Chapter 2
Nonlinear Discrete Dynamical Systems

In this chapter, the basic concepts of nonlinear discrete systems will be presented. The
Local and global theory of stability and bifurcation for nonlinear discrete systems
will be discussed. The stability switching and bifurcation on specific eigenvectors
of the linearized system at fixed points under specific period will be presented.
The higher singularity and stability for nonlinear discrete systems on the specific
eigenvectors will be developed. A few special cases in the lower dimensional maps
will be presented for a better understanding of the generalized theory. The route to
chaos will be discussed briefly, and the intermittency phenomena relative to specific
bifurcations will be presented. The normalization group theory for 2-D discrete
systems will be presented via Duffing discrete systems.

2.1 Discrete Dynamical Systems

Definition 2.1 For Q, € %" and A C #™ with a € Z, consider a vector function
f, : Qu x A — Q4 which is C" (r > 1)-continuous, and there is a discrete (or
difference) equation in the form of

Xi+1 = fo (Xk, Po) fOr Xg, Xpy1 € Qo k € Z and py € A. 2.1
With an initial condition of X; = Xq, the solution of Eq.(2.1) is given by

xi = £y (fe (- - - (£ (X0, P))))
k (2.2)
forx; € Qu, k€ Zandp € A.

(i) The difference equation with the initial condition is called a discrete dynam-
ical system.

(ii) The vector function f, (Xy, py) is called a discrete vector field on domain 2.

(iii) The solution x;, for each k € Z is called a flow of discrete dynamical system.
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Fig.2.1 Maps and vector functions on each sub-domain for discrete dynamical system

(iv) The solution xj for all kK € Z on domain €2, is called the trajectory, phase
curve or orbit of discrete dynamical system, which is defined as

= {xk|xk+1 = f, (X, py) for k € Z and p,, € A} C Uy Ry - (2.3)
(v) The discrete dynamical system is called a uniform discrete system if
Xi+1 = fo Xk, Po) = £ (Xg, p) for k € Z and x4, € Q4 24)

Otherwise, this discrete dynamical system is called a non-uniform discrete
system.

Definition 2.2 For the discrete dynamical system in Eq. (2.1), the relation between
state x;, and state Xz | (k € Z) is called a discrete map if

fo
Py Xj —> Xpq1 and X1 = Po Xy (2.5)

with the following properties:

Py py o xg M Xjtn and Xg 4y = Py, 0 Py, | 00 Py Xg (2.6)
where
Py = Py, 0 Pa, 00 Py. (2.7)
If Py, = Py, | == Py = Py, then
Py =P = PyoPyo---0P, (2.8)
with
P =P, 0P Vand PO =1 (2.9)

The total map with n-different submaps is shown in Fig.2.1. The map Py, with
the relation function fy, (ax € Z) is given by Eq.(2.5). The total map Py ) is
given in Eq. (2.7). The domains Q2, (o € Z) can fully overlap each other or can be
completely separated without any intersection.
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Definition 2.3 For a vector function in f, € #Z",f, : #" — %". The operator
norm of f, is defined by

fall = D Vaetr Kk Po) (2.10)

For an n x n matrix fy (Xi, po) = AeX; and Ay = (@jj)nxn, the corresponding norm
is defined by

n
Aall = D lagl. @.11)
ij=1

Definition 2.4 For Q, € %" and A C %™ with @ € Z, the vector function
fo (X, po) With £, : Q4 x A — Z" is differentiable at x; € 2, if

ofy (Xk, Pa)
8xk

i fo Xk + AXp, Po) — fo Xk, Pa)
= m .

2.12
Ax—0 AXj ( )

(X, p)

of, /0xy is called the spatial derivative of f, (X;, py) at X, and the derivative is
given by the Jacobian matrix

ofy (Xk, Pa) _ |:3fix(i) ]
nxn

(2.13)
0Xj 0Xk(j)

Definition 2.5 For Q, C #" and A C %™, consider a vector function f(xy, p)
withf : Qy x A —> Z", where x; € Q4 and p € A with k € Z. The vector function
f (xx, p) satisfies the Lipschitz condition

[1E(yk. p) — £k DI < Lilyk — x| (2.14)

with X;, yr € Q4 and L a constant. The constant L is called the Lipschitz constant.

2.2 Fixed Points and Stability

Definition 2.6 Consider a discrete, nonlinear dynamical system X;; = f(xi, p) in
Eq.(2.4).

(i) A point x}i € Qq is called a fixed point or a period-1 solution of a discrete
nonlinear system x ;1 = f(xi, p) under map Py if for x| = X = X},

x; = f(x},p) (2.15)

The linearized system of the nonlinear discrete system x;,; = f(Xg, p) in
Eq.(2.4) at the fixed point x; is given by
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Yi+1 = DP(X[, p)yi = DE(X[, p)y (2.16)

where
Yk =X, — X and yrp1 = Xpq1 — X (2.17)

(i) A set of points X]* € Qa/.( a;j € Z) is called the fixed point set or period-1
point set of the total map P, with n-different submaps in nonlinear discrete
system of Eq.(2.2) if

Xlz+j+1 = faﬂ (Xlt*ﬂ" Po;) forj € Z4 and j/ = mod(j, n) + 1; 2.18)
Xk+ mod (j,n) = Xk'

The linearized equation of the total map Px.,) gives

yk.+j+l = DPD(_]-/ (Xlt+j’ pot/-/)ykJrj = Dfot/-/ (X/t+j’ Pozj/))’kJrj
With Yipjp1 = Xkpjp1 — X g and Y = Xk — X (2.19)
forj € Zy and j' = mod(j, n) + 1.

The resultant equation for the total map is
Yitj+1 = DPeny (X5, P)Yij forj € Zy (2.20)

where

1
DP(k,n) (Xi’ p) = Hj:n DPotj (X/t+/_11 p)

= DPOln (X]t+”,] s pan) """ DPOQ (X]t+] s paz) : DPO!] (X]ta pal)
= Dfoy, (X 415 Pay) - Dfoy (X4 1> Par) + Dfy (X5, Pory)-
2.21)

The fixed point X lies in the intersected set of two domains €2 and Q4 , as
shown in Fig.2.2. In the vicinity of the fixed point x;/, the incremental relations in the
two domains €24 and €2 are different. In other words, setting y; = x; — x;’ and
Yir1 = Xkp1 — Xj 41> the corresponding linearization is generated as in Eq. (2.16).
Similarly, the fixed point of the total map with n-different submaps requires the
intersection set of two domains €2 and 24, which are a set of equations to obtain
the fixed points from Eq.(2.18). The other values of fixed points lie in different
domains, i.e., Xl’-‘ €eQ(=k+1,k+2,.--- ,k+n—1), as shown in Fig.2.3.

The corresponding linearized equations are given in Eq. (2.19). From Eq. (2.20),
the local characteristics of the total map can be discussed as a single map. Thus,
the dynamical characteristics for the fixed point of the single map will be discussed
comprehensively, and the fixed points for the resultant map are applicable. The results
can be extended to any period-m flows with P,

Definition 2.7 Consider a discrete, nonlinear dynamical system x5, = f(X, p)
in Eq.(2.4) with a fixed point x;.. The linearized system of the discrete nonlinear
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Fig.2.2 A fixed point
between domains €2 and
Q.+ for a discrete
dynamical system

Xiin f

Fig.2.3 Fixed points with n-maps for a discrete dynamical system

system in the neighborhood of x} is yx1 = DE(X[,p)yx (y/ = X, — Xx; and
I=k,k + 1) in Eq.(2.16). The matrix Df(x};, p) possesses n; real eigenvalues
[Ajl <1 (j € Ni),ny real eigenvalues |Aj|>1 (j € Nz),n3 real eigenvalues
Aj=1 (j € N3), and n4 real eigenvalues Aj =—1 (j € Ny). N={1,2, - ,n} and
Ni={li, b, -, L, }U@ (i=1,2,4) withl,, e N (m=1,2,--- ,n;)). NNCNUDZ,
U,321Ni =N, ﬂ?lei = and Eleni = n. The corresponding eigenvectors for con-
traction, expansion, invariance and flip oscillation are {v;;} (j; € N;) (i=1,2,3,4),
respectively. The stable, unstable, invariant and flip subspaces of yx 1.1 = Df(x}, p)y«
in Eq.(2.16) are linear subspace spanned by {v;} (j; € N;) (i = 1,2,3,4),
respectively, i.e.,

= span {v;

(DE(xE, p) — LDV, =0, | .
Al<1l,je NS NUB

= span {vj

&
K
[

i

(DE(xE, p) — LDy, =0, |
Ml>1,je N, CNUD
(2.22)

A=1jeN;CSNUDZ

(Df(x;, p) — 4Dy, =0, ] .

= span

0 p) — ADv; =0,
A=—-ljeN,CSNUG |
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where

&5 = &5 UES with

&5 = span [vj (()D: (;j‘kj) ].‘;g?lnff';?@ . ] : (2.23)
&y = span [Vj (_D1fiX§] E)O_, jkjél)]\‘;/{" :§ 0N U ] ;

£V = £ U & with

& = span [Vj gj)i()l(/tf;) ]:751\12‘]7(73 (; } ; (2.24)

(DE(x;, p) — A Dv; =0, ] ,

S — .
go_Sp“”IVf 1<, jeNSCNU®D

[T3e L]

where subscripts “m” and “0” represent the monotonic and oscillatory evolutions.

Definition 2.8 Consider a 2n-dimensional, discrete, nonlinear dynamical system
X1 = f(X, p) in Eq.(2.4) with a fixed point x;. The linearized system of the
discrete nonlinear system in the neighborhood of X} is yx11 = DE(x}, p)yk (y1 =
x;—x; and/ = k, k+1) in Eq.(2.16). The matrix Df (x}, p) has complex eigenvalues
a; £ ip; with eigenvectors u; & iv; (j € {1,2,--- , n}) and the base of vector is

B={u,vi, -, w,vjug, 0, v, (2.25)

The stable, unstable and center subspaces of yxi1 = Dfi(x}, p)yx in Eq.(2.16)
are linear subspaces spanned by {w;,v;} (i € N;, i = 1,2,3), respectively.
N ={L2,--,nyplus N; = {l},h,--- , [,,} U € NU@ with [, e N (m =
1,2,---,m). U, N; = N withn}_| N; = @ and £3_,n; = n. The stable, unstable
and center subspaces of yx 11 = Df(x}, p)yx in Eq.(2.16) are defined by

V-f:\/aj‘2+ﬂ.1'2<l’
& = span 1 (W, Vi) | (DE(xt, p) — (o £ifpI) (wj £iv) =0, [
JENl g{laza"' 7n}U®

1= /oej2+,3j2>l,
&% = span \ (W, ;) | (DE(xE, p) — (o £ i) (wj £iv) =0, [
]€N2§{112,"an}ug
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=y =1,
&% = span \ (W Vi) | (DE(xt, p) — (0 £ i) (wj £ivj) =0, [~ (220
j€N3 g {1721"' ’n}Ug

Definition 2.9 Consider a discrete, nonlinear dynamical system x;; = f(xg, p) in
Eq.(2.4) with a fixed point x}.. The linearized system of the discrete nonlinear system
in the neighborhood of x; is yx 1 = DE(X], p)yx (y; = x; —x; and [ =k, k + 1)
in Eq.(2.16). The fixed point or period-1point is hyperbolic if no eigenvalues of
Df(xlt, p) are on the unit circle (i.e., [Aj] # 1forj =1,2,--- ,n).

Theorem 2.1 Consider a discrete, nonlinear dynamical system Xj41 = f (X, p) in
Eq.(2.4) with a fixed point X7 . The linearized system of the discrete nonlinear system
in the neighborhood of X is yx 1 = DE(X], p)yk (y1 =X — X} and | =k, k+1) in
Eq.(2.16). The eigenspace of Df(x}, p) (i.e., & € %") in the linearized dynamical
system is expressed by direct sum of three subspaces

E=EHE" P ES (2.27)

where &°, &" and &€ are the stable, unstable and center subspaces, respectively.
Proof This proof is the same as the linear system in Appendix B. |

Definition 2.10 Consider a discrete, nonlinear dynamical system x5 = f(xg, p)
in Eq. (2.4) with a fixed point x}. Suppose there is a neighborhood of the equilibrium
x; as Ug(x}) C S, and in the neighborhood,

o IIf(; + yi. p) — DE, Pyiell
[ykl|—0 [yl

0 (2.28)

and
Yi+1 = DE(XE, P)Yk- (2.29)
(i) A CT invariant manifold
Foe i, X)) = (X € Ux)| lim xpy; = xj and Xy,
J=Hoo (2.30)
e U(x}) with j € Zy}

is called the local stable manifold of x7, and the corresponding global stable
manifold is defined as
(X X]t) = UjeZ,f(%oc(xk+jv Xlt+j))

o) . (2.31)
=Ujez_f (Yo (Xge» Xp0))-
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(ii)) A C" invariant manifold %}, (X, X})

WUoe X, X)) = {x) € U(x))| lim Xpy; = x; and Xz
J=me (2.32)
€ U(xp) withj € Z_}

is called the unstable manifold of x*, and the corresponding global stable
manifold is defined as

U (X, X;t) = UjeZJrf(éZ/lac(Xk-&-jv XZ-I—_/'))

) (2.33)
= jeZ_,.f(])(%ac(xk’ X]t))
(iii) A C™! invariant manifold €,.(x, x*) is called the center manifold of x* if
Gloc (X, X*) possesses the same dimension of &€ for x* € .7 (x, x*), and the
tangential space of Cj,.(X, x*) is identical to &°.

As in continuous dynamical systems, the stable and unstable manifolds are unique,
but the center manifold is not unique. If the nonlinear vector field f is C°°-continuous,
then a C" center manifold can be found for any r < oo.

Theorem 2.2 Consider a discrete, nonlinear dynamical system Xy, = f(Xi, p)
in Eq.(2.4) with a hyperbolic fixed point x}.. The corresponding solution is Xy ; =
f(Xx1j—1,P) with j € Z. Suppose there is a neighborhood of the hyperbolic fixed
point x;. (i.e., Ux(x})) C Qq), and f(xy, p) is C" (r > 1)-continuous in Ui (x}). The
linearized system is yyyj+1 = DY, P)yis; 1 = xj—x; and | = k+j, k+j+1)
in Ur(x}). If the homeomorphism between the local invariant subspace E(x}) C
U(x}) and the eigenspace & of the linearized system exists with the condition in
Eq.(2.28), the local invariant subspace is decomposed by

EXpe, Xi) = Floe X, Xi) © Yoe Xic, X)) (2.34)
(@) The local stable invariant manifold %},.(X,X*) possesses the following
properties:

(i) for x; € Spec(Xic, X5)s Lpoc(Xke, Xi) possesses the same dimension of & and
the tangential space of S}pc (X, X)) is identical to &°;
(i) for X € Floc(Xies Xi» Xiej € Floc (Xpes Xi) andjlln;o Xy =Xp forallj€Zy;

(iii) for Xk & Foc(Xic, X5, Xy — X|| = 8 for § >0 with j, j1 € Zy andj >
Jj1=0.

(b) The local unstable invariant manifold %jyc(Xi., X;.) possesses the following prop-
erties:

(i) for x; € Uoe(Xk» X)), Ujoc(Xk, X)) possesses the same dimension of & and
the tangential space of Ujec(Xi, X;.) is identical to &;
(i) for Xy € Ujoc(Xye» Xz)v Xie+j € Wioe Xk, X/t) and lim Xi+j = x* for all
j——00

JEZ_
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i) forxp ¢ oe(x, X*), |[Xpyj—X(|| = 8 for8 > Owithji,j € Z—andj < jy <O0.
Proof See Hirtecki (1971). [

Theorem 2.3 Consider a discrete, nonlinear dynamical system Xj41 = (X, p) in
Eq.(2.4) with a fixed point X;.. The corresponding solution is Xjy; = f(Xg1;-1, p)
with j € Z. Suppose there is a neighborhood of the fixed point x. (i.e., Ui (x}) C
Qq), and £(xi, p) is C" (r = 1)—continuous in Ui (x}). The linearized system is
Yirj+1 = DY, P)Yirj (Vi = Xkt — X3) in Up(X}). If the homeomorphism
between the local invariant subspace E(x) C U(x}) and the eigenspace & of the
linearized system exists with the condition in Eq. (2.28), in addition to the local stable
and unstable invariant manifolds, there is a C"~! center manifold €pe (X, x;). The
center manifold possesses the same dimension of &€ for X* € Cjoc(Xi, X}.), and the
tangential space of €, (X, X*) is identical to &€. Thus, the local invariant subspace
is decomposed by

E(x, X]t) = S (X, X]t) © Yoe Xk X]t) ® Cloc (X, X]t) (2.35)

Proof See Guckenhiemer and Holmes (1990). |

Definition 2.11 Consider a discrete, nonlinear dynamical system x5 = f(xg, p)
in Eq. (2.4) on domain @, € £". Suppose there is a metric space (R4, p), then the
map P under the vector function f(xy, p) is called a contraction map if

po)x2) = ot p). txP p)) < 2o xP)  (236)

1 @ (1)

for i € (0, 1) and x|, x) € @ with p(x\”, x) = [Ix\V — x|].

Theorem 2.4 Consider a discrete, nonlinear dynamical system X4, = f (X, p) in
Eq. (2.4) on domain Q, C Z". Suppose there is a metric space (R, p), if the map
P under the vector function f (X, p) is a contraction map, then there is a unique fixed
point x; which is globally stable.

Proof Consider

(1) x? (1) 2 @O @
p(Xk+j+l’ k+1+1) p(f(xk_;’_]s p)v f(xk+]a p)) S )\'Io (Xk+] Xk-H)

1 2 1 2
=@ P FC_ P < A2 X )

— 1 2 1 1 2
= pdx) | o, fxC) L) < Wy x()

Asj — ooand 0 < A < 1, thus, we have

: (D (2) j (1) (2) _
jli)r& PGy K1) = 11m Mot x7) =0
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If x](czlj = x,(cz) = x7, in domain Q, € %", we have

: (D 2) T (n CoWN] —
jl_l)rgop(xkﬂﬂ’ Xiyj1) —jlggo i — Xl =0

Consider two fixed points x;; and x;,. The above equation gives
* k : k k
X — Xl = Iim ||X;, — Xpkqjp1 + Xpyjr1 — X
Il k1 k2|| j—>oo|| k1 k+j+1 k+j+1 k2||

< lim ||X}; — X4 4+ lim ||Xpsive1 — X5H|| =0
_j—>oo|| il kil j_)oo|| k+j+1 ol

Therefore, the fixed point is unique and globally stable. This theorem is proved. W

Definition 2.12 Consider a discrete, nonlinear dynamical system x| = f(Xg, p)
in Eq.(2.4) with a fixed point x;.. The corresponding solution is given by Xz;; =
f(Xx4/—1, p) withj € Z. Suppose there is a neighborhood of the fixed point x}, (i.e.,
Uk(x;) C q), and f(xi, p) is C" (r > 1)-continuous in Uy (x}). The linearized
system is Yiij11 = DE(X, P)Yk+j (Vitj = Xkt — X;) in Ug(x}). Consider a
real eigenvalue A; of matrix Df(x,t, p) (i € N = {1,2,---,n}) and there is a
corresponding eigenvector v;. On the invariant eigenvector V,(C’) = v;, consider y,(;) =
() (O] O]

) _ RSN () Iy @ _ 5 0
¢ Vi and Yig1 = G Vi= AiCp Vi, thus, Cry1 = ricy”.

