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Example 1.2: A half-adder

Bitl

Bit2
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Carry
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Figure 2.1: Two formulas
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Notation

Operator | Alternates | Java language
- ~ !
A\ & &, &&
V |, |
— D, =
& = &
> = )
i |
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Figure 2.2: Derivation tree for p —» g+ —p— —¢q

fml
/\
fml & fml
I g
fml —  fml Jmi — frmd
\ \ /N /N
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Figure 2.3: Truth values of formulas

A v(Ay) | v(As) | v(A)
- Ay T F
- Ay F T
AV A, F F F
AV A, otherwise T
MNAy | T | T | T
A N A, otherwise F
A=Ay T | F | F
A — A, otherwise T

A v(Ay) | v(Az) | v(A)
AT A, T T F
AT A, otherwise T
Al As F F 1T
Al A otherwise F
Ay Ay [ v(Ay) =v(Ay) | T
Ay As [ v(Ay) #Fv(Ay) | F
AL ® Ay |v(Ay) #Fwv(Ag) | T
AT ® Ay | v(A) =v(Ag) | F
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Example 2.21
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F

Pl4a|pP—(q
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F
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Example 2.22

T
F
T
F

plagllp—=q|-p|-qg|7g—=—p|(p—=q) < (mg——p)

T
T
F
F
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Example 2.23

F T
T F F F T
T F F F T
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F
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r F F T T F OF F T

T 1T F T
r F F  F T
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F
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T

T
F

T
T

F 1T\ F
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Example 2.27

v(ipVq)|vigVp)

q

T

F
T

F

T
T

F
F
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Figure 2.4: Subformulas
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Logically equivalent formulas (1)

AV true = true ANtrue = A
AV false = A AN false = false
A—true = true true A = A
A— false = —A false - A = true
A true = A A®Dtrue = —A
A+ false = - A A® false = A

A = A

A = ANA A = AV A
AV —-A = true AN—-A = false
A—A = true

A A = true AP A = false

A = AT A - A = Al A
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Logically equivalent formulas (2)

AvB = BVA ANB = BAA
A< B = B+ A ADB = BapA
A1TB = BTA AlB = BlA
Av(Bv(C) = (AvB)v(C AN(BAC) = (ANB)AC
A< (B (C) = (A«B)«+C ApBaC) = (AeB)al
AV (BANC) = (AVB)AN(AV(O)
AN(BVC) = (ANB)V(ANC)
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Logically equivalent formulas (3)

A<+B = (A—-B)AN(B— A)
ApB = -(A—-B)V~(B—A)
A—-B = -AVBEB

A—-B = - (AN B)

AvB = - (mAAN-DB)

ANB = - (mAV-DB)

AvB = -A—B

ANB = —-(A—-B)
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One-place operators
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Two-place operators

O16

O15

O14

013

019

011

010

Og

ryryoryryryT | |T T T

ry\er\|\r |\ 1| r\|\17T\|F|F|F|F
FyryryT | F T T F R

FI'FNT | F T |\ F T | F T | F

X1

r\ |\ §r¥r | F | F|F|F|F|F|F
r'rFy\r |\ r\|\17T|F\|F|F|F
FyryryT | F T T F R

FI'FNT | F T |\ F T | F T | F
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Operator names

op | name symbol || op | name symbol
o5 | disjunction V 015 | nor l
og | conjunction A og | nand 1
o5 | iImplication - 019

oz | reverse implication — O14

o7 | equivalence <y 010 | exclusive or -
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Valid, satisfiable, falsifiable and unsatisfiable formulas

/True In some Interpretations;
false in others.

True In
all interpretations.

A A

N r

!

\
False in

all interpretations.

r v

Valid Satisfiable Falsifiable Unsatisfiable
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Example 2.41

T
F
T
F

plagllpVeg|-p|—q| (Ve A-pA—gq

T
T
F
F
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Semantic tableau for p A (— ¢V —p)

pA(qV—p)
l
P, qV p
v N\
P, q p, D
® X
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Semantic tableaux (pV g) A (—p A —¢q)

