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Abstract Page 182 in Ramanujan’s lost notebook corresponds to page 5 of an
otherwise lost manuscript of Ramanujan closely related to his paper provid-
ing elementary proofs of his partition congruences p(5n+4) = 0 (mod 5) and
p(Tn+35) =0 (mod 7). The claims on page 182 are proved and discussed, and
further results depending on Ramanujan’s ideas are established.
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1 Introduction

Ramanujan published three papers, [12—-14], on congruences for the partition
function p(n). However, the second [13] is only a short announcement of results, and
the third [14] was extracted by Hardy from a much longer handwritten manuscript
after Ramanujan’s death. The latter manuscript, concentrating on both p(n) and
Ramanujan’s t-function 7(n), was published for the first time with Ramanujan’s
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lost notebook [17] in its original handwritten form. Later, this p(n)/7(n) manuscript
was prepared for journal publication, with amplification of details and extensive
commentary, by the first author and Ono [7]. That article is reproduced in the book
[1] by Andrews and Berndt, with the previous commentary considerably expanded.
Page 182 of [17] is also devoted to the theory of partitions. The number (5) is
written in the upper right-hand corner of page 182 in [17], likely indicating that
this is the fifth page of a handwritten manuscript. The first and second lines on
this page are identical to the second and third lines of (11) in [12], [15, p. 211],
where Ramanujan begins to relate his elementary proof of p(5n+4) =0 (mod 5).
The tagged equation numbers on page 182 are (2.2)—(2.5), which clearly indicate
that this page is in Sect.2 of this manuscript. However, page 182 is not identical
to any page or pages in [12]. Ramanujan’s proof of p(5n+4) =0 (mod 5) here is
considerably briefer than it is in [12]. Moreover, central to Ramanujan’s thoughts is
the more general partition function p,(n) defined by
1 Zip(n)q/’ lgl <1
(g 57 ’

which is not discussed in [12]. This definition is actually not provided on page 182,
but it is clear that it must have been given somewhere in the missing pages 1-4 of
the manuscript. Of course, p1(n) = p(n). In a letter to Hardy written from Fitzroy
House late in 1918 [8, pp. 192-193], Ramanujan writes, “I have considered more or
less exhaustively about the congruency of p(n) and in general that of p,(n) where

1

(x;x)z”

zpr(n)x” =

by four different methods.” This declaration appears to imply that he had established
several results about p,(n), which quite likely were discussed in the manuscript for
which we now unfortunately have only page 5.

Ramanujan deduces the congruence p(5n—1) =0 (mod 5) from the congruence
p-4(5n—1) = 0 (mod 5), just as he does in [12] without using this notation.
Ramanujan then remarks that, “Precisely in the same way we can show that

P-4 <nwaH) =0 (mod @), (1.1)

where @ is a prime of the form 64 — 1 ...” He then states a more general theorem.
It is therefore quite clear that Ramanujan’s paper [12] was likely extracted from
a greatly expanded longer manuscript, which was not a part of his p(n)/7(n)
manuscript and which, except for this single page, has been lost.

After Ramanujan, the function p,(n), in another notation p_,(n), was studied
by, in particular, Newman [9], Ramanathan [10], and Atkin [3], who were also
interested in its congruences. However, they confined themselves to congruences
satisfied by a small set of primes and powers thereof, in contrast to Ramanujan’s
theorems on page 182 satisfying an infinite set of primes.



Ramanujan’s Elementary Method in Partition Congruences 15

The keys to Ramanujan’s elementary methods are the pentagonal number
theorem

2 (71)nqn(3n71)/2 _ (q;q)oo 1.2)

and Jacobi’s identity

3 (—1)"2n+1)g" ™2 = (g3q)3. (1.3)

n=0

It is well known that no one has been able to employ these identities to give an
elementary proof of Ramanujan’s congruence p(11n+6) =0 (mod 11). The only
known elementary proof of this congruence is due to Winquist [18] and employs an
identity that is now known by his name. At the end of Sect. 2, for the first time, we
utilize Winquist’s identity to derive new congruences for special instances of p,(n).

Ramanujan’s elementary methods focusing on Jacobi’s identity have been uti-
lized and generalized by several authors. The most extensive applications of this
method have been made by Andrews and Roy [2]; their paper contains several
additional references. There are two further identities in the spirit of Jacobi’s
identity, both due to Ramanujan [16], and we employ them in Sect. 3, to derive two
analogues of the general theorem of Andrews and Roy.

2 Page 182 in Ramanujan’s Lost Notebook

A brief account of page 182 along with a proof of the first entry below has been
given by Ramanathan [11].

