2

Holomorphic Functions

In this chapter we introduce the notion of a differentiable function, or of a holo-
morphic function. It turns out that differentiability is characterized by a pair
of (partial differential) equations—the Cauchy—Riemann equations. We also in-
troduce the notion of the integral along a path and we study its relation to the
notion of a holomorphic function. Finally, we introduce the index of a closed
path, we obtain Cauchy’s integral formula for a holomorphic function, and we
discuss the relation between integrals and homotopy.

2.1 Limits and Continuity

Let f: £2— C be a complex-valued function in a set {2 C C. We first introduce
the notion of limit.

Definition 2.1
We say that the limit of f at a point zy € {2 exists, and that it is given by
w € C if for each € > 0 there exists 6 > 0 such that

|f(2) —w| <& whenever |z — z| <.
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In this case we write

ZIEEO f(z)=w.

Now we introduce the notion of continuity.

Definition 2.2

We say that f is continuous at a point zg € £2 if

lim f(z) = f(z0).

zZ—r 20

Otherwise, the function f is said to be discontinuous at zy. We also say that
f is continuous in §2 if it is continuous at all points of (2.

Example 2.3
For the function f(z)=|z|, we have
|£(2) = f(20)] = Izl = |2o] | < ]2 = 20].

This implies that |f(z) — f(20)| < é whenever |z — z9| < §, and hence, the func-
tion f is continuous in C.

Example 2.4
For the function f(z)= 22, we have
]f(z) - f(20)| = |(Z —20)(z+ zo)|
= |z — 20| |2 — 20 + 20|
<z = z0/(|z — 20| + 2|20])
< (0 +2|20])

whenever |z — 29| < J. Since 6(d + 2|z9|) — 0 when 6 — 0, the function f is
continuous in C.

Example 2.5

Now we show that the function f(z) =logz is discontinuous at all points z =
—x + 10 with > 0. For w € C in the second quadrant, we have

logw =log|w| + i argw
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with argw € [7/2,7]. On the other hand, for w € C in the third quadrant
and outside the half-line R™, the same formula holds, but now with argw €
(=, —m/2]. Letting w — z in the second and third quadrants, we obtain re-
spectively

logw — logx + i
and
logw — logx — 4.

Since the right-hand sides are different, the logarithm has no limit at points
of R™. Therefore, the function f is discontinuous at all points of R™. On the
other hand, one can show that it is continuous in C\ R, (see Exercise 2.25).

2.2 Differentiability

Now we consider a function f: {2 — C in an open set {2 C C, that is, in an open
set 2 C R?.

Definition 2.6
We say that f is differentiable at a point zg € {2 if the limit
zZ—20 zZ— 20

exists. In this case, the number f/(zp) is called the derivative of f at zg.

We also introduce the notion of a holomorphic function.

Definition 2.7

When f is differentiable at all points of {2 we say that f is holomorphic in 2.

Example 2.8

We show that the function f(z)= 2?2 is holomorphic in C. Indeed,

2_ .2 _
im 22— i (z—20)(z + 20)

z—z0 2 — 20 2—20 zZ— 29

= lim (z + z9) = 22,
Z— 20
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and thus (z?)" = 2z. One can show by induction that

(Zn)/ — nzn—l

for every n € N (with the convention that 0° = 1).

Example 2.9
Now we consider the function f(z) =Z. Given h =re?, we have
fz+h)—f(z) Z+h-%
h B h
h ‘
=5 = e 2, (2.1)
Since e~%" varies with 6, one cannot take the limit in (2.1) when r — 0. Hence,

the function f is differentiable at no point.

Example 2.10

For the function f(z) =|z|?, given h = re’® we have

f(z+h)—f(z) (z+h)(Z+h)—2Z

h N h

_ zh+7zh+hh

N h

= % +Z+h

zre” —i0
= g tztre
re
=z2e 20 p 74 e 5 20720 7 (2.2)

when r — 0. For 2 # 0, since the limit in (2.2) varies with 6, the function f is
not differentiable at z. On the other hand,

[ -0 P
z—0 oz oz

when z — 0. Therefore, f is only differentiable at the origin, and f’(0) =0.

The following properties are obtained as in R, and thus their proofs are
omitted.



2.2 Differentiability 41

Proposition 2.11

Given holomorphic functions f,g: 2 — C, we have:
L (f+g)=f+d}
2. (fg)'=Ffg+fg"
3. (f/9) =(f'g— fg')/g* at all points where g # 0.

Proposition 2.12

Given holomorphic functions f: 2 — C and g: 2’ — C, with g(£2') C 2, we
have

(fog) =(fog)d.

Now we show that any differentiable function is continuous.

Proposition 2.13

If f is differentiable at zy, then f is continuous at zj.

Proof
For z # 2y, we have
1) - fe) = LB oy
and thus,
Tim f(z) = Jim [£() = f(z0)] + f(z0)
= lim J&) = fz) lim (z — z0) + f(20)
Z—r20 z — ZO Z— 20

= f'(20) - 0+ f(20) = f(20)-

This yields the desired property. (]

We also describe a necessary condition for the differentiability of a function
f: 82— C at a given point. We always write

[z +iy) = u(z,y) + iv(z,y),

where u and v are real-valued functions.
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Theorem 2.14 (Cauchy-Riemann equations)

If f is differentiable at zy = zg + iyp, then

ou Ov ou v
o and —=-2 2.3
or 0Oy an dy ox (2:3)
at (zo,yo). Moreover, the derivative of f at zg is given by
ou v
f'(20) = %(xovyo)JrZ%(Io,yo)- (2.4)

Proof
Writing f/(z9) = a + ib, we obtain
F'(20)(2 = 20) = (a +1ib) [(x — x0) +i(y — yo)]
= [a(x — z0) — b(y — yo)] +i[b(zx — x0) +ialy — yo)]
= C(LL‘ —Zo,Y — y0)7

where

and hence,
f(2) = f(20) — f/(Zo)(Z —20) = (U(337y)7“(337y)) - (U(fﬂoayo)av(ﬂﬂmyo))
= C(x — 20,y — ¥o)-
For z # zg, we have

f(2) = f(z0) = '(20) (2 —20) _ f(2) = f(20) = f'(20)(2 —20) 2—20

|z — 0] z— 20 |z — 20|

— (PRI ) 22
and since
2=z | _ |z — zo] _1
lz—20l| [z—20]
we obtain

f(z) = f(z0) = f'(20)(2 — 20)

—0
|z — 2o
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when z — zy. Since
|z — 20| = || (z — w0,y — wo)|,
this is the same as

(u(z,y),v(x,y)) — (u(@o, T0),v(z0,y0)) — C(z — T0,y — Yo)

—0
(x — 20,y — vo)|l

when (z,y) — (z0,y0). It thus follows from the notion of differentiability in R?
that the function F': £2 — R? given by

F(z,y)= (u(m,y),v(m,y)) (2.5)

is differentiable at (xg, o), with derivative

%(330,?!0) 2—’;(9307110))

S—Z(xo,yo) g—Z(xovyo)

:c:(g ‘ab)_

This shows that the identities in (2.3) are satisfied. O

DF(xg,y0) = <

The equations in (2.3) are called the Cauchy—Riemann equations.

Example 2.15
Let

flz+iy) = u(z,y) +iv(z,y)

be a holomorphic function in C with u(z,y) = 22 — zy — y?. By Theorem 2.14,
the Cauchy—Riemann equations are satisfied. Since
ou
— =2x—y,
oz Y

it follows from the first equation in (2.3) that

Therefore,

v(a,y) =22y — -+ C(x)
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for some function C'. Taking derivatives, we obtain
Ov
—=—x—2 d ——=-2y—C'(2).
x—2y an 9 Y (z)

Hence,
—r—2y=-2y—C'(z),

and C’(z) = . We conclude that C(x) = 2?/2+ ¢ for some constant ¢ € R, and
hence,
2 2
v(z,y) = % + 2zy — % +ec.
We thus have

. 22 2
f(:r—i—zy)—(x2—xy—y2)+z(?+2xy—%+c>.

Rearranging the terms, we obtain

fle+iy) = [(2° —y?) +i2zy| + {—xzﬁ-i(x; — %)] +ic

:z2—|—%[(x2—y2) +i2xy} +ic
:z2+222+ic: 1+£ 2% +ic.
2 2

In particular, f'(z) = (2 +1i)z.

Example 2.16

We show that a holomorphic function f = +iv cannot have u(z,y) = 22 + 3>
as its real part. Otherwise, by the first Cauchy-Riemann equation, we would
have

ou 5 ov
e PR
Ox oy’
and thus, v(x,y) = 2zy + C(x) for some function C. But then
ou ov ,
%—23; and 6—x—2y+0(x),

and by the second Cauchy—Riemann equation we would also have

2y=—(2y+C'(z)).
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Therefore, C’(x) = —4y, but this identity cannot hold for every x,y € R. For
example, taking derivatives with respect to y we would obtain 0 = —4, which
is impossible.

As an illustration of the former concepts, in the remainder of this section
we shall describe conditions for a holomorphic function to be constant.

Given a set A C C, we denote by A the closure of A. This is the smallest
closed subset of C = R? containing A. It is also the set of points a € C such
that

{zeC:lz—al<r}nA#0

for every r > 0. In spite of the notation, the notion of closure should not be
confused with the notion of the conjugate of a complex number. Now we recall
the notion of a connected set.

Definition 2.17

A set 2 C C is said to be disconnected if there exist nonempty sets A, B C C
such that

N=AUB and ANB=ANB=40.

A set 2 C C is said to be connected if it is not disconnected.

Finally, we introduce the notion of a connected component.

Definition 2.18

Given (2 C C, we say that a connected set A C {2 is a connected component
of (2 if any connected set B C {2 containing A is equal to A.

We note that if a set 2 C C is connected, then it is its own unique connected
component.

