. C H which is dense
in H: This means for all x € H and every € > 0 we have an index n € N
satisfying ||z — x,|| < e.

Ezxample 3.6. Hilbert’s sequential space
We endow the set of sequences

oo
= {J):(aﬁl,l‘g,...) eCxCx...: Z|$k‘2 <+OO}
k=1
with the inner product
oo
(w,y) =) Trys € C
k=1

and we obtain a separable Hilbert space.
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Example 3.7. Let G C R™ be a bounded open set, and by

L*(G) := {f : G — C measurable : /|f(:c)\2 dzr < —|—oo}
G

we denote the Lebesgue space of the square-integrable functions with the inner
product

(f.9) = / F@ga)de  for f.ge L%(G).
G

Then H = L?(G) represents a separable Hilbert space. The pre-Hilbert-space
H' described in Example 3.2 lies dense in H (compare Chapter 2, Section 7).

Parallel to the transition from rational numbers Q to real numbers R we prove
the following result using the ideas of D. Hilbert, which were presented in his
famous book on The Foundations of Geometry:

Theorem 3.8. (Hilbert’s fundamental theorem)

Each pre-Hilbert-space H' can be completed to a Hilbert space H such that H’
lies dense in H. We name H the abstract completion of H'. When H' satisfies
the Postulate (E), then the abstract completion H is a separable Hilbert space.

Proof: Let H' be a pre-Hilbert-space. We then consider the Cauchy sequences
{flIn=12,.. CH and {g),}n=1,2,.. C H'. We call them equivalent if

[ =9, =0 (n— )
is satisfied. Now we set

[f}] is the equivalence class }

H = =[fln=10.. : "
{f fuln=12, of the Cauchy sequences {f} }n=12,. CH’

For f =[f]n € H and g = [g,,], € H we evidently have the statement

To Postulate (A): On H we define a vector space structure as follows: For
a,feCand f=[fl]ln€H, g=Ig9,]n € H we set

af +Bg = lafy + Bnln.
The null element is the equivalence class of all zero sequences in H':

0=[faln  with {fi}nm12.. CH and [fi]l =0 (n— o).
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To Postulate (B): For the elements f = [f}], € H and g = [g)]» € H we

define the inner product

On account of

< = Fallllgnll + 1 £ lllgn = gmll = 0 (n,m — o0),

the limit given above exists. One easily verifies that the so-defined inner
product satisfies the Postulate (B).

To the Postulates (C) and (E): Let H denote the set of all f € H satisfying

f=1f,f,...] and f' € H'. Then the vector spaces H' and H are iso-
morphic, and consequently H' is embedded into H. Now H is dense in H:
Taking f = [f1]n € H we set fo, = [f1,s f1, -] € H and see

1 = Fonll = T (12— frall = 0 (m — o0).

Evidently, the Postulate (C) remains valid for H. In the case that H’
additionally satisfies the Postulate (E), this holds true for H as well.

To Postulate (D): Let {fn}n=12.. C H with

Ilfn = full = 0 (n,m — 00)

be chosen. Since H lies dense in H we have a sequence {fn}nzl,gy,,, CH
satisfying

3|

Here we have f,, = [f’, f/,...] with f, € H'. We now set f := [f/]n=1.2...
and show that f € H and ||f — fu]]l = 0 (n — o0) are correct. At first,
we estimate

Ifn = foll

, n=12 ...

||fn - fm” S ”.fn - an + ”fn - fm“ + Hfm - fm”

IN

1 1
—+fan = full+ — — 0(n,m— o0).
n m
Now we have
~ ~ ~ 1
and note that f,, = [f’, f.,,...] and f = [f], f3,..]. Then we infer

m>Jm?

1f = Frull = i | f7 = frll < em
n—o0
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with the numbers £,, > 0 and m € N satisfying £, — 0(m — o0). We
summarize our considerations to

1
IF = full Sem+ = 0 (m = 00) "

Remark: We can complete the pre-Hilbert-space H’' from the Example 3.2
abstractly to a Hilbert space H with the aid of Theorem 3.8. Alternatively,
we can concretely complete H’ to the Hilbert space

L*(G,C) := {f : G — C measurable : /|f(x)\2dx < +oo},
G

whose inner product is given in (1).
Definition 3.9. A sequence of elements {¢1,p2,...} C H' in a pre-Hilbert-
space H' is called orthonormal if and only if

(@ir5) = 0ij forall i,j €N

is correct. We name the orthonormal system {¢g}r=12,.. complete - briefly
we speak of a c.o.n.s. - if each element f € H' satisfies the completeness
relation

17 =D ICens I (2)
k=1

This definition is justified by the following theorem, whose proof is contained
in the Propositions 6.17, 6.18 and Theorem 6.19 at the end of Section6 in
Chapter 2.

Theorem 3.10. Let {¢k}r=1,2,.. C H' represent an orthonormal system. For
all f € H' we then have Bessel’s inequality

| (s H)I* < IFIIP. (3)

NE

~
Il

1

An element f € H' satisfies the equation

Do lew HIE =171 (4)

k=

=

if and only if

Jin 1= S o =0 g
k=1

holds true. The latter statement means that f € H' can be represented by the
Fourier series
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Z Saka
k=1

converging with respect to the norm || - || in the Hilbert space.

Ezxample 3.11. With the Fourier series and the spherical harmonic functions
in Section 4 and Section 5 from Chapter 5, respectively, we obtain two c.o.n.s.
in the adequate Hilbert spaces.

Theorem 3.12. An orthonormal system {@x }k=1,2,... in the pre-Hilbert-space
H' is complete if and only if the relation (¢, ) =0, k=1,2,... withx € H’
implies the identity x = 0.

Proof:
‘=’ Let x € H' and (g, ) = 0 hold true for all £ € N. Then the completeness

relation yields
oo
lz* =[x, @)]* =0
k=1

as well as ||z|| = 0 and consequently x =0 € H'.
‘<" Let {@r}r=12.. be an orthonormal system such that the statement
(pr,z) =0 for all k € N implies x = 0. For arbitrary y € H we set

=y—> (pry
k=1

and we calculate
(@h ) Splv (Solaz Pk, Y ) :(@l,y)_(QOI,y)ZO
k=1

for all [ € N. This implies z = 0 and consequently

oo
= (er:y
k=1

Therefore, the system {py }r=1,2... C H' is complete due to Theorem 3.10.
q.e.d.

Theorem 3.13. Let H denote a separable Hilbert space.
a) Then there exists a c.o.n.s. {pgtr=12,. CH.

yees
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b) For two arbitrary elements x,y € H we have the Parseval equation

(@,9) =Y (o 2)(@x, v). (6)

k=1
¢) The Hilbert space H is isomorphic to the Hilbert sequential space ly via the
mapping

D H =1y, = (1,29,...) with k= (@K, T).

By the prescription
o0
x:szgpk with  (z1,x2,...) €y
k=1

the mapping inverse to @ is given.

Proof:

a) Since H is separable, we have a sequence {g1, ga, ...} C H which is dense
in H. We eliminate the linear dependent functions from {g1, g2, ...}, and
construct a system of linear independent functions {fi, f2,...} in H with
the following property:

(91,5 9n) C [f1,-- fo) forall p>n2>1, (7)

denoting with [g1,...,9,] and [f1,..., fp] the C-linear spaces spanned by
the elements gi,...,9n and fi,..., fp, respectively; here n,p € N holds
true. Now we apply the orthonormalizing procedure of E. Schmidt to the
system of functions { fx}x=1,2..

1 J2 = (p1, f2)¢1

o1 = mfh T = (on el

n—1

Jn — Z (‘Pja fn)@j
n = — . on=12...
‘ fn - Zl((P]ﬁfn)Spj
j=

We evidently have (¢;, pr) = 0% for j,k=1,2,... and
(91,5 9n] C 1, 0p) forall p>n>1. ()

When f € H and € > 0 are given, we have an index n € N satisfying
|| f — gnll <e. Due to (8) we find p > n numbers ci, ..., ¢, € C with

p
-] <
k=1
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Because of the minimal property of the Fourier coefficients (compare Chap-
ter 2, Section 6, Corollary to Proposition 6.17) we can still choose n and p
such that

P
Hf—Z(S@kaf)@kH <e for all > 0.
k=1

Observing the limit process € | 0 we deduce
F= (e Ners
k=1

and {@gfr=1,2, .. is a c.o.ns.
b) For two elements z,y € H with the representations

=Y (o )er, Y= (oY)
k=1 =1

we evaluate the inner product

n n

(z,y) = lim (Z(wkw)sﬁk,Z(%y)wz)
k=1 =1
n
= lim > (r ) (@1, 9) (k1)
k=1
= lim > (¢k,2)(ox:y)
k=1
= (er: ) (@5, 9)-
k=1
¢) Here nothing has to be shown any more. q.e.d.

Definition 3.14. We name M C H a linear subspace of the Hilbert space H,
if for arbitrary elements f,g € M and all numbers a, 5 € C we obtain the
inclusion

af + g e M.
A linear subspace M C H is called closed, if each Cauchy sequence
{fn}n:l,Q,... (- M

fulfills
f=lim f, € M.
n—oo
With o linear subspace M C H we denote by
There exists a Cauchy sequence { fn}n=1,2,. C M
satisfying f = lim,, o0 fn

m::{fe’}-l:

the closure of M.
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Ezample 3.15. The space C¢°(G) =: M C H := L*(G) is a nonclosed linear
subspace, and we have M = H.

Definition 3.16. We call H a unitary space, if the following Postulate (C’)
is satisfied in addition to the Postulates (A) and (B).

Postulate (C’): With an integer n € N we have dimH = n.

Remarks:

1. In an n-dimensional unitary space H we have n linearly independent ele-
ments {fi,..., fn}, and each g € H can be represented in the form

n
g:z:ckf;C with ¢q,...,¢, € C.
k=1

2. A unitary space H possesses an orthonormal basis {¢1, ..., @, } with n =
dim #H satisfying

F= (er: f)op  forall feH.
=1

3. Each unitary space ‘H endowed with the inner product
n
(@,9) =Y Tryh,  ©= (1, 2n), Y= (Y1,---,yn) €C
k=1

is isomorphic to C™, where n =dim H holds true.
4. Each unitary space is complete.

Noticing the Definitions 3.14 and 3.16, we easily prove the following

Theorem 3.17. Let H denote a Hilbert space, and M is a closed linear sub-
space of H. Then M represents either a Hilbert space or a unitary space. In
the case that H is separable the same holds true for M.

Definition 3.18. Let M be a linear subspace of H. Then we define the or-
thogonal space of M in H setting

Ml::{gEH: (g,f):OforalleM}.

Remark: On account of the continuity for the inner product, the orthogonal
space M+ C H is closed.

From Theorem 6.9 on the Orthogonal projection in Chapter 2, Section 6 we
take over the proof of the following
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Theorem 3.19. (Projection theorem)

Let M denote a closed linear subspace in H. Then each element x € H can
be uniquely represented in the form x = x, + xo with x1 € M and x9 € M+ .
We then obtain the decomposition

H=MaeML

We still note the subsequent

Theorem 3.20. Let M be a linear subspace in a Hilbert space H. Then M
lies dense in H if and only if the following implication is correct:

weH: (f,p)=0 foral feM = p=0. (9)

Proof: We have the orthogonal decomposition H = M®M* via the Projection
theorem. Now the subspace M lies dense in H if the statement M = H and
consequently ML = {0} is correct. The latter statement coincides with the

implication (9). q.e.d.

4 Bounded Linear Operators in Hilbert Spaces

We begin with the fundamental

Definition 4.1. On the Hilbert space H the mapping A : H — C is a bounded
linear functional, if the following conditions are fulfilled:

a) Alaf + Bg) =aAf +BAg  forall figeH and «,p €C,
b) |Af| <c||fll forall feH , with a constant ¢ € [0,400).

Due to Theorem 6.11 of Section 6 in Chapter 2, the following three statements
are equivalent for a linear functional:

(i) A is bounded,
(ii) A is continuous at one point,
(iii) A is continuous at all points of the Hilbert space.

We define the norm of the bounded linear functional A by

|All:= sup |Az|= sup |Az| < +oo.
ze€H, [|z[<1 zeH, [|z]|=1

In Chapter 2, Section 6, Theorem 6.14 we have proved the following statement:

Theorem 4.2. (Representation theorem of Fréchet and Riesz)
Each bounded linear functional A : H — C on the Hilbert space H can be
represented in the form

Af =(9,f) forall feH (1)

with a uniquely determined generating element g € H.
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Definition 4.3. Let D denote a linear subspace of the Hilbert space H. A
linear operator T consists of a function T : D — H with the following property

T(crur +coug) = c1T(uy) 4+ coT (uz) for all wui,up €D and c1,c € C.

Definition 4.4. A linear operator T : D — H is called bounded, if we have
a number c € [0,400) such that

1Tu]] < cfjul] forall uweD (2)

holds true. Then the norm of T is defined by

Tu
IPul o sy Jrul= s JTel. @)

17| := =
ueD,uzo |l weD, ||lul|<1 w€D, ||lul|=1

Remark: The Example 1.2 in Section 1 presents an unbounded operator with
T:=—-A.