(PVa@)A(=pA—q)
l
pVg"pANTq
l
pVvVg,—p,¢q
v N\
P, D, ¢ q,7D, ¢
X X

(PVa@)A(=pA—q)
l

pVvqg,"pANgq

v ¢

P, PN Tq

g, "p/A\q

) )

p, D, q qg, " p,q

X X
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a-formulas

Q0 q &%)
—— A A,
Al N\ AQ Al AZ

— (A V Ay) - Ay - A,
- (A; — Ay) Aq - A,
— (A 1 Ay) Ay Ay
Ay ] Ay - Ay 1 Ay
Al Ay | A— Ay | Ab— Ay
(A1 D Ay) | Ai— Ay | As— Ay
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S-formulas

b 5 52
—(B1 A By) - By - By
By V By By Bs
B, — Bs - B Bs
By T By - By — B
- (By | Bs) B B
- (B By) | 7 (B1—Bs) | 7 (By— Bq)
B ® B —(B1—Bs) | 7 (By—By)
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Section 2.7.1: Inductive step in proof of soundness

n:{Al/\AQ}UUO n:{Bl\/BQ}UUO

7’L/ . {Al, AQ} U U() 7’L/ . {Bl} U U() 7’1,” . {BQ} U Uo
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Example 2.73: Semantic tableau for p A (— ¢V —p)

pA(mqV—p)
!
p,(mqV—p)
v N
P, q p, 7D
® X
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Example 2.74: Semantic tableau for p V (¢ A = ¢q)

pV(gN—gq)
v ¢
p g\ —q
® l

4, g
X
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Figure 3.1:

Classification of a-formulas

« 1 8%
= A A
— (A1 A Ay) - Ay = A,
AV A Ay As
Ay — A, - A A
A 1 Ag Ay — Ay
- (A ] Ay) Ay Ay
(A1 Ay) | 7 (A1 —Ag) | ~(A— Ay)
AL D Ay (A1 —=Ag) | 7 (Ay—Ay)
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Figure 3.1: Classification of S-formulas

B b B

Bi A By B, Bs
~(BiVBy) | =By | By
—~(By— By) | By — By

~(Bi1By) | B B;

By i, By - By - B
Bl <> BQ Bl%BQ BQ%Bl
1 (Bl D BQ) B1 %BQ BQ%Bl
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Section 3.2.1: ¢ and semantic tableaux

—l(pVaq) = (q¢VDp)]

=D, q,p =q,q,p 1
Ny v pVg,—(qVp)
~(pVaq),gp 1
3 pVq,—q,p
= (pVq),(qVp) v Ny
I P, q, P 4, " q,p
(pVaq) —(qVp) % %
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Hilbert system H

Axiom 1 (A — (B— A)),
Axiom2 FA— (B—>C)—= (A= B)—=(A—=0)),
Axiom 3 +H(-B——-A)— (A— B).

= A FA— B

Mod
odus ponens =
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Derived rules of inference

_ UU{A}-B
Deduction U-ASB
.. U——B——A
Contrapositive UFASB
T ivit U-rA—B UrB—C
ransitivity U-A=C
UrA—(B—C
Exchange of antecedent UI—B%((A—%/“;
, U—— A
Double negation TEA
: U= A—false
Reductio ad absurdum A
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Theorem 3.37: Soundness of axioms 1 and 3

—[A— (B— A)] —[(=-B——-A) — (A— B)]
| |

A,—(B— A) - B—-A -(A— B)
| |

A/ B,—A -B—>—-AA-B
X v hY
-—B,A,—-B - A A - B
1 X

B.A B
X
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Figure 3.32: Rules of inference for sequents

op Introduction into consequent Introduction into antecedent

\ U=V U{A} U=V U{B} UU{A B} =V
U=VU{AA B} UU{ANB} =V

y U=V U{A, B} UU{A} =V UuUu{B} =1V
U=VU{AV B} UU{AVB}=V

IR UU{A} =V U{B} U=V U{A} UuUu{B}=1V
U=VU{A— B} UU{A— B} =V
UU{A} =V U=VU{A}
U=VU{=A} UU{-A}l =V
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Figure 3.3: A natural deduction proof

1. A—>—-A Assumption
2. =—=A Assumption
3. A Double neg. 2
4. - A MP 1, 3
5. A— (= A — false) Theorem 3.21
6. = A— false MP 3,5
7. false MP 4, 6
8. == A— false Deduction 2, 7
9. - A Reductio ad absurdum 8
100 (A—>—-A)—>-A Deduction 1, 9
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Figure 4.1: Resolution refutation as a tree
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Figure 4.2: Incomplete resolution tree

pPq pPq

=

pqr r par
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Figure 4.3: Semantic tree
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Figure 4.4: Inference and failure node
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Section 4.5: Graph for Tseitin clauses

0 p 1
q r S
0 ¢ 0
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Section 5.1: Efficient truth table for pV (¢ A 1)

pla|r|pV(gAr)
T|T|T T
T|T|F T
T|F|T T
T|\F|F T
F|T|T T
F|T|F r
F|F|T F
F|F|F F

plqg|r|pVighr)
T | 7T | % T
T | F | % T
plaglr|pVigAr)
T | % | % T
plag|r|pVvignr
T x| % T
F|T|T T
F|T|F F
F | F| % F
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Section 5.1: Efficient truth table for p S ¢ & r

(See rows 3 and 4.)