(@)

@) X, on the direction v; is stable if
lim e’ = lim [()F] x [c§] = 0 for A;] < 1. (2.37)
k— o0 k—o00
(i) x\” on the direction v; is stable if
. O _ 1 N M _ _
lim |¢;”| = lim [(4;)"] X |¢y’| = oo for IA;| > 1. (2.38)
k—o0 k— o0

(iii) X](Ci) on the direction v; is invariant if

lim ¢’ = lim (.p)Fcef) = ¢ fora; = 1. (2.39)
k—o00

k—o0

@iv) x,(f) on the direction v; is flipped if

B % = am () ey =

— 00 — 00 i

lim ¢ = lim ()%t x ) =~ ford; ==L (240
2k+1—00 k 2k+1—00 ' 0 0

) x,(f) on the direction v; is degenerate if

o’ = (fel) =0 for ;= 0. (2.41)
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Definition 2.13 Consider a discrete, nonlinear dynamical system x4, = f(x, p)
in Eq.(2.4) with a fixed point x}.. The corresponding solution is given by X;;; =
f (X441, p) withj € Z. Suppose there is a neighborhood of the fixed point x}. (i.e.,
Uk (x}) C S24), and f(xg, p) is C" (r > 1)-continuous in Uy (x;). Consider a pair of
complex eigenvalues o; £if; of matrix Df(x;, p) (i € N={1,2,--- ,n},i= Jv—=1)
and there is a corresponding eigenvector u; =+ iv;. On the invariant plane of

(ll;((i)a V,((i)) = (u;, v;), consider x,((i) = X,(gr + X;((l), with

x,(cl) = c](cl)u,- + d,il)vi, X](;j_l = cl(;)rlui + d,&)rlvi. (2.42)

Thus, ¢’ = (c\”, d\")T with

), =Eic)’ = rR;c) (2.43)
where
Ei = |:_al /31:| and Ri = |:_C0S9l9 Sani.i| s
Bi o; sin 0; cos 6; (2.44)
rp = ,/a,-z + ,3,-2, cos6; = «;/ri and sinb; = B;/ri;
and
k .
k| o Bi k| coskt; sink®;
E = [—,B,- a,-] and R; = [— sin k0; cosk6; | (2.45)
(i) x](f) on the plane of (u;, v;) is spirally stable if
lim |lel’]] = Tim | RE[] x [1e{ |l = 0 for r; = In;] < 1. (2.46)
k— o0 k— o0
(i) xl(f) on the plane of (u;, v;) is spirally unstable if
lim [e{”]] = lim rX|RE[] x [1ef’ || = oo forry = 14| > 1. (2.47)
k— o0 k—o0
(iii) x,(f) on the plane of (u;, v;) is on the invariant circles if,
e 11 = rFIREN] < 11efI] = [leg || for ry = 1a;] = 1. (2.48)

@iv) x,(f) on the plane of (u;, v;) is degenerate in the direction of u; if g; = 0.

Definition 2.14 Consider a discrete, nonlinear dynamical system X4 = f(X, p)
in Eq.(2.4) with a fixed point x;.. The corresponding solution is given by X;4; =
f (X441, p) withj € Z. Suppose there is a neighborhood of the fixed point x}. (i.e.,
Ur(x}) C Qq), and f(x4, p) is C" (r > 1)-continuous in Uy (x}) with Eq.(2.28).
The linearized system is yj ;41 = DEX}, P)Yitj (Yt = Xkt — X5) in U (x).
The matrix Df(x}, p) possesses n eigenvalues Ax (k = 1,2, ---n).
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(i) The fixed point x;’ is called a hyperbolic point if [A;| # 1 (i = 1,2,--- , n).
(i) The fixed point x}’; is called asink if |A;| <1 (i =1,2,---,n).
(iii) The fixed point x}; is called a source if |A;| > 1(i € {1,2, ---n}).
(iv) The fixed point x}. is called a center if [A;| = 1 (i = 1,2, ---n) with distinct
eigenvalues.

Definition 2.15 Consider a discrete, nonlinear dynamical system x4, = f(X, p)
in Eq.(2.4) with a fixed point x}.. The corresponding solution is given by X;;; =
f (X441, p) withj € Z. Suppose there is a neighborhood of the fixed point x}; (i.e.,
Ur(x;) C Qq), and f(xg, p) is C" (r > 1)-continuous in Uy (x}) with Eq.(2.28).
The linearized system is y ;41 = DE(X}, P)Yir (Ve = Xk — Xp) in Up (X)),
The matrix Df(x}i, P) possesses n eigenvalues A; (i = 1,2, ---n).

(i) The fixed point x}’; is called a stable node if |1;| <1( = 1,2, ---,n).
(ii) The fixed point x}, is called an unstable node if [A;[>1 (i = 1,2,---, n).
(iii) The fixed point x;; is called an (/; : /)-saddle if at least one |A;| > 1(i € L;
{1,2,---n}) and the other |A;| <1 (j € L, C {1,2,---n}) with L; U L, =
{1,2,---,nfand Ly N L, = @.
(iv) The fixed point x,t is called an /th-order degenerate case if A; = 0 (i € L C
{1,2,---n}).

N

Definition 2.16 Consider a discrete, nonlinear dynamical system x5 = f(xg, p)
in Eq.(2.4) with a fixed point x;.. The corresponding solution is given by x;; =
f(Xx4j—1, p) withj € Z. Suppose there is a neighborhood of the fixed point x}. (i.e.,
Uk (x;) C Qq), and f(x, p) is C" (r > 1)-continuous in Uy (x})) with Eq.(2.28).
The linearized system is yj ;1 = DEXE, P)Yitj Vit = Xkt — Xi) in Up(x).
The matrix Df (x}z, p) possesses n-pairs of complex eigenvalues A; (i = 1,2, ---, n).

(i) The fixed point x]t is called a spiral sink if [X;|<1 (@ = 1,2,---,n) and
Imi; #0 (G € {1,2,---, n}).
(i1) fixed point X]t is called a spiral source if [A;| > 1 (i = 1,2, ---, n) withIm A; #
0Ge{l,2,---,n}).
(iii) fixed point x; is called a center if [A;| = 1 with distinct Im2; # 0 (i €
{17 29 ) n})'

As in Appendix B, the refined classification of the linearized, discrete, nonlinear
system at fixed points should be discussed. The generalized stability and bifurcation
of flows in linearized, nonlinear dynamical systems in Eq. (2.4) will be discussed as
follows.

Definition 2.17 Consider a discrete, nonlinear dynamical system x; . =f(xx, p)
in Eq.(2.4) with a fixed point x7'. The corresponding solution is given by Xy ; =
f(Xk4j—1, p) with j € Z. Suppose there is a neighborhood of the fixed point x}; (i.e.,
Uk (x}) C Qq), and £(xi, p) is C" (r > 1)-continuous in Uy (x;) with Eq. (2.28). The
linearized system is i1 =DEX], P)Yi+j (Vitj =Xy — X)) in Up(x}). The
matrix Df(xz, P) possesses n eigenvalues A; (i=1,2,---n). Set N={1,2,---,n},
sz{l1,12,~~,lnp}U® with lqp eN (g=12,---,ny, p=1,2,---,7) and
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S mp+28)_smy=n.U)_N,=Nand]_ N, =2.N, =ifng, =0.Ny = N’
UN, (e=1,2)and NJ' N N3 = @ with n}} + ng, =ney, where superscripts “m” and
“0” represent monotonic and oscillatory evolutions. The matrix Df (x}, p) possesses
ni-stable, ny-unstable, n3-invariant and n4-flip real eigenvectors plus ns-stable, ng-
unstable and n7-center pairs of complex eigenvectors. Without repeated complex
eigenvalues of |1;| = 1(7 € N3 U N4 U N7), aniterative response of x| = f(Xg, p) is
an ([n}", n{]: [n5', n§) : [n3; k3] : [n4; k4]| 15 : ng : n7) flow in the neighborhood of the
fixed point Xz. With repeated complex eigenvalues of |A;| =1 (i € N3U N4 U N7),
an iterative response of x; | =f(xi, p) is an ([n}", n{]: 15, n3]: [n3; k3] : [n4; k4]
|ns :ng: [n7,[; k7]) flow in the neighborhood of the fixed point xz where k, €
{9, mp} (p=3,4,7). The meanings of notations in the aforementioned structures
are defined as follows:

(i) [n]", n{] represents that there are n;-sinks with #}"-monotonic convergence
and #n{-oscillatory convergence among n1-directions of v; (i € N) if [A;| < 1
(k € Ny and 1 < ny < n) with distinct or repeated eigenvalues.

(ii) [n3', n3] represents that there are np-sources with n3'-monotonic diver-
gence and nJ-oscillatory divergence among n;-directions of v; (i € N») if
[Ail > 1 (k € Ny and 1 < np < n) with distinct or repeated eigenvalues.

(iii) n3 = 1 represents an invariant center on 1-direction of v; (i € N3) if Ay =
1(eNsandns =1).

(iv) nq = 1 represents a flip center on 1-direction of v; (i € Ny) if A; = —1 (7 €
Ngand ng = 1).

(v) ns represents ns-spiral sinks on ns-pairs of (u;, v;) (i € Ns5) if |A;] <1 and
Im A; # 0 (i € N5 and 1 < n5 < n) with distinct or repeated eigenvalues.

(vi) ng represents ng-spiral sources on ng-directions of (u;, v;) (i € Ng) if [A;| > 1
andIm A; # 0 (i € Ngand 1 < ng < n) withdistinct or repeated eigenvalues.

(vii) m7 represents n7-invariant centers on n7-pairs of (u;, v;) (i € N7) if |A;| =1
andIm XA; # 0 (i € N7 and 1 < n7 < n) with distinct eigenvalues.

(viii) @ represents noneif n; =0 (j € {1, 2,---,7}).

(ix) [n3; k3] represents (n3 — «3) invariant centers on (n3 — «3) directions of
Viy (i3 € N3) and k3-sources in k3-directions of v, (j3 € N3 and j37# i3)
if A; = 1 (i € N3 and n3 < n) with the (x3 + 1)th-order nilpotent matrix
NS =0 (0<i3 <n3—1).

(x) [n3; @] represents n3 invariant centers on nsz-directions of v;(i € N3) if
Ai =1 ( € N3 and 1 <n3 < n) with a nilpotent matrix N3 = 0.

(xi) [n4; k4] represents (n4 — k1) flip oscillatory centers on (14 — k4) directions
of v;, (i € N4) and k4-sources in k4-directions of v;, (j4 € N4 and j4 # iy)
if \; = —1 (i € N4 and ng < n) with the (k4 4+ 1)th-order nilpotent matrix
Nt — 0 (0<wg <mg —1).

(xii) [n4; @] represents ny flip oscillatory centers on n4-directions of v; (i € N3)
if A = —1 (i € N4 and 1 < ng < n) with a nilpotent matrix Ng = 0.

(xiii) [n7,/; k7] represents (n7 — k7) invariant centers on (n7; — k7) pairs of
(uj;, vi;)(i7 € N7) and k7 sources on k7 pairs of (u;,,v;;) (j7 € N7 and
Jj7 # i7)if [l = landIm A; # 0 (i € N7 and n; < n) for (/ + 1)
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pairs of repeated eigenvalues with the («7 + 1)th-order nilpotent matrix
NS =0 (0 <7 < D).

(xiv) [ny, l; @] represents nz-invariant centers on ny-pairs of (u;, v;)(i € Ng) if
[Ail =1landIm A; #0 (i € N7and 1 < ny < n) for (/ + 1) pairs of repeated
eigenvalues with a nilpotent matrix N7 = 0.

Definition 2.18 Consider a discrete, nonlinear dynamical system X =f(X, p)
in Eq.(2.4) with a fixed point x;'. The corresponding solution is given by xj,; =
f(Xk4j—1, p) with j € Z. Suppose there is a neighborhood of the fixed point x}’ (i.e.,
Uk (x) C Qq), and f(x¢, p) is C" (r > 1)-continuous in Uy (x;) with Eq. (2.28). The
linearized system is i1 =DEX], P)Yitj (Vitj =Xy — X)) in Up(x}). The
matrix Df(x,t, P) possesses n eigenvalues A; (i=1,2,---n). Set N={1,2,---,n},
Np={lh,b, - I, }UD with [y, eN (¢p=1,2,---,np, p=1,2,---,7) and
Sy +2 2] _snp=n.U_ Ny=Nand)_Np=2.N, =02 ifng, =0. Ny =
NP UNg (e=1,2) and NJ'NN; = @ with n}} + n) = ny, where super-
scripts “m” and “o0” represent monotonic and oscillatory evolutions. The matrix
Df (xz, p) possesses nj-stable, ny-unstable, n3-invariant, and n4-flip real eigenvec-
tors plus ns5-stable, ng-unstable and n7-center pairs of complex eigenvectors. With-
out repeated complex eigenvalues of |A;| = 1(k € N3 U N4 U N7), an iterative
response of X; | = £(xx, p) isan ([n}", n1: [n]', n3]: [n3; k3] : [n4; k41| 15 :ng : 117)
flow in the neighborhood of the fixed point x;. With repeated complex eigenval-
ues of |A;|=1 (ie N3UN4UN7), an iterative response of Xj1 =f(xg, p) is an
([, nS] 2 [n3', n3] < [n3; K3] < [n4; k4l|ns i ng 2 [n7, [5 k7]) flow in the neighborhood
of the fixed point Xz , where k, € {T, m,}(p =3,4,7).

1. Non-degenerate cases

(i) The fixed point x, is an ([n}', n{] : [n5', n3] : @ : Sns : ne : B) hyperbolic
point.
(i1) The fixed point X;t isan ([n)",n]] : [@, @] : @ : B|ns : & : @)-sink.
(iii) The fixed point xj is an ([@, @] : [n5', ] : & : D|D : ne : @)-source.
(iv) The fixed point XZ isan ([0,9] : [©,9] : @ : &Y : @ : n/2)-circular
center.
(v) The fixed point x; is an ([@, @] : [@, 2] : @ : @|@ : T : [n/2,]; T])-
circular center.
(vi) The fixed point X}: isan ([@, 2] :[9,9]:9: 9|9 : 9 :[n/2,l; m])-point.
(vii) The fixed point x}. is an ([n}", n{] : [@, @] : @ : S|ns : & : n7)-point.
(viii) The fixed point xj is an ([&, @] : [ny', nS] : & : S| : ng : n7)-point.
(ix) The fixed point xj is an ([n}', n{] : [n3', nS] : & : D|ns : ne : n7)-point.

I1. Simple special cases

(i) The fixed point x}i isan ([9, 9] : [0, 9] : [n; D] : T|D : D : I)-invariant
center (or static center).
(ii) The fixed point x,t isan ([@, 9] : (9, 9] : [n;m] : D|D : T : &)-point.
(iii) The fixed point xz isan ([@, 9] : [9,9]: @ : [n; O]|2 : & : @)-flip center.
(iv) The fixed point xz isan ([@, 9] : [2,9]: @ : [n;m]|D : D : &)-point.
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(v) The fixed point x;: is an ([@, 9] : [, D] : [n3; k3] : [n4; k4]|1D : O @ D)-

point.

(vi) The fixed point x/f isan ([@, @] : [@, D] : [1; D] : [n4; k4]|D : @ : D)-point.
(vii) The fixed point XZ isan ([@, @] : [9, D] : [n3; k3] : [1; D]|D : @ : &)-point.
(viii) The fixed point x;; isan ([, @] : (@, 9] : [n3; k3] : [D; DD : @ : ny)-

point.

(ix) The fixed pointx}‘; isan ([@, @] : [@, 9] :[1; 2] : [9; D]|D : D : ny)-point.

(x) The fixed pointx is an ([, 9]: [, @] :[n3; k3] : [; DD : @ : [n7, [; k7])-

point.

(xi) The fixed point X;: isan ([@, @] : (@, D] : [D; D] : [n4; k4]|D : D : ny)-

point.
(xii) The fixed point x,t isan ([@, 9]:(2, D] :(D; D] : [n4; k411D : D : [n7, [; k7])-
point.

(xiii) The fixed point X/t is an ([2, 9] : (@, D] : [n3; k3] : [n4; k4]|D © D : n7)-
point.

(xiv) Theﬁxedpointx}: isan ([, @] : (@, @] :[n3; k3] : [n4; k411D : @ : [n7, [; k7])-
point.

III. Complex special cases

(i) The fixed point xJ_ is an ([n}', n{] : [n3', nS] : [1; @] : [@; D|ns : ne : n7)-
point.
(ii) The fixed point x is an ([n", n{] : [n3', nS] @ [1; @] : [@; @]|ns : ne :
[n7, [; 7])-point.
(iii) The fixed point x is an ([#", n{] : [#5', n3] : [@; @] : [1; @]|ns : ng : ny)-
point.
(iv) The fixed point x; is an ([#", n{] : [#5,n3] : [@:; @] : [1; Dlins : ne :
[n7, I; k7])-point.
(v) The fixed point X} is an ([#}", n{] : [n5', 03] : [n3; k3] : [n4; k4llns = ng = n7)-
point.
(vi) The fixed point x} is an ([n}", n{] : [13', n5] @ [n3; k3] @ [n4; k4llns : ne :
[17, I; k7])-point.
(vii) The fixed point x is an ([n}", n7] : [n5', nS] : [n3; &3] : [n45 Kk4llns : ng = n7)-
point.
(viii) The fixed point XZ is an ([n", n9] @ [0S, nS] @ [n3; k3] = [n4; kallns © ne -
[17, [; k7])-point.