Definition 4.5. Let Dr, Dz denote two linear subspaces of the Hilbert space
H. Then the mapping B
T: DT —H
is called the extension of the bounded linear operator T : Dr — H, if the
following properties are satisfied
a) Dr C 'Dj;,
b) Tu=Tu forall u € Dr.
We then write T C T.

For bounded operators it suffices to define them on dense subspaces of Hilbert
spaces due to the following

Theorem 4.6. (Extension theorem)

Let T : D — H denote a bounded linear operator, and the linear subspace D C
H lies dense in the Hilbert space H. Then there exists a uniquely determined
bounded extension T O T satisfying Dy = H and ||T'|| = ||T|.

Proof:

1. We define T : H — H as follows: Taking f € H we have a sequence
{fntn=1,2,.. C D satisfying f,, = f (n — o0) in H. Now {T fn}n=12..
gives a Cauchy sequence in H on account of

1T fr =T fonll = T (fr = Fe) Il < TN S0 = Finll = 0 (0, m — 00).

Therefore the limit lim 7'f, exists, and we set
n—oo

Tf:= lim Tf,, f€H.

n— oo
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This notion is uniquely determined: Taking namely a further sequence
{f}}n=1,2... C Dy satisfying f], — f (n — o0) in H, we observe

T =T Ll S NTU o= Fll S NTHfn = I+ 1 = S2lD) = 0 (n = 00).

Finally, we note that ff =Tf for all f € Dp.
Now the relation

1T := sup |Tf|l= sup [Tf= sup |Tf[=]|T]
fer IflI<1 feDr, £l IS N ES!

is correct. Furthermore, the operator T : H — H is linear: For two ele-
ments
f=lim f,, ¢g= lim g, from H
n—oo n—oo

with {f,}n C Dr and {g,}» C Dr, we have the equation

T(af + Bg) = T( lim (afn + Bgn)) = lim (aTf, + BTgy)

=« lim Tf, + 5 lim Tgnzaff—&—ﬁfg
n—oo n— oo

for arbitrary a, 8 € C, on account of the continuity of T.

. UT,T:H — H are two extensions of Dy on H, we have

(T-T)(f)=0 forall feDr.

Since Dy C H lies dense and (T — f) : H — H is continuous, we infer

~ ~

(T-7)(f)=0 forall feH

~ ~

and consequently T'=T. q.e.d.

Theorem 4.7. Let T : H — H denote a bounded linear operator in the Hilbert
space H. Then we have a uniquely determined linear operator T* : H — H
such that

(T'f,g)=(f,T"g)  forall f,geH (4)

is correct. Furthermore, we have

=Tl and T =T,

which means that the operation % is an involution.

Definition 4.8. The operator T* is named the adjoint operator of T.

Definition 4.9. A bounded linear operator H is called Hermitian if H* =
holds true, which means

(Hz,y) = (z, Hy) forall z,ye™H.
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Proof of Theorem 4.7:
-Uniqueness: Let Th and T be two adjoint operators to T: Then (4) yields

(f)Tlg):(Tf7g):(fvT2.g) for all f7gEH

as well as (f, (T1 — T2)g) = 0 for all f,g € H, and consequently T7 = T5.
-Ezistence: For a fixed g € H we consider the bounded linear functional

AQ(f) = (g7Tf)7 fEH
This functional is bounded according to

[Ag(DE< Mgl TFIF< (gl TIDIAIN - for all - f € H.

We apply the Representation theorem of Fréchet-Riesz: For each g € H
we have an element ¢* € H with the property

(gva):Ag(f):(g*,f) fOI' all fe%

We now set T*¢g := g*, and the so-defined mapping T : H — H has the
property (4).

-Linearity: We take the elements g1, go € H and the numbers ¢y, co € C. With
the aid of (4) we then calculate

(T (c191 + c292), f) = (c1g1 + c292, T'f)
=01(91,Tf) + (g2, Tf)
=a(T"g1, ) +c(T"g2, f)
= (aT*g1 + c2T* g0, f) for all f e H.
-Boundedness: At first, we note that

(Tf,g)=(f,T"g)=(T"f,g) forall f,gecH.

Therefore, T is an involution. With the aid of (4) we obtain the following
estimate

1T I < ITFlgl < NTNNA Mgl for all f,g € H.
Inserting f = T™g, we obtain
IT*gl* < ITIIT*gllllg]

and consequently
IT*gll < IT[|1lgl],

which means
1T < [T

Since T is an involution, we infer
1T = [T < [[T7]]-
Consequently, the relation ||T'|| = || T7*|| is correct. q.e.d.
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Example 4.10. Let the following cube in R™ be given, namely
Q= {x: (1,...,2n) €R™ ¢ |z §Rforj:1,...,n}

whose sides have the length 2R € (0, 400). Then we consider a Hilbert-Schmidt
integral kernel

K =K(r,y): QxQ—CeL%Qx Q,0). (5)
On account of

/ |K (z,y)|*dz dy < oo
QxQ

we have a null-set N C @ with the following property: For all z € Q \ N the
function y — K (z,y) is measurable on @ and [ |K(z,y)|? dy < oo is satisfied.
Q

Furthermore, we have
[ ([ K@l d)is= [ 1K@wPdedy= K] < oo
Q Q QxQ

because of the Fubini-Tonelli theorem. Taking f € L?*(Q,C) we define the
Hilbert-Schmidt operator

/ K(z,9)f(y)dy, =€ Q\N
Kf(z) = 3 .
0

(6)
, reN
The Holder inequality yields
K@ < ([ 1K) d)l7IP
Q
for all x € @\ N and integration with respect to z € Q gives
[s@Pdr< ([ 1KGo)P dzdy)if = KPS
Q QxQ
and finally
KA < IKIfII - forall fe L*(Q,C). (7)

Therefore, we obtain the following

Theorem 4.11. The Hilbert-Schmidt operator K : H — H from (6) with the
integral kernel (5) represents a bounded linear operator on the Hilbert space
H = L?(Q,C), and we have the estimate

K[ < (1)
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Remarks:

1. The singular kernels
K = K(z,y) € S4(G,C) with a €[0,n)

generate special Hilbert-Schmidt operators. The statements from Sec-
tion 2, Theorem 2.6 and Theorem 2.7, valid for these special operators,
will later be utilized to obtain regularity results concerning the solutions
of the integral equation.

2. The kernel

K*(x,y) := K(y,z) € L*(Q x Q,C)
generates the adjoint operator K* belonging to the Hilbert-Schmidt oper-

ator K.
3. The operator K is Hermitian if and only if the following identity is satisfied:

K(z,y) = K(y,z) a.e.in @ xQ.

We now shall investigate the inverse of a linear operator.

Definition 4.12. Let T : Dy — H denote a linear operator on the subset
Dr C H of the Hilbert space H with the range Wy := T(Dr) C H. Further-
more, let the mapping

r— Tx, x € Dp

be injective. Setting f = T 'qg the inverse T~' : Wpr — Dy C H of the
operator T is then defined if T'f = g holds true. We note that

Dy =Wrp, Wy = Dr.

We immediately obtain the following

Theorem 4.13. The operator T~ : Wy — Dr is linear and does exist if and
only if the equation
Tr =0, x € Dp

possesses only the trivial solution x = 0.

Theorem 4.14. (O. Toeplitz)

Let T : H — H denote a bounded linear operator in the Hilbert space H. Then
the operator T possesses a bounded inverse in H - namely T=1 : H — H - if
and only if the following conditions are satisfied:

a) For all x € H we have ||Tz|| > d||z|| with a bound d € (0,+00).
b) The homogeneous equation T*x = 0 admits only the trivial solution x = 0.

Proof:
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‘=’ We assume that the bounded inverse 7! : H — H exists. Then we have
a number ¢ > 0 satisfying

1T x| < ¢z forall zeH.
With z := T f we infer
1
ITA1F= Z £

Therefore, the condition a) is fulfilled with d := %
If z € H is a solution of T*z = 0, we deduce

(Tz,z) = (2, T"2) = (,0) =0 for all = € H.

Inserting the element x = Tz, we obtain z = 0.

‘<=’ At first, we show that Wy C H is closed: Let {yn }n=1,2,.. C Wy denote
an arbitrary sequence with y, — y (n — o0) in H. We set vy, = Ty,
n=1,2,..., and with the aid of a) we get the inequality

1
0 = 2l < Slm = vnll 50 (2,0 = 00).

This implies x,, = = (n — o0), and the continuity of T yields

Tr=T(lim z,)= lim Tz, = lim y, =y € Wr.
n—oo n—oo n—00
Consequently, Wr is closed in ‘H, and we have the orthogonal decompo-
sition
H=WraW;.

Now we take z € Wz and obtain
0=(z,Tx)=(T"z,x) forall zeH

and finally 7%z = 0. The condition b) therefore yields z = 0 and conse-

quently H = Wy, which means T is surjective. The injectivity of T' follows

immediately from a). Consequently, 7~! exists and is bounded due to a)
with 1

[ 2

q.e.d.

Remark: If H : H — H is a bounded Hermitian operator satisfying
|Hz| > dx|| forall zeH

with the number d € (0,400), Theorem 4.14 implies the existence of the
bounded inverse H~! : H — H.
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Theorem 4.15. Let T : H — H denote a bounded linear operator in the
Hilbert space H. Furthermore, let the bounded inverse T~' : H — H be de-
fined. Then the operator T* possesses an inverse (T*)~L, which is defined and
bounded in H. Furthermore, we have (T~1)* = (T*)~L.

Proof: Because of the assumptions we see
1T || < cf|z|| forall zeH.
When we insert the element z = T~1y into the relation
(Tz,y) = (z,T"y) forall yeH

we obtain
lyll? < IT~ Tyl < ellylllI Ty

and consequently
. 1
1Tyl = llyl - forall y €3

Theorem 4.7 and the relation
() f =T =Tf

imply, with (7%)*f = 0 then f = 0 holds true. Theorem 4.14 shows that the
inverse

(T L H—>H

exists, and we have
)= < 11771

Let the elements f,g € H be chosen arbitrarily. With x = T7'f and y =
(T*)~'g we then obtain the relation

(f,(T*) 7 g) = (Ta,y) = (2, T*y) = (T f,9) = (f,(T"1)"g).
Consequently, the identity (7%)~! = (T~1)* is correct. q.e.d.

In the Hilbert space H we consider a closed linear nonvoid subspace M C H,
and the Projection theorem yields the decomposition H = M & M. Noting
that

f=fH+f eH with fleM,f2€MJ'

holds true, the following definition for a projector P is sensible:
P:H—-M via f:f1+f2HPf:f1

We consider
IPFIZ=1Al%<|fI? forall feH
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and

IPfl =/ forall feM.
The norm of the projector consequently satisfies
[P]| = 1.
Furthermore, we observe
P’f=PoPf=Pf and P?’=P in H,
and we conclude

(Pf,9) = (fi.91 +92) = (fr1.91)
= (fi+ fo,q1) = (f,Pg) forall fgeH,
which means P = P*.

Definition 4.16. A bounded linear operator P : H — H is a projection op-
erator or a projector if the following holds true:

a) P is Hermitian, which means P = P*;
b) P2=P.

Theorem 4.17. Let P : H — H denote a projector. Then the set
M= {gEH :g=Pf witthH}
is a closed linear subspace in H. Furthermore, we have
f=Pf+(f-Pf) € MoM"

Proof:

1. We show that M = P(H) is closed: Let {gy }n=1,2... C M be a sequence
with g, — ¢ (n — o) in H. On account of g, = Pf, with f,, € H we
infer

Pg, = P*f, = Pfy = gn.

Since P is continuous, Pg = g follows and consequently g € M.
2. We take f € H, set f1 := Pf and fy := f — Pf, and observe f; € M.
Furthermore, all h € M satisfy

(fo,h) = (f = Pf,h) = (f = Pf,Ph) = (Pf — P*f,h) = 0.

Consequently, fo = f — Pf € M+ is correct. q.e.d.
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Remark: In the Hilbert space H let the linear subspace M C H be given. The
sequence {goj }jzl,gw is assumed to constitute a c.o.n.s. in M. Then we have

PMf:Z(‘pjvf)‘pjv fEH

j=1
with jo € NU {co}.

In physics the energy of a system is measured with the aid of bilinear forms.
Linear operators are then attributed to the latter.

Definition 4.18. A complez-valued function
B(.,.):HxH—=C
is named a bilinear form if
B(f,cig1 + c292) = e1B(f, 1) + c2B(f,92)  forall f.g1,92 € H
B(eifi +caf2,9) =aB(f1,9) + ©2B(f2,9)  forall fi,f2,9€H

and all ¢1,c9 € C holds true. The bilinear form is Hermitian if

B(f,9) =B(g,f)  forall fgeH (9)
is correct, and we name B symmetric if
B(f.g9)=Blg,f)  foral fgeH (10)

holds true. For real-valued bilinear forms the conditions (9) and (10) are equiv-
alent. The bilinear form B is bounded if we have a constant ¢ € [0, 4+00) with
the property

IB(f, )l < cllflllgll forall f,g€H. (11)

A Hermitian bilinear form is strictly positive-definite if we have a constant
¢ € (0,+00) such that

B(f.f) = cllfI*  forall feH (12)
is satisfied.
Remarks:

1. Alternatively, one calls (12) the coercivity condition.
2. For a given bounded linear operator T : H — H, we obtain with

B(f,9):=(Tf,9), fgeH

a bilinear form. This is bounded on account of

[B(f )l < ITSflgll < WTAMNgll, fr9 €.