Plag|T || pDIDT
T |7 \|T T
T \|\1T|F F
T | F\|T F
T |F|F T
F 1T \|T F
F 1T |F T
FIF\|T T
FlF|F F

o NI EHES
N R
* % |

(See rows 1 and 2.)
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Figure 5.1: BDD for pV (¢ A1)
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Example 5.6: First reduction of BDD for p V (¢ A7)
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Example 5.6: Second reduction of BDD for pV (¢ A1)

@
o |
F T
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Example 5.6: Third reduction of BDD for pV (¢ A1)
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Example 5.7: BDD for p ® ¢ ® r after first reduction
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Example 5.6: BDD for p & ¢ & r after second reduction
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BDD for (p®q) D (p@r) from BDDs for pdq and pSr

BDD for p @ ¢

D

AN

T

BDD for p ® r
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BDD for (p®q) D (p@r) from BDDs for pdq and pSr

BDD for p @ ¢ BDD forp @ r
.'.@> @ .'.@>

EaN E=N
NN N

BDD for & q BDD forT' & q BDD for FF @ rBDD for T @ r
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BDD for (p®q) D (p@r) from BDDs for pdq and pSr

BDD for —¢q BDD for —r
@ ® @,

S /

r T r T
BDD for =T BDD for = F BDD for =T° BDD for = F

BDD for = F BDD for = r
T ® ©.

/

F T
BDD for = 1" BDD for = F
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BDD for (p®q) D (p@r) from BDDs for pdq and pSr

BDD for = F

BDD for = F

BDD for = F

T

T

T

D

D

BDD for —r
@,

BDD for =T

BDD for = F

/

F

F

T

BDD for = F @ T
BDD for - F @~ F

BDD for = F @ —r
®,

T

F

/

T
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BDD for (p®q) D (p@r) from BDDs for pdq and pSr

o .
ol \@ @___/ )o)
AN A
F 1] (T F F 1] (T F

BDD for ¢ & r

@
@ \@
~
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Example 5.21: Restriction

@’

AN

(b)
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Section 6.4: 4-queens problem

N N N O

1

2 3 4
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Section 6.4.1: Encoding the 4-queens problem (1)

11V 12V 13V 14,
21V 22V 23V 24,
31V 32V 33V 34,
A1V 42V 43V 44.

Tv12, T1vi3, T1vi4 12vIi3, 12Vvi4, 13V 14,
21V 22, 21Vv 23, 21Vv24, 22Vv 23, 22v24, 23V 24,
31V 32, 31Vv33, 31Vv34, 32Vv33, 32VvV34, 33V34
Av4A2, 41v43, 41V 44, 42Vv 43, 42V 44, 43V 44,
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Section 6.4.1: Encoding the 4-queens problem (2)

[Tv2l, T1v31, T1v4l, 21V 31, 21V 41, 31V 4l,
12v22, 12v32, 12v42, 22Vv32, 22Vv42, 32Vv42,
13v23, 13Vv33, 13Vv43, 23V 33, 23V 43, 33V 43,
4v24, T4v34, T4v44, 24v34, 24v 44, 34v 44

11v22, 11Vv33, 11v44, 12v21, 12V 23, 12V 34,
13v 22, 13Vv 31, 13Vv24, 14v23, 14v32, 14V 41,
21V 32, 21V 43, 22V 31, 22V 33, 22V 44,
23V 32, 23V 41, 23V 34, 24V 33, 22V 42

31V 42, 32 Vv 41, 32V 43,

33V 42, 33V 44, 34 Vv 43.
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Figure 7.1: Tree for Vo (—dyp(z,y) V = Jyp(y, x))

Vx
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Figure 7.2: Global and local variables

class MyClass {
int x;
void p(O) {
int X;
x = 1;
// Print the value of x
i
void q(O) A
// Print the value of x

}
void main(...) {
X = b,
P
9
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Logically equivalent formulas (1)

Ve A(x) <> ~dx - A(x) drA(x) > ~ Vo - A(x)

VaVyA(z,y) < VyVeA(z,y)  FoeyA(e,y) < FyIrA(z,y)
JxeVyA(z,y) — Yydz Az, y)