Now we show that in any connected open set, a holomorphic function with
zero derivative is constant.

Proposition 2.19

If f is a holomorphic function in a connected open set 2 and f’ =0 in {2, then
f is constant in (2.
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Proof
By (2.4), we have

Together with the Cauchy—Riemann equations, this yields
Ou Ou Ov  Ov
dr Oy 0oz Oy
Now let us consider points = + iy and z + 4y’ in {2 such that the line segment

between them is contained in (2. By the Mean value theorem, we obtain

u(z,y) — u(z,y) = g—Zu, Iy —y) =0,

where z is some point between y and 3’. Analogously,
v
v(zy) —vla,y) =5 (5 w)y —y) =0,

where w is some point between y and 3. This shows that

flz+iy) = flz+iy). (2.6)

One can show in a similar manner that if x + iy’ and 2’ 4 iy’ are points in {2
such that the line segment between them is contained in {2, then

fle+iy') = f(a’" +iy). (2.7)

Now we consider an open rectangle R C 2 with horizontal and vertical sides.
Given z + 1y, 2’ + iy’ € R, the point x + 73/ is also in R, as well as the vertical
segment between x + ¢y and x +1y’, and the horizontal segment between x + iy’
and z’ + iy’ (each of these segments can be a single point). It follows from (2.6)
and (2.7) that

fla+iy) = fz+iy') = f(a' +iy).
This shows that f is constant in R. Finally, we consider sequences Rg =

(Rp)nen of open rectangles in 2, with horizontal and vertical sides, such that
Ry =R and R, N R, 1 # 0 for each n € N. We also consider the set

Ur=JJ Rn.
Rprn=1

Clearly, Ug is open (since it is a union of open sets), and f is constant in Ug,
. . . . . o0
since it is constant in each union (J,_; Ry.
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We show that Ug = £2. On the contrary, let us assume that 2\ Ug # (). We
note that

since otherwise Up N 2 = Uy, and hence,
Q:URU(‘Q\UR)7
with
UrN(2\Ur)=(UrN2)\Ur=10
and
UrN2\Ugr=UrN(2\Ug) =10

(since Ug is open); that is, £2 would be disconnected. Let us then take z €
(Ur N 2)\ Ugr and a rectangle S C 2 with horizontal and vertical sides such
that z € S. Then SN Uk # () and thus, S is an element of some sequence Rg.
This implies that S C Ur and hence z € Ur, which yields a contradiction.
Therefore, Ug = §2 and f is constant in (2. ]

We also describe some applications of Proposition 2.19.

Example 2.20

We show that for a holomorphic function f = u+4v in a connected open set, if
u is constant or v is constant, then f is also constant. Indeed, if u is constant,
then

ou ov
Lo
fle+iy)=o- +ig

ou .0Ou

oz oy 0

and it follows from Proposition 2.19 that f is constant. Similarly, if v is con-
stant, then

ou . Ov

/ . _ 7" bl

[z +iy) O —Hax

_Ov  0v

787y+2%:0’

and again it follows from Proposition 2.19 that f is constant.
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Example 2.21

Now we show that for a holomorphic function f = wu + v in a connected open
set, if |f| is constant, then f is constant. We first note that by hypothesis
|f|? = u? + v? is also constant. If the constant is zero, then u =v =0 and
hence, f =wu + v =0. Now we assume that |f|? = ¢ for some constant ¢ # 0.
Then u? 4+ v? = ¢, and taking derivatives with respect to x and y, we obtain

ou ov
and
ou ov

Using the Cauchy—Riemann equations, one can rewrite these two identities in

the matrix form
u v 2—“
z = U. 2
() (—) : o

Since the determinant of the 2 x 2 matrix in (2.8) is —(u? + v?) = —c #0, the
unique solution is

ou_ov_
oxr Oz
and thus,
du .Ov
! ) g ) — —
flx+iy) = o +Z€)x 0.

It follows again from Proposition 2.19 that f is constant.

2.3 Differentiability Condition

The following example shows that for a function f to be differentiable at a
given point it is not sufficient that the Cauchy—Riemann equations are satisfied
at that point.

Example 2.22

We show that the function f(z+iy) = +/|zy| is not differentiable at the origin.
Given

h=re? =rcosf+irsind,
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we have

f(h)— f(0) |(r cosd)(rsinf)]
0

rett

_ 7y/|cosfsin0)|

B ret
= /|cosfsinfle .

Since the last expression depends on 6, one cannot take the limit when r — 0.
Therefore, f is not differentiable at the origin. On the other hand, we have

ou o u(x,0) —u(0,0)
3x(0’0)_a{1§b z—0 =0
and
ou . u(0,y) —u(0,0)
as well as
ov ov

since v = 0. Hence, the Cauchy—Riemann equations are satisfied at the origin.

Now we give a necessary and sufficient condition for the differentiability of
a function f in some open set.

Theorem 2.23

Let u,v: 2 — C be C' functions in an open set 2 C C. Then the function
f =u+ v is holomorphic in {2 if and only if the Cauchy—Riemann equations
are satisfied at all points of 2.

Proof

By Theorem 2.14, if f is holomorphic in {2, then the Cauchy—Riemann equa-
tions are satisfied at all points of (2.
Now we assume that the Cauchy—Riemann equations are satisfied in 2.

This implies that
ou ou
ov ov |
55 5 b a
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at every point of (2, for some constants a and b possibly depending on the
point. On the other hand, since u and v are of class C'!, the function F = (u,v)
in (2.5) is differentiable in (2. It follows from the proof of Theorem 2.14 that
f is differentiable at zg, with

f'(20) = a+ib,
if and only if F' is differentiable at (xq,yo), with

g—g(fo,yo) g_;j(x()?y()) a —b
DF(xo,y0) = o v =1, )
a5 (20,%0) 5y (0, Y0) a

This shows that the function f is differentiable at all points of f2. O

Example 2.24

Let us consider the function f(z)=e*. We have
u(z,y) =e"cosy and v(x,y)=e"siny,

and both functions are of class C! in the open set R? = C. Since

ou v,
— =e"cosy, — =e¢e"cosy,
ox 4 y Y
and
ou e . ov o -
— = —¢e"siny, —— = —€e"siny,
By 4 or 4

the CauchyRiemann equations are satisfied in R?. By Theorem 2.23, we con-
clude that the function f is differentiable in C. Moreover, it follows from (2.4)
that
f(z)= Ou 4iZl e cosy +ie” siny = e*
dr = Ox ’
that is, (e*)’ =e*.

Example 2.25

For the cosine and sine functions, we have respectively

eiz + e—iz )’ Z'eiz _ Z'e—iz

(cosz) = ( . .
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and

. o
. , elz —e 1z Zelz+ze 1z
(sinz)' = - = -

eiz _|_67iz
= ——— = CO0S Z.
2

Example 2.26

Now we find all points at which the function
[l +iy) =y +izy
is differentiable. We first note that

u(z,y) =v(z,y) =zy
is of class C' in R2. On the other hand, the Cauchy-Riemann equations

Ou  Ov ou  0Ov

a—a—y and a—y——a—x,

take the form

y=x and xz=—y.

The unique solution is z =y = 0. By Theorem 2.14, we conclude that the
function f is differentiable at no point of C\ {0}. But since {0} is not an open
set, one cannot apply Theorem 2.23 to decide whether f is differentiable at
the origin. Instead, we have to use the definition of derivative, that is, we must
verify whether the limit

o JErw)—FO) . zy(+i)
(z,y)—(0,0) z+1y—0 (z,9)—(0,0) T+ 1y

exists. It follows from (1.6) that

2| - Jy|v2
|z + dy|

xy(1+1)
T +1y

< <V2|z +iy| =0

when (x,y) — (0,0), and hence, f is differentiable at the origin, with f/(0) = 0.

Example 2.27

Let us consider the function logz. It follows from (1.14) that

(ee2) = 1.
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Hence, if logz is differentiable at z, then it follows from the formula for the
derivative of a composition in Proposition 2.12 that

8% (log 2)' = 1.

['herefore,
1 1
r_ _
(logz) = gz~ 5

Now we show that log z is differentiable (at least) in the open set RT x R.
For this we recall the formula

1
logz = 3 log(z® +y*) +itan™! g
T

obtained in Example 1.35 for > 0. We note that the functions

1
u(z,y) = 3 log(:zc2 +y2) and v(z,y) =tan"! Yy
x
are of class C! in R* x R. Since
ou  «x ov 1z oz
Or  22+y? Oy 1+ (y/x)?  a?+y?
and
ou y ov —y/x? oy
oy a2 +y?’ or 1+ (y/z)?2  22+4y?’

it follows from Theorem 2.23 that the function log z is holomorphic in R* x R.

2.4 Paths and Integrals

In order to define the integral of a complex function, we first introduce the
notion of a path.

Definition 2.28

A continuous function 7: [a,b] — 2 C C is called a path in §2, and its image
v([a,b]) is called a curve in 2 (see Figure 2.1).

We note that the same curve can be the image of several paths.
Now we define two operations. The first is the inverse of a path.
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7(b)
(a)
V(a)

Figure 2.1 Paths and curves
Definition 2.29
Given a path v: [a,b] = 2, we define the path —v: [a,b] — 2 by

(=@ =~(a+b—1)
for each t € [a,b] (see Figure 2.2).
7(b)
(=7)(a)
~
e
(a)
(=)(0)

Figure 2.2 Paths v and —v

The second operation is the sum of paths.

Definition 2.30

Given paths 71 : [a1,b1] = 2 and 2 [ag,bs] — §2 such that 1 (b1) = 72(az), we
define the path 1 +v2: [a1,b1 + b2 — as] = 2 by

Y1 (t) ifte [al, bﬂ,

Y1+ 72)(t) =
(1 2)() {Vg(t—bl-i-ag) ifte[b1,b1+b2_a2]
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(see Figure 2.3).

