Chapter 2
Probability

Elja Arjas

Writing a brief commentary on three of Terry Speed’s papers in probability brings
to mind many memories from a time now almost forty years away. Two of these
papers were written while Terry worked as a Lecturer in Sheffield, and during this
period my encounters with Terry were very frequent. The third paper was written
after Terry had already moved on to Perth.

These were times “when we were very young”, and there was a great deal of
excitement about new developments in probability. One of the main sources of in-
spiration was Volume 2 of Introduction to Probability Theory and its Applications
by Feller [8], which had come out sixteen years after the publication of Volume 1
[7], and was then followed five years later by an expanded Second Edition. Feller
was a master in making probability theory look like it were a collection of challeng-
ing puzzles, for which one, if only sufficiently clever, could find an elegant solution
by some ingenious trick that actually made the original problem look like it had
been trivial. Feller’s books offered also a large number of examples leading to po-
tentially important applications. This idea of making probability a tool for practical
mathematical modeling was gaining ground in other ways, too. An important move
in this direction, in 1964, was founding, at the initiative of Joe Gani, of the Applied
Probability journals. The Department of Probability and Statistics in Sheffield, also
Gani’s creation, was a hub of these developments and it attracted a number of young
talents to its circles from around the world, Terry being one of them.

Another source of inspiration at the time was ‘the general theory of stochas-
tic processes’, which was represented, most importantly, by the French and the
Russian schools of probability. The key figure behind this in France was Paul-André
Meyer and his book Probability and Potentials [10] was one of the favorites in
Terry’s impressive home library in Sheffield. (A sign of Terry’s interest in the works
coming from the French school is that he translated into English J. Neveu’s book
Martingales a temps discret [11], which appeared in 1975 with the title Discrete Pa-
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rameter Martingales [12]. I remember Terry wondering why the French publishers
did not seem to make any effort towards marketing their books outside France, or
even making them available in the largest bookstores in UK.)

Chronologically, the earliest of the three papers on probability in this collection
is the one entitled Symmetric Wiener-Hopf factorisations in Markov additive pro-
cesses, which Terry and I submitted to the prestigious Springer journal ‘ZW’ in
November 1972 [2]. For me, the background story leading to this is as follows: Not
finding anyone in Finland to suggest a topic to work on for a PhD in probability,
let alone to act as a supervisor, I had in desperation written to Professor Gani, ask-
ing him whether he would let me come and spend some time in his Department in
Sheffield. I was immediately welcomed, and I stayed there for the winter and spring
1970-71. Sheffield turned out to be an excellent choice, with lots of academically
interesting things going on all the time. There were many visitors, good weekly
seminars, and if this wasn’t sufficient, the Department paid train trips for us to go to
London and Manchester to listen to more. But above all, there were people roughly
of my age some of whom were working towards a PhD just like I was, and others
who were already much beyond, like Terry. There I learned what doing research
in probability might involve in practice. My contact with Terry, which grew into a
friendship, was particularly important in this respect. During the first and longest
stay in Sheffield in the spring of 1971 I lived next door from Terry and Sally, and on
my later visits I enjoyed their hospitality as a guest in their home.

This paper on Wiener-Hopf factorizations was inspired, in particular, by the ideas
on Random Walks in R! that were contained in Chapter XII of Feller’s Volume 2,
with that same title. On the introductory page of this chapter Feller writes: “The the-
ory presented in the following pages is so elementary and simple that the newcomer
would never suspect how difficult the problems used to be before their natural set-
ting was understood.” The key to such elementary understanding offered by Feller
is the concept of ‘ladder point’, a pair of random variables consisting of a ‘ladder
epoch’ and ‘ladder height’. Consecutive ascending (descending) ladder points make
up the sequence of new maximal (minimal) record values of the random walk. The
sample path of the random walk arising from its first n steps can now be divided
into random excursions, each ending with a new maximal (minimal) record value,
and finally including an incomplete excursion from such a record value to where the
random walk is after n steps. Due to the assumed iid structure of the random walk,
the differences between the successive ascending (descending) ladders are also iid,
and therefore the distribution of the sum of any k of them can be handled by forming
a k-fold convolution ‘power’ of the distribution of one. These convolution powers of
the common distribution of the ascending ladder heights make up the ‘positive part’
of the Wiener-Hopf factorization. The ‘negative part’ stems from the incomplete
excursion, by first noting that its distribution remains the same when the order of
its steps is reversed and that, when considered in this manner ‘backwards in time’,
the position at which the original random walk had its maximum now becomes a
minimal record value. Therefore the distribution of this incomplete excursion gets a
similar representation as the original sample path up to the maximal value, but now
in terms convolution powers arising from the descending ladder points.
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A second ingredient leading to our ZW paper was the emergence, in varying
formulations and uses, of the concept of conditional independence. Conditional in-
dependence had been previously considered, for example, by Pyke [14] and Cinlar
[4] in connection of semi-Markov and Markov renewal processes, and it was also an
essential ingredient in Hidden Markov Models (HMMs) introduced by Baum and
Petrie [3]. The general definitions and properties of conditional independence were
expressed in measure theoretic terms in Meyer’s book [10]. In statistics, it seems
to have taken a few more years, to the well-known discussion paper of Dawid [6],
until the fundamentally important ideas relating to conditional independence were
fully appreciated and elaborated on. Presently, as is well known, conditional inde-
pendence plays a major role particularly in Bayesian statistical modeling.

By replacing ‘time’ in Markov renewal processes by an additive real valued vari-
able led us to consider, in a straightforward manner, a stochastic process called
‘random walk defined on a Markov chain’, or somewhat more generally, to Markov
additive processes [5, 1]. It was relatively easy to see that the key ideas of Feller’s
treatment of random walks could be retained if the model was extended to include
an underlying Markov chain, then assuming that the increments of the additive vari-
able were conditionally independent given the states of this chain. In the case where
the state space of the chain is finite, ordinary univariate convolutions used in the
original random walk would be replaced by the corresponding matrix convolutions.
Our paper in ZW adds a further level of generality to these results, by stating them
in terms of transition kernels defined on a measurable state space. The technically
most demanding aspect here was the construction of the dual or adjoint operators,
corresponding to the time reversal in the original process. For the record, I should
say that it was Terry who was primarily responsible for correctly adding all neces-
sary mathematical bells and whistles to these general formulations.

The second paper, entitled A note on random times [13], provides the natural def-
inition of, as it is called there, randomized stopping time in the case of processes of
a discrete time parameter. In this brief note, Jim and Terry not only define this con-
cept, but actually exhaust the topic completely by listing all its relevant properties
and by linking it to different variants of essentially the same concept that existed
in the literature at the time. Here, too, the key concept is conditional independence:
Definition 1 says that a random time is a randomized stopping time relative to a
family of histories if its occurrence, given the past, has no predictive value con-
cerning the future. Of the properties derived, of most interest would seem to be the
equivalence of (i) and (ii) of Proposition 2.5, and the intuitive explanation that is
provided afterwards. To put it simply, a randomized stopping time is an ‘ordinary’
stopping time if it is considered relative to a family of bigger histories. What is re-
quired of these larger histories is that, at any given time point and given the past of
the ‘original’ history, events in the past of this larger history do not help in predict-
ing the future of the original. When expressed in this way, one can see how close
it is to the concept of ‘non-causality’ of Granger [9], which is famous in the time
series and econometrics literature, as well as, for example, to the property of local
independence introduced by Schweder [15].
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Looking at a result like this, one gets the feeling that the message it conveys
should have been read, and understood, by generations of statisticians working in
the area of survival analysis, in need of a natural definition of the concept of non-
informative right censoring. They should have been thinking in terms of randomized
stopping times! Instead, the common assumption stated in nearly all of the survival
analysis literature is that of the ‘random censoring model’, which postulates for each
considered individual the existence of two independent random variables, of which
only the smaller is actually observed in the data. This model leads to strange events
such as ‘censoring of a person who is already dead’.

