
Contents

1 Algebraic K-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Motivating Example from Geometry: Whitehead
Torsion . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.2 K1 of Other Rings . . . . . . . . . . . . . . . . . . . . . 6
1.1.3 The Grothendieck Group K0 . . . . . . . . . . . . . . . . 7
1.1.4 The Mayer–Vietoris Sequence . . . . . . . . . . . . . . . 13
1.1.5 Milnor’s K2(A) . . . . . . . . . . . . . . . . . . . . . . . 15
1.1.6 Higher K-Theory . . . . . . . . . . . . . . . . . . . . . . 16
1.1.7 Some Results and Calculations . . . . . . . . . . . . . . . 20
1.1.8 Where to Read . . . . . . . . . . . . . . . . . . . . . . . 24

1.2 The Algebraic K-Theory Spectrum . . . . . . . . . . . . . . . . . 24
1.2.1 Categories with Cofibrations . . . . . . . . . . . . . . . . 24
1.2.2 Waldhausen’s S-Construction . . . . . . . . . . . . . . . . 29
1.2.3 The Equivalence obSC → BiSC . . . . . . . . . . . . . . 33
1.2.4 The Spectrum . . . . . . . . . . . . . . . . . . . . . . . . 35
1.2.5 K-Theory of Split Radical Extensions . . . . . . . . . . . 38
1.2.6 Categories with Cofibrations and Weak Equivalences . . . 44
1.2.7 Other Important Facts About the K-Theory Spectrum . . . 45

1.3 Stable K-Theory is Homology . . . . . . . . . . . . . . . . . . . . 47
1.3.1 Split Surjections with Square-Zero Kernels . . . . . . . . 47
1.3.2 The Homology of a Category . . . . . . . . . . . . . . . . 48
1.3.3 Incorporating the S-Construction . . . . . . . . . . . . . . 50
1.3.4 K-Theory as a Theory of Bimodules . . . . . . . . . . . . 53
1.3.5 Stable K-Theory . . . . . . . . . . . . . . . . . . . . . . 56
1.3.6 A Direct Proof of “F is an �-Spectrum” . . . . . . . . . . 58

2 Gamma-Spaces and S-Algebras . . . . . . . . . . . . . . . . . . . . . 63
2.1 Algebraic Structure . . . . . . . . . . . . . . . . . . . . . . . . . 64

2.1.1 �-Objects . . . . . . . . . . . . . . . . . . . . . . . . . . 64
2.1.2 The Category �S∗ of �-Spaces . . . . . . . . . . . . . . . 67

xi



xii Contents

2.1.3 Variants . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
2.1.4 S-Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 73
2.1.5 A-Modules . . . . . . . . . . . . . . . . . . . . . . . . . 76
2.1.6 �S∗-Categories . . . . . . . . . . . . . . . . . . . . . . . 78

2.2 Stable Structures . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
2.2.1 The Homotopy Theory of �-Spaces . . . . . . . . . . . . 81
2.2.2 A Fibrant Replacement for S-Algebras . . . . . . . . . . . 87
2.2.3 Homotopical Algebra in the Category of A-Modules . . . 92
2.2.4 Homotopical Algebra in the Category of

�S∗-Categories . . . . . . . . . . . . . . . . . . . . . . . 93
2.3 Algebraic K-Theory . . . . . . . . . . . . . . . . . . . . . . . . . 94

2.3.1 K-Theory of Symmetric Monoidal Categories . . . . . . . 94
2.3.2 Quite Special �-Objects . . . . . . . . . . . . . . . . . . 98
2.3.3 A Uniform Choice of Weak Equivalences . . . . . . . . . 99

3 Reductions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
3.1 Degreewise K-Theory . . . . . . . . . . . . . . . . . . . . . . . . 103

3.1.1 The Plus Construction . . . . . . . . . . . . . . . . . . . 104
3.1.2 K-Theory of Simplicial Rings . . . . . . . . . . . . . . . 111
3.1.3 Degreewise K-Theory . . . . . . . . . . . . . . . . . . . . 114
3.1.4 K-Theory of Simplicial Radical Extensions May Be

Defined Degreewise . . . . . . . . . . . . . . . . . . . . . 118
3.2 Agreement of the Various K-Theories . . . . . . . . . . . . . . . . 122