Y1(b1) = 72(az)

" 72 Y2 (b2)

71(ar)

Figure 2.3 Path v + 72

We also consider the notions of a regular path and a piecewise regular path.

Definition 2.31

A path v: [a,b] — 2 is said to be regular if it is of class C' and ~/(t) # 0
for every t € [a,b], taking the right-sided derivative at a and the left-sided
derivative at b.

More precisely, the path ~: [a,b] — {2 is regular if there exists a path
a: (e,d) — 2 of class C! in some open interval (c,d) containing [a,b] such
that a(t) =~(t) and &' (¢) # 0 for every t € [a, b].

Definition 2.32

A path v: [a,b] — 2 is said to be piecewise regular if there exists a partition of
[a,b] into a finite number of subintervals [a;,b;] (intersecting at most at their
endpoints) such that each path «;: [a;,b;] = 2 defined by ~;(t) = ~(¢t) for
t € [a;,b;] is regular, taking the right-sided derivative at a; and the left-sided
derivative at b;.

We have the following result.
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Proposition 2.33

If the path v: [a,b] — C is piecewise regular, then

b
L, ::/ |7/ ()] dt < oc. (2.9)

Proof

Since v is piecewise regular, the function ¢ — |y/(¢)| is continuous in each in-
terval [a;,b;] in Definition 2.32. Therefore, it is Riemann-integrable in each of
these intervals, and thus also in their union, which is equal to [a, b]. |

The number L, is called the length of the path ~.

Example 2.34

Let 7: [0,1] — C be the path given by v(¢t) =t(1+1i) (see Figure 2.4). We have

L'Y:»/O |7’(t)|dt=/0 1 +i|dt = V2.

141

Y

Figure 2.4 The path v in Example 2.34
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Example 2.35
Let v: [0,27] — C be the path given by ~(t) = re’ (see Figure 2.5). We have

27 27 )
LV:/ |7’(t)|dt:/ Iric| dt
0 0

27
= / rdt=2nr,
0

"] = |cost + isint| = Vieos?t + sin?t =1.

since |i] =1 and

Figure 2.5 The path v in Example 2.35
Now we introduce the notion of the integral along a path.

Definition 2.36

Let f: £2 — C be a continuous function and let 7: [a,b] — 2 be a piecewise
regular path. We define the integral of f along v by

L f= / @ d
b b

— [ Relrae)y O] de-+i [ Tl (o)] dr
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We also write

We note that under the hypotheses of Definition 2.36, the functions

t=Re[f(y(1)Y' ()] and ¢ TIm[f(v(t)~'(t)]

are Riemann-integrable in [a,b], and thus the integral f,y f is well defined.

Example 2.37

We compute the integral fﬁ/ Re zdz along the paths v1,7v2: [0,1] = C given by

() =t(1+4) and o(t) =t*(1+1).

We have
1 i
/ Rezdz:/ Re[t(1+4)] - [t(1+4)] dt
Y1 0
1
_/ t-(1+4)dt
0
2 N
—5(14’2) :O— 9
and

= [ 283(144)dt
t =1 14
=—(1+1 = .
5 (1+1) . >
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Example 2.38

Now we compute the integral fw Im zdz along the path ~: [0,7] — C given by
v(t) = ett. We have Im~(t) = sint, and hence,

T
/Imzdz:/ sint - ie't dt
v 0

T it _ it
et —e ",
:/ ————ie'dt
0 27

7r1 24t (1 24t l)t_ﬂ
= —(e=1)dt=| —e"" — =t
| g nya= (g5
1, om 1 T
74—1,( 1)72(7r—0)f0 5= "5

The integral has the following properties.

Proposition 2.39

If f,g: £2— C are continuous functions and 7: [a,b] — §2 is a piecewise regular
path, then:
1. for any c¢,d € C, we have

A@f+@n=glf+dlg
2 [ =]

3. for any piecewise regular path a: [p,q] — 2 with a(p) =~(b), we have
[ o=[r+]r
Yt ¥ a

Proof

For the second property, we note that

(=)' (t) == (a+b—1),
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and thus,
b
| 1= [ 1oy
— @
b
= / —f(vla+b—1t))y (a+b—t)dt.
Making the change of variables a + b —t = s, we finally obtain

[ =] sewm s

b
_ / F(1()Y'(5) ds

:_lf

The remaining properties follow immediately from the definitions. ([l

We also describe two additional properties. For the first one we need the

notion of equivalent paths.

Definition 2.40

Two paths v1 : [a1,b1] = C and s : [ag, by] — C are said to be equivalent if there
exists a differentiable function ¢: [ag,ba] — [a1,b1] with ¢’ > 0, ¢(as) = a1, and
@(ba) = by, such that v =1 0 ¢.

We can now formulate the following result.

Proposition 2.41

If f: £2— C is a continuous function, and -y; and v, are equivalent piecewise

[=1

regular paths in (2, then
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Proof

We have
b
/ f= / Fra ()72 (t) dt
ba
:/ F((r108) )1 (6(1)¢' (¢) dt.

Making the change of variables s = ¢(t), we obtain

AJZAT”“”%®@:lf’

which yields the desired identity. O
Finally, we obtain an upper bound for the modulus of the integral.

Proposition 2.42

If f: 2 — C is a continuous function and v: [a,b] — {2 is a piecewise regular
path, then

/f‘ = /ab|f(7(t))v’(t)|dt

< L,Ysup{’f('y(t))’ te [a,b]}.

Proof

Writing fv f=re?, we obtain

fl=r=[es
f=r=]

b
:/e*%w@wVMt

b b
= [ Rele )y O] de-+i [ Tmle? fo0) (0)]

a
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Since |f7 f] is a real number, it follows from (1.6) that

/j ‘ = / "Rele~ () (1) de

b
< / e F (4 () ()] dt.

Moreover, since |e~%| =1, we obtain

/J \ = / |60 @) d

b
S/ |/ (t)| dt - sup{| f(y(t))| : t € [a,b] }
— Lysup{|f(1(0)] £ € [aB]}.

This yields the desired inequalities. ]

Example 2.43

Let us consider the integral

[{2(2— 1)dz

along the path «: [0,7] — C given by ~(t) = 2¢%. We have
L, :/ |2ie™| dt = 2.
0

By Proposition 2.42; since |y(t)| = 2 for every t € [0, 7], we obtain

/f‘ < Lvsup{|z(z— :z E’}/([O,T(])}
< amsup{ || + || = ([0, )}
—or(4+2) = 127.

On the other hand,
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2.5 Primitives

The concept of primitive is useful for the computation of integrals. Let us
consider a function f: {2 — C in an open set 2 C C.

Definition 2.44

A function F': {2 — C is said to be a primitive of f in the set {2 if F' is holo-
morphic in 2 and F' = f in £2.

We first show that in connected open sets all primitives differ by a constant.

Proposition 2.45

If F" and G are primitives of f in some connected open set 2 C C, then F — G
is constant in 2.

Proof
We have
(F-G)Y=F -G =f-f=0

in (2. Hence, it follows from Proposition 2.19 that F' — G is constant in (2. [
Primitives can be used to compute integrals as follows.

Proposition 2.46

If F' is a primitive of a continuous function f: 2 — C in an open set 2 C C
and v: [a,b] — {2 is a piecewise regular path, then

/ f = Fy(b)) - F(y(a)).

Proof

For j=1,...,n, let [a;,b;], with by = as, by =as, ..., by—1 = ay, be the subin-
tervals of [a,b] where « is regular. We note that the function

te= f(y(t)Y (t)
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is continuous in each interval [a;, b;]. Therefore,

/ f:i szi S (t) e
:i/ubj "(y( dt—Z/ (Fov)(

This yields the desired identity. O

Example 2.47

We consider the integral fy(z?’ + 1) dz along the path ~: [0,7] — C given by

y(t) = e®. Since
4 /
(5o

the function F(z) =2%/4 + z is a primitive of 2% + 1 in C. Therefore,

/ (° + 1) dz = F(y(n)) — F(+(0))

(1))

We also consider paths with the same initial and final points.

Definition 2.48
A path «v: [a,b] — C is said to be closed if v(a) =~(b) (see Figure 2.6).

The following property is an immediate consequence of Proposition 2.46.

Proposition 2.49

If f: £2— C is a continuous function having a primitive in the open set 2 C C
and v: [a,b] — {2 is a closed piecewise regular path, then

szo.
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Figure 2.6 A closed path

Now we show that any holomorphic function has primitives. We recall that
a set £2 C C is said to be conver if

tz+(1—t)we R

for every z,w € £2 and ¢ € [0, 1].

Theorem 2.50

If f: £2 — C is a holomorphic function in a convex open set {2 C C, then f has
a primitive in (2.

More generally, we have the following result.

Theorem 2.51

If f: 2— C is a continuous function in a convex open set 2 C C and there
exists p € £2 such that f is holomorphic in 2\ {p}, then f has a primitive in £2.

Proof

Take a € £2. For each z € §2, we consider the path v, : [0,1] — 2 given by
v:(t)=a+t(z—a) (2.10)

(we recall that (2 is convex). We also consider the function F': 2 — C defined
by

F(2) :/ /. (2.11)
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Lemma 2.52
We have

F(z+h)fF(z):/f, (2.12)

where the path a: [0,1] — C is given by a(t) = z + th.

Proof of the lemma

Let A be the triangle whose boundary 0A is the image of the closed path
Yz + a+ (—v.+1n). We note that identity (2.12) is equivalent to

IR AT RR AR

:F(z)+/f—F(z+h):O. (2.13)

z+h

Yoth Ay

Yz

Figure 2.7 Triangles Ay, Ay, Az and Ay

We first assume that p ¢ A. We divide the triangle A into 4 triangles, say
Ay, Ao, As and Ay, by adding line segments between the midpoints of the
sides of A (see Figure 2.7). Then

SR IN
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in view of the fact that the integrals along common sides of the triangles A;
cancel out, since they have opposite signs. We note that there exists ¢ such that

|c|
/ f ‘ > T
9A;
since otherwise we would have

4 4 |C|
;/Mf'<;Z=|c.