If T is Hermitian, the bilinear form is Hermitian as well since we have

B(f,g9)=(Tf,9) = (f,Tg) = (Tg,f)=B(g,f), f,geH.
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We now address the inverse question.

Theorem 4.19. (Representation theorem for bilinear forms)
For each bounded bilinear form B = B(f,g) with f,g € H, there exists a
uniquely determined bounded linear operator T : H — H satisfying

B(f,9)=(Tf,g)  forall f,geH. (13)

If B is Hermitian then T is Hermitian as well.

Proof: For a fixed element f € ‘H we obtain with

Ly(g) :=B(f,9), geH

a bounded linear functional on H. Due to the representation theorem of
Fréchet-Riesz, we have an element f* € H with the property

(f*,9)=B(f,9) = Ls(g)  forall geH. (14)
Now f* is uniquely determined by f, and we set
Tf = f", feH.
1. The operator T : H — H is linear: We calculate
(T(c1f1 + caf2),9) = Bleifi + caf2, 9) = @1 B(f1,9) +2B(f2,9)
=0 (Tf1,9) +e(Tf2,9) = (T fr + 2T f2,9)

for all f1, fo,9 € H and all ¢,¢co € C.
2. Since the bilinear form B(f,g) = (Tf,g) is bounded, we have

(Tf. 9l <cllflllgll forall f,g€H.
With g = % we easily comprehend the inequality
ITfII <clfll forall feH,

and we conclude
17| < e < +4o0.

3. If B is Hermitian, we see

(Tf.9) =B(f,9) = Blg, f) = (Tg, f) = (f,Tg)  forall fgeH.

Therefore, the operator T' is Hermitian. q.e.d.
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Theorem 4.20. (Lax, Milgram)
Let B : H x H — C denote a Hermitian bilinear form, which is bounded due
to

IB(f.9)l <l flllgll forall fgeH (15)

and satisfies the following coercivity condition

B(f.f)=c|IfI?  forall feH. (16)

Here the constants 0 < ¢~ < ¢ < +00 have been chosen adequately. Then we
have a bounded Hermitian operator T : H — H satisfying |T|| < ¢ and

B(f,9) = (Tf,g)  foradll f,geH. (17)

This operator possesses a bounded inverse T~1 : H — H which is Hermitian
and subject to
_ 1
1T < —.
c
Proof: From Theorem 4.19 we obtain a Hermitian operator T' : H — H with
IT|| < ¢t and the property (17). Together with (8) we arrive at

AP < BN = (THH <ITFINf forall feH

and consequently
ITAI > lifl forall fen. (18)

Due to the Theorem of Toeplitz, the operator T possesses a bounded inverse
T-!' : H — H, which is Hermitian because of Theorem 4.15. Finally, the
relation (18) implies

1

7= < ' q.e.d.

Remarks:

1. The Theorems 4.19 and 4.20 remain valid for real bilinear forms, if we
replace Hermitian with symmetric.

2. Theorem 4.20 provides the basic result for the weak solvability of elliptic
differential equations, as we shall see in Section 3 of Chapter 10.

3. In its full strength, the Theorem of Lax-Milgram even holds true for real,
not necessarily symmetric, bilinear forms. However, we only need the sym-
metric situation, when we apply our Theorem 4.20 to elliptic p.d.e.s —
without first order terms.
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5 Unitary Operators

Definition 5.1. Let H and H' denote two Hilbert spaces with the inner prod-
ucts (z,y) and (z,y)". Then the linear operator V : H — H’ is called isometric
if the following holds true:

(V£Vg) =(fg)  foral fgecH. (1)

Remarks:

1. With the isometric operator V : H — H’ we calculate

IVE=Velr? = V(S =9l = (V(/ =),V - 9))
=(f-gf-9)=If—gll> forall fgeh.

Therefore, the relation f # ¢ implies Vf # Vg, and consequently the
operator V' is injective.
2. The operator V is bounded. Noting that

WV =VVEVE =) =|fl  forall feH,

(2)

we infer
VI =1. (3)
3. We have Dy = H for the domain of definition of an isometric opera-
tor V, and the range Wy C H' is closed. We take a sequence g, =
Vin € Wy, n = 1,2,... satisfying g, — g (n — o0) and observe

that {f}n=1,2,.. C H is a Cauchy sequence due to (2), namely
1 fo = full? = g0 = gml"® = 0 (n,m — o0).
This implies f, — f € H (n — o0) and furthermore
g= nan;Ogn = nh_)n;o V= V(nli_)rréC )=V € Wy,

since V is continuous. Consequently, Wy, C H is closed.

4. In the case dimH = dim H' < +oo, the injectivity implies the surjectiv-
ity. For infinite-dimensional Hilbert spaces H and H’ this is not true, as
illustrated by the following example:

Example 5.2. We consider the so-called shift-operator in Hilbert’s sequential
space H =1y =: H":

V:H—=>H,

(£C1,£L'2,...) — (0,...,0,$17£L'2,...).

The operator V is evidently isometric, however, V' is not surjective.
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Definition 5.3. An isometric operator V : H — H’ is called unitary if
V :H — H is surjective, more precisely V(H) =H'.

Remark: For a unitary operator U : H — H’ there exists its inverse
U=':H — H, and we have the identity

U, U g =(UoU fUcU 1 g) = (f,9) forall fgeH (4)
on account of (1). Therefore, the inverse U~! is unitary as well.

Definition 5.4. Let H and H' denote two Hilbert spaces with the inner prod-
ucts (x,y) and (z,y)'. Furthermore, T and T' are two linear operators in H
and H', respectively. Then the operators T and T’ are named unitary equiva-
lent, if there exists a unitary operator U : H — H' satisfying

T =UoToU L (5)

Theorem 5.5. A bounded linear operator V : H — H is unitary if and only

if
V*oV=VoV*=E (6)

is correct. Here the symbol E : H — H denotes the identity operator.
Proof:

‘=’ At first, we remark that V : H — H is isometric if and only if

(V*oVf,g)=VfVg) =(fg)=Efg) forall fgeH

or equivalently
V¥oV =E

is valid.
If V is unitary, we have the existence of V=1 : H — . From the last
relation we infer V* = V! and therefore V o V* = E.

‘<’ Now let the identity (6) be satisfied for V' : H — H. Then we infer
V~! = V*. In particular, the operator V is surjective and isometric as
well according to the following relation:

(f,9)=(V*oVfg) =(VfVg) for all f,geH.

q.e.d.

Now we shall prove the Theorem of Fourier-Plancherel (see Theorem 3.1 in
Section3 of Chapter 6), which we have already applied there. At first, we
present the transition from Fourier series to the Fourier integral: Taking ¢ > 0
arbitrarily, the functions
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{ 1 o~ Zika }
V2¢ kEZ
constitute a complete orthonormal system of functions on the interval [—c, +¢].

For all
f € L*([—c,+c,R) N CY((—c, +c),R)

the completeness relation yields the following identity:

/|f e = 3 3 ‘/c—evmrf (@) aof
_k 20)/ i) dy‘

We set

+c
1 .
o) = = / Vi) dy, wER,

and zy = Tk for k € Z. Then we obtain zy, — zx—1 = % and

+c
1 x; 2 1 2 7
2ol [eF i@ | = oo VErg@n)| = Zlg@l = loten) Po - on)

for all k € Z. For all ¢ > 0, the following identity holds true:

The transition to the limit ¢ — +o0 yields

“+o0 “+o0
/ (@) de = / l9(2)[? d. (7)

We expect the operator

Tf(x):= e f(y) dy, z€R (8)

=/

to be unitary on the space L?(R).
More generally, we define Fourier’s integral operator on the Euclidean space
R™ as follows:
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Tf(x)= / @Y () dy, x € R™ (9)
\/_

We shall prove that T : L?(R™) — L?(R") is unitary.

At first, we determine T" from (8) explicitly for the characteristic function

(0) = plasba) = 0 O=T=0 (10)
wb(2) = p(a,b,x) = )
peb 4 0, z<aorxz>b

We calculate

b—a (11)

LPab )dy:\/%a

i0y

Tpap(0) =
Pab \/27r/

and for x # 0 we evaluate

1 )
T u z:ry Y —_ eza:yd
©ab() \/ﬂ/ Pap( m/ y )

y=>b 1 einD —e L

v=a /27 (&4

_ L[

CVr

Proposition 5.6. For Cauchy’s principal values

1 e eihx -1 1 Py eihx -1 1 +Ooeihm -1
Y(h) = — ][ 5— dx = lim {— / 7— dr + = / 5 dx}
7T X 7T X

s x el0
—o00 +e

— 00

we have

B(h)=—|nl,  heR.
Proof: Taking an arbitrary h > 0, we consider the holomorphic function

ethz 1  14idhz+ 3(ih2)?2+... -1
f(Z) = 2 = 2 2

—@—i—..., z e C\ {0}.

For 0 < ¢ < R < +o00 we utilize the domain

GE,R::{zEC: e < |z| <R, Rez>0}

with the positive-oriented boundary
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[-R, —¢| UK. U[+e,+R]U Kr = 0G¢ g.
Here we have defined the semicircle
Kr: z=Re"¥, 0<p<m,
and the following semicircle
—K.: z=¢ce%, 0<p<m

negatively traversed. Since f is a holomorphic function in G¢ g, Cauchy’s
integral theorem yields the following identity:

+R .
-1 ethe — 1
f(z)dz = dxr + = dx

8Ge r R +e (14)

ithz ihz

-1 —1

+/e s— dz — / € s— dz
z z

Kr —Ke

for all 0 < e < R < 4o00. With the aid of (13), let us calculate

ithz __ .
lim [ S %&:mn/(@+”. = MH/——M
eJ0 z el0 z 0
_K. _K.
. (15)
ih
— lim i0dp = —hm
lim / —giee’ dy T
0

Futhermore, we deduce

cihz _ 1 T exp {ih(cosgo—i—isingo)R} -1
/ dz = / iRe' dy

R2e2ip

= |

/ thcos Lpethsingo o 1} d(p,
0

and we estimate for all R > 0 as follows:

‘ eihz -1
22
Kr

IN

17 .

2
%ﬁom%+@.

IN

This implies
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eihz -1
2

lim
R—+00 z
Kr

dz=0 forall h>0. (16)

In (14) we observe the transition € | 0 and R 1 +o00. With the aid of (15) and
(16), we obtain the identity

ihx __ 1
x
and consequently
P(h) =—h for all h>0. (17)
Via the substitution y = —x, we evaluate
—€ “+o0o
1 eih(fa:) -1 1 6ih(fz) -1
—h) =1 — —d — —d
¥(=h) slfol{w/ 22 93+7T/ 22 x}
— 00 €
+oo | —£ .
i J L / e"“v’—ld L1 / e”“v’—ld
=limq — —
clo |7 y? YT y? Y
£ —0o0

=(h) forall heR.
Finally, we obtain the following identity from (17):

P(h) = —|h] forall heR. qed.

Proposition 5.7. With respect to the inner product in L*(R,C), we see

0, if —o<a<b<c<d<4oo

Teap, Tpc,a) = . (18
( ) {b—a, if —co<a=c<b=d< 40 )

Proof: We utilize (12) and calculate

1 (e - emia)(eide — gier)

etz _ p—iax)(pide _ icw
Toap, Tpe = — d
(Tap, Tc,a) o e T

— 00

1 +Ooei(d—b)x _ ei(c—b)w _ ei(d—a);r + ei(c—a)w
= — dx.
27 x?
—o0

If —oo<a<b<c<d< +oo is fulfilled, Proposition 5.6 implies
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1
(Ta, Tea) = 3{1bd = b) = w(c = b) = (d — a) + Y(c — a) |
1
= 5{b7d+c—b+dfa+a—c} =0.