Terry is sole author of the third paper discussed here, entitled Geometric and
probabilistic aspects of some combinatorial identities [16]. It is rather difficult to
describe its contents in an understandable way in only a few sentences. In geomet-
rical terms, it is concerned with certain hyperplanes in the positive orthant of the
(k+ 1)-dimensional integer lattice. The main focus is on a particular combinatorial
expression, which is shown to correspond to the number of minimal lattice paths
from the origin to the considered hyperplane and such that the paths do not touch
that plane until at the last point. This geometric interpretation then leads to concise
derivations of some convolution type identities between the combinatorial expres-
sions. Later on, the paper provides probabilistic interpretations, and corresponding
proofs, for these results by considering the first passage time of a random walk
from the origin to the hyperplane. There are also results on the associated moment
generating functions, which have interesting analogues in the theory of branching
processes. Although these combinatorial identities were not included in Feller’s two
books, one could say that Terry’s approach to deal with them is very much Feller-
like: when going through the mathematical derivations, at some point there is a
phase transition from mysterious to intuitive and obvious. Another thing about this
paper which I liked is its careful citing of the work of all authors who had earlier
contributed, in various versions, to this same topic. But it looks like Terry just about
exhausted this topic since, according to Google Scholar, to date this paper has been
cited only once, and it isn’t even listed in the ISI Web of Knowledge database.

Epilogue

When looking at the list of contents of this volume, which covers fifteen topics start-
ing from algebra and ending with analysis of microarray data, one soon concludes
that it would be hopeless to try to compete with Terry in terms of scientific output.
In fact, competing with him in anything turned out to be a futile attempt. I once
tried, in the late 1970s, when Terry visited me in Oulu and we went jogging. As we
came back, I believe Terry was a bit more out of breath than I. Later on, however,
Terry started practicing regularly by running up and down the steep hills surround-
ing Berkeley, and at some point I was told that he had run the marathon in less than
three hours. My first marathon is still due. But luckily, there may be a sport where
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I have a chance of beating him: cross-country skiing. This is an open invitation to
Terry to try.
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Symmetric Wiener-Hopf Factorisations
in Markov Additive Processes

E. Arjas and T. P. Speed

The classical Wiener-Hopf factorisation of a probability measure is extended to
an operator factorisation associated with a semi-Markov transition function. Some
consequences of this factorisation are indicated including a set of duality relations.

1. Introduction

The classical Wiener-Hopf factorisation of a probability measure F on (R!, %)
has been put in a symmetric form by Spitzer [14] and Feller {7] and can be
written as follows:

(1.1) 0o —F=(8o—H7)*(8g—{d0)*(8o— H)

where J, is the unit mass at zero, 0<{<1 and H*, H™ are possibly defective
probability measures concentrated on (0, o0) and (— oo, 0) respectively. In fact
H* (resp. H™) is identified as the distribution of the strict ascending (resp. de-
scending) ladder variable.

In his very interesting extension of (1.1) Dinges [6] considered a substochastic
transition function P on a measurable space (E, &) with a total order, and con-
structed a factorisation:

(1.2) 1-1P=(1—;izkg;) ° (I~§T"BJ) o (I—fjrkﬂ*)

where B, B, and B*,k=0,1,..., are suitable operators or sub-stochastic
transition functions, 0<t<1 and “-” denotes composition. Dinges’ result gives
(1.1) as a special case, but first a few rearrangements are required to do this. The
reason is that although B~ and B* are notationally dual their constructions are
not immediately seen to be so, and thus it is desirable to clarify this point. Further
Presman [11, 12] has unsymmetric matrix factorisations which are similar to ones
derived below, but these are obtained algebraically.

It is the purpose of this paper to obtain a symmetric factorisation which
generalises (1.1) in two distinct ways: for we deal with Markov additive processes
{(X,,S,): n=0}, which reduce to the classical random walk by specialising the
first component to a single value, or by suppressing the second component and
specialising the first to be a random walk. Thus we can also obtain a result like
(1.2) with the difference that our factorisation is manifestly symmetric. We formu-
late our results in an abstract way and the different results referred to are special
cases. One aspect we emphasise throughout is the duality obtained from, and
implicit in the proof of, our symmetric factorisations. In this respect our method
g
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is quite analogous to that of Feller’s [7] Fourier analytic derivation of (1.1) in
Chapter X VIIL

We now describe the contents of this paper. After some preliminaries con-
cerning Markov additive processes we consider briefly Markov additive pro-
cesses in duality. Next we formulate our abstract Wiener-Hopf factorisation and
give its simple proof. The following two sections give concrete applications of this
result and give a selection of corollaries. We close with some purely probabilistic
duality results which are of some interest in themselves, and which can also be
used to give alternative (probabilistic) proofs of our factorisations.

2. Markov Additive Processes

Our approach and notation will be based as far as possible upon Cinlar [4, 5]
which in turn, is modelled upon Blumenthal and Getoor [3]. We recall some
terminology. If (G, %) and (H, /) are measurable spaces and if f: G— H is meas-
urable with respect to ¢ and # then we write fe%/#. If H=R'=[— o0, co] and
# =R, the Borel subsets of R!, then we write fe% instead of fe%/# Further
b%={fc%: fis bounded}, 4, ={fe¥: f20} and b¥%, =b¥% %, .

A mapping N: Fx% — [0, 1] is called a transition function from (F, %) into
(G,%)ifa) A— N(x, A)is a measure on ¥ for all fixed xeF, and b) x —» N(x, 4) is in
b# for all fixed Ae%. Analogously, we define a mapping Q: E x (& x #™)— [0, 1]
to be a semi-Markov transition function (abbrev. SMTF) on (E, &, #™) if a) x>
Q(x, Ax B) is in b& for every Ae&, BeZ™, b) Ax B— Q(x, A x B) is a measure on
& x " for every xeE.

If Q, R are two SMTF’s on (E, & #™) we may define the convolution product
Qo°R as the function,

(21) (x,AXxB)—(QoR)(x, AXB)=| [ Q(x,dx' xds)R(x', Ax (B—s)).

E Rm
QR is easily checked to be an SMTF. For any SMTF Q we define Q°=1I where
I(x, Ax B)=0,(A) 6,(B), and for n>1 Q" 0" 1.Q.

There are many different ways of viewing a SMTF Q, and at various times we
will be doing this. Thus Q may be viewed as a positive contraction valued measure
defined on (R™, ™) by the map B— Q(B), where (Q(B)1,)(x)= Q(x AxB); as a
transition function on (E x R™, & x #™) which is homogeneous in the second
component by the map ((x, s), A X B)—> Q(x, 4 x (B—ys)); as a transition function
from (E, &) to (ExR™ & x &™) by (x, A x B)— Q(x, A x B) (cf. Cinlar [4] (1.2));
and finally as giving a sequence {Q": n =0} satisfying Definition (1.1) of Cinlar [5].

Any SMTF Q induces a family {Q(6): 6cIR™} of contractions on the Banach
space b& by writing (Q(0) f)(x)=[{ Q(x,dx xdy)- f(x) &®?, where (-, -) denotes
the usual inner product in R™. We call {Q(8)} the Fourier transform of Q.

We will consider a Markov process with state space (E, &) to be a sextuple
X=Q, 4 M, X,,0,, P*) (xeE), and all such processes will be assumed non-
terminating (see Blumenthal and Getoor [3]). Following Cinlar [5] we have:

(2.2) Definition. Let X be a Markov process with state space (E, &), write (F, #)=
(R™, #™), and let S={S,: n=0} be a family of functions from (@, .#) into (F, #).
Then (X,S8)=(Q, #, #,,X,,S,,0,, PY) is called a Markov additive process

45
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(abbrev. MAP) provided the following hold:

a) So=0a.s.;

b) for each n=0, S,e,/F ;

¢) foreach n=0, Aeé, Be%, the mapping x - P*{X,€4, S,eB}of E into [0, 1]
isin &, ;

d) foreach k,120, S, ,=S;+S;00, as.;

e) for each k,1=0, xeE, Ac&, BeF

P*{X,o0,€A, S,08,cB|.4,}=P*{X,c4,S,eB}.