One can repeat the argument with this triangle 4; in order to obtain a sequence
of triangles A(n) C A(n — 1) such that A(n) is one of the 4 triangles obtained
from dividing A(n — 1), and

/ f ‘ > lel (2.14)
dA(n) 4r

On the other hand, since f is holomorphic in A, for each point zy € A, given
€ >0 we have

|F(2) = f(20) = ['(20) (2 = 20)| < e[z = 20|
whenever |z — 2| is sufficiently small. Since the perimeter of A(n) is
Loam)y =2""Loa,

where Ly is the perimeter of A, we obtain

/a oy ) = 10) = 1) = 20)] | S Ly =47 LBy (219

for any sufficiently large n. Moreover, since the function —f(zq) — f'(20)(z — 20)
has the primitive —f(20)z — f'(20)(z — 20)?/2, we have

/ [—f(20) = f'(20)(z — 20)] dz =0,
oA,
and it follows from (2.14) and (2.15) that

|c\§4”/ f'gngA.
OA(n)

Letting € — 0 we conclude that

c=[ [f=0,
24

which establishes (2.13).
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Now we assume that p € A. We note that it is sufficient to consider the
case when p is a vertex. Otherwise, being p1, p2,ps the vertices of A, one can
consider the three triangles determined by p;,p;,p with ¢ # j. When p belongs
to a side of A, one of these triangles reduces to a line segment (see Figure 2.8).

D2

P 2
Figure 2.8 Case when p belongs to a side of A
When p = p3 is a vertex of A, it is sufficient to consider triangles determined
by points ¢; and go in the sides containing p (see Figure 2.9). Indeed, by the

previous argument, the triangles A, and As respectively with vertices p1, ps, ¢1
and p1,q1,q2 have zero integral, that is,

/aAlf: aAgf:O.

Now let A’ be the triangle determined by ¢, go and p. Letting ¢; — p and
g2 — p, we conclude that

/ f‘gLaA/sup{|f(z)|:z€A’}—>O,
oA
since Lya, — 0. This completes the proof of the lemma. O

We are now ready to show that F' is a primitive of f. It follows from

RCLS /O fhdi= f(2)h



68 2. Holomorphic Functions

D2

q1

P ¢ - p3=Dp

Figure 2.9 Case when p is a vertex of A

together with Lemma 2.52 that

w —f(2) = /a[f(C) — f(»)] .

Since f is continuous, given ¢ > 0, we have

[F(O) = f2)] <e

whenever |¢ — z| is sufficiently small. Therefore,

F(z+h)—F(z 1
PEED=PE )| < ol [ 110 - 1)) ac
h W[ 1Ja
< eL,
<t =¢
|h
whenever |h| is sufficiently small (since ¢ — z| < |h]). Letting € — 0 we thus
obtain F'(z) = f(z), and F is a primitive of f in 2. O
Example 2.53

For the path ~, in (2.10) we have v.(t) = z — a, and by (2.11) a primitive of f
is given by

F(z)z/o fla+t(z—a))(z—a)dt. (2.16)
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In particular, when 0 € {2, taking a =0 we obtain

F(z) :z/o f(tz)dt. (2.17)

Example 2.54
We have
sin z . sinz —sin0
lim = lim
z—0 z z2—0 z — 0
= (sinz)'| o
=cos0=

Hence, the function

) (sinz)/z if 2 #£0,
f(z)_{l if 2=0

is continuous in C and holomorphic in C\ {0}. It thus follows from Theorem 2.51
that f has a primitive in C. Moreover, by (2.17), a primitive is given by

F(z):z/olwdtz/olwdt.

tz

The following result is an immediate consequence of Theorem 2.51 and
Proposition 2.49.

Theorem 2.55 (Cauchy’s theorem)

If f: 2 — C is a continuous function in a convex open set {2 C C and there
exists p € {2 such that f is holomorphic in 2\ {p}, then

fo-

for any closed piecewise regular path v in (2.

2.6 Index of a Closed Path

Now we introduce the notion of the index of a closed path.
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Definition 2.56

Given a closed piecewise regular path v: [a,b] — C, we define the indezx of a
point z € C\ v([a,b]) with respect to v by

Ind, () ! / dw
.

2w ), w—z

Example 2.57

Let 7: [0,27] — C be the path given by () = a + re'. Then

1 2 s it
Ind. (a) / iy
0

= omi reit
1 27
2w Jo

The following result specifies the values that the index can take.

Theorem 2.58

Let 7: [a,b] — C be a closed piecewise regular path and let 2 =C\ v([a,b]).
Then:
1. Ind,(2z) € Z for each z € {2;
2. the function z — Ind,(z) is constant in each connected component of {2;
3. Ind,(2) =0 for each z in the unbounded connected component of f2.

Proof
We define a function ¢: [a,b] — C by

cor-en{ [ 52-0)

1g) = os) ()
V) =)=

in each subinterval [a;,b;] of [a,b] where v is regular. Then

( ¢(s) )' _ 9(8)(0(s) = 2) = (s)9(5)
V() — 2 (v(s) = 2)?

We have

207
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and for each j there exists c; € C such that

for every s € [a;,b;]. But since v and ¢ are continuous functions, we conclude
that there exists ¢ € C such that

that is,
V(s) —=
o(s) = ——.
O ==
Letting s = b, since =y is a closed path, we obtain
¥(b) — 2
Y(a) — 2
that is,

co-en{ [ 5120
1

= exp(2milnd, (z)) = 1. (2.18)
We note that
M =1 o aelZ,

since €™ = cos(2ma) +isin(27wa). It then follows from (2.18) that Ind, (z) € Z.
For the second property, we first note that

ﬁ/y(cizc—lu)dc‘
o Rt

T o
|z = wl

L'Y
= o S”p{ G0 - 200 —w)

Ind,(z) — Ind, (w)| =

te [a,b]}. (2.19)
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For w sufficiently close to z, we have

[y(t) —w| > |y(t) — 2| — |z — wl,

and thus,

for every z € C\ v([a,b]), where
A=inf{|y(t) — z| : t € [a,b]} > 0.
Hence, it follows from (2.19) that

L |z — w]
_ < v = =1
[Ind, (2) — Ind, (w)| < 3w AA— o))’

and letting w — z we obtain

lim Ind,(w) =Ind,(2). (2.20)

w—z

Since the index takes only integer values, it follows from the continuity in (2.20)

that the function z — Ind,(z) is constant in each connected component of {2

(we note that since {2 is open, each connected component of {2 is an open set).
For the last property, we note that

i [ s

FR L
< gl i 2y < el

i sup{7'(#) : € [a, b]}
= 2 e = supr () £ € [0, B}

Ind, (z)| =

(2.21)

since

[7(8) = 2| > 2] = |2(1)]

whenever |z| is sufficiently large. In particular, it follows from (2.21) that
[Ind,(z)| <1 for any sufficiently large |z|. Since the index takes only integer
values, we obtain Ind,(z)=0. It follows again from the continuity in (2.20)
that the index is zero in the unbounded connected component of (2. O
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Example 2.59

For each n € N, let v: [0,27n] — C be the path given by v(¢) = a+re®, looping
n times around the point a in the positive direction. Then

2mn /
Ind, (a) = — / ) g
0

T omi v(t) —a
1 2nn . : it
= — me_ dt =n.
2mi J rett

It follows from Theorem 2.58 that

Ind. (2) n if |z—al<r,
nd,(z) =
! 0 if|z—a|>r.

2.7 Cauchy’s Integral Formula

Now we establish Cauchy’s integral formula for a holomorphic function. In
particular, it guarantees that any holomorphic function is uniquely determined
by its values along closed paths.

Theorem 2.60

If f: £ — C is a holomorphic function in a convex open set {2 C C and
v: [a,b] = £2 is a closed piecewise regular path, then

f(2)Ind,(2) = %/ i(i”l dw (2.22)
for every z € 2\ v([a,b]).

Proof

Let us consider the function g: {2 — C defined by

o) = {(f(w) —fE)/(w—2) ifweQ\{z},
J'(2) if w= 2.
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Clearly, g is continuous in {2 and holomorphic in 2\ {z}. It then follows from
Theorem 2.55 that
0= / g
.

RSP

w—z
= [ g [
S W= 2 S W—2
:L%dw — f(2)2miInd, (2).
This yields the desired identity. O

Example 2.61

Let f: C— C be a holomorphic function in C and let 7: [0,27] — C be the
path given by v(¢t) = z +re'’. Then Ind,(z) = 1, and by Theorem 2.60 we have

1) =5 [ aw

1 [°" f(z4re?) .
_ L [T g
2mi J, rett

1 27

- it
=5/, f(z+re )dt.

2.8 Integrals and Homotopy of Paths

In this section we show that the integral of a holomorphic function does not
change with homotopies of the path. We first recall the notion of homotopy.

Definition 2.62

Two closed paths 1,72 [a,b] — §2 are said to be homotopic in {2 if there exists
a continuous function H: [a,b] x [0,1] — §2 such that (see Figure 2.10):

1. H(t,0) =~1(t) and H(t,1) =~5(¢) for every t € [a,];

2. H(a,s)= H(b,s) for every s € [0,1].
Then the function H is called a homotopy between v, and .



2.8 Integrals and Homotopy of Paths 75

Ya(a) = v2(b)

Figure 2.10 Homotopy of paths

We then have the following result.