Definition 2.19 Consider a discrete, nonlinear dynamical system x5 = f(Xg, p)
in Eq.(2.4) with a fixed point x;.. The corresponding solution is given by x;; =
f(Xx1j—1,p) with j € Z. Suppose there is a neighborhood of the fixed point
x; (ie., Up(xy) C Q), and f(xg, p) is C" (r > 1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yx1;11 = DY, P)Yitj (Yt = Xkyj — X))
in Uy (x}). The matrix Df (x}, p) possesses neigenvalues A; (i = 1,2, ---n).Set N =
{(L2,--on}, Ny ={l1, Lo, - -+, Iy, JUD withly, € N(gp=1,2,--,np, p=1,2,3,4)
and 27 my=n. Uj_; Ny=N and N)_;N, =&. N, =2 if nj, =0. Ny =N’ U
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Ny (@=1,2) and NJ' N Ny, = @ with n}} 4+ ny, = n, where superscripts “m”
and “o” represent monotonic and oscillatory evolutions. The matrix Df (x}, p) pos-
sesses n1-stable, ny-unstable, n3-invariant and n4-flip real eigenvectors. An iterative
response of X1 = f(Xg, p) is an ([, n3] : [n5, n3] : [n3; &3] @ [n4; k4]] flow in
the neighborhood of the fixed point X}:. kp € (D, mp} (p =3,4).

1. Non-degenerate cases

(i) The fixed point x; is an ([n", n{] : [#5', n5] : @ : @] saddle.
(ii) The fixed point xj is an ([1n}', n{] : [@, @] : & : J|-sink.
(iii) The fixed point x is an ([@, @] : [n5', n] : & : T|-source.

IL. Simple special cases

(i) The fixed point Xlt is an ([9, 9] : [9, D] : [n; @] : J|-invariant center (or
static center).

(i1) The fixed point xl’z isan ([@, @] : [, @] : [n; m] : &|-point.
(iii) The fixed point xz isan ([@, &] : [9, @] : & : [n; &]|-flip center.

(iv) The fixed point x}i isan ([&, D] : [9, @] : & : [n; m]|-point.

(v) The fixed point x;’; isan ([&, D] : [, D] : [n3; k3] : [n4; ka]|-point.

(vi) The fixed point xz isan ([@, @] : [@, @] : [1; D] : [n4; ka]|-point.
(vii) The fixed point x,”{‘ isan ([@, 9] : [, @] : [1n3; k3] : [1; D]|-point.
(viii) The fixed point Xz isan ([&, D] : [D, ] : [n3; k3] : [F; &]|-point.
(ix) T The fixed point x,t isan ([0, 9] : [D, D] : [D; D] : [n4; k4]|-point.

III. Complex special cases

(i) The fixed point x; is an ([n}", n{] : [n5', nS] : [1; 9] : [@; @]|-point.
(i1) The fixed point x}’; is an ([n)", n{] : [0, n3] : [@; @] : [1; &]|-point.
(iii) The fixed point xj is an ([n]", n{] : [n5', n3] : [n3; &3] : [n4; k4]|-point.

Definition 2.20 Consider a discrete, nonlinear dynamical system X =f(xz, p)
€ %" in Eq.(2.4) with a fixed point x;. The corresponding solution is given by
X4 =F(Xjj—1, p) with j € Z. Suppose there is a neighborhood of the fixed point
x; (i.e., Ur(x}) C Qq), and f(x¢, p) is C" (r > 1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yjy 11 = DE(X}, P)Yirj Vit = Xkt — X7)
in Uy (x}). The matrix Df(x}, p) possesses 2n eigenvalues A; (i = 1,2, ---, n). Set
N={1,2,--,n}, Ny={l,b, - lp,} U wWithly, € N (qp =1,2,---,nmp, p=
5,6,7) and B)_s np =n. Ul_s N, = N and N]_s N, = @. if ng, = 0. The matrix
Df (x}';, P) possesses ns-stable, ng-unstable and n7-center pairs of complex eigenvec-
tors. Without repeated complex eigenvalues of |1 | = 1(k € N7), aniterative response
of X1 =f(Xg, p) is an |n5:ng:n7) flow. With repeated complex eigenvalues of
|Ax]| =1 (k € N7), aniterative response of X, = f(Xg, p)isan|ns :ne : [n7, [; k7])
flow in the neighborhood of the fixed point x}, where «, € {&, m,}(p = 7).

1. Non-degenerate cases

(i) The fixed point x;’ is an |ns : ng : @) spiral hyperbolic point.
(ii) The fixed point X is an |1 : @ : &) spiral sink.
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(iii) The fixed point x} is an | : n : @) spiral source.
(iv) The fixed point x}’; is an | : & : n)-circular center.
(v) The fixed point X} is an |ns : & : n7)-point.

(vi) The fixed point xj is an |& : ng : n7)-point.

(vii) The fixed point Xz is an |ns5 : ng : ny)-point.

IL. Special cases

(i) The fixed point x; is an |@ : @ : [n, [; @])-circular center.
(ii) The fixed point X is an | : & : [n, [; m])-point.
(iii) The fixed point X}: isan |ns : @ : [n7,[; k7])-point.
(iv) The fixed point X/t is an |@ : ng : [n7, [; k7])-point.
(v) The fixed point X} is an |ns : ng : [n7, [; k7])-point.

2.3 Bifurcation and Stability Switching

To understand the qualitative changes of dynamical behaviors of discrete systems
with parameters in the neighborhood of fixed points, the bifurcation theory for fixed
points of nonlinear dynamical system in Eq. (2.4) will be investigated.

Definition 2.21 Consider a discrete, nonlinear dynamical system X1 =f(xx, p)
in Eq.(2.4) with a fixed point x7'. The corresponding solution is given by xj; =
f(Xx1j—1,p) with j € Z. Suppose there is a neighborhood of the fixed point
x; (e, Up(xp) C), and f(x¢,p) is C" (r>1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yj 1= DEX, P)Yivj (Yitj =Xkt — X)
in Uy(x}). The matrix Df(x;, p) possesses n eigenvalues A; (i=1,2,---n). Set
N={1,2,--,n}, Ny={lh,b,--- I} U with [, € N (gp=1,2,---,np,
p=1,2,-- D and £3_| nmp + 28] s my=n. Ul_s Ny=N and N)_|N,=2.
Np=0ifng, =0. Ny =Nj'UNy (@ =1,2)and Ny' N Ny = & with ny +ng =na,
where superscripts “m” and “o0” represent monotonic and oscillatory evolutions.
The matrix Df (x,t, P) possesses n1-stable, ny-unstable, n3-invariant and n4-flip real
eigenvectors plus ns-stable, ng-unstable and #7-center pairs of complex eigenvectors.
Without repeated complex eigenvalues of |A;| = 1(k € N3 U N4 U N7), an iterative
response of X | =f(x;, p) is an ([n]", n{]: [n]', 9] : [13; &3] : [n4; k4]| 15 16 : 117)
flow in the neighborhood of the fixed point x;.. With repeated complex eigenval-
ues of |Ax| =1 (k€ N3U N4 U N7), an iterative response of X;1| = (X, p) is an
([, nS]: [yt n3] < [n3: k3] < [n4; kallns :ng 2 [n7, [5 k7]) flow in the neighborhood
of the fixed point X}i, where k, € (@, my}(p =3,4,7).

1. Simple switching and bifurcation

() An ([n]',n0] : [ny', nS]: 1 : Ons : ne : D) state of the fixed point (X7, po) is
a switching of the ([n}", n} + 1] : [n3',n5] : @ : Sns : ne : @) spiral saddle
and ([}, n9] : [0y + 1,n3] : @ : D|ns : ng : @) spiral saddle for the fixed
point (x}., p).
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An ([n]', n{]: [0, n5] : @ : 1|ns : ne : @) state of the fixed point (x}, Po) is
a switching of the ([n]", n{ + 1] : [n)',n3] : @ : G| ns : ng : @) spiral saddle
and ([n]", n{] : (05", 0§ + 1] : @ : D|ns : ne : @) spiral saddle for the fixed
point (x};, p).

An ([n', n}] : [, @] : 1: Sns : & : @) state of the fixed point (X}:O, Po)isa
stable saddle-node bifurcation of the ([n]'+1,n0] : [@, @] : & : @|ns : @ : D)
spiral sink and ([#}", n{] : [1, @] : @ : B|ns : @ : D) spiral saddle for the fixed
point (x}, p).

An ([n)', n{]: [@, @] : @ : 1|ns : & : D) state of the fixed point (X7, Po) is a
stable period-doubling bifurcation of the ([n}"',n} + 1] : [@, D] : & : Sns :
@: @) sink and ([n)",n{] : [@,1] : @ : @|ns : @ : D) spiral saddle for the
fixed point (x}, p).

An ([@, 2] : [ny',n3] : 1 : DD : ne : D) state of the fixed point (), po) is
an unstable saddle-node bifurcation of the ([, @] : [n)' + 1,1] : @ : @|D :
ng : ) spiral source and ([1, @] : [n5', n3] : @ : D@ : ng : ) spiral saddle
for the fixed point (x;, p).

An ([@,92] : [ny',nS] : @ : 1|@ : ne : @) state of the fixed point (X}, po)
is an unstable period-doubling bifurcation of the ([&, @] : [nzm, ng +1]: 9 :
B|D : ng : @) spiral source and ([, 1] : [n)', nf] : @ : B|D : ng : ) spiral
saddle for the fixed point (x}, p).

An ([n}', 3] : [ny', n3] : @ : Bns : ng : 1) state of the fixed point (Xzo, Po) is
a switching of the ([n}',n}] : [n3',n5] : @ : DIns + 1 : ng : D) spiral saddle
and ([n]", n9] : (0], n9] : @ : Bns : ng + 1 : &) saddle for the fixed point
(X3, p)-

An ([n)', n{]: [@, @] : @ : SIns : @ : 1) state of the fixed point (X}, po) is a
Neimark bifurcation of the ([n}", n{] : [&, @] : @ : Dns + 1 : & : @) spiral
sink and ([n‘ln, n‘f] (@, 9] @ Ins : 1 : &) spiral saddle for the fixed point
(X, p)-

An ([@, @] : [ny', n5]: @ : D|D : ng : 1) state of the fixed point (), po) is an
unstable Neimark bifurcation of the ([@, @] : [n5',n5] : @ : @D 1 ng+1: D)
spiral source and ([&, @] : [, n3] : & : D|1 : ng : D) spiral saddle for the
fixed point (x}, p).

An ([}, n?] : [ny', n3] @ 1 : @lns @ ne : n7) state of the fixed point (x}, po)
is a switching of the ([n]" 4+ 1,n9] : [n5',n5] : @ : O|ns : ng : n7) state and
([n", mQ] < [ny' + 1,n5] : @ : Dlns : ne : n7) state for the fixed point (X}, p).
An ([n]', n?] : [ny', nS] : @ : 1ins : ne : n7) state of the fixed point (X}, Po)
is a switching of the ([n}', n} + 1] : [n)', n3] : @ : Slns : ne : n7) state and
([n}', ni1 = [0y, nS + 11 : @ : S|ns : ne : n7) state for the fixed point (x}, p).
An ([, n3] : [#5,n8] : 1 : @lns : ne : [n7,]; @) state of the fixed point
(X}, Po) is a switching of the ([n]" + 1,n7] : [0y, n3] : @ : Dlns : ne :
[n7,[; k7)) state and ([n}", Y] @ [n)' + 1, 18] : @ : D|ns : ne : [n7, [; k7]) state
for the fixed point (x}, p)-

An ([0}, n]] @ [ny',n5] © @ : 1|ns : ng : [n7,1; k7)) state of the fixed point
(X}» Po) is a switching of the ([#}",n] + 1] : [ny',n5] : @ : Dlns : ne :
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[n7,[; k7]) state and ([n]', n{] : [#5', n§ 4+ 11 : @ : Bns : ng : [n7, [; k7])) state
for the fixed point (x}, p).

(xiv) An ([#]",n9] : [n5',n3] : @ : Dlns : ng : n7 + 1) state of the fixed point
(X3 Po) is a switching of its ([n', n{] : [n3',n5] : @ : Slns + 1 : ne : ny)
state and ([1}', n] : [n', n5] : @ : Slns : ng + 1 : n7) state for the fixed point
(X p)-

(xv) An([n]", n9]:[n5', n§]: [n3; k3] : [n4; k4]|ns : ng : n7 + 1) state of the fixed point
(X} Po) isaswitching of the ([n", n{]: [15', n5]: [n3; k3] : [n4; k4] s+ 1:n6
: n7) state and ([}, n{]: 13, n3]: [n3; k3] : [n4; ka]lns :ng + 1:n7) state for
the fixed point (x,’z, p).

1. Complex switching

(i) An ([n", n3] : [, n3] : [n3;k3] : Dns : ng : ny) state of the fixed point
(X} Po) is a switching of the ([n]' + n3, n{] : [n3', n3] : @ : Slns : ne : n7)
state and ([n*, n{] : [n5' +n3,n3] : @ : Bns : ng : n7) state for the fixed point
x;, p)-

(i) An ([n]',n9] : [#5', n5] : @ : [na; k4llns : ne : n7) state of the fixed point
(X} Po) is a switching of the ([n]', n{ + n4] : [n5', n3] : @ : Slns : ne : n7)
state and ([n]', n{] : [n5', n§ +n4] : @ : B|ns : ng : n7) state for the fixed point
(X3, p)-

(iii)) An ([n]*, n7]: [n3', 03] : [n3 + k3; k3] : Dlns @ ng : ny) state of the fixed point
(X}» Po) is a switching of the ([n]" + k3, n{] : [n5', nS] : [n3; k3] : Dlns @ ne :
n7) state and ([, n] : [#5' 4+ k3, n3] : [n3; k3] : Dns : ng : n7) state for the
fixed point (x}, p).

(iv) An ([n]*, n9]: [n5', nS] : @ : [n4 + k4; k4]|ns @ ne = n7) state of the fixed point
(XZO, Po) is a switching of the ([n]", n{ + k4] : [n3', n3] : @ : [n4, k4]lns : g
ny) state and ([n]", n{] : [n5', nS + k4] : @ : [n4; k4]|ns : ne : n7) state for the
fixed point (x}, p).

(V) An ([0, m9] @ [0, n3] @ [n3 + k3; k3] : [n4 + ka; kallns : ng : ny) state of
the fixed point (7, po) is a switching of the ([n]" + k3, n{ + k4] : [n3', nS] :
[n3: k3] : [n4; k4llns @ ng @ ny) state and ([n', n7] : [0 + k3, n5 + ky] -
[13; k3] @ [n4; ka]|ns : ng : ny) state for the fixed point (x,t, p)-

(vi) An ([n]", n{] : [n5', n9] @ [n3 + k3; k3] : DIns @ ne : [n7,[; k7]) state of the
fixed point (x},, po) is a switching of the ([1}"' + k3, n7] : [1n5', n5] : [n3; k3] :
Blns : ng : [n7,[; k7]) state and ([n], n7] : [0 + k3, n3] : [n3, k3] : Dns :
ne : [n7, 15 k7]) state for the fixed point (x;, p).

(vii) An([n}', nQ] : [n3', n3] : @ : [na+ka; k4llns 2 ng : [n7, [; k7)) state of the fixed
point (x},, Po) is a switching of the ([n}', n{ +ka] : [n5', n5] : & : [n4; kallns :
ne @ [n7,1; k7]) state and ([n]', n{] @ (75, 0§ + ksl © @ : [n4; k4lins : ng :
[17, [; ic7]) state for the fixed point (X}, p).

(viii) An ([n]*, n7]: (05}, n9] : @ : [n4+ka; kallns : ne : [n7, [; k7]) state of the fixed
point (X}, Po) is a switching of the ([n}", n{ + ka4l : [n3', n51: @ : [n4; kallns :
ne : [n7,1; k7]) state and ([n}', n9] : [n5', 15 + ka] © @ @ [n4; k4llns : ne :
[n7, I; k7]) state for the fixed point (xz, P
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(ix) An ([n}", n9]: [ny', n9] = [n3 +k3; k3] 2 [na+kas kallns < ng = [n7, 15 k7)) state
of the fixed point (x}), po) is a switching of the ([1n}" + k3, n{ + k4] : [n3', n3] :
[n3; &3] < [n4; kallns = ng = [n7, 15 i7]) state and ([n}', n] = [ny' + k3, ny+ka] :
[13; k3] = [n4; kallns @ ne : [n7, [; 17]) state for the fixed point (X7, p).

(x) An ([n]", n7] : [n3', n5] : [n3; k3] @ [n4; kallns @ ne : [n7 + k7, [; k7]) state of
the fixed point (x;), po) is a switching of the ([n}', n] : [n5', nS] : [n3; k3] :
[n4; k4llns + k7 ne = [n7, 15 «7]) state and ([n}", n9] @ ng + ksl @ [n3; k3]
[n4; Kkallns = ng + k7 : [n7, [; 1c7]) state for the fixed point (X}, p).

Definition 2.22 Consider a discrete, nonlinear dynamical system X =f(X, p)
in Eq.(2.4) with a fixed point x;.. The corresponding solution is given by x;; =
f(Xx1j—1,p) with j € Z. Suppose there is a neighborhood of the fixed point
x; (e, Up(xp) CQ), and f(x¢,p) is C" (r>1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yjyjy1=DEX, P)Yit; (Yitj =Xkt — X)
in Ug(x}). The matrix Df(x;, p) possesses n eigenvalues A; (i=1,2,--n). Set
N={1,2,--,n}, Npy={h.b,-1,}UD with [j,eN (gp=1,2,---,np,
p=1,234and =) my=n. U_ Ny,=NandN)_ N, = &.N, = if ng, =0.
Nog=NJUNQ (¢=1,2)and NJ' N NJ = @ with n}' + n), = n, where superscripts
“m” and “0” represent monotonic and oscillatory evolutions. The matrix Df (x;, p)
possesses 71 -stable, ny-unstable, n3-invariant and n4-flip real eigenvectors. An itera-
tive response of X1 =f(xi, p) is an ([n]", n{]: [n3', n5]: [n3; k3] : [n4; k4]| flow in
the neighborhood of the fixed point X}’ . k, € {F, mp} (p=3, 4).

L. Simple critical cases

() An ([n]', n9] : [n3', nS] : 1 : & state of the fixed point (x},, po) is a switching
of the ([n)' + 1, 7] : [n3', n3] : @ : @] saddle and ([n}', n{] : [n5' + 1, n3] :
& : | saddle for the fixed point (x}, p)-

(i) An ([n]", n]: [#5', n5] : @ : 1] state of the fixed point (x;,, po) is a switching
of the ([n", n} + 1] : [n}}, n§] : @ : @] saddle and ([n}', n{] : [n5', n§ + 1] :
& : | saddle for the fixed point (X}, p).