We follow Cinlar [5] in our notation for objects associated with the definition,
23) 0(x, O)=P*{(X,,5,)eC}, CeéxF;
24) P(x, A)=Q(x, AX F), A€é.

The action of Q (B) mentioned above is as follows: for feé&,
(2.5) (Q(B) f)(x)=E*[f(Xy); S;€B].

Let N be a stopping time on Q relative to {.#,}; we define the (operator)
transforms associated with (X, Sy) and with the behaviour of (X,, S,) for n<N:
for febé, 6eR™ 0=t<1:

N—-1
6) GN@=E| T v eesisx)],
0
2.7) (H)(x)=E*[t" '@ 5™ f(X); N< 0].

A fundamental passage-time identity relating the transforms G=Gy(r,0), H=
Hy(z, 0) and Q(6) is the following proved in Arjas and Speed [2] (I is the identity
operator):

(2.8) Proposition. Gy(z, 0)[1—1Q(0)]=1I1—Hy(z, 0).

3. Markov Additive Processes in Duality
Let us suppose that we are given a o-finite measure = over our fixed state space
(E, &). We shall say that the MAP’s
X.8)=Q, A, M,,X,,S,,0,,P") and (X,8)=(Q, 4, 4, X,,3,,8,, P
with SMTF’s Q, { respectively, are in duality relative to x if
a) for every xeE, P(x,*)<n, P(x,")<n;
b) for every Be®™, f, geé,

G.1) {£,0(B)g>=<f0(~B), 2>

where, for fi,g,€€, , we have {f;,g,>={fi(x) g (x) n(dx). In this case we say
also that Q and { are in duality relative to 7.

It can be proved (cf. Blumenthal and Getoor [3]) that © is P-excessive where
P=Q(R™) is the Markov transition function of X, and similar results hold for P.
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Thus (cf. Nelson [10]) the operators Q(B) (resp. O(B)) defined by (2.5) act as linear
contractions on I?(n) for 1<p=<oco. With this interpretation (3.1) expresses the
fact that Q(— B), acting on I?(r), is the Banach space adjoint of Q(B) acting on
I4(m) where p~! +q~! =1. Slightly modifying this terminology we will speak of T
and T* being adjoint if { f, T(B)g)=<{fT(— B)*, g) for every Be#", f, geé, .

4. The Factorisation

In this section we present an axiomatic approach to symmetric Wiener-Hopf
factorisations of SMTF’s. A special case of our work is the unsymmetric matrix
factorisation of Presman [12] whose derivation is abstract algebraic in nature.
We would like to emphasise that while the discussion to follow is in a sense
abstract, probabilistic considerations are used throughout and thus our argu-
ments could hardly be termed algebraic.

Our formulation of the Wiener-Hopf factorisation will be in terms of the
Fourier transforms of certain operator-valued measures. Explicitly, we will call
a map B — T(B) from #£™ into the space of all bounded linear operators over LF(r)
an operator-valued measure if for every feI?, geLf, the set function B— {f, T(B)g>
is countably additive. In this case the Fourier transform of the operator-valued
measure is the operator-valued function 8 — T(#) from R™ into the space of all
bounded linear operators over I?(r) where we write, for fe I7, ge 4, { f, T(0) g) =
[ @I f, T(dy)g). It is easy to see that the functions § - Gy(z, 6) and 6 — Hy(z, 6)
are Fourier transforms of suitable operator-valued measures. The space of all such
Fourier transforms will be denoted ./, clearly an algebra over C.

We make the following convention which shortens somewhat our statements:
We say that a statement holds

(i) symmetrically (abbrev. s.) if it holds when all “+ ” symbols are replaced by
“—” symbols and vice versa;

(ii) dually (abbrev. d.) if it holds when (X, S) and the possible other elements
associated with it are replaced by (X, S) and the corresponding associated ele-
ments.

As we conceive them, symmetric Wiener-Hopf factorisations of transforms
of SMTF’s have three essential ingredients. We assume the following (I-III)
throughout this section (almost surely):

I: A decomposition A=A~ @A @A™ of a subalgebra A c.o7 with
(i) A—, A, A" all subalgebras of A;
(i) ATAcA,AA <A ,ands,;
(iii) (A")*=A" and s, (A)*=A"
Here A~ A ={ST:SeA™, TeA'} etc., and (A*)*={S*: SeA*} and s.
We call a decomposition as in I a symmetric W-decomposition. The letter W

is to stand for “Wendel” as there is a close relationship between the above and the
so-called Wendel-projections of Kingman [9].

1I: A system of stopping times N+, N'*, N, relative to {.#,}, and s. and d.,
such that almost surely

() Ny=N*<N"if N*<ooand N, =N*if N'* =c0,and s. and d.;
(i) on {N'* <0} N*=N*+4+N+toly. .,and s. and d.

47
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The stopping time N* will be sometimes described as a strict ladder index
and N, as a weak ladder index, and s. and d.

We require that the above stopping times be adapted to the symmetric W-
decomposition, by which we mean:

III: (i) I€A’;
(i) Hy.€A*,Gy. €A~ @A ,ands.and d.;
(iil) Hy, €A ®A*,Gy, —IcA ,ands.and d.;
where A—, A" and A+ stay fixed when statements are dualised.

We now prove two important preliminary lemmas, which give the desired
factorisation as an almost immediate corollary. In the first lemma only II is
used, whereas the second lemma is based on I and III.

(4.1) Lemma (Relation between strict and weak ladder indices ).
I—Hy,=(I—-Hy.+){—Hy+),and s. and d.
Proof. We note first that for xeE, 0<7<1, 6eR™, fel?
4.2) E*[N &OSNIf(Xy.); NP <Nt <owo]=(Hy-+Hy+ f)(x).
To see this we write
EX[T @Sy f(X ) N'F <N+t <]
=E[V T 0 Sn ) Er[NT 0N« Gl Shscn ) (X 0By L)
N*ofy..<owo|My.-+]1; N T <o] byl and the general properties of
conditional expectations
=B[N ¢S O (Hy, f)(Xy.-); N+ <c0]
by the (strong) Markov property
=(Hy-+ Hy+ f)(x).
Then, using I1(i) and (4.2), we observe that
(Hy_ /) ()=E*[1" ®Sv O f(Xy ) N, < 0]
=B [V @SN If(Xy,); Ny =N+ <o0]
+E* [tV fOSNIf(Xy ) N, =N*<o0]
=Ex[,L_N' * ei(g’SN'+)f(XN»+); N+ <001
+E* [N @SN I (XL ); Nt <oo]
—E [N OSSO f(X L) N+ <N+ <oo]
=(Hy-+ ) () +(Hy+ ) (X)~(Hy-+ Hy-f)(x) by (4.2)

which completes the proof. The symmetric and dual statements are proved simi-
larly.

The second of the preliminary lemmas is

(4.3) Lemma (Duality).
() Gy-=(I—H )", and s. and d.;
(i) Gy, =(I—H%,)"', and s. and d.
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Proof. By Proposition (2.8) applied to N, , and its dual form applied to N+,
for0<t<1,
(I-tQ)"'=(I~Hy,) ' Gy,
and
(I-1Q)'=(I—Hg.) ' Gy-.

These equations are mutually adjoint because Q =Q*, and so comparing the right
hand sides we get
(I—Hy, ) ' Gy, =Gt (I-H%)™,
and further
Gy, (I-H¥,)=(I-Hy,)G%,.

From I and III follows that the left hand side is of the form I+ K where KeA™,
and the right hand side is in A"@® A*. Hence both sides must be 1, giving (4.3)(ii)
and the dual statement of (4.3)(i). Other symmetric and dual statements are
proved similarly.
(44) Corollary. (i) Hy..=H%., ands.;

(i) Hy-+€A’ and s. and d.

Proof. (i) I—Hy..=(I—Hy,)(I—Hy-)"" by (4.1)
=Gy, (I-1Q)(I-1Q)~' G§* by(2.8)
=Gy, Gyt cancelling
=(I-A%)*(U-HE) by (4.3)

=[(I—Hy,)I—Hg) '*=I-Af., by@l).