Theorem 2.63

If f: 2 — C is a holomorphic function in an open set 2 C C, and ~; and 5
are closed piecewise regular paths that are homotopic in (2, then

Alf_L2f. (2.23)

Proof

Let H be a homotopy between the paths «; and 5. We note that H is uniformly
continuous (since it is defined in a compact set). Hence, there exists n € N such
that

|H(t,s)—H(',s')| <r
for every (t,s),(t',s’) € [a,b] x [0,1] with

2(b— 2
[t—t'| < 2b—a) and |s—s'|<=. (2.24)
n n
Now we consider the points
j k
pjka(a+](ba)a>? jak:07"'7na
n n
and the closed polygons P; ) defined by the points

Diks Pj+l,ks Pj+1k+1 and  Djri1,
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in this order. It follows from (2.24) that these four points are contained in the
ball B, (pj,i) of radius r centered at p; x, and since any ball is a convex set, we
also have P; ;, C B, (pj k). It then follows from Theorem 2.55 that

/ f=0, (2.25)
OP;j i

where 0P, j, is the path along the boundary of P;
Now we consider the closed polygons ) defined by the points

Dok, D1,k cevy Pn—1k and Pn. k>

in this order, as well as the paths «;: [j/n,(j +1)/n] = C and §;: [0,1] = C
given respectively by «;(t) =~1(t) and

Bi(t) =pjt1,0 +t(pj0 — Pj+1,0)-

Since a; + 3; is a closed path in the ball B, (p; o), it follows again from Theo-
rem 2.55 that

%_f/jf !

for 7 =0,...,n — 1. Therefore,

/%f:g/a]f:g/_ﬁjfZ aQoﬁ (2.26)

One can show in a similar manner that

/ f= I (2.27)
Y2 0Qn

On the other hand, it follows from (2.25) that

n—1
Z/ﬁp f=0. (2.28)
j=0"9Fik

We note that the path 0P; j includes the line segment from p;i1 k t0 Pjt+1 k+1,
in this direction, while OPj;  includes the same segment but in the opposite
direction, and thus the corresponding terms cancel out in the sum in (2.28).
Moreover, 0P, , includes the line segment from pg 41 to po , in this direction,
while OF,,_1  includes the same segment but in the opposite direction. In fact,
since each path t+— H(t,s) is closed, we have p, g+1 = po k+1 and pn k = Do.k-
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Therefore,

n—1

=X S he !

| i
OQr+1 0Qk

for k=0,1,...,n — 1. Identity (2.23) now follows readily from (2.26) and
(2.27). O

that is,

The following result is an immediate consequence of Theorem 2.63.

Theorem 2.64

If f: £2— C is a holomorphic function in an open set {2 C C, and ~ is a closed
piecewise regular path that is homotopic to a constant path in {2, then

Lf_o.

We also show that the index does not change with homotopies of the path.

Proposition 2.65

Let v and 72 be closed piecewise regular paths that are homotopic in §2. Then
for each z € C\ {2, we have

Ind,, (2) =Ind,, (2). (2.29)
Proof
Let us take z € C\ 2. We note that the function
1
T=5m w2

is holomorphic in C\ {z}, and thus in particular in {2. Since

/ f=2milnd,,(2)

for j = 1,2, identity (2.29) follows readily from Theorem 2.63. O
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2.9 Harmonic Conjugate Functions

In this section we discuss the concept of harmonic conjugate functions. We recall
that a function u: 2 — C with second derivatives in some open set {2 C C is
said to be harmonic in 2 if Au =0, where the Laplacian Au is defined by

*u  9%*u

Definition 2.66

Two harmonic functions w,v: 2 — C in the open set 2 C C are said to be
harmonic conjugate functions in (2 if v and v satisfy the Cauchy—Riemann
equations in 2.

If the function f = u + iv is holomorphic in an open set {2 C C, then the
Cauchy—Riemann equations are satisfied, and

Au=Av=0 1in 2

(see Problem 2.24). In fact, one can show that Au= Av =0 even without
assuming a priori that u and v are of class C? (see Exercise 4.36). Therefore,
the real and imaginary parts of a holomorphic function are harmonic conjugate
functions.

We show that any harmonic function of class C? in a simply connected open
set has a harmonic conjugate. We first recall the notions of a path connected
set and a simply connected set.

Definition 2.67

A set 2 C C is said to be path connected if for each z,w € {2 there exists a path
v: [a,b] = 2 with y(a) = z and v(b) = w.

In particular, a path connected set is necessarily connected.

Definition 2.68

A set 2 C C is said to be simply connected if it is path connected and any
closed path v: [a,b] — 2 is homotopic to a constant path in (2.

We then have the following result.
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Proposition 2.69

Let u: £2— C be a function of class C? in a simply connected open set {2 C C.
If Au =0, then there exists a function v: £2 — C of class C? with Av =0 such
that v and v are harmonic conjugate functions. Moreover, the function v is
unique up to a constant.

Proof

Since {2 is simply connected and u is of class C?, it follows from Green’s theorem
that if a is a closed path in (2 without intersections, then

ou ou 0 (0Ou 0 ou
[ayagein= [ (5:(5) a5 (o)) v

(2.30)
= / Audxdy =0,
U

where U is the open set whose boundary is the image of a. This shows that
given p € {2, one can define a function v: {2 — C by the line integral

ou ou
v(x,y)= | —=dx+ — dy, 2.31
(z,y) L 9y 5 W (2.31)

where v: [a,b] — {2 is any path between p and (x,y). Now we show that the
Cauchy-Riemann equations are satisfied. It follows from (2.30) that

v(x + h, y)—v(w Y)

31}

IR

where the path v, : [0,1] — R? is given by
(t) = (z +th,y).

Since

ou ou L du
——dr+ —dy —/ ——(x +th,y)hdt,
/% oy Oz 0 ax( )

and the function —0u/dx is continuous, we obtain

ov . b Ou ou
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One can show in a similar manner that

ov ou
a_y(muy) - a_x(x7y)7

and hence, the Cauchy—Riemann equations are satisfied in §2. Moreover, v is
of class C? and thus Av = 0.

It remains to show that v is unique up to a constant. By Theorem 2.23, the
function f =wu + iv is holomorphic in £2. If w is another function of class C?
with Aw = 0 such that f = w4+ iw is holomorphic in {2, then

u+iv— (u+iw) =i(v—w)

is also holomorphic in (2. Since {2 is connected (because it is simply connected)
and (v —w) has constant real part, it follows from Example 2.20 that v —w is
constant. |

The following result can be established in a similar manner.

Proposition 2.70

Let v: £2— C be a function of class C? in a simply connected open set £2 C C.
If Av =0, then there exists a function u: £2 — C of class C? with Au =0 such
that v and v are harmonic conjugate functions. Moreover, the function w is
unique up to a constant.

Proof

Since {2 is simply connected and v is of class C?, given p € {2, one can define
a function u: £2 — C by the line integral

ov ov
5 0y or

where v: [a,b] — £2 is any path between p and (z,y). We can now proceed in
a similar manner to that in the proof of Proposition 2.69 to show that the
Cauchy—Riemann equations are satisfied. O

We also give some examples.
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Example 2.71

We consider the function f =wu + iv with real part u(x,y) =22 — zy — y? as in

Example 2.15. Since u is of class C? and

?u  O%u

in the simply connected open set {2 = C, by Proposition 2.69 there exists a
function v of class C? such that f =wu + 4v is holomorphic in C. By (2.31), one
can take

ou ou
S
5 Oy or
— [+ 2m)do+ o - g)dy,
.
with the path v: [0,1] — C given by (t) = (tx,ty). We then obtain

1
v(z,y) = /O [(tz + 2ty)x + (2tx — ty)y] dt

Loo, 2 2 Lo o =
= §t$ +tyx+t$y—§ty
t=0
2 2
z Y
=— 422y — —.
2+:cy 5

Example 2.72

Now we consider the function u(z,y) = 22 +y? as in Example 2.16. Since u is of
class C? and Au = 4 # 0, the function u is not the real part of any holomorphic
function in an open set 2 C C.

Example 2.73

Let us consider the function u(z,y) = ax? + by, with a,b € R. Since u is of
class C? and Au = 2a, in order that u is the real part of a holomorphic function
in some open set we must have a = 0. Moreover, it follows from Proposition 2.69
that if @ = 0, then there exists a function v of class C? in R? such that

fle+iy) =ulz,y) +iv(x,y) = by + iv(x,y)

is holomorphic in C. One can use the Cauchy-Riemann equations to deter-
mine v. Indeed, it follows from the equation du/dx = dv/dy that dv/dy =0,
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and hence v does not depend on y. Moreover,

v Ou b
or 9y
and thus v(z,y) = —bx + ¢ for some constant ¢ € R.

2.10 Solved Problems and Exercises

Problem 2.1

Verify that the function f(z) =22 — z is continuous in C.

Solution
Writing
f(z+iy) = u(z,y) + iv(z,y), (2.32)
with z,y € R, we obtain
u(z,y)=2>—y?* —x and ov(z,y) =22y —y.

Since v and v are continuous in R?, the function f is continuous in C.

Problem 2.2

Use the Cauchy—Riemann equations to show that the function f(z) =e® + z is
holomorphic in C.

Solution
One can write the function f in the form (2.32), with
u(z,y) =e"cosy+x and v(z,y)=e"siny+y.

The Cauchy—Riemann equations

ou_ v
ox Oy

ou v

and a—y——a

(2.33)

take the form

e’cosy+1=e"cosy+1 and —e”siny=—e"siny,
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and thus they are satisfied in R?. Since u and v are functions of class C! in the
open set R?, it follows from Theorem 2.23 that f is holomorphic in C.