Entry 2.1 (p. 182). Let 6 denote any integer, and let n denote a nonnegative integer.
Suppose that @ is a prime of the form 61 — 1. Then

o+1
Powd (m — T+) =0 (mod @). (2.1)
Proof. Consider

i Psa-a(n)q" ™ = (4:9)2°% (q:9)2.(q:9)-q"
n=0

- - 1
= (qm;qm);é 2 2 p+v 2“+1)q2u(u+1)+ v(3v+1)+2 (mod @),

2.2)



16 B.C. Berndt et al.

upon the use of Euler’s pentagonal number theorem (1.2) and Jacobi’s identity (1.3).
We want to examine those terms for which

1 1 o+1
E#(u+1)+§v(3v+l)+T+EO (mod @). (2.3)

Our goal is to prove that
o (2u+1). 2.4)

Multiply (2.3) by 24 to obtain the equivalent congruence
Ru(u+1)+12v(3v+1)+40+4 =0 (mod @),
or
32u~+1)2+(6v+1)>=0 (mod @). (2.5)

Using the fact that, for each prime p, the Legendre symbol (’71) = (=1)P=1/2 and
the law of quadratic reciprocity, we find that

-3\ (o) (-1 |

o) \3) \3)
Thus, the only way that (2.5) can hold is for (2.4) to happen. But then, from the
right-hand side of (2.2), we can conclude that

Thus, the proof is complete. g

Corollary 2.2 (p. 182). For each positive integer n,

pe(5n—1)=0 (mod 5),
p7(11n—2)=0 (mod 11).
Proof. The first congruence arises from the case @ = 5 and 6 = 2, while the second
arises from the case @ = 11 and 6 = 1 in Entry 2.1. O

Next, Ramanujan gives an elementary proof of the congruence p(7n —2) =
0 (mod 7). He begins with the same first three lines of [12, (13)], [15, p. 212], and
then argues in a somewhat more abbreviated fashion than he does in [12] to deduce
the congruence

p—6(Tn—2)=0 (mod 49), (2.6)

from which it follows that

p(Tn—2)=0 (mod 7). 2.7
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It should be remarked that the stronger congruence (2.6) is not mentioned by
Ramanujan in [12], although it is implicit in his argument.

Unfortunately, the one-page manuscript ends with (2.7). It would seem that
Ramanujan would have next offered a theorem analogous to Entry 2.1, and so we
shall state and prove such a theorem here, but, of course, Ramanujan probably would
have had much more to say to us, if his manuscript had survived.

Theorem 2.3. For a prime @ with 4 | (© + 1), any integer 8, and any positive
integer n,
o+1
Pso—t (nw - T+) =0 (mod @). 2.8)
In the case & = 0 above, we can strengthen (2.8).

Entry 2.4 (p. 182). We have

P (na)' - GTH) =0 (mod @?). 2.9)

Observe that (2.6) is the special case @ = 7 of (2.9), and so, with slight
exaggeration, we affixed “p. 182” to the entry above.

Corollary 2.5. For each positive integer n,
P3s—6(3n—1)=0 (mod 3). (2.10)

Proof. Set @ = 3 in Theorem 2.3. a

For the case 8 = 3 in (2.10), Baruah and Ojah [4], using more sophisticated
means, obtained the stronger result

p3(3n—1)=0 (mod 32).
Proof of Theorem 2.3. Consider, for A = (@ +1)/4,

> pso6(m)d" = (4:9)2°% (4:9)%.9"
n=0

o oo

1 1
=(q":q")° Y, Y (—DFTV2u+ 1) (2v +1)g2HH VI (mod @),

HEOv=0 @.11)
upon the use of Jacobi’s identity (1.3). We need to show that if

1 1 o+ 1

Eu(#+1)+§v(v+l)+7 =0 (mod @), (2.12)

then
@ | 2u+1)(2v+1). (2.13)
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The congruence (2.8) will then follow from (2.13) and (2.11). Multiply (2.12) by 8
to obtain

Au(u+1)+4v(v+1)+20+2=0 (mod @),
or
Qu+1)%*+2v+1)2=0 (mod @).

Since

we conclude that
o|Q2u+1) and @|(2v+1),

which completes the proof of (2.13). a

Observe that if § = 0, then the congruence in (2.11) can be replaced by an
equality. Hence, in (2.8), the congruence modulo @ can be replaced by a congruence
modulo @? in view of (2.13). Entry 2.4 therefore follows.

Although Entry 2.1 and Theorem 2.3 are not special cases of the general theorem
of Andrews and Roy [2], they would be instances of the general theorem envisioned
by the authors in Sect. 5 of their paper [2].

Recall next that a corollary of Winquist’s identity is given by [18]

oo

B(g:) = Y (—1)"™"((6m+3)*(6n+1) — (6m+3)(6n+1)%)

mpn=—oco

X q% (3m2+3m+3n2+n) . (2 14)

Theorem 2.6. For a prime @ with 12| (@ + 1), and any integer 6, we have

5(@+1)

5 ) =0 (mod @).