If —o00o <a=c<b=d < +o0 holds true, we obtain

1 ;[ool _ ei(c—b)a: _ ei(d—a);v +1

Toab, Toedq) = — d
( Pa,bs L ¢ ,d) o 72 €z
—0o0
1 1

- 75{1/)(0%) +1/)(dfa)} = —3{e—b+a—d}

_ 1 2a —2b} =10

__5{ a—2b}=b-a. q.e.d.
Let the rectangle

Q= {z: (1,...,2n) ER™ ¢ an <2 < by for a= 1,...,n}
in R” be given. We decompose the interval [aq, b,] into the parts
ae =20 <2 < ... < z(m) =p, for a=1,...,n
and set
ke = [glha=1) (ke
for 1 <k, <mg, and a = 1,...,n. Finally, we define the following rectangles
for k = (k1,...,k,) € N* with 1 <k, < mg:
I®) = 1™ o) c R
We define the characteristic function of the set I*) by
1, zeI®
PO =1, g e rn 1®
and similarly
() 1, z € I(gka) ‘ 1
© ke (T) = or a=1,...,n.
fo 0, z e R\ I
Then we see
©Ork) (JJ) = (plikl) (1‘1) el gplslkn)(l‘n), r € R"™ (19)

Now we calculate
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1 :
Torm(x) = oz /el(w'y)%(k)(y) dy
RTL
oo oS
elT1y1 etTnYn
= < ﬁq)[;m (y1) dy1) el ( ﬁ(plfﬁ”) (Yn) dyn) (20)
= Tsalikl) (131) teee TQDIT(LJM) (In)

For the admissible multi-indices k = (k1,...,k,) and I = (I1,...,1,) we de-
duce

(T, Torw)
= / (Tsﬁlikl)(‘rl) - 'Tgolfbkn)(xn)) (Tgolizl)(xl) - 'TQDI"(Lln)(SCn)) dz
Rn
= (Tgplikl)?T@[?l)) Teest (T()DIW(Ian)vT%OIgn))
= |Il(k1)| C |17(Lk")| 5k111 et (Sknln
= 1M 6ty o Opt,

and consequently

B, k=1
(Toro, Torn) = 0. Rl (21)
Here we have set
I = gbe) — ga=D) apd TR = 15| ke

We summarize our considerations to the following

Proposition 5.8. Let i := @i with k = (k1,...,ky,) and 1 < ko < my,
fora=1,....n be chosen. Then we have the inclusion

Tyr, € L*(R™)
and furthermore the equation

(T, Tpr) = (0K, 1) holds true for all admissible k. (22)

We now consider the linear subspace D C L?(R™) of the step functions in R™.
They consist of all those functions f satisfying the following conditions:

1. Outside of a rectangle @ C R™ the relation f(z) = 0 is correct.
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2. There exists a decomposition @ = |JI (k) of the rectangle as above, and
k

we have the representation
z) =D ke
k

with the coeflicients ¢ € C and the characteristic functions g := @) .

Proposition 5.9. For all step functions f,g € D we have

(Tf,Tg)=(f9)

Proof: We choose a rectangle @ Dsupp (f)Usupp (¢g) and find a canonical
decomposition of (), such that

F= aer, 9= de.
k l

Therefore, we obtain

(Tf,Tg)= (ZCkTs%,ZdszOz) = Y @d(Ter, Tor)
k.l

— Zadl(%,w) = (f,9)
k.l

q.e.d.
We now consider the integral operator
St = e [V fw)dy, feD.
V2
R"L
and note that _
Sf=TFf, feD. (23)

Since T : D — L?(R™) represents a linear bounded operator, this is the case
for S as well. Furthermore, the operator S is isometric according to

(Sf.89) = (T'T,T9) = (TT,T9) = (}.9) = (f.9)
for all f,g € D.

Intermediate statement: We have the identity

(Tf,9)=(f,S9) forall f,geD.

Proof: We now calculate
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1.9 = [ (o= [T dy)gta) do
Q

S / e T f(y)g(x) dy da

e @Y g(x) dm) dy

Il
S
=l
&
N
3 -
3
S

We sum up our considerations to the following

Proposition 5.10. Let D denote the set of all step functions in R™. Then the
operators
T,8:D — L*(R")

are isometric, and S is adjoint to T which means
(Tf,Tg)=(f9)=(Sf Sg) (24)

as well as
(Tf,g9) = (f.59) (25)
forall f,g €D.

Now the linear space D C L?*(R"™) lies dense, and consequently for each f €
L?(R™) we have a sequence

{fk}kzlg’m cD with ||f;€ - f||L2(Rn) — 0 (k — OO)

Therefore, we can uniquely extend the bounded operators T,S of D onto
L?(R™) as follows:

Tf:= lim T, Sf:= lim Sfx. (26)
k—o0 k—o0
The relations (24) and (25) yield
SoT=T"oT=E=5"05=ToS on D

and we infer

SoT=E=ToS on L*R"). (27)
Consequently, the operator T : L?(R") — L?(R") is unitary and satisfies

T =8=T""1

From (26) we shall derive a direct representation of 7' and S as follows: We
choose
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feLiR"):= {g € L*(R") : supp (g9) C R™ is compact}.
For f € LE(R") we have a sequence {fi}r=1.2,.. C D such that

supp (f), supp (fx) C @, k=1,2,...

- where Q C R™ is a fixed rectangle - and

ILf = frllz2(@) — 0 (b — o0)

holds true. For all x € R™ we obtain the estimate

Th(@) - = / D f(y) dy| = ﬁ\ [ ) - fw)ay
Q

m / () — £ dy (28)
mn Q| fllz2g) = 0 (k — o0)

and consequently

1 .
Tf(x) — — [ Y f(y)d 0 (k— o). (29)
H & on ! y y’

L2(R")

Together with (26) we obtain

s~ e [0

<|NTf =Tfrll2@ny + HTfk(x) _ /ei(m'y)f(y) dy‘

L2(R")

var" L2®")
Q
0 (k — o0).
For all f € L3(R") therefore the relation
Tf(x) /”w a.e.in R" 30

is correct. Taking f € L?(R") arbitrarily, we choose a sequence of rectangles

QL C@QC... with UQkZRn

n=1
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and set

fulw) = 0, zeR"\Q:

Then the relation || fx — f||z2@n) — 0 for (K — 00) is valid, and (26) yields

{f(l‘), erk

Tf= lim Tf, = lim.
k—oo 271'
Qk

\/1_71 /ei(””'y)f(y) dy, (31)

1 _
= 1 = 1 _— *71(1"'9)
Sf klgl;g S fr Lim. an/e f(y) dy. (32)
k

Here the symbol 1.i.m. denotes the limit for & — oo in the quadratic means,
more precisely in the L*(R"™)-norm.

We summarize our considerations to the following

Theorem 5.11. (Fourier, Plancherel)

The Fourier integral operator T : L?>(R™) — L?(R™) exists according to (51)
and is unitary. Moreover, the adjoint integral operator S : L?(R"™) — L?(R™)
from (82) is unitary as well, and we have the identities

SoT=ToS=E on L*R").

6 Completely Continuous Operators in Hilbert Spaces

We owe the following notion of convergence to David Hilbert:

Definition 6.1. In the Hilbert space H a sequence {&pn}n—12,.. C H is called
weakly convergent towards an element x € H, symbolically x,, — x (n — 00),
if the relation

lim (2,,y) = (z,v) forall yeH

n—oo

is satisfied.

Ezample 6.2. Let {p;}i=1,2,.. denote an orthonormal system in the Hilbert
space H, and we observe

llpi — <Pj|| = \/(%‘ — Y Pi — ‘Pj) = \/(%‘,%‘) + (@ja%‘) =2

for all 4,5 € N with ¢ # j. Consequently, {¢; };=12,.. does not contain a subse-
quence which represents a Cauchy sequence with respect to the Hilbert space
norm. Because of Bessel’s inequality, all f € H are subject to the estimate

o0

> i HIP < IFIP < +oo,

i=1
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and we infer

lim (¢;, f) = 0= (0, f) for all feH.

1—00

Thus we obtain ¢; — 0 (i = c0) and note

J0]] < limint [l = 1.
71— 00

Theorem 6.3. (Principle of uniform boundedness)

On the Hilbert space H let a sequence of the following bounded linear func-
tionals A, : H — C with n € N be given, such that each element f € H
possesses a constant cy € [0, +00) with the property

Afl<e;y n=12,... 1)

Then we have a constant « € [0, +00) satisfying

|[An|l < forall neN. (2)

Proof:
1. Let A:H — C denote a bounded linear functional such that

|Af] <c¢ forall feH with |f— foll <e.
Here we have chosen an element fy € H as well as a quantity € > 0 and a
constant ¢ > 0. Then we have the estimate
2c
Al < —.
€
Setting z := 1(f — fo), we infer [|z[| < 1 and

1 1 1 2c
Aol = |2 Af = -af| < (141 +145]) < =
& £ £ 3

and finally ||A| < 2.
If the statement (2) does not hold true, part 1 of this proof together with
the continuity of the functionals { A, }, enables us to construct a sequence
of balls

5, = {feH : ||f—fn||§an}7 neN

satisfying Xy D X9 D ... with e, }] 0 (n — o0) and a subsequence
1 <ni <ng <...such that

| A, x| > j forall zeX; and j=1,2,... (3)

is correct. Evidently, the relation (3) yields a contradiction to (1). qed
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Theorem 6.4. (Weak convergence criterion)
Let the sequence {Tn}n=12,.. C H be given in a Hilbert space such that all
elements y € H possess the limit

lim (z,,y).

n—oo

Then the sequence {x,}n is bounded in H and weakly convergent towards an
element x € H, which means x,, = x (n — o).

Proof: We consider the bounded linear functionals

An(y) == (zn,y), yeH

with the norms ||A,| = ||| for n =1,2,.... Since the limits

lim A, (y) =: A(y)

n—o0

exist for all y € H by assumption, Theorem 6.3 gives us a constant ¢ €
[0,400) with [|z,| = ||An]] < ¢ for all n € N. This implies ||A] < ¢, and the
representation theorem of Fréchet-Riesz yields the existence of exactly one
element = € ‘H satisfying

Ay) = (z,y), yeH

for the bounded linear functional A. We obtain

lim (2,,y) = lim A,(y) = A(y) = (z,y) forall yeH

n—0o0 n—0o0
which means z,, = z (n — c0). q.e.d.

Though it is not possible in general to select a subsequence convergent with
respect to the norm out of a bounded sequence in a Hilbert space (compare the
Example 6.2 above), we can prove the following fundamental result (compare
Theorem 8.9 in Chapter 2, Section 8 for the special case H = L?(X)):

Theorem 6.5. (Hilbert’s selection theorem)
Each bounded sequence {xy}n=12,.. C H in a Hilbert space H contains a
weakly convergent subsequence {xy, tr=12,...-

Proof:

1. The sequence {z,, }n=1,2, .. is bounded and we have a constant ¢ € [0, +c0),
such that
lzn| < ¢ n=12... (4)

is correct. On account of

[(x1,z,)| < c||lx1]] forall neN
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we find a subsequence {x%l)}n C {zn}n, such that lim (:El,xgll)) exists.
n—00

Noting that
(22, 2] < c||za|| forall neN

we select a further subsequence {xg)}n - {xg)}n whose limit exists,

namely lim (xo, :cf)). The continuation of this procedure gives us a chain
n—oo

of subsequences
ke 2 {2 3 (1P 3 .. o),

such that the limits

i (k)
33 (%02

exist for ¢ = 1,..., k. With the aid of Cantor’s diagonal procedure we
get the sequence z’ := x,(ck). Then the sequence {(x;, i) }k=1.2,... is con-
vergent for all ¢ € N. Denoting the linear subspace of all finite linear

combinations by M, namely
T = Zamh a; €C, N(z)eN,
i=1
the following limits exist:

lim (z, zx") for all ze M. (5)

k—o0

. Now we make the transition to the linear closed subspace M C M C H,

and the following limits exist as well:
lim (y,zx") for all y e M. (6)
k—o0
Here we note that we can extend the bounded linear functional
A(y) :== lim (x}/,y) = lim (y,zx'), yeM
k—o0 k— oo

continuously onto the closure M. Due to the Projection theorem each
element y € H can be represented in the form y = y; + yo with y; € M

and y» € M. This implies the existence of
lim (y,zx') = lim (y1 + 92, 2") = lim (y1,21")
k—o00 k—o00 k—o00
for all y € H. Consequently, the sequence {x}'}r=12,... in the Hilbert space

‘H converges weakly. qed

Remarks to the weak convergence:
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1. If the sequence z,, — = (n — o0) converges strongly, which means

lim ||z, — x| =0,
n—oo

then it converges weakly =, — = (n — 00) as well. For arbitrary elements
y € ‘H we namely deduce

((@n,y) = (,9)] = [(&n = 2,9)] < lzn — 2]yl = 0 (n — o0).

2. The norm is lower-semi-continuous with respect to weak convergence. This
means

Tp —x (n—00) = liminf|z,| > |z, Tn, T €H
n—oo

for a real Hilbert space H. We namely observe

Jzal? = 2] = (s 20) = (2,2) = (2 2,20 +2)

= (zyp —z,2y — ) + 2(x — Tp, ), n=12...,

and consequently

liminf ||z, | — ||2||* = lim inf |2, — 2||* + 2lim inf(z — 2,,2) > 0,

n—o0 n— o0 n—00

and finally
timin [l | > o],

3. From z,, = z (n = o0) and y, — y (n — o0) we infer (x,,yn) = (z,y)
(n — o0). Here we utilize the estimate
[(@n,yn) = (@, 9)] = [(@n, yn) = (@0, y) + (20, y) — (2, 9)]
< (@0, yn = Y+ (20 — 2, y)]
< llyn = yllllznll + (20 — 2z, 9)] = 0 (n — o0).
Definition 6.6. A subset X' C H of a Hilbert space is named precompact, if

each sequence {yntn=12.. C X contains a strongly convergent subsequence
{Yni to=1,2,... C {Yn}n, which means

lim ||ynk — Yn, ” =0.

k,l—oc0

Definition 6.7. A linear operator K : H1 — Ha is called completely contin-
uous or alternatively compact, if the following set

X = {y:KJ: o x € Hy with ||z Sr} C Ha

is precompact, with a certain radius r € (0, +00) given. This means that each
sequence {xy, tn=12.. CHi with||z,|1 <7 forn €N contains a subsequence
{@n, Yk=1,2,.. such that {Kxy, }r=12.. C Ha converges strongly.
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Remarks:

1. It suffices to choose r = 1 in Definition 6.7.

2. A completely continuous linear operator K : H; — Ho is bounded. If this
were not the case, there would exist a sequence {z,}n=1,2,.. C H1 with
|znlli = 1 for all n € N and ||Kxy,||2 = 400 (n — o0). Therefore, we
cannot select a convergent subsequence from {Kx, },=12 . in the Hilbert
space Hso. This yields a contradiction to Definition 6.7.