(FxA(x)V B) <> dz(A(x) vV B) (VzA(x)V B) <> Vx(A(z) V B)
(BV dzA(x)) <> dx(BV A(z)) (BVVzA(x)) < V(B V A(x))
(FxA(x) A B) <> dz(A(x) A B) (VzA(x) A B) <> Vx(A(z) A B)

(BA3JzA(x)) <> dx(B A A(z)) (BAVZA(x)) < V(B A A(x))
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Logically equivalent formulas (2)

V(A — B(x)) < (A —VzB(x))
Vr(A(x) — B) < (zA(x) — B)

(F(A(z) v B(z)) < (FzA(z) v IrB(z))
Va(A(z) A B(z)) < (Ved(z) AVeB(r))

VrxA(x) VVxB(z)) = Vz(A(z) V B(x))
dz(A(x) A B(z)) — (3xA(x) A JxB(x))

(VxA(z) <> Vo B(x))
(dxA(x) <> dzB(x))

Jz(A(x) = B(x)) < (VzA(x) — JxB(x))
(dxA(x) > VxB(z)) — Vx(A(x) — B(x))
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Logically equivalent formulas (3)

Vr(A(x)V B(x)) — (VzA(x) V dzB(x))
Vr(A(x) = B(x)) — (VxA(z) — Ve B(x))

() = (zA(x) — JxB(x))
VrA(x) — dxB(x))

&
1
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Figure 7.3: Semantic tableau for a satisfiable formula

- (Vz(p(z) V q(z)) j (Vap(z) V Vaq(z)))
Va(p(z) V q(r)), ﬂi(V:vp(ﬂf) V Vrq(z))
Va(p(z) V q(z)), 1 Vap(z), = Vrq(z)

Va(p(z) Vv Q(:E)),J Vap(r), 7 q(a)
Va(p(r) Vv C](x))ia —pla), = q(a)
p(a) V q(a), 7 p(a), —q(a)
V4 N
p(a), 7 pla), ~q(a) q(a), 7 pa), ~q(a)
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Figure 7.4: A tableau that should close, but doesn’t

Vadyp(z,y) A Vr(q(z) A —q(x))

Va3yp(z, ), Vi(q(ﬂi’) A= q(x))

Va3yp(z, ), Hyp(ajy), vz (q(z) A= q(x))
VaJyp(z,y), plas, aj), vz (q(z) A= q(x))
VaJyp(z,y), plas, aj), vz (q(z) A = q(z))

VaIyp(z,y), Jyp(az,y). 1{(@1, az), Vx(q(z) N =q(x))

Vadyp(z,y), plas,as), pla,as), Ve(q(x) A —q(x))
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Rules for v- and o-formulas

g 1(a) 0 0(a)
VeA(z) | A(a) drA(z) | Ala)
—dzA(x) | 7 Ala) —VzA(x) | 7 A(a)
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Figure 8.1: Semantic tableau in first-order logic

~ (Vap(z) V Vaq(z)) = Va(p(z) V q(2)))

]
Vap(z) V Vag(z), =V (p(z) V ¢(z))
Y4 N
Vap(z), ﬂV:v(p(f) Vq(z)) Vaq(z), 1%?(1?(1’) Vg(z))
Vap(z), (p(f) q(a)) Vaq(z), 1 (p(a) V q(a))
Vap(r), p(f) q(a) Vaq(z), 119(@), —q(a)
Vap(x), p(a), ~pla), q(a) Vrq(r), q(a), ~pla), 7 q(a)

65 / 136



Figure 8.2: Gentzen proof tree in first-order logic

—Vap(x), - p(a),f?(a), q(a) B V:EQ(ﬂf)l —q(a), p(a), q(a)
=~ Vap(z), f(a), q(a) ﬂVxQ(év),ip(a), q(a)
—~Vap(z), ]1(&) Vq(a) — qu(:z:),ip(a) V q(a)
—~Vap(z), Va(p(z) V q(z)) —~Vaq(x), Vr(p(z) V q())
N\ v
- (Vap(z) V VxQ(fvi), Vz(p(z) V q(z))

(Vep(z) V Vrq(r)) = Vo(p(z) V q(z))
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Rules for v- and o-formulas

UU{v,v(a)} UU{9(a)}
UU{7} Uu{d}

The rule for o-formulas can be applied only if the constant a does not
occur in any formula of U.