Problem 2.3
Show that
(z”)/ =nz"! (2.34)

for every n € N and 2z € C (with the convention that 0°=1).
Solution
Let f,(z) =2z". For n=1 we have

fi(z0) = lim

Z—=20 Z — 20

which establishes (2.34). For n > 1, it follows from the identity

2" =z = (2 — 20) E zz"lk

that

Z’rL
fi(z0) = lim — = lim sz nlh =t

zZ—20 Z — 20 Z—r20

Problem 2.4

Use the definition of derivative to verify that |z| is not differentiable at z = 0.

Solution
Writing z = |z|e??, we obtain

E N —

z2—0 z |zl

Since e~% depends on 6, one cannot take the limit when z — 0, and hence f
is not differentiable at the origin.
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Problem 2.5

Find all points z € C at which the function |z| is differentiable.

Solution

We have |z + iy| = u(z,y) + iv(z,y), where
u(z,y) =+v2?2+y?> and v(zr,y)=0.

The Cauchy-Riemann equations in (2.33) are thus

z =0 and y

S N —
/$2 + y2 /$2 + y2
We note that these have no solutions (z =y =0 is not a solution, since one

cannot divide by zero). Hence, by Theorem 2.14, the function |z| has no points
of differentiability.

Problem 2.6

Find all points of differentiability of the function f(x + iy) = zy + iy.

Solution

We write the function f in the form (2.32), with u(z,y) = zy and v(x,y) =y.
The Cauchy—Riemann equations in (2.33) are thus y = 1 and x = 0. Hence, by
Theorem 2.14, the function f is not differentiable at any point of C\ {i}. Since
the set {i} is not open, in order to determine whether f is differentiable at 4
we must use the definition of derivative, that is, we have to verify whether

flatiy) = f) _ zy+iy—i
T4y —1 T+iy—1

has a limit when x + iy — 4. Since

zy+iy—i aly—1)+x+ily—1)

x+iy—i x+ily—1)
S
T+l 1)
and
_1 Sy —1
b | Bl
x+i(y—1) |z +i(y —1)|

when x + iy — i, we conclude that f is differentiable at i, with f’'(i) = 1.



2.10 Solved Problems and Exercises 85

Problem 2.7

Find all constants a,b € R such that the function
f(x +iy) = ax® + 2xy + by* + i(y2 - xQ)

is holomorphic in C.

Solution

We first note that taking z = x + iy, we have 22 = 22 — % + i2zy, and thus,
—iz% = 2xy + i(y2 — 3:2).
Therefore,
f(2) = ax® +by* —iz>.

Since the function —iz? is holomorphic in C, it is sufficient to find constants
a,b € R such that the function

f(2) +i2? = ax® + by +1i0

is holomorphic in C. By Theorem 2.23, this happens if and only if the Cauchy—
Riemann equations in (2.33) are satisfied in R?, that is, if and only if

2ax=0 and 2by=0

for every z,y € R. Therefore, a =b=0.

Problem 2.8

Find whether there exists a € R such that the function
f(x +iy) = ax® + 2xy + i(gc2 —y? - 2xy)

is holomorphic in C.

Solution

By Theorem 2.23, the function f is holomorphic in C if and only if the Cauchy—
Riemann equations are satisfied in R2. In this case they take the form

200 4+2y=—-2y — 2z and 2z=-—(2z—2y),
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or equivalently
(a+Dzx=-2y and 2z=y. (2.35)

We then obtain (a+ 1)z = —4z, and thus a = —5. Hence, the equations in (2.35)
reduce to the identity 2z = y, which does not hold for every x and y. Therefore,
there exists no a € R such that the function f is holomorphic in C.

Problem 2.9

Let f =wu+ iv be a holomorphic function in C with real part
u(z,y) = 22 — 3zy — 212

Compute explicitly f(z) and f'(z).

Solution

Since f is holomorphic in C, the Cauchy-Riemann equations in (2.33) are
satisfied in R?. It follows from

ou

— =4x -3
ox . Y
and the first equation in (2.33) that
ov
— =4x — 3y.
y v y
Therefore,
3 2
v(a,y) = day — -+ C(a)
for some differentiable function C. We then obtain
0 1o}
a—Z:—3x—4y and —a—;=—4y—0’(3:),

and it follows from the second equation in (2.33) that C’(x) = 3z. Therefore,

2
C(z)= 3%+C for some ¢ € R,

and

3y?  3x?
U(m,y):élxy—%—&—T—i—c.
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Hence,

2 2
f(x+iy)(2z23xy2y2)+i<4xy312/+3;+c>

=2(2* — y* + 2izy) + 52(1‘2 —y? + 2izy) +ic
3 3
=222+ 52'22 +ic= <2+ 51)22 + 1c,

and thus f'(2) = (4+ 3i)z.

Problem 2.10

Find whether there exists a holomorphic function in C with real part 2% —y2 +y.

Solution

We note that the function u(x,y) = 2% —y* +y is of class C? in the simply con-
nected open set R2. Since Au =0, by Proposition 2.69 there exists a harmonic
conjugate function, that is, a function v such that f = wu + v is holomorphic
in C. In other words, there exists a holomorphic function in C with real part u.

Problem 2.11

Find whether there exists a holomorphic function f in C with real part z —y+1,
and if so determine such a function.

Solution

In order to show that there exists such a function f it is sufficient to observe
that u(z,u) =x —y+ 1 is of class C? in the simply connected open set R? and
that Au = 0. Indeed, by Proposition 2.69, this implies that « has a harmonic
conjugate function.

Now we determine a holomorphic function

[z +iy) = u(z,y) +iv(z,y)

with u(z,y) =z —y + 1. The Cauchy-Riemann equations must be satisfied
in R2. Tt follows from Qu/dx = 1 and the first equation in (2.33) that dv/dy = 1.
Hence,

v(z,y) =y +C(x)
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for some differentiable function C'. We then obtain

ou o,
@——1 and —%——O (l'),

and hence C'(z) = 1. Therefore, C(x) =z + ¢ for some constant ¢ € R, and
v(z,y)=y+x+ec.
We conclude that
flet+iy)=(x—y+1)+i(ly+2+c)
= (z +iy) +i(x +iy) + 1 +ic
=(14+1)z+1+ic.

Problem 2.12

Find all values of a,b € R for which the function u(z,y) = az? + xy + by? is
the real part of a holomorphic function in C, and determine explicitly all such
functions.

Solution

We write f(x+iy) = u(x,y) +iv(x,y). In order that f is holomorphic in C the
Cauchy-Riemann equations must be satisfied in R?. It follows from

0w +

— =2azx

Ox Y
and the first equation in (2.33) that

0

8_; =2ax +y.

Hence,
y?
v(z,y) =2azy + 5 + C(x)

for some differentiable function C'. We obtain
0 0
3_Z =x+2by and — a—z = —2ay — C'(z),
and thus, b= —a and C’(z) = —z. Therefore, C(z) = —2%/2 + ¢ for some con-
stant ¢ € R, and
v 22

v(x,y) = 2axy + 5 E—i—c.
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We conclude that

2 2
f(x+iy):(ax2+xy—ay2)+i<2amy+%—%+0>

= a(x2 —y? 4+ 22'3:3/) — %(m2 -2+ Qixy) +ic

= (a—%)zQ—i—ic,

with a,c € R.

Problem 2.13

Show that if f,g: 2 — C are holomorphic functions in an open set 2 C C, then

(f+9)=f+g and (f9)'=Ffg+fg.

Solution

Since f and g are holomorphic in 2, the derivatives

f(Z) — f(Zo) and g/(zo) — lim g(Z) - g(ZO)

z2—20 Z— 20 220 Z— 20

are well defined for each zy € §2. Therefore,

f(2) +9(2) = f(20) — 9(20)

(f + g)’(zo) - zli—>nzlo Z— 20
= lim () = f(=0) + lim 9(2) — g(#0)
2—20 Z—Z0 z—20 z — 2o
= f"(20) + ¢’ (20)
and
(£9)'(0) = lim ! <Z>9<z>z—_ J;izo>g<zo>
= lim (f(z) = f(20))9(20) + f(2)(9(2) — g(20))
z—2o 2 — 2

_ im B = SG0))g(z0) o S(2)(9(2) — 9(20))

z—20 Z—2p z—20 Z— 29




90 2. Holomorphic Functions

i F = 1C0)

z—20 zZ—2p

f'(20)9(20) + f(20)9' (20)-

9(z0) + lim f(2)- lim 9(2) — g(z0)

z—20 zZ— 29

Problem 2.14

Show that if f and g are holomorphic functions in C with f(z9) = g(20) =0
and ¢'(z0) #0, then

i 1) _ f(z0)

=20 9(2)  ¢'(20)

Solution
We have
i 4@ _ iy f) = f(20)
=z g(2) 2=z g(2) — g(20)
— lim (f(2) = f(20))/(z = 20)
2=z (9(2) — 9(20))/ (2 — 20)
_ f'(20)
9'(20)
Problem 2.15

Compute the length of the path «: [0,1] — C given by ~(t) = e cost (see Fig-
ure 2.11).

\ |

Figure 2.11 Curve defined by the path v in Problem 2.15
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Solution

The length of a piecewise regular path v: [a,b] — C is given by (2.9). We then
have

1
L,= / |ie” cost — e sint| dt
0

1
:/ le"| - [icost — sint| dt
0

1
:/ 1dt=1.
0

Problem 2.16

Compute the integral

along the path «: [0,1] — C given by ~(t) = e'.