Pso-10 (”w -
Proof. Let A =5(®@+1)/12, and from (2.14) consider

> psw-10()d"™ = (0:0)2°% (4:9) 04"
n=0

oo

= (") T (1) (om 43 (6n 4 1)

mpn=—oco

—(6m+3)(6n+ 1)3)q%(3mz+3m+3n2+n)+l (mod o).
(2.15)
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If

1

§(3m2+3m+3n2+n) +A=0 (mod @),
then upon multiplying both sides above by 24, we find that

12(3m* +3m+3n* +n) +10(@+1) =0 (mod @),

or
(6m+3)>+ (6n41)>=0 (mod @).
Since .
@)~

(0]

we see that
o | (6m+3) and o | (6n+1).

Using these observations in (2.15), we complete the proof. O

We observe that in the special case & = 0, our proof yields a stronger result.

Corollary 2.7. For a prime @ with 12 | (@ + 1), we have

P-10 (nw W) =0 (mod @*).

3 Two Further General Congruences

Our analogues of the main theorem of Andrews and Roy [2] are dependent on the
two identities

=

S (6j+ 1) = (%) (d% ) (3.1)

j=—oo

and

=

. i2 i
> Bj+ D = (g%¢7)-(a:67) 2 (" 4")2, (3.2)

Jj=—00

which arise from the quintuple product identity and which are found as Entries
8(ix), (x) in Chap.17 of Ramanujan’s second notebook [16]. For proofs, see
[5, pp. 118-119] or [6, pp. 20-22]. More historical information can be found in
[6, p. 25].

For each integer m, we shall denote by m the multiplicative inverse of m (mod p).
We prove the following theorems.
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Theorem 3.1. Suppose that p is a prime > 3, 0 < a < p, and a and b are integers.
Assume that —6a is a quadratic nonresidue modulo p. Suppose that {0y}, =
{an(z1,22,...,2j)} is a doubly infinite sequence of Laurent polynomials over Z
with variables zi,...,z; independent of q. Then there is an integer ¢ such that the

. m; .
coefficients of z’lnlzrznz -z, gPN in

q 2;1700 Ot,,q (n?—n)/2+bn

3 2
(a%:4*)% (g% g%

(3.3)

are divisible by p. The integer ¢ = c,(a,b) may be chosen as the least positive
integer congruent to 24(3a (2ba—1)* +2) (mod p).

Proof. By (3.1) and the hypotheses of the theorem, we note that

qc 2;077 anqu(n27n>/2+bn qc 220:700 27’:7&,(6]‘ + l)anqu(nzfn)/2+bn+3j2+j

() (@t (@) ()
g 2;0:700 2‘7:,00(6‘]. + 1)(ana(n27n)/2+bn+3j2+j

- (4%:4%7)(q%:4*) o (mod p).

3.4

In the last expression, we see that the denominator is a function of ¢”. Let us now
examine the exponent of ¢ in the numerator; for ease of computation, we multiply
by 24 to achieve

24c¢ + 3a(4n* — 4n) + 24bn +72j% + 24 = 3a(2n + 2ba— 1)?
+2(6j+1)* (mod p). (3.5)

Now we observe that if j = (p—1)/6 (mod p) (i.e., (6j+ 1) =0 (mod p),), then
the last expression above is congruent to 0 (mod p) precisely when

- 1
n=(1-2ba)2= % —ba (mod p).
If jZ£ (p—1)/6 (mod p), then the last expression in (3.5) can never be congruent to
0 (mod p), because, by the assumption that —6a is a quadratic nonresidue modulo
p, exactly one of

—3a(2n+2ba—1)> and 2(6j+1)2

is a quadratic residue modulo p, and so they cannot be congruent to each other
modulo p. Therefore the coefficients of g”V in (3.4) are all linear combinations over
pZ of various o,. This completes the proof. g

Similarly, from (3.2), we can derive the next theorem. We forego the proof.



Ramanujan’s Elementary Method in Partition Congruences 21

Theorem 3.2. Suppose that p is a prime >3, 0 < a < p, and a and b are
integers. Let —6a be a quadratic nonresidue modulo p. Suppose {oy}o_ .. =
{an(z1,22,...,2})} is a doubly infinite sequence of Laurent polynomials over 7 with
variables z1,...,z; independent of q. Then there exists an integer ¢ such that the

. m; .
coefficients of )" 25" -+ z; TgPN in

e aﬂqa(nzfn)/ZwLbn
N——oco0

—1 -2 -2
(@%:a*)% (¢:97)% (g% q*)%

(3.6)

are divisible by p. The integer ¢ = c,(a,b) may be chosen as the least positive
integer congruent to 24(3a (2ba—1)* +8) (mod p).

Applications analogous to those made by Andrews and Roy in Sect.4 of their
paper [2] can be made here, but since they are easily deduced and no new ideas are
involved, we do not proceed any further.
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