Theorem 6.8. Let K : Hi — Ho denote a linear operator between the Hilbert
spaces Hy and Ho. The operator K is completely continuous if and only if for
each weakly convergent sequence x, — x (n — 00) in H; the statement

Kz, — Kz (n — 00) in Ha

follows. Consequently, the operator K is completely continuous if and only if
each weakly convergent sequence in Hy is transferred into a strongly convergent
sequence in Hs.

Proof:
‘<" Let {zp}tn=1,2.. C Hi be a sequence with ||z,[|1 < 1, n € N. Hilbert’s
selection theorem yields a subsequence {zy, k=12, C {z,}n satisfying
T, — & (kK — 00) in H.
By assumption
Yn, — Kz (k — 00)

is fulfilled for the subsequence y,, = Kz,,, k = 1,2,.... Consequently,
the operator K : H; — Ha is completely continuous.

‘=’ Now let K be completely continuous, and {xy}n=12.. C H; denotes
a sequence satisfying z, — x = 0 (n — o0). We then have to prove:
Kz, - Kz =0 (n — 00) in Hz. If the latter statement were false, there
would exist a number d > 0 and a subsequence {z,'},, C {z,}, satisfying

|Kz,|| >d>0  forall neN.

Since the operator K is completely continuous, we have a further subse-
quence
{z, }o c{z,'} with Kuz,” -y (n — o0).

Therefore, we obtain with the statement

0<d®<(y,y)= lim (y, Kz,”) = lim (K*y,z,") = (K*y,0) =
n—oo

n—o0

a contradiction. q.e.d.

Remarks about completely continuous operators:
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If K : H — H is a bounded linear operator with a finite-dimensional range
Wy = K(H), then K is completely continuous.

If Ty : Hqy — Ho and Ty : Ho — Hsz are two bounded linear operators, and
Ty or Ty is completely continuous, then the operator

T:=Ty0T, : Hi — Hs

is completely continuous as well. If the operator T is completely contin-
uous for instance, then the weakly convergent sequence z,, = x (n — 00)
in H; is transferred into the strongly convergent sequence Thx, — Tiz
(n — 00) in Ha. Since Th is continuous, we infer

Tz, =TyoTix, > TooTiz =Tz (n — ) in Hs.

The operator K : H — H is completely continuous on the Hilbert space H
if and only if the adjoint operator K* : H — H is completely continuous.
Proof: Let K : H — H be completely continuous, then the operator K o K*
is completely continuous as well. From an arbitrary sequence

{ntn=12,.. CH with ||z,]| <1, neN

we can extract a subsequence {x,, }r=12 . such that {K o K*z,, }; con-
verges strongly in . We infer

K 2, — K2, || = | K (20, — 0,)|?
— (K*(xnk — T, ), K™ (Tn, — xnl))
= (K o K*(&n, — Tn,), Tny — Tn,)

<K o K (@ny, = @n) 1@, = 2n, [l = 0 (k,1 = 00).

Consequently, the sequence {K*x,, }x=1,2,.. converges in H, and the op-
erator K* is completely continuous.

The inverse direction can be seen via the identity K = (K*)*.

Let A:H — H be a completely continuous Hermitian linear operator on
the Hilbert space H. Then the associate bilinear form

O‘(xay) = (A:L‘,y) = (vay)v (xay) EHxH

is continuous with respect to weak convergence. This means, with z,, — =
(n — o0) and y, — y (n — o0) in H we have the limit relation

a(Tn,yn) = a(z,y) (n — 00).

Proof: Remark 3 concerning the weak convergence in combination with
Theorem 6.8 yield this statement.
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Definition 6.9. Let H denote a separable Hilbert space with two c.o.n.s.
e=A{pitiz12... and Y ={Y;}i=12, .

The linear operator T : H — H has a finite square-norm if

N(T;0,9) = | Y [(Tei,vx)[? < +00

ik=1
holds true.

Proposition 6.10. Let T : H — H denote a linear operator as in Definition
6.9 with N(T;¢,1) < 400. Then we have

T < N(T;0,9) =

31T ™

Proof: At first, we observe

Z (o) =3 (Y I(Teni)l) = ZIIT%IIQ
ik=1 i=1 k=1
With the series -
f=) civic H
i=1
we calculate -
Tf= ZciTgoi
i=1

and consequently
ITf] < Z |esl 1Tl
i=1
This implies

ITFI < | Do lel? (| Do ITwill2 = I/IN(T;0,0)  forall fe#

i=1 i=1

and therefore ||T|| < N(T'; ¢, ). q.e.d.

Proposition 6.11. We consider with
o={piti=12,... ¢ ={e}ti=12.... C={Wi}ti=1,2,..., ¥ ={Vi}iz12,.

four complete orthonormal systems in H. Then the identity
N(T;¢,1) = N(T;¢', ") =: N(T)
holds true. Furthermore, the equality N(T) = N(T*) is correct.
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Proof: We calculate as follows:

o0
N(T;0,0) = > [(Tew,vn))* = X:IIT%II2

ik=1 i=1

= D 1WLTe)? = Y (Tl
i k=1 i k=1

=D T il® = X (T )P
k=1 ik=1

= > WTe)l = Y ITehvp)? = N(T:¢, ).
i k=1 ik=1

From the identity above we also infer N(T') = N(T™). q.e.d.

Remark: Proposition 6.11 implies that the square-norm is independent of the
chosen c.o.n.s.

Ezxample 6.12. On the rectangle
Q= {x:(xl,...,xn) eER™ : a; <x; < b forizl,...,n}
let the kernel K = K(x,y): Q x Q — C € L*(Q x Q,C) with

/ |K (z,y)|* dz dy < +o0 (8)
QxQ
be given. As in the Example 4.10 from Section 4 we define the Hilbert-Schmidt

operator

)= /K(%y)f(y) dy for almost all z € Q.

On account of Theorem 4.11 from Section 4, the linear operator K : L?(Q) —
L?(Q) is bounded by ||K|| < K2 oxq)-

Statement: The Hilbert-Schmidt operator K has the finite square-norm

N(K) = / K (2, y)|? da dy < +o0. ()
QxQ

Proof: Let {¢;(z)}i=1,2,.. constitute a c.o.n.s. in L?(Q). Then we set
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ilw) = / K(z,y)ei(y)dy = Koia)  aein Q for i=12,...

We calculate

> ) = i\/ff (2 9)pi(y) dy|
=1 Q

2
LR
Q
and Fubini’s theorem yields

[ apraay =[S wwre=3" [lueee
Q =t =19

QxQ

=D IIKpi|? = N(K)*.
i=1

Central significance possesses the subsequent

Theorem 6.13. On the separable Hilbert space H let T : H — H denote
a linear operator with finite square-norm N(T) < +oc. Then the operator
T :H — H is completely continuous.

Proof: Let the sequence f, — f = 0 (n — o0) be weakly convergent. If
{@i}i=12,. represents a c.o.n.s. in H, we have the expansion

S

_ )

- E CnPi
i=1

with
lim ¢!, =0 for i=1,2,... (10)
n—oo
and -
Z|c;|2§M2 for n=1,2,... (11)

Due to Proposition 6.10, the operator T : H — H is continuous. Thus we infer

Tf, = Z C%Tgpi

i=1

and
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N
175l < || 3T
i=1

o0
+H Z & Tp;
i=N+1

N
< H Z i Tpi
i=1

With the aid of (11), we obtain

|2 IR D el
i=1

i=N+1

+M | > Teil?,  n=12,... (12)
i=N+1

N
ITfall < || i T
i=1

Given the quantity e > 0, we choose an integer N = N(¢) € N so large that

is attained. Observing (10), we then can choose a number ng = ng(e) € N

such that
N(e)
H Z cnTo;
i=1

is correct. Altogether, we obtain the estimate

<eg forall n > ng

1T frnll < 2e forall n>ng
with the quantity € > 0 given. Therefore, T'f,, — 0 (n — o0) holds true. q.e.d.

Remark: Due to Theorem 6.13, the Hilbert-Schmidt operators are completely
continuous.

Definition 6.14. With the completely continuous operator K : H — H on
the Hilbert space H we associate the so-called Fredholm operator

T=E-K:H—-H vie Te:=Ex—Kxr=x—Kzx, z¢cH.

Using the theorem of F. Riesz we now prove the important

Theorem 6.15. (Fredholm)

Let K : H — H denote a completely continuous linear operator on the Hilbert
space H with the associate Fredholm operator T :=E — K. Then we have the
following statements:

i) The null-spaces
Np = {QCG’H : T:U:O}
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of the operator T and
Np- = {xEH : T*m:O}
of T* =E — K* fulfill the identity
w:=dimNr =dimNp- € Ng=NuU{0}. (13)
ii) The operator equation
x— Ko =Tz =y, reH (14)

is solvable for the right-hand side y € H if and only if y € Nt is correct,
which means
(y,2)=0  forall z€ Np- (15)

is satisfied.
iii) If w = 0 holds true, the bounded inverse operator T=* : H — H. exists.

Proof:

1. At first, we show dim N7 < +oo. If this were violated, there would exist
an orthonormal system {¢; };=12, . satisfying

0=Tp; =p; — Ky, 1=1,2,...

Since the operator K is completely continuous, we can select a subsequence
{@i,;}j=1,2,.. C{pi}i such that ¢;; — ¢ (j — oo) in H. This contradicts
the statement

lpi — il = V2 forall 4,j €N with ¢#j.

Therefore, we see dim Nty € Ny. With K the operator K* is completely
continuous as well, and we comprehend dim N7« € Ny.
We now decompose H into the closed linear subspaces

H=Ni S Nr. (16)
Furthermore, we assume
dim My < dim Np-.

If this were not the case, we could replace T' by T* and T by T** = T.
Finally, we set

Wr:=T(H) and Wp« :=T"(H).
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2. We now have y € Wi if and only if
0= (y,Tx) = (T*y,x) forall zeH

is correct, and therefore T*y = 0 or equivalently y¥ € N+ holds true. This
implies

N« = Wi or equivalently Wrp = N (17)
In particular, the range of T is closed in H. Let us consider the orthonor-
mal basis

{3017"',90d} CNT

in M7 and the orthonormal basis

{wla"wwd*} CNT*

in N« satisfying 0 < d < d* < +oo. We modify the operator T' and
obtain a Fredholm operator

d
Sy :=Tx — Z(gﬂi,w)wm zeH. (18)

=1

On account of (16) and (17), the null-space of the operator S evidently
satisfies

st{zEH: Sz:O}z{O}.

Theorem 4.6 from Chapter 7, Section4 of F. Riesz implies that the map-
ping S : H — H is surjective. Consequently, d* = d and dim N7 =
dim Np+ are correct. Furthermore, the mapping 7 : J\/Tl — Nf; is invert-
ible. In the special case

w=dimNy =dimNp- =0

the theorem of F.Riesz quoted above guarantees the existence of the
bounded inverse operator on the entire Hilbert space H.

q.e.d.

Remark: Theorem 6.15 is especially valid for linear operators K : H — H on
the separable Hilbert space H with finite square-norm N(K) < +oo. We can
estimate the dimension of the null-space for the operator T according to

dim Ny < N(K)2. (19)

If {1,...,04} namely denotes an orthonormal system in AN, we enlarge it
to a c.on.s. {¢;}i=1,2,.. in H and obtain
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[e'S) d
NK)? =) 1Keil? =) [ Keil®
=1 =1

d
= llgill® = d = dim Ny.

i=1

We collect our results for Hilbert-Schmidt operators in the following

Theorem 6.16. (D. Hilbert, E. Schmidt)
On the rectangle Q = [a1,b1] X ... X [an, by] let the integral kernel

K=K(z,y):QxQ—=CcL*QxQ)

be given. We consider the linear subspaces of L*(Q) satisfying

N / K(r.y)fw)dy = fz), feL3Q),
Q

N / K* () dy = v(x), ¥ € IA(Q),
Q

with K*(z,y) := K(y,x) for (z,y) € Q X Q, and the following statement

dimN = dimN* < / |K (2, y)* do dy < +o0 (20)
QxQ

holds true. The right-hand side f(z) € L?(Q) given, the integral equation

u(x) - / K(r.yuly)dy = f@),  ueL*(Q),
Q

can be solved if and only if

/md)(m’)dm:o for all ¢ e N*
Q

is satisfied.

Proof: The Hilbert-Schmidt operator

Kf(z) = / K@) dy, fel*Q)
Q

has the finite square-norm
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N(K) = / | K (z,y)|2dz dy < 4o00.
QxQ

Due to Theorem 6.13, the operator is completely continuous with the adjoint
operator

K" f(z) = / K*(e.p)f)dy, e IXQ).
Q

From Theorem 6.15 and the subsequent remark we infer the statements given.
q.e.d.