Y (a) 0 0(a)
JrA(x) | A(a) VeA(x) | A(a)
—VzA(x) | 7 Aa) —~JdzA(x) | 7 Ala)
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Figure 8.3: o-formulas follow ~-formulas

~Vyp(a,y), ~pla,b), ~p(a,a), Jzp(z,b), p(a,d)
~Vyp(a,y), ~p(a, i), dzp(z,b), p(a,b)
~Vyp(a, y), Hip(:& b), p(a,d)
ﬂVyp(a,yi Jzp(z, )

~Vyp(a,y), YyIzp(z,y)
!
- 3xVyp(z,y), Vy3zp(z,y)

)
3aVyp(z, y) — YyIop(z, y)
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Hilbert system H

Axiom1l F(A— (B— A)),

Axiom 2 HF(A— (B—C))—((A— B)— (A—=(0)),
Axiom 3 (=B ——-A)— (A— B),

Axiom 4 FVxA(x)— A(a),

Axiom 5 FVz(A— B(x)) — (A — VaB(x)).

FA—-B FA
M
odus ponens =
- A
Generalization - WXEL)

In Axiom 5, B(x) is a formula with a free variable x, while = is not a
free variable of the formula A.
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Derived rules of inference

Generalization UII{;;?X&)’ a does not appear in U.
Deduction %Ul_{jil_g

Axiom 4 U;ij?g)

Generalization I—V;ﬁégzgx(g(x)

C-rule UEEZJ?CSE), a does not appear in U or Az A(x).
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Figure 9.1: Finite sequences of terms (1)

NN GCEE G

S S S S
el

FF(F@). FFF),
9(a. ), g(a,b), gla, £(a)), g(a, FB)), gla. F(F(@))), gla, FCFB)),

six similar terms with b as the first argument of g,

g9(f(a),a), g(f(a),b), g(f(a), f(a)), g(f(a), f(D)),
g9(f(a), f(f(a))), g(f(a), F(£(D))),

six similar terms with f(b) as the first argument of g,
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Figure 9.1: Finite sequences of terms (2)

g(f(f(a)),a), g(f(f(a)),b), g(f(f(a)), f(a)), g(f(f(a)), f(b)),
g(f(f(a)), f(f(a))), g(f(f(a)), F(f())),
f

a
six similar terms with f(f(b)) as the first argument of g,

f(g(a,a)), f(g(a,0)), flga, f(a)), f(g(a, f(b)),

twelve similar terms with b, f(a), f(b) as the first argument of g,

f(f(gla,a))), f(f(g(a,b))), f(f(g(b,a))), f(f(g(b,b))).
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Example 9.20: Hebrand universes

S1 = {pa—pbgz, ~qz—pbgz}
Hsl — {CL, b}
So = {=pzf(y), pwg(w)}

HSz — {CL, f(CL), g(a)a
f(f(a)), g(f(a)), f(g(a)), g(g(a)), ...}

S3 = {-paf(z,y), pbf(z,y)}

Hgy, = {CL, b, f(ava“)v f(av b)v f(bv CL), f(bv b),
fla, f(a,a)), f(f(a,a),a), ...}
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Example 10.2: Ground resolution

pla), r(a, f(b)), r(f(a),b)}
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N
N
N
N N J‘A
G =
S & W
[T
28 > 3
N
N
R N
N N ﬂ
D N -
—~ o« — <
N NN O W
s onononon |
o8 D> 8 > 3
N
~— o~
MM\%
s
))
> 2 S
== -
N )
N SN RS RS

~—~

~—

S W S

S = I iy
8 < o

-~ ~—~ N
= | o =

) N NN O
—~ = ~
S>> 1 > 1 |

Example 10.7: Unification
Y

75 / 136




Example 10.29: Resolution refutation (1)

N—

/N

/N

~—  ~—
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Example 10.29: Resolution refutation (2)

10.
11.
12.
13.
14.
15.

—q(a) T a
q(a) V s(f(a)) T4 a
s(f(a))

ga)Vria, f(a))  z<a
r(a, f(a))

t(f(a)) y < [fla)
—s(f(a)) v < [f(a)
[

3,6
2.4
8,9
1,4
8 11
5,12
7.13
10, 14
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Example 10.30: Resolution refutation

= o=

3.

3.