Solution
We have
1
[ =2de= [ G -3m)roa.
0% 0
and hence,
1
/(22 — 2) dz z/ (62“ — e_it)ie“ dt
v 0
1 .
:i/ (¥ —1)at
0
Logie . =t 3i 1
p— —_ —_ t _ — J— _
(36 z) . 36 1 3
Problem 2.17

For each n € Z, compute the integral

[{ cos(nz)dz

along the path v: [0,1] = C given by v(t) =e

it
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Solution

Let f,(z) = cos(nz). If n =0, then Fy(z) =z is a primitive of fo(z) =1, and
thus,
t=1

t=0

LE@MLMZEM@)

If n #0, then F,(z) =sin(nz)/n is a primitive of f,, and thus,

=1 1

= —sin(ny(t))

t t=1
t=0 n

t=0

/nww:mww>

_l : T _l : 0
—TLSIH(TLG ) nsm(ne)

Problem 2.18

Compute the integral fﬂ/ zdz, where v: [a,b] — C is a path looping once along
the boundary of the square defined by the condition |z| + |y| <3 (see Fig-
ure 2.12), in the positive direction.

Y

Figure 2.12 Square defined by the condition |z|+ |y| <3
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Solution

We note that the function f(z) = z is holomorphic in C, and that the boundary
of the square defined by the condition |z| + |y| < 3 is homotopic to the circle

of radius 3 centered at 0. It thus follows from Theorem 2.63 that

/zdz:/zdz,
o «

where the path a: [0,1] — C is given by a(t) = 3¢2™%. Hence,

1
/zdz:/ 3e2™ 6 rie®™ dt
o 0

1
= 18mi / et ¢
0
9 471
=3 (e 1)=0

Problem 2.19

For each n € N, show that
2
2
/ (2cost)*™ dt = 27r( n> .
0 n

Solution

Let us consider the integral

1 1 2n
I/<z+) dz,
y 7 z

where the path v: [0,27] — C is given by ~(t) = e’*. We have
1 X /21 on—k
k(,—1)\2n—
I:/;Z(k>z (z ) dz
77 k=0

n
2
_ ( ") /221@727171 dz.
k
k=0 v

/zpdz: omi if p=—1,
b 0 lprZ\{_l}v

Since

(2.36)

(2.37)
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the only nonzero term in (2.37) occurs when 2k — 2n — 1 = —1, that is, k =n,
and we obtain
2n 1 .(2n
I= 27 dz=2mi . (2.38)
n)J, n
On the other hand,
2 ) ) o 2
I= / e (e +e ™) et dt = z/ (2cost)®™ dt. (2.39)
0 0

Comparing (2.38) and (2.39), we obtain identity (2.36).

Problem 2.20

For the path «: [0,7] — C given by ~(t) = e, show that

/e—dz
v 2

< me. (2.40)

Solution

The length of v is given by

va/ |7’(t)|dt:/ lie| dt =,
0 0

and thus, by Proposition 2.42,

/e—dz §Lﬂ,sup{ — :zE’y([O,ﬂ])}
v z z
19 e o 2.41
=TS it . .
wou{ st <lo} 240
Since |y(t)] =1 and
|€’y(t)| — |ecost+isint| —_ |€costeisint| _ ecost <e

for each t € [0, 7], inequality (2.40) follows readily from (2.41).

Problem 2.21

Find all functions u: R? — R of class C! such that

flx+iy) = u(z,y) +iu(r,y) (2.42)

is a holomorphic function in C.
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Solution

By Theorem 2.23, in order that f is holomorphic in C, the Cauchy—Riemann
equations in (2.33) must be satisfied in R? with u = v, that is,

u_ou L ou_ ou
or Oy oy Oz’
In particular, we have
u__ou ou_ ou
or Oz oy Oy’
and thus,
ou Ou
" 2.4
oxr Oy 0 (2:43)

Since the open set R? is connected, it follows from (2.43) that u is constant.
Therefore, the holomorphic functions in C of the form (2.42) are the constant
functions a + ia, with a € R.

Problem 2.22

Show that if f and f are holomorphic functions in C, then f is constant in C.

Solution

Writing the function f in the form (2.32), we obtain

f(x + Zy) = U(.’E,y) + Z’U(l',y) = U(.’E,y) - Z’U(l',y)

Since f and f are holomorphic in C, in addition to the Cauchy-Riemann equa-
tions in (2.33) for the function f, the Cauchy—Riemann equations for f = u—iv
are also satisfied, that is,

%:72—: and Z—Z:% (2.44)
It follows from (2.33) and (2.44) that
Ov v ov Ov
8_y:_8_y and 97 9%
and hence,
v _0v_ (2.45)

dx oy
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Since the open set R? is connected, it follows from (2.45) that v is constant.
It then follows from Example 2.20 that f is constant.

Problem 2.23

For the function u: R? — R given by u(x,y) = e*siny:
1. find a function v such that f(z + iy) = u(z,y) + iv(z,y) is holomorphic
in C and f(0) = —;
2. compute the integral fv( f(2)/z) dz, where  is the circle of radius 4 centered
at the origin, looping three times in the negative direction.

Solution

1. In order that f is holomorphic in C, the Cauchy—Riemann equations must
be satisfied in R2, and thus,

ewsiny:% and e"”cosy:—@. (2.46)

y ox
It follows from the first equation that
v(z,y) =—e®cosy + C(x)
for some differentiable function C. Thus, it follows from the second equation
in (2.46) that e”cosy = e®cosy — C'(z), and hence, C(z) = ¢ for some
constant ¢ € R. We then obtain
f(z+iy) =e"siny +i(—e” cosy + ¢) = —ie” +ic,

and it follows from f(0) = —i that ¢ =0. Hence, f(z) = —ie*.
2. By Cauchy’s integral formula in (2.22), since Ind, (0) = —3, we obtain

/ @ dz = 2mi f(0) Ind, (0) = 273 - (—i) - (—3) = 6.

Problem 2.24

Let f =w+ v be a holomorphic function in an open set {2 C C. Show that if u
and v are of class C2, then

Au=Av=0 in £2.
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Solution

Since f is holomorphic in 2, the Cauchy—Riemann equations are satisfied in (2.
Taking derivatives in these equations with respect to = and y we obtain respec-

tively
0w 0% 0%u 0%v
0x?2  Oxdy and Oxdy Ox?’ (2:47)
and
u 0% 0%u 0%v
=270 and 2227 2.4
oyoxr  Oy? a Oy? Oyox (2.48)

On the other hand, since u and v are of class C?, we have

*u  0%u q v 0%
oxdy  Oydx an oxdy  Oydx’

Thus, combining the first equation in (2.47) with the second in (2.48), we obtain

0?u  *u
Ay = @ + 8—y2 =0.
Analogously, combining the second equation in (2.47) with the first in (2.48),
we obtain
0?v 0%
Av=—+ — =0.
VT 9a2 + oy? 0
Problem 2.25

Let f =wu+1iv be a holomorphic function in an open set {2 C C. Show that if u
and v are of class C?, then A(uv) =0 in £2.

Solution
We obtain
0?(uwv)  0*(uv)
A(uv) = 9 + R
P ouoe | e Puouon o
- Ox? Oroxr 0z  Oy? Oy oy  Oy2
:(Au)v—&—uAv—i—Qa—u@ +28u@ (2.49)

ox 8z “oydy
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On the other hand, by Problem 2.24, we have Au = Av =0 in (2. Together
with the Cauchy—Riemann equations, this implies that

Ou Qv ou v

ov ou ou Ov
2ay(ay) 2 oyay "

Problem 2.26

Let f =wu+4v be a holomorphic function in an open set {2 C C. Show that if u
and v are of class C2, then A(u? +v?) >0 in £2.

Solution

By Problem 2.24, we have Au= Av =0 in {2. Setting v = v in (2.49), we then
obtain

L) s (20) 4 (20) o0\, (o0’
2A(u +U)_UAU+(8:E> + ay +vAv + - + 3y
(Y (Y (20 (20 s
-\ oz Oy Ox oy) —
Problem 2.27

Let f be a holomorphic function in some open set {2 C C such that
|f(z) =1 <1 forze (2.50)

Show that

for any closed piecewise regular path v in (2.

Solution

It follows from (2.50) that f never vanishes in 2. Therefore, the function
g: 2 — C given by g(z) =log f(z) is well defined. It also follows from (2.50)
that the image of f does not intersect the half-line Ry C C, and thus g is
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holomorphic in {2. We then have

and g is a primitive of f’/f. Since the path = is closed, it follows from Propo-
sition 2.49 that

Problem 2.28

Show that

1 2m 2 _ .2
[ do=1

— 0 R.
27 Jy  R?—2Rrcos+r?  USTS

Solution
We have
R+re?  (R+re")(R—re )
R—rei® (R —rei®) (R —re=i9)
_ R? —r?2 4+ 2irRsinf
" R2—2rRcosf+1r2’
Therefore,
i /277 R2 _ 42 / R + 7“610 ”
2 Jo R? —27’Rcost9—|—r2 R —reif

1 R+re
<7r 0 R—r619d0>

i R+z d>,
2mi |, 2(R—2)

where the path 7: [0,27] — C is given by () = re?®. Moreover,
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1/ R+=z 1 < >

— | ————dz =

2mi ), 2(R— 2) 2mi

_ 1 /_ L/

T 2mi o2 2 4+ R-

1 2

=14 — dz.

+2 /R—z z

On the other hand, since the function f(z) =2/(R — z) is holomorphic for
|z| < R, it follows from Cauchy’s theorem (Theorem 2.55) that

2
/ dz=0,
s R—z

and hence,

1 [ R% — 2 1 2
— dd =Re( 1+ — dz | =1.
27r/0 R? —2rRcosf + r? e( +271'2'/71%—2 Z)

Problem 2.29

Verify that the function f(z) = (z+ 1)logz is continuous at z = —1.

Solution
Since f(—1) =0, in order to verify that f is continuous at z = —1, one must
show that
lim f(z)= (2.51)
z——1

We first observe that since

logz =log|z| + iarg z,

with argz € (—m, 7], we have

llog 2| = v/(log2[)2 + (arg 2)2 < /(log|2])2 + 72.
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Hence,

[logz| <1+ =2

for |z| < e, and thus,
[£(2)] =z +1]- [log 2| <[z + 1|1+ 72 =0

when z — —1 (we note that when we let z — —1, one can always assume that
|z| < e, since |—1| < e). This shows that (2.51) holds, and the function f is
continuous at z = —1.