In the bounded domain G C R™ we consider the weakly singular kernels
K = K(z,y) € S.(G,C)

from Section 1, Definition 1.8 with o € [0,n) and their associate integral
operators

Kf(z) :== /K(w,y)f(y) dy, reG,
G (21)

for  feD:=C%G,C)nL>®G,C).

Proposition 6.17. Let the kernel K = K(z,y) € So(G,C) with the proper-
ties

[ K@l < sea.
¢ (22)
/\K(:p7y)\dx <N, yed,
G

be given. Then the operator K : H — H can be extended from D onto the
Hilbert space H = L?*(G,C), and the following estimate holds true:

IK|| < VMN.

Proof: We estimate for arbitrary functions f,g € D as follows:
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(9, K[)] / /K x,y)f dy) dx’

< / I () lg(@)]1 £ ()] d: dy

GG

= [ (K@) (1K)l )) dedy

GRG

< ([ e lowraa)’ ([ IKEoIWP )’
GG GG

= ( [@r( [iseia)e) ( [1rwe( [ikepia)a)’
G G G G

SVMN./M@PM /U@W@/=VMNMMN
G G

Consequently, the operator K : H — H is defined with |K|| < vVMN. q.e.d.
We define the auxiliary function
0, 0<t<1
Ot)={t—1,1<t<2.
1, 2<t¢

With K = K(z,y) € So(G,C) and 6 € (0,0p), let us consider the continuous
kernels

Kswg) =Ko =), wyeoxe @

together with their associate integral operators Ks. For all 6 € (0,dy) the
operator K5 : H — H is completely continuous, due to Theorem 6.13. With
the aid of Proposition 6.17, we easily deduce the limit relation

IKs — K|| = 0 (§ — 0). (24)

The complete continuity of K is inferred from the following

Proposition 6.18. On the Hilbert space H let the sequence of completely con-
tinuous operators A; : H — H for j = 1,2,... be given, converging due to
|14, — Al = 0 (j = o0) towards the bounded linear operator A : H — H.
Then the limit operator A : H — H is completely continuous.

Proof: Taking the sequence {zg}r=12,.. C H with ||zx]] < 1 for all k € N,
we can select a subsequence {x,(;)}k C {zx}r such that {Alx,(:)}k:l’g,_” CH
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converges. Furthermore, we have a subsequence {:r,(f)}k C {x,(cl)}k such that

{Agzvf)}k C H converges. In this way we successively select subsequences
1 2
z"y o 2Py o

and go over to the diagonal sequence zj := x,(ck) for K = 1,2,.... We then
show the sequence {Ax} }r—1,2,.. to be convergent in H as well: At first, we
estimate

Az, — Axi]| < [|Az}, — A || + |4y, — Ajap|| + [[Ajz; — Azy|
< 1A = Ajllllzg | + 14525, — Ajaill + (145 — Aflfl]l-

With a given quantity € > 0, we now choose an index j € N so large that
|A — Aj]| < e is correct. Furthermore, we chose an integer N = N(¢) € N
satisfying

|Aja), — Aja)l| <e  forall k,l>N.

From the relation (25) we obtain the inequality
Az}, — Azy|| < 26+ =3¢ for all k,l > N(e).

Therefore, the sequence {Ax} }r—1,2, . converges in . q.e.d.

yeos

Theorem 6.19. (Weakly singular integral equations)

On the bounded domain G C R™ let the weakly singular kernel K = K (x,y) of
the class So.(G,C) with o € [0,n) and the integral operator K be given. Then
the null-spaces

N /K(wvy)w(y)dy:ﬂ(x), reG; ¢peD
G

N [ Ry de =i, yeG veD
G

satisfy the identity dim N = dim N* < +oco. The integral equation

w@f/wamw@:ﬂm,xea; weD, (26)
G

can be solved for the given right-hand side f € D if and only if the following
condition holds true:

/mf(x):() for all e N*. (27)
G
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Proof: Because of Proposition 6.18 the integral operator K : H — H is com-
pletely continuous, and Fredholm’s Theorem 6.15 can be applied in the Hilbert
space H = L?(G, C). We still have to show that (26) is solvable in D. There-
fore, let u € H be a solution of the integral equation

Eu—Ku=f (28)

with the continuous right-hand side f € D. Because of the Theorem by I. Schur
on iterated kernels (compare Section 2, Theorem 2.7) there exists an integer
k € N, such that K¥ = L with a bounded kernel L = L(x,y) € Sy(G,C) is
correct. From Theorem 2.2 in Section 2 the property Lu € D is satisfied. Via
(28) we now obtain the following identity:

Fu—Lu=Fu—-Ku=E+K+...+ K1) f=g. (29)

Due to Section2, Theorem 2.2 we have E+ K + ... + K*~1 : D — D and
consequently g € D holds true. Finally, we obtain

u=g+LuéeD.

q.e.d.

7 Spectral Theory for Completely Continuous Hermitian
Operators

At first, we consider the following

Ezample 7.1. On the Hilbert space H = L?((0,1),C) with the inner product

1
(f.9) = / F@g(e)dr,  fgeH
0

we define the linear operator

Af(@)=af(z), ze(0.1); f=fla)e.

On account of
1 1
JAf|? = / @) f () di < / (@) da = ||,
0 0

the operator A is bounded by ||A|| < 1. Furthermore, the operator A is sym-
metric according to



7 Spectral Theory for Completely Continuous Hermitian Operators 107

1
(Af,g) = / F@g(x)de = (f,Ag)  forall f.geH.
0

We now claim that A does not possess eigenvalues. From the identity Af = Af
we namely infer
(x =N f(z)=0 a.e.in (0,1)

and consequently f(x) =0 a. e. in (0,1) which implies f =0 € H.

Theorem 7.2. Let A : H — H denote a completely continuous Hermitian
operator on the Hilbert space H. Then we have an element ¢ € H with ||| =1
and a number A € R with |A| = ||A|| such that

Ap = Ap.

Consequently, the numbers +||A|| or —||A|| are eigenvalues of the operator A.
Furthermore, we have the following estimate:

|(z, Az)| < |A|(z, x) forall xeH. (1)
Proof:
1. At first, we show
[Al = sup [(Az,z)]. (2)
z€H, ||z||=1

From the estimate
|(Az, 2)| < [|Az|l ||z < [ A] [l2]* = [|A]
for all x € H with ||z|| = 1 we infer

sup  |(Az, 2)| < || Al].
z€H, ||z||=1

In order to show the reverse inequality, we choose an arbitrary « € [0, +00)

satisfying
|(Az,2)| < afz|? forall zeH.

With arbitrary elements f,g € H we calculate

and consequently

4 Re(Af, )l < (A(f +9). f + DI+ [(A(f = 9), f = 9)
<o{llf + gl + I = glI*} = 2a{lI 17 + llgll*}-

We now replace
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||y g= eicp My
[l]] [yl

with a suitable angle ¢ € [0, 27), such that the inequality

el

ol ||y||2} — dalle| ]

follows and equivalently
(Az,y)| < allzll llyll ~ forall z,y € H.
Inserting the element y = Ax, we obtain
| Az|]? < az| || Az|| or equivalently |Az|| < |||

for all x € H, and therefore ||A| < a. Finally, we see

|(Az,z)| < af|z||?
> || A]-

forallz € H

sup  |(Az,x)| =inf ¢ a € [0,400) :
ceH, ||z|=1

We now consider the variational problem

Ax,x
jal= sup AT on e, 3)
z€H\{0} ||1‘|| €M, ||z]|=1

and without loss of generality we assume A # 0. Let {zp}n=12,.. C H
denote a sequence with ||z, || = 1 for all n € N satisfying

(A, 20)| = [JA]| (n — o0).

Then we have a subsequence {x] },=12.. C {Tn}n=1,2,.. and an element
x € H with ||z|| <1, such that 2/, — z (n — o0) and

(Azy, @) = A€ {=[|AlL 1A}

hold true. Since the bilinear form (y,z) — (Ay, z) is weakly continuous,
we infer

O#A:nli_{n (Az),,z)) = (Az,x)

n? n

and therefore xz # 0. Now the condition ||z| = 1 holds true: If |jz| < 1
were correct, we would obtain

Az, A

(A2 )| _ I

contradicting (3).
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3. Without loss of generality we now assume A = +|A|; and the element
x € H satisfying ||z|| = 1 may solve the variational problem (3) from part
2 of our proof. We therefore have

(Az,z) = )\Hx||2

Taking an arbitrary element y € H, there exists a quantity o = eo(y) > 0
such that all € € (—eq, g¢) fulfill

(A(z +ey),z+ey) < Mz + ey, z + cy)
and consequently
(Az,2) + e{(Az,9) + (Ay,2)} < Mz +2M{(2,9) + (5,2)} + 0(e).
This implies
eRe(Ax — Mz, y) < o(e),

and consequently Re(Ax — Az,y) < o(1) for all y € H. Therefore, the
relation
Re(Az — Az,y) =0 forall yeH

has to be fulfilled and especially

Ax = A\x.
q.e.d.

Theorem 7.3. (Spectral theorem of F. Rellich)

Let the completely continuous Hermitian operator A : H — H be given on the
Hilbert space H satisfying A # 0. Then we have a finite or countably infinite
system of orthonormal elements {@; }i=1,2,.. in H such that

a) The elements @; are eigenfunctions to the eigenvalues \; € R ordered as
follows:
Al = M| = [A2] = |As] > ... >0,

more precisely
ASDZ:AZSO“ 1=1,2,...

If the set {p;}; is infinite, we have the asymptotic behavior

i—00

b) For all x € H we have the representations

Ar= )" Xlpia)p;  and  (x,Az) = Al (i, )]

i=1,2,... i=1,2,...
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Remark: This theorem remains true for not separable Hilbert spaces. If the
system {@;};=1,... n is finite, the series above reduce to sums.

Proof of Theorem 7.3: On account of ||A|| > 0, Theorem 7.2 yields the exis-
tence of an element ¢; € H with |¢1]| = 1 satisfying

Apr = Mg, A1 € {—||All, +[|A]}
Furthermore, we have
|(Az, z)| < |A1|(z, 2) forall = e M.

We now assume that we have already found m > 1 orthonormal eigenelements
Y1, .-, pm with the associate eigenvalues A1, ..., A, € R satisfying the prop-
erty a). Then we consider the completely continuous Hermitian operator

B,,x = Az — Z i (@i, ) ;.
i=1
Case 1: We have B,,, = 0. Then the following representation holds true:

m

Ax = Z)\i(goi,x)goi.

i=1

Case 2: We have B,, # 0. Due to Theorem 7.2 we have an element ¢ € H
with [|¢|| = 1, such that B,,¢ = Ay and consequently

Ap =Y " Nilpi, )i = Ap
i=1
is satisfied with |A| = ||B,,|| > 0. Multiplication by ¢, with an index
ke {l,...,m}, from the left yields
Aer, 0) = (pr, Ap) — A(w, ) = (Apr, ) — Ak, ©)
= A(@r, ©) — Me(@r, ) =0, k=1,...m.
Therefore, the system {¢1,...,¢m,@} is orthonormal as well; we set

Om+1 := @ and Ajpq1 := A # 0. Now we deduce |Apr1] < |Aml:
By construction the following estimate

[(xz, Bmx)| < |Aml|(z, z) forall zeH
holds true, and for x = ¢,,11 we obtain

Al > [(@ma1s Bm@ms1)|l = [(@ma1; Amt19mr1)| = [Amta]-
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We now assume that the procedure above does not end. Since the elements
{¢i}i are orthonormal, we infer ¢; — 0 (¢ — co) and the complete continuity
of the operator A yields

il = [|A@ill = 0 (i = o).

On account of || By, || = |Am+1| we obtain the statement

= [Amt1l =0 (m — o00) (4)

HA - i Ai(is )i
=1

and consequently
o0
Az = N(pi,)pi, xEH.
i=1

Therefore, all y = Az with z € H can be represented in the form

Y= Z(%,y)%’,
i=1
and the system {¢;}i—1 2. is complete in W4 = A(H). q.e.d.

Theorem 7.4. The Hermitian operator A : H — H with finite square-norm
N(A) < 400 satisfying A # 0 is defined on the separable Hilbert space H. The
operator A may possess a countably infinite system of orthonormal eigenele-
ments {p;}i=1,2,.. and associate eigenvalues {\;}i=12, . with the properties

a) and b) from Theorem 7.5. We set

Anf = Af = Nilpi flpi,  n=12,...

=1

Then the sequence of square-norms

NA)?= > N, n=12...
1=n—+1

is a zero sequence.
Proof: Noting that N(A) < +oo, the operator A : H — H is completely
continuous and Theorem 7.3 gives us the representation

o0

y=> (eiy)pi forall yeWa.
=1

We observe the decomposition H = Wa @ N4. The relation y € Ny or
equivalently Ay = 0 holds true if and only if
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0= (Ay,x) = (y, Ax) forall zeH
is satisfied, which means Ny = Wy.