(i) An ([n]",n9] : [@, @] : 1 : ] state of the fixed point (x}, po) is a stable
saddle-node bifurcation of the ([#]' 4+ 1,n7] : [@,@] : @ : & sink and
([, n9] : [1, @] : @ : & saddle for the fixed point (x}, p).

(iv) An ([n]",n]] : [@, 2] : @ : 1] state of the fixed point (X}, po) is a stable
period-doubling bifurcation of the ([#}",n} + 1] : [&, @] : @ : @] sink and
([7", n] : [@, 1] : @ : @] saddle for the fixed point (X]t, P

(v) An ([@, @] : [n3', n5] : 1 : @] state of the fixed point (x}, po) is an unstable
saddle-node bifurcation of the ([&, @] : [n5' + 1,n5] : @ : O] source and
([1, 2] : [n5', n3] : @ : @] saddle for the fixed point (x};, p).

(vi) An ([, @] : [n5', n5] : @ : 1] state of the fixed point (X, po) is an unstable
period-doubling bifurcation of the ([, @] : [n', n§ + 1] : & : & source and
([2, 1] : [n3', n3] : @ : @] saddle for the fixed point (x}';, p).

(vii) An ([n]", n0]: [0}, n5] : 1 : & state of the fixed point (x},, po) is a switching
of the ([n]" 4 1, n{] : [n}}, n9] : @ : @] saddle and ([1}", n{] : [n5' + 1, n3] :
@ : 2| saddle for the fixed point (X}, p).
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(viii) An ([}, nf]: [ny', n3] : @ : 1] state of the fixed point (x}, po) is a switching
of the ([n", n} 4 1] : [n}}, n§] : @ : @] saddle and ([1}", n{] : [n5', n§ + 1] :
@ : | saddle for the fixed point (X}, p).

II. Complex switching

(i) An ([n]', n(] : [n3', n5] : [n3; k3] : @] state of the fixed point (x},, po) is a
switching of the ([n]" 4+ n3,n{] : [n})',n9] : @ : @] saddle and ([1]", n]] :
[n' + n3, n3] : @ : @] saddle for the fixed point (x};, p).

(i) An ([n]",n]] : [n3',n3] © @ : [n4; k4]| state of the fixed point (X}, po) is a
switching of the ([n]', n + n4] : [ny', n5] : @ : & saddle and ([1}", n]] :
[ny', nS+n4]: @ : & saddle for the fixed point (x}, p).

(i) An ([n]", n0]: [n5', n5] 2 [n3 + k3; k3] = O] state of the fixed point (X, po) is
a switching of the ([n}" + k3, n{] : [n5', n§] : [n3; k3] : | state and ([1}", n]] :
[n5' + k3, n3] : [n3; k3] : D state for the fixed point (x}, p).

(v) An ([n]", n{]: [0, n5] : @ : [na + ka; Kka]| state of the fixed point (X, po) is
a switching of the ([n}', n{ + k4] : [n3}, n5] : @ : [n4; k4]| state and ([1}', n7] :
(75, 1§ + k4] : @ : [n4; k4]| state for the fixed point (x}i, p).

(V) An ([n], n9] : [0, n9] : [n3 + k3; k3] @ [n4 + ka; k4]] state of the fixed point
(X} Po) isaswitching of the ([1" +k3, n{+ka] : [, n5] : [n3; k3] : [n4; k4]
state and ([1}", n]] : [nY' + k3, n§ + k] : [n3; k3] : [n4; k4]| state for the fixed
point (X}, p).

Definition 2.23 Consider a discrete, nonlinear dynamical system xj; =f(xz, p)
e #” in Eq.(2.4) with a fixed point x;. The corresponding solution is given
by Xj1; =f(Xk4;—1, p) with j €Z. Suppose there is a neighborhood of the fixed
point x; (i.e., Uy (x}) C ), and f(x, p) is C" (r > 1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yy ;41 = DE(X}, P)Yk+j (Vitj =Xk4j — X;) in
Uy (x7). The matrix Df(x}, p) possesses 2n eigenvalues A; (i=1,2,---,n). Set
N={1,2,--,n}, Ny ={l,b,-- [} U withl,, € N (gp = 1,2,---,np,
j=56"Nand ¥ _np=n. U _sN,=NandN _sNy = 2. N, = Fifng, = 0.
The matrix Df (x;‘;, P) possesses ns-stable, ng-unstable and n;-center pairs of com-

plex eigenvectors. Without repeated complex eigenvalues of |A;] = 1(i € N7), an
iterative response of Xz = f(Xg, p) is an |ns : ng : n7) flow in the neighborhood
of the fixed point x;' . With repeated complex eigenvalues of [A;| = 1 (i € N7),

an iterative response of X;+; = f(Xi, p) is an |ns : ne : [n7,/; k7]) flow in the
neighborhood of the fixed point Xlt , (k7 € {@, m7}).

L. Simple switching and bifurcation

(i) An |ns : ng : 1) state of the fixed point (xzo, Po) is a switching of the |n5 + 1 :
ne : &) spiral saddle and |ns : ne + 1 : &) saddle for the fixed point (x};, p)-

(ii) An|ns: @ : 1) state of the fixed point (X, Po) is a stable Neimark bifurcation
of the [ns + 1 : @ : @) spiral sink and |ns : 1 : &) spiral saddle for the fixed
point (x;, p).
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(iii)) An |@ : ng : 1) state of the fixed point (Xlto’ Po) is an unstable Neimark
bifurcation of the |& : ng + 1 : &) spiral source and |1 : ne : &) spiral saddle
for the fixed point (x}, p)-

(iv) An |ns : ne : n7 + 1) state of the fixed point (x;), po) is a switching of the
[ns + 1 : ne : ny) state and |ns : ng 4+ 1 : ny) state for the fixed point (X/t’ P

(v) An |@ : ng : n7 + 1) state of the fixed point (X}:O’ Po) is a switching of the
[1: ng : ny) state and |ns : ne + 1 : n7) state for the fixed point (x}, p).

(vi) An |n5 : @ : n7 + 1) state of the fixed point (X, po) is a switching of the
[ns +1: @ : n7) state and |ns : 1 : n7) state for the fixed point (x;/, p).

II. Complex switching

(1) An |ns : ng : [n7, [; k7]) state of the fixed point (xzo, Po) is a switching of the
|ns 4+ n7 : ne : &) spiral saddle and |ns : ne + n7 : ) spiral saddle for the
fixed point (x}, p).

(ii) An |ns : ne : [n7 + k7, 1; k7)) state of the fixed point (X}, po) is a switching
of the |ns + k7 : ng : [n7,[; k7]) state and |ns : ng + k7 : [n7, [; k7]) state for
the fixed point (x}, p).

(iii) An|ns : ng : [n7+ks—ke, lp; «c7]) state of the fixed point (x};,, po) is a switching
of the |ns + ks : ng : [n7, I1; k7)) state and |ns : ng + k¢ : [n7, [3; k7]) state for
the fixed point (x};, p).

2.3.1 Stability and Switching

To extend the idea of Definitions 2.11 and 2.12, a new function will be defined to
determine the stability and the stability state switching.

Definition 2.24 Consider a discrete, nonlinear dynamical system x4, = f(x, p)
€ #" in Eq.(2.4) with a fixed point x;. The corresponding solution is given by
Xt = f(Xgyj—1, p) with j € Z. Suppose there is a neighborhood of the fixed
point x; (i.e., Uk (x}) C ), and f(x,, p) is C" (r > 1)-continuous in Uy (x}) with
Eq.(2.28). The linearized system is yx1 11 = DE(X, P)Yiyj (Yktj = Xkt — X)
in Uy (xlt) and there are n linearly independent vectors v; (i = 1,2, ---,n). For a

perturbation of fixed point y; = x; — xJ, let y]((i) = c,((i) v; and yg_)H = C;(f_)HVi,

s =vl oy =v - (x —xP) (2.49)

) @

@ (D) 2
where 5,7 = ¢, ||vil|

. Define the following functions

Gi(xk, p) = v} - [F(xk, p) — x[] (2.50)
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and
1 .
G0 p) =V - D of(xi(sy). p)
Sk “k k
T Dy fxi (s, P), 0%k Dy, e (2.51)

= v Def(xi(s\), pvillvil| 2

GS(Z? x,p) =v; 'D%)f(xk(sl((i)), p)
' T ) (m—1) () (2.52)
=V; .Ds;(i) (D f(xx(s;7). p)

1 (i)
Sk

where D (1) = 3()/ds” and D) () =D oy (D ().
Sp s Sk sp

Definition 2.25 Consider a discrete, nonlinear dynamical system x5 = f(xg, p)
€ %" in Eq.(2.4) with a fixed point x;. The corresponding solution is given by
X4 = f(Xgyj—1,p) with j € Z. Suppose there is a neighborhood of the fixed
point X}’ (i.e., Ur(x}) C ), and f(x¢, p) is C" (r > 1)-continuous in Uy (x;) with
Eq.(2.28). The linearized system is yx 111 = DY, P)Yitj (Viktj = Xkyj — X))
in Uy (x}) and there are n linearly independent vectors v; (i = 1,2, ---,n). For a

perturbation of fixed point y; = x; — xJ, let y/(ci) = c,(f)vi and yl(gr = c,(gr Vi

() Xx4;(/ € Z) at fixed point x. on the direction v; is stable if
Vi (kn = X1 < V] - (g — X)) (2.53)
for x; € U(x}) C Sq. The fixed point xj is called the sink (or stable node) on
the direction v;.
(i) xj4;(j € Z) at fixed point x]t on the direction v; is unstable if
V] (gt = X1 > V] - g = xp) (2.54)
for x; € U(x}) C 4. The fixed point x;’ is called the source (or unstable
node) on the direction v;.
(iii) Xx4,;(j € Z) at fixed point x,’; on the directionv; is invariant if

Vi (R = X)) = V) - (% — X)) (2.55)

for x € U(x}) C Q2. The fixed point x} is called to be degenerate on the
direction v;.
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(@)

(iv) x; 4

(j € Z) at fixed point x;. on the direction v; is symmetrically flipped if

vl-T (X1 —Xp) = —vl-T - (Xk — X7) (2.56)

for x; € U(x}) C 2. The fixed point x}, is called to be degenerate on the
direction v;.

The stability of fixed points for a specific eigenvector is presented in Fig.2.4.
The solid curve is V;r ‘Xl = Vl-T - f(xx, p). The circular symbol is the fixed point.
The shaded regions are stable. The horizontal solid line is for a degenerate case. The
vertical solid line is for a line with infinite slope. The monotonically stable node (sink)
is presented in Fig. 2.4a. The dashed and dotted lines are for viT SXp = Vl-T - Xj+1 and
viT Xiep] = —V;F - Xy, respectively. The iterative responses approach the fixed point.
However, the monotonically unstable (source) is presented in Fig. 2.4b. The iterative
responses go away from the fixed point. Similarly, the oscillatory stable node (sink)
is presented in Fig. 2.4c. The dashed and dotted lines are for viT Xpt] = —viT -X; and
V;r X = Vl-T -Xj+1, respectively. The oscillatory unstable node (source) is presented
in Fig.2.4d.

Theorem 2.5 Consider a discrete, nonlinear dynamical system Xy = f(Xi, p)
€ #Z" in Eq.(2.4) with a fixed point x}.. The corresponding solution is given by
Xitj = F(Xg4j—1, P) with j € 7. Suppose there is a neighborhood of the fixed point
x; (e, Up(xp) C Q), and £(x¢,p) is C" (r > 1)-continuous in Uy (x})) with
Eq.(2.28). The linearized system is Yiyjr1 = DEX], P)Yiyj (Vi) = Xk — X)
in Ui (x}) and there are n linearly independent vectors v; (i = 1,2, ---,n). For a

perturbation of fixed point yi = X — X, let y,((i) = c,({i)vi and y,(f)+l = c,((iilvi.

() Xk € Z) at fixed point X; on the direction v; is stable if and only if
Gs(ff(xlt p)=2 € (=11 (2.57)
k

forx, € U(X) C Q.
(ii) Xx4;(j € Z) at fixed point x;. on the direction v; is unstable if and only if

GS‘(‘,.} (x,p) = A; € (1, 00) and (=00, —1) (2.58)
k

forxy € U(x}) C Q4.
(iii) Xx4;(j € Z) at fixed point X on the direction v; is invariant if and only if

GOt p)=x=1and GV, p) =0 form; =2,3,--- (259
sp s;
forxj € U(x}) C Q4.
(iv) x,((lj_ j(j € Z) at fixed point ;. on the direction v; is symmetrically flipped if and
only if
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(@ (b)

(© d)

Fig.2.4 Stability of fixed points: a monotonically stable node (sink), b monotonically unstable
node (source), ¢ oscillatory stable node (sink) and d oscillatory unstable node (sink). Shaded areas
are stable zones

GOt p) =2 =—1and G0V (xt,p) =0 form;=2,3,--- (2.60)
Sk Sk

forxj € U(x) C Q4.
Proof Because

j T T 1 j j T
s]((l)+1 =V, X1 — X)) =V; X[+ Gé(‘](jf (x, p)sl({’) + o(sl((’)) —V; X}

| . .
Gl ot psy + olsy)
k

due to any selection of sl(f) and s\

k41 @S an infinitesimal, we have
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@) )} (l)
Skq1 =G 5O (Xg> P)sy,

G ) = V] - D pvillvil |
“k

Vi davillvill 72 =
(i) From the definition in Eq. (2.53), we have

(@)

T T @)
VE - (st — XD < IV - 5 = X1 = 1) 11 < 1s(”)

which gives

|G(<,) x5 sy < Isy)

Thus,

|G<53(xk,p>| <l= G%?(x;;,p) =i e(=11).

Therefore, x;1;(j € Z) at fixed point x; in the direction v; is stable and vice
versa.
(i) From the definition in Eq. (2.54), we have

(@)

T T i
VT - (et = XD > V- (= XD = 15y 1> 15y

which gives

|G(3,3 x5 s> s

Thus,

|G<3,3<x,t, pl>1= G(S,i(x;:, p) = A € (=00, —1) and (1, 00).

c

Therefore, X4 ;(j € Z) at fixed point xJ, in the direction v; is unstable and vice
versa.
(iii) Because

sl(clJ)rl =V - (X1 — X})
= i k + G((t) (Xlt’ p)s(l) + Z G(:,V;')(Xk, p) (S(l))m' - T . X;;

— G((lt))(xk! p)S(Z) + Z G(Zil)(xk? p)(é(l))ml

m;=2
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From the definition in Eq. (2.55)

T T i i
Vi - (Xpp1 —Xp) =V, - (X — X)) = s,(grl = s](;)

@

Due to any selection of s, " and s

41 @s an infinitesimal, we have

GOt p) =2 =1and G (xf,p) =0 form; =2,3,---.
Sk Sk

Therefore, x;1;(j € Z) at fixed point x;’ in the direction v; is invariant and vice
versa.
(iv) From the definition in Eq. (2.55)

T T j j
Vi - (X1 — X)) = —V; - (X — X)) = Sl(cl4)—1 = —sl((l)

Due to any selection of s,((i) and s . as an infinitesimal, we have

k+1

G;;liZ(X]t’ p) =A; = —1land Gs(gi")(x}:, p)=0 form =23,

Therefore, x;;(j € Z) at fixed point X’ in the direction v; is flipped and vice
versa. The theorem is proved. |

Definition 2.26 Consider a discrete, nonlinear dynamical system X1 = f(Xx, p) €
Z" in Eq. (2.4) with a fixed point x;. The corresponding solution is given by x;.; =
f (X441, p) withj € Z. Suppose there is a neighborhood of the fixed point x;; (i.e.,
Ur(x}) C Q), and f(x, p) is C" (r > 1)-continuous in Uy (x}) with Eq.(2.28). The
linearized system is yx1;11 = DE(X}, P)Yik+j (Yitj = Xy — X3) in Up(x}) and
there are n linearly independent vectors v; (i = 1,2, ---, n). For a perturbation of
the fixed point y; = x; — x;, let y](;) = c,((l)vi and y,((’il = c,((lilvf.

(i) xx4;(j € Z) at fixed point x; in the direction v; is monotonically stable of the

(2m; + 1)th-order if

1
Gl (i p) =2 =1,
k

Gt p) =0 forry =2,3,--, 2my,
50 (2.61)
Gﬁ;”"“)(xz, p) #0,
k
VE - (ke =Xl < V] - 0 — %))

for x; € U(x;) C Qq. The fixed point x; is called the monotonic sink (or
stable node) of the (2m; + 1)th-order in the direction v;.

(i) xx4;(j € Z) at fixed point X in the direction v; is monotonically unstable of
the (2m; + 1)th-order if
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1
G;(,.;@;;, p) =4 =1,
k

G(Z‘ii))(xlta p) =0forr, =2,3,---,2my;

(2.62)
G(ii”'“)(x;i, p) # 0;
V] (g1 = x> V] - (k= xP)

forx;, € U (x;‘;) C Q. The fixed point x; is called the monotonic source (or
unstable node) of the (2m; + 1)th-order in the direction v;.

(iii) Xp4,;(j € Z) at fixed point XZ in the direction v; is monotonically unstable of
the (2m;)th-order, lower saddle if

(if(xk,p) =2 =1,
G(:f))(X/t, p) =0forr; =2,3,---,2m — 1;

GS‘};"')( X p) # 0, (263

Sk
T i
IV,- - (Xgg1 — X < |v; - (X — x;)| for s]({) >0
T T @)
v - Xkp1 =X > |v; - (¢ —xp)| fors,” <0

forx; € U(x}) C Q. The fixed point x} is called the monotonic, lower saddle
of the (2m;)th-order in the direction v;.

(iv) Xk4;(j € Z) at fixed point x} in the direction v; is monotonically unstable of
the (2m;)th-order, upper saddle if

G((ll))(xk, p=Ar=1,

G(.zl-'))(xk’ p) =0forr =23, 2m—1;

G(ﬁi"’)(xz, p) #0, (2.64)
V] Reg1 = X1 > V] - (%% = x| for 5 >0

T T i
Vi - X1 — X1 <|v; - (x — x3)| for s,({) <0

forx; € U(x}) C Q. The fixed point x} is called the monotonic, upper saddle
of the (2m;)th-order in the direction v;.