3.2.1 The Agreement of Waldhausen’s and Segal’s
Approaches . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.2.2 Segal’s Machine and the Plus Construction . . . . . . . . 129
3.2.3 The Algebraic K-Theory Space of S-Algebras . . . . . . . 132
3.2.4 Agreement of the K-Theory of S-Algebras Through

Segal’s Machine and the Definition Through the Plus
Construction . . . . . . . . . . . . . . . . . . . . . . . . 135

3.3 Simplicial Rings Are Dense in S-Algebras . . . . . . . . . . . . . 137
3.3.1 A Resolution of S-Algebras by Means of Simplicial

Rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
3.3.2 K-Theory is Determined by Its Values on Simplicial

Rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141

4 Topological Hochschild Homology . . . . . . . . . . . . . . . . . . . 143
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

4.1.1 Where to Read . . . . . . . . . . . . . . . . . . . . . . . 145
4.2 Topological Hochschild Homology of S-Algebras . . . . . . . . . 146

4.2.1 Hochschild Homology of k-Algebras . . . . . . . . . . . . 146
4.2.2 Topological Hochschild Homology of S-Algebras . . . . . 148
4.2.3 First Properties of Topological Hochschild Homology . . . 155
4.2.4 THH is Determined by Its Values on Simplicial Rings . . . 159
4.2.5 An Aside: A Definition of the Trace from the K-Theory

Space to Topological Hochschild Homology for
S-Algebras . . . . . . . . . . . . . . . . . . . . . . . . . 162



Contents xiii

4.3 Topological Hochschild Homology of �S∗-Categories . . . . . . . 164
4.3.1 Functoriality . . . . . . . . . . . . . . . . . . . . . . . . 165
4.3.2 The Trace . . . . . . . . . . . . . . . . . . . . . . . . . . 167
4.3.3 Comparisons with the Ab-Cases . . . . . . . . . . . . . . 167
4.3.4 Topological Hochschild Homology Calculates the

Homology of Additive Categories . . . . . . . . . . . . . 168
4.3.5 General Results . . . . . . . . . . . . . . . . . . . . . . . 170

5 The Trace K → THH . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
5.1 THH and K-Theory: The Linear Case . . . . . . . . . . . . . . . . 179

5.1.1 The Dennis Trace with the S-Construction . . . . . . . . . 183
5.1.2 Comparison with the Homology of an Additive Category

and the S-Construction . . . . . . . . . . . . . . . . . . . 186
5.1.3 More on the Trace Map K → THH for Rings . . . . . . . 187
5.1.4 The Trace and the K-Theory of Endomorphisms . . . . . . 188

5.2 The General Construction of the Trace . . . . . . . . . . . . . . . 189
5.2.1 Localizing at the Weak Equivalences . . . . . . . . . . . . 189
5.2.2 Comparison with Other Definitions of Algebraic

K-Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 193
5.2.3 The Trace . . . . . . . . . . . . . . . . . . . . . . . . . . 194
5.2.4 The Weak Trace . . . . . . . . . . . . . . . . . . . . . . . 197
5.2.5 The Category of Finitely Generated Free A-Modules . . . 199

5.3 Stable K-Theory and Topological Hochschild Homology . . . . . . 201
5.3.1 Stable K-Theory . . . . . . . . . . . . . . . . . . . . . . 201
5.3.2 THH of Split Square Zero Extensions . . . . . . . . . . . 202
5.3.3 Free Cyclic Objects . . . . . . . . . . . . . . . . . . . . . 204
5.3.4 Relations to the Trace K̃(A� P) → T̃(A� P) . . . . . . 206
5.3.5 Stable K-Theory and THH for S-Algebras . . . . . . . . . 208

5.4 The Normal Trace . . . . . . . . . . . . . . . . . . . . . . . . . . 209
5.4.1 Moore Singular Simplices . . . . . . . . . . . . . . . . . 212
5.4.2 The Homotopy Nerve . . . . . . . . . . . . . . . . . . . . 222

6 Topological Cyclic Homology . . . . . . . . . . . . . . . . . . . . . . 227
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

6.1.1 Connes’ Cyclic Homology . . . . . . . . . . . . . . . . . 227
6.1.2 Bökstedt, Hsiang, Madsen and T Ĉp . . . . . . . . . . . . 228
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