Let now {¢;}i=1,2,.. represent a c.o.n.s. in N4. Then the set {¢;}; U {1}
constitutes a c.o.n.s. in H. This allows us to evaluate

N(A? = [ Agill> + 140> = A7 < +c
i=1 i=1 i=1

and finally

oo (oo} oo
N(A)? =Y 1 Anpil® + Y 1Antil* = D A7 =0 (n = o).
i=1 i=1 i=n+1 q.e.d.
We specialize Theorem 7.3 and Theorem 7.4 to Hilbert-Schmidt operators and
obtain the following

Theorem 7.5. (Spectral theorem of D. Hilbert and E. Schmidt)
On the rectangle Q C R™ with n € N let the integral kernel
K=K(z,9):QxQ — CeL*Q x Q) be given satisfying

/ |K (2, y)]* dxdy >0
QxQ
and
K(y,z) = K(z,y) for almost all  (z,y) € Q X Q. (5)
Then we have a finite or countably infinite system of eigenfunctions

{¢i(z)}iz12,... € L*(Q,C)

with the associate eigenvalues {A;}i=12.. C R, such that the following
integral-ergenvalue-equation

/K(x, Y)pi(y) dy = Nipi(x) for almost all = € Q (6)
Q
is satisfied with i = 1,2,.... The eigenvalues have the properties
A1 >|Ae|>...>0 and iliglc)\i:O. (7)

Furthermore, we have the eigenvalue expansions

/ |K (z,9)|? dacdy:z}\? < 400 (8)
QxQ =t
and

[ x-S rora@lf dea= 3 20w

0x0 i= i=n+1
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8 The Sturm-Liouville Eigenvalue Problem

We need the following result:

Theorem 8.1. (Eigenvalue problem for weakly singular integral
operators)

Let the weakly singular kernel K = K(x,y) € So(G,C) with o € [0,n) be
given on the bounded domain G C R"™, and we have K(x,y) £ 0 and

K(z,y) = K(y,x) for all (x,y) € G®G.

We denote the associate integral operator by K, and define as our domain of
definition

D= {f € C°(G,C) : sup|f(z)| < —l—oo}.
zeG

Statements: Then we have a finite or countably infinite orthonormal system
of eigenfunctions {@;}icr C D with their eigenvalues \; € R\ {0} fori eI
satisfying

/K(Iay)%(y)dy:)\i%(fﬂ), z € G, iel. (1)
G

If I ={1,2,...} is countably infinite, we have

lim A\; =0, (2)
1—> 00
and each function g = Kf with f € D can be approximated in the square-
means according to

n—oo

lim / Jo(a) f}w(z)f dz = 0. (3)
el =1

Here we have set

g9i = [ pila)g(x)de, i€l (4)
/

for the Fourier coefficients. When we assume o € [0, &) in addition, the func-
tion g = Kf with f € D can be expanded into the following uniformly conver-

gent series:

g(x) = Zgz‘%(a?)7 z€G. (5)

Proof: As it has been elaborated in the proof of Theorem 6.19 from Section 6,
the operator K : H — H is completely continuous on the Hilbert space H =
L?(G,C). Furthermore, we have the regularity result
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Eu—Ku=v with u€H and ve€D = u € D. (6)

Due to Rellich’s spectral theorem from Section 7, Theorem 7.3 the operator K
possesses a finite or countably infinite system of orthonormal eigenfunctions
{¢i}i=12,.. C H. Then we have the identities

/K(%y)%(y) dy = \igi(x), T€G
G

for all i =1,2,... with [A;] > [A2] > ... >0and \; = 0 (¢ — o0), in the case
that infinitely many eigenfunctions exist. Because of the regularity result (6)
we see ¢; € D for i = 1,2,.... Furthermore, the function ¢ = Kf with an
arbitrary element f € D satisfies the following identity in the Hilbert space:

g=Kf= > XlpuHei= Y. (Kpi fpi

i=1,2,... i=1,2,...
= Y (@uKhei= Y (09
i=1,2,... i=1,2,...

or equivalently (3), where the Fourier coefficients g; are defined in (4). When
we assume « € [0, 2) in addition, the linear operator K : L*(G) — C%(G) is
bounded by

IKfllco@y < Cllfllze — forall feD

due to Theorem 2.2 from Section 2. The series Z (@i, f)pi , convergent in
i=1,2,...

the Hilbert space # = L?(G,C), is consequently transferred by the operator

K into the uniformly convergent series

> )\i(s%f)%:K( > (@i,f)%)zg

i=1,2,... i=1,2,...

q.e.d.

Theorem 8.2. (Expansion theorem for kernels)
Let K = K(z,y) : G x G — C denote a Hermitian integral kernel of the class
So(G,C), which is continuous on G x G. For the associate integral operator
K we assume

(f,Kf)>0  forall feD. (7)

Then we have a representation by the uniformly convergent series in each
compact set I' C G as follows:

K(z,y) =Y Ngi(@)ei(y),  (x,y) el x I (8)
=1
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Proof:
1. We show firstly that

K(x,z) >0 forall zeG 9)

is fulfilled. Here we utilize the function ¢ = ¢(y) : R™ — [0, +00) € C°(R")
satisfying

oy) =0, lyl>1, and /wm@:L
RTL

The quantity § > 0 given arbitrarily, we consider the approximate point
distributions about z € G, namely

1

fs(y) = %@(g(y—x)), y e R™.

We insert the function fs € D into (7) and obtain

< (f5,Kfs) = //fa fs(z) dy dz

R R

://K@mﬁ@ﬁ@@w

R” R™

+//mww—Kuw»mmma@w

R R

:K@@+//Ww@—M%wh@ﬁ@@M-

R R

Since the second term on the right-hand side vanishes for 6 — 0, we infer
the inequality (9).
2. We now show

o0
Z ilpi(z)]? < K(z,2) < +o00 for all =z € G. (10)
Let us define the integral kernel
N
Kn(z,y) = K(@,y) = Y_ Nigi(@)ei(y)
i=1
with the associate integral operator Ky. The latter satisfies

(f,Knf)= Z Ml(gi, IP>0  forall feD.
1=N+1
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From part 1 of our proof we obtain
Ky(z,z) >0 forall ze€@

or equivalently
N —_—
K(z,2) > > Api(x)ei(z), 2€G
for all N € N, which implies (10).

3. Let the point x € G be chosen as fixed. With an arbitrary quantity ¢ > 0,
we then can estimate

S wi@e) < | D Nlei@)E | D Aileiw))?
i=N+1 i=N—+1 i=N+1

< e K(y,y) < e - const, y € G,

for all N > Ny(e). Therefore, we have the following statement for each
fixed z € G:

The series  P(y) := Z Aipi(x)pi(y) converges uniformly in  G. (11)

4. Due to Theorem 7.5 from Section 7, we have the relation

=S N @)y (12)
i=1

in the L?(G x G, C)-sense. Choosing the point z € G and the function
f € CJ(G) arbitrarily, we obtain the following identity via (11) and (12):

)
/ K(z dy = lim (Z/\m(x)%—(y))f(y) dy
G g =1
= [ (S natea@) 1) av
=1

G
This implies

[ (K@) =Y xoeia@) f)dy =0 forall £ € CH(G)

G

Since K € C°(G x G) holds true, and the series in the integrand is con-
tinuous with respect to y € G, we deduce the pointwise identity

= Z Xivi(z)pi(y) forall z,y €G. (13)



8 The Sturm-Liouville Eigenvalue Problem 117

5. Especially for = y, we infer the following identity from (13):
K(z,z) =Y \lgi@)?, z€G.
i=1

Because of Dini’s theorem, the series converges uniformly on each compact
set I' C G. Finally, we obtain the following inequality for arbitrary ¢ > 0
and suitable N > Ny(e), namely

> Ne@e®)| <, | X M@l | Y Mgyl <&

i=N+1 i=N+1 i=N+1
for all (z,y) e I' x I'. q.e.d.

Theorem 8.3. (The Sturm-Liouville eigenvalue problem)
We prescribe a,b € R with a < b and the coefficient functions

p=p(z) € C'([a,8],(0,+0)),  q=q(z) € C%([a,0,R),

and consider the Sturm-Liouville operator L : C*([a,b],C) — C°([a,b],C)
defined by

Lu(z) := = (p(x)u'(2))" + q(z)u(z), = €[a,b].

Furthermore, we use the real boundary operators B; : C*([a,b],C) — C for
7 =1,2 defined by

Biu := ciu(a) + cou’(a) with ¢34+ ¢35 >0
and

Bou := dyu(b) + dou/ ()  with d3 4 d3 > 0.
Finally, we fiz the domain of definition

D= {u € C*([a,b],C) : Byu=0= Bgu}.

Statements: Then we have a sequence {\;}i=1,2,.. C R of eigenvalues satis-
fying
—co< A < A <., and lim \; = 400
1—> 00
and the associate eigenfunctions {p;}i=1,2,... C D with the following proper-
ties:

a) We have

b
Lp; = Aiws, /%(@Sﬁj(x) dx = d;; forall i,j €N,
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and the identity

LS bi 9 b )
;‘a/%(x)f(x)dw’ za/f(a:)| dx forall feD

1s satisfied.
b) Each function g € D can be expanded into the uniformly convergent series
on the interval [a,b] as follows:

- b
x) = Zgigoi(a:), x € [a,b], with  g; := /api(x)g(a:) dx, ieN.

¢) If the property A; # 0 for all i € N is satisfied, the following series

Z% ), (x,y) € [a,b] x [a,b]

converges uniformly towards the Green function K of L under the boundary
conditions By = 0 = Bs.

Proof: We continue our considerations from Section 1 concerning the Sturm-
Liouville eigenvalue problem.

1. All eigenvalues of I are real. Since the coefficient functions p and ¢ are
real, we obtain the following statement from Proposition 1.3 in Section 1
by separation into the real and imaginary parts:

b

b
/Lu(w)v(x) dzx = /u(m)]Lv(x) dx for all wu,v e D. (14)

a

We calculate
b b

b
bY / i ()2 dx = / Mo @i (@) d = / Lor o de

a a

b b

- / FiLi, do = / Fihign da

Y / @) de, =12,

This implies

i =\ forall 7€ N.
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2. We now prove that the sequence of eigenvalues is bounded from below.
Here we consider the class of admissible functions

Dy := {u =u(z) € C*([a,1],C) : u(a) =0= u(b)}.
If u € Dy is a solution of Lu = Au, we infer

A>q = inf q(a). (15)

a<z<b
With the aid of partial integration, we evaluate

b

)\/b|u(m)2dx = A/Mu(m) dx = /bLu(ac)u(m) dz

b
— [ (@@ + @)} de

b
o [ lu(o)? da.

We now show indirectly that the operator L on D possesses at most two
eigenvalues smaller than ¢,. On the contrary, we assume that we had three
eigenfunctions 1, v, w3 € D satisfying

]LQOZ' = )‘71%0717 i = 1a273 and )\1 < )\2 < A3 < Qx-

Then we can find numbers oy, az, a3 € C with |a1|? + |az|? + |az]? = 1

such that X
vi= Z a0 € Dy
i=1

is correct. On account of (15) we see

b b

@ / o) de < / Lo() v(x) dz = / (ZAaMXi%‘%) da

a a

b 3
/ZA @l de <o [ 3 ledfla o a

i=1
b
:Ag/‘U(I)‘ZdZ'.

We obtain A3 > ¢, in contradiction to A3 < g..
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We name A; € R the least eigenvalue of L on D, existing due to part 2 of
our proof. Then we obtain in

L=L-\ME+E

a Sturm-Liouville operator with the eigenvalues MNe>1,k=1,2,...
Due to Theorem 1.6 in Section 1, the operator I on D possesses a sym-
metric Green’s function

K = K(x,y), (z,y) € [a,b] x [a,b] of the class C°([a,b] x [a, ], R).

We now take Theorem 1.7 from Section1 into account and utilize The-
orem 8.1 for the given integral equation. Then we obtain a sequence of
eigenfunctions

{(pi}izl’gw' C DS&tiSfyinng@i = \@; (Z S N) and A\ < Xy < ... — +00.

From Theorem 8.1 and Theorem 8.2 we immediately infer all the state-
ments above. q.e.d.

9 Weyl!’s Eigenvalue Problem for the Laplace Operator

We

need the following generalization of the Gaussian integral theorem, which

does not require regularity assumptions for the boundary of the domain with
vanishing boundary values:

Proposition 9.1. (Giesecke, E. Heinz)

L

II.