(ii) Hy.-eA @A™ follows from the first line of the above proof when using III,
and H} .eA'@ A~ can be proved similarly. The assertion then follows from
4.4)(0).

(4.5) Theorem (Wiener-Hopf factorisation). Let (X, S) and (X,S) be in duality
relative to m, and assume 1-111 to be valid. Then, for 0<t<1, e R™:

4.6) I—tQO)=[I—H%.(t,0][I—Hy. . (v,0)]] [I—Hy-(1,0)], ands.andd.,

where the middle term is interchangeable with 1 —If;q'i+ (t,0), and s. and d. Further,
the factorisation (4.6) is unique in the sense that for a given W-decomposition there
are no other factorisations with the non-unit term of the first (resp. second, third)
factorin A~ (resp. A, A™Y), and s., and d.

Proof. 1-1Q(0)=Gy!(z,0) [I—Hy, (1,0)] by (2.8)
=[I—A%. (0] [I-Hy, (z.6)] by (4.3)(ii)
=[I-A}. (.01 [I~Hy.+ (1,0)] [I —Hy- (s,6)] by (4.1),
which is the required factorisation. The interchangeability of I — Hy.. (z,0) with
I—HE., (1, 0) follows from (4.4)(i).
We now prove uniqueness. To do this let us abbreviate the notation and assume

that
I-1Q=K "K' K*=L"LL"
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are two factorisations with factors invertible such that I—K~, I—-LeA~;
I-K',I-LeA and I-K*,I-L"eA*. Then

K KH(I) ML) =KL,
and arguing as in the proof of (4.4)(ii) we see that both sides must be equal I,
giving K-=L and K'K+=LI.
A similar argument on the latter equation shows that K* =L and K =L. (This
proof followed a familiar pattern, cf. Dinges [6].)

We also state the factorisation in a measure form, allowing a direct comparison
to the factorisation (1.2) of Dinges. Without going through the lengthy prelimina-
ries (regarding the decomposition of the convolution algebra of operator-valued
measures etc.) or making qualifications regarding uniqueness we simply describe
the form of the factorisation and briefly explain some details of its components.

(4.7) Theorem (Wiener-Hopf factorisation, measure form). For suitable operator-
valued measures H,f, H,* H;, n=1, we have

(438) [1—1Q](B)=[1—f;r"(ﬁ,,+)*]o[1—§T"H,;+]o[1-$an:](3},
and s. and d.

Interpretation. (i) “o” denotes the convolution product (see (2.1)) and “=” the
adjoint as in § 3;
(ii) for xeE, Be #™, fe? and n=>1:
(Hy (B)f) )=E*[f(X,); N*=n, S,eB],
(H,* (B)f) ()=E*[f(X,); N'*=n, S,eB],
(A B NHX)=E*[f(&,); N*=n, $,eB].

5. A Factorisation for Markov Chains with Totally Ordered State Space

We now specialise the results of the previous section to give a symmetrised
factorisation for a transition function P, analogous to Dinges’ [6] result. Recall
however that we have assumed our process to be non-terminating, whereas in
Dinges’ case no extra assumptions of this kind are made save the necessary ones
regarding order. These are that E has a reflexive, transitive binary relation, denoted
<, such that for any x, x'eE either x<x' or x' < x. Further, if we write x~ x iff
x<x' and x'=<x, and x<x' if x<x' and x~x' is false, then we require that
{(x, x'): x' < x} belong to the product o-field & x &.

For our algebra A (subalgebra of «#) we choose the real algebra generated by
the set of all positive contractions on 7 (n); this arises by putting §=0 in each
element of .o/. Using the well-known equivalence between positive contractions
and transition functions on (E, &) we define the appropriate symmetric W-decompo-
sition as follows: for Te A, xeE, Aeé& put

TH(x, A)=T(x, {x': x<x'}nA);
(5.1) T (x, A)=T(x, {x': X' ~x} N A);
T (x, A)=T(x,{x": X' <x}n A);
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clearly T=T~ 4T + T* and this is easily seen to define a direct sum decomposition
of A satisfying I(i), (ii) of § 4. To see how the decomposition can be defined directly
in terms of its action on functions, we refer to Dinges [6].

The system of stopping times is the familiar one — the usual ladder indices:
N*=inf {n>0: X,<X,};
N, =inf{n>0: X,<X,};
N'*=N, if N <N*, and N'*=o0 otherwise;

and s. and d.

(52)

We omit the verification of the fact that (5.2) satisfies Il and III of § 4; I1(ii) follows
because on {N'*<w} Xy..~X, and N'*<N* so that N*=inf{n>N"*:
Xy-+<X,}, and other requirements are satisfied quite obviously. Thus we can
read off the following theorem, where we write Hy - (t)=Hy (z, 0) etc.:

(5.3) Theorem. Let P and P be in duality relative to m, and consider the stopping
times (5.2). Then as a relation between contractions on I¥ () for 0<t< 1
(54 I—tP=[I—-A% (1)][1-Hy.. (]I —Hy:(c)), ands.andd.,

where the middle term is interchangeable with I —FIS. +(n), and s. and d. The uni-
queness is as in Theorem (4.5).

(5.5) Application 1. The one-dimensional random walk. Suppose that X, =) Z,
1

where the {Z,} are i.i.d. random variables with law u. Let A denote Lebesgue meas-
ure on (R*, %'); then it is easy to see that A is P-excessive with P(x, A)= (4 —x)
where /i is the measure u reflected in the origin i.e. for Be #* fi(B)=u(— B).

Now the operator P on L*(J) is

(5.6) (PA) (x)=E*[f(X)] =] f(x+x) u(dx).

Following Dinges [6] we call this operator T,; note that if e(x)=¢"* for feR*
then (T, ) (x)=¢(0) e(x) i.e. scalar multiplication by the characteristic function
¢(0) of u. The following expressions are readily checked: with notation as in
Feller [7], Chapter XVIII (3.5)

(Hy-+ €) (0)=1(z, ),
() (Hy-+ ) (0)=f(x),
(H- 9 (0)=2"(z,0).
Note that in the last case the adjoint simply means complex-conjugation; the

Eg. (3.5) of Feller is now seen to be an immediate consequence of (5.4) above
acting on e(x) and evaluating at x=0.

(5.8) Application 2. The m-dimensional random walk.

Here X, =) Z, where {Z,} is a sequence of L.i.d. random variables with law s.

1 & . . . .
The dual process X is constructed as in the previous example, with respect to
A, m-dimensional Lebesgue measure. We order the state space (R™, %£™) by

51
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selecting a basis for R™ so that each Z, can be written Z,=(Z{"), ..., Z{") and we

then write: )
(M, X ™y > (xD, Xy x> X
~1 =

In terms of this order the ladder indices N* etc. relate to the hyperplane x™ =0.
Exactly as we found in the preceding example a factorisation arises by operating
on e(x)=¢&'®» for feR™.

(5.9) Application 3. A duality principle.

We now briefly describe a duality principle which is implicitly contained in
Lemma (4.3). We express it as adjointness of two transition functions or rather,
their associated contractions. For xeE, Aeé, n=1, define:

(5.10) (i) D,(x, H)=P*{X;=x,...,X,=x, X,e4},
(i) D,(x, A=P*{X,=X,,....X,_1£X,,X,e4}.
Clearly these transition functions induce contractions D, and D, on I?(n) and
I#(n) respectively, and the duality result is:
(5.11) Propostion. D* =D, for all n>0.

(5.12) Remark. The symmetric statements, where =< in (5.10) is replaced
systematically by <, = or >, and the dual statements hold also.

Proof. With the stopping times N* and N, and the duality being used in this
section we see that with definition (5.10)(i)
Gy+ (‘L’)=§ ™D, where Dy=I.
Further, observing that °
D,(x, A)=P*{n is a weak ascending ladder index, X, Z€A}
we readily find that

(I—-Hy, ()" '=Y 1D, where Do=1I,

OMS

and the proof is an immediate consequence of Lemma (4.3)(ii).
(5.13) Remark. We can express Proposition (5.11) as follows: for feI?(r),
geli(n), n>0:
LD = f) P {X;<x, ..., X, = x, X,e(dx)} g(x) n(dx)
=[{f) P {X,2X,,....X, =X, X,e(dx)} g(x) n(dx)
= <fDm g> .