5///

4////

p(f(x),z)

p(z”, f(2"))
p(f(x),z) Vp(z,=2)

p(f(z"),z")

p(z, )

— p(aj////’ x////)

[]

1

or =1y« f(z),2" < x}
oy ={y < f(x),2" < x}
o3 ={z < z,2" + x}

oy ={2"" + x}

Rename 3
1,3
Rename 3
2 3//
Rename 5
6 5///
Rename 4
7 4////
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Theorem 10.33: Lifting Lemma

Resolution
Cl) 02 > C
Instance Instance
Y Y
/ /
19 02 - '

Ground resolution
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Figure 10.1: Example for the lifting lemma (1)

Cr = Ap(z), p(f(y)), p(f(2)), q(x)}
Co = {=p(f(u), 7p(w), r(u)}

1 = {z+ fla), y<a, z<+ a}
0 = {u<+a, w<+ f(a)}

Cy = Gy ={p(f(a)), q(f(a))}

Cy = Ceth ={-p(f(a)), r(a)}

C" = Res(C1,C2) ={q(f(a)), r(a)}
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Figure 10.1: Example for the lifting lemma (2)

Ly = {p=), p(f(y)), p(f(2))}
Moo= o fy), 2 y)
Lixi = {p(f(y))}

Ly = {=p(f(w), 7p(w)}

A2 = {w<+ f(uw)}

LAy = {=p(f(uw))}

A = MUl ={x<+ f(y),z < y,w<+ f(u)}
Lix = {p(f(v))}

Cix = {p(f(®), a(f(W))}

LA = {=p(f(u))}

Cod = {=p(f(u)), r(u)}
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Figure 10.1: Example for the lifting lemma (3)

O

C

AO
Ci o
Codo

0,
G
0y
Cy

0/
C/

{u <y}
R@S(Cl)\, 02)‘) — {Q(f(y))v T(y)}v using o
{v < fy), 2y, w f(y), u+y}

{p(f(y)), a(f(y))}

{=p(f(v), r(y)}

Res(Ch,C2) = {q(f(y)), m(y)}, using Ao
{y « a}

C101 = {p(f(a)), q(f(a))} = C1Acbt;

{y + a}

Cobly = {—p(f(a)), r(a)} = Caoby

{y < aj
R@S(Ci, Cé) — {Q(f(a))v T(a)}
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Figure 11.1: SLD-tree for selection of leftmost literal

q(y, b)
(1 &)
p(y, b) (Y, 2),q(z,b)
5) (OO 3) " T(0)
O O O q(a,b) e q(h,b)
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Theorem 12.3: Church’s Theorem

Sy = (/\ S; A pol(a, a)) — Az132o9pn (21, 22).

1=0

L, Si

X = x + 1; VaVy(pi(T,y) = pir1(s(®),y))

y =y + 1; V:EVy(pz(CC y) = piv1(@, s(y)))

if (x == 0) goto Lj; Va(pi(a,z) — pila,x)) A
else x = x - 1; V:UVy(pz( (2),y) = piy1(x,y))

if (y == 0) then goto Lj; | Vx(pi(z,a) — pj(z,a)) A
elsey =y - 1; Vavy(pi(x, s(y)) = pirai(2,y))
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Figure 13.1: State transition diagram

S0 / S1 SQ\V
&2
q C]/< q

83 Y
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Figure 13.2: Alternate representation

S0 / S1 SQ\V

O G=—0

83 Y

&
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Definition 13.27: Linear temporal logic

S0 S1 S92
(o)
NI N
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Example 13.33

S3 S4

& DD D
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Commutativity

S0 51 2 $3 S4 S5
OO
S0 $1 2 $3 S4 S5
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Section 13.51: Tableaux rules for LTL

8 03] %) /3 51 /32 X X1
OA A OOA CA | A OCA OA A
QA A -0CA —OA| A | ~0OOA —0OA| A
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The rule for next formulas (1)

(PpVaq) ANO(mpA—gq)

!

pVgq, O(mpA—gq)

o

p, O(—pA—gq)

Y

¢, O(mpA—q)
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The rule for next formulas (2)

(PpVaq) ANO(mpA—gq)

!

pVgq, O(mpA—gq)

o

p, O(—pA—gq)

l
“pA g
l
P, ¢

Y

¢, O(mpA—q)

l
“pA g
l
P, g
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The rule for next formulas (3)

S1

>_Ip
9

S1

>_Ip
9

S0

S1

O

S0

O

>_Ip
9

S1

>_Ip
9
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Semantic tableau for — (O(p A ¢) — Op)

p, ¢, OO(p A

p, ¢, OO(pAgq), OO —p
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Interpretations for — (O(p A ¢) — Op)

Y

q o)1)