Let the bounded domain G C R™ be given, in which N € Ny mutually
disjoint balls

Kj::{xE]R”: \x—x(j)|§rj}, ji=12...,N

with their radii v; > 0 and their centers 2\9) are contained. We set
N
G =G\ {zW,. .. ™M and  G” ::G’\UK]-.
j=1

The topological closure of the set G" is denoted by G".
For the two functions u,v € C*(G") N C%(G") we assume

wloc = 0 = vloc; / {1 2u(@)] + |Av(z) } d < +oo.
G//
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Statement: Then the following identity

N
/(vAu+Vv-Vu) dx = —Z / Ug—yu ds2; (1)
J

G I e —al |=r;
holds true. Here the symbol v; denotes the exterior normal to K; and df2; the
surface element on the spheres {x : |v —z0)| = ri} =0K; forj=1,...,N.
From Proposition 9.1 we immediately infer the subsequent

Proposition 9.2. With the assumptions from Proposition 9.1 we have Green’s
identity

/(vAu —uAv)dr = —i / (vaa—;i - u(?—jj) as;. (2)

G jzl\m_g;(m:rj

Proof of Proposition 9.1:

1. At first, we assume that v € CJ(G) is satisfied in addition to the assump-
tions above, and we consider the vector-field f = vVu. Then the Gaussian
integral theorem yields the identity

/(vAquVv'Vu) dzx = fi / vﬁ ds2;. (3)

G Jj=1

We approximate an arbitrary function v € C2(G’)NC°(G”) by a sequence
{vk }k=1,2,... as follows: Let {wy(t)} k=12, C C(R,[0,1])) denote a se-
quence of functions with the properties

1
1, \t|>E
wk(t): 1 s k:1,2,
0, [t < —

The functions .
pr(t) = /wk(s) ds, teR
0

then satisfy

0r(0) =0, @i(t) =wp(), k=1,2,...,

and we estimate

5 g Ly ee

El N

lor(t) —t| = ’/(wk(s)—l)ds <
0
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Now we define the sequence
vk(z) == pr(v(z)), z€q”, k=1,2,... 4)
and consider the relation

k() — v()] = |@r(v(z) —v(z)] < % =0 (k= o0)

for all z € G”, which implies
vg(x) = v(z) (k — o0) uniformly in  G”. (5)
2. We prove that
E .= {x G : v(z) =0, Vo(z) £ o}

represents a Lebesgue null-set: Here we choose the point z € E arbitrarily.
Taking the quantity ¢ > 0 sufficiently small, the set

Eﬁ{xGG”: |x—z|<5}

constitutes a graph, and is consequently a Lebesgue null-set due to the
theorem on implicit functions. We exhaust the set G with the aid of the
cube decomposition. For each point z € E we consider a sufficiently small
cube z € W C G” such that W N E is a Lebesgue null-set. Now the set E
consists of a countable union of those sets W N E, and the o-additivity of
the Lebesgue measure yields the statement above.

3. For all points z € G” \ E we deduce

Vor(z) = ph(0(@))Vo(e) = wi(v(z) Vo(z) = Volz) (k- o),

which holds true a. e. in G”, due to part 2 of our proof. We insert v = vy,
into (3) and obtain

ou

/(UkAu—l—Vvk.Vu)dx:—Z / ngdﬁj, k e N.
el le\wfz(mzrj ’

Then we observe the passage to the limit £ — oo and see
v(z)Au(z) dx + lim [ (Vog(z) - Vu(z)) dz
k— o0
GI/ G/I

u(z (6)
:—Z / v(x)a ( )de.

=1

le—2()|=r;

Inserting v(x) = u(z) into (6) and noting that
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Vog(z) = wi(u(z)) Vu(z)
holds true, we see
w(z)Au(z)dz + lim [ wy(u(z))|Vu(z)|? dz
k—o0
G// GI/
N

—

J

Fatou’s theorem yields
|Vu(z)|?> de < 400 and / |Vo(x)? dz < +oc. (8)
G/I G//
On account of

[Vor(z) - Vu(z)| = [wr(v(2))] [Vo(z) - Vu(z)|

IN

1
S(Vu@)P + [Vo(@)l?),  zed”,

we have an integrable majorant for the limit in (6). The identity (1) then
follows by Lebesgue’s convergence theorem. q.e.d.

We now continue the considerations from Section 1 concerning the eigenvalue
problem of the n-dimensional oscillation equation : Let G C R™ denote a
bounded Dirichlet domain. On the linear space

&= {u = u(z) € C2G)NCY@) : ulog = o}
we consider Weyl’s eigenvalue problem

— Au(z) =du(z), ze€G with vwe&\{0} and XeR. (9)

Proposition 9.3. All eigenvalues \ of (9) have the property A > 0.

Proof: With v € £\ {0} we consider a solution of (9) belonging to the eigen-
value A € R. Then we infer

/|Au(m)\ dx = || / |u(z)| dz < +o0.
G G
We apply Proposition 9.1 with v = u and obtain

/|Vu(z)|2dx = f/u(z)Au(x) dr = /\/|u(z)|2das
G G G
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/ |Vu(z)|? de

> 0.

/\u )| dx

Remark: The Rayleigh quotient appears in the last formula.

or equivalently

q.e.d.

We do not mention the case n = 2 particularly, and we shall utilize Green’s
function in the dimensions n = 3,4, ... as follows:

1 1
(n = 2)wn [y — "2

H(z,y) = + h(z,y), (r,y) e GRG. (10)

A solution u of (9) evidently belongs to the space

D:={u=u(r) € C°(G) : swpfu(x)| < +oo} = C*(G)N L¥(C)

and satisfies the integral-equation problem

—/\/ny y)dy, xz€G with weD\{0}andXeR. (11)

We deduce the latter statements as in Section 1 (compare Theorem 1.9 there),
using the Propositions 9.1 and 9.2 above. We have already shown the symme-
try of Green’s function and controlled the growth condition:

H = H(:z:,y) € Sn_Q(G),

(12)
0 < H(z,y) = H(y,x), (z,y) e GRG.

Now we shall prove that a solution u of (11) solves (9) as well.

Proposition 9.4. Let the function u = u(x) € D be given, and the parameter
integral

/sz y) dy, zeG

be defined. Then we have the properties v € C°(G) and v|pg = 0.
Proof: With the aid of the auxiliary function
0, 0<t<1
@(t)z t—1, 1<t<2
1, 2<t
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we define the continuous integral kernel

Hs(ay) = H (a0 (2 4)

-o(" 5 ) (& _12>wn =P b)), 0>0

For all § > 0, the parameter integral

/Haxy y)dy, ve€d

is continuous on G, and we observe the boundary condition
vslag = 0.

Furthermore, we have the following inequality

ste) — olo) < [ [o(52) = 1] el a0 ay
G

. (13)
< Wdfyﬁ’}/(é)%o(aio)
yily—x[<26
for all x € G. This implies
vs(x) = v(x) (64 0) uniformly in G,
and therefore v € C°(G) and v|se = 0 holds true. q.e.d.

Proposition 9.5. Each solution u of (11) satisfies u € C%(G) and fulfills the
etgenvalue equation

—Au(x) = du(z), zeG.

Proof: We take an arbitrary point z € GG, and then choose a quantity € > 0 so
small that the inclusion

K.(2) ::{xeR”: |x—z|§€}CG

is valid. From the integral equation (11) we infer

1
_)\/ = wn|y_x|n2 uly) dy

K.(2)
1
+A / n_ )Wn |y_x|n 2 dy—i—/hx y (y)dy (14)
G\K.(z)
—/\/ L L ) dy+ (),  weK.(2)
- (n_ 2)wn |y —Z‘|n_2 y y z,e 9 € .

Kc(z)
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[e]
Here the function 9, . (x) is harmonic in K. (z). We can differentiate the equa-
tion (14) once (but not twice!) and obtain, via the Gaussian integral theorem,
the following identity

VU(x))\/( ! (Vm ! _)U(y)dy+V¢z,s(x)

n — 2)wn ly — 2
K. (z)
1 1

-/ o3y (Vo)) d + Vel

K. (z)
= 1 u(y)
- / (n— 2)wnv (‘y7x|n72) dy

(15)
K. z)

for all x € K.(z). Here the symbol v(y) denotes the exterior normal to the ball
K.(z) and df2(y) the surface element on the sphere 0K (z).
From (15) we infer the statement

u € C*(G), (16)

since the point z € G could be chosen arbitrarily. We differentiate (15) once
more, choose x = z, and evaluate the limit ¢ | 0. Thus we obtain

Au(z) = lii%{ A / (n —12)wn (V= (xyl)"—2>

v ao) )

IK:(2) o
: 1 Vu(y) (17)
1
M {A / (n—2)wn (Vﬂy—xw) - dy}
K. (z)

= —Jdu(z) + 0= —du(z) for all z e G.

q.e.d.
We summarize our considerations to the following

Proposition 9.6. The function u solves the eigenvalue problem (9) if and
only if the function u solves the eigenvalue problem (11).

Theorem 9.7. (H. Weyl)
On each bounded Dirichlet domain G C R™ with n = 2,3,..., the Laplace
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operator possesses a c.o.n.s. of eigenfunctions ¢ € £, k = 1,2,.... This
means
— Apr(r) = Mepr(r), z€G, k=1,2,..., (18)
and the eigenvalues have the properties
0< A <A< A3< ... — +oo. (19)

Proof: Equivalently to (9) we consider the integral eigenvalue problem (11)

1
/Hmy Yy =ple), veC  p=

with the symmetric weakly singular kernel H(z,y) from (10) and (12). The
statements of the theorem can now be inferred from Section 8, Theorem 8.1.
q.e.d.

Remarks:

1. In the spaces R? and R3, we can even uniformly expand each function
f € &€ into the series of eigenfunctions for the Laplace operator.
2. The least eigenvalue A1 for the Laplacian on the bounded domain G C R™

satisfies
/ V(o) 2 da

(@) = inf .
weW&Q(G)ﬂGU(G) 0 #0 /|(p )2 dz

(20)

Here we refer the reader to the Sobolev spaces in the Sections 1 and 2 of
Chapter 10. From the relation (20) we immediately infer the monotonicity
property of the least eigenvalue:

GCG, = MG) > MG (21)

With the aid of a regularity theorem for weak solutions of the Laplace
equation one proves the strict monotonicity property:

GccG. = MG > MG (22)

In this context we refer the reader to [CH], Band II, Kapitel VI.
3. Comparing sufficiently regular domains G C R"™ with the ball of the same
volume K C R™ - which means |K| = |G| - we have the estimate

AM(G) = Mi(K). (23)

Here the equality is attained only in the case that G is already a ball in R™.
This Theorem of Faber and Krahn is based on the isoperimetric inequality
in R™ and had already been conjectured by Rayleigh in his book Theory
of the Sound. In the case n = 2 we recommend the following paper by

E. KRAHN: Uber eine von Rayleigh formulierte Minimaleigenschaft des
Kreises. Mathematische Annalen 94 (1924), 97-100.
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4. Tf the function ¢ € € is a solution of (9) for the eigenvalue A € R, we infer
A=X\ & p(x)#0 forall zed. (24)

Therefore, the eigenfunction to the least eigenvalue A1 has no zeroes in G.
5. About the eigenfunctions for higher eigenvalues and their nodal domains
almost no results are available (compare [CH]).
6. Endowing the domain G C R™ with the elliptic Riemannian metric

Z 9ij(z) dz; dxj,

i,j=1

we propose the integral equation method in order to treat the eigenvalue
problem of the Laplace-Beltrami operator

anw (\/—Z"” oz, ) (25)

with ((¢")m = (gij);jl and g = det(g;j);; . In this context we need
the generalized Green’s function for elliptic operators in divergence form
which is weakly singular again. Here we refer the reader to our approach
in Chapter 10, Sections 9 and 10, or to the following original paper by
M. GRUTER, K.O.WIDMAN: The Green function for uniformly elliptic
equations. Manuscripta mathematica 37 (1982), 303-342.

7. Theorems of Faber-Krahn type are valid even for the operators (25). Here
we recommend the monographs by G. POLYA: Isoperimetric Inequalities,
Princeton University Press, Princeton N.J., 1944 and by C. BANDLE:
Isoperimetric Inequalities in Mathematical Physics, Pitman, 1984.

8. The spectral theory for unbounded operators is presented e.g. in the
Kapitel IV: Selbstadjungierte Operatoren im Hilbertraum of the monograph
by H. TRIEBEL: Héhere Analysis. Verlag der Wissenschaften, Berlin, 1972.

9. A simple proof of the spectral theorem for selfadjoint operators has been
discovered by H. LEINFELDER: A geometric proof of the spectral theorem
for unbounded selfadjoint operators. Mathematische Annalen 242 (1979),
85-96.

10 Some Historical Notices to Chapter 8

The investigation of eigenvalue problems for ordinary differential operators
started in 1837; then C.F.Sturm invented his well-known comparison theo-
rem, essential for the stability question of geodesics. C.G. Jacobi (1804-1851)
created the general stability theory for one-dimensional variational problems.
In order to study the stability question for parametric minimal surfaces,
H.A. Schwarz investigated eigenvalue problems for the two-dimensional Lapla-
cian already in the Festschrift dedicated to his academic teacher Karl Weier-
strass from 1885.
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D. Hilbert created the theory of integral equations in the years 1904-1910,
solving linear systems of infinitely many equations. This theory may be seen
as one of Hilbert’s greatest achievements, and it was substantially further
developed by his students H. Weyl and E. Schmidt.

We have presented H. Weyl’s approach to the eigenvalue problem of the n-
dimensional Laplacian via the integral equation method in this chapter. In his
famous textbook together with Hilbert, R. Courant solved eigenvalue problems
for partial differential equations alternatively by direct variational methods.
His student F. Rellich then created a spectral theory for abstract operators in
Hilbert spaces, as well as K. Friedrichs.

In the meantime, physicists became intensively interested in eigenvalue prob-
lems for partial differential equations; these are situated in the center of
Quantum Mechanics — evolving in the 1930s. Their source of information
were mainly the textbooks Methoden der Mathematischen Physik [CH] by
R. Courant and D. Hilbert.

Figure 2.3 PORTRAIT OF R. COURANT (1888-1972)
taken from page 240 of the biography by C. Reid: Hilbert, Springer-Verlag,
Berlin... (1970).
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