In this form it is easy to give a direct probabilistic proof, and with this proof
of Lemma (4.3), combined with a direct probabilistic proof of Lemma (4.1), we
have an alternative method of obtaining Theorem (5.3).

6. A Factorisation Associated with the Second Component of a MAP

As a second specialisation we derive a factorisation using the ladder indices
associated with the S-component of a MAP (X, S). This was our original aim and
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amongst many possible applications, it gives an alternative way of deriving the
result (1.1). Throughout we suppose the dimension m=1, see Remark (6.6).

The algebra which we decompose is the full algebra .o7 of all Fourier transforms
T(6). For any such transform we have T(0)={ ¢'®” T(dy), and we define

TO = | & Ty,

— 0

(6.1) T(6)'=T({0}),

TO)* = [ T@y),
0+

where the right sides can be interpreted formally or precisely, as operator integrals.
For example, if fe IZ, ge I%, p~' 4+ g~ =1, then we define such integrals by

0—
LTO) g>= [ <, T@y)e)

and similarly for T(0)*. Clearly T(6)=T(0)" + T(6) + T(0)* and this decomposi-
tion induces a decomposition of o/ satisfying I(i), (ii) of § 4. The system of stopping
times is the family of ladder indices for S:
N+ =inf {n>0: S,>0};
N, =inf {n>0: §,20};
N'*=N, if N <N*, and N'* =00 otherwise;

and s. and d.

6.2)

We again omit the verification of the fact that (6.2) satisfies I and III of §4;
IE(ii) now follows because Sy.+ =0 on {N * <c0}. We have the following theorem,
Whel’e HN‘+ (T)=HN~+ (T, O):

(6.3) Theorem. Let Q and Q be in duality relative to , and consider the stopping
times (6.2) and s. and d. Then as a relation between contractions on I?(n), for 0<t <1,

feR: N
(64 I-1Q0)=[I—-H}.(t,)] [I—Hy.+ (7)] [I —Hy. (z,0)],

and s. and d.,

where the middle term is interchangeable with I —H * (1), and s. and d. The unique-
ness is as in Theorem (4.5).

We now suppose that the state space E={1, 2, ..., s} and for a given SMTF Q
the underlying chain P is ergodic. Thus there is a unique invariant measure ©
such that 7(i)>0, ie E. Put 4=(5,;7(i)).

(6.5) Corollary. In the finite-state case just described, if t denotes matrix transpose:

I—7Q@)=A""[I—Hg. (7,01 AU —Hy.. ()] [I —Hy- (z,6)]
and s. and d.
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This result is a symmetrised form of Theorem (2.1) of Presman [12], and if the
last two factors are combined it becomes exactly his result.

(6.6) Remark. Before going on to give applications of Theorem (6.3) we will
observe that the restriction to m=1 in this section is purely for simplicity. At least
one interesting situation in m>1 dimensions is when N is the hitting time to a
half-space through 0, as described in § 5. This topic can be treated exactly as the
1-dimensional case has been, giving rise to a generalised form of (6.3).

(6.7) Application 1. A duality principle.

The following discussion is a generalisation of the result Feller [7], p. 609, as
indeed was the result (5.9). In a manner similar to our previous discussion we define
SMTF’s D,, D,: for xeE, Aeé&, Be#' and n>1
(6.8) (i) D,(x,AxB)=P*{X,eA4,S,=0,...,5,20,S,eB};

(ii) D,(x, Ax B)=P*{X,e4, §,<8,,...,5,_:<8,,5,€B}.
It is easy to see that these induce contractions on I?(n) and I4(r) respectively, and
the duality result here is:
(6.9) Proposition. D¥ (B)=D, (B) for all Be®*, n>0.

Proof. The proof is almost identical to that given for Proposition (5.11).

Remark (5.12) applies here as well. Also as in § 5 we can give a direct proof of
this result, but we refer to the final section for a fuller discussion.

We now discuss briefly the above duality in the context of the bivariate proces-
ses (X, W)={(X,, W,): n=0} and (X, M)={(X,, M,): n=0} where we define

(Xos Wo)=(Xo,0)

(6.10)

(Xn, W/;l)z(Xna(Wt—l+Sn—Sn—1)+)a n>0;
and
6.11) (X, M))=(X,, min (0,S,,...,5,),  n20.

We now formulate this duality explicitly as:

(6.12) Theorem. For (X, S) and (X, S) in duality the bivariate processes (X, W)
and (X, M) are adjoint.

Proof. As shown in Arjas and Speed [2] the resolvent of (X, W) is
A(t,0)=[1—Hy_(z,0)]* Gy _(z,6)
and that of (X, M) is
B(z,0)=[1— Ay- (1,0)] ' G3-(1,0),
where the stopping times are the ladder indices (6.2). Now if we take the adjoint
of A(z,6) we find
A*(1,0)=G%_(z.0) [I —H% _(c,0)]"!
=[I—Hy (r,00] ' G5-(1,0) by Lemma (4.3)
=&(r,0) as stated.
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(6.13) Application 2. A moment identity.

In Feller [7] one of the more immediate consequences of the factorisation
(1.1)is a relation between the expectations of the hitting times to half-lines (assum-
ing both exist) which reads

(6.14) ~16?=E[Sy-1[1-{] E[Sy-1.

We now derive an analogue of (6.14) for the stopping times under discussion in
this section. Let E*[ f7] be an abbreviation for {1, )= [ f(x) m(dx) and let us con-
sider (when possible) the limited expansions:

QO)=P+i0Q,—36*Q,+0(6%);
Hy.(1,0)=H"+i0M™* +0(0);
Hy..()=H'*;
and d.

(6.16) Theorem. Let Q and Q be in duality relative to n, and consider the stopping
times (6.2). Then, if Sy+ (resp. Sg+) is s proper and has a finite expectation irrespective
of the starting point X, of X (resp. X, of X),

Q1=0s Q2<m
—$E*[S71=[[ E*[Sy-1U—H *] (x,dx) E¥ [Sy+] n(dx).
Proof. We use the factorisation (6.4) at T=1, giving
LUI-00)11>
=, [I—-H. (1,0)] [ —Hy-+ (V][I — Hy+ (1,0)] 1)
=([I-H*—iM*+0@]1,[I-H *[I—H"—i0M* +0(6)]1>
=—02(M+1,[I-H *IM* 1>+0(6?),
since, by the assumption of properness, H* 1=1 and H* 1=1. On the other hand
we can use the expansion
LU-0011>
=<1, [I-P—~i0Q,+36*Q,+0(6*)]1>
=—i0<1,0,1)+36°<1,0, 1> +0(6?),

and the assertion follows by comparing the coefficients of 6 and §2.

(6.15)

and

7. Two-Barrier Duality Relations in MAP’s

In this final section we show that some general duality relations obtained
recently by one of us in the case of one-dimensional random walks carry over to
the present situation. In particular we can use them to give a direct probabilistic
proof of (6.3).

Let (X, S) be as before, m=1, and define the “reflected” process (X', §’') with
SMTF Q' by Q'(B)=0Q(~—B), Be#". Further, let (X, V) (resp. (X', V")) be the
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process obtained from (X, S) (resp. (X, §')) by placing two absorbing barries for
the second component at specified positions, and (X, W) (resp. (X', W) be the
process obtained from (X, §) (resp. (X, §)) by placing two impenetrable barries
for the second component at 0 and a> 0. In the latter case we have inductively

Wo=8,; W,=min(a, max(W,_,+S,—S,_;,0)), n>0.

The dual processes (X, 3), (X', 8, (X, V), (X', V"), (X, W) and (X', W’) have their
obvious meanings. We remark that the definition of an MAP can easily be ex-
tended to allow S to have a non-zero starting position.