S0
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Example 13.38

ly 1| p, OOOP 5 :|OCp, OOCP

[y : OCP 5 : Op, OCP

lg : Op, OOCD 7+ Op, OOCP

s N\ 4 \
To l2 To lg To l2 To lg
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Example 13.43

lo : OOP
!
ll : <>p, Ql:l<>p
v N\
5 :|p, OOOP [3:]OCp, OO
! !
To ZO To ll
S0 ( 81\
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Figure 13.3: O(O(p A Q) AO(mpAg) AO(p A —g))

S0
p ey
q Lz \
53y
ng f%
_Iq -
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Section 13.5.4: A linear, fulfilling Hintikka structure
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Figure 13.4: Strongly connected components

S1 )< /'\ S4 @

(2 / @.@
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Figure 13.5: Component graph
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Figure 13.6: An SCC is contained in an MSCC

& @) S\
\ S?’/ (oo

\ /
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Example 13.68
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Deductive system L

Axiom 0

Axiom 1
Axiom 2
Axiom 3
Axiom 4
Axiom 5

Modus ponens

Generalization

Prop

Distribution of O
Distribution of O
Expansion of O
Induction
Linearity

Any substitution instance of

a valid propositional formula.
-0(A— B)— (DA — OB).
- O(A— B)— (0OA— OB).
FO0A— (A AN OA A OOA).
FO(A— OA) — (A— OA).
- OA < —~O—A.

= A - A— B
- B '

= A
- OA
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Example 14.9

S0

(DL
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Semantic tableau for the negation of Op — OOp

= (Op — OOp)

!
Op, OO —p

!

ls |p, OOp, OO —p
!
Op, O —p
!
p, OOp, O —p

v N
p, OOp, = p (To node [y)

X
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Section 14.4: Axioms for binary temporal operators

Axiom 6 Expansion of Y/ + AUB <« (BV (ANO(AUB))).
Axiom 7 Eventuality - AUB — OB.
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Definition 15.8: H.L (1)

Domain axioms
Every true formula over the domain(s) of the program variables.

Assignment axiom
F{p(@){z —titx = t{p(z)}.
Composition rule

= {p} S1{q} = {q} 82 {r}
= {p}S1;82{r} '
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Definition 15.8: HL (2)

Alternative rule

~{p A B} s1{q} PN B} S21q)

- {p} if B then S1 else S2{q}

Loop rule
-{pA B} S {p}
- {p} while B do S{p A B}

Consequence rule

- p1r—p —1{p} 8 {q} Fq—q
|_{1’91}3{611} |
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Section 15.3: Program to be verified

{true}
x := 0;
1z =0}
y = b;
{r=0Ay=>0}
while y <> 0 do
1z =(b—y)- a}
begin x (= x + a; y :=y - 1 end;

{x =a-0b}
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Section 15.4.1: Solution 1 (outline)

{0 <a}
x = E1(x,a);
while (B(x,a))
{0 <2?<a}
x = E2(x,a);
0<z*<a<(z+1)}.
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Section 15.4.1: Solution 1 (final)

{0<a
x = 0;
while ((x+1)*x(x+1) <= a)
{0 <2?<a}
X =x + 1;
{0<z*<a<(z+1)}
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Section 15.4.1: Solution 2 (outline)

0<a}

< N A

= atl;

while (y '= x+1)
{(0<z*<a<y’ ) AN(z<y<a+1)}
E(x,y,a);

{0<z?<a<(z+1)}
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Section 15.4.1: Solution 2 (final)

0<a}

< N A

a+l;
while (y '= x+1)
0<az*<a<y? Nez<y<a-+1}

{
z = (x+y) / 2;
if (z*xz <= a)
X = Z;
else
y = z;
f

{0<z*<a<(x+1)}.

114 / 136



Example 15.15: Weaker conditions

/ = 3: IVy=3 \
[[\l
N
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Definition 15.21: Sequential composition

[k

116 / 136



Corollary 9.26: Excluded miracle

wp(S, —p)

/N
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Theorem 9.28: Monotonicity

~)

/wp(S, q)
wp(S, p)
N

7,
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Lemma 15.37

//

\\

2

\V wp(W”

C\/ wp(W*, p) k\i/o wJU(W’“,Qk0

~

)|

/
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Example 16.2

int n

=0

Process p

Process q

1: n=n+ 1
2: n=n + 1

end :

1: n=n + 1
2: n=n + 1

end :
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Atomic operations

int n

=0

Process p

Process q

1: n=n+ 1

end :

1: n =

end :

n + 1

int n

=0

Process p

Process q

3: n = temp
end.:

int temp = 0O int temp = O
1: temp = n 1: temp = n
2: temp = temp + 1 2: temp = temp + 1