(V) Xk4j (j € Z) at fixed point x;. on the direction v; is oscillatory stable of the
(2m; + 1)th-order if

G%}(x;:, p) =i =1,
(f,'ﬁ(xk, p)=0forr;=2,3,---,2m;;
Em,
G(<,§” Dk, p) # 0; (2.65)

T
V- X1 — XD < V] - (¢ — X7
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for x; € U(x}) C 4. The fixed point x}. is called the oscillatory sink (or
stable node) of the (2m; + 1)th-order in the direction v;.
(vi) Xx4;(j € Z) at fixed point X’ in the direction v; is oscillatory unstable of the
(2m; + 1)th-order if
1
GS(@-}(XZy p)=Ai=—1;
k
G (xg.p) =0forr =23, 2m;:
Sk (2.66)
2m;+1 .
G e # 0
V] Ry = XD1> V] - (k= X
for x; € U(x}) C Q2. The fixed point x; is called the oscillatory source (or
unstable node) of the (2m; + 1)th-order in the direction v;.

(vii) Xx4;(j € Z) at fixed point x, in the direction v; is oscillatory unstable of the
(2m;)th-order, lower saddle-node if

Gt p)=n =—1,

S(f)
k
G\ (xf.p) = 0forr; =2,3, - 2m; — I;
Yk
G(Zmi) (X}:, p) 75 O, (267)

o)
k
V] (Reg1 = X1 > V] - (¢ = xp)| for sy >0,
VE - (e — XDI < V] - (¢ — x0)| for s <0,
forx; € U(x}) C Q. The fixed point x; is called the oscillatory lower saddle
of the (2m;)th-order in the direction v;.

(viii) x;1;(j € Z) at fixed point x;’ in the direction v; is oscillatory unstable of the
(2m;)th-order, upper saddle-node if

1
Gs((ff(X}i, p) =i =—1,
k

G(:};)(X/t, p)=0forr, =23, ---,2m — 1;
S/{

2m;
G.:;f;11 o p) 0. (2.68)
Vi (Xpeqr — x| < vl (xq — x?)| for S]({i) - 0.
|Vl-T (X1 — X0 > |ViT - (X% — x| for S/(gi) -0
forx; € U(x}) C 2. The fixed point x; is called the oscillatory, upper saddle

of the (2m;)th-order in the direction v;.

The monotonic stability of fixed points with higher order singularity for a specific
eigenvector is presented in Fig.2.5. The solid curve is VlT c Xyl = Vl.T -f Xk, p)-
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The circular symbol is fixed pointed. The shaded regions are stable. The horizontal
solid line is also for the degenerate case. The vertical solid line is for a line with
infinite slope. The monotonically stable node (sink) of the (2m; + 1)th order is
sketched in Fig.2.5a. The dashed and dotted lines are for v,.T CXp = VI.T - Xje4+1 and
v;r CXpp] = —V;r - Xy, respectively. The nonlinear curve lies in the unstable zone,
and the iterative responses approach the fixed point. However, the monotonically
unstable (source) of the (2m; + 1)th order is presented in Fig.2.5b. The nonlinear
curve lies in the unstable zone, and the iterative responses go away from the fixed
point. The monotonically lower saddle of the (2m;)th order is presented in Fig.2.5c.
The nonlinear curve is tangential to the line of v;r “Xj = Vl.T - Xj41 with the (2m;)th
order, and one branch is in the stable zone while the other branch is in the unstable
zone. Similarly, the monotonically upper saddle of the (2m7;)th order is presented in
Fig.2.5d.

Similar to Fig.2.5, the oscillatory stability of fixed points with higher order
singularity for a specific eigenvector is presented in Fig.2.6. The oscillatory sta-
ble node (sink) of the (2m; 4+ 1)th order is sketched in Fig.2.6a. The dashed and
dotted lines are for Vl-T cXpp] = —Vl.T - Xy and Vl-T SXjp = Vl-T - Xk 41, respectively. The
nonlinear curve lies in the unstable zone, and the iterative responses approach the
fixed point. However, the oscillatory unstable (source) of the (2m; + 1)th order is
presented in Fig. 2.6b. The nonlinear curve lies in the unstable zone, and the iterative
responses go away from the fixed point. The oscillatory lower saddle of the (2m;)th
order is presented in Fig.2.6¢c. The nonlinear curve is tangential to and below the
line of vl.T cXpq] = —vl.T - Xy with the (2m;)th order, and one branch is in the stable
zone while the branch is in the unstable zone. Finally, the oscillatory upper saddle
of the (2m;)th order is presented in Fig.2.6d.

Theorem 2.6 Consider a discrete, nonlinear dynamical system X1 = f(Xi, p)
€ #Z" in Eq.(2.4) with a fixed point x}.. The corresponding solution is given by
Xitj = F(Xpqj—1, p) with j € Z. Suppose there is a neighborhood of the fixed point
x; (e, Uc(xp) C Q), and £(x, p) is C" (r = 1) -continuous in Uy (X}) with
Eq.(2.28). The linearized system is Yiyj1 = DEX), P)Yiyj (Vi) = Xkwj — X)
in Ui (x}) and there are n linearly independent vectors v; (i = 1,2, ---,n). For a
perturbation of fixed point yi = X — X, let y,((’) = c,({l)vi and y,(cl)+l = c,(grlvi.

() Xx1;( € Z) at fixed point X;_ in the direction v; is monotonically stable of the

(2m; + Dyth -order if and only if

Gl p) =i =1,
Sk

Gi{;‘) (xt,p) =0forr; =2,3,---,2m;, (2.69)
Yk

GO (xr, p) <0

(D)
S

forx, € U(X) C Q.
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X

iRk

(© (d)

Fig.2.5 Monotonic stability of fixed points with higher order singularity: a monotonically stable
node (sink) of (2m; 4 1)th-order, b monotonically unstable node (source) of (2m; + 1)th-order, ¢
monotonically lower saddle of (2m;)th-order and d monotonically upper saddle of (2m;)th-order.
Shaded areas are stable zones

(ii) Xx;(j € Z) at fixed point X in the direction Vv; is monotonically unstable of
the 2m; + 1)th -order if and only if

1
G;(l-))(xz, p=Xx=1,
k

G(1) (x p) = Ofor ry = 2,3, -, 2m;, 2.70)
k

G;ﬁ;”"H)(xz, p) >0
k

forx, € U(X) C Q.
(iii) Xx4;(j € Z) at fixed point X;_ in the direction v; is monotonically stable of the
(2m;)th -order, lower saddle if and only if
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T _ T
Vi Xy =V X

T
Vi Xen
T T
v X, Vi X =7V Xy
(a) (b)
T T T T, T T
Vi X =7V Xy Vi Xy =V Xy vV, X, =V, X,
Vi
T
Vi Xpn

(@)

Fig.2.6 Oscillatory stability of fixed points with higher order singularity: a oscillatory stable node
(sink) of (2m; + 1)th-order, b oscillatory unstable node (source) of (2m; + 1)th-order, ¢ oscillatory
lower saddle of (2m;)th-order and d oscillatory upper saddle of (2m;)th-order. Shaded areas are
stable zones

1
Gs((ig(xlty p)=i=1,
k

Gs((rif))(xlt, p)=0forr;, =2,3,---,2m; — 1,
3

: - 2.71)

G%;nl)(x}:, p) < O stable for s](cl) >0:
Ste

G (xt, p) < 0 unstable for s](ci) <0

Sk

forx, € U(X) C Q-
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(iv) Xi4;(j € Z) at fixed point X} in the direction v; is monotonically unstable of
the (2m;)th -order if and only if

G((lg(xlt, p) =i =1,
G(Zl))(xlt’ p) = 0 for ri = 2’ 3’ cen 27”1‘ _ 1’
2.72)

((2,;"’) (x}, p) > 0 unstable for s,(;) >0;

G((Z,;"’) (x, p) > 0 stable for s,(ci) <0

forxj € U(x) C Q4.
(V) Xk1;(j € Z) at fixed point X; in the direction v; is oscillatory stable of the
(2m; + Dth -order if and only if

Gl (. p) = hi = —1,
Sk
G({;;) (xf,p) =0forr; =2,3,--,2m;, 2.73)

2mi+1
G((,§"+ '(x,p) >0

forx, € U(X) C Q-
(Vi) X¢1;(j € Z) at fixed point X} in the direction v; is oscillatory unstable of the
(2m; + Dth -order if and only if
Gy O P) = 2 = —1.
G:?;)) (xp,p) =0forr; =2,3,--,2m;, (2.74)
Sk

Gﬁ;’““’ (x},p) <0
k

forxy € U(x) C Q4.
(vii) Xi4;(j € Z) at fixed point X;_ in the direction v; is oscillatory unstable of the
(2m;)th -order, upper saddle if and only if

1
((zg(xk? p) == _1»

G(Ei))(xltv p)=0forr;=2,3,---,2m; — 1,
: (2.75)
G((z,;n’) (x}, p) > 0 stable for s,(;) > 0;

G((Zl;"’) (x3, p) > 0 unstable for s/(j) <0

forx, € U(X)) C Q.
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(viii) Xi4;(j € Z) at fixed point x;_ in the direction v; is oscillatory unstable of the
(2m;j)th -order lower saddle if and only if

G(Zl))(xlt’p) = 0 for ri = 2’ 3’ .. '727”1' _ 1’

(2.76)

G((z,;ﬂ’) (x%, p) < 0 stable for s,((i) <0;

((2,;"’) (xk, p) < 0 unstable for s](() >0

for x € U(X}) C Qq.
Proof Because

@)
Skt =Vi + (kg1 —Xp)

2mi+1
=V i k + G((l) (Xk’ p)s(l) + Z G(:zl)) (Xk’ p)(s(l))'i
_ V;F . X/t + 0((S](€i))2mi+1)
2mj

1 : l
—G(<3(xk, p)sy + Z G(Q,)) (xf, P (s )"

G((%)”’lﬂrl)(xk7 p)(s(l))Zmi—i-l + 0((S1(€i))2m,-+1)

and
()

S = vT (xp — xk)
(i) From the first two equations of Eq. (2.69), for the infinitesimal s]((i) , one obtains
m; 2y (i
s = [Gﬁ,) (xf, p) + Gﬂ;” Yo p) sy sy.
Since

T T
Vi - Kk — X1 < |V; - (k= xp)],

we have
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j 2m;i+1 ;
15801 = ‘[G(m (x5, p) + G((,i" D, (s
1 2m;+1 N2 | )
- ‘G(Ui )+ GO |
< |S(l)|

For Gs((llg (x;, p) = 1, we have
k

|1 + G((Zl;’”t"rl)(xk’ p)(s(l))zm,'| <1.

Since the infinitesimal s,((i) is arbitrarily selected, the foregoing equation gives

G%;"’“)(x;;, p) <O.

Therefore, x;.4; (j € Z) at fixed point x;_ on the direction v; is monotonically
stable of the (2m; + 1)th-order, vice versa.
(ii) Similarly, since

T T
Vi - Kkg1 =X < Vi - (% = x)],
we have

11+ G((z,;" D, p) s )2 > 1.

For the arbitrarily infinitesimal sl({"), the foregoing equation requires

G%;”'“) (x},p)>0.

Sk

Therefore, x;4,;(j € Z) at fixed point xz in the direction v; is monotonically
unstable of the (2m; + 1)th order and vice versa.

(iii) The Taylor expansion of sk +1 keeps up to the (2m;)th term of s(')

() T
et =Vi - Kie1 — X5)

2m;
1 i i
=V X[+ G 0GPy + Z G o D)
—v x4 o))
2mi—1

—G((‘,i . sy + Z G&’;B (. P )

G((zl:nl)(xk’ p)(s(l))2m,' +0((S]((i))2mi).
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(iv)

v)
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From the first two equations of Eq. (2.71), for the infinitesimal s]((i) , one obtains

(@) @D + G(Zﬂh)

2 i
s =5+ GE L py s

Thus

_ - o
s, | = ‘[1 + G((,i” Yo p) s sy

(l)|

‘ G((Q;;nz)(xk’ p)(s(l))2Mj—l |S

For G(zm’)(x*, p) <0, if sO S 0, we have
(1) k k

i i T T
s 1< Is 1 = V] - Rkt — XD < V] - (3 — XD,

if sl((i) <0, we have

()

(@) T T
ISptl > 18 1= 1V - (K1 — X1 > 1v; - (X — X1,

Thus, x¢1;(j € Z) at fixed point x;’ in the direction v; is monotonically unstable
of the (2m;)th-order, lower saddle and vice versa.

Similar to (iii), for G (x£, p) > 0, if 5\ > 0, we have
Sk

i i T T
s> U501 = 1] - Rkt — X1 > 1V - (ki — XD,
if s/(ci) < 0, we have
15O <158 = V- g — XD < IVE - (kg — X))
Sphql <18k = |V; - X1 — X)) <[V; - (Xg 1N

Thus, x4 (j € Z) at fixed point x}; in the direction v; is monotonically unstable
of the (2m;)th-order, upper saddle and vice versa.
Similar to case (i), consider

V- (ka1 = XD < V] - G =X,
For G((lg (xl’;, p) = —1, we have
Sk
-1+ G(ﬁj”'“)(x,t, Py )2 < 1.
Since the infinitesimal slg) is arbitrarily selected, the foregoing equation gives
G((%;’“*”(x;;, p)>0.

Therefore, X ;(j € Z) at fixed point x;’ in the direction v; is oscillatory stable
of the (2m; + 1)th-order, vice versa.
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(vi)

(vii)

(viii)

Similar to case (ii), consider
VE - G = XD > 1] - (e = X)),
For Gs(éz (x;,p) = —1, we have
-1+ Gjé?” Dk, p) s )2 > 1.
Since the infinitesimal s,(j) is arbitrarily selected, the foregoing equation gives

2mi+1
be(k,.j” D (xt, p) <0.
Therefore, X ;(j € Z) atfixed point x;’ in the direction v; is oscillatory unstable
of the (2m; + 1)th-order and vice versa.
Similar to (iii), from the first two equations of Eq. (2.69), for the infinitesimal

s,((’) , one obtains

. : o, ) 2m;
Sl(cl—)l—l = _Sl(cl) + GS(«)m ‘) (S]((l))Zm
k
Thus
: o 2y 1a (0
il = '[‘1 + G o P s
k
o o]
= '—1 + GO o )7 1.
Yk
For G(M")(x,t, p) >0, if s](ci) > 0, we have

(D)
Sy

@i i T T
s 1< 15y = V] - (Rkar = XD < V] - (3 = XD,

if sl((i) < 0, we have
0 () T o T o
Isgigl > 18 1= 1vi - i — X1 > v - (X — X))

Thus, x;1;(j € Z) at fixed point x}; in the direction v; is oscillatory unstable of
the (2m;)th-order, upper saddle and vice versa.

Similar to (vii), for G\ (x%, p) <0, if st > 0, we have
Sk
(i) 0)

T T
ISgq ] > 155 1= 1V Rk = X1 > Vi - (i = X1,

if s](f) > 0, we have

(@) () T T
it <Is 1= 1V - ke = X1 <1V; - (ke = X1

Thus, x4 (j € Z) at fixed point x}_ in the direction v; is monotonically unstable
of the (2m;)th-order, lower saddle and vice versa. This theorem is proved. H
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Definition 2.27 Consider a discrete, nonlinear dynamical system x;,; = f(x, p)
€ %" in Eq.(2.4) with a fixed point x}. The corresponding solution is given by
Xjyj = £(Xg1j—1, p) withj € Z. Suppose there is a neighborhood of the fixed point x;;
(ie., Up(x}) C Q), and f(xy, p) is C" (r > 1)-continuous in Uy (x;) with Eq. (2.28).
The linearized system is yx ;41 = DE(X}, P)Yiry (Ve = Xk — Xp) in Up (X)),
Consider a pair of complex eigenvalue o; £if; (i € N = {1,2,---,n}, i = /—1)
of matrix Df (x*, p) with a pair of eigenvectors u; % iv;. On the invariant plane of
(u;, v;), consider r,((’) = y,({l) = y,(('l + y](c')_ with

(0 — 0y, 1 g0,
() ) () 2.77)
Tip1 = Gy Wi T Ay Vi
and
o _ 1 T T
¢ = Z[Az(u,- “¥i) — An(v; -yl
i 1
d,il) = Z[Al(V,‘T VK — A - yol; (2.78)
Ar=lwlP, Ar = [Iil P, Az = uf - vi;
A=AAy— AL
Consider a polar coordinate of (7, 6;) defined by
c/((i) = r/((i) cos Glii), and dlii) = r/(j) sin 9/?);
. : ; . o (2.79)
r](c’) =/ (c,(;))2 + (dlil))z, and 0,8) = arctan d,i')/cl((’).
Thus
; 1
¢y = $182G,10 (8. P) = A12G o (3. P)]
2.80
o 1 (2.80)
iy = ([81G,0 e P) — A Gyo Xk, P)]
where
oo . ; ; )
Gy 5k 2) =] -85 p) = X[ = 3 6P @D,
o (2.81)
o . .
Gyo i) = V) - [E i) = X1 =D G%’?ﬁ(e,i’))(r;i’))’"';
G o) = uf - O"OE (xy., p)[u; cos 6" +visin6" 1" .
¢ k X*,
‘ P (2.82)

G o) = vl a

0 D
4 m)f(Xk,p)[uicosek + visin 6, 1"

(
X

*

xip)
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Thus
=Vl @l = [ o 66"
=/ IR RED YN O G000
s yas
) (OIS 0)
0,4y = arctan(d, /¢ L))
where

G((’:’;:)(e(l)) — [G(’(’Iz)) (Q(Z))G((Y,l)) (9(1)) + G(l(z) (9(1))G((1) (9(1))]83‘:4—51)

T+ Cht1 Ck+1 k+1

and

1 . .
G 0 = F[82617 0) = 812G €7,
)

1 NS NS

G ) = MG G - 212G G
ity A dy k

From the foregoing definition, consider the first order terms of G-function

1
G((ig (Xk9 P) G((tz 1 (Xk ) p) + G((I)z (Xk’ P)

G(l(t)) Xk, p) = G((r)) Xk, p) + G((t)z(xka p).

where
Gy, @k P) = uf - Dy fxe D)0 = u - D Fxi, D)y
u - (—Bivi + o) = aiA| — A,
G, (e P) = 0] - Dy fxe D)o X = 0] - Dy f (e PV
=u/ - (B + aivi) = A1y + Bily;
and
Gin, 0% P) = V7 - Dy £, D)0 = V7 - Dy £ Py

=v] - (—Bivi + ) = —BiAr + A,
G(](z)>2(x p) = V - Dy, f(xy, p)ad(,)xk = V - Dy £ (Xk, P)Vi
= v (B + oivi) = @i Ao + BiAr.