Our duality relations are expressed in terms of the equality and adjointness
of certain operators on I?(n). We define the following transition functions, where
absorbing barriers are placed in braces following the expressions: for xeE, A&,
an interval Ie#!, y, zeR!, n=0, a>0:

D,(x,4,1,y,2)=P*{X,eA4, W, =z, S,el +y|So=)};
ﬁ,,(x,A,I,y,z)=}3x{X',,eA,Iz,ga—y,§nel+a—z]§0=a—z}, {0,a+};
D%, A, 1, y, 2)=P*{X,e 4, W Za—z,S,e— I +a—y|Sy=a—y}:
Dy(x,A, Ly, 2)=P*{XR,eA4,V,2y,8,e—1+2z|8,=z}, {0—,a}.

(1.1)

The associated operators are denoted by dropping the first two arguments e.g.
D,(1, y, z) arises from D,(x, 4, I, y, z).
(7.2) Proposition. The following operators coincide:
(1) DL y,2)
@ Did,y,2),
(3) Dy y,2)
4 D*(1,y,2).
Further, if the inequalities on the right side of (7.1) are made strict and the
barriers changed to {0—, a} and {0, a+} respectively, the above result is still true.
Proof. The result (1)=(2) follows from the corresponding result of Speed [13]
by proving that for fel?, gel4:
[ 100 P*{X,e(dx), W,z S,el +y|So =} g(x) n(dx)
={{f(x) P* {X,e(dx), V,<a~y,8,el +a—z|8y=a—z} g(x)n(dx).

All the other assertions are proved similarly.

Finally we remark that the case a= oo (one impenetrable or absorbing barrier
only) can be formulated as (7.2) above using the analogous results in the i.i.d. case.
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Abstract. A generalisation of the notion of stopping time is stated, and related to similar generali-
sations introduced by Bahadur, Kemperman, Siegmund and others with a view to permitting
auxiliary experimentation to enter into the definition of stopping rule. The main zim of this

note is to draw attention to the conditional independence implicit in the definiticus of these
writers, and briefly indicate some consequences of this.

random time , conditional independence
stopping time ‘

1. Introduction and description of results

Suppose that (X,,, n=1, 2, ...) is a sequence of random variables de-
fined on a probability space (§2, F,P), and let ¥, denote the o-field
generated by the random variabies X, X,, ..., X,,. In the theory of op-
tional stopping of such a process (X,,), the random times considered are
commonly assumed to be stopping ‘imes of (F,), that is to say, ex-
tended positive integer-valued random variables ¢ such that for each
n=1,2,.., the event {#> n} lies in the o-field ¥, determincd by the
evolution of the process up to time n. Several authors have also con-
sidered stopping procedures involving the outcomes of random experi-
ments auxiliary to the basic process (X,,); in this connection we mention
Bahadur [ 2], Kemperman [6], Singh [9], Sieginunc [8], Chow, Robbins
and Siegmund [4], and Arjas and Speed [1].

In order to provide a unified approach to the work of these authors
we make the definition which follows. Let (§2, #,P) be a probability
space and let us refer to an extended positive integer-valued random
variable defined on 2 as a random time. Suppose that (F,, n=1,2,...)
is an increasing sequence of sub-o-fields of ¥, and let ¥ denote the
smallest o-field containing every %,,n=1,2,....
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Definition 1.1. A random time ¢ is a randomised stopping tiine of ( F,)
if foreachn =1, 2, ..., the event {#> n} and the o-field F_ are condi-
tionally independent given ¥,,.

The point of this note is to state Propositions 2.4 and 2.5 below
which utilise some elementary properties of conditional independence
to give various equivalen formulations of the above definition. These
formulations show that the kinds of random times considered by
Bahadur and Siegmund are essentially the same and just randomised
stopping timcs according to the above definition, and it is clear that the
random times considered by Kempc.rman and Singh are also included.
We do not discuss here any applicitions of randomised stopping times,
but refer the reader to the papers :ind books mentioned above.

When &, is the o-field generated by random variables X, ..., X,,, we
refer to a (randomised) stopping time of ( ¥,) as a (randomised) stop-
ping time of (X,)). It will be seen that a randomised stopping time of
(X,,) can be thought of as being generated in the following way: an cb-
server watches the evolution of the process (X)) as time #n increases,
until a ranaom time ¢ when he stops observing the process; if at time &
he has not yet stopped observing the process, the observer notes the
value of X, and then decides according to the outcome of some random
experiment whether to stcp at time k or to continue to observe the
process. The random time ¢ is a randomised stopping time of (X)) if for
each k, the outcome of the random experiment at time K and the as yet
unobserved future (X,,, k < n < =) are conditionally independent given
the observed past (X,,, 1 < # < k). The random time ¢ is a stopping time
of (X,,) if for each k, the decision at time k is made deterministically
(and measurably) according to the past (X, | < n < k).

A consequence of Proposition 2.5 is that properties of randomised
stopping times associated with Markov processes or martingalcs can be
immediately deduced from ihe well-known properties of stopping times
of these processes. Indeed, let (X,,, n =1, 2, ...) be a sequence of random
variables adapted to an increasing sequence of s-fields ( #,, n =1, 2, ...),
and suppose that (X,,) is a Markov process (respectively, martingale)
with respect to ( %,). If ¢ is a randomised stopping time of ( ¥,) and
F! denotes tlie o-field generated by %, and the events {# =1}, ...

..., {£ =n}, then it follows from the equivalence of (i) and (iv) in Propo-
sition 2.5 that (X,,) is also a Markcv process (respectively, martingaie)
with respect to (%%), and since ¢ is a stopping time of (F},), all the
standard results for stopping tim=s of Markov processes and martingales
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can be applied at once to randomised stopping times of these processes.
For the sake of simplicity, we have only considered here random

times associated with processes whose time set is the positive integers,

but most of :he discussion is easily adapted to the other usual time sets.

2. Details

Let N denote the set of natural numbers { 1, 2, ..., u, ...}. Suppose
throughout that (2, #,P) is a probability space and that ( F,, # € N) is
an increasing sequence of sub-o-fields of ¥, with %_ the smallest sub-o-
field of # containing each %,. The reader is yeferred to [7] for a treat-
ment of conditional independence.

Remark 2.1. Recalling from the introduction the definition of a random-
ised stopping time of ( ¥,), we observe that aJternative but equivalent
definitions are obtained by replacing the se' {¢ > 1} apearing in the
definition by any one of the sets { < n}, {#~=n}and {t+ n}.

Examples 2.2. Any random time independent of F__ is a randomised
siopping time of ( F,), and so too is any stopyping time of ( %,). For a

less trivial example, consider a real-valued pracess (X)) defined on

(2, F,P) and suppose that Y is a real-valued random variable independent
of the process (X,,). Let ¢ -inf{n: X, > Y} Then it is easily seen that

t is a randomised stopping time of (X,,). A sinilarly defined randomised
stopping time of a continuous time process {finds an application in [3,

p. 276].

For another example, suppose that (X,,) is a Mark.ov chain and let T,
be the time of the n'™ visit tc state i. Let 7 ba any stopping time of (X))
and define a random time ¢ by ¢ =inf{n: 7, 2 T}, so that t — 1 is the
number of visits to state i before time T. Then £ is a randomised stopping
time of (T,), as may be seen from the fact that {¢> n} = {T,, < T}, [7,
IV T41] and the strong Markov proyerty (cf. [S, p. 27, proof of
Theorem (76)]).

For sub-o-fields o and B of F, let us denote by of vB the smallest
sub-o-field of F which contains both s{ and 93. Suppose we are given
sub-o-fields &,, &, and & of ¥.

Lemma 2.3. The following statements are equ jvalent:
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(i) & and &, are conditionally indepenueiir given &;
(i) PlAI& v &,] =P[A| &] as. for every set A in &;
(iii) & v &, and & v &, are conditionally independent given &;
(iv) E{Y|&v &,} =E{Y|&}as. for every intcgrable & v & -measur-
able random variable Y .

In (ii) ar.d (iii) the subscripts 1 and 2 can be interchanged to give
further statements equivalent to (i).

Proof. The equivalence of (i) and (ii) is proved in [7, I T51;. The
further equivalence of (iii) and (iv) follcws by repeated application of
this result.