3: n = temp

end :
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Peterson’s algorithm

boolean wantp = false, wantq = false

int turn = 1

Process p

Process q

while (true) {
non-critical-section
wantp = true
turn = 1
wait until
(!wantq or turn ==
critical-section

wantp = false

2)

while (true) {
non-critical-section
wantq = true
turn = 2
walt until
(!wantp or turn ==
critical-section

wantq = false

1)
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Abbreviated algorithm

boolean wantp = false, wantq = false

int turn = 1

csp: wantp = false

}

(!wantq or turn ==

2)

Process p Process q

while (true) { while (true) {

tryp: wantp=true; turn=1 tryq: wantqg=true; turn=2
waltp: walt until waltq: walt until

(!wantp or turn
csq: wantq = false

;

== 1)
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Progress axioms

Statement Progress axioms
11: V := expression =l — Ol
li+1:
1i: if B then =1 — Ol Vi)
1t: S1 = (; ANOB) — Ol
else
1f: S2 (A ANO-B)—= Ol
1i:  while B do =l — OV 1)
1t: S1; - (; AOB) — <l
1f: — (L ANO-B)—= Ol
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Figure 16.3: Finite automata for Peterson’s algorithm

@
A

wantp=true
turn=1

lwantq or
turn

. D

wantp=false

wantq and
turn

—»(tr

»

wantqg=true
turn=2

lwantp or
turn

??/

» (Walt

(5

wantq=false

turn

wantp and

csq

125 / 136



Product automaton for Peterson’s algorithm

wantqg=true l wantp=true

- turn=2 tryp\ turn=1 ‘
q) tryq .
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Figure 16.2: State space for Peterson’s algorithm

(tryp,tryq,1)

/\

. (waitp,tryq,1) 3. (tryp,waitq,2)
4. (csp,tryq,1) 5. (waitp, waltq 2)6. (waltp waitq,1) (tryp,csq,2)
. (csp,waitq,2) . (waitp,csq,1)  10. (tryp,tryq,2)

®/ N @/ N o e
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Section 16.5.2: Dijkstra’s second attempt

boolean wantp = false, wantq = false

Process p Process q

while (true) { while (true) {

waitp: wait until !wantq | waitq: walt until !wantp
tryp: wantp = true tryq: wantq = true
csp: wantp = false csq: wantq = false

; ;
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Figure 16.3: State space for the second attempt

1. (waitp,waitq,F,F)

T

(tryp,waitq,F,F) 3. (waitp,tryq,F,F)
. (csp,waitq,T,F) (tryp,tryq,F,F) . (waitp,csq,F,T)
7. (csp,tryq,T,F) (tryp,csq,F,T)

/ \ / \
10. (csp,csq,T,7T)

@/ \@
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Section 16.6

€

S2

o

S0

A

A

A

5@
A

2@
A

@0 _m
A

S0
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Section 16.6.1

waitp A — csp.

S0

true
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Figure 16.4: Model checking liveness

(tryp,tryq,1)

/\

2. (waitp,tryq,l) (tryp,waitq,2)

N /N

4. (csp,tryq,l) 5. (waitp, waltq 2) 6. (waitp,waitq,1) 7. (tryp,csq,2)

N e |

. (csp,waitq,2) 9. (waitp,csq,1) 10. (tryp,tryq,2)

®/ e o o a
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Figure 16.5: The state space as a tree

(tryp,tryq,1)

/\

2. (waitp,tryq,l) 3. (tryp,waitq,2)

SO

4. (csp,tryq,1) 5. (waitp,waitq,2) 6. (waitp,waitq,l) 7. (tryp,csq,2)

NN N

(t,t,1) 9. (c,w,2) 10. (w,w,2)  11. (w,w,1) 12. (w,c,1) 13. (t,t,2)
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Figure 16.6: CTL model checking

(tryp,tryq,1)

_____ /

|2 (waitp,tryq, 1)|

I

L

T

3. (tryp,waitq,2)

7N\

. (csp,tryq,1) | b. (waitp,waitq, 2) 6. (waitp,waitq,l)

7. (tryp,csq,2)

N e | ]

8. (csp,waitq,2)

®/ \

9. (waitp,csq,l)

@/ \@

10. (tryp,tryq,2)

®/ \C?D
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Section 16.8: Symbolic model checking

tryp |poAP1 || Bryq | QoA G
waltp | 7 po A p1 || waitq | 7 qgo N\ q1
csp | poATpi||csq |G N\ q

S0

s

O

C

5 53\
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Venn diagrams
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