Substitution of Egs. (2.85)—(2.87) into Eq. (2.82) gives

101

(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)
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6(33(9(”) G<(‘,§ (X, p) cos 6, + G((,) (x, p) sin 6"

= (@A) — A1) cos B + (@A + BiAy) sing),

. (2.89)
Gys 0 = G (ke D037 + G i, (xe, B sin 6
k
= (—Bids + @iA1) cos 0 + (@iAr + BiA2) sin 6.
From Eq. (2.84), we have
Gi,i | ©") = [A Gﬁ‘,ﬁ ") - AlzG(@ )
)
= oz,- cosG( ) + B sin 918) (2.90)
;}‘531(9 V) = —[m G“J) ©") - AlzG((‘,i C)
A
= «; sin 6’,8) — Bicos 9/5').
Thus
2
Go @ =1G0 GG 6N +Gu GG 6]
i 60 o 2.91)
=af + B
Furthermore, Eq. (2.83) gives
iy = i) + oy and ) = 6 — 9; + o(r?), (2.92)

where

9; = arctan(B; /) and p; = /a7 + B2 (2.93)

As r]((i) <« land r;p — 0, we have

r,((’jrl = pirl” and 9152_1 =9 -6, (2.94)
With an initial condition of r\” = 19 and ;" = 6., the corresponding solution of
Eq.(2.94) is

ey = () and 07} = j; — 0. (2.95)

From Eq. (2.90), we have

c,({lll =air cos6 + pirl’ sin6 = aic\ + i,

d) | = airy’ sin0 — girl cos 6" = —picy” + eidy”.

(2.96)
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That is,
(@) XU . (i
ckl+1 B [ai ﬂi] ‘1((]) . [cos 9; sind; :| ‘1((1) (2.97)
j - oy A TP a9 ) (- .
d}?j] —Bi o dlg) sin ¥; cos ¥; dlg)

From the foregoing equation, we have

(@) i (@) . .. (&)
Geyj | |:a,' Bi :|j [ “k ] — (o)’ |:COSJI?,' sin j1¥; :| I Ck ] (2.98)
& |~ | =B o @~ —sin j¥; cosjd; o | ’
dk+j ,31 i dk JUi JUi dk

Definition 2.28 Consider a discrete, nonlinear dynamical system x; 11 = f(Xx, p) €
Z" in Eq.(2.4) with a fixed point x;. The corresponding solution is given by x;.,; =
f (X411, p) withj € Z. Suppose there is a neighborhood of the fixed point x}. (i.e.,
Ur(x;) C ), and f(x¢, p) is C" (r > 1)-continuous in Uy (x}) with Eq.(2.28).
The linearized system is yj ;41 = DEX}, P)Yitj (Yt = Xkt — X5) in U (x).
Consider a pair of complex eigenvalues o; £if; (i € N = (1,2, ---,n}, i = /—1)
of matrix Df(x*, p) with a pair of eigenvectors u; % iv;. On the invariant plane of
(u;, v;), consider r]((l) = y]((l) = y,(;j_ + y]((l)_ with Eqgs. (2.77) and (2.79). For any
arbitrarily small ¢ > 0, the stability of the fixed point x; on the invariant plane of
(u;, v;) can be determined.

(i) x® at the fixed point x; on the plane of (u;, v;) is spirally stable if

i, = <0 (2.99)
(i) x% at the fixed point x; on the plane of (u;, v;) is spirally unstable if

i, = >0, (2.100)

(iii) x®) at the fixed point xz on the plane of (u;,v;) is stable with the
mjth-order singularity if for Olg) € [0, 2x]

pi=Jol + B =1,

)

GO =0 forsd =1,2,--,m—1 (2.101)
k+1
r},(ci_)ir1 — r]((i) <0.

(iv) x5 at the fixed point x}'; on the plane of (u;, v;) is spirally unstable with the
mjth-order singularity if for 9,5’) € [0, 2]



104 2 Nonlinear Discrete Dynamical Systems

pi=yJoi + B =1,

(1)
G\ 00 =0 fors’ =0,1,2, -, m —1 (2.102)
T4

(1) (1)
Frer — e > > 0.

(v) x%® at the fixed point x}’; on the plane of (u;, v;) is circular if for 9]8) € [0, 2x]

rh, - =o. (2.103)
(vi) x5 at the fixed point x* on the plane of (u;, v;) is degenerate in the direction
of uy if
o _
Bi = 0 and 9k+1 0, = 0. (2.104)

Theorem 2.7 Consider a discrete, nonlinear dynamical system Xj1 = f(Xg, p) €
F*" in Eq. (2.4) with a fixed point X;. The corresponding solution is given by Xj.; =
f(X1j—1, P) with j € Z. Suppose there is a neighborhood of the fixed point x;; (i.e.,
Ur(x;) C ), and £(x;, p) is C" (r > 1)-continuous in Uy(xy) with Eq.(2.28).
The linearized system is Yy yj1 = DEX, P)Yiktj (Vktj = Xk — X)) in Up(x}).
Consider a pair of complex eigenvalues a; +ip; (i e N = {1,2,---,n}, i = /—1)
of matrix Df(x*, p) with a pair of eigenvectors w; =+ iv;. On the invariant plane of
(u;, v;), consider r,(( = y,((l) y,({ll + y,((l) with Egs.(2.77) and (2.79). For any
arbitrarily small & > 0, the stability of the fixed point x;. on the invariant plane of
(u;, v;) can be determined.

(i) x® at the fixed point x;. on the plane of (u;,v;) is spirally stable if and
only if

pi<1. (2.105)
(i) x%® ar the fixed point x; on the plane of (u;, v;) is spirally unstable if
0i> 1. (2.106)

(i) x® ar the fixed point X on the plane of w;, v; is stable with the (my)th-
order singularity if and only if for 9,51) € [0, 2]

pi =Jai + B} =

‘f/; O =0 fors =1,2, m—1 2.107)

k1

G @) <o.

T+
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(iv) x© at the fixed point X} on the plane of (w;, v;) is spirally unstable with the
(mj)th-order singularity if and only if for 0]?) € [0, 2x]

pi=Jd 47 =1

((‘5 0 =0 fors? =0,1,2, mi—1 (2.108)
s

(Z;,)(Q(t)) 0.

k+1

v) x5 at the fixed point x;. on the plane of (w;, v;) is circular if and only if for

6, € 10,2x]
pi =\Joi + B} =

G(f,ﬁ ©") =0 fors® =012,

T4

(2.109)

Proof Since

i 1
C,((lil = K[AzGcf) Xk P) — AIZGdIEi) Xk, p)]

1
di}y = 101G 0 (5. D) = A1G o (5. p)]

For Xj41 =Xi = x/t I = 0. The first order approximation of c,(('_)‘_1 and d/il-l)—l in the
Taylor series expansion gives

(l) — G(l) (6(1))},(1) +0(r[(€i))7

k1 D
1
;o _
A =Gy G + o)

where r =,/ (c(’))2 + (d('))2 and 9(') = arctan(d(’)/c(l)

1 . .
1 1
G €)= F182646") = 812G )]

1
G(l(z)) (9(1)) — A[A G((,)(Q(l)) A QG((,)(Q(Z))]

k+1

and
G%(e,i")) = (@A) — BiAi2) cos 07 + (aiAia + i) sin 6,

j]i?)(e(”) = (=Bida + ;A1) cos 6 + @iz + A1) sin 6.
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Therefore,
1 ; : o
Gi/(il (9,8)) = w;j cos 9,8) + Bisin 9,5’),
1 ' T .
GC(,(?) (9,8)) = w; sin 9,5’) — Bicos 9/8).
k+1
Further
dli?rl = “irl(cl) sin 9/8) - ﬂir/(cl) cos 9/?) = —ﬂtc/((l) + a,'d;il).
That is,

cl(ciJ)rl e B — cos®; sinv; ||l
d/i?r] —Bi i dlg) "| —sin 9 cos B d}i’) :

From the foregoing equation, we have

r,(('jrl = pir,((’) + o(r/((l)) and 6"

=60 =i+ o).

where

¥ = arctan(B;/«;) and p; = ,/a? + ﬂl.z.

As r/((i) < landr, — 0, we have

@& _ @ @ _ 9. (@)
Tegr = pil and G,y = 0; — 6, "

(i) For fixed point stability, if p; < 1, then

(O] O]
Pl <Tk
which implies that x](ci) at the fixed point x;. on the plane of (u;, v;) is spirally
stable and vice versa.
@i1) If p; > 1, then

(1) (1)
Tieyr = T

which implies that x/((i) at the fixed point x}; on the plane of (u;, v;) is spirally
stable and vice versa.
(iii)) If for " € [0, 2] the following conditions exist
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2
:Oiz\/G((li Z\/aiz‘l‘ﬂiz:

k41
(f,’; O =0 fors =1,2,-- m—1
Tiet1

G @) #0, and|G((,’; O <oofors! =mi+1,m+2---.

P41 k1

then the higher terms can be ignored, i.e.,

GRS TS NN LT

k1

If G((’,’;’)(Q(’) ) is independent of 6, (i.e., G((’,’;’)(ng) ) = const), it can be used to

Tkt Tkt .
determine the equilibrium stability. If G ((r,r;’) (91?)) <0, then
Tl
(@ @
Pl <Tx

) at the fixed point Xk on the plane of (u;, v;) is

In other words this implies x;
spirally stable and vice versa
(iv) If G‘(ﬁ')(e,ﬁ’)) > 0, then

s

() ()
Fier > Ty

That is, x%) at the fixed point x;. on the plane of (u;, v;) is spirally unstable
with the. (my, — 1)th-order singularity and vice versa.
(v) If for 0]?) € [0, 2] the following conditions exist
(f,ﬁ 0 = 0fors? =1,2, -
T+

then

(1) (1)
P = Tk

and vice versa. Therefore x*) at the fixed point x;. on the plane of (u;, v;) is
circular. This theorem is proved. |

2.3.2 Bifurcations

Definition 2.29 Consider a discrete, nonlinear dynamical system x4, = f(X, p)
€ #" in Eq.(2.4) with a fixed point x;. The corresponding solution is given by
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X4 = f(Xgyj—1,p) with j € Z. Suppose there is a neighborhood of the fixed
point x;’ (i.e., Ur(x}) C ), and f(x¢, p) is C" (r > 1)-continuous in Uy (x;) with
Eq.(2.28). The linearized system is yx 111 = DY, P)Yitj (Yt = Xy — X))
in Uy (x}) and there are n linearly independent vectors v; (i = 1,2,---,n). For a

perturbation of the fixed point y; = x; — X}, let y](c') = c,(c') v; and yl((’)+1 = c,(gr Vi

sV =vl oy =v] - (xe —xb) (2.110)

) @)

@ 2
where s,.° = ¢, °|[vil|".

s =V -y = v - [EGe. p) — XEL. @.111)

In the vicinity of point (Xk(O)’ Po), V -f(xy, p) can be expended for (0 <6 < 1) as
Vi F Rk, P) — X )] = ailsy’ — s + b7 - (P — o)
m>1

C,’n a" ™" (s = spe)" (P — po)’

(2.112)
6 =+ ot
X (Vi . f(xk(O) + 0 Axy, po + 0 Ap))
where
ai=v} -9 (x>f(st P)‘ ;
(X]t(())sp())
bTZVT8f(X,) )
i i pl Xk, P (X;«)),po) (2.113)

a" = vl 000 0. p)

(Xf(0)-P0)

Ifa; = 1and p = po, the stability of fixed point x;. on an eigenvector v; changes from
stable to unstable state (or from unstable to stable state). The bifurcation manifold
in the direction of v; is determined by

m>1
bl - @—po)+ >, Cra" s = sy)" =P =0, (2.114)
r=0

In the neighborhood of (Xlt(())’ Po), when other components of fixed point x;; on the
eigenvector of v; for all j # i, (i,j € N) do not change their stability states,
Eq.(2.114) possesses [-branch solutions of equilibrium s,(;)* (0<! < m) with
[1-stable and l-unstable solutions (/;,, € {0,1,2,---,1}). Such [-branch solu-

tions are called the bifurcation solutions of fixed point x;* on the eigenvector of v; in
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the neighborhood of (x,t )’ Po)- Such a bifurcation at point (Xlt(())’ Po) is called the
hyperbolic bifurcation of mth-order on the eigenvector of v;. Consider two special
cases herein.

Q) If
al" = 0andb] - (p — po) + a5\ — 5102 = (2.115)
where
a = v 0G0 E(xi. ) v D p)
(x/t(o) vPO) k (XZ(O) aPO)
= v - 8P (xpe, P)(Vievi) G2 (X0 P0) #0,  (2.116)
Xk (0P 0) Sk
b;-rz Vl.T.apf(xk,p) o« £ 0,
Xk(o),PO)
a®” x [b] - (p — po)] <0, (2.117)

such a bifurcation at point (x, po) is called the saddle-node bifurcation on the
eigenvector of v;.

(ii) I
b} - (p — po) = 0 and
al" . (p—po) (s — s + a0 e =0 (@.118)

where

2
T a((zif(xks p)
&%) ,po) %k

= v} - 0 F (X, P)(Vivi)

2,0 2
ai " = Vi 008 e p)

(X3,P0)

2
G;({ig (Xlt(O)’ po) # 0,

X%(0)P0)
1,1 1
al’V =yl ((,))8(1)f(x ) = v} 9.00pf Xk p)|
(X% (0)-P0) k Xk()-Po)
= v Oy opfxepvi| . #0,
o m! (2.119)
a®” x [V (p — pp)1 <0, (2.120)

1

such a bifurcation at point (x}i ) Po) is called the transcritical bifurcation on
the eigenvector of v;.
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Definition 2.30 Consider a discrete, nonlinear dynamical system x4, = f(x, p)
€ #" in Eq.(2.4) with a fixed point x}. The corresponding solution is given by
X4 = f(Xgyj—1,p) with j € Z. Suppose there is a neighborhood of the fixed
point x; (i.e., Ur(x}) C ), and £(x4, p) is C" (r > 1)-continuous in Uy (x;) with
Eq.(2.28). The linearized system is yx1 11 = DE(X, P)Yiy; (Yktj = Xkt — X)
in Uy (x;:) and there are n linearly independent vectors v; (i = 1,2, ---,n). For a
perturbation of fixed point yx = x; — X, let y(’) = c]((')v, and y,(fjrl = c,(('jrlv,
Equations (2.49)—(2.52) hold. In the vicinity of point (Xko, Po), V -f(xy, p) can be

expended for (0 <6 < 1) as

ViR ) — X5y 0)] = ailsy) — ) + b7 - (= po)
m>1

+ Z Cr (Wl V')( @ ](cl()(’)ﬂ))m l(p po)r

[(s“) i) + (@ = Po)dp] "
X (vk -f(xk(o) + 0Axy, po + 0 Ap)) (2.121)
and

Vi E i1, P) — X)) = ailsy — 517 0) + b7 - (@ — po)
m>1

(m V") (i) (D) - g
Z ma; k+1 k+1(()))m r(p_pO))

+ Ks/i’ll Siri0)90 + ® = po)opl™"!
X (V;F : f(xk+1(()) + 0Axk+lv po +60Ap))
(2.122)
If a; = —1 and p = po, the stability of current equilibrium X} on an eigenvector v;
changes from stable to unstable state (or from unstable to stable state). The bifurcation
manifold in the direction of v; is determined by

m>1

bl (p— po>+a,(s“>*—s,i’2§))+z mal T st = )" (= po)”

_ D% (D)%
= (541 — Skh10))
m> 1

bT P — p0)+az(51(€l+*1 l(gl.)q_*l(o))'i_ Z Cr (m H)(s,](cl_): l(cl.)|.*1(0))m_r(P_pO)L

(@) (@)
= (5" kl(g))
(2.123)
In the neighborhood of (xj 0)° Po), when other components of fixed point x; (0) On

the eigenvector of v; for all j # i, (j,i € N) do not change their stability states,

Eq.(2.123) possesses [-branch solutions of equilibrium s,((i)* (0 <! < m) with [;-
stable and /-unstable solutions (/1,/, € {0,1,2,---,1}). Such [-branch solutions
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are called the bifurcation solutions of fixed point x;' on the eigenvector of v; in
the neighborhood of (Xlt(O)’ Po)- Such a bifurcation at point (xl"; 0)° Po) is called the
hyperbolic bifurcation of mth-order with doubling iterations on the eigenvector of
v;. Consider a special case. If

(1,2)

b - (p—po) = 0,a;=—1,a>" = 0,a™" =0,a{"? =0,
3,0
[ (p— po) + ail(s"" — st + a5t — s )}
_ (D% (l)>k
= k1 — Skt10)) (2.124)
3,0
[aD - (p— po) + al(sgyy — syt + > p oy = Sk0)]
() ()
= (5 = S0
where
3,0 3 3
alg ) = V;'r : a((lga(())f(xka p) T a((/))f(xk’ p)
(X[t(()) sPO) k (XZ(O) ’pO)

= v} - 0E(xk, P)(Vivivi)

Gs(l(? (X]t(())a po) # 0,

Yo Po) (2.125)
1,1 1
ai Y = v -0l g F e p) — VI 0 Xk, )
K (X} (0)-P0) K (Xk(0)P0)
= v} - 3y, Opf (X, P)Vi “ o £0,
k(0)° PO
a®? x [a"V . (p — pp)1 <0, (2.126)

such a bifurcation at point (x}; ) po) is called the pitchfork bifurcation (or period-
doubling bifurcation) on the eigenvector of v;.

The three types of special cases can be discussed through 1-D systems and intu-
itive illustrations are presented in Fig.2.7 for a better understanding of bifurcation
for nonlinear discrete maps. Similarly, other cases on the eigenvector of v; can be
discussed from Egs. (2.114) and (2.123). In Fig. 2.7, the bifurcation point is also rep-
resented by a solid circular symbol. The stable and unstable fixed point branches are
given by solid and dashed curves, respectively. The vector fields are represented by
lines with arrows. If no fixed points exist, such a region is shaded.