With the aid of Lemma 2.3, the conditional independence condition
in the definition of randomised stopping time can now be rephrased in
a multitude of ways. Proposition 2.4 below displays some minimal
conditions for a random time to be a randomised stopping time of
( F,). while in Proposition 2.5 the conditioral independence is exploited
to the full to give some strong properties of randomised stopping times.
Suppose that ¢ is a random time on (82, % ,P).

Propesition 2.4. The jollowing statements are equivalent:
1) t is a randomised stopping time of ( F,);
(i) forailne N,PLu>n | F_ 1=Pli>n| F,las.;
(it joratlln € NJAC F_ Pt >n,A) =S {e>n}PlAL F,]dP.
Further statements equivaient to (i) are obrained by replacing the set
{t > n'} appearing in (ii) ard (iii) by any of {t < n}, {t =n} and {t # n}.

Proof. Let &, denote the sub-o-field of F generated by the event {r > n}.
By definition, ¢ is a randomised stopping time of ( %,) if and only if ‘or
each n in N, the o-fields d,, and F_ are conditionally independent

given F,. The equivalence of (i), (ii) and (iii) now follows from the
equivalence of (i) and (ii) in Lemma 2.3 since ¥_v ¥,= ¥_ and

dy, v F, has an obvious simple structure. Using Remark 2.1 the remain-
ing assertions can be proved in an identical manner.

Continuing to suppose that ¢ is a random time on (R, F,P), let F/,
denote the smallest sub-o-field of F containing F,, and the events
{r=1}, ..., {t=n}.
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Proposition 2.5. The following staterents are equivalent:
(i) t is a randomised stopping time of ( F,);

(ii) for each n € N the o-fields F f, and F_ are conditionally inde-
pendent given F,; B

(iii) foreach n € N,E{Y | F_} =E{Y| ¥,}a.s. for each integrable
F 1-measurable random variclle Y,

(iv) for each n € N, E{Z| F.} = E{Z| F,} as. for each integrable
¥ -measurable random variable Z.

Procf. Let F, denote the sub-o-ficld of F generated by the events
{t=1}, .., {t=n],so that F, = F, v F,. The fac. that ( F,) is an in-
creasing sequence of o-fields ensures that ¢ is a randomised stopping
time of ( %,) if and only if for each n in N, the o-fields %, and F_ are
conditionally independent given %, and the proposition now follows
by applying Lemma 2.3.

Put another way, the equivalence of (i) and (ii) in Proposition 2.5
means that ¢ is 2 randomised stopping time of ( #,) if and only if there
exists an increasing sequence of o-fields (g,,) within & such that
F,C @, tisastopping time of (§,), and G, and F_ are conditionally
independent given F,. With this conditional independence criterion
written in the form

PlAI g,]=PlA1%,] as

foralin € Nand A € F_, this is just the property required by Siegmund
of his ‘randomised stopping variables for (%,)".

Given an increasing sequence ( %, ) of o-fields in a probability space
(82, F,P), it may be that the probability space as it stands is not large
enough to support many randomised stopping times of ( 7). As an
extreme case, if F = F_, then the only randomised stopping times of
( #,) are stopping times of ( F,). For this reason, it seems reasonable to
consider the possibility of enlarging the original probability space in
some way to allow room for experimentation auxiliary to ¥, . Consider,
for example, the following procedure used by Bahadur [2]. Suppose
that there is given for each n, an F ,-measurable function a, with
0<a,<1.

Observe the sequence of o-fields ( %,) in succession, and given that
the first m o-fields have teen observed, conduct an auxiliary random
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experiment with probability of success equal to the observed value of
a,, , stopping at the time of the first success. This procedure will define
a random time # on a probability space (%', F',P') constructed from
(82, 7, P) and all necessary auxiliary experiments. This probability space
will contain an isomorphic image of  in ¥ on which P’ agrees with P,
and after identifying o-fields and random variables defined on (82, ¥, P)
with their isomorphic copies in (', F', P') it is being assumed that for
each n € N, the event {# > n} and the o-field F_ are conditionally inde-
pendent given ¥, and {t 2 n}, and that

P'i{r=n}l ¢, {t=n=a, on {r=n}.

The construction of the probability space ($2', F',P') and random time ¢
is easily formalised, and it may be shown that ¢ is a randomised stopping
time of ( F,) in (', F',P'), with

Plt>n}i F 1=(1—a)..(1—a,), neN.

Moreover, if ¢* is any randomised stopping time of ( #,) defined (in the
obvious way) on an enlargement (2%, #*, P*) of (2, #, P), then a ran-
domised stopping time of (F,) having the same joint distribution with
F _ as t* can be constructed in the manner described above by taking

a, =P t=n|F,1/F[t=2n|F,].
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Abstract

For positive integers a, b and n define the combinational expression

a a+bn
A,,(a,b)=a+bn( i )

We give geometric and probabilistic interpretations of these expressions (and their multidimen-
sional extensions) and find new, simple proofs of the convolution identities known to hold for such
expressions.

1. Introduction

For non-negative integers a, b with a + bn > 0 let us define the combinator-
ial expression

__a a+bn
) A,.(a,b)-a+bn< i )
In two papers written some twenty years ago Gould (1956, 1957) discussed the
above (and related) expressions. He obtained, amongst other results, the
following convolution identity: for positive integral ¢

@) E_ An (@, b) An-m(c,b)= A(a +c, b).

Gould’s two papers contain different approaches to this identity whilst in his
recent article Gould (1974) gives yet another. We also note that Riordan (1958)
presents an inductive proof of (2), as do Gould and Kaucky (1966) where further
comments and extensions can be found. The proof of Blackwell and Dubins
(1966) is perhaps closest in spirit to the one given below. Mohanty (1966a)
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extended the argument of Gould’s first paper, stating and proving multinomial
analogues of (2) and the related identities. He also gave a probabilistic
interpretation of these facts. To formulate these results we use bold letters to

denote k-tuples of non-negative integers, b= (b, b, ---,b) and n=
(ni, nz, -+, n). Further we use the usual dot-product notation b-n =
bini+ byno+ - -+ + by and write 1=(1,1,- -+, 1). With these preliminaries we
can extend the notation above when a + b - n >0 writing

, _ a a+b-n
@) A"(a’b)_a+b-n( n )

where (:’) =N(N-1)---(N—1-n+1)/In! denotes the usual multinomial

coefficient. In this notation one of Mohanty’s results (1966a, equation (9) p. 502),
the generalisation of (2) above, can be written

@) > An(a,b) A, .(c,b)= A.(a +c,b).
m=0
Here is the summation from m, =0 to m,=n,,"--,m. =0 to m. = n. as the

notation suggests, and # —m = (n,— my, Ba— My, -, W — My).

It is the purpose of this note to provide new proofs of these identities, the
first, it is believed, that involve the geometrical interpretation of the expression
(1"). After doing this we reconsider the probabilistic aspects of (2'), being
somewhat more concrete than Mohanty in obtaining a random walk whose first
passage probabilities to a certain hyperplane provide yet another interpretation
and proof of (2').

2. Geometric interpretation of A, (a, b)

It is hoped that the notation will enable us to deal with the general case
(arbitrary k) almost as as easily as one would the case k = 1, but this will involve
some slightly unusual temporary usages. We will be working in the positive
orthant of the integer lattice in k + 1 dimensions, the coordinate variables being
denoted by Xo, X,,--, Xk and an arbitrary element will be denoted by (xo, X)
where x = (xi, X2, - - -, X« ). The first coordinate will be treated differently, and ail
all bold letters will be k-tuples of non-negative integers.

Given any k-tuple b and non-negative integer a we can define a hyperplane
by the equation

(P) Xo=a+((b-1-X

Clearly the point (a + (b —1)- n, n) lies on (P) for any k-tuple n, and we
may now state the desired interpretation as follows:
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ProrosiTioNn 1 (Mohanty). The number of minimal lattice paths from (0, 0)
to (a+(b—1)-n,n) which do not touch the plane (P) until the last point, is
A.(a,b).