Problem 2.30

Find all continuous functions f: C — C such that f(z2)2 =1 for z € C.

Solution

It follows from f(z)? =1 that f(z) =1 or f(z) = —1, for each z € C. We show
that f takes only one of these values. Otherwise, there would exist z1, 20 € C
with f(z1) =1 and f(z2) = —1, but by the continuity of f there would also
exist a point z in the line segment between z; and 25 with f(2) # 1 and f(z) #
—1. But this contradicts the fact that f can only take the values 1 and —1.
Therefore, either f =1 or f=—1.

Problem 2.31

Compute the integral

00 (i (42
/ sin(t )dt.
O t

Solution

Given r, R > 0, with 7 < R, we consider the path v =~ 4+ v3 4+ 3 4+ 74, where

y1: [ R]—C s given by 71 (t) =
v2: [0,7/2] = C is given by o(t) = Re®,

y3: [r,R]—C is given by y3(t) =i(r + R —t),
v4:[0,7/2] = C s given by y4(t) = e!(7/2=1)
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A
iR
RER | V2
ir \{1
> -
T Y1 R

Figure 2.13 Pathy=v1+v+73+M

(see Figure 2.13). We also consider the function f(z) =e?*" /2. It follows from
Cauchy’s theorem (Theorem 2.55) that

o=fasfae ][]
RE] Y4
R _it? /2 it
:/ = dt+z/ el (Re)? gt
r 0
R 7i(r+th)2 ™/2 o i(m/2—1)12
+/ e—dt+z‘/ R
r t 0
R _it? w/2 ) it
:/ et dt+z’/ eH(Be™)? gy
r 0
R —it2 w/2 B
7/ et dtfi/ e’ gt (2.52)
r 0

On the other hand,
/2 ) /2 )
Z/ ei(Re”)2 dt’ < / ’ei(Re”)2 ’ dt
0 0
/2
:/ 67R2 sin(2t) dt
0

w/4
_ 2/ efRQ sin(2¢) g4
0

Now we consider the function

h(t) =sin(2t) — 4t/m.
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Since
B (t) = —4sin(2t) <0 for t € (0,m/4),
the derivative
B (t) =2cos(2t) —4/7

is strictly decreasing in [0,7/4]. Hence, since h'(0) >0 and h/(7/4) <0, there
exists a unique s € (0,7/4) such that h is increasing in [0, s] and decreasing
in [s,7/4]. Since h(0) = h(n/4) =0, we conclude that h(t) >0 for ¢ € [0,7/4].

Therefore,
/2 s w/4 5 .
Z/ ez(Re ) dt' < 2/ 67R sin(2t) dt
0 0

w/4
S 2/ e—4R2t/7r dt
0

m —R2>

when R — +o00. It then follows from (2.52) that

R _it? w/2 ) it R —it? w/2 B
oz/ﬁe (ﬁ+z/‘ dmffdri/ € ﬁfi/‘ elre™)? gy
0 rot 0
zt2 7it2 w/2 P
a/ dtfi/ e dt
0

12 /2 it
= 2i/ smi ) dt — z/ eire™) g
r 0

when R — 400, and thus,
5 Z 1 7T/2 eit
/ sin(t) g —/ e’ gt (2.53)
r 0

Since the function e’ is continuous, given ¢ > 0, there exists r» > 0 such that
|eiz2 — 1| < € for every z € C with |z| <r. Therefore,

/2 it /2 it
/ Gre ™ gy T / (e — 1)t
0 2 0

/2 )
i(re't)? 6_71-
</0 le Ldt <=,
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and it follows from (2.53) that

[o o t2
/ sin( )dt—i

1

/2 ( it)2 ™
w(re dt _
t 4 /0 ¢ 2

1 /2 s it 2 ET
i(re')* <
< /0 le 1fde <~

=2

for any sufficiently small r. Letting » — 0 and then € — 0, we conclude that

oo . 2
/ sin(t )dt: E

EXERCISES

2.1. Compute the limit, if it exists:
z
lim —;
(a) lim =
(b) lim(Imz — Rez);
z—1
(¢) lim 2°.
z—3
2.2. Verify that the functions Rez, Im z and |z| are continuous in C.

2.3. Find whether the function f(z) = z + cosz is continuous in C.
2.4. Determine the set of points z € C where the function is continuous:

(a) z|z];
o {7 e
if 2=0;

(¢) (z+1)logz.
2.5. Verify that the function f(z)= (1 —logz)logz is not continuous.
2.6. Determine the set of points z € C where the function is differentiable:
(a) Rez-Imz;
(b) Rez+Imz;
(c) 22—zl
() [2](z—1).
2.7. Determine the set of points z € C where the function is differentiable:
(a) e®cosy — ie” siny;
(b) =%y +izy;
(c) a(y—1)+iz*(y - 1).
2.8. Compute (loglogz)" and indicate its domain.
2.9. Let f be a holomorphic function in C with real part zy — z? +y% — 1
such that f(0) = —1. Find f(2) explicitly and compute the second
derivative f”(z).
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2.10.

2.11.

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.
2.18.

Find the constants a,b € R for which the function u is the real part
of a holomorphic function in C:
(8) ulw,y) = az + by;
(b) ulz.y) = az? — bay:
) ulw,y) = aa? — by? + wy;
) u(z,y) = ax? + 3zy — by*;
(e) u(z,y) = ax?+ cosxcosy + by>.
For the values of a,b € R obtained in Exercise 2.10, find a holomor-
phic function f in C with real part u.
Find whether there exists a € R such that the function

f(x+iy) = ax® + 2xy+i(ac2 —y? - 2xy)

is holomorphic in C.
Find all constants a,b € R such that the function

f(z 4+ iy) = az® + 2zy + by? +Z’(y2 — xQ)

is holomorphic in C.
For each a,b,c € C, compute the integral

/(a22 + bz + c) dz,
.

where the path v: [0,1] — C is given by ~(t) =it.

Compute the integral fﬁ/ (322 4 3) dz along a path v: [a,b] — C with

v(a) =3 and y(b) =2+ .

Compute the integral:

(a) f,y 2z dz along the path ~: [0,1] — C given by ~(t) = 2¢%;

(b) fv(ez/z) dz along the path v: [0,2] — C given by ~(t) = €27,

Find a primitive of the function y + e* cosy — i(z — e*siny) in C.

Identify each statement as true or false.

(a) The function f: C — C given by f(2) = (]z|?> — 2)7 is differen-
tiable at z =0.

(b) There exists a closed regular path - such that f,y sinzdz # 0.

(c) f,y e” dz = 0 for some closed path v whose image is the boundary
of a square.

(d) There exists a holomorphic function f in C\ {0} such that
f'(z)=1/z in C\ {0}.

(e) If f is holomorphic in C and has real part 4xy + 2¢* siny, then
f(z) = —2i(e* + 22).

(f) The largest open ball centered at the origin where the function
2% + z is one-to-one has radius 1.
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(g) For the path «: [0,27] — C given by v(t) = 2¢%, we have

cos z
/ dz
y 2

< 2me.

2.19. Compute the derivative
d
— / (527: + 322) dz
ds J,
it

for each s € R, where the path «: [0,1] — C is given by v(t) = e™.
2.20. Compute the derivative
d s(z+1)
— / ¢ dz
ds ), =z

for each s € R, where the path v: [0,1] — C is given by v(t) =e
2.21. Compute the index Ind,(—1) for the path v: [0,2] — C given by

2mit

()= [1+t2-1t)]e™

(see Figure 2.14).

Figure 2.14 Path ~ in Exercise 2.21

2.22. Find all functions u: R? = R of class C! such that f=u+iu? is a
holomorphic function in C.
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2.23. Find all holomorphic functions in C whose real part is twice the
imaginary part.
2.24. For a function

f(rew) =a(r,0) +ib(r,0),
show that the Cauchy—Riemann equations are equivalent to

aail@

Oa 1 ob 1@
or rob

and o= 90

2.25. Show that the function log z is holomorphic in the open set C\ Ry .
Hint: use Exercise 2.24.

2.26. Find all points where the function is differentiable:
(a) log(z— 1);
(b) (z—1)log(z —1).

2.27. Show that

<Te

/e—dz
y 2
for the path v: [0,7] — C given by ~(¢) = e®.
2.28. For a path v: [0,1] — C satisfying |y(¢)| < 1 for every t € [0, 1], show
that

Zﬂnz"_ldz:/w(ligzz)z.

n=1

2.29. Given a function f(z +iy) = u(z,y) + iv(z,y), since

Z+Z Z2—Z
T = and y=——,
21

one can define

z2+z z—Z .
5 +1 % >:f(a:+zy). (2.54)

ﬁ%®=f(

Show that f satisfies the Cauchy—Riemann equations at (zg,yo) if
and only if

0
8—2(330 + iy, o — iyo) = 0.

2.30. For the function g in (2.54), show that if

% o _,
8z 0z

in some connected open set {2 C C, then f is constant in (2.
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2.31.

2.32.

2.33.

Show that the integral fﬁ/ f(2)f'(2)dz is purely imaginary for any
closed piecewise regular path v, and any function f of class C! in
an open set containing the image of ~.

Show that if f: C — C is a bounded continuous function, then

lim /%%dzzo and lim[yr@dz:%m’f@),

r—00 r—0
where the path «,.: [0,27] — C is given by 7,.(t) = re'.
Let f: C — C be a holomorphic function in C.
(a) For the path «: [0,27] — C given by () = z + re’’, show that

2m
|f(2)] < %/0 |f(z+re™)|dt.

(b) Show that if the function f has a maximum in the closed ball
{weC:|w—z| <r}, then it occurs at the boundary.
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