Consider a saddle-node bifurcation in 1-D system

Xt = (k. p) = Xp +p — X (2.127)

For xj11 = Xy, the fixed points of the foregoing equation are x; = +,/p (p > 0)
and no fixed points exist for p < 0. From Eq.(2.127), the linearized equation in the
vicinity of the fixed points with y; = x; — X is

Vi1 = Df &, p)yic = (1 = 2x7) . (2.128)
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Fig.2.7 Bifurcation diagrams: a saddle-node bifurcation of the first kind, b transcritical bifurcation,
¢ pitchfork bifurcation for stable-symmetry (or saddle-node bifurcation of the second kind) and d
pitchfork bifurcation for unstable-symmetry (or unstable saddle-node bifurcation of the second
kind)

For the branch of x; = + ,/p (p > 0), the fixed point is stable due to [yx11] < [yl-
However, for the branch of x,t = —/p (p>0), such a fixed point is unstable due to
[Vk41] > [y, For p=po=0, we have x} = x,t(o) =0and Df(x,t(o),po) =1. Since
sz(xlt(o),po) = —2 <0, is needed. Thus

Vi1 = Vi + DX (X ). P0)VE = (1 = 290y (2.129)

At (X% ) 20) = (0, 0), [yx+1] < [yk| for yi >0 and |yipi] > [yk| for yx <0. The
fixed point (x,t(o), o) = (0, 0) is bifurcation point, which is a decreasing saddle of
the second order. For p <0, from Eq.(2.127), p — (x,";)2 < 0. Thus, no fixed point
exists. The fixed point x;' varying with parameter p is sketched in Fig.2.7a. On the
left side of xj-axes, no fixed point exists. So only the vector field of the map in
Eq.(2.127) is presented.



2.3 Bifurcation and Stability Switching 113
Consider a transcritical bifurcation through a 1-D discrete system as

Xyt =f (X, p) = Xg + pxy — X7 (2.130)

The fixed points of the map in the foregoing equation are x;. = 0, p. From Eq. (2.130),
the linearized equation in the vicinity of the fixed points with y; = xz — X7 is

Vi1 = DF (X5, p)yi = (1 +p = 2x) k. (2.131)

For the branch of x/t = 0 (p>0), the fixed point is unstable due to |yjyi| >
|vk|. For the branch of x7=p (p>0), such a fixed point is stable because of
[Vk+1| < |yk|. However, for the branch of x,t =0 (p <0), the fixed point is stable
due to |yk+1| > |yk|. For the branch of x;; =p (p <0), such a fixed point is unsta-
ble owing to |yiy1] <[ykl. For p=po =0, x; =x} o =0 and Df (x} . po) =1
are obtained. D*f (xz(o), po) =—2 is needed. Thus the variational equation at the
fixed point is given by yri1 =yr — 2y,2( = (1 — 2yx)yk. From this equation, at
(X%0y> P0) = (0, 0), |ys1| < lykl for yi > Oand |yg1] > |yl for yx < 0. The
fixed point (x;:(o) , po) = (0, 0) is a bifurcation point, which is a decreasing saddle of
the second order. The fixed point varying with parameter p is sketched in Fig.2.7b.

Consider the pitchfork bifurcation with stable-symmetry (or saddle-node bifur-
cation of the second kind, or period-doubling bifurcation) with a 1-D system as

Xea1 = (=1 = p)xg + x;. (2.132)

For xj41 = x; = xj, the corresponding fixed point are x; = 0, £,/p (p > 0) and
x,t =0 (p <0). From Eq. (2.132), the linearized equation in the vicinity of the fixed
point with yx = x; — x} is

vk = DF (X, p)yk = [=1 — p+3(5)* k- (2.133)

For the branch of x; =0 (p > 0), the fixed point is unstable due to |yxy1] > [yl
For the branches of x; = £ ./p (p > 0), such two fixed points are stable because
of |yk+1| < |yk|. However, for the branch of x,t =0 (p <0), the fixed point is sta-
ble due to |yg11] < [yl For p=po=0, x} =x,t(0) =0 and Df(xz(o),po) =—1
are obtained. However, sz (xlt(O)’ po) = 6xz(0) = 0 is also obtained. Further,

D3 f(x )’ po) = 6> 01is computed. Thus the variational equation at the fixed point
is

Vi1 = =Yk + Df (X} 0 Oy = (=1 + 657)3% (2.134)

At (x;z(o),po) =(0,0), [yxr1l < [y | exists always. The fixed point (x,, po) = (0, 0)

is as bifurcation point, which is an oscillatory sink of the third order due to D3f > 0.
The fixed point varying with parameter p is sketched in Fig.2.7c.
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Consider the pitchfork bifurcation for unstable-symmetry (or unstable saddle-
node bifurcation of the second kind, or unstable period-doubling bifurcation) with a
ID system as

N1 = (=1 = p)xg — X3 (2.135)

For xj 41 = x; = x, the fixed pointsare x}; = 0, £/—p (p <0)andx;; =0 (p > 0).
From Eq. (2.135), the linearized equation in vicinity of fixed points with y; = xz — X7
is

Vir1 = D, Py = [=1 — p = 3(x)* k. (2.136)

For the branch of x,t = 0 (p <0), the fixed pointis stable due to [yx1| < |y|. Forthe
branches of x}; = + /=P (p <0), such two fixed points are unstable due to |yi41| >
|vk|. However, for the branch of x; =0 (p > 0), the fixed point is unstable due to
[Vks1l > [ykl.-Forp=po=0, x} = xz(o) = Oand Df(x}';(o),po) = —1 are obtained.
D*f (X% (0)» P0) = —6x} (5, = Oare obtained. Furthermore, Df (X% (0 P0) = —6 <0.
Thus the variational equation at the fixed point is

Yk+1 = =Yk + D3f(x]t(())7P0)y]§ =(—1- 6}/]2())11(. (2.137)

At (x,’:(o),po) = (0,0), |yk+1] > |ykl exists always. The fixed point (xj, po) =
(0, 0) is a bifurcation point, which is an oscillatory source of the third order. The
fixed point varying with parameter p is sketched in Fig.2.7d.

From the proceeding analysis, the bifurcation points possess the higher-order
singularity of the flow in discrete dynamical system. For the saddle-node bifurcation
of the first kind, the (2m)th order singularity of the flow at the bifurcation point exists
as a saddle of the (2m)th order. For the transcritical bifurcation, the (2m)th order
singularity of the flow at the bifurcation point exists as a saddle of of the (2m)th
order. However, for the stable pitchfork bifurcation (or saddle-node bifurcation of
the second kind, or period-doubling bifurcation), the (2m + 1)th order singularity
of the flow at the bifurcation point exists as an oscillatory sink of the (2m + 1)th
order. For the unstable pitchfork bifurcation (or the unstable saddle- node bifurcation
of the second kind, or unstable period-doubling bifurcation), the (2m + 1)th order
singularity of the flow at the bifurcation point exists as an oscillatory source of the
(2m + 1)th order.

Definition 2.31 Consider a discrete, nonlinear dynamical system X1 = f(Xx, p) €
R*"in Eq. (2.4) with a fixed point x; . The corresponding solution is given by Xy ; =
f (X441, p) withj € Z. Suppose there is a neighborhood of the fixed point x;’ (i.e.,
Ur(x;) C ), and f(x¢, p) is C" (r > 1)-continuous in Uy (x}) with Eq.(2.28).
The linearized system is yj ;1 = DEX}, P)Yitj (Yt = Xkt — Xi) in U (x).
Consider a pair of complex eigenvalues o; £if; (i € N = (1,2, ---,n}, i = /—1)
of matrix Df(x*, p) with a pair of eigenvectors u; % iv;. On the invariant plane of

(u;, v;), consider r,((i) = y/((i) = y,((l_)|r + y/((i)_ with
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r](cl) = c,(cl)ul + d(i)vl-,

(@) (@) (@)
eyt = Gyt Wi + Vi

and
1
o) = A[Az(u YE) — ATyl

; 1
d = K[Al(v? YR — Al - yol;
Ar = [l Ax = [Ivill?, Ay =) - v
A=A1Ar— A},

Consider a polar coordinate of (ry, 6;) defined by

c,(ci) = r(l) cosG(l), and d(l) = r(l) sin 9(1)

i =2 + @), and 6" = arctand,” /).

Thus
0 = L 10rG 0 (50, D) — A1G 0 (3. p)]
Chp1 = 7102060 Xk, P 1260 (k. P
1
dlgl-q)—l A ~[A1 Gdlfj') Xk, p) — AIZGdIEi) (Xt p)]
where

(t)(Xk»P)_U Xk, ) — X5 ()]

a] - (p— po) + ajni (¢ — ,((l()g))+a112(d(l) dy

mi>1 - . o
+ zri—O C;';ZG(’(';), Ti, r;)(xlt, Po)(p — Po)” (rl(cl))m, ri
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(2.138)

(2.139)

(2.140)

(2.141)

+ (e’ = o2, <,>+(d(” o020 + (0 = po)p]" !

x (u - £(x}, + 0 Axg, po + 0Ap)),
dm(Xk, p) =V, - [f(x, p) — Xk

=b] - (p—po) +api(c)’ — C;((()g)) +am(d —

m; > 1
+ z C;l G(m, ri r,)(xk’ po)(P po)r, mi—ri

r,-:O d(l)

(2.142)

+ 10" = cio)d o + @ = di5)d,0 + (B = po)dpl""!

X (v,- -f(xk(o) + 0AX, po + 0Ap));
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and
GEZ;)I‘) (X]t(()) , Po)
k

= u,-T - [0x, Ow; cos@ + 0%, Ov; smé(l)] alg")f(xk, 1Y)

G;S(Z;) (X]t(o) , Po)
k

= v, - [3x, Ou; cos 95) + 9%, Ovi sin QIED]“‘al()")f(xk, p)

al = “iT - pf Xk, p), b} = v - 3pf(xk’ p);

ain =} - 3, F (X, PIu;, a2 =} -, F(Xg, PIus;

a1 = v} - 9 (X, P, ain = v - 3, F(Xp, P)Vi.
Suppose
a;=0andb; =0

then

o _ & \2 @) 2 _ () (m)
Trt1 _\/(Ck+1) + (diy )" = /z (ry )mG(l>

\/@r(z)\/l 400 4 z /\(z)( (1))m_2
Tt

= arctan(d(’) 1/c](grl

()
9k+1

where

G((Zl)) G%O) + G(l D oand 2@ = G((],)l)/G(?,)O) with
Tkt Tt k+l "kttt Th

G =16 @ b + 1G5 6 po) T,

(i)
s Cl+1 dk+|

G =165"0 po) - (0 = p0)I” + (G, ", po) - (0 — Po)T*:

A+1 k+l k+1

and

A0 = G<Z§) /G%O) with
k+1 k+l

G =2 Dy GO o) (0 = p0)™ ]

Tiet1

X G('fo el ©,po) - (P — po)" ™Y

Chkt1

9
(X% (0)-P0)

;
(X} 0)-P0)

(2.143)

(2.144)

(2.145)

(2.146)

(2.147)
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+ G0 po) - (b — p0)™ ]

i
x G 0 o) - (b — po) 1o . (2.148)
k+1

(m—r,r) 1 (m—r,r)  _x m—r,r)
G (z) (9/(1 p()) Z G (1) (Xk(())v pO) A12Gd(1) (Xk(())’ pO)]

et | (2.149)
G (6, po) = —[A1R G (X} (0)> P0) — AGT )(X;t(o), po)l.

Ay A i dy

It G(JE%)O) = 1 and p = po, the stability of current fixed point X} on an eigenvector
+1
plane of (u;, v;) changes from stable to unstable state (or from unstable to stable

state). The bifurcation manifold in the direction of v is determined by

oo
2O+ S Py = 0. (2.150)

m=3

Such a bifurcation at the fixed point (Xz(o), po) is called the generalized Neimark
bifurcation on the eigenvector plane of (u;, v;).
For a special case, if

20 402 =0, for A? x 2 <0and 2 =0 (2.151)
such a bifurcation at the fixed point (x; ) Po) is called the Neimark bifurcation on

the eigenvector plane of (u;, v;).

For the repeating eigenvalues of DP(x}, p), the bifurcation of fixed point x;’ can
be similarly discussed in the foregoing two Theorems 2.5 and 2.6. Herein, such a
procedure will not be repeated.

Consider a dynamical system

Xpa1 = all + 4+ a(x? 4+ y)Ixk + BIL+ A + a2 + y)v,

) ) ) ) (2.152)
Vier1 = =Bl + A+ alxj +y)lxe + el + 4 + alx; + yi)lvk.
Setting
r,% = x/z{ + y,% with x; = r cos 6y and y, = ry sin 6, (2.153)
we have

T4l = */XI%-H +y,2C+1 = prr(14+A +ar]2€),

—B cos O + a sin by
041 = arctan 0 —
o f sin 0 + & cos 6y k (2.154)

p=,/a?2+ p2and ¥ = arctané
a
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If p = 1, the fixed point is

r}:(l) =0 for A € (—00, +00)

(2.155)
r,t(z) = (=1/a)'/? for A x a < 0.

If A # 0, we have Df,(r;;, AMN=14+r+ 3a(r;§)2, the variational equation is
Skt = D g, Wsk = [1+ A+ 3a() sy with s, = rg — 1. (2.156)

For VZ(l) =0, Df, =1+ X. This fixed point is stable for A <0 owing to sg+1 < Sk
or unstable for A >0 owing to s;4+; > sk. The fixed point is a critical point for
A = 0. The fixed point of r;z(z) = (—A/a)'/? requires ar < 0. For a > 0, such a fixed
point exists for A < 0. For a <0, the fixed point existence condition is A > 0. From
Df. = 1 — 24, the fixed point is stable for A > 0 owing to 5| < s and unstable
for A <0 owing to Sg+1 > Sk. For A = 0, we have ri(o) = 0and

Dfy(r5, 1) = 1 and Dy Df, (r*, &) = 1 # 0. (2.157)

For r,t(o) =0and A =0, Dfy(r},») = land sz;(r,t, L) = 6ary = 0 exists. So we
have D3f; (%, A) = 6a. The variational equation is given by sg;1 = (1 + 6as]2€)sk.
Fora < 0, sx4+1 < Sk, the fixed point (r]t(o), A) = (0, 0) is sprially stable of the third
order. The bifurcation of the fixed point (r; ©0)° A) = (0, 0) is the Neimark bifurcation.
The Neimark bifurcation with stable focus (a < 0) is called a supercritical case. For
a >0, Sg+1 > Sk, the fixed point (r,t(o), A) = (0, 0) is spirally unstable of the third
order. The bifurcation of the fixed point (r; ©)° A) = (0, 0) is the Neimark bifurcation.
The Neimark bifurcation with unstable focus (¢ > 0) is called a subcritical case. The
supercritical and subcritical Neimark bifurcation is shown in Fig. 2.8a and b. The solid
lines and curves represent stable fixed point. The dashed lines and curves represent
unstable fixed point. The phase shift is determined by 6y, = 6 — ¥ and ”lt(z) # 0,
one get a unstable or unstable periodic solution on the circle.

From the foregoing analysis of the Neimark bifurcation, the Neimark bifurcation
points possess the higher-order singularity of the flow in discrete dynamical system
in the radius direction. For the stable Neimark bifurcation, the mth order singularity
of the flow at the bifurcation point exists as a sink of the mth order in the radius
direction. For the unstable Neimark bifurcation, the mth order singularity of the flow
at the bifurcation point exists as a source of the mth order in the radius direction.

2.4 Lower Dimensional Discrete Systems

For a better understanding, the stability and bifurcation of 1-D and 2-D maps will be
discussed.
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(@) (b)

Fig.2.8 Neimark bifurcations: a supercritical (a < 0) and b subcritical (a > 0)

2.4.1 One-Dimensional Maps

Consider a 1-D map,
P xp — Xpyq with xgpp =f (k. p) (2.158)

where p is a parameter vector. To determine the period-1 solution (fixed point) of
Eq.(2.158), substitution of x| = Xj into Eq.(2.158) yields the periodic solution
Xi = X The stability and bifurcation of the period-1solution is presented.

(i) Pitchfork bifurcation (period-doubling bifurcation)

ka+1 _ df(Xk, p) =1 (2 159)
dxk dxk xk:XZ
(ii) Tangent (saddle-node) bifurcation
dXp41 _ df (xi, p) =1 (2.160)
dxy. dxy, X=X

With two such conditions and fixed points x; = x}, the critical parameter vector
Po on the corresponding parameter manifolds can be determined. The two kinds
of bifurcations for 1-D iterative maps are depicted in Fig.2.9. Note that the most
common pitchfork bifurcation involves an infinite cascade of period-doubling bifur-
cations with universal scalings. An exact renormalization theory for period-doubling
bifurcation was developed in terms of a functional equation by Feigenbaum (1978),
and Collet and Eckmann (1980). Helleman (1980a, b) employed an algebraic renor-
malization procedure to determine the rescaling constants. It is assumed that /' (xy, p)
has a quadratic maximum at x; = x,(g. If chaotic solution ensues at p, via the period-
doubling bifurcation, the function x4 = f (X1, Poo) is rescaled by a scale factor «
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(b)

_—_— e = =

p p

Fig.2.9 Bifurcation types: a period-doubling and b saddle-node

and a self-similar structure exists near x; = xg. Under the transition to chaos, the
period doubling bifurcation will be discussed where two renormalization procedures
will be presented in next section, namely, the renormalization group approach via the
functional equation method as outlined by Feigenbaum (1978) (see also, Schuster
1988; Lichtenberg and Lieberman 1992), and the algebraic renormalization tech-
nique as described by Helleman (1980a, b). In next section, the quasiperiodicity
route to chaos and the intermittency route to chaos will be discussed.

2.4.2 Two-Dimensional Maps

Consider a 2-D map
P xp — X3 withxgy ) = £(Xg, p), (2.161)

where x;, = (xg, yx)" and f = (f1, /2)T with a parameter vector p. The period-n
fixed point for Eq.(2.161) is (x}, p), i.e., P*xf = xf_ . where P") = P o Pt~ 1
and PO = 1, and its stability and bifurcation conditions are given as follows:
(i) period-doubling (flip or pitchfork) bifurcation
tr(DP™) + det(DP™) +1=0 (2.162)

(i) saddle-node bifurcation

det(DP™) + 1 = tr(DP™) (2.163)
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(iii) Neimark bifurcation

det(DP™) =1, (2.164)
where
0 ). 0Xjt1
pPPxp) =]]_  DPx; ~)=[— B
k Hj=n*1 ket OXfyn—1 X X Xt
n
(2.165)

For n = 1, we have

k) — = .
OX X} 3xkf2 3ykf2 Xt

t(DP) = Oy f1 + 3y, /2

(2.167)
det(DP) = 0y, f1 - dy, f2 — Oy, f1 - Ox /2
and
anﬁ = aﬁ (Xkﬂp)/axklxk:xlt s
8ykfi = 8]1 (Xk,P)/a)UJX,‘:X}* )
‘ (2.168)

OS2 = 9f2 (X, p)/axklxk:x; )
8yk 2 = 8f2(xkap)/8yk|xk=x;; :

The bifurcation and stability conditions for the solution of period-n for Eq.(2.161)
are summarized in Fig. 2.10. The stability and bifurcation for 2-D discrete system are
summarized in Fig.2.10 with det(DP") = det(DP™ (X 0+ P0)) and tr(DPM) =
tr(DP™ (x} (0> P0)). The thick dashed lines are bifurcation lines. The stability of
fixed point is given by the eigenvalues in complex plane. The stability of fixed point
for higher dimensional systems can be identified by using a naming of stability for lin-
ear dynamical systems in Appendix B. The saddle-node bifurcation possesses stable
saddle-node bifurcation (critical) and unstable saddle-node bifurcation (degenerate).