For the case k = 1 this result is in implicit in Mohanty and Narayana (1961)
(following by duality from their Corollary on p. 256), and appears in the present
generality in Mohanty (1972). The following proof is essentially Mohanty’s but
we include it for completeness.

Proor. The minimal lattice paths from (0,0) to (a + (b —1)- n, n) can be
put into one-one correspondence with N-tuples L = (A, Az -+, An), Where
N=a+b n;foreach ii1=i=N, A is one of the symbols So, S, -, S; for
each j, 1 =j =k there are precisely n; symbols S, and there are a +(b— 1) n
symbols So.

Given such an N-tuple L we can build up a minimal lattice path, starting at
either end, by interpreting a symbol S; to mean ‘move one unit along the X;-axis
towards the other end’. Conversely any minimal lattice path defines a unicue
such N-tuple in the obvious way.

It is also clear that there are precisely (fj) such N-tuples and so this is the

total number of minimal lattice paths connecting (0,0) with (a + (b —1)- n, n).
But we want the number of these which do not touch the plane (P) other than at
the last point. To express this requirement as a property of the N-tuple L we
need a little more notation. For each h, 1=h =N and j, 0=j = k define

m-={1 if Av=3S;

" |0 otherwise.

Clearly 2f_,0i,; = 1. Also put & = Zi-, o, this being the number of times the

symbol S; appears in the first i positions of L, and finally write &= (&,,&2, -, &«).
We will build up the lattice path by working backwards from the endpoint

using L. After i steps have been incorporated, the X coordinate has reduced by

&;(0=j = k) and so we are at the point (a + (b — 1) - n — &o, n — &). This point

lies in the half-space defined by (P) which contains the origin for all i, 1 =i = N,

if, and only if,

a+(b-1)-n—¢&<a+b-1)-(n—§&) (1=i=N),
equivalently, upon expanding and using the fact that &0+ 1 - & = i, if and only if
©) b-&<i (I1=i=N).

Now b - & = Zf_, b, is simply a partial sum along L of numerical terms if we
replace S; by the integer b, 1 =j =k, and S, by 0. With this interpretation we
can immediately recognise the condition (C) and use a well-known result to
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deduce that of the N cyclic permutations of the N-tuple L (with the numerical
components just indicated), precisely a = N — b - n have the property (C); that
is, satisfy the condition that for all i (1 =i = N) the partial sums of the first i
terms are less than i

We refer to Takacs (1967) p. 4 for this result; for a geometric proof more in
the spirit of the present paper, see Mohanty (1966b).

This completes the proof that the number of minimal lattice paths from

(0,0) to (a+(b—1)-n,n) not touching (P) before their endpoint is %(N)
n
where N=a +b -n.

3. Derivation of identities

Let us consider the hyperplane (P) defined above, and the parallel
hyperplane (¢ being another non-negative integer)

P Xo=a+c+(b-1)-X

Clearly any minimal lattice path from (0,0) to (@ + ¢ + (b — 1) n, n) on (P’) must
hit (P) for the first time at X = m for some m, 0=m = n. Indeed there are
precisely A, (a, b) such paths. Each can be completed in A._.(c, b) ways, as can
be seen by viewing (P’) relative to the coordinate system (Xg, X') where
Xo=Xo—a and X'= X — m. This, plus an obvious counting argument, com-
pletes the proof of (2).

Another identity which can be derived in a similar way is:

3) S An(@,b) Aunld - mb+d)= Au(a,b +d).

To get this one we consider the hyperplane (P) and the ‘steeper’ plane (P")
having the same Xo-intercept viz:

(P") Xo=a+(b+d-1)-X

Any minimal lattice path from (0,0) to (a + (b +d —1)- n,n) on (P") must
hit the hyperplane (P) for the first time at X = m for some m, 0 = m = n. Again
there are A.(a, b) such, and each can be completed in A._.(d - m, b + d) ways,
as we can see by viewing (P") relative to the coordinate system (Xg, X”) where

0=Xo—a—(b—1)-m, X"= X — m. Thus (3) follows in the same way as (2').

The general identity in Mohanty (1966a) is seen to be a combination of (2')

and (3). Another identity derived in Gould’s papers involves the expressions

__a (atbny
@ An(a, b) = a+bn n! -

Gould (1957 equation 6) shows that (2) holds with this definition of A.(a, b)
and one might wonder whether a geometric interpretation exists for the entities
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(4) similar to that derived for (2). I have been unable to find such an
interpretation although a probabilistic one exists, and Raney (1964) gives the
combinatorial interpretations of closely related expressions which lead to the
proof of (2) in this case. The definition (4) also suggests a generalisation not
discussed by Mohanty, namely

a f(a+b-n)"
a+b-n n!

@) Ad(a,b)=

where n!=n!n,!---m'andl-n =n,+ n,+ --- + n. The coeflicients A.(a, b)
defined by (1) approximate those defined in (4) when a and b are large so it is
reasonable to suppose that the convolution identity (2') also holds in this case.
This is indeed true, the result being deducible (with a little effort) from Raney
(1964).

4. Associated probability distributions

Let (p,,p) be a (k +1)-tuple with po>0, p1>0,---,p >0 and po+p, +
-+ +p.=1. Then if b-p =1, Mohanty (1966a) proved that

) S Ax(a,b)p5™ " p" = 1

where p” = pi'p;2---pix. We will offer an alternative derivation of (5) based
upon a random walk interpretation. To do this we consider the random walk on
the lattice points in the positive orthant in (k + 1)-space which begins at (0, 0)
and at each step moves along the X; axis one unit in the positive direction with
probability p; (0=j =k), steps being mutually independent and identically
constructed.

PROPOSITION 2. The probability that the above random walk ever hits the
hyperplane (P) is w°, where  is the smallest positive root of

k
(6) > pxt—x+po=0.
1

Proof. Let us define the function, in fact a probability generating func-
tion:

?) f(x) = po+ 2 px"

We will see that the probability that the walk ever hits (P) is w* where 7 is a
probability that the walk ever hits (P) when a =1, and that = is the smallest
positive root of the equation f(x)=x. The first assertion is an immediate
consequence of the assumed independence of the steps in the walk, as the
passage from (0,0) to.(P) can be viewed as a succession of independent and
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probabilistically identical passages from (0,0) to Xo=1+ (b —1)- X, from this
plane to Xo=2+(b—1) X, and so on up to (P).

Let m,(m) denote the probability that the walk hits the hyperplane (P) in
less than m steps. Clearly m,(m) 1 7 as m — . If m > 1 we may condition upon
the outcome of the first (random) step and find that

® m(m) = pot+ 3, pymy (m —1).

Now m,(m —1)= m,(m)=[m(m)]" and so we find that m,(m) satisfies the
inequality

©) 0= m(m) = f(m(m)).

Letting m — « we see from (8) and the remarks opening this proof that = = f()
and it follows from (9) that = is the smallest such positive root.

CoRrOLLARY. 7 =1 if and only if b-p =1.

Proor. This is easily derived using methods well known in the theory of
branching processes. See for example Harris (1963).

Let us define T to be random time, possibly infinite, which the walk takes to
hit the hyperplane (P). Then we have the distribution of T involving our
coefficients.

ProrositioN 2. (i) P(T=a+b-n)= A.(a,b)ps** " "p"
(ii) P(T <»)= 7" where 7 is defined above.

Proor. Result (i) follows from Proposition 1 and the definition of the
walk, whereas (ii) follows from the previous proposition.

COROLLARY 2. Identity (5) holds if b-p =1.

If we denote by T, the above random variable, then it is probabilistically
obvious that the first passage time 7... should be distributed as the sum of a r.v.
T, and another, independent, r.v. T.. This convolution property is equivalent to
(2') as is easily checked. Thus an alternative, probabilistic, proof of (2) could be
constructed. The details are left to the reader.

Finally we note that E{T.}=a/(1—b-p) can be proved in a manner
analogous to that used to obtain the equation for #. That is, by first deriving the
equation E{T.} = aE {T}, and then conditioning upon the outcome of the first
step obtaining

E(T)=po+ X p(1+E(T).

The variance formula for T, can be derived in a similar way.
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