2.4.3 Finite-Dimensional Maps

Consider an m-D map
P :x; — X1 with X1 = f (X, p), (2.169)

where X; = (X%, Xoks - X)L and £ = (f1, f2, - -+, /)T with a parameter p.
The period-n fixed point for Eq.(2.169) is (x}, p), and its stability and bifurcation
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tr(DP™)
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Fig.2.10 Stability and bifurcation diagrams through the complex plane of eigenvalues for 2D-
discrete dynamical systems

conditions are given as follows. Similarly, P(”)x;z =X}, Where P®W = popn=D
and PO = 1.

(i) period-doubling (flip or pitchfork) bifurcation

IDP™ + Lyem| = 0, (2.170)
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(i) saddle-node bifurcation
IDP™ — Lyl = 0, (2.171)
(iii) Neimark bifurcation

m _ -
DP aLpsm = Blmxm = 0 with o + ﬂz =1 (2.172)

BLyxm DP™ — alyxm
where
Dp(n)(x*) — HO DP(x: ) = M e Xkt 1
k j=n—1 k+j 8Xk+n—1 XZ+ : 0XJ x*
n
(2.173)
with
8X'(k+j)f1 8x2(k+/‘)f1 o axm(kﬁ)fl
X OXfpjt1 Rrgap 2 Oagpfz 0 O 2
DP(xp ;) = s = : . . )
Xc+j X/t—%—f : .
O, (k+j>f m 3X2<k+/)fm o ax"ukmf "X
(2.174)
forj=0,1,---,n—1
and
Afp (Xkc1j» P)
B = 2 fora, f=1,2,---,m. (2.175)

0X g (k-+j)

2.5 Routes to Chaos

The routes to chaos will be discussed. The 1-D discrete system will be discussed
first, then we will discuss the 2-D discrete systems.

2.5.1 One-Dimensional Maps

(A) Period doubling route to chaos

(i) Functional renormalization theory. Consider a universal function as

g (0 = lim o"f®(x/a", poc) (2.176)
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where g* must satisfy the rescaling equation of the geometry, that is,

g" =ag" (g (x/a)) = Tg" (2.177)

in which T is a period-doubling operator. From Eq. (2.177), the universality of

the scale factor « is obtained. The linearization of f'(x, p,) at p, = Poo yields
the universal constant §.

af (x, pn)

3 (Prn — Poo) +0(Pr — Poo). (2.178)
P

Pn=Poo

S pn) =1 (X, po) +

Applying the period-doubling operator n times to Eq.(2.178) yields,

(a.f(x’ pn)

)
opn

(Pn — Pso).  (2.179)
Prn=Pcx

lim 7"f(x, pn) = g"(x) + L
n— 00

Substitution of the unstable eigenvalue of L+ into Eq.(2.179) gives

. af (x, pn)

lim 7"/ (x, pn) = g*(x) + 3"(Q) (Prn — Poo)-  (2.180)
e Pr Ip=pe

Transformation of the point of origin to x = Xx¢ and normalization of

Eq.(2.158) by setting g*(0) = 1, the condition is
7@, py) = 0. (2.181)
From Eqgs. (2.180) and (2.181), the universal constant is proportional to

[IPr — Pooll ~ 87" (2.182)

(i1) Algebraic renormalization theory. Taking into account the period-2 solutions
of Eq.(2.158), we can solve for x|+, Xo+ at Xx = Xg42:

S Xk, p) = Xgeg1 and f (X1, P) = X2 (2.183)

Using a Taylor series expansion, we can apply a perturbation to Eq. (2.183) at

Xk =Xk@)+ + AXk,  Xgp1 =Xk + AXpy1 and Xpp0 = Xg2)x + AXjt2,
that is,

Axpq1 = f1(Axg, p), (2.184)

Axpi2 = o(AXjy1, P)- (2.185)
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Substitution of Eq. (2.184) into Eq. (2.185) yields
Axpi2 = [2(f1(Axg, P), P) = f (Axic, P). (2.186)
Rescaling Eq. (2.186) with
Xj = aAxy (2.187)
gives the corresponding renormalized equation, i.e.,

X =S (X, Pors1), (2.188)

where
Do+t = g(Pok)- (2.189)

Equation (2.189) presents a relationship of the bifurcation values between two
period-doubling bifurcations. The rescaling factor « is determined by com-
paring Eq (2.188) with Eq. (2.161). If chaos appears via the period-doubling
cascade, i. €., Pok+1 = Pok = Poo, the universal parameter manifolds are deter-
mined.

(B) Quasiperiodicity route to chaos
Consider a mapping defined on the unit interval 0 < x < 1, that is,

X1 = X + Q4 [ (X, p) = F(xp, 2, p), (2.190)

where f'(xy, p) is a periodic modulo, i. e., f(xi + 1,p) = f(x, p); and Q2
is a prescribed parameter defined in the interval 0 < @ < 1. In Eq.(2.190),
parameters (€2, p) can be adjusted to generate a transition from quasiperiodicity
to chaos. We can increase the parameter vector amplitude ||p|| first under a
rational winding number w = p/q fixed to a selected value, and we will have
to increase 2 as well. The winding number w is an important quantity for
describing the dynamics, which is defined by

Xl — X0

k

w(Q.p) = lim . (2.191)

Define a quantity €2, ,(p) which belongs to a g-cycle of the map f'(x, p) and
shifted by p. This quantity generates a rational winding number w = p/q and
for a fixed value of p, it can be determined from

F90,2,,,p) =p, (2.192)

where F@ = F(F@~). Choosing the winding number equal to the golden
mean w* = (+/5 — 1) /2, the universal constants for chaos can be computed.
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(a) (b)

X
N <0 L >0

N

7 Intermittency 7%

s
X, c 1
k x X, X,

Fig.2.11 a bifurcation and b iterative map for Eq. (2.193)

(a) (b)

<0
Xea

T

Fig.2.12 a Intermittency and b stable and unstable fixed points for Eq.(2.193)

. u
X, X

(C) Intermittency route to chaos
There are three types of intermittencies, Types I, II and III. In this section, we
will present only Type I and III intermittencies. The Type II intermittency will
be discussed in a later section under 2-D maps.

(i) Typelintermittency.Consider an iterative map with a small perturbation defined
by

Xea1 =f (X, €) = & + xg + nxg, (2.193)

where ¢ is a control parameter and 7 is a prescribed parameter. This mapping
results in the Type I intermittency caused by the tangent bifurcation which
occurs when a real eigenvalue of Eq.(2.193) crosses the unit circle at +1. In
other words,

x; = £(—¢/m"* and Df (x}) = df [dxil = = 1+ 2027, (2.194)
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(ii)

Forn > 0, ife > 0, no fixed pointexists. If e = 0, x} = x;. = Owith Df (x}) =
1. Since D?*f (x3) = 2n # 0, the saddle-node bifurcation occurs. For >0,
if >0, xj = (—¢/m)'/? = x¥ with Df (x}) > 1 and x} = —(—¢/n)'/? =
x;. with Df (x) < 1. The tangent bifurcation and iterative map for the Type
I intermittency is shown in Fig.2.11. The intermittency and the stable and
unstable fixed points are presented in Fig. 2.12. This case includes the Poincare
map for the Lorenz model and the iterative map for the window of period-3
solution in the chaotic band. The renormalization procedure of Eq. (2.193) has
been presented in Hu and Rudnick (1982). Also, interested readers can refer to
Guckenheimer and Holmes (1990), and Schuster (1988) for details.

Type III intermittency. Consider the following an iterative map
X1 =f (X, &) = —(1+ &)x — nx;, (2.195)

which produces the Type III intermittency caused by the inverse pitchfork
bifurcation. The fixed points are

xf =0and x} = +(—¢/m'/* with

. ) (2.196)
Df (x}) = df fdxily—: = —(1 + &) — 37

For n >0, if ¢ > 0, only one unstable fixed point exists. x; = x; =0 because
of Df(x;)<—1. If ¢ <0, there are three fixed points. x; =x; =0 and
Df(x))>—-1;x; = x.= +(—g/n)!/? are stable with Df (x}) <—1. If
=0, x;: = x,‘c‘ =0 with Df(x;;) =—1. D2f(x;§) = — 677x;; =0, however,
Df (x7) = —6m < 0. This is an inverse pitchfork bifurcation (unstable period-
doubling bifurcation). The bifurcation diagram and the iterative map for the
Type III intermittency is presented in Fig.2.13. In addition, 4he intermittency
and the stable and unstable fixed points are presented in Fig.2.14.

2.5.2 Two-Dimensional Systems

For 2-D invertible maps, the transition from regular motion to chaos takes place
via a series of cascades of period-doubling bifurcations. The renormalization pro-
cedure of the period-doubling route to chaos for a 2-D map appears in next section
through an example. The quasi-periodic transition to chaos and the intermittence
to chaos are briefly presented through an example. The quasiperiodic transition to
chaos and the intermittence to chaos are presented briefly.

A)

Quasiperiodic transition to chaos
This route to chaos is presented via the standard map as

Xk+1 = Xk + K sin and 641 = 6 + Xjp1- (2.197)
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(@) (b)
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Fig.2.13 a Inverse pitchfork bifurcation and b iterative map for Eq. (2.195)

(a) (b)

&>0

N X = X

Kt A Xt

—x,

X X X, X
Fig.2.14 a Intermittency and b stable and unstable fixed points for Eq.(2.195)

The critical condition of Eq. (2.197) for transition from local to global stochas-
ticity is K & 0.9716- - -. For a dissipative standard map, consider

Xir1 = (1 = 8)xp + K sin 6y and 01 = O + Xjey1, (2.198)

where § is the dissipative coefficient. Some results are given in Lichtenberg
and Lieberman (1992).

(B) Type II intermittency to chaos
Consider the following mapping which represents Type II intermittency to
chaos,

Fier = (1 + &) + nri and G4y = 6 + L, (2.199)

Xj = 1y cos 0 and yj = ry sin 6. (2.200)

When a pair of complex eigenvalues of Eq.(2.199) passes over the unit cir-
cle, the subcritical Neimark bifurcation occurs. Hence, Type II intermittency
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(b)

n) n

Fig.2.15 a Subcritical Neimark bifurcation and b iterative map for Eq.(2.199)

(a) (b)

A T

Fig.2.16 a Intermittency and b stable and unstable fixed points for Eq. (2.199)

results from the subcritical Neimark bifurcation as shown in Fig.2.15, and the
corresponding intermittency and stable and unstable fixed points are presented
in Fig.2.16.

2.6 Universality for Discrete Duffing Systems

Consider a Duffing oscillator
X+ 8% + o1 x + anx® = Q cos 1, (2.201)

where system parameters are §, o1, a2, Qp and Q2. Discretizing it with respect to
time yields a discrete map to investigate qualitatively its universal behavior. Here,
by means of the Naive discretization of the time derivative, Eq. (2.201) is discretized
at x; = x(t) and ¢ = 2km/Q using time difference At = 27/ for external
excitation. Therefore
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Xt — 2X% 4+ Xp—p + (1= b)(xg — xp—1) + exp + dxi = (1 — byw,  (2.202)

where all parameters are defined as

27 25 2 Qo 27
b=1-"8, c= (") o, d=(")wy, w =", 2.203
g (Q)al (Q)azw o ( )
From Eq. (2.202), a Duffing map is constructed as
P:Xpp1 =Xk + @ + Yiy1 and yrg = byp — exy — dxz. (2.204)

To qualitatively investigate the Feigenbaum cascade of Eq.(2.201), the renor-
malization of Eq. (2.204) will be presented via period-doubling bifurcation cascade.
Consider a transformation as

X=Xy +dandy, = Y — @. (2.205)

Substitution of the foregoing equation into Eq. (2.204) yields

Xit1 = Xk + Yip1 and Yiyy = BY, + CXi + DX} — EX, (2.206)
where

—d5 + S+ (-1 +bhw =0, (2.207)

B=0b,C=—(c+3d§*),D=—-3d5, and E = d. (2.208)

From Eq.(2.207), the parameter 8 is determined. Using Eq.(2.206), its period-1
solution is determined by

Y;:(l) =0 and X,j(l) =0;

\ \ D+ /D> +4CE (2:209)
Yk(273) =0and Xk(2,3) = ¥ .
Deformation of Eq. (2.206) is
X1+ BXx—1 = (1+ B+ O) Xy + DX} — EX}. (2.210)
The second iteration of Eq. (2.206) gives
Xjao +BXy = (0 4+ B+ C)Xpyg ~|—DX]?Jrl —EXEH. (2.211)

The period-2 of Eq.(2.206) requires X2 = X and Xy = Xj—1. Thus simplifi-
cation of Eqgs. (2.210) and (2.211) gives

as X + asXP + as X + a3 X + ao X} + a1 Xy + ap =0, (2.212)
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where

ap = (14 B)’[C +2(1 + B)],a; = D(1 + B)[C +2(1 + B)],

ay = D*(1 + B) + EC* = 3(1 + B)E[C +2(1 + B)], (2.213)

a3 = 2DE[C — (1 + B)], ay = E*[3(1 + B) + 2C] — D*E, ag = —E>.
For all the given parameters, solving Eq. (2.212) numerically obtains X} = X, mean-
while, using one of Egs. (2.210) or (2.211) and Xy, = X) and Xj1 = X1, the
second solution Xy =X}’ ;| can be determined. With the periodicity of period-
2, solving of Egs.(2.210) and (2.211) directly gives the period-2 solutions via

Newton-Raphson method. In the neighborhoods of solutions X : o consider a
perturbation as

Xieyj = Xy + AXpyy forj = —1,0, 1, 2. (2.214)
Substitution of them into Eq.(2.210) yields a group of iterative equations as:

AXy 4+ BAXy_2 =e11AXp_ + eleXlg—l — EAX]::_I,
AXip1 + BAX,_1 = 21 AX; + enAXE — EAX], (2.215)
AXjio + BAX, = e11AXjq + elZAXl?+1 — EAX]§+1

where ej1, e12 and ej1, e are

ei = 1+ B+ C +2DX} —3E(X})?, e1n = D — 3EX}

' C . (2.216)
e =14+ B+ C+2DX;, —3EX{, )% en =D —3EX}, .

Multiplication of the first equation by B and the second equation by e of Eq. (2.215),
and adding both equations into the third equation yields
AXjio + B2 AXy_r =(er1e21 — 2B)AXy + e11enAX}
—e11AX} + enn(AXE, | + BAXE ) (2.217)
+ei3(AXL,, + BAX] ).

For a small vicinity of the bifurcation of period-2, AXj; and AXj_; are quite
close. Therefore a similar linear scale ratio is introduced as

F=AXji1/AXp_1. (2.218)

The nonlinear terms can be ignored because A X K+ G=—1, 0, 1, 2) is the infinites-
imal quantity. The second equation of Eq. (2.215) gives an approximate relationship
as

€21

Adjmr r+B

AX;. (2.219)
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From Egs. (2.212) and (2.219), equation (2.217) becomes

AXiyr + B*AX_ = (e11e21 — 2B)A X
+[e11ex + ees, (r + B (r + B)?1AX7  (2.220)
—[en1E —e13e3,(* + B)(r + B)’1A X},

From the renormalization theory, the rescaling length of the variables should be
adopted.

X, = eAXy and X[, | = eAXj19, (2.221)

where ¢ is a scaling constant. The foregoing equation makes Eq.(2.220) have an
algebraically similar structure to Eq. (2.210), i.e.,

X +BX,_| = CX/ +D(X})* — E'(X)°, (2.222)
where

B'=B* C|=ejeyy —2B,C; =14+ B+C,
D' = eleren + ene3 (¥ + B + B) 2, (2.223)
E' =&[e)1E —e3ex, (> + B (r + B) ™).
If Eq.(2.222) has a self-similarity with Eq.(2.210), the similar scaling ratio r in
Eq.(2.218) should be one, i.e., r = 1 in Eq.(2.218). The similar parameters have the
same property as the scaling of variable Axy, and this property indicates that the
cascade of bifurcations will be accumulated. Therefore the chaos is generated via
period-doubling bifurcation at B = B’ = By, C; = C| = Cioo, D =D’ = D
and E = E’ = E4 . Thus Eq.(2.223) becomes
B=0orl,
Ci +2B = [Cy +2DX} —3E(X)?I[C1 + 2DX},, — 3E(X;, D),
D = glerien + eney, (F + B + B) 77,
E = é&*enE — e3¢5, + B (r + B) 1.

(2.224)

where C; = 14 B+ C. To solve five parameters from four equations, one parameter
should be given. However, from Egs. (2.206) and (2.208), the parameter D is deter-
mined if parameters B, C and E have already been computed. Employing Eqgs.(2.212),
(2.213), (2.223) and (2.224), the universal parameter values for Eq. (2.206) are deter-
mined. To verify these values, the corresponding universal values are determined
numerically via iteration of Eq. (2.206). Taking the parameters D = 1.0and £ = 1.0
into account, the universalized parameter C, computed via Renormalization Group
(RG) and Numerical Simulation (NS), versus the damping parameter B are shown in
Fig.2.17a with solid and circular-symbol curves, respectively. RG values are close
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Fig.2.17 Universal parameters via renormalization: a Duffing map with a soft spring and b Duffing
map with a double-potential well

to the NS values. For the parameters D = —1.0 and £ = 1.0, the universalized
parameter C; values RG(+), NS(+), RG(—) and NS(—) are the RG(—), NS(—), RG(+)
and NS(+) of the situation of D = 1.0 and E = 1.0, respectively. As for the situation
of D = —1.0 and E = —1.0, the universalized parameter C; versus the damping
parameter B is also plotted in Fig.2.17b. This renormalization group can provide
a good prediction for D = 1.0 and E = 1.0 as the parameter B corresponding to
the damping is in the range of B = (—0.5,0.9). However, a good prediction for
D= —10and E = —1.0is given for B = (—0.8,0.9). B = 1 implies the conser-
vative system, and B > 1 implies the negative damping system. From such universal
parameters for chaos generated by the period-doubling, the system parameters are
8, a1, a2, Qp and 2 can